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Summary

@ Competition of species in the chemostat



Chemostat: S M X

— D(S"—S) — ku(S)X
= -DX + w(S)X

S : concentration of substrate

X : concentration of bacteria

S+ input concentration of substrate
D = Q/V : Dilution rate

k : stoichiometric coefficient

u(+) : specific growth functions




Stability analysis (Monod)

{ 5= D(sin — s) — kju(s)x
x = (u(s) — D)x

u(s) is increasing. Example: the Monod function

Lmax$S
nis) = s

: Beak-even concentration A\(D) = (D)
Eo = (sin, 0) : washout
E; = (s*,x*), where s* = A\(D) and x* = (sj, — s*)/k

Steady-state Existence condition Stability condition

E Always exists p(sin) < D
E; w(sin) > D GAS if it exists




Global Stability
_\
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Isoclines

¢ S5=0=X= D‘E’/’L’ESS) (in red on the figure)

® X =0=> 5= 5" (in green on the figure)




Stability analysis (D; # D)

$ = D(sjn —s) — ku(s)x
%= (u(s) — Di)x

® : Beak-even concentration \(D) = p~*(Dy)
® Fy = (sin,0) : washout
e F; = (s*,x*), where s* = \(D) and x* = D%(s,-,, —s*)/k

Steady-state Existence condition Stability condition

Eo Always exists wu(sin) < D
E w(sin) > D GAS if it exists




Stables oscillations

Xz(m—m—D)x

with D =10.1, §;, =2



Operating diagram

{é = D(sin—s) — ku(s)x
x = —Dx + u(s)x

Apart from the two operating (or control) parameters, which are
the inflowing substrate s;, and the dilution rate D, that can vary,
all others parameters (k, and parameters in u(S)) have biological
meaning and are fixed depending on the organisms and substrate
considered.

The operating diagram describes the behaviour of the system with
respect to the operating parameters



Operating diagram

D = p(sin)
Iy
region Ehk £
I (Sin, D) €1y S
(sin, D) €Th Uu s
Sin

Steady-state Existence condition Stability condition

Always exists w(sin) < D
w(sin) > D Stable if it exists




Competion of two species

5/ = D(S,'n — 5) — /Ll(S)Xl — ,u2(5)x2
x1 = (m(S)—D)x
X = (n2(S) — D)x

Break-even concentrations : \; = ,u,-‘l(D)
Eo=(5=Sin,x1=0,x=0)

Ey =(S=XA,x1 =Sin— A1, =0)

Ex = (S =X, x1 =0,x2 = Sip — \2)

If A1 < A2 then E; is GAS.

Only one species can survive:
Competitive Exclusion Principle (CEP)



Operating diagram
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Conjecture: CEP hols for D; # D

5/ = D(Sin - S) — /Ll(S)Xl - ,U2(S)X2
x1 = (m(S)— Di)x
3 = (12(S) — D2)x2

Break-even concentrations : \; = u; 1(D;)

The steady states are the washout Ey = (S;5,0,---,0) and
the steady states

E1 = (Al,Xik,O), E2 = ()\Q,O,Xék)

where x7 = 5 (5™ — \;)
If A1 < Ao then Ej is Locally stable

Conjecture : If \; < A2 then E; is GAS: it attracts all
solutions such that x;(0) > 0



CEP hols for Monod growth functions

S = D(Sin—S)~ 155
iS -
X:{ = (b?+5_Di)Xi; =

° — .mD;
Ai = 215

® Assume that A\; < Ao < --- < \,. Hsu proved the global
asymptotic stability of E; using a Lyapunov function

V= U_)\ldo—i—cl/ = deg+2c,x,,
A1 g
1 aj D
i = ’ 1= Y1~ in —

S.B. Hsu, Limiting behavior for competing species. SIAM Journal on Applied
Mathematics 34 (1978), 760-763.



Variable yield

’ ¢ _ 2§ X1 _ _mS xo
S =1 S 0.7+S 1+cS3 6.5+S 120
!
X1 = [o 735 — 1a
/. mS
Xy = [ges s — 1]xo.

Let ¢ = 50 and consider m, 015
as a bifurcation parameter. 0425
For my > 9.85 the system o
exhibits sustained oscillations. 0075
Here we fix my = 10.

0.05
S.S. Pilyugin, P. Waltman, 0.025 6,2
Multiple limit cycles in the '
chemostat with variable yields, 8,8 4,2
Math. Biosciences, 182, 151-166 (2003). 0.4 s 2.2

' 08

0,2



Variable yields

5/

DIy~ S 3 pi(S);

xi = [qi(s)_Di]Xi: i=1.--n,

® S(t) : concentration of nutrient. x;(t) : concentration of the
competing species.

® S, : input concentration. D and D; : removal rates

® pi(S) : uptake rates. g;(S) : growth rates

° yvi(S) = Z:g; . growth yields

e Extension of classical model p;(S) = q,—\(/iS), for which the

yields y;(S) = Y; are constant.

J. Arino, S.S. Pilyugin, G.S.K. Wolkowicz, Considerations on yield, nutrient uptake,
cellular growth, and competition in chemostat models. Canadian Applied Mathematics
Quarterly, 11, 107-142 (2003)



Competitive exclusion

Assume that there exist a;; > 0 such that for all 0 < S < S,
H(S)pi(S) > aifi(S)(Sin — S).

where £;(S) = qi(S) — Dj, then the equilibrium Ej is GAS with
respect to the interior of the positive cone.
Proof: Use the Lyapunov function

Sfl

£ — X1
——do + — d i
J A1 5/n_ N / €+ZQX/

T. Sari, Competitive Exclusion for Chemostat Equations with Variable Yields, Acta
Appl. Math., 123 (1), 2013, 201-219

V(S,Xl,"' 7Xn) =



Summary

@ Flocculation (PhD of R. Fekih-Salem)



Flocculation

= D(Sin = 5) = f(S)u—g(S)v
(f(S) — Do)u — a(-)u + B()v
v o= (&(S)—Di)v+a()u—p()v

< O
Il

u(t) : concentration of isolated bacteria of the first species.
f(-) : per-capita growth rate of isolated bacteria.

v(t) : concentrations of attached bacteria of the first species.
g(-) : per-capita growth rate of attached bacteria.

a(-)u and B(+)v : flocculation and deflocculation rates.

Dg, D1 : removal rates of isolated and attached bacteria of
the first species.



Flocculation
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Flocculation: one species

()
S

(Sin — 5) = £(S)u—g(S)v
(S) — D)u — au® + bv
g(S) — D)v + au® — bv

<

I
—~
-~

Eo = (Sin, 0,0) washout

Ei = (S1,u1,v1) with S >0, u3 >0, vy >0
possibility of multiple positive steady states: bistability
emergence of cycles



T
0,1

One species: Oscillations




One species: Oscillations




Flocculation: two species

u = (f(é)—D)u—auz—&-bv
v = (g(S)—D)v+au®—bv
5(2 = (fQ(S) — D)X2

S1,u1,v1,0) with S >0, ug >0, vy >0
A2,0,0,S5i, — A2)

E = (Ao, U*, v*, x3)

possibility of multiple positive steady states: bistability

Eg = (Sin, 0,0,0) washout
= (
=(

emergence of cycles



Two species: Oscillations
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Two species: Oscillations
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Two species: Oscillations
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Two species: Oscillations
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Fast attachment and detachment

e |iterature reports flocculation time scales of the order of 1 to
10 min to be compared with bacterial growth times of 1 h to
1 day, and with retention times of a few hours to a few days.

e Considering that attachment and detachment processes may
be fast compared to biological time, it is shown in Haegeman
and Rapaport (2008) that the reduced dynamics of such
systems amounts to have a single biomass compartment for
each strain but with a density dependent growth rate.

¢ In was shwon in Fekih-Salem et al (2013) that when
attachment and detachment rates are fast one can build a
reduced model without distinction between isolated and
attached bacteria, but the resulting growth rate is
density-dependent as well as the dilution rate, due to the fact
that attached and isolated bacteria have different removal
rates.



Fast attachment and detachment

- D(Sm—S)—f(S) g(S)V

u = (f(S)—Do)u—A(S,v,u)u+ B(S,u,v)v

v = (g(8)—Di)v+A(S,v,u)u—B(S,u,v)v

The dynamics of attachment and detachment is much faster than
the growth of the species

A(S,u,v) = M, B(S,u,v) = M

S = D(Sin—S)—f(S)u—g(S)v
(f(S) — DO)U _ a(S,u,v) U+ B(SEu,v)V
v = (g(S) Dy )V+ a(Suv)u (S’U’V)v

€

:.
Il




Fast and slow dynamics

5 = D(Sin - 5) — f(S)U _ g(S)V
u (f(S) — DO)U - 04(5 u,v) U+ ﬁ(S;u,v)V
v = (g(S) Dy )V+ a(Suv)u_ /B(S’u’v)v

€

The dynamics of the total biomass x = u + v is given by
x = (f(S) — Do)u + (g(5) — D1)v.

Thus, v and v are fast variables, while S and x are slow ones. In
the variables (S, x, p), where p = u/x is the proportion of u in x

§ = D(Sin—S)—f(S)px — g(S)(1 - p)x
X = (f(5)— Do)px + (g(S) — D1)(1 — p)x
p = p(L—p)[(F(S)— Do) — (g(S) — D1)] — Wp+ 2U(1 - p)



Réduction des systemes lents-rapides

ex = f(x,y,¢)
y = g(Xa)/aE)

€ est petit

Le systéeme est approximé par la solution du probleme réduit

vy =g(h(y),y,0)

Ici x = h(y) est une solution de I'équation f(x,y,0) = 0.

Cette méthode est appelée I'approximation quasi stationnaire.



Champs lents-rapides: x € R”, y € R"”

dr

(10){ dj

dt
Convention

X

_ dxdt  dx
T dtdr  dt

f(x,y,0)
= g(x,y,0)

_dx . dy
“ar YT dr

_ dx f(x )
t=¢7 , Y,€
— (2 dr

(E){ ¥ = eglx,y.e)

dy _dydt  dy
dr _ dtdr dt

& = f(xy,0
(20){ & 0( )
dr =

) dx ,_ dy

“Zu VT



Fast and slow dynamics

e(D(Sin — 5) — f(S)px — g(S)(1 = p)x)
e ((f(S) — Do)px + (&(5) — D1)(1 — p)x))
ep(1 = p) [(F(S) — Do) — (8(S) = D1)] — a(-)p + B(-)(1 = p)

—
T X U
1l

The equation can be written p’ = F(S, x, p) where
F(S,X, p) = B(Sa [29) (1*[))X)7(O&(5, PX, (1 - p)X) + 5(53 [28) (1 - p)X)) P
The slow manifold is given by equation

F(S,x,p) =0 <= p=p(S,x)



Reduced model

The reduced system is obtained by replacing p = p(S, x) in the
slow equations

¥

We obtain

D(Sin —S) — f(S)px — g(S)(1 — p)x
((5) — Do)px + ((5) — D1)(1 — p)x

{ S =D(Sin— S) — u(S, x)x
x = (u(S,x) —d(S,x)) x

where
M(S?X) = p(S,X)f(S) + (1 - p(va))g(5)¢
d(S,x) = p(S,x)Do + (1 — p(S, x))Ds.



Flocculation with several species

® the n species are competing on a same limiting resource, and
that each species is present in two forms: isolated bacteria, of
density uj, and bacteria in flocks, of density v;

® jsolated bacteria can stick with isolated bacteria with flocks to
form new flocks, with rate «;(-)u;.

e flocks can split and liberate isolated bacteria with rate §;(-)v;.

a;i(-)ui Bi(-)vi
u;%v;, U,'LV,’.

Then the equations are

n

§=D(Sin—S) = Y _(i(S)ui + &i(S)w)
i—1
up = (fi(S) — Doi)ui — ai(-)ui + Bi(-)vi,

Vi = (&i(S) — Dii)vi + ai(-)ui — Bi(-)vi



Fast attachment and detachment

S=D(Si,—S) — Zn:(f,-(s)u; + gi(S)vi)
;= (fi(S) — DOi)lji::l_ I3y ayxjui+ tbivi,
Vi = (8i(S) — Dyj)vi+ L 37 ayxjuj — Lbiv;
In the variables S, x;, u;, the system is written
S = D(Sn—S) = Silf(S)ui +&i(S)(x — )]
Xi = fi(S)ui+ gi(S)(xi — ui) — Dojui — Dri(x; — i),

b= (fi(S) = Do)uj — £ Sfg agxjui + 2(xi — u)



Reduced model

This is a slow/fast system with the variables S, x; are slow and the
variables u; fast. The fast equations are

n
= — Z ajjXxjui + b,‘(X,‘ — U,'),
j=1
The slow manifold (or quasi steady-state) is given by

b;

w = pix, ) = s
i j=1 7y

The reduced model is

{5 D(Sin — S) = X7y 11(S, x)x;
—(u,(SX) di(x))x;, i=1---n

1i(S, x) = fi(S)pi(x)+&i(S)(1—pi(x)), di(x) = Doipi(x)+D1i(1—pi(x)),



Summary

© Density dependent growth functions (PhD of R. Fekih-Salem)



Density dependent growth functions
® The classical chemostat
{ § = D(Sin — S) = Xfy mi(S)x
Xi = (ui(S) —Di)x;, i=1---n
cannot have a steady state where all x; are positive. Indeed
wi(S) = D, i=1---n

cannot have a solution in general.
® The density dependent chemostat

S =D(Sin—5) — 311 pi(S, x)x;
xi = (ui(S,x) —di(x))x;, i=1---n
can have. Indeed, if all x; are positive, we must solve a set of
n equations with n unknown variables x = (x1,- -+, xs)
p1(S, x) = di(x) x1 = X1(S)
P :> “ e
tn(S, x) = dn(x) Xn = Xn(S)



Intraspecific competition

§ = D(Sin— S) = X1q 1i(S, xi)xi
5(,' = (M,’(S,X,‘) — d,'(X,'))X,'./ i=1---n

At steady state, x; = 0 or x; is a solution of
,u,,'(S,X,') = d,'(X,') —— Xj = X,'(S), i = 1, cee,n
. ?)ﬁg >0, gﬁ <0, d!(x) < 0 and [xidi(x)] > 0

Replacing x; = Xi(S) and pi(S, x) = di(Xi(S)) in the first
equation gives an equation in the single variable S

D(Sin— S) =>_ hi(S), hi(S) = di(Xi(S))Xi(S).
i=1

Solving this equation gives S and then, the possibility of a
positive steady state.



The steady state characteristic

A
DSin
tha(S)
D(Sin = Ao3)
hi(Xoz) + ha(Aos)
i - : L iy
ot Aoz AzS” M1 SinAiz A

R. Fekih-Salem, J. Harmand, C. Lobry, A. Rapaport and T. Sari. Extensions of the
chemostat model with flocculation. J. Math. Anal. Appl., 397 (2013), 292-306.



Crowding effect

5 = D(S,'n — 5) - Z?:l /L,’(S)X,‘
Xi = (ui(S) —aix; — Dj)xi, i=1---n

® At steady state, x; = 0 or x; is a solution of
_ 1i(5) = Di

M,(S) = D,‘ — aiXj == Xj = X,(S) : 7, S > )\,’

¢ Replacing x; = X;(S) in the first equation gives an equation in
the single variable S

D(Sin—S) = Z hi(S), hi(S) = ui(S)Xi(S).

P. De Leenheer, D. Angeli and E. D. Sontag, Crowding effects promote coexistence in
the chemostat, J. Math. Anal. Appl., 319 (2006), 48—60.



The steady state characteristic (n = 2)

DSin

® 23 >0.(a): a2>0. (a): a2 =0.
® interspecific competition of x; (the winning species) is
sufficient to obtain coexistence
N. Abdellatif, R. Fekih-Salem and T. Sari, Competition for a single resource and

coexistence of several species in the chemostat, Math. Biosci. Eng., 13 (2016),

631-652.



Operating diagram (n = 2)

Region Eo E; E> E*
(D,Sin) €To S
(D, Sin) €T U S
(D, Sin) € I u s u
(D, Sin) €13 u U U S
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The case n > 2
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N. Abdellatif, R. Fekih-Salem and T. Sari, Competition for a single resource and

coexistence of several species in the chemostat, Math. Biosci. Eng., 13 (2016),
631-652.
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Intra and interspecific competition

® We have not at our disposal a mathematical study of the
density dependent chemostat

S = D(Sin— S) — X-q 1i(S, x)x
Xi = (pi(S;x) = Di)x;, i=1---n

® The particular case (i (S, x1,...,x,) = Vi <S,X,- +a Zj#,-xj)
where « denotes the interspecific competition was considered
numerically.

® The coexistence which was predicted when o = 0 (only
intraspecific competition is present), is still a property of the

model when « is small enough but it is no longer the case
when « is sufficiently large.

C. Lobry and J. Harmand, A new hypothesis to explain the coexistence of n species in

the presence of a single resource, C. R. Biol., 329 (2006), 40-46.



Two species

S = D(Sin—S)— 1S, x1,x)x1 — p12(S, x2, x1)x2
x1 = [p(S,x1,x2) — Di]x
)‘(2 == [/1,2(5, X2, Xl) - D2]X2.

e D; =D+ aj, where a; > 0.

® This condition means that the dilution rate of the species is
the sum of the dilution rate of the chemostat and a specific
mortality rate of the species (it is used only in the stability
analysis of positive steady states)

o %’é’ (5, xi,x7) >0, %(S,xhxj) <0 and g’;j’ (5,xi,x) <0

® This condition means that the growth rate of each species
increases with the concentration of substrate and is inhibited
by intra- and interspecific competition.

R. Fekih-Salem, C. Lobry and T. Sari, A density-dependent model of competition for
one resource in the chemostat . Mathematical Biosciences. 286 (2017), 104-122



S
X1

X2

Steady states

= D(Sin - 5) — M1(57X1,X2)X1 — ,U2(S./X2,X1)X2
- [M1(57X17X2) - D]_]X]_
= [M2(S,X2,X1) - D2]X2.

50 = (Sin,0,0) : both populations are extinct (washout).

(

= (51, %1,0): the second population is extinct.
= (52,0, %): thefirst population is extinct.

= (

S*,x{',x3): both populations survive.



Positive steady states

S*=5j, — %Xf - %xﬁ‘ where (x1 = x{', o0 = x3) must be a

solution of
fi(x1,x2) == 1 <5in — Dy - %Xz,XLXz) — D=0
f2(x1,x2) := po (Sin — Dy - %X2,X27X1> —-D>=0
Equations fi = 0 and f; = 0 defines curves 1 and 2 which

are the graphes of decreasing functions
Let X1, X2, X1 and x> be defined by

fl()?lv 0) = 07 6(07)?2) = Oa fl(Oa)_Q) = 07 fz()_(l?O) =0.

Four cases must be distinguished
(Case 1) : x1 > X1 &% > X, (Case 2) : X1 < X1&% < X2

(Case 3) X < )?1&)_(2 > )?2, (Case 4) i X1 > )?1&)_(2 < X



Case l.a

Case 1.b

The four cases

Case 2.a

Ty

Case 3.a

Case 3.b

3

Case 4.a

Case 4.b




Operating diagram

(c)

(d)

Q>
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O Inhibitors (PhDs of M. Dellal and B. Bar)



External inhibitor
PhD of Mohammed Dellal coadvised with Mustapha Lakrib
(February, 28, 2019, Sidi Bel Abbes, Algeria)
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External inhibition

S' = (8°—-S)D— f(p)i(S)x — f(S)y
= [f(p)A(S) — D]x

= [R(S) - Dly

= (p°—p)D —g(p)y

~ '~

~

T X

One species is sensitive and the other is resistant.

The sensitive species has the lowest break-even concentration
and wins the competition in absence of the inhibitor

The presence of the inhibitor allows the coexistence of both
species

The resistant species is able to remove the inhibitor from the
environment



The inhibitor is not removed: g(p) =

S" = (S°=S)D—f(p)A(S)x — R(S)y
X = [f(P)ﬁ( ) — Dlx

y' = [f(S)—Dly

P = (P -p)D

p(t) tends to p° and the system is reduced to
S = (8°=S)D—f(P°)A(S)x — H(S)y

X = [F(P)A(S) - Dlx
Yy = [A(S)- Dly

® EO = (5050707 pO)
° £ = (A, S —*,0,p°) where A(\T) = 725
® B = (X2,0,5% — Xy, p%) where f2(X\2) = D

if AT < \o, Ep is Stable and E is unstable
if AT > X5, E> is Stable and Ej is unstable

0



The inhibitor is removed

S = (8°-S)D - f(p)h(S)x — h(S)y
X' = [f(p)f(S) — D]x

y' = [h(S)—-Dly

P = (p°—p)D—g(p)y

° Eo =(5°,0,0,p%).
U = (AT, 50 AT,0,p )
® (A2705 _)\27[3)
d E - ()\ZaXC7yCapC)
AN) = g5 RO2) =D, W) =5~
__D _ (D) = S° — X\, —
f(pc) = fl()\2)7 Ye = W(pc), C(D) =S A2
with

D(p° — p)

Wip) = g(p)



Existence and stability

S = (8°=S)D—f(p)(S)x — K(S)y
x'" = [f(p)a(S) — D]x
y' = [h(S)—Dly
p = (p°—p)D—glp)y
Existence Stability
E Always min(A+, \y) > SY
E 2T < 50 2T < Ao
E> Ao < SO Ao < AT
E. A < X2 < min(A*, S9) (A+ B)(A+ B+ C)C > BEF

A(A7) = AN =

D
o) oy P0D=P

A= f(Pc)fll()Q)Xm B= fz/(>\2)}’67 c=1 +gl(Pc)YC

E=g(pc), F=—f"(pc)hi(Aa)xc,



Operating diagram

uy ) wn D
T wn DD D D
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Wllvw DD > > )
|
S
K — N, 0O\~
DB NSNS
[0
[a\]
—
<
F N
)
| Hjﬁ S
£ =
)
Dm .....................
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Application

S' = D(S°-S)—Ff(p)A(S)x — R(S)y

~

x" = [f(p)A(S) — D]x
y' = [h(S)-Dly
p' = D(p°—p)—glp)y
—up ~ mS  mS Y
flp) =€, fl(s)_a1+5’ 6(5)_324-5’ (p)—m

u=5 m=5 a=05 mm=6 a=35 §=50 K=0.1

S. B. Hsu and P. Waltman (1991, 2004).

Studied the stability of steady states,

Noticed that the positive steady state E. can be unstable
Showed that for S° =1, p® =1 and D = 1, it is unstable.



Operating diagram: p® =0

Regions || Ey E; FEj
NA S
NS U S
Js U U S
N Uu S U
NG U S

TABLE 5. Existence and stability of
equilibria in the regions of the oper-
ating diagram of Figure 6.




Operating diagram: p°® = 0.1

Regions | By E, Ey E.

T S

N U S

T3 Uu U U S

Ju U s U

NG U S

Ts U U S
TABLE 6. Existence and stability of
equilibria in the regions of the oper-
ating diagram of Figure 7.




Regions
T
NG
Js
N/
Jo
N

TABLE 7. Existence and stability of
equilibria in the regions of the oper-
ating diagram of Figure 8.

Operating diagram: p® = 0.33

cdoaccwn M
v o

cdccdwm

[en il /oM anii o5}

S0
304 ri I‘: I“4 1"2 244
3

23

22

20 21

T3
S0 19
104 Ts 184
T
T | 17
1.64
=z

T T T T T A T S
0 1 2 3 4 s D s 16 17 s 19 3 21 22 23 24])



Operating diagram: p® =1

09Ty Iy Iy
Regions | Ey Ey Es E.
T S
20 Jo U S
T3 U U U S
0 N U U S
ol T N U U U
) TABLE 8. Existence and stability of
L' equilibria in the regions of the oper-
N T ating diagram of Figure 9.




I3

Operating diagram: p® = 4.72

ry Ty
Regions H Ey E\ Ey, E,
2 T S
T2 U S
T3 U U U S
NG U U S
Js
TABLE 9. Existence and stability of
equilibria in the regions of the oper-
T ating diagram of Figure 10.
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External lethal inhibitor

PhD of Bachir Bar coadvised with Mustapha Lakrib
(February, 27, 2019, Tlemcen, Algeria)
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TEWFIK SARI*

ITAP, Univ Montpellier, Irstea, Montpellier SupAgro, Montpellier, France

(Communicated by Pierre Magal)



External lethal inhibition

S" = (8°=S5)D—A(S)x — R(S)y
= [A(S) — D —vp]x

= [A(S) - Dly

= (P°—p)D—g(p)y

~

T X

~

One species is sensitive and the other is resistant.

The sensitive species has the lowest break-even concentration
and wins the competition in absence of the inhibitor

The presence of the inhibitor allows the coexistence of both
species

The resistant species is able to remove the inhibitor from the
environment



The inhibitor is not removed: g(p) =0

[A(S) — D — yp]x
[(S) — Dly
(p° —p)D

{ s (S° = S)D — fi(S)x — f2(S)y

T <X

p(t) tends to p° and the system is reduced to

S = (S8°=8)D—A(S)x - H(S)y
X' = [A(S)~ D —p°lx
y' = [h(S) - Dly

* E = (507 0,0, pO)
° F = (/\+ D5 (S°—aH),0, po) where (A7) = D + yp°

’ D+’7p0
® Ey = (X2,0,5% — Xy, p%) where f2()\2) = D

if AT < X2, Ep is Stable and E, is unstable
if AT > X\o, E> is Stable and E; is unstable



°
o
|

A(AT) =

= (S°-

= [A(S) -
= [h(S) -

= (p° -

D +~p°,

Ye = W(pc), x(D)=

W(p) =

The inhibitor is removed

S)D — f(S)x — H(S)y
D — ~ypl]x

Dly

p)D —g(p)y

H(N2) =D, W(p*)=5S"—

D

i ()

D(p° — p)
g(p)



Existence and stability

S = (S8°=S)D—A(S)x — H(S)y

x' = [A(S) = D —plx

y' = [h(S)—Dly

p= (P°—p)D—g(p)y

Existence Stability

Eo Always min(AT, \p) > S°
E; At < S0 AT < X\
E Ao < SO0 Ao < AT
E. A™ < A2 < min(At, S%) As(ALA; — As) > A2A,

A7) = D+p",

Ai:"'7

i=1

A(AT) =D +p°,

-4

f(\2) = D



Operating diagram

Regions Jo HA JH B T T2 JY g2 JY
Eg S U U U U U U U U
Eq S S U U U
E; S U S U U V] U
Ec S U S U
S0 I3 Iy S0 T3 1Ty S0 I3 Ty
Ts [ \Te Ts
T3 | Ta J2 J3 J3 Je6
T2 Ma
i
Iy M 72 M
=75 % p0 =7 % o =% T P

(g=0) (g>0) (>0, Ja=10)



Operating diagram

Regions Jo i o F Ju TJ° JY g TY
Eo S U U U U U U U U
Ex S S U U U
E> S U S U U U U
Ec. S U S U

So F3 /rl
Je
S U/ 7U
T3 | T3 [ Ts) Ty
La
. J2
S Lo
< :
: jO
1
0 pc(D) 0



Application

S" = D(S°—=S)—A(S)x — H(S)y

~

x' = [f(p)f(S) — D —~p]x
y' = [h(S)-Dly
P = D(p°—p)—glp)y
AS) = o B(S) = 2 ale) = i

m1:4 31:0.03 m2:5 82:1 5:5 K=13

S. B. Hsu, Y.S. Li and P. Waltman (2000)

Studied the stability of steady states,

Noticed that the positive steady state E. can be unstable
Showed that for S° =1, p® =1 and D = 1, it is unstable.



SO

.80
Operating diagra

501
I
40
151
T3
301 I3
] ...............
20
0.51
N Jo
L|71 Ji Jo
00 i 3 Po o 0?5 1?5
Regions Jo N1 D F Ju T2 JY g2 TY
Eo S U U U U U U U U
E; S S U U U
E> S U S ] U U U
E. S U S U



SO

0
f)pgratlng diagram: qu: 0.7, D = 3.59
] — J:
4 5 j5S N
\.73 1004
T3
S
j65 501 s
Ji Jo I (1 Jo J2
= — o o= : L =
0 1 2 3 0 0 0.1 0.2 0.3 0
Regions Jo N1 D F Ju T2 JY g2 TY
Eo S U U U U U U U U
£ s s U U U
E> S U S U U U U
E. ) U S U



SO . . SQ
” Operating diagram: 1D = 0.5, D = 3.9
G J2 10 jg
5 5
1.5 8
I3 T3 Je
6
I s
A
0.5 jl
% 2 Jo
Ji Jo
0 - » Po 0 ) "
0 1 2 3 0 0.02 0.04 0.06 0.08
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Prediction of instability of E.




Summary

@ Commensalism (PhD of B. Benyahia)



5 =
X =
$ =
X =

Mixed culture:

51MX1+52, SQMXQ

D(S"—S1) — k()X

—DX; + wm()Xa
—-DS, +  kap1 () Xy — kopa(-) X2
*DX2 + /1/2(~)X2

51, S, : concentrations of substrate and product

X1, Xo : concentrations of bacteria

Sir - input concentration of substrate
D : Dilution rate
ki, ko, k3 : steochiometric coefficients (inverses of yields)

pa (), pa(t) -

specific growth functions



Commensalism

‘Two populations of microorganisms which grow in a mixed culture
and interact in such a way that one population (the commensal
population) depends for its growth on the other population and
thus benefits from the interaction while the other population (the
host) is not affected by the growth of the commensal population
constitutes an example of commensalism.

Ml() = ,lLl(Sl),

p2(+) = 12(52)

are monotone increasing (Monod) or can exhibit a maximum if
the growth is inhibited at high substrate concentrations (Haldane)

Si = D(SI-5) -
X1 = —-DX +
S, = —-DS, +
Xo = —DX +

ka1 (S1)Xa

11(51) X

kipa (S1)X1 — kopia(52) X2
12(52) X2



AM2 model

S = D(SIM—S1) — kau(S1)Xa

X1 = —aDXy +  pa(S1)X1
Sy = D(SF—5) + kipi(S1)X1 — kop2(S2) X2
Xo = —aDX, +  p2(S2)X2

PHD of Boumédiéne Benyahia coadvised by B. Cherki and J. Harmand



AM2 model

S1in, 0, Soin, 0), washout of X7 and X.

= (S1in, 0,
. E1 (S1in,0, S5, X2), i = 1,2, washout of X; but not of X,.
® £Y = (S;,X{,S5,,,0), washout of X, but not of Xj.
o El = (S5, Xy, Sk, XI*), i = 1,2, coexistence of X; and X.

Journal of Process Control 22 (2012) 1008-1019

Contents lists available at SciVerse ScienceDirect

Journal of Process Control

journal homepage: www.elsevier.com/locate/jprocont

Bifurcation and stability analysis of a two step model for monitoring anaerobic

digestion processes™
B. Benyahia®?*, T. Sari®<, B. Cherki?, . Harmand ¢



AM2: Existence and Stability of steady
states

If S1in < S§ then we have 3 sub-cases:

Condition E} E F?
Soin < 521* < 522* S
SH < Sn<S* U S
521* < 522* < 52,'n S S U

If S1in > Si then we have 6 sub-cases:

Condition E} EH E? E) E} E}
Soin < S5y < S¥ < S U S
Soin < S¥* < S5, <S¥ U u s
Spin< S < S <S5 U S S U
S < Sin<S,<S¥* U U u S
St < Syn< S <sSs U U s s U
S <SS <Su<S;, U U U S S U




Summary

@ Mutualism, Syntrophy (PhDs of M. El Hajji and Y. Daoud)



Syntrophy

Si = D(SI"—5S1) — kspa(S1, ) X1

X1 = ui(S1,5)X1 — DXy

Sy = kypi(S1,52)X1 — DSy — kopz(S2)Xo
Xo = 12(S2)Xo — DXo

® The first organism is inhibited by high concentrations of the
product S

® Therefore, the extent to which the substrate S; is degraded by
the organism X; depends on the efficienty of the removal of
the product S, by the bacteria X



Syntrophy

MATHEMATICAL BIOSCIENCES doi:10.3934/mbe.2012.9.627
AND ENGINEERING
Volume 9, Number 3, July 2012 pp. 627-645

THE MATHEMATICAL ANALYSIS OF A SYNTROPHIC
RELATIONSHIP BETWEEN TWO MICROBIAL SPECIES
IN A CHEMOSTAT

TEWFIK SARI

Irstea, UMR ITAP, 361 rue Jean-Francois Breton 34196 Montpellier, France
& Modemic (Inra/Inria), UMR Mistea, 2 place Viala, 34060 Montpellier, France

MiLED EL HaJil

ISSATSO (Université de Sousse) Cité Taffala, 4003 Sousse, Tunisie
& LAMSIN-ENIT, Université Tunis El-manar BP 37, 1002 Tunis, Tunisie

JEROME HARMAND

INRA UR0050, Laboratoire de Biotechnologie de I'Environnement
Avenue des Etangs, 11100 Narbonne, France
& Modemic (Inra/Inria), UMR Mistea, 2 place Viala, 34060 Montpellier, France

(Communicated by Patrick de Leenheer)



Mutualism

Taylor & Francis
Taylor & Francis Group

Journal of Biological Dynamics e
Vol. 3, No. 6, November 2009, 635-647

Association between competition and obligate mutualism
in a chemostat

Miled El Hajji***, Jérome Harmand®®, Hédia Chaker” and Claude Lobry*
“INRA-INRIA MERE project-team, UMR ASB, INRA, 2 Place Viala, 34060 Montpelier, Cedex, France;

PENIT-LAMSIN, BP. 37, 1002 Tunis-Belvédére, Tunis, Tunisia; °LBE-INRA, UR030, Avenue des Etangs,
11100 Narbonne, France



Synthrophy

Math. Model. Nat. Phenom. 13 (2018) 31 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051 /mmnp/2018037 WWwW.mmnp-journal.org

STEADY STATE ANALYSIS OF A SYNTROPHIC MODEL: THE
EFFECT OF A NEW INPUT SUBSTRATE CONCENTRATION

Y. Daoun'**, N. ABDELLATIF"®, T. SARI*S AND J. HARMAND*



Summary

@ Other mechanisms of coexistence



Coexistence of species

Periodic inputs
Prey-predator interactions (PhD of T. Mtar)
Delays (PhD of H. Berhoune)

More complex interactions (PhD of S. Nouaoura)



Hal L. Smith ana Paul waitman

Cambridge Studies in Mathematical Biology

The Theory
of the Chemostat

Dynamics of Microbial Competition
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