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A semi-classical 7-wave model is developed to investigate the noise performances of a degenerate dual-
pump phase sensitive amplifier. This approach takes into account the transfer to the signal, through
multiple four-wave mixing processes, of the vacuum fluctuations injected in the high-order waves. This
effect leads to a degradation of the noise figure of the amplifier with respect to the 0 dB value predicted
by the usual 3-wave model. However, it is proved that a careful choice of the fiber dispersion allows to
use the high-order waves to enhance the signal gain without degrading the noise figure above 1 dB. ©

2020 Optical Society of America
http://dx.doi.org/10.1364/a0. XX. XXXXXX

1. INTRODUCTION

Phase-sensitive fiber-optic parametric amplifiers (PS-FOPAs) [1],
relying on four-wave mixing (FWM) [2] in highly nonlinear
fibers (HNLFs), have attracted a lot of attention due to their
broad gain spectrum [3], their potentially noiseless amplification
capability [4], and their compatibility with fiber communication
systems [5]. Such optical amplifiers are capable of amplifying
a shot-noise limited input signal without degrading the signal-
to-noise (SNR) ratio, and can thus exhibit a quantum limited
noise figure (NF) of 0 dB, much smaller than the 3 dB limit of
conventional phase insensitive amplifiers (PIAs) [6, 7]. This
unique capability of phase sensitive amplifiers (PSAs) has led to
recent demonstrations of phase and amplitude regeneration of
complex encoded signals [8], noise reduction [9], and mitigation
of nonlinear phase impairments [10].

Different types of theoretical approaches have been devel-
oped to predict the noise performances of PSAs. Some of them
rely on a semi-classical treatment of the optical fields [11-15],
some others on a fully quantum mechanical treatment [16-20].
In the current literature, most of these works have been based
on 3-wave degenerate FWM or 4-wave non-degenerate FWM
schemes. However, when the nonlinearity becomes large, new
frequencies are created by extra FWM processes, thus making

the 3- or 4-wave approach irrelevant. For example, in the case of
the dual-pump configuration with degenerate signal and idler,
some situations require the development of a 7-wave model
involving 22 FWM processes occurring simultaneously along
the fiber [21, 22]. Some further generalizations have even con-
sidered up to 27 modes [23]. In the case of the 7-wave model,
the fact that more than three waves are involved in the process
has led to the prediction of possible gain enhancements [21] and
applications to signal regeneration [24], which are very attrac-
tive for applications. The question then arises to know whether
such gain enhancements are accompanied with enhancements
of the PSA noise or not.

The calculation of the NF in such a multi-wave situation
is a topic of active investigation. Several attempts have been
initiated [25, 26], but until recently none of them provided a
complete theoretical description of the signal NF when multi-
ple waves are accounted for. Recently, a remarkable quantum
mechanical approach has been developed to calculate the noise
performances of a degenerate dual-pump PSA in the framework
of a 7-wave model [27]. This study reported the influence on the
PSA NF of some of the FWM processes among the ones involved
in the interaction between the seven waves. However, according
to the phase matching condition [28], the 7-wave model may
involve up to 22 FWM processes occurring simultaneously along
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the fiber [21, 22]. We can thus expect some situations to occur, in
which all the possible mechanisms should be taken into account
in the NF calculation, in order to get more accurate results.

Therefore, our aim here is to investigate the impact of high-
order waves on the noise limit of a 7-wave PSA, in terms of
phase matching condition and pump wavelength allocation.
Since it is difficult to theoretically assess the influence of all the
22 FWM processes following the quantum mechanical proce-
dure of Ref. [27], we choose a semi-classical approach and rely
on numerical simulations along those of Ref. [21]. The method
investigated here takes into account all the 22 FWM processes
occurring among the considered 7 waves, contrary to the quan-
tum model presented in Ref. [27], which restricts to only some
of them. Furthermore, we calculate here the amount of vacuum
noise transferred from each of the empty input modes to the sig-
nal, thus predicting which of the input waves mostly contributed
to the degradation of the PSA NF for the signal.

The paper is organized as follows: In Section 2, we compare
the gain spectra predicted by different approaches in the do-
mains of parameters we are interested in, in order to choose
which approach is better adapted to our situation. Then, Sec-
tion 3 is devoted to the semi-classical derivation of the noise
figure in the framework of our 7-wave semi-numerical approach.
Finally, Section 4 applies this model to different situations in
order to determine how strongly the presence of high-order
waves is detrimental to the PSA noise figure, and we discuss the
underlying physical mechanisms.

2. COMPARISON BETWEEN DIFFERENT GAIN MOD-
ELS

In this section, we describe the different models used to calculate
the gain and the NF of a dual-pump PSA with degenerate signal
and idler, and we compare the gains that they predict in different
situations.

A. 3-wave model with undepleted pumps

We consider in this paper the PSA architecture schematized in
Fig.1, in which a degenerate signal and idler is amplified by
FWM interaction with two symmetrically located pumps in a
highly nonlinear fiber (HNLF). The complex amplitudes of the
electric fields of the three co-polarized waves are labeled A; with
j = 1..3, as shown in Fig. 1.

Pump 1 Pump 2

Signal

I

Ay A=Ay A,

Fig. 1. Schematic representation of the PSA in the 3-wave
model. AApp is the pump-pump wavelength separation.

A.1. Gain

In the small signal regime, i. e., when depletion of the pumps
can be neglected, and neglecting fiber attenuation, the phase

sensitive gain for the signal power is given by [28]:

2 +16792P, P, + 8yKk+\/PL P 0 .
GPSA:1+{1+K+ i 12+27K 172 €08 }smhz(gL)
48
24+/P{ Py si
+717251n®sinh(2gL), )

where 7 is the nonlinear Kerr coefficient of the fiber, P; and P,
are the incident pump powers, and L is the fiber length. The
relative phase © between the waves is given by:

O =2¢3 —¢1 — ¢, @

where ¢; is the input phase of field A; (j = 1..3). The total phase
mismatch « is defined as:

K=Ap +’)/(P1 +P2) , 3)

where the first term A represents the linear phase mismatch
between the interacting waves and the second term represents
the nonlinear phase mismatch, assuming that the pumps power
are much stronger than the signal power. Finally, the parametric
gain coefficient g is given by:

K\ 2
g = \/(27)2131132 - <§> ‘ @
From Eq. (1), we see that the gain maximum Gmax and minimum

Gmin are reached when the relative phase ® is equal to 2kt or
(2k 4 1) 7, respectively, with k an integer [1].

A.2. Noise figure

The NF is a measure of how much excess noise is added to the
signal by the amplifier. It is defined as the ratio between the
signal-to-noise ratio (SNR) at the input of the amplifier SNR;;,
and the SNR at the output SNRy:

NF — SNRin

" SNRout )

The SNR is defined as the ratio of the electrical signal power
to the electrical noise power measured using an ideal photo-
detector [5]:
<Is,in>2/<AIs2,in>

<IS,0ut>2/<AIsz,out> '
Where (Is) denotes the mean photo-current after square law-
detection and (AI2) = ((Is — (I))?) its variance.

If the detector is ideal, the NF can be also expressed in terms
of light power as:

NF = 6)

P, s,in/ B noise,in
NF = —— >
P, s,out/ P, noise,out
P s,in (GP noise,in + B noise,extra)

= ?)
Pnoise,in (GPs,in)

o GP, noise,in + P, noise, extra

GP, noise,in ’
where P i, and Ps oyt are the input and output signal powers,
respectively, Ppoise in and Proise,out are the input and output sig-
nal noise powers, respectively, and Proise extra is the extra noise
power induced by the amplifier itself.

For the three-wave model mentioned here, the NF associated
with the gain of Eq. (1) reads [29]:

NE = Gmax + Gmin ) (8)

Gpsa
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In particular, at gain maximum (® = 0), this expression becomes

Gmin

NF =1+

, 9
Gmax
which, in the case of the three-wave model for which G, =

1/ Gmax, becomes
1
NF=1+——. (10)
Grznax
Thus, in the limit of high gain values (Gmax > 1), the signal NF
for a 3-wave PSA takes the quantum limited value of 1 (0 dB).

B. 7-wave numerical model

Launching two intense pump fields in a HNLF, as shown in
Fig.1, can lead to the creation of many extra tones by cascaded
FWM interactions [30-33]. Ultimately, such cascaded interac-
tions can lead to the creation of a whole frequency comb [34-36].
Without reaching such extremities, the 7-wave model considers
the case, schematized in Fig. 2, where four more waves are cre-
ated: two so-called high-order pumps, labeled 4 and 5, which
are chiefly generated by FWM between the two incident pumps,
and two so-called high-order idlers, labeled 6 and 7, which are
mainly generated by FWM with the signal and one of the two

pumps.

Pump 1 Pump 2

Alpp

Signal

Idler 1 I Idler 2
1 i 1

A, Ag A A A, A, As

Fig. 2. Schematic representation of the 7-wave model. AApp
is the pump-pump wavelength separation. A; and A; are the

complex field amplitude and wavelength of the j wave.

In this model, the evolution of the amplitudes of the seven
waves along the fiber is described by a set of seven coupled
equations [22, 28]. For brevity, we give here only the equation
regarding the signal wave evolution:

dA )
243 :—KAS‘H’Y

7
2 12
82 s+ Y 1412 49

=1j#3
+ A Ay Afe BPs 1 Ay Ay AseT I8P 1 DAY Ay Afem BPa2
+ 241 AsAe P 1241 Ag Afe e 4 2 A1 A Agem NP
+2A,AgALe DB 4 9 Ay A ATeiDPrn 1D Ay Ay ALei NP
+ 247 A AT 2 A4 A5 ASENPES 1 2 A A7 AP

+2A5A6A;e"Aﬁ6532} . an

Here w is the fiber attenuation coefficient and AB,,,. = B(wm) +
B(wn) — B(wy) — B(wy) is the linear phase mismatch of the inter-
acting waves, with f(w;), (j = 1,..,7) the propagation constant
at frequency w; [28].

The first term on the right-hand side of Eq. (11) represents
the fiber attenuation and the second term gives rise to nonlinear
phase-shifts due to self- and cross-phase modulation. The last
terms hold for the different FWM mechanisms involving the

signal A3 and depend on AB,,;;x;, which in turn depends on the
fiber dispersion.

In practice, the efficiency of the FWM process involving the
waves m, n,k, and | in Eq. (11) is governed by the total phase
mismatch:

Kmnkl = Aﬁmnkl + YPunki (12)

where YP,,1 = v(Px + P, — Py — Py) represents the nonlinear
phase mismatch with P; the power of wave j.

The 7-wave model involves 22 FWM processes, divided into
13 non-degenerate and 9 degenerate processes. Numerical meth-
ods are used to solve this model and extract for example the
signal gain spectrum [21, 22].

C. 7-wave semi-quantum model

Recently, Inoue introduced a new approach [27] to calculate the
NF of a dual-pump PSA, taking into account the existence of the
7 waves of Fig. 2. This very nice approach is based on two sets of
propagation equations. In the first set, the coupled evolution of
the pumps labeled 1 and 2 and the so-called high-order pumps
labeled 4 and 5 is treated classically:

dA .
o= i [(anPr2laP) A

+2A4Ap ALe BB +A2A2A;emﬁ1~m} . (13)
dA .
2= i [(2aP+142R) 4

2A5A Afe B2 AlAlAzefAﬁzm} . (9
dA . :
= iy [(2AMP+21422) A+ Ay A Azt g15)
dA . :
2= iy [ (2P 2457 ) A5 + A Ap AfeP2] (16)

Equations (13-16) permit to take into account the depletion of
the pumps induced by the creation of fields 4 and 5, resulting in
a calculation of the evolution of the powers of the pumps along
the fiber.

Second, the result obtained for the evolution of the pump
powers is used as an input in another set of equations describing
the evolution of the quantum signal field labeled 3 coupled to the
quantum fields labeled 6 and 7, namely:

dﬁ ; [ . A A A —1

T; = 2iqhidoate 832 4 iy ayafe AP
iyhhyite P (17)

di : t,—inp

— = iydi4jdze” o, 18

iz Yardyas (18)

da . .

% = iydghpale P2 (19)

The approach of Ref. [27] relies on dividing the fiber length into
small segments in which the pump powers are supposed to be
constant, leading to the derivation of transfer matrices between
the input and output operators for fields 3, 6, and 7 for each
segment. Finally, the total transfer matrix of the whole fiber
length is obtained by multiplying all the transfer matrices from
the fiber input to the output ends.

In summary, this model takes into account, on the one hand,
saturation of the gain due to the high-order pumps 4 and 5, but
not by the signal 3 and the high-order idlers 6 and 7. On the
other hand, it considers the transfer of vacuum fluctuations from
fields 6 and 7 to the signal, using only 3 processes out of the 13
processes of Eq. (11).
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D. Comparison between the models

It has been clearly established that the three-wave model of
Section A is not sufficient to give an accurate description of the
PSA gain when the frequency separation between the pumps is
small and/or the pump powers are large, because it neglects the
creation of the extra waves shown in Fig. 2 [21]. The intermediate
model of Section C is thus an attractive alternative. But before
using it to calculate the PSA NF, we check whether the range of
parameters lies within the domain of applicability of this model.
To this aim, we compare the gain spectra obtained from the three
models for two different sets of parameters.

Parameters (a) (b)

Py iy 02W 01W

Py in 02W 0.1W

Psin 1uW 1uW

L 340m 1011 m

¥ 12W 1km™! 11.3W Lkm™!

o 0dB/km 0dB/km

D) 0.02 ps.km_l.nm_2 0.017 ps.km_l.nm_2

SAofs —2nm —2nm

Table 1. Values of the parameters used in the plots of Fig. 3.
Pjint input power of wave labeled j in Fig. 2; L: fiber length; 7
nonlinear coefficient; a: fiber attenuation; D) : dispersion slope;
OAofs: wavelength offset of the signal with respect to the fiber
zero-dispersion wavelength Azp. The propagation constant
B(w;) is expanded at 27 order around the signal frequency
Ws.

The two sets of parameters labeled (a) and (b) in Table 1 corre-
spond respectively to the ones used by Inoue in Ref. [27] (except
the value of A, which is fixed in the present example) and
the ones of Ref. [21]. In this latter case the fiber parameters are
those of one of our experiments [37]. These two sets of parame-
ters are used to compute the PSA gain spectra of Figs. 3(a) and
3(b), respectively. In each of these plots, the PSA maximum
gain, obtained by choosing for each set of parameter values the
relative phase that maximizes the signal gain, is plotted for the
three models as a function of the pump-pump separation AApp.
One can see that in both cases, when AApp becomes large, the
three models end up giving the same results. But this situation
is not very interesting because it corresponds to small gains in a
region where the phase mismatch is important. On the contrary,
when AApp is small and the gain is larger, we can observe strong
discrepancies between the three models. In particular, as already
stressed in Ref. [21], the numerical 7-wave model shows a very
strong degradation of the gain with respect to the 3-wave model.
This feature has been shown to be related to the emergence of
strong extra tones beyond the two pumps and the signal, such
as those labeled 4-7 in Fig. 2 [21]. Moreover, in this region and
for the two sets of parameters, we can see that the 7-wave semi-
quantum model (dotted black line in Fig. 3) gives predictions
very close to the ones of the 3-wave model. This shows that the
7-wave semi-quantum model is not valid in this region. Since
the values of the gain calculated by this model are not reliable,
we thus conclude that we cannot rely on the predictions of this
model to calculate the PSA noise figure in the parameter re-

gions where the 3-wave model fails. However, this region had
led to the prediction of possible gain enhancements permitted
by the extra interactions involving the high-order pumps and
high-order idlers [21]. We thus develop in the following a semi-
classical noise model based on the numerical 7-wave model in
order to calculate the NF of the PSA in such situations.

20 ‘
........ 7-wave semi-quantum [27] (a)
= = 3-wave analytical

15 [ —7-wave numerical 1

Signal maximum gain (dB)

g2 reee, ®)
3 [ w.&. .
" DR 7-wave semi-quantum [27]
-g % |- - 3-wave analytical
B 15 [ Y . ]
i |~ 7-wave numerical
£ !
‘_‘
£10 )
s H
g !
< i
= i
2P t
%)

A/\PP (nm)

Fig. 3. Maximum signal gain spectra versus pump-pump
wavelength separation AApp for two different sets of param-
eters given in Table 1. Dashed black line: 3-wave model; full
red line: 7-wave numerical model; dotted black line: 7-wave
semi-quantum model of Ref. [27]

3. SEMI-CLASSICAL TREATMENT OF THE NOISE FIG-
URE

In this section, we evaluate the noise characteristics of a dual-
pump PSA using a semi-classical approach. Following Ref. [15],
this approach consists in describing the interacting waves classi-
cally with their complex amplitudes, while the quantum noise
contributions are taken as an additive Gaussian noises that have
a zero mean value and a variance of half photon energy. This
quantity hv /2 is interpreted as being the minimum value for the
quantized electromagnetic field energy of an harmonic oscillator
and is called zero-point energy or vacuum fluctuation energy
[38]. As a consequence of the presence of such a zero-point en-
ergy, it is shown that for a PIA with gain Gpya, and in order to
respect the Heisenberg inequalities, the minimum output noise
power, or the amplified spontaneous emission (ASE) power gen-
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erated by a PIA, is Py = hvBy(Gpia — 1) /2. It corresponds to
the amplification of the vacuum noises power 6P = hvBy/2
present at the amplifier input, where By is the bandwidth of the
detection [39, 40]. In the present paper, the extra quantum noise
falling into the signal due to its interaction with the high-order
idlers and pumps, which are fed with vacuum fluctuations only
at the input of the fiber, is treated by including a vacuum noise
power at the input of these high-order waves. The interaction
between these incident vacuum noises and the pumps and sig-
nal along the fiber, and its impact on the output signal power
and noise, is evaluated by carrying out numerical simulations of
the seven-wave coupled equations. By solving the whole set of
equations, and by calculating semi-classically the intensity noise
of the signal, a value of the noise figure is deduced.

A. Impact of high-order waves on signal power evolution

As discussed previously, the presence of high-order waves gives
rise to an extra noise, generated from the coupling of their input
vacuum fluctuations. To better understand the impact of these
high-order waves on the signal power during the amplification
process, we plot the evolution of the output signal power versus
the fiber length, with and without adding a small amount of
power, mimicking vacuum noise, at the input of high-order
waves.

In the following of the paper, all simulations are performed
with the values of the parameters given in Table 2. The prop-
agation constant 8 is expanded at 4 order around the signal
frequency ws.

Parameters Values

Pump 1 power Py i, 0.1W

Pump 2 power P 0.1W

Signal power P i 1uW

L 1011 m

¥ 11.3WLkm™!
« 0.9dB/km

D, 0.017 ps.km~!.nm~2

Table 2. Values of the parameters used in the plots of Section 3.
These parameters are similar to the ones of the second column
of Table 1, except the non zero fiber attenuation.

Figure 4 shows that the output signal power is much more
sensitive to the injection of a small input power (1 nW in the
case of this figure) in the high-order idlers than in the high-order
pumps. This result can be attributed to the fact that the high-
order idlers Ag and Ay (see Fig.2) are directly coupled to the
signal through the FWM processes involving the pumps, while
the high-order pumps A4 and As are not directly coupled to the
signal (see Eq. 11).

Consequently, in the following, we neglect the contribution of
the high-order pumps 4 and 5 to the signal noise and we consider
only the contribution of the vacuum fluctuations entering the
modes of the high-order idlers labeled 6 and 7 in Fig. 2.

N
o

N
N

N
N

Signal power (dBm)
BB

w
S

w
R

200 400 600 800 1000
Propagation distance z (m)

o

Fig. 4. Signal power evolution versus fiber length z. Full black
line: input powers P;;, = 0for j = 4..7. Filled circles: Py, =
P5in = 1nW and Py in = P7in = 0. Full red line: Py, = P5in =
0and Pgin = P7in = 1nW. Open squares: Pjin = 1nW forj =
4..7. The other parameters are given in Table 2 with 6\, = 0
and a separation between the pumps AApp = 0.32nm.

B. Calculation of the excess noise induced by the high-order
idlers

We thus consider the 7-wave situation of Fig. 2, and, following
the semi-classical approach of Ref.[15], we model the signal
amplitude at the output of the PSA of gain G as:

As,out = \/E(As,in + 5As,in) + g 5A6,in +ay 5A7,in ’ (20)

where, in agreement with the discussion of Section A and Fig. 4,
the coefficients wg and a7 hold for the transfer of the input vac-
uum fluctuations dAg ;i and d Ay, injected in the high-order
idlers to the signal. In Eq. (20), we suppose that all field ampli-
tudes, such as Asout Or Agin, are normalized in such a way that
their square modulus has the units of an energy, i. e., a power
per Hertz. We take Ag i, as real, and the input fluctuations §P;
are treated classically. For an input coherent state or standard
input vacuum fluctuations, we have:

(A7) =0 1)
(6A3) =0 (22)

h .
(6A;2) = % 23)

After detection with a perfect photodetector in a bandwidth B,
the output signal leads to the following photocurrent:

Iout = RoB|Asoul
= R¢B {GA'Z',in + GAgin(0Asin +0AS )
+VGAsjin (260 Agjin + 250 AG i)
+VG A n(a70Azin + 5045,,) ), @4)

with Ry = e/hv. The average value and the variance of this
photocurrent are found to be given by

<Is,0ut> =
(A2.) = 2R3B*AZ

s,in

RoBGAZ,,, (25)
(G216 ?)

+Glag|* (|6 A6 in

) + Glag[*(6A7,n*) | 26)
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Similarly, the photocurrent that would be obtained by detecting
the input signal would have the following average value and
variance:

(Iyin) = RoBA? 27)

s,in 7

(A2y) = 2R3BEAZ (|0Asinl?). (28)
The contribution of the high-order idlers labeled 6 and 7 in Fig. 2
to the PSA noise figure is thus given by:

(Isin)?/ (AI2,)

(Is,out>2/<AI§,out>
1 |ag|*(|0A6in|*) + a7 (|6 A7,n[*)
G (|6Asn|?)

Using Eq. (23), Eq. (29) finally becomes:

NF; =

= 1+ . (29)

|| + a7 |?
z .

In order to determine |ag|? and |&7|2, we notice that the result
of Eq. (29) is based on Eq. (20), which supposes that the signal
power at the output of the PSA is proportional to the square root
of the high-order idler input powers. Indeed, if one injects small
powers Pgin and P; i, in high-order idler modes 6 and 7 at the
input of the fiber, Eq. (20) leads, at the limit where Pg i, P7in <
Py i, to:

Ps,out = GPs,in + 2\/6 \V4 Ps,in <|(X6| V P6,in + |’x7| V P7,in> . (3D

This behavior can be checked by simulating the evolution of
Ps out as a function of Pg i, and P7,. The result of such simula-
tions is reproduced in Fig. 5, which was obtained with the same
parameters as those used to obtain Fig.4 and for the value of
the relative phase that maximizes the signal gain. This figure
reproduces the evolution of the increase in signal output power
Ps out — GPs i as a function of /Pg i and \/P7in.

NFs7; =1+ (30)

1.5+
z
3
s 1r
o7
O
205 -
o7 I
0 ——’—\’ | | | |
0 0.5 1 15 2 25 3
VoP, (W' %10

Fig. 5. Signal output power increase versus /6P i, (dashed
line) and /0 P7 i, (full line). Same parameters as in Fig. 4 ex-
cept AApp = 28nm.

This figure confirms that Ps oyt evolves linearly with |/Pg in
and /P7n, as expected from Eq.(31). We can thus take the

slopes 0Ps out/9+/Ps in and 0Ps out/9+/P7in as constants. This
permits to rewrite Eq. (30) in the following form:

NFg7 =1+

2
1 9Ps out 9Ps out

. ’ 32

4G?Pyin (a\/Pé,in> * <a\/P7,in> 2

Finally combining this expression with Eq. (9) leads to the fol-
lowing expression:

2 2
Gyi 1 0Ps out 9Ps out
NF =1+ "% 4 )+ - .
Gmax ~ 4G?Pyin | \ 9v/Pojin 9v/P7in
(33)
This expression permits to deduce the value of the noise figure

from the slopes of the plots like those of Fig. 5, which are easily
obtained from the simulations.

4. APPLICATION AND DISCUSSION

We now apply the formalism developed in the preceding section
to the calculation of the noise figure in two different situations.
Indeed, depending on the dispersion characteristics of the fiber
and the spectral distribution of the waves, it has been shown
[21] that the emergence of the high-order pumps and idlers can
lead either to a decrease or an increase of the maximum signal
gain compared to what is expected from the three-wave model.
We thus investigate in the two following subsections whether
the interplay with the high-order idlers and pumps gives rise to
a degradation of the noise figure in these two situations.

A. Case where the high-order idlers decrease the gain

The situation considered here corresponds to the values of the
parameters summarized in Table 2. The wavelength of the sig-
nal coincides in this case with the zero-dispersion wavelength:
6Aots = 0. Figure 6(a) shows a comparison between the maxi-
mum gain of the PSA according to the 3-wave model (Equation
1, dashed line) and the numerical 7-wave model (full line), as a
function of the separation AApp between the two pumps. As al-
ready observed in Ref. [21], the 7-wave model predicts a strong
reduction of the gain for values of AApp smaller than 30 nm.
Since this gain decrease is associated with the emergence of the
high-order idlers and pumps, we expect the model of Section
3.B to lead to a degradation of the NF of the PSA. This is indeed
what is observed in Figure 6(b), which compares three different
expressions for the noise figure at the maximum gain of the PSA:
i) the one based on the three-wave model (Eq. 10, dashed black
line); ii) the one that just takes into account the values of the
minimum and maximum gains predicted by the 7-wave model
and injects them into Eq. (9) (dotted blue line); iii) the one based
on Eq. (33) that takes into account the transfer to the signal of
the vacuum fluctuations injected in the high-order idlers (full
red line).

One can see that when the two models predict the same gain,
i.e., for AApp > 30nm (see Fig. 6(a)), the three expressions con-
verge to the same value of the NFE. This is consistent with the
fact that the high-order idlers and pumps are negligible in this
parameter region. However, for small values of AApp < 10nm,
Eq. (33) predicts a strong increase of the noise figure (up to 4.5 dB)
with respect to the two other expressions. This increase of the
noise figure comes from the high-order idlers, as confirmed
by the plots of Fig.6(c). This figure reproduces the evolution
versus AApp of the total phase mismatches of the different four-
wave mixing processes that participate to the output signal noise.
These phase mismatches are given by #«,,,,x L, where the coeffi-
cients «,,,x; are calculated using Eq. (12) at the output of the fiber.
We have selected only the processes present in the equation of
evolution of the signal (Eq. 11) that involve the two pumps, one
of the high-order idlers, and the signal. Indeed, the processes
that involve only one of the pumps or no pump at all are much
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Fig. 6. Case where dA,¢ = 0. (a) Signal maximum gain ver-
sus pump-pump wavelength separation AApp for the 3-wave
(dashed black line) and 7-wave (full red line) models. (b)
Signal noise figure versus AApp based on three different ex-
pressions (see text), with the inset showing a zoom on the
40nm < AApp < 60nm region. (c) Phase mismatch of several
FWM processes versus AApp.

weaker than the ones we take into account. Moreover, we have
seen in Section A (see Fig.4) that the high-order pumps do not
significantly contribute to the output signal noise.

The plots of Fig. 6(c) confirm that the processes that contribute
to the increase of the signal power are those that involve the
high-order idlers (waves labeled 6 and 7 in Fig. (2)). Indeed, one
can see that the bandwidth (AApp < 10nm) of the increase of the
noise figure in Fig. 6(b) corresponds to the domain in which the
phase mismatch coefficients for the FWM processes involving
the high-order idlers are in the interval [—7t, 7], showing that
these processes are efficient. As soon as those processes are no
longer phase matched, i. e., |#;,,L| > 7T, the noises of the high-
order idlers stop contaminating the signal and the noise figure
retrieves its values predicted by the three-wave model.

B. Case where the high-order idlers increase the gain

We now turn to a situation in which the interplay between the
high-order idlers and pumps and the signal is a priori favorable,
in the sense that it permits to increase the maximum signal gain.
As can be seen in Fig. (7), this can be obtained by shifting the
wavelengths of the signal and the pump by dA ¢, = 10nm with
respect to the zero-dispersion wavelength. Then, for AApp =
7.1nm, the 7-wave model predicts a maximum gain equal to
16.6 dB, larger than the gain predicted by the 3-wave model for
this pump-pump separation (12.8 dB), and even larger than the
15.7 dB gain predicted by the 3-wave model for AApp = 0.

The corresponding evolution of the noise figure is plotted in
Fig.7(b), according to the same three expressions as in Fig. 6(b).
Here also, a signal excess noise is observed for small values of
AApp when one takes into account the noise transfer from the
high-order idlers (full red line in Fig. 7(b)). Figure 7(c) confirms
that this noise increase is due to the transfer of the noise from the
high-order idlers, because the bandwidth of this noise increase
AApp < 10nm corresponds to the range in which the corre-
sponding FWM processes are phase matched (|, L| < 7).

However, here, contrary to the case 6\ = 0 of Fig. (6), two
of these processes get phase matched again for larger values of
AApp thanks to the fact that the linear and nonlinear parts of
their phase mismatches have opposite signs. This is the case
of the process involving the pump 1 with the signal and the
high-order idler 6 (k3611 in Fig. 7(c)), which gets perfectly phase
matched again for AApp o~ 17.5nm, leading to another increase
of the noise figure according to the 7-wave model compared
with the 3-wave model.

The same type of phenomenon occurs around AApp =~
41.5nm. Around this value of the pump-pump separation, the
gain predicted by the 7-wave model exhibits a strong narrow
dip (see the red full line in Fig.7(a)), which is accompanied by
a strong increase of the noise figure (see Fig.7(b)). Figure 7(c)
shows that this phenomenon is due to the fact that the FWM
process involving the high-order idler labeled 6 with the two
pumps and the signal (k413 in Fig.7(c)) gets phase matched
again around this value of AApp, leading to an efficient noise
transfer from idler number 6 to the signal.

Coming back to the behavior of the PSA according to the
7-wave model in the vicinity of the gain maximum, i. e., around
AApp = 7.1nm, the detailed observation of Figs.7(a) and 7(b)
permits to conclude that this situation is a good trade-off be-
tween the gain increase and the NF degradation due to the high-
order idlers. Indeed, the few dB gain increase is accompanied
by a relatively modest degradation of the noise figure (equal
to 0.95dB for AApp = 7.1 nm), which remains much below the
3-dB limit encountered in the case of a PIA. The presence of the
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high-order idlers can thus be helpful for the gain without being
too detrimental to the noise figure.

5. CONCLUSION

In conclusion, the noise performance of degenerate dual-pump
phase sensitive amplifier was investigated thanks to a semi-
classical approach based on a 7-wave model. This approach was
adopted after having observed that other approaches based on
analytical calculations did not always predict the correct value
for the gain in the range of parameters we are interested in.

In our approach, no assumptions were made on which FWM
processes among the 7 waves should be neglected, as compared
with the semi-quantum approach. Numerical simulations of the
7-wave coupled equations were carried out, leading to accurate
results for the noise figure.

In the range of parameters we considered here, compared
with the standard 3-wave PSA, we have seen that the high-order
idlers can degrade the noise figure of the amplifier when the
four-wave mixing processes that transfer the vacuum fluctua-
tions injected in these modes into the signal become efficient.
Conversely, the presence of the high order pumps does not lead
to any significant degradation of the signal noise. For stronger
nonlinearities (longer fiber, larger value of the nonlinear co-
efficient, and /or higher pump powers), more general models
involving more waves and more nonlinear processes should be
considered [23], at the cost of an severely increased complexity.

In spite of this degradation of the noise figure, we have seen
that by adjusting the dispersion of the fiber and the frequency
distribution of the signal and pumps, one can take advantage
of the emergence of the extra waves to enhance the signal gain,
while maintaining the noise figure of the amplifier below 1 dB.
This interesting results opens interesting perspectives of appli-
cation and is promising in view of optimizing the noise in PSA
systems. For example, this could be done by coupling our model
with a genetic algorithm, as was already performed to optimize
the gain of a PSA [41].

DISCLOSURES

The authors declare no conflicts of interest.

REFERENCES

1. Z. Tong, C. Lundstrom, P. Andrekson, C. McKinstrie, M. Karlsson,
D. Blessing, E. Tipsuwannakul, B. Puttnam, H. Toda, and L. Griiner-
Nielsen, “Towards ultrasensitive optical links enabled by low-noise
phase-sensitive amplifiers,” Nat. Photonics 5, 430 (2011).

2. M. E. Marhic, Fiber optical parametric amplifiers, oscillators and related
devices (Cambridge University Press, 2008).

3. J. Hansryd, P. A. Andrekson, M. Westlund, J. Li, and P.-O. Hedekvist,
“Fiber-based optical parametric amplifiers and their applications,” IEEE
J. Sel. Top. Quantum Electron. 8, 506-520 (2002).

4. J. A. Levenson, |. Abram, T. Rivera, and P. Grangier, “Reduction of
quantum noise in optical parametric amplification,” J. Opt. Soc. Am. B
10, 2233-2238 (1993).

5. Z. Tong and S. Radic, “Low-noise optical amplification and signal
processing in parametric devices,” Adv. Opt. Photonics 5, 318-384
(2013).

6. C. M. Caves, “Quantum limits on noise in linear amplifiers,” Phys. Rev.
D 26, 1817 (1982).

7. Y. Yamamoto and K. Inoue, “Noise in amplifiers,” J. Light. Technol. 21,
2895-2915 (2003).

8. R. Slavik, F. Parmigiani, J. Kakande, C. Lundstrom, M. Sjédin, P. A.
Andrekson, R. Weerasuriya, S. Sygletos, A. D. Ellis, L. Griiner-Nielsen



Research Article ‘

10.

11.

12.

13.

14.

15.

16.
17.

18.
19.
20.

21.
22.

23.

24.
25.
26.
27.
28.
29.
30.

31.

32.

Journal of the Optical Society of America B 9

et al., “All-optical phase and amplitude regenerator for next-generation
telecommunications systems,” Nat. Photonics 4, 690-695 (2010).

M. Karlsson, “Transmission systems with low noise phase-sensitive
parametric amplifiers,” J. Light. Technol. 34, 1411-1423 (2015).

S. L. Olsson, M. Karlsson, and P. A. Andrekson, “Nonlinear phase
noise mitigation in phase-sensitive amplified transmission systems,”
Opt. Express 23, 11724—11740 (2015).

N. A. Olsson, “Lightwave systems with optical amplifiers,” J. Light.
Technol. 7, 1071-1082 (1989).

S. Donati and G. Giuliani, “Noise in an optical amplifier: Formulation of
a new semiclassical model,” IEEE J. Quantum Electron. 33, 1481-1488
(1997).

Z. Tong, C. McKinstrie, C. Lundstrdm, M. Karlsson, and P. A. Andrek-
son, “Noise performance of optical fiber transmission links that use
non-degenerate cascaded phase-sensitive amplifiers,” Opt. Express
18, 15426-15439 (2010).

C. Lundstrém, B. Corcoran, M. Karlsson, and P. A. Andrekson, “Phase
and amplitude characteristics of a phase-sensitive amplifier operating
in gain saturation,” Opt. Express 20, 21400-21412 (2012).

Z. Tong, C. Lundstrém, P. A. Andrekson, M. Karlsson, and A. Bogris,
“Ultralow noise, broadband phase-sensitive optical amplifiers, and their
applications,” IEEE J. Sel. Top. Quantum Electron. 18, 1016-1032
(2012).

C. McKinstrie, M. Raymer, S. Radic, and M. Vasilyev, “Quantum me-
chanics of phase-sensitive amplification in a fiber,” Opt. Commun. 257,
146-163 (2006).

C. McKinstrie, M. Karlsson, and Z. Tong, “Field-quadrature and photon-
number correlations produced by parametric processes,” Opt. Express
18, 19792-19823 (2010).

M. E. Marhic, “Noise figure of hybrid optical parametric amplifiers,” Opt.
Express 20, 28752-28757 (2012).

M. Marhic, “Quantum-limited noise figure of networks of linear optical
elements,” J. Opt. Soc. Am. B 30, 1462-1472 (2013).

K. Inoue, “Quantum noise in parametric amplification under phase-
mismatched conditions,” Opt. Commun. 366, 71-76 (2016).

W. Xie, |. Fsaifes, T. Labidi, and F. Bretenaker, “Investigation of degen-
erate dual-pump phase sensitive amplifier using multi-wave model,”
Opt. Express 23, 31896-31907 (2015).

M. Baillot, M. Gay, C. Peucheret, J. Michel, and T. Chartier, “Phase
quadrature discrimination based on three-pump four-wave mixing in
nonlinear optical fibers,” Opt. Express 24, 26930-26941 (2016).

J. Qian, M. Gao, L. Xiang, and G. Shen, “Investigation of high gain
dual-pump phase sensitive amplifiers,” Optik 135, 210-218 (2017).
W. Xie, |. Fsaifes, and F. Bretenaker, “Optimization of a degenerate
dual-pump phase-sensitive optical parametric amplifier for all-optical
regenerative functionality,” Opt. Express 25, 12552—12565 (2017).

C. J. McKinstrie, S. Radic, and M. Raymer, “Quantum noise properties
of parametric amplifiers driven by two pump waves,” Opt. Express 12,
5037-5066 (2004).

C. McKinstrie, M. Yu, M. Raymer, and S. Radic, “Quantum noise
properties of parametric processes,” Opt. Express 13, 4986-5012
(2005).

K. Inoue, “Influence of multiple four-wave-mixing processes on quan-
tum noise of dual-pump phase-sensitive amplification in a fiber,” J. Opt.
Soc. Am. B 36, 1436—1446 (2019).

G. P. Agrawal, “Nonlinear fiber optics,” in Nonlinear Science at the
Dawn of the 21st Century, (Springer, 2000), pp. 195-211.

G. Ferrini, |. Fsaifes, T. Labidi, F. Goldfarb, N. Treps, and F. Bretenaker,
“Symplectic approach to the amplification process in a nonlinear fiber:
role of signal-idler correlations and application to loss management,” J.
Opt. Soc. Am. B 31, 1627-1641 (2014).

J. R. Thompson and R. Roy, “Nonlinear dynamics of multiple four-wave
mixing processes in a single-mode fiber,” Phys. Rev. A 43, 4987 (1991).
D. L. Hart, A. Judy, T. B. Kennedy, R. Roy, and K. Stoev, “Conserva-
tion law for multiple four-wave-mixing processes in a nonlinear optical
medium,” Phys. Rev. A 50, 1807 (1994).

S. Trillo, S. Wabnitz, and T. Kennedy, “Nonlinear dynamics of dual-
frequency-pumped multiwave mixing in optical fibers,” Phys. Rev. A 50,

33.

34.

35.

36.

37.

38.
39.

40.

41.

1732 (1994).

D. Hart, A. F. Judy, R. Roy, and J. W. Beletic, “Dynamical evolution of
multiple four-wave-mixing processes in an optical fiber,” Phys. Rev. E
57, 4757 (1998).

G. A. Sefler, “Frequency comb generation by four-wave mixing and the
role of fiber dispersion,” J. Light. Technol. 16, 1596 (1998).

X. Xu, Y. Yao, X. Zhao, and D. Chen, “Multiple four-wave-mixing pro-
cesses and their application to multiwavelength erbium-doped fiber
lasers,” J. Light. Technol. 27, 2876-2885 (2009).

E. Myslivets, B. P. Kuo, N. Alic, and S. Radic, “Generation of wideband
frequency combs by continuous-wave seeding of multistage mixers
with synthesized dispersion,” Opt. Express 20, 3331-3344 (2012).

T. Labidi, I. Fsaifes, W. Xie, D. Chatterjee, F. Goldfarb, and F. Bretenaker,
“Phase evolution of the direct detection noise figure of a nondegenerate
fiber phase-sensitive amplifier,” Opt. Lett. 43, 4546—-4549 (2018).

R. Loudon, The quantum theory of light (OUP Oxford, 2000).

E. Desurvire, D. Bayart, B. Desthieux, and S. Bigo, Erbium-doped
fiber amplifiers: Device and System Developments, vol. 2 (Wiley-
Interscience New York, NY, 2002).

H. Heffner, “The fundamental noise limit of linear amplifiers,” Proc. IRE
50, 1604—1608 (1962).

P. Li, H. Zhu, S. Taccheo, X. Gao, and Z. Wang, “Optimized design
of six-wave fiber optical parametric amplifiers by using a genetic algo-
rithm,” Appl. Opt. 56, 4406—4411 (2017).



	Introduction
	Comparison between different gain models
	3-wave model with undepleted pumps
	Gain
	Noise figure

	7-wave numerical model
	7-wave semi-quantum model
	Comparison between the models

	Semi-classical treatment of the noise figure
	Impact of high-order waves on signal power evolution
	Calculation of the excess noise induced by the high-order idlers

	Application and discussion
	Case where the high-order idlers decrease the gain
	Case where the high-order idlers increase the gain

	Conclusion

