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Abstract

We study the invasion of an unstable state by a propagating front in a peculiar but generic
situation where the invasion process exhibits a remnant instability. Here, remnant instability
refers to the fact that the spatially constant invaded state is linearly unstable in any exponen-
tially weighted space in a frame moving with the linear invasion speed. Our main result is the
nonlinear asymptotic stability of the selected invasion front for a prototypical model coupling
spatio-temporal oscillations and monotone dynamics. We establish stability through a decom-
position of the perturbation into two pieces: one that is bounded in the weighted space and a
second that is unbounded in the weighted space but which converges uniformly to zero in the
unweighted space at an exponential rate. Interestingly, long-time numerical simulations reveal
an apparent instability in some cases. We exhibit how this instability is caused by round-off
errors that introduce linear resonant coupling of otherwise non-resonant linear modes, and we

determine the accelerated invasion speed.

Keywords: traveling front, remnant instability, pointwise semigroup methods, absolute spectrum

1 Introduction

The stability analysis of fronts invading unstable states is complicated by the presence of unstable
essential spectrum. This unstable spectrum is a consequence of the instability of the homogeneous
state that the front is propagating into. Perturbations of the front that are placed sufficiently far
ahead of the front interface will grow in norm at an exponential temporal rate from the homogeneous
state. Stability typically is recovered by compensating temporal growth with exponential spatial

decay of allowable perturbations away from the front interface. Technically, this amounts to viewing
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the stability problem in an exponentially weighted function space. The hope is that some weight
can be chosen so that the essential spectrum is stabilized in the comoving frame of the front and
the stability analysis can then proceed in a fashion similar to that of fronts connecting stable states;
see for example [30]. In this paper we study a model system where no such stabilization is possible
and investigate the consequences for both the stability analysis of the front and the associated

dynamics of the full partial differential equation.

As a specific example throughout, we consider the system of equations

Ou = dOyzu + s0yu + f(u) + Po,

>0, zeR, (1.1)
O = —(0pz + 1)%v + 80,0 + o,

where f(u) == au(l — u?) for some o > 0. Parameters are set such that d > 0, < 0,8 # 0, and
s > 0. The u component is governed by a Fisher-KPP type equation while the v component is the
Swift-Hohenberg equation typically used as a model for pattern formation, although we consider
the case of < 0 where patterns are suppressed and the zero state is stable. The two equations
are coupled through the v term in the first equation. In terms of traveling fronts, there exist
monotone front solutions (Q(x),0) connecting (u_,v_) = (1,0) at —oco to (u4+,v4+) = (0,0) at +o00
for any wavespeed s > s, = QW = 2v/do; see for example [1]. Similar systems have been

studied in [13, 15], focusing however on fronts between stable states u = 1.

Investigating stability of these traveling front solutions, we linearize (1.1) near the traveling front
solution (Q«(x),0). The essential spectrum of the resulting linear operator can be characterized
in terms of the asymptotic systems as x — +o0o, that is, linearizing at (ut,vy), respectively. The
boundaries of the essential spectrum are given by spectra of these asymptotic systems, determined

k2 with temporal growth rate A(k). Focusing on the asymptotic system

by solutions of the form e
near x = +oo for (1.1), it is easy to see that the essential spectrum is stable for the v component
since 4 < 0. On the other hand, the essential spectrum for the u component is unstable since
f(0) = @ > 0. In an exponentially weighted space, the essential spectrum instead records the
temporal growth rate associated to modes of the form e(*+M* for some n € R. It is known that the
essential spectrum for the u-component is real, {\ < o — %}, for the specific choice n = —s/(2d);
see [30]. It is possible however that the v-equation will possess unstable essential spectrum and
therefore exhibit exponential growth for this specific choice of exponential weight n = —s/(2d). This
paper focuses precisely on this situation, in the case of the critical front with speed s, = 2vad
when the essential spectrum of the u-component is marginally stable, {\ < 0}. We shall refer to
such instabilities, where the linearization at the solution (Q.(x),0) possesses essential spectrum in

{Re A\ > 0} for any choice of exponential weights as remnant instabilities, a term introduced in [29].

In order to understand the possibility of stabilizing a system using exponential weights more sys-
tematically, we analyze the linearization at (u4,v;) in more detail, referring in particular to the
absolute spectrum, Y1, introduced in [29]. Roughly speaking, stability of the absolute spectrum
implies that there exists a continuous choice of exponential weights 7(A) in {Re A > 0} so that A

does not belong to the essential spectrum in the space with exponential weight n(\). More alge-



Region Remnantly Absolute Spectrum  Resonance Poles  Front Stability

Unstable Unstable Unstable
Rst no no no stable, adaptation of [8]
Rrem yes no no stable, Theorem 1
Rabs yes yes no stable, Theorem 1
Rpw yes yes yes pointwise unstable [20]

Table 1: Overview of different types of linear instability and results on stability of the critical front of (1.1).

Regions outlined in parameter space in Figure 1, below.

braically, one computes all possible “spatial eigenvalues” () corresponding to solutions eMAr(A)z
for a given A and determines if this collection can be consistently separated by real part along a
curve with Re A — 4o00. This consistent splitting breaks whenever A € 3,15. In this way, the
existence of unstable absolute spectrum implies what we shall refer to as a remnant instability [29],

an instability that cannot be stabilized using exponential weights.

The absolute spectrum forms curves in the complex plane which terminate on double roots (some-
times referred to as branch points), where two values vy /5(A) collide; see [28]. These double roots
typically lead to resonance poles, which are singularities of the resolvent kernel (also referred to
as the pointwise Green’s function), and their location in the complex plane prescribes the point-
wise exponential growth or decay rate of solutions to the homogeneous equation; see for exam-
ple [3, 4, 6, 20, 23, 31]. Typically, but not always, those resonance poles form the rightmost part

of the absolute spectrum.

In summary, unstable resonance poles imply unstable absolute spectrum, which in turn implies
a remnant instability. In most cases in the literature, these three concepts of instability are in
fact equivalent, that is, for given parameter values, a system exhibits all or none of those three
instabilities. The main interest in our system (1.1) is the fact that it provides a simple example
where this equivalency fails, that is, there is a parameter region Ryey with remnant instability but
no unstable absolute spectrum and a parameter region R .5 with unstable absolute spectrum but no
unstable resonance poles. Table 1 summarizes the characterization of these regions in comparison
to Region Ry, where the essential spectrum of the unstable state can be (marginally) stabilized
using an exponential weight, and Region R, with unstable resonance poles. One expects stability
in R using a generalization of the argument for the scalar case, see [8, 12], and instability in Region
Rpw, where the unstable state possesses resonance poles in the right half of the complex plane and
pointwise instability of the front is expected!. Figure 1 depicts these regions in parameter space.
We next outline the main contributions of this paper which provide stability results for fronts in

the intriguing intermediate regions Ryem and Raps.

!The resonance poles here are indeed relevant in the sense of [17, 20].
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Figure 1: Numerically computed regions Rsi, Rrem, Rabs; and Rpw for p = —1/3 and o = 3 in (1.1),

respectively; see Table 1 for a region labels and Figure 2 for space-time plots of solutions in different regions.

Nonlinear Asymptotic Stability. The main analytical result of this paper establishes nonlinear
stability of the traveling front (Q.(x),0) propagating at the linear spreading speed s, = 2v/da for
parameters in Riem U Raps. We delay a precise statement of this main result until Section 3 and
present an informal statement, here.
We write perturbations of the front as u(t,z) = Q«(x)+ P(t, z), such that the pair (P(¢,z),v(t,z))
solves
0P = d0. P+ 5.0, P + f(Q« + P) — f(Qx«) + Pu, 150, zeR (1.2)
O = —(0pz + 1)%v + 8,0,v + po,

For 0 > 0 sufficiently small, let define a positive, bounded, and smooth weight function with

e 2%, g > 1,
w(z) =1 1, x =0, (1.3)
651'7 x S _17
where we recall that this weight is the one required for the stability analysis of the scalar Fisher-KPP

equation; see once again [8, 12].

Theorem 1 (Nonlinear stability — informal statement). For parameters in a subregion Il C Ryem U
Rabs, solutions to (1.2) with sufficiently small initial conditions (Py,vg) € X x Y, with weighted
function spaces defined in Theorem 3, exist for allt > 0 and converge to zero in the following sense.

There is a pointwise decomposition
P(t,x) = Ey(t,z) + Ey(t,z), x€R,
such that

|Ey(t,z)| < Ce e #||juo|lx, t>1, z€R,
|Eu(t, )] < O3 (1+ [z))w(@) ([fvollx + [1Polly)
lo(t,z)| < Ce 01 |yg|lx, t>1, z R,
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Figure 2: Space-time plots for (1.1) in the comoving frame s = s., = 1, with parameters in Riem (a),
Rabs (b) , and Rpw (c), respectively. (a) Stability of critical front, which remains stationary despite remnant
instability (plots in region Rs would be identical); see Theorem 1 and [8], resp.. (b) Stability despite unstable
absolute spectrum for long times, Theorem 1, and instability and acceleration to the absolute spreading speed
for very long times due to round-off, Conjecture 1. (c) Instability against pattern-forming front due to

unstable resonance pole, then absolute spreading speed from round-off error.

for some constants C' >0, 0 >0, 0 <y < 33,

On the other hand, there exist € > 0 and initial conditions vo € X arbitrarily small such that for

somet >0, P(t,2)
t,x
sup ——— > ¢,
zeR UJ(iL‘)

that is, the front is not asymptotically stable in the fixed weight.

We refer the reader to Theorem 3 for a precise statement of the stability result. The region II is
described in Definition 3.1 and excludes potential nonlinear 3:1-resonances in the sense of [10]. The
proof relies on pointwise semigroup methods, developed in [33] for stability problems in the presence
of marginally stable essential spectrum; see [2, 21, 32] among others. The method was recently
applied in [8] to re-derive the nonlinear stability of the critical Fisher-KPP front [5, 7, 9, 12, 25]. The
pointwise representation allows us to separate the weak algebraic decay in exponentially weighted
spaces intrinsic to the u-equation and the exponential unweighted decay in w induced by coupling

to the v-equation.

Wavespeed selection and the role of the absolute spectrum. Numerical simulations illus-
trating stability are shown in Figure 2. For parameters in R .1, the front is stable, stationary in the
comoving frame for a long time period as predicted but overtaken by a faster invasion mode after
very long times. We will demonstrate that the speed of this faster invasion mode is approximately
the speed s,ps at which the absolute spectrum becomes (marginally) stable. We will present numer-
ical evidence that this faster invasion speed is induced by numerical round-off errors. Corroborating

this numerical evidence is the following result that we formulate as a conjecture here.



Conjecture 1. Consider the following modification of (1.1) where the coupling term Bv is replaced

with Bo(xz)v for some inhomogeneity o(x),

O = dOgzu + sOzu+ f(u) + fo(z)v,

t>0, zecR. (1.4)
Ov = —(0ge + 1)%v + 50, + pv,

Suppose that the Fourier transform of o(x) has full support. Then for parameters in Raps, the
traveling wave (Q«(x),0) is pointwise unstable due to resonance poles accumulating on the unstable

absolute spectrum Xqps.

We motivate this conjecture using a pointwise analysis and present numerical evidence in Section 5.

Taking a step back, an underlying motivation of ours is to understand wavespeed selection mecha-
nisms and determine invasion speeds based upon properties of the linearization at the unstable state
whenever possible; see [31] for a review of wavespeed selection principles with many applications.
In other words, one seeks to identify a “linear” spreading speed based on linear information that
gives the nonlinear asymptotic spreading speed associated to compactly supported perturbations
of the unstable state. In the most common case, the linear spreading speed is induced by a simple
branch point located on the imaginary axis. Fronts invading at this linear spreading speed are
called pulled, distinguishing them from a case of pushed fronts where the spreading speed is faster,
determined and driven by nonlinearity; see agin [31]. Going beyond these classical predictions, we
showed in [10] that generic nonlinear mixing of linear modes can lead to faster invasions whose
speeds can be determined based solely on information from the linearized unstable state. Conjec-
ture 1, motivated in part by [16] suggests that, in the presence of generic multiplicative fluctuations,

the absolute spreading speed is most relevant for invasion problems.

Estimates on the boundaries of instability regions. Complementing the previous nonlinear
analysis, we now demonstrate that our simple model actually exhibits all phenomena discussed
above, that is, Theorem 1 holds in the regions Riem and R,ps which are both nonempty.

Theorem 2. For a,d > 0, s = s, fized, there exist

rem 4a 8&2 aps
w (a,d)::2a—j—?§u0b(a,d):z————— (1.5)

such that the origin has
(i) unstable absolute spectrum if ud® < u < 0, that is, {(u, @, d)| p € (u3**,0)} C Raps U Rpw;
(it) a remnant instability if p**™ < p <0, that is, {(p, a,d)| p € ("™, 0)} C Rabs U Rrem U Rpw-
Moreover,
(111) Raps U Rrem # 0 when p™™ < 0;
(1) Raps 7 0 when i < 0 and o > d + d;;
(v) Reem # O when p*™ < 0 and d? # 4a.

Proofs can be found in Sections 2 and 4.



Outline. The remainder of the paper is organized as follows. In Section 2, we discuss essential
and weighted essential spectra of the linear asymptotic operators and characterize the boundary of
the remnant instability region. In Section 3, we present our main stability result and its proof. In
Section 4, we present explicit formulas for the absolute spectra of the Fisher-KPP as well as Swift-
Hohenberg components in isolation, characterize the absolute spectrum associated to (1.1) near
the unstable state, and characterize (non empty) regions of parameters where our main nonlinear
stability result holds. Finally, we provide some numerical simulations in Section 5 that show the

emergence of pointwise growth modes.

Acknowledgments. The research of M. H. was partially supported by the National Science Foun-
dation through DMS-2007759. A. S. was supported by the National Science Foundation through
NSF DMS-1907391 L. S. acknowledges support by the Deutsche Forschungsgemeinschaft (German
Research Foundation), Projektnummer 281474342/GRK2224/1.

2 Exponential weights and remnant instabilities

We review essential and weighted essential spectra and identify parameters of remnant instability
in Proposition 2.1, below, where exponential weights cannot stabilize the essential spectrum of (1.1)
linearized near the traveling front. In Section 2.1 we introduce the dispersion relation and its roots.
In Section 2.2 we discuss weighted essential spectra and derive Proposition 2.1. In Section 2.3, we

discuss pointwise and other stability concepts.

While most of this section is relevant for Theorem 2, only, we also introduce notation that will be
required in subsequent sections including the weighted essential spectrum Ydss(L), the dispersion
relation D(\,v) and its roots (v;()\) for the v component, v (\) and v1()) for the u component
near zero and one, respectively), and finally pinched double roots that lead to singularities of the
pointwise Green’s function ()\Bp for the v component and AP for resonance poles coming from the
coupling of the two equations). We also provide some background on the signifigance of each of

these terms, although we refer the reader to [20] for a more in-depth treatment.

2.1 The dispersion relation and essential spectra
We study the asymptotic linearized operators in a comoving frame,

. (ct /3)7 o (za 5)7
0 L 0 L

where plus and minus indicate the asymptotic rest states (0,0) and (1,0) at +00 and —oo, respec-

tively, and where
L= d0py + 50, + a, Ly =d0py + 50, — 20, LF = —(0ps+1)*+ 50, + p1,

are the componentwise linearizations.



The dispersion relation D(\, v) relates spatial modes e”* to their exponential temporal growth rates

At

e*. Due to the skew-product nature, the dispersion relation associated to the linearization near

the zero state is given by the following product
D\, v) = DO\, v) - Dy(\v) = (dv? +sv+a—N) - (—vt =20 4 s — 1+ pu—N). (2.1)

The dispersion relation has six spatial roots. The two roots of DY()\,v) have analytic expressions

which we denote as

1
O = 7% + ?d\/;ﬂ — 4dda + 4d\ (2.2)

while D, (), v) has four roots which we denote by v;(\) with the specifications that

li R A 0 li R A 0. 2.3
Re(/\;lllﬂo e(v12(A)) <0, Re(A§T£+OO e(vsa(N)) > (2.3)

When discussing the absolute spectrum it will be more convenient to label roots according to their
real part. So, we will also denote the four spatial eigenvalues of £ by p;()\) defined so that for all
A eC,

Re (p1(A)) < Re(p2(A) < Re(ps3(A)) < Re (pa(A))- (2.4)

By Fourier transform, the spectrum of £ as a linear operator on L?(R) x L?(R) consists of the
set of spectral values A € C for which there exists a solution D°(),ik) = 0 for some k € R, that is,
Vess(LT) = Vess (L) U Bess (L), with

Sess (L) = {—dk® + sik + a, k € R}, Tess(L) = {—k* +2k* + sik — 1+ p, k € R}

Since throughout p < 0, Re (Zess(L£)) < 0. However, since a > 0, Yess (L) extends into the right
half of the complex plane reflecting instability of the invaded state.

2.2 Exponential weights

In order to recover stability of the invasion process, one utilizes exponential weights that stabilize

2

i With norm

the essential spectrum. Therefore, consider the weighted Sobolev space L% (Ryc L

lu()llzz = lul-)e™ (L2, 0 €R.

Clearly, by measuring perturbations in L% we penalize mass at +oo for n > 0. On the other hand,
measuring solutions, the norm neglects growth at —oco. Stability in a weighted norm of an otherwise
unstable system therefore reflects unidirectional transport. Again using Fourier transform, we

obtain the weighted essential spectra through parameterized curves

Shs(Ld) ={oulksn), ke R}y, BU(LT) = {ou(kin), k € R},
ou(k;n) = — dk* +i(s 4 2dn)k + dn? + sn + «
ou(k;n) = — k* +4ink® + (2 4+ 6n*)k* +i(s — 40 — dn)k — (L+ 0> + sn + p.
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Figure 3: Weighted essential spectra from the u (left) and v (right) component in the complex plane for various
choices of weights n and s = s. and other parameters are fized such that (2.6) fails. Note that Sess(LY) is
marginally stabilized using the optimal weight 0. while destabilizing X1 (L}) for n < ne ~ 0.56957,.

Note that rightmost point of ZZSS(E;F) occurs for zero wavenumber k = 0. The maximal real part

of Ls(LF) is minimized for n = —s/(2d), when

u
n (r+ s?
Eess(ﬁu)‘n:_s/(gd) = <_007 T d + 04:| . (2.5)
In case s = s, = 2v/da we also observe that this optimal weight 1, = —\/m implies marginal

stability, max Yess (L") = 0; see Figure 3. For the v-component, a short calculation shows that the
real part of Y (L) is maximized at k = £+/3n2 + 1 with

Re (0 (£v/37% + 1;n)) = 8¢ + 40 + s + p.

and note that Re (0,(0;7)) < Re (0,(£/37%2 + 1;7)),Vn € R.

For s = s., we conclude that there exists an exponential weight that stabilizes both u and v

linearizations simultaneously if and only if Re (o,(£+/31n2 + 1;7:)) < 0, a region given by
< min(p'™, 0); (2.6)

see Figure 3 (b) for an illustration. These considerations are summarized in the following proposi-

tion.
Proposition 2.1 (Boundary of remnant instability). With ™ («a,d) = 2a — 4a/d — 8a? /d?, we
have that, within {pn < 0,a > 0,d > 0},
Rst = {(d,a, 1) | p < min(p™,0) and o, d > 0},
Rpw U Rrem U Rabs = {(d, a, ) | ™ < <0 and o, d > 0} .

In particular, there are instabilities with 1 < 0, Rpw U Ryem U Rabs # 0, whenever p**™(a, d) < 0,
that is, when o > d? /4 — d/2.



2.3 Dispersion relations and pointwise instabilities

We briefly discuss the role of branch points and resonance poles in pointwise instabilities.

A possible reason for remnant instability is pointwise instability, when localized initial conditions
grow in any fixed finite window of observation. Since the effect of the exponential weight in a
bounded window is irrelevant, exponential weights cannot stabilize the system. Pointwise insta-
bilities are typically caused by unstable branch points of the dispersion relation which lead to
resonance poles of the corresponding pointwise Green’s function. Instability of fronts propagating
into states exhibiting a pointwise instability in the frame moving with the speed of the front is
expected (see however [17, 19, 20] for subtleties pertaining to the definition of branch point) and

Theorem 1 therefore is concerned with remnant but not pointwise instabilities.

Recall the dispersion relation for the linearization at the origin, D°(\,v) from (2.1). We solve
D%\, v) = 0 for spatial modes v as functions of temporal growth \. For Re()\) > 1 one finds 3
roots with Rev < 0 and 3 roots with Rerv > 0. Decreasing Re()), one of the v’s with positive real
part will eventually cross the imaginary axis at a location ik, precisely when A € Yoss(LT) where
D()\,ik) = 0. Still, the roots v()\) can be continued analytically in \ as long as they are simple.
Deforming Fourier transform integrals in the complex plane, one readily notices that locations A of
double roots, where two roots v;,77(A) collide are the only candidates for singularities of the Green’s
function to LT — A. One can further verify that only pinched double roots, where Revy(\) — +oo
and Revyr(A) — —oo, can cause such singularities; see [3, 4, 6, 20, 23, 31]. Thinking in terms of
stabilizing the system with exponential weights, one sees immediately that pinched double roots
are lower bounds on essential spectra in any exponentially weighted space, since weights 1 need to

separate vy/r7(A) by real part for all A\: pointwise instabilities imply remnant instabilities.

Thinking in terms of pointwise stability, we can construct the heat kernel to the linearized PDE
via inverse Laplace transform of the Green’s function to £ — X. Deformation of the path integrals
in the inverse Laplace transform then exhibit that singularities of the pointwise Green’s function
encode exponential growth or decay in time of the heat kernel. In the notation of (2.1)-(2.3),
we find pinched double roots when 9 (\) = 12 (X), and when v;(\) = v4()) for j = 1 or 2 and
k = 3 or 4 describing pointwise growth rates of u- and v-components without coupling. Additional
double roots that lead to singularities occur due to the coupling of the two components where
vy (\) = v;()\) for 5 = 1 or 2. Due to the skew-product nature of (1.1) this lead to poles, rather
than branch points, of the pointwise Green’s function and we will refer to these singularities as

resonance poles.

We finally conclude this section by introducing the notations that will be used in Section 3 (see
also Remark 3.5). The two complex conjugates pinched double roots which are branch points of
the v dispersion relation Dy (), ) = 0 will be denoted by (AP, vpP) with complex conjugate. The
two aforementioned pinched resonance poles will be denoted (AP, v™P) with complex conjugate; see

Section 4 for explicit formulas and more details.

10



3 Proof of nonlinear stability for Fisher-KPP invasion front

In this section, we present and prove the main result on nonlinear stability. Section 3.1 presents set-
up and outline, Section 3.2 develops estimates on the pointwise Green’s function, and Section 3.3
uses those to obtain estimates for the temporal Green’s function via the inverse Laplace Transform.
Finally, Section 3.4 contains a precise statement and proof of the nonlinear stability result.

3.1 Outline of the argument

We look for solutions to (1.1) of the form (u(t,z),v(t,x)) = (Q«(x) + P(t,x),v(t, z)), which yields

P ” P P
Oy = Lu B + N(P) , t>0, xzeR.
v 0 L, v 0
where £, = dOuy + 5:0; + f'(Qs), Ly = —(0px + 1)% + 8.0, + p, and

N(P) = f(Qs+ P) — f(Q.) — f(Q.)P = —3aQ.P? — aP>.

at<P>:<£“ 5><P>, T (51)
v 0 L, v

we define its associated pointwise 2 x 2 matrix Green’s function G (x,y) whose components satisfy

Lu - A ,6 Gil(l’, y) G%?(SC, y) _ —5(1‘ — y) 0 )

For the linear system

Inverse Laplace transform formally gives the 2 x 2 temporal matrix Green’s function G(t, x,y) with
Gi(t,xz,y) = 1/e’\tGij(1‘ y) dA
) i . by 5 3

for an appropriate contour I' C C. Note that Gil(x,y) = 0 by the upper triangular structure.

Solutions of (3.1) with initial condition (P, vg) can be expressed implicitly with Duhamel’s formula,

(f) (t,z) = /Rg(t,:my) <f§> (y)dy + /Ot/RQ(t —5,2,Y) <Nép>> (s,y)dyds.

Since G¥ = 0, again from the triangular structure,

v(t,x):AQQQ(t,x,y)vo(y) dy.

As a consequence, the perturbation P(t,x) satisfies the integral equation

Pt z) = /R G (t, 2, y) Po(y) dy + / /R GU(t — 5,2, 1) N'(P)(s,y) dy ds + /R g”(t,x,ywo(y)éy?;)

11



Suppose for the moment that the last summand vanishes, vg(y) = 0. We can then follow the

analysis in [8], where we have studied the linear problem
&P = L,P, P(0) = P,

on weighted spaces with weight function w(z) from (1.3). In the weighted variables P = wp,
Py = wpg, we find
Oip = w ™ Lu(wp) = Lp, p(0) = po.

with solution represented by the associated temporal Green’s function gll(t, x,y) as

) = [ Gt m s Gn) =G e )2 120, Yo <R
R
Adding nonlinear terms, but still setting vy(y) = 0, one finds
1 |P(t, o) Ce
< , t>0,
ek (1 el w(e) ) T 0

for some constants C' > 0 and € > 0 small enough, controlling a weighted norm of Pp; see [8]. The

main difficulty here stems from that the fact that the inhomogeneous source term
Alta) = [ Gt

is not bounded in time when multiplied with the weight w(z). In fact, H(t,z) we will decompose
H(t,z) = w(x)h(t,x) + E(t, z),

where F(t,x) vanishes for small time E(¢,z) = 0 for t < 1, has weak spatial decay, in the sense
that w™'E cannot be controlled in time, but has exponential temporal decay, uniformly in space.
It then follows that

P(t,x) — E(t,x) = /Rgll(t,x,y)Po(y) dy 4+ wh(x) —i—/o /Rg”(t —s,2,y)N(P)(s,y)dyds.

We can therefore redefine our weighted perturbation P(t,x) — E(t,x) = w(z)p(t, x), solving

o~ t o~
pt.a) = [ G o) dy+ ey + [ [ Gt = s y)l) "W wp + E) s,y dyds.
0
We now sketch how each term in the above equality can be estimated for ¢ > 1, ignoring the less
pertinent difficulties for small times for now. Recall from [8], that

1+ |z
(141)3/2

/ §1l(t,:c,y)po(y)dy‘§ [a+ibim@ian t>1 zer @4

for any pg. With these estimates, we can easily obtain stability following the analysis in [8].

The key ingredient to the analysis here is then to show that h(t, z) satisfies an estimate similar to
(3.4),
1+ |z

h(t < - 171
‘ (71.)’N (1+t>3/2

H?J()Hx, t>1, xz€eR,
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Figure 4: Regions Q, Q; and Qp from (3.7), (3.6), and (3.5), respectively, showing the ball {|\| < M;}
(yellow), the boundary between Qp, and Q (yellow solid), X1 (L,) (purple and red) separating Q and Q

(purple solid). On the left, 2 is bounded by {Re A = u} (dark blue) which bounds the real part of Sess(Ly)
(blue).

which we shall obtain in Lemma 3.16. Establishing such bounds, we rely on pointwise estimates

for G'2(t,x,y), which in turn will be deduced from pointwise bounds on G}\Q(a:, y), solution to
(Lu = NG (z,y) + G (2,y) = 0, ¥(z,y) € R,

for A € C to the right of the essential spectrum of £, and £,. In the next section, we obtain
estimates on the pointwise Green’s function Gi(z,y) and G32(z,y) for small, medium and large
values of A\. Then in Section 3.3, we use these estimates to derive pointwise bounds on G'2(t, x,y).

Finally, we prove our main nonlinear stability result in the last section.

3.2 Estimates on the pointwise Green’s function G,(z,y)

We obtain estimates on the pointwise Green’s function Gj(z,y) from (3.2). Estimates will be
divided into three types: “large” A estimates valid for |A| sufficiently large, “small” A estimates
valid for A\ near the origin and “intermediate” A estimates valid in between. Estimates in the
“large” A regime are obtained in Lemma 3.8 and are obtained by a rescaling of (3.2) following the

approach in [33] and are valid on the following subset of the complex plane,
T
O = {)\GC LAl > M, |arg(\)] < §+5}, (3.5)
for some M; sufficiently large. The intermediate A\ regime will consist of A in the set
Qr={AeC ||\ < M, Xto the right of X7 (L,)}. (3.6)

The majority of our effort will be towards estimates for the small A regime, concerned with A €
Q) C C defined through

Q={XeC|larg(N\)| <7, Re(A) > p, [N < M;, M Qr}. (3.7)

13



In words, €2 contains points to the right of u, to the left of 27, and off the negative real axis. These
regions are depicted in Figure 4. Note that the “small” A regime will actually encompass a rather

sizable portion of the complex plane, rather than a “small” neighborhood of the origin.

Next, let

— Y = maxmax Re(v;(N\)) < 0. (3.8)

Our main result will hold for the following set of parameters.

Definition 3.1 (Region of validity). Let II C Ryem U Rabs denote the set of parameters (d, o, p1)

such that the decay rate condition
Sx

ﬁ)
holds, where we recall that s, = 2vV/da and 7y, is defined in (3.8).

3y, > (3.9)

Remark 3.2 (Comments on region of validity). Inspecting the proof, this condition is needed to
control nonlinear terms. It is conceivable that a violation of this condition induces faster spreading
speed based on resonant interaction mechanisms studied in [10]. On the other hand, we show in
Section 4.2 that Ryem U Raps have nonempty interior. The (open) decay rate condition is more
difficult to verify analytically but easy to verify for specific parameter values; see Figure 5. On
the other hand, taking p = ugbs, we shall see in Section 4.2 that the decay rate condition holds by

continuity and that therefore so we are guaranteed that the set 11 of validity is nonempty.

3 06
Im(\) — —max;_i Re(l/j()\))l
2 055
Bess(Lo), 05
0 Re(\) 045
0.4
-1F
: 0.35 3 = 53
2} R
: 03
3 H El 0.8 0.6 -0.4 0.2 [}
25 2 5 A -0.5 0 05 Re())

Figure 5: Checking (3.9) numerically. Left: Values of A\ where maxim » max;j—1,2 Re(v;()\)) is attained for
firted =1 < Re(X) < 0 (dark cyan). Right: Values of —maxmy,\max;—12Re(vj(N)) (blue), always above
3ve > 55 (dotted orange) as required in (3.9); parameters fized at d = o =1 and pp = —1.

3.2.1 Construction of Gi!(z,y) in Q
Recall the two dispersion relations for the u component given by
DY\, v) ==dv?® + s+ f/(0) =\, DL\ v) =dv? + s+ f(1) =\

with corresponding roots v (\) = —55 + \/g and V1 (\) = —55 + —”53_42(;,(1)_/\).

14



Lemma 3.3. /8, Lemma 2.2] For X € , there exists solutions o* and % of L,p = \p with

o (x) =T (140, (2,0), @ >0

P (x) = eV (14 5y (2,0), >0

o (x) =+ N1+ 0_(z,)), <0

Y~ () =N (L4 k_(2,1), £ <0
where 0% (z) and k*(z) are both O(eI*)

Thus, cpi(a;) represent bounded solutions of £p = Ap on either half-line while 1)* represent choices
of unbounded (on R™) or weakly decaying (on RT) solutions. The pointwise Green’s function is

then given by

ot (@)~ (y)
Gl(z,y) =4 Wy TV (3.10)
A e~ (@)et (y) r<y
W () Yy

where W) (y) is the Wronskian of ¢ (z) and ¢~ (x), known as the Evans function. An impor-
tant ingredient to [8] is the fact that Wy(y) # 0 reflecting absence of an embedded translational

eigenvalue.

3.2.2 Construction of GE\Q(m,y) to the right of Y. (L)
Recall that G%\Z (z,y) satisfies, in the distributional sense, the equation
(Lo = NG (2, y) = —6(z —y), Y(z,y) €R®.

For X\ € C to the right of ¥ess(L,), we have that

G (x,y) = { et (W)t WEY) 4oy (N)er2NE) g sy, (3.11)
s (NeNEY) _ oy (NN <y
where
“N = o oy Bevma) <0 Rewa()>0
and

D,(\,vji(N) =0, Do\ v) = —(1+ 52 s +p— A

3.2.3 OQutline of approach for obtaining estimates on G}\Q(x,y) for A € Q)

The component G}\Q(m, y) obeys the following second order inhomogeneous differential equation
(d@m + 8,:0; + f(Qu()) — )\) G}\Q(SL‘, y) = —ﬁGiQ(x, y), VxeR. (3.12)

To motivate our approach, let us first note that we would like to express the solution using the
variation of constants formula using the bounded solutions of the homogeneous equation p*(z)

(see Lemma 3.3) as follows,

T T
Ga) =857 [ DR+ [ £ DR mar

15



However, for such a representation to be valid we would need G?\2(a:, y) to decay faster than e_%x
so that the second integral would converge. This condition fails exactly as A enters the weighted
essential spectrum Zess(ﬁ ). We overcome this issue by first extracting a leading order description
of G}\Q(az,y) in which terms with insufficient decay can be isolated. Subsequently, the correction

term can be derived using a variation of constants formula.
To begin this process, we define

L=

u

Lr = d0yy + $:05 + f(0), x>0,
L, = d0yy + 80, + f'(1), x <0,

and then decompose
G (2,y) = G (x,y) + GY(x,y),

where
(L3 = N) G ®(2,y) = —BGF(x,y).

The remaining term in the decomposition is then defined by

(Ly— ) GR(@,y) = — (/'(Qu(@) — fuo()) G2¥(2, ).

Comparing this equation to (3.12) we see that the exponential decay is stronger here due to the
prefactor (f'(Q«(x)) — foo(z)). We will show that solutions of this equation can be represented

using the variation of constants formula,

T

W)\T

7.

W)\T

G2(z,y) (1)G > (7, y) dr — (1)G>>(1,y) dr, (3.13)

where

h(z) = — (F(Qu(x) — fool@)),  |h(z)| < Ce Pl

The exponential decay rate of h(z) is in fact equal to that of the traveling front. For the sake of
motivation, assume for the moment that y < x with > 0. Inspection of the second integral in
(3.13) reveals that it includes terms bounded by

C/ )T 7197' 1/1( N T—y) dr

for which integrability holds if
Re (r1(\) — 4 () <9

which is the familiar condition from the Gap Lemma; see [14, 24] requiring that the negative spectral

gap of the spatial eigenvalues must not exceed the decay rate of the front.
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3.2.4 The asymptotic Green’s function G?’w(m,y)

Lemma 3.4. There exists constants bj(\) and h;(X\), j = 1,2,3,4, such that GiQ’OO(:E,y) admits

the following representation

by (A, y)e”go‘)x — Z?:l mcj()\)e”jm(z*y), x>y >0,

—bz(My)?”g(m = baA )t + S perl s Vet Ve, y > > o,

Gy = | OV S prom e (e Teosn
hi(\, y)ers Mz 52321 DE(C)J\,(V]')()\)) vi (N (@=y) y<0<uz,

—ha(A, e O — hg(A, etV = 532 | GO e ey < <o,

| ha(Ay)et N 4 B3 srElmen Ny, r<y<0.

The ordinary differential equation defining G}\Q’Oo (z,y) is piecewise constant-coefficient and there-
fore explicit solution formulas are available; we present these calculations in Appendix A. We remark
that the dependence of the various constants on y and A will be important in the subsequent analysis

and we provide formulas for them in (A.1) and (A.2).

Remark 3.5. To obtain temporal bounds for the asymptotic system Owu = L°u + Po, the inverse
Laplace transform of the pointwise Green’s function presented in Lemma 3.4 are required. Here

12, o ‘
°(z,y) arise in several places. First,

singularities are paramount. Observe that singularities of G
the coefficients cj(\) have singularities at branch points of D,(\,v). We denote the branch point
as AP (together with its complex conjugate) explicit formulas for which are provided in (4.8).
Additional singularities come from resonance poles. These arise from pinched double roots where
v12(AP) = v (\'P) so that DO(NP vy 2(AP)) = 0 (see the formulas for N’ from Section 4.2).

Singularities stemming from non-pinched double roots are removable; see Remark A.1.

Also note that the absolute spectrum, aside from contributions at double roots, does not lead to any
singularities in G?’oo(x, y). In the next lemma, we will show that the absolute spectrum is not seen

in the singularities of the the full Green’s function G}\Q(aﬁ, Y).

Remark 3.6. In a neighborhood of ADP , Toots of Dy(\,v) =0 have leading order expansions

(v-rir) = 22ROEED (r- ).

Let
e 20\Dy (AP, 0P) ~1
‘ 81/1/Dv()\2p’ va) 6 <y5p>2 + 27

and note that Re (¢) > 0 as AYP is the rightmost part of Sabs(LF).

3.2.5 Estimates of G{?(z,y) of A € Q

With formulas for G}\2’o°(:v, y) in hand, we proceed to derive estimates on G1%(z,y) using

(Lu—N) GR(2,9) = — (F(Qu(@) — frol)) GL2¥(2, ).
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In the following lemma, we compile estimates for G%\Q (z,y), demonstrating that the terms coming

from (f}z\é(x, y) are in fact higher order.

Lemma 3.7. For A € Q with Im (\) > 0, there exists functions Hy(x,y), In j(z,y) and Iy ;(z,y),
bounded uniformly in (z,y) such that the pointwise Green’s function G32(z,y) obeys the following

bounds for each of the six arrangements of x, y and 0;

e y<0<z
G (z,y) = ;e”g(m”’i(”yHA(:v, Y)
CA = AP)
2
N Z 1 [eug(k)xfuj()\)y]:)\7j($, y) + e NEDg, (g y)] 7
=1 (A= AP)y/C(A = AP)
e O<y<z
G (v,y) = ! e NE—H, (2, )
(A= AP)\ /(A = APP)
2 1
+ Z ey]()‘)(m*y)'])\’j (l‘, y)’
=1 (A= AP) (A = AP)
e x<y<0
G (z,y) = ;e”i(”(“’y)Hx(x, Y)
CA=AP)
2 1
N N1 O, (g )
i1 (A = AP [C(A = APP)
1 1
+Y e, (),
=31/ C(A — /\Bp)
o y<z <0
G (z,y) = ! FNE-0H, (2, y)
CA = AP)
2 1
i NI O, (g )




ez <0<y

1
G (z,y) = o+ Ne=r iV H ) (2, y)
(A = AP) /(A = AP)
4
1
+y — [eu1<x>x—uj<A>yIA7j(x’ y) + e NE0 T, (o y)] :
i=3 \/C(A = ADP)
e <<y
1
G (z,y) = A NVEDH, (2, y)
(A = APy /(A = AP)
4 1

- [eﬂ(x)x—w(x)yl i (@, y) + edVEDT, )]
=3 \JCA = AP)

where ¢ is defined in Remark 3.6. For Im (\) < 0, the same estimates hold but with the complex

conjugates of APP and AP,

We present, the proof of this lemma in Appendix B.

3.2.6 Large and intermediate )\ estimates for G}?(z,y)
We now turn our attention to estimates for G32(x,y) for A in Qr and Q.

Lemma 3.8. There exists M; > 0 and 6 > 0 such that for any \ satisfying |\| > M; and for
larg(A)| < § + d the pointwise Green’s functions admit the following bounds for some n > 0,

G} (z,y)] < \/%e_\/mﬁlﬂf—yl’

C
|G (z,y)| < A
C

12 —IA\[L/4 _
‘G/\ (xvy)‘ < We A nle =yl

— MY 4p|z—
oA =yl

Proof. The estimate for G1!(z,y) was stated in [8] and obtained by rescaling of the spatial variable
when || is large following [33]. A similar argument works for G3%(z, y), although we note that since
the linearized operator for v is constant coefficient the expression for G%\Q(:L‘,y) is exact and the

estimate can be obtained directly from (3.11). For G}?(z,y) we recall the inhomogenous relation
(L= NG (w,y) = =BG (x,y).

Note that as |A| becomes large the homogeneous equation has spatial eigenvalues with asymptotics
++v/X while the v;(\) scale as | — A|'/4. Therefore as the modulus of A\ becomes large, the decay of

the solution is dominated by the inhomogeneous terms and the estimate follows. |
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Lemma 3.9. Consider Qy, the region of the complex plane to the right of Ee_s?z (Ly) with |\ < M,
and with |arg(\)| < 5§ + 6. The pointwise Green’s functions obey the following bounds

w(x)

w(y)’

Proof. The estimate for G}!(z,y) again follows as in [8]. The estimate for G3%(z,y) holds since

Gl <0 [y <c2 (3.14)

Gl (z,y)| < C

A-values considered are contained in a compact set to the right of Sess(L,). Finally, for G{*(z,y)
we observe that, since \ lies in a compact set, the definitions of p®(x) can be extended to this set

as we can write the bounded solution satisfying (£, — A\)G1%(z,y) = —BG3(z,y) as

(1) (1)
(1) Wi(7)

In contrast to the case of A € (), here the set of A\ under consideration excludes curves of absolute

G o) =8¢ (@) [ EDCR - s @) [ FIDER

spectrum. Thus, the integrals converge. Inspecting formulas for ¢*(z), we see that w(x) can be

factored from the solution. [

3.3 Estimates on the temporal Green’s function G(t,x,y)

In this section, we derive estimates on the temporal Green’s function as the inverse Laplace Trans-

form of the pointwise Green’s function,
_ 1 At
g(tvl‘ay) - . € G)\(:L'ay) dA
27 T

for a suitable contour I' C C. We recall estimates on G'1(¢,z,y) from [8].

Lemma 3.10. /8, Prop. 4.1] There exists constants k, > 0, r > 0 and C > 0, such that the

Green’s function G (t,x,vy) satisfies the following estimates.

(i) For |x —y| > Kt or 0 <t <1, with K sufficiently large,

1 w(z) _la—y?
11 < N Kut |
|g (t’$7y)|7ct1/2w(y)e

(ii) For |z —y| < Kt and t > 1, with K as above,

wx) (14 |z —y| _le=s®
9 ()l < 20 (e ).

The estimates not sharp but sufficient for our purpose here. We next give estimates on G22(t, z, ).

Lemma 3.11. There exists positive constants C, 0, Ky, v, and &, such that

CeOle= @) g >y

22
_ >
‘g (t,CL‘, y)| - { Ce_eteév(x_y)a r <Y, =t
N 1 =yl
‘g (t’x’y” Scie nut/ s 0<t< 1

t1/4
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Proof. Recall the explicit expression for G3%(x,y) in (3.11) valid to the right of Yess(Ly). Note
that £, is a sectorial operator and generates an analytic semigroup. The steps required to obtain
estimates on the resolvent kernel G?f(x,y) mimic those required for estimates of the semigroup;
see [26]. We reproduce those estimates to prepare for the adaptation to estimates on G3?(z,y).

Consider the sectorial contour in the upper half plane,
['=—0+¢e", g<77<7r, >0

Singularities of G?\2(l‘, y) occur at double roots of the dispersion relation, none of which are located
in €. As a result, this contour can be chosen such that it is contained in the left half of the complex
plane but to the right of 3ess(Ly). Along I', there are constants v, > 0 and J,, > 0 such that

Re(r1(N)) < =, Re(2(N)) < =y, Re(vz(N)) > 6y, Re(va(N)) > d,.
Changing the integration variable to ¢, we consider the case of x > y and focus on the term in
(3.11) involving v1(\) where

: /eAtC1()\)eV1()‘)(w_y) d)" < Ce % /°° eeos(Mlte=—m(z—y) qp < ge_ete_%(”"_y)
= — t bl
I 0

21

which yields the desired estimate when ¢ > 1. The case for x < y is analogous.

The estimates for ¢ < 1 are dominated by the large A behavior and closely resembles the analysis
in [22, Sec. 5.1] for the Cahn-Hilliard equation. We omit details here. [

We now turn our attention to G'2(, z,y) with small-time, @ large, estimates in Proposition 3.12

and with large time, @ bounded, estimates in Proposition 3.13, our key ingredient.

Proposition 3.12. There exists positive constants K >0, C > 0 and k > 0 such that for |z —y| >

Kt or 0 <t<1 we have

lo—y|*/3
1 w(x> eigﬁﬁ

Proof. We first with the case |z — y| > Kt, where K sufficiently large which will be chosen in the
proof. Recall the large A estimate for G12(z,y):

C  _\ap|pe
‘G%\Q(ajay)‘ S We P\' d y‘a V(x,y) € R2a

valid for all |A| > M;. Possibly restricting to larger values of A\, we may assume

C w(x) _x/agla—y| 2
|/\|7/4@e , V(z,y) € R%

We now consider a contour that consists of two parts:

|G (z,y)| <

e a polynomial contour I'), parametrized by

13

M) =(p+20 (eR, z=¢

which lies outside the ball of radius p* > M, for some p > 0 which will be chosen later;
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e a linear contour I'; parametrized by

Nl = =0 +i¢, ¢eR, forsomed > 0.

We first focus on 'y, and write I, = {¢||\,({)| > p*} C R. Assume for now that p* > M; such that
large A estimates hold. We also note that |\},(£)] = 4IM(0)[>/* so that

< W@ o=yl [ greOpope
w(y) I |Ap(0)]

| e
Fp

We next use the fact that
Re (A\p(0)) = p* — ' +2V2(p°C — pl?) < 2p*, [ €R,
which ensures the existence of ¢ > 0 such that
Re (\,(0)) — 3p* < —cot™.

As a consequence,

/ eAtGi2(x7 y) d\ S w<m) e3p4t—p77|$—y\ e—co€4t dﬁ,
Tp w(y) I,
where we also used the fact that ) )
<—, tel,
Ap(O)] — M P

Notice that the remaining integral can easily be estimated as

/ et qp < / ectitqp< L
I —Jr ~ 4174

_ 1 (lz—yl\'"?
p - I : )

where the constant L > 0 is chosen such that

g =y 3 g =y
3:0 13 Pn’x y|_ t1/3 - 2L t1/3 )

We now choose p as

L* L
that is, L := (6/n)'/3. Then the condition p* > M; becomes

|z —yl > Ml3/4L3_
— 2

As a consequence, K = Ml3/ L3 and our assumption that | — y| > Kt guarantees p? > M,.

Next, for the contour I'; we denote by £, > 0 the largest value for which A\,(¢,) = \;(¢,). We define
I} == (—00, —¥y) U (€, +00) such that

Lr={Nn0) [ Le L},
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and we have for all £ € I;

MO = [VI+62 (M) = [Nl = [Ap(l)] > p* > M.
As a consequence, using the symmetry of I';, we obtain

M 12 w(®) _ppie—yl [ Reu@y 4L
eNGy (x,y)dA| S e PIIETY e v
/rl o) w(y) I (N (0)[7/4
- w(w)e—%‘“:f)g/g /+°° oot 4
™ w(y) ‘. ¢
< w(l') e—% ‘w:1y/‘§/3 eféé*t‘
™ w(y)

Finally, combining our estimates along I', and I';, we have proved that for all |z — y| > Kt,

1 w(a:) ,L\m—y|4/3
12 -
’g (t7x7 y)‘ S me(y) 2L 741/3 .

We now turn our attention to the small time estimate where 0 < ¢ < 1. We first remark that if

|x —y| > Kt then the previous pointwise bound holds, and we are done. As a consequence, from
now on we assume that 0 < ¢ < 1 and |z — y| < Kt. In that case, we consider a contour composed

of two parts:

e a portion of a circle I'; of radius R > M, parametrized by
Ae(0) = Rel?, 0 e [0,,0%], for some 7/2 < 6, < /2 + € with € > 0;
e a linear contour I'; parametrized by
N(0) = —0|¢|+i¢, ¢e€R, forsome > 0.

Note that both contours intersect at A\, and \, with

Ay = Rel% = 60, +il,, ¢, =+/1+62/R.

Along the contour I';, we have that

M 12 w(z) _p lz—y| Re (\)t dA
MGy (x,y)dA| S e MNETY e .
/C by ( ) w(y) r. ’)\’7/4

As 0 < t < 1, the above integral is bounded by some fixed constant which depends on R. On the
other hand, we have that |z — y| < Kt so that

Ry |z —y|'?
s s lr < Bale -yl
and s »
l[z—y| |[z—y|
/ MG (z,y)d)| < w(a:)e_}ﬁ% a5 < 1 wiz) — ki
e ™~ w(y) — /4 w(y)




Q

Re()\)

Qr

of |

Figure 6: Left: The contours I'y, and I'; used in the proof of Proposition 3.12 in the regime |z — y| > Kt.

Qr

Right: Contours used in the proof of Proposition 3.13 in the regime |z —y| < Kt and t > 1.

Along I';, we obtain a slightly better estimate which can be subsumed into the previous one.

We finally note that

Ko _ ML <L oo
R R M13/4 ?

provided that M; is large enough and so we let kK := 2L/n. This concludes the proof of the
proposition. [ ]

|lz—

We now turn our attention to the crucial case ty| < K, where we decompose the Green’s function

into a part that is well behaved in the weighted space and one induced by the inhomogenous

coupling with weak spatial but strong temporal decay.

Proposition 3.13. Let K be as in Proposition 3.12. There exists constants C, k, 8 > 0 such that
fort > 1 and |z — y| < Kt, the temporal Green’s function G'2(t,x,vy) has the decomposition

G2(t,3,y) = GL2(t, z,y) + G2(¢, 2, y)

with estimates

wz) (14 |z —y| _l—w® _,
|gi,2(t,(17,y)‘ SCW(y) < 13/2 € st +e t ’

CeOle=wl@=v) g >y
Ce Oledole=y) 4 <y

@ﬁwxwﬂg{
Proof. Recall that G'2(¢, z,y) is obtained via the following inverse Laplace transform formula

1
G2 (t.2.9) = 55 [ MGF ) (3.15)

for some well-chosen contour I' in the complex plane that may depend on the relative position

between x and y; see Figure 6 for a typical contour. Our contour integral will be decomposed using
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e large X estimates: this corresponds to the part of A € I" for which A € Q7 where we will use

our large A estimate from Lemma 3.8;

e intermediate )\ estimates: this corresponds to the part of A € I' for which A € € where we

will use our intermediate A estimate from Lemma 3.9;

e small A estimates: this corresponds to the part of A € I' for which A € €2 where we will use

our small A estimate from Lemma 3.7.

We first decompose I' = 'y UT'q, with I' C © and 'y C Q7 U, For constants dp1 > 0, £;; > 0,

specified later, we decompose further I'gyy = I'; UT; with
Iy ={\{) =—=bg—o01|l| +il | |¢| > £} and T;:={A{) == —1[l|+1l | 4; < 4] < 4} .

We also define I';; == I'f; UT';, with Ffj located in Im (A) > 0 and Im (A) < 0, respectively. The

contour I'g which joins the two points A\(¢;) and A\(¢;) will be chosen later in the proof.
Now decomposing (3.15),

1 ].
12 At 12 At (12
g ( 7'%.7 y) 2 i \/FQ € )\ (x7 y) 2 i Fout € )\ (x7 y)

we can easily estimate the second integral using Lemma 3.8 and Lemma 3.9 as follows.

Integral along I';. Along I';, we use the large A estimate

C
IA|7/4

W(T) A1/ p—
|G} (2,y)| < w(yie MY nlz=yl gz, y) € R2.

(

and obtain, in a similar fashion as in the proof of Proposition 3.12,

]‘./ e)\tG%\Z(x’ y) di| < COUJ(CL') efMll/4n|:p7y\eféot /OO 6751515 de,
27i I, w(y) 4

where we used the fact that for A(¢) € Qf we have that

1
o =

for some constant Cy > 0. As a consequence, we obtain an estimate of the form

1

At (12
G d\| <

w(z)

(y)

o Me—ylg=0t

(S

with positive constants > 0 and 6 > 0.

Integral along I';. Along I'; we use the intermediate A estimate

12 w(z)
‘G)\ (xay” S Cw(y)’

to find

4
1/ MG (z,y) d)\‘ < C’ome_‘s‘)t/ le_‘ut UBS Me_et.
2mi Jr, w(y) “ w(y)
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Summarizing, we have obtained the estimate
1

L At 12 < w(®) _g
5 /Foute G (z,y)dA| S (y)e .

Integral along I'g. In this case, we distinguish several cases depending on the location of  and

S

y, detailing only one and outlining the differences for the other cases.

Case 1: y < 0 < z. From Lemma 3.7, we have the decomposition of G%\2(x, y), for A € Q,
1

G (z,y) = 7be”9“)’”‘”5(”yHA(x, y)
CA = AP)
2
1
+3 {euo,u)x—w(x)yh,j(x, y) + e NE0 g, (2 )] .
21 (A= AP)/C(A = AP)

Within the region €2, we use different contours when handling the first and second terms in the
expansion involving Hj(z,y) and I, ;(z,y) versus handling the third term involving J ;(z,y). We
first treat the integral involving Hy(x,y). We decompose I'q into

e a parabolic contour I', near the origin depending on p > 0 to be specified later,

k
Fp:{)\E(CH/)\(d):p—Fikfor —k;pgk;gk:p}ca.

e two straight, symmetric contours Fsi, continuations of the rays coming from I'yyt,

I‘S — I‘i UI‘L: = {)\(6) = —(50 — (51‘£| + il ’ Ep < w‘ < ﬁz}

The constants &k, > 0 and £, > 0 are defined according to

0
kp = dip+ \/((51p)2 +p2 + EO and ¢, = 2dpk,,

such that
d(p® — k3) + 2dpkyi = —6g — 614, + il

Along the parabolic contour, we note that
w/a2—4d(f/(1) ) >
1 eug(/\)a:—ul()\)yH)\(l,’y) — e*%(r*y)*\/g(fv*y) ( \/: H)‘ z y ,
CA=AP) CA=AP)
and we select
_ |z -yl
Lt

with L > d sufficiently large so that the parabolic contour lies within {2 and the region for which

V2 — - ) A
( 2d B d) >0
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As a consequence, along I'y, the function

3 H)(z,vy)

e = A — Agp)’

is uniformly bounded in (z,y) and analytic in v/A, and we have the identity

1/ e/\t;e”g()‘)x_yl()‘)yHA(w,y)d/\— — e 2a(®Y) / eMe [( H)\ x,y)dA.
2mi Jr, C()\_)\Bp) 2mi r,

From there, we proceed along similar lines as in [8]. We have that
Ak
dA\(k) = 2di (p + ik) dk, Ei) = p? — k* + 2pik,

such that

At f\ﬁ(xfy)N s dp2t—p(z—y) b —dk2t 2dpikt—ik(z—y) Ty .
/ ee Vd H)(x,y)d\ = 2die™” "~P &Y /k e e’ YH )\ (7, y)(p + ik) dk.
Iy —Fp

Next, we separate e2dPikt—ik(z—y) g Atk) (T y) into its real and imaginary parts as
2dp1kt (e y)H)\(k) (.CU y) HT(£7 Y, k) + iHZ(xa Y, k)?

and note that H,(z,y, k) is even in k while H;(z,y, k) is odd in k. As a consequence, we obtain

/ e e \/% y)H)\(x y) d\ = 2d1/k S (pHr(wvyv k) - kHZ(x7y7 k)) dk.
rp v

Boundedness of H, (x,y, k) implies that

k
'/ e UH, (2, y, k) dk| <
7k5p

while oddness of H;(z,y, k) leads to

ep a2 C
‘/k e UEH (2, y, k) dk| < T
—hp

lz—y|
It

Combining all the above estimates and recalling that p = we arrive at

/ Mo VIV, (2,) dA| <
Fp

1+ |z —y| _la—u?
Te Kt s

L2 L2
L—d’ 2d63

along the remaining contour I's;. For this, we note that

— 4 _ A0 —814pt
/ N VAV (2, d/\‘ < Qe / e 01fe Re (2 ) o= Ve < Ceo0t tl .
L

P

with £ = max ( ) > 0. To complete this part of the analysis, we need to obtain estimates
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Next, note that ¢, = 2dpk, > 2d&,p? such that

12
/ee[( wayd)\ ¢ ‘yl.

»2¢

In summary, we have have shown that

lz—y|2

1 + ‘l‘ - y’ Z(xfy)ef —

V Tr— I/l
W=t O (2, ) d| £

i /FQ m

We next address the integral term involving I ;(z,y) using the same contour I'o = I's UT',. Since
Re (A™P) < 0, we can choose dp 1 small enough and L large such that the contour I'g is located to

the right of the resonance pole A™ and its complex conjugate. Along the parabolic contour,

eVO_()\)m_l,j()\)y _ ef%a%#'yvyf %(xfy)e(_’Yv—Vj(A)_\/%)y’ =12,

and we choose p = |z — y|/(Lt) with L > d sufficiently large such that I', C €2 and
r,c {» ‘Re (=% - = VAd) >0, j=1,2},

which is always possible with our definition of 7, > 0 in (3.8). As a consequence, along I'p,

— —vo—vi(A) =4/ 2 | B
Iyj(z,y) = e( R \/;)y 2(2:Y) . j=1,2,
(A= AP)/COA = XP)

is uniformly bounded in (x,y) and analytic in v/A. An analysis analogous to the case of Hy(z,y),

gives

2
1 0 (N 1+ |z —y ey Jz—y)2
27”/ Z e )\bp)e 2 (N J(A)yIM(x’y) d\ 523/2’ WY~ Tt

To complete this case, we address the term involving Jy j(x,y). Since there is no singularity at the

origin and we may choose the contour
Fo={\{) == —01|l| +il | 0 < |{| < 4},
with dg 1 > 0 small such that I'g is to the right of potential resonance poles. Next, notice that

1

W@, (@, y)| < Ce ) j =12,
(A= AP)y /(A = AP)

for all A € ' uniformly in (z,y). Altogether, this yields

2 1

1/ M INEV Ty (2, ) dA| S e e (EmY),
e S (- ) e - A
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Returning to the definition of G'2(¢, z,y) we established that the decomposition
G(t,x,y) = G2 (L, y) + G2t a,y),  GY(ta,y) = G (tx,y) — G12(E a,y),

with

G12(t, 2, y) =

2
1 vi(A)(z—
o Z e¥i (A y)J,\,j(:r,y) d\,

= M)A = AP)
gives estimates

1+|:1:—y| _le—y? y\2

_Sko s
622, 0,)] < Cetinon (L

te ) , and ’ﬁ(t,m,y)‘ < Ce Ve mw(z—y),

The remaining cases can be handled in a similar fashion.

Case 2: 0 < y < z. Estimates for the term involving Hy(z,y) are obtained as in Case 1. Note
again that the resonance poles occurring in this term are of no concern since all contour integrations
can take place to the right of them. Treating the second term involving J j(z,y), we follow the

reasoning in above. Since y > 0, we find

1+ |z —y| _la—u?
_—e Kkt

G2 (t,,y)| < Cem5a(e—v) ( i<k

+ e_et) , and ‘aﬁ(t,x,y)’ < Qe Vte=1w(@=y),

Case 3: 0 < z < y. The terms involving Hy(z,y) and I, j(x,y) are analogous to Case 2. For
the term involving J j(x,y) note the lack of a resonance pole. Therefore, the analysis is similar to
that of Lemma 3.11 for the case © < y. We thus obtain

Sk (g 1—|—|x—y| _le=y?
62t a,p)| < Co it (LEEEMSE o),

together with
’912(t,x,y)’ < Ce Vtedo(@=y),

We now turn our attention to the cases where z < 0.

Case 4: z < y < 0. Estimates for the term involving Hy(z,y) can be obtained by writing
AN @) _ da—y) o)/ 2@ e(”i(”‘é‘\/% (@=y)
such that along a parabolic contour near the origin one can ensure that
1 A
Re | vi(A) =6 — 7 > 0,
which is always possible since § > 0 can be chosen arbitrarily small. One finds

.- L+ |2 — Y| sepme) _lo= y\
NE=Hy (2, ) dA STM Y)e )

2ri /FQ . by O — /\bp
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The contribution from I ;(z,y) is handled similarly and we obtain

1 2 1

2/ Y AN, (2 ) dA 571+’x_y’e5$+%ye—%.
TGS = A O - )

$3/2

Finally, the last contribution involving J j(x,y) is treated as in the proof of Lemma 3.11 to obtain

4
Lo L ey, < o~ Otedu(e=)
27ri/p e Z = e Iz, y)dA| Se e .
Q _]:3 C()\_)\U )

Case 5: y < x < 0. This case is almost identical to Case 4. We only note that the contribution
from Jy ;(x,y) gives

2
1/ M Z ;euj(k)(z—y)‘])\ (z,y)dA| < e 0t (z—y)
27Ti T . bp 5J ? ~
@ =1 4/C(A = AD)

Case 6: 2 < 0 <y. We only comment on the contribution from H)y(z,y) as the terms involving

I, ;(z,y) and J) j(z,y) do not present new difficulties. For Hj(z,y), we note that

eVrNz—ri Ny — eéer%ye\/g(x—y)e (”i(x)—a—\/g)x

)

and that, along a parabolic contour near the origin, one can always ensure that

Re (V_li_()\) - — 2) > 0,

which is always possible since é > 0 is arbitrarily small. Concluding the proof, one finds

1/ Ry 1
2 Jra (3= )y /o(x — ABP)

— Sx z—y|?
eVi(/\)ﬂﬁ—Vi(/\)yH)\(x’y) d) < We5$+mye— o )

3.4 Nonlinear stability

We are now ready to state precisely and prove our main result on nonlinear stability, Theorem 1.

Consider the smooth and bounded weight function w, > 0

et x>1,
wy(x) = 1, x =0,

e p < —1,

and recall the definition of w from (1.3) with § > 0 small enough such that 0 < § < min (v} (0), 26,).
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Theorem 3 (Main result). For (d,a,p) € I as in Definition 3.1 and that 5 # 0, consider (1.1)
with initial condition (u(0,-),v(0,-)) = (Q«(-),0) + (Po(-),vo(:)). There exist C, €, 8 > 0 such that,
if (Po,vo) satisfies

|, 2l Lo (G5 + 505 oo 2],

Wy
then the solution (u(t,x),v(t,x)) is defined for all time and the critical pulled front is nonlinearly

)

Wy

+ <e (3.16)

1

stable in the sense that the perturbation P(t,z) = u(t,z) — Q«(x) admits the decomposition

P(t,z) = E(t,z) + w(z)p(t,x), =z €R,

)

such that for allt > 1,

ap P o ([10]
zeR  Wy(T)

o 02N C

ver 1+ [z = (141)%/2

Wy Wy

t

2R Wy(T) Wy

oo

On the other hand, there exists g > 0 such that for any ¢ > 0 and initial conditions (Py,vg)
satisfying (3.16) with this choice of € arbitrarily small we have for some t > 0,

|P(t, )]
veb w(@)(L+ Jz]) ~

that is, the decay in p does not hold for E/w.

The remainder of this section consists of the proof of this theorem. We introduce the decomposition
in Section 3.4.1, and carry out the nonlinear iteration scheme to prove the nonlinear estimates on F
and p in Section 3.4.2. We conclude in Section 3.4.3 demonstrating that stability in a fixed weight

cannot be achieved.

3.4.1 Identification of E(t,z) and h(t,z)

Following the outline of the proof in Section 3.1, we wish to separate terms whose spatial decay
is too weak to yield temporal decay in the exponentially weighted space required for the stability

proof of the front, but who nevertheless decay exponentially in time. For t > 0 and x € R, we set

H(t,z) :—AQlQ(t,x,y)vo(y) dy. (3.17)

We first note that for 0 < ¢t < 1, Proposition 3.12 shows that

Vo

[ 6%(t..0)un(y >dy\ < Cu(a)

wl-

We then therefore find short-time bounds on h(t,x) == H(t,z)/w(x), =z €R.
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Lemma 3.14. There exists C > 0 such that for all 0 <t <1 we have

[OPIEge] ] I

For t > 1, we decompose

z+ Kt 400

G (t, 2, y)vo(y) dy + / GV (t, 2, y)vo(y) dy,

z—Kt
H(t,z) = / G2(t, z,y)vo(y) dy +/ 1Kt
(3.18)

—0o0 z—Kt

and further split the second integral using Proposition 3.13,

z+ Kt z+ Kt z+ Kt
/ G2 (t, x,y)vo(y) dy = / G2 (t, 2, y)voly) dy + / GI2(t, 2, y)vo(y) dy.

z—Kt z—Kt z—Kt

The next result gives bounds on the second term E(t,x) in this splitting,

z+ Kt
Bta) = [ G )y o ek

Lemma 3.15. There exists C' > 0 such that for all t > 1 and all x € R we have

1) . (3.19)

Proof. We use the estimate on aﬁ(t, x,y) from Proposition 3.13, valid for ¢ > 1 and |z — y| < Kt

Vo

|E(t,x)] < C’efetwv(x) ( —

Wy || 0o

Vo

Wy

z+Kt T o z+ Kt
G2(t,z, y)vo y) dy\ <[ Jgam)| )l s+ [ G0 )l dy
z—Kt

x -+ Kt
< Co ( [ el ay+e [T et dy) .
x— Kt x

For > 0, the second integral is bounded by

z—Kt

z+Kt s +o00 s 5 v
/ e " uo(y)| dy < / e |ug(y)| dy < Ce™Cvtr)e |2
xT xT Wy o0
On the other hand, the first integral can be evaluated as
T 0 00
[ vt [ oo aye [ ) a
rz—Kt —00 0
< C< U ] > .
Wy || oo Wy |4
Similar arguments for z < 0 yield
z+ Kt
Gt g)un(y) | < cete (| 20| ]2 ),
z—Kt Wy || o Wy |11
which concludes the proof. ]
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Returning to the definition of H(¢,x) in (3.17), we now define

1 z—Kt x+ Kt
h(t,z) = (/ G (t,x,y)vo(y) dy+/ G (t, @, y)vo(y) dy

w(z) \J_o z—Kt

+/+OO G2 (t, x, y)vo(y) dy) , (3.20)

+Kt

for all x € R and ¢t > 1. We then have the following estimates on h(¢, z).

Lemma 3.16. There exists C > 0 such that for allt > 1 and x € R

o)l < g [l (3.21)

Proof. The first and third integral in (3.20) are estimated using Proposition 3.12 such that

1 x—Kt 19 C x—Kt 7@7?{'4/3 "l)o(y)‘ K4/3
R 7tl/3 B
w@)[m g @%m%@m4<ﬂﬂ/;>e t w)(m*ﬂﬂ 1L
1 400 1 C 400 \1 y\/ |U0( )| K4/3t Vo
TN t) ) d < — d < k ‘7 9
57 | o 9ot do| < i [0 e Sy < e 2

_la=y*/3
where we noticed that e #1/3 is maximized at the boundary. Estimates on the second integral

in (3.20) use Proposition 3.13 such that
vo 1+ |z| / [vo(y)]
— C——== [ (1 —==d

1
w(x)

T+ Kt
[ gt < o
z—Kt

where we used 1 + |z — y| < 1+ |z| + |y| + |z||ly| and sent the limits of integration to infinity.
Combining the above estimates gives (3.21). [

We may impose that E(t,z) =0 for all 0 <t < 1 and = € R such that we have

H(t,x) = w(x)h(t,z) + E(t,z), t>0, zekR

3.4.2 Nonlinear decay estimates

We recall from the discussion in Section 3.1 that we look for solutions of (1.1) that can be decom-
posed (u(t,z),v(t,x)) = (Q«(x) + P(t,x),v(t,x)) where P(t,z) stands for a perturbation around
the critical front such that

{@P:&I+M+NWL

t>0, zek (3.22)
ov = Lyv,

We introduce another smooth bounded weight functions p, > 0 through

e 2%, g > 1,
pU(x) = ]-a T = 07

e < —1,
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For brevity, we write L}(R) = {u e Ll (R) | 4 € LYR )} for any 1 < ¢ < +oo for any given
positive function p > 0. The Cauchy problem assomated to (3.22) with initial condition (P, vg)
such that Py € LL(R) N LY (R) and vy € L) (R) N L (R) with

[Po(y)| [vo(y)|
/Rlyl o(y) + |yl o(y) dy < +o0, (3.23)

is locally well-posed in LP(R) x L3°(R). We also remark that if vg € L, (R) N L (R) then it
actually belongs to both L}, (R)N L2 (R) and LL(R)NLP(R). As a consequence, we let Ty > 0 be
the maximal time of existence of a solution (P,v) € L} (R) x Lo°(R) with initial condition (Fp,vo)
such that Py € LL(R) N LP(R) and vy € L (R) N Lo (R) further satisfying (3.23). Solutions of

this nonlinear system with initial condition (Py, vg) can be expressed using Duhamel’s formula,

Pmmzéwwmw%@@+4¢%mwww@+ﬁAnga%mwmww@m

together with
vm@:/wmmwwm@
R

Actually, one can easily check that the solution v is globally well-posed in L’ (R) and a direct

application of Lemma 3.11 gives us the global in time bound

v(t)

Wy

Vo

o0

, t>0. (3.24)

Wy || 0o

We now concentrate on P(¢,x). From the previous section, we know that
H(t,z) = /Rgm(t,a:,y)vo(y) dy = w(z)h(t,x) + E(t,z), t>0, x€R.
It then follows that
P(t,z) — E(t,x) /g“ (t,z,y)Po(y) dy + w(x) / /QH (t — s,2,y)N(P)(s,y) dyds,

and so we define P(t,z) — E(t,z) = w(x)p(t, z) which solves

p(t, x) /g1 (t,z,y)po(y) dy+h(t, ) / /QH —s,2,y)w(y) "N (wp+E)(s,y) dy ds, (3.25)

with p(0,z) = po(x) = Po(@) aq we have set E(t,x) =0for 0 <t <1. For t € [0,T%), we define

w(x)

p(s, )|
O(t) := sup sup 14 )32 820
0 ogsgtmeR( ) 1+ |z|

well-defined since p € L>(R). We now bound all terms in (3.25) for 0 < ¢ <1 and for ¢ > 1.
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Short time bound 0 <t < 1. For the short time bound, we use Proposition 3.10 to obtain

5 P,
[ G,y dy' < Cllpoll = o' i

e 9]

and Lemma 3.14 to obtain
Ih(t, )| < CH@H , zeR.
W oo

For the last term in (3.25), we recall that

1 E?
aN(wp +F)= —a— (3Q + E) — 30 (2Q. + E) pE — 30 (Q4 + E) wp? — aw?p?,

and that E(t,z) =0 for all 0 < ¢ < 1 such that for all 0 < s <t <1,

'w(y)/\/(w(y)p(s,y) + E(s,y))' < C (0121 + [y)2w(y) + 011 + y)w()?), yeR.

As a consequence, we have

c - C _ lz—y)?
8 st Wep + BYen | < =002 [T 4l et ay
+(t_c;)1/2@(t)3/Re T |”(1+!y|) w(y)* dy,

which finally gives

@()<o<

H H >+C@ /(1+!y|)2w(y)dy+09(t)3/R(1+Iy!)SW(y)Qdy-

Large time bound ¢ > 1. For the large time bound we use Proposition 3.10 to obtain

5 1+ Jo Po(y)
[t waammtna] < E e [ lay,

and Lemma 3.16 then gives

o) < O [+l

To derive bounds for the last term in (3.25), we use estimate (3.19) from Lemma 3.15

x Ce %wy(x w0 ll )
Blt.a)l < 0o (|2 +|2] )
and find
sy B ) | o (0 fae “2)
[ s =y < S (s he.m 2 a)
2
N
< W [l 0o Wy 1> ’
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Vo

Vo

Wy

Gt — s x [E(s,y)[? (1 + [z)e=% wy (y)
[ s o) dy‘5<1+t—s>3/2 </R(”'y>w<y> dy)(

3
)
1

VU lloco

where

wp () wy ()
L+ 102 ay < oo and [ (14 ) 2 H dy < o,

thanks to our assumption that 55 < 3+, and the fact that the critical front satisfies QW(T) ~ T as

r — +00. As a consequence, we obtain the following bounds

t 2 2
11 |E(s,y)] ‘ 1+ |z| ( Vo Vo )
[ [ee-smve.w o) YU e \[lwll e,
t 3 3
11 |E(s,y)] ‘ 1+ || ( ) Vo )
t— s a,y) B g gl < 2L (110 ol
[ [eesay o) U e el el

We now treat the term —3a(Qx + F)pE in the nonlinearity. Using the fact that both Q. and E

are bounded one only needs estimates for pE. We have

(L+ ) (Ja( + lyDwu(y) dy) g,
(1+t—5)3/2(1 +5)3/2

[ 6= s olpts. )l B 0) dy] < co)

wl [l
Wy || 0o W |1 7
such that
t oo 1+ |z V) V)
11 0 0
‘— E dyds| < —"L_O(t — — .
/0 /Rg ( S,x,y)|p(8,y)| (Say)| yas) S (1_|_t)3/2 ()< Wy | oo Wy 1)

Finally nonlinear terms in p are handled similarly,

- 1+ |z
/Rg”(t — s,x,y)W(y)lp(s,y)\zdy‘ < Co(t)? A5 (11 3) (/R(l + 1y w(y) dy) ,
~ 1+ |z
[ st o] < COwP it ([t an).
which leads to
tor o 1+ |z
[ [ = s stmints. )P ayas| < 00 G5
/O /ngvll(t— s, 2,y)w(y)?|p(s, y)|* dy ds| < @(t)g(llig)i,I/Q-

Combining all the above estimates, we obtain the bound

onzo o (20 8221 o212
+C@(t)< o o o 1) +CO(t)? + CO(t)*.
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Conclusion of the proof. We can now combine our small and large time bound to deduce that
for all ¢t € [0,T%)

Vo

Wy

(%
+ Lo

o0

@(t) < Cofdo + Clg(t) <

) L Cy0(17 + 30 (1)?,

Wy |1

for some positive constants C'; > 0 and

o

Vo

w0 1>2

Wy

0

o2 B o (5 257 o

NEREN |

which only depends on the initial condition (Py,vg). Therefore, assuming that (Fp, vg) satisfies

o

we claim that

o

Wy

1
) <g» 4G <1, and 16CoC>0 + 64050302 < 1,
1

o0

O(t) <4Co <1, te€[0,T%).

1 - .
1) < 3 implies

Yo
Wy

To see this, note that C} ( ::—‘1

o0

O(t) < 2CoQ + 2C2,0(t)? + 2C30(1)>. (3.26)

Next, by eventually taking Cy larger, we can always assume that

©(0) =

< Q< 4C[)Qo,

w7 = 2.
xGR 1+|J“’

such that the continuity of ©(¢) implies that, for small times, we have O(t) < 4Cy§y. Suppose now
that there exists 7" > 0 such that ©(T") = 4Cy{) for the first time, then from (3.26) we obtain

O(T) < 20 + 2C5(4Co)? + 2C5(4Co)* = 2CoQ (1 + 16CHC2Qp + 64CFC503) < 4CoQ,

a contradiction, which proves the claim. As a consequence, the maximal time of existence is

T, = +oo and the perturbation p satisfies

sup sup (1 + ¢)%/222 20 p(t, @)l < 4CH$y.
>0 zeR 1+ |z]

Decay of the v-component was established in (3.24), which concludes the proof of the decay esti-
mates in our main result.

3.4.3 Instability in fixed weights

We show the last statement of Theorem 3. We argue by contradiction and assume P is small,
bounded in the weighted L* space, with vanishing initial conditions. We then find that P solves

the inhomogeneous convection-diffusion equation

O P = d0yy P + 5.0 P + gp + v,
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where g, incorporates all remainder terms depending on P and is hence uniformly bounded and
small in the weighted space. On the other hand, we know that v grows exponentially in the weighted
space, with explicit expressions in Fourier space. One therefore easily constructs solutions to the
modified equation

0P = ddyu P + $,0,P + v,

that grow exponentially in the weighted space, solving again explicitly in Fourier space. Since g,

was bounded and small, the solution to
0P = dOys P + 5.0, P + Ips

is bounded in time, contradicting the assumption that P = P + Pis small, bounded.

4 Absolute Spectra

In order to characterize regions Ryem and Raps further, and prepare for the discussion of numerical
simulations and Conjecture 1, we discuss the absolute spectrum associated with ,p5(£7), the
linearization at the unstable state. We start with a brief review of absolute spectra, in Section 4.1,
including a characterization of absolute spectra for the u- and v-component and conclude the proof

of Theorem 2 in Section 4.2.

4.1 Absolute spectra and double roots — review and the case of KPP and SH

Recall from Section 2 the dispersion relation (2.1), given as a product of dispersion relations for
u- and v-components, separately. Associated with the dispersion relation is the Morse index i,
the number of roots v to D(\,v) = 0, with Rev > 0 for a fixed Re A > 1, to the right of the
essential spectrum. In our case, one quickly sees i, = 3, while for the u-component alone % =1
and for the v-component %, = 2. We may also, allowing for discontinuities of the labeling in A and
some ambiguities, order all roots v = ©;(\) by increasing real part, repeating by multiplicity when
necessary,

Rev1(A) <Rein(A) < ...

Following [29], we say
A€ Y <= Re I;ioo(A) = Re ﬁioo‘i‘l()\)' (4.1)

It is crucial to recognize that this ordering and labeling depends in our case on whether the u-
and v-component are considered separately, or together. In fact, we previously ordered roots from
the v-equation alone as Re p1(A\) < Repa2(A) < Reps(A) < Repa(N) (see (2.4)), and roots from the
u-equation Rev{ (A\) > Rev?()). The ordering in (4.1) refers to the combined ordering, and we
used 7j, 1 < j < 6, to distinguish this ordering from the ordering p;, 1 < j < 4, to distinguish
from earlier notation for the roots in the v-equation. A key example of a subtlety related to this
combined ordering, which will appear later, is that, considering the v-component alone, we may

see Re p; = Rep2, which would not contribute to the absolute spectrum of the v-equation since
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i%, = 2. If however the roots v from the u-equation lie to the left, Rev? < Re ug < Rep; =
Re p2 < Re p3 < Re py, then A would belong to the absolute spectrum of the combined u-v-system.

It turns out that X,ps(L") consists of parameterized curves, solving
D(\,v) =0, D\, v +ik) =0, A\ veC, (4.2)

with parameter k € R and for which (4.1) holds. Note that Y.p,s is to the left of Ydss for any 7
in the sense that any curve from X, to A = +00 needs to cross Y. We remark in passing that
the absolute spectrum was originally introduced as the continuous part of the limit of spectra in
bounded domains in the limit of infinite domain size [29], but we will not rely on this property,

here.

Generic singularities of these parameterized curves are double roots, where k = 0, and triple points,
where Rey_1 = Rety = Relpyq, and £ =i or £ — 1 =iy see [28].

At double roots, curves of absolute spectrum typically end: continuing in k& through 0 simply
interchanges the two roots v(\) solving (4.2). Interestingly, curves of absolute spectrum simply
pass smoothly through resonance poles, where individual roots v can be continued analytically. We
discussed double roots in Section 2.3. Loosely speaking, double roots at rightmost points of the
absolute spectrum automatically satisfy the pinching condition whenever they satisfy the Morse

index condition.

Near a triple point, we can continue the equal real part condition between any of the three possible
pairs of roots that have equal real part at the triple point to find 3 curves that cross in the triple
point. Following such a curve, the Morse index of the pair with equal real part changes [28] and

only the part of the curve to one side of the triple point belongs to the absolute spectrum.

Absolute spectra of KPP. Here, D(\,v) = dv? 4+ sv+a — ), iee = 1, and Yaps (L) = {A A <
a — s2/(4d)}, that is, when the discriminant is negative. Notice that the rightmost point in the
absolute spectrum is the double root o — s2/(4d), which vanishes precisely at the KPP spreading
speed. In this sense, the concept of remnant instabilities, instabilities of the absolute spectrum,

and pointwise instabilities coincide for this problem.

Absolute spectra of SH. Here, D(\,v) = —(v? + 1)? + sv + u — A. Solutions to (4.2) are
explicit but rather intractable. In fact, it is not immediately clear that in this case the rightmost
points of the absolute spectrum are pinched double roots. However, since the essential spectrum
has negative real part, so does the absolute spectrum. Although the exact form of the absolute
spectrum is therefore not relevant to our analysis, we present a quick summary of the structure

and refer to the appendix for more detailed formulas.

Lemma 4.1 (Absolute spectrum of SH). For any s > 0 and pu < 0, the absolute spectrum of SH
consists of three curves emanating from a triple point located at
s (—49/225 4+ Y15C2) (49225 + VI5C2)”  (—4¥/225 + ¥1502)"°

)\tr: -1 — — 5 4.3
o SHTLE 30C] 450C7 810000C" (4.3)
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Figure 7: Essential (blue solid), weighted essential with weight n = 0t (orange dotted), and absolute spectrum
(red solid) of LF for parameters d = 1, a = 1, u = —1/2, and s = s./4, 5+, 5s. (left to right) with s, =
2Vad = 2; also shown pinched double roots in the absolute spectrum (dark red diamonds) and the non-
pinched double root, not part of the absolute spectrum (cyan dot). The triple point is located at \., =
—1.586, —2.447, —9.863 with corresponding weight n% = —0.117,—0.326, —0.7101. Note the different scales

on the coordinate azxes.

where C = (=455 4+ V960 + 202552)'/3.  The first curve is real and consists of the unbounded
interval X € (—oo, \¥]. The other two curves are complex conjugate and connect the triple point to
the two pinched double roots

2752 - 8)(iv3—-1) 1

1
dr _ = s
N=n-g+ 6C; + g1+ iV3)Co, (4.4)

with
1
Cy = (512 +4320s% — 729s* + 3v/31/52(64 + 2752)3) :

which also mazximize the real part of the absolute spectrum. Moreover, remnant instabilities imply
pointwise instabilities, that is, values of p such that we have a remnant instability, unstable absolute

spectrum, or and unstable pinched double root coincide.

We refer to the appendix, Section C, for a proof of this lemma and to Figure 7 for an illustra-
tion. The result also motivates the model system under consideration here as an extension of the
Swift-Hohenberg equation necessary to find remnant instabilities that are not caused by pointwise

instabilities.

4.2 Remnant instabilities, absolute spectra, and pointwise instabilities in the

full system

We next study the absolute spectrum, also in relation to remnant and pointwise instabilities, for
DNv)=(d? +sv+a—N) - (—v' =202 fsv—1+p—N\),

The following three results will together conclude the proof of Theorem 2.
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Proposition 4.2 (Riem # 0). For p— p™™(a, d) > 0, sufficiently small, the origin has a remnant

instability but the real part of the absolute spectrum is negative.

Proposition 4.3 (Lower bound on Ra,ps). The absolute spectrum is unstable when ,u%bs < wu <0,
where we recall the formula for u%bs that was defined in (1.5),
> 4o 40?
i (and) = G = =2
Remark 4.4 (Boundary between Ryem and Rapns). We computed the onset of absolute instability
through actual numerical computation of the absolute spectra and illustrated results in Figure 1.
We found that the onset actually agrees with ugbs, such that the lower bound in Proposition 4.3
is actually sharp. In fact the real triple point appears to coincide with the rightmost point of the
absolute spectrum. Out of the three branches of the absolute spectrum is real and to the left of the

triple point, the two others emerge vertically, with a negative tangency; see for instance Figure 8,

(a).

Proposition 4.5 (Boundary of Ryw). There exists a resonance pole in the unstable complex half
plane precisely when a —d — d?/2 > 0 and pP% (o, d) < p < 0, where
a?  d*(2+ad)

(o d) = o o = ST

17 i (4 —4d — d?). (4.5)

1
8
Moreover, when o — d — d?/2 > 0 it holds that ui™(a, d) < pP¥ (o, d) so that Raps # 0.

The remainder of this section is occupied by the proofs of these statements.

Proof of Proposition 4.2. We claim that for u = p™™(«,d), the absolute spectrum on the
imaginary axis consists of precisely a simple double root at the origin. Continuity of the absolute
spectrum [28] together with the fact that the simple double root at the origin remains at the origin
for all nearby parameter values then implies that the absolute spectrum possesses non-negative
real part for nearby values of u, thus proving the claim. Recall that the absolute spectrum is to

rem

the left of the weighted essential spectrum, which at p = p™™ is to the left of the imaginary axis

)\rem

except for A = 0 and = 0,(1/3n2 + 1;7m4)). Since in the n,-weight, the essential spectrum of
the v-component is strictly to the left of the origin and stable, the double root from the u-equation
locally gives rise to a simple curve of absolute spectrum on the negative real line, also for nearby
values of p. It remains to verify that A™™ does not belong to the absolute spectrum for p = ™.
At this value of A, the roots v; from the v-component satisfy Rev; > Revs = 1, > Revs > Rey,
as a quick calculation shows. On the other hand, Rery > 7, > Rews for the two roots of the

u-component, hence excluding absolute spectrum. |

Proof of Proposition 4.3. We label roots of the dispersion relation as Re v/ (A) > Rev? ()) for
the u-component and p; 234(A) for the v-component, ordered by increasing real part Re p1(A) <
Re p2(A) < Reps(A) < Repyg(A). The proof proceeds in two main steps.
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Step 1: 0 € Z,s(LT). We claim that for any d,a > 0, and s = s, if u = p3"(a,d) < 0 then
Re(v1(0)) = Re(p1,2(0)). To see this, recall that v2(0) = —/9 and 7, = —/F. We claim that
D, (0,n, + ik) = 0 for some k > 0. Since 0 is to the right of Yess(L£) and 7, < 0 this implies that
N« ik are precisely the roots v 2(0) and thereby yields our claim. To find k, we write explicitly

Dy(0,ms +ik) = —nf + 602k —k* — 20 +2k% — L+ p+ sune +1 (—4n2k + dn.k® — dnuk + s.k) = 0.

The imaginary part of this equation gives k? = ﬁ (4773 + 4n, — s*), which when substituted into

the real part, with the explicit expression for 7, gives

2 d d 2
—2‘2+(63+2)<3+1+2>—<Z+1+2> —1+p—2a=0,

which is true precisely when p = p3b(«, d), as claimed.

We note that 2 )
4 4
= - - <0 ea>—d/2+d4/E+4>0. (4.6)

Step 2: pdP(a,d) < p < 0 implies X,,5(£") is unstable. The idea is to find a value A% > 0
so that Re(v? (A™)) = Re(p1,2(A™)). Such a triple point is automatically an element of X,ps(LT).
We will locate this triple point through intersections of the weighted essential spectra for u and v

components, which in turn are explicit parameterized curves o/, respectively,

ou(k;n) = —dk? + 2idnk + dn* + 2iVadk + 2V adn + «,
ou(k;n) = =kt +4ink® + (24 602)k* +i(2Vad — 4y — 4)k — n* — 2% + 2Vadn — 1 + .

Note that 0,,(0,7) = (Vdn + v/@)? such that 19 ((v/dn + v/a)?) = n. We therefore consider 7, <
1n < 0. Moreover,
vad

Im (0,(k;n) =0 <= k0=0,kF ==+ 772+1_T'
n

We disregard the zero solution, since this occurs for A in the left half of the complex plane. We now
obtain that there exists a triple point, if there exists a (real) weight 7, < n < 0 (recall s = s, > 0)
such that

d
¥(n) Z:Uv(kj'n)_au(o;n):4774+(4—d)172_2\/@7’]—|—'u—a_%772:0

We see that W(n) is continuous for all < 0 with lim,_,,- ¥(n) = —co. We also see that
W) =~ (e, d) + p

and is therefore positive for p3P*(a,d) < p < 0. Finally, since ¥'(n) < 0 for all n. < n < 0 we
obtain the existence of a unique 7' for which ¥(n™) = 0 which in turn establishes the existence of
AT = 7,(0,7") > 0, which concludes the proof. [
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Proof of Proposition 4.5. One can find all double roots explicitly, and we list the results below

after setting s = s,:

A(lir =0, (47)
My =y Ly (VBFDRI0d-2) 1 e (4.8)
23 = M 3 3C; 24 3 )

1 2Q27ad—2) 1
dr
_, L elaa—2z) 1 4.

e R T 1205 (4.9)

2
AP =a—d— % + dCy — 2v/ad(£Cy — 1 — d/2), (4.10)

2
AP+ :a—d—%id04+2\/ad(i(}4—1—d/2). (4.11)

where

1/3
Cs = (64 + 54ad(40 — 27ad) + 6v/3+/ad(16 + 27ad)3) >0, Ci=+p+d—atd/4

Double roots to the u- and the v-equation, (4.7) and (4.8), respectively, are always stable with
p < 0. This is clear for A{* and for )\g’rg (see Lemma 4.1). The roots )\gf374 are induced by the
v-equation, alone. Since pinched double roots necessarily lie to the left of the essential spectrum,
these double root are either located in the stable complex half plane or are not pinched. Since )\(217%
are complex conjugate and involve all 4 roots of the v-equation with equal real part, they are in

fact pinched and lie to the left of the essential spectrum.

The double roots )\fi are in fact resonance poles, involving a root from the SH and one from
the KPP subsystem. We first focus on )\;f’. We distinguish two cases depending on the sign of
p—a+d+d*/4.

First, assume that u — a +d + d*/4 > 0. Then

0<Ci=+V0+d/22+p—a—1<1+4d/2,

such that
Re (Aip—) < Re (Aff—) — 1 — (Cy— dJ2)? < 0.

Next, suppose that u — o +d + d?/4 < 0, then Cy = iy/—(u — a + d + d?/4), and thus

Re (A;"*) :a—d—d;—m/@Re <\/—1—d/2ii\/—(u—a+d+d2/4)>
:a—d—d;—\/m\/—l—d/Qer, (4.12)

after a short calculation. We claim that (yrip’,)\f’) is pinched whenever Re (Af’) > 0, where,
explicitly,

T —\/—1 —d/2++/Cy = —\/—1—d/2ii\/—(u—a+d+d2/4).
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Clearly, )\f* is to the right of the essential spectrum in the v-component and

Re () = =2\ 1-d2+ iz pta<o

As a consequence, the double root (Vf ’,)\f*) is pinched in case we can prove that V17 =

I/S)r()\f’). For this, it suffices to verify

or, after some simplifications,

40 4o d? abs | @
_“<?+F+Z+a+d__“0 +?+a+d.

This last inequality is a consequence of ,ugbs < p < 0 and therefore (AZE‘) is pinched when located
in the right half plane. To determine conditions leading to instability of this resonance pole, we
consult (4.12) and note that o — d — d?/2 must be positive. If this condition holds, then we
may compute that the resonance pole becomes unstable at uP%(«,d) given in (4.5). It is a short
calculation to verify that o —d — d?/2 > 0 implies that p3" (o, d) < pP%(«, d).

Next, we turn to A} * starting with the case u — a 4+ d 4 d?/4 > 0. Again, Cy > 0 and

Re (Ar_"*) < Re (Af*) — 1 (Cy—dJ2)* < 0.
In case 1 — a +d + d*/4 < 0, we find
: 2
Re (Af+) :a—d—§+\/2ad\/—l—d/2+\/1—u+a.

Note that (uftp*,)\if*) is not pinched whenever Re ()\f+> > 0, where, explicitly,

VPt =1 — /2 /G = -1 dp iV —atdE @D, Re () >0

Since Re ()\:E*) > 0, then A\}’* is to the right of the v-essential spectrum and Re <1/f+> >0

ensures that it cannot be pinched. [ |

5 Numerical simulations and the appearance of faster invasion

modes

In Theorem 3, we have established the stability of the critical Fisher-KPP front in the presence of
inhomogeneous coupling to a secondary equation (the linearized Swift-Hohenberg equation). This
result holds for parameters in Ryem and R,ps in the case when the system has a remnant instability

but lacks unstable resonance poles (with the caveat of an additional condition excluding possible
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(a) (d,a,p) =(1,1,-2). (b) (d,a,pp) = (1,1,-0.75). (c) (d, e, p) = (1,1,—-0.4). (d) (d, e, ) = (0.5,2,—1).

Figure 8: Spectra of Lt at s = s, = 2v/ad for various parameter values: essential spectra of LT (light blue)
and LF (dark blue); absolute spectrum of LT (dark red) from numerical continuation; double root A\{* (pink
dot), )\gf3, (orange diamonds), and \§* (dark cyan dot); resonance poles )\1)*7)\:5’ (green squares, filled if
pinched. In cases (a) and (b), the resonance poles in the absolute spectrum are stable, the other two are not
pinched. In case (c) resonance poles do not belong to the absolute spectrum and are not pinched; in case (d),

two resonance poles unstable, pinched and elements of Yaps(LT), while the other two are not pinched.

resonances). The main takeaway of this result is that the inability to stabilize essential spectrum

using exponential weights does not preclude stability of the traveling front.

In this final section, we investigate front stability and speed selection in numerical simulations,
distinguishing in particular between regions Ryem and R,ps. For parameters in Ryen, the absolute
spectrum is stable and we observe stability of the front in numerical simulations. For parameters
in R.ps, we observe stability of the front over large periods of time, thereby corroborating our
analytical result. Eventually, however, the front appears to be overtaken by an incoherent invasion
mode traveling with a faster, approximately constant, average speed. Below, we explain this even-
tual acceleration and offer a prediction faster ensuing speed. In summary, the faster invasion speed
is mediated by a resonance caused by small couplings between modes due to numerical round off
errors. The strongest such resonance enables propagation at a speed given by marginal stability
of the absolute spectrum of the zero state rather than marginal stability of resonance poles as
identified in our result. Numerical evidence supports our prediction of invasion at this faster speed

which we will refer to as the absolute spreading speed,

Sabs ‘= sup{s| Xaps is unstable}. (5.1)

Numerical simulations — confirmation of stability and absolute spreading speeds. We
carried out numerical simulations of (1.1) in a frame moving with speed s = s, = v/ad based on a
semi-implicit finite difference scheme, with localized initial conditions in both u- and v-components,
varying parameters d, o, and p. Figure 9 shows spectra and a space-time plot of the u-component
for a parameter choice in Riem, where the front, stationary in the comoving frame, is stable as
predicted. The subtle stabilization mechanism is visible in a log plot of the solution, shown in

Figure 10. Clearly the v-component induces a weak, oscillatory decay in the u-component, which
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Figure 9: FEssential and absolute spectra for d = a = 1, p = =9, showing stability of the absolute spectrum
(left, see Figure 8 for explanation); instability of the weighted v-essential spectrum with weight 1., showing

a remnant instability (center) and space time plot (right), demonstrating front stability in Ryem

travels at a larger speed to the right and decreases in overall amplitude. A wu-front with such

monotone weaker decay would travel faster in the KPP equation. For parameter values in R s,

t=10 t =100 =120 =150

-100 100

200 200 -200

-300 -300 -300

-400 -400 -400
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0 100 200 7 300 400 500 0 100 200 1300 400 500 0 100 200 300 400 500 0 100 200 7300 400 500 0 100 200 7 300 400 500 0 100 200 x 300 400 500

Figure 10: Snapshots of the logarithms of u- and v-components at t € {10,20,50,100,120,150} with
(d,o,p) = (1,1,—1) and B = 107%.  The envelope of the v-equation follows a parabola, v(t,z) =

t (zts4t)2

e cos(x + s.t)e” 16t and induces weak decay in the u-equation, which however is not supported in the

4/ 7t

absence of the v-component.

our main result predicts stability, but simulations demonstrate instability after a long stable initial
transient. Figure 11 shows simulations in this parameter regime, demonstrating the acceleration

and comparing a fit of the observed accelerated speed to the absolute spreading speed from (5.1).

In the steady laboratory frame, s = 0, we observe the transient stability followed by acceleration;

see Figure 12.

In the remainder we offer an explanation of the eventual faster invasion speed s,p,s. Our explanation
is inspired by recent studies of resonant (or anomalous) invasion speeds [10, 17, 18, 20]. We first
study a linear, scalar equation toy model with (complex) exponential forcing and then derive

predictions for the original system (1.1).

A motivating example. We consider
Ut = dUugg + suy +au+ (1 + o(x))e””, (5.2)

for v € C with Re(v) < 0 and where for simplicity, we assume that o(x) is 27 periodic with Fourier

o(x) = Z cpel®®.

LeZ

Series expansion
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Figure 11: Spectra and simulations in Raps: Essential spectra of LE (light blue), LE (dark blue), and
absolute spectra of Yaps(LT) (dark red) computed via continuation, computed with s = s, (left) and s = Saps
(middle; see (5.1)), for parameters (d,a,p) = (1,1,—1) (top row), (d,a,p) = (1,1,—-1/2) (middle row),
and (d,a, u) = (1/2,2,—1) (bottom row). The right column shows space-time plots of the u-component with
best fits for the accelerated measured speed sy, = 2.27, 2.35, 3.3 (top to bottom), which compare well with the
theoretically computed sans = 2.2762, 2.3547, 3.3382.
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d, o, p) = (1,1, -9). (b) (d, o, pu) = (1,1,—-1/2). (¢) (d,ya, ) = (1/2,2,-1).

Figure 12: Space-time plots of the u-component in a steady frame s = 0; parameters as in Figure 9 and
Figure 11, middle and bottom row, that is, showing Riem, Rabs, and Rpw (left to right). Line fits are initial

speed s, (blue) and, after an initial transient, saps (Magenta, center and right).
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The solution to this equation following a Laplace transform takes the form,

up(x) = c(N)e’o VT 4 Dg(ﬁk,y)em + é Me(”w)x, x> 0.
Resonance poles arise at values of A for which 1/6F (A) = v+ L, for any ¢ € Z. In fact, poles where
vy (A) = v +il, are not relevant in the sense of [17, 20]. The most unstable modes are those
with pure exponential decay, so the value of [ for which the imaginary part of v + i/ is smallest in
magnitude has the singularity with the largest real part and hence the dominant temporal growth
rate. Taking the inverse Laplace transform and using the theory of residues, the inhomogeneous

terms contribute as

Z BecoRes (M, /\g> eMtelriz, N =d(v+il)* +s(v +il) + a.

LeZ
Each term in the sum spreads at its envelope speed
Re(\¢)
Re(v)’

Senv(f) =

where we recall that Re(r) < 0. We expect the fastest mode to be observed which in this case
is the one with largest temporal growth rate \,. It is important to note that this prediction is
independent of the magnitude of ¢, provided that it is non-zero. To observe this, write

ln(\cﬂ) Re(kz) Re()\l) ln(\cz\)
oIn(lec) +Re(v)z+Re(A)t _ JRe() (a+ et +5ec 1) _ Re() (o Racd (e )), (5.3)

_ In(lee])
Re(Ar)

from which we predict a O ( ) transient before the mode appears.

The absolute spreading speed. Now consider the case where it is no longer a fixed mode
e”* that forms the inhomogeneous forcing term in (5.2) but rather a secondary partial differential
equation as is the case in (1.1). Then, after applying the Laplace transform, the forcing term is

Vo (N)z

comprised of complex exponentials of the form e where, crucially, the mode v, now depends

on A. Repeating the calcuations above, we now find that singularities arise whenever,
DY(\, vy(N) + i) = 0.

We thus require values of A for which ;" (\) = 1,(\) +il. In other words, we would seek values
of A for which two modes (one from the homogeneous u equation and one from the coupled v
equation) have the same real part but whose imaginary parts may differ. From the discussion in
Section 4.2, we note that this is equivalent to asking for A € X,ps(L™). Based upon this discussion,
we would expect that any invasion front with unstable absolute spectrum would be unstable when
inhomogeneous coupling is introduced. A prediction for the speed of the invasion front would
be the speed at which there are marginally stable singularities, but no unstable singularities. In
other words, we expect the invasion speed to be the absolute spreading speed, defined in (5.1);
see also [16]. The analysis presented thus far presents the basis of our Conjecture 1 stated in the

introduction.
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Of course, this faster invasion speed is predicated on the existence of the inhomgeneity o(x) which
couples modes with the same exponential decay rate; a coupling which is notably absent in (1.1).
Yet, we did observe this faster speed in numerical simulations! We attribute this to numerical

effects, in particular round-off errors, that effectively couple these modes in numerical simulations.

We will not embark on a full study of the numerical aspects of this phenomenon, here, but point
to some evidence corroborating the relevance of the above calculations, beyond the fact that nu-
merically observed accelerated speeds and theoretical predictions of s,.s agree well; see Figure 11.

We simulated

Ou = dOypu + sOyu + f(u) + Bcos(lux)v, (5.4)

Ov = — (0 + 1)%v + s0,v + v, |
where the key difference to (1.1) is the cos(¢,z)-term in the coupling. We choose /. as follows. Let
Amaz be the A value corresponding to the most unstable part of the absolute spectrum. Then there
exist a mode of the v component (assume it is v2(A)) such that uar (Amaz) = v2(Amaz) + 1ls. Thus,
the coupling term in (5.4) should produce an unstable singularity which is (marginally) stabilized
in a frame of reference moving with speed s,ps. Results of simulations are presented in Figure 13
for a variety of 8 values. For § = 1, the faster invasion mode appears immediately, but for smaller
values, the appearance of the faster invasion mode is delayed in a fashion consistent with formal

calculation in (5.3).

Opu -
300 e 200 -
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150 .,
-
200 -0.05 e,
D .,
13 100 .,
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0.1 .
o,
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0.15 "
50 “u.,
.,
o 02 0 15 10 s 0 )
100 150 o 200 250 ) Tlogp

Figure 13: Left: Superimposed grayscale space-time plots of O,u to indicate the front location for (5.4) with
s = 8, for values 8 € {1,10_8, 10_16} while other parameters are fived to (d,a,p) = (1,1,—1/2). In that
case U, = 1.4872 and v = —0.5456. The right panel shows the delay D of appearance of the faster invasion
mode as a function of log,y 5. The measured slope is found to be —11.6348 which compares well with the
prediction — g2l = —11.1516 from (5.3).
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A  Proof of Lemma 3.4

We proof Lemma 3.4. We first consider the case y > 0. Continuity of G}\2’°°(:c,y) at both x = 0

and x = y implies

4 1 1
— _ ci(N)e YN
bt byt be=F Z <Dg<A,uj<A>> DION w))) iV,

(M)

O Ny ° Ny Ny — ANV
ble —|—b2€ +b3€ + /BZ DO(}\ V](A))

Continuity of 9, G12 *(z,y) at both z = 0 and z = y then implies

5Z<D°w ) D%L(A,lvjw))

.qxxﬁg(xm*%ﬁﬂa

ﬁZDO A, 1/]

bor® () + bsr/d () + byl (A

blvg()\)eyg()‘)y + b2u9(A)e”9(A)y + bgv (A

We thus arrive at

2 Ny eVt Ny 0 by
O (N)e? Ny 0 (3)er VY I/_O,_(A)eyi()\)y 0 ba _ 4y
0 1 1 1 bs | T
0 A A i) b
=A1(\)

1 0
4 4
ci(N) vi(A) 1 —u, 0
VY = J / + ( — ) cj(Ne vi(Ny
2500 | o |2 \Bm O D)) © 1
0 vi(A)
The inverse of the matrix A;(\) reads
O o1 (e 0 (e T e My R0 1
VE(A)—Vi(A% V2 (M-8 (N) viN)=2(0) v (-2 (N
_ A Mmge O pr (e O A
—1/y) — V2 (N4 (V) V2 (M) -rL (V) ZECNESZACY) vi(N)—r2 ()
AT = o o o o
O (- (N IRZA NN
_ uﬂ(,\)e‘“imy RN A0 1
ZAPYERAPY ZAOVEZeY AP PY R DY BY

where we denoted




As a consequence, we get the following expressions for the b; (A, y):

Ay ) Z GNELN) = 1N oy
AN & DY)
LU s 50
AN =N & DEOL (V)
1 1 1 1 L,
T A & (D070 ~ Ditn ) S ) = e
b(Ay)  pi(Y) 3 c;NZA) = v(N) o0y
B O (A) =8 (N) o DY (A, v(N))
1 ! 1 1 vi(Ny
I & (D355 ~ D) SO e
bs(\.v) N GV [CoLENRul76Y) I TV
5 AN -AN & DI, ()
LSO W 16 CoTe R 71cY) IR T
E A0 —vi) & DI 5()
1 1 1 1 vi(N)y
" (D00 ~ Do) SO0 e
For y < 0, we arrive at a system
1 1 1 0 hi
O (N) vL(N) vL(\) 0 h
0 oy eu—g(}\)y oAV hj, =W,
0o vt )\)e”1 Wy 1 )\)e”}r()‘)y vh )\)e”}r()‘)y hy
= A2()
where
0 1
4 2
— CJ()‘) 0 1 o 1 Ci e Vi Ny VJ(A)
W 2 DI () | 1 *; (Dgu,w» D&(A,uju))) i 0
vj(A) 0
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The inverse of the matrix As(\) reads

—e 1 e __otow
vIN)=vE () =) ZECVEEOY PAIPVEmEPY
0 0 e O etow
A7\ = vEON=E ) PPVERTeY)
? B V2 =) 1 PZ(A)Vi (A)eﬂ&(/\)y P2 ()\)e—l’l_()\)y
DOV ACY R OVEZT Y ZECVRZIEY 1 EGVET oY)
2N 1 —p2 (WL (Ve "=V (e H MY Ly _ vl
A R A YR eY ZACVEAEPY PECVEAOY
where we denoted
LX) —vi ()
pz(/\) =

O (N — i ()

As a consequence, we get the following expressions for the hj(A, y):

) _ L5 GO0 =5 gy
B O (N) —vi(N) = Dilhy()
— 1 L - ! c v —v e Ny
ZINERPS (D305 507 ~ Dm0 SN e
hohvy) 1 Z ;MWL) = v(N) iy,
E vI) -vi(N) & DL () ’
hahy) _ N~ GO 1) oy
I6] vE(N) —vi () = DL (X, v;(N))

: ! ! ] Yy
NI ETTD S (Dg(/\, 500~ DL um))) &N (V) — vy (N))e s,

—A0) & 1
hahy) (N )3 ¢;(A) (i (A) — Vj()\))e_yg(x)y
B vL(A) —vi(N) DA, v ()

1 Cj )\ Vl )\ —Vj )\)) _t y
> gi(x(,jj@))( e

1 : 1 1 s
SIey 1(>\)Z(D8(>\,uj(/\))_Dl(/\,uj()\))>Cj()\)(yg()\)_yj(/\))e v

DI
Jj=1 j=1
IBJL_'_()‘) = <D8()\,1V]()\)) Di(}\f?]()\))) CJ(A)(V}r()‘) -V ()‘))7
_ 1 1
0= (Do ~ DR ) S 0




Then we have the condensed expressions for:

Ay DL iy L Lt 3yt (V)
5T _V}r()\)e Y TN =) ;Bg‘ (Ae Y,
hoVy) DL iy,
5 VT — LY |
hs( X\ y) p2(N) Uty , L 0= (\)a—vi (V)
5 T e 2B e
ha(Ny) — pa(N) Loty . DLV
3 yl(A)—ui()\)DJr()\)e “u%)—vi(ﬂe -
1 - 0= (\)e ¥
_M;Bj (Ae v, (A.1)
together with
b(Ahy)  pi(N) 0 (\ya—r? (V)
5l
_ 1 0 ()N _ 1 B ()oY
A=AV iy 2B e
(M) m) o e 1 S Bl
5 A A VT Ty gy 2 BT e
bS()‘)y) o 1 0 71/3_()\)
5 e
bs(\y) 1 0 -9 (N S S - 0,— —v;(A)
5= oy gy P W VO(A)_VM);Bj (A)e ™7, (A.2)

Remark A.1. The quantities by(\,y), ba(\,y), and bs(\,y) all contain /X singularities. Note
that this singularity in by(\,y) is removable after consulting the formulas for DY.()\). Likewise,
the terms ba(\,y), and bs(\,y) appear in tandem in the expression for G3%(x,y) where again the

singularity is removable due to cancellation.

B Proof of Lemma 3.7

In this section, we present the proof of Lemma 3.7. Rather than present all six cases, we show the

details for two representative cases. Recall the definition
h(z) = = (f(Q(2)) — fx(2)) -
We will also use throughout these estimates the fact that

S

Wi(r) =Wy (0)e"a", T€eR.
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Case y < 0 < z. For this arrangement the pointwise Green’s function has the following expression

G2 (z,y) = hi(A, y)e” BZ B A > v]u)(z—y)
J

G12°°(T y)dr + ¢ ( 1200(7, y) dr.

WA W/\
For the leading order terms the expression for hj(\,y) shows that the first term can be absorbed
into Hy(x,y) (after factoring out the singularity at /\Bp) and I j(z,y) (after factoring out an
additional singularity at A'P) while the inhomogeneous terms contribute to Jy j(x,y). We then
begin our treatment of the integral terms with the second integral where we use the specific form
of G}\Z’OO(T, y) for y < 0 < 7. Using the decomposition of ¢~ (z) valid for z > 0 and focusing on

the terms proportional to hi(),y) the integral then assumes the form,

K&(?O)) B )2 V(1 1 ks (2, 0) / TR N1 4 g, (r, A))h(r) dr
+WDf?3)h1(A,y) N1 40, (2, \) / (1 + 04 (7, \))h(r) dr.

Convergence of the integrals then follows and we see that the first integral is O(e(” 2NN -D)= )
and after again consulting the formula for hi()\,y) we see that this term again contributes to

H) (z,y). The remaining terms for this integral are of the form

Y1+ £y (z,))) , V(N —vi(A)y /Oo (= (N +v; ()7
BZ WA 0)DI (X VJ(A))C](A’y)e R

+‘9 A v T, —Vj > —v vj T
BZWA +(@ ))cj(A,y)e%) e M)y/ﬁ (NN (1 46, (7, A))h(7) dT.

a(Asvi(N)
The integral terms converge due to the gap lemma condition and are (’)(e(_”i(’\)Jr”j (’\)_19)”) and
consequently these terms can be absorbed into J ;(z,y).
We now work out the first integral which must be broken into three pieces:
PG2% () dr = T)h G12%(r y)d / (1) Gl2ee d
R (r.y)dr i ") e (ry)dr
W)\ G* 3 (T, y)dr
For the first of these integrals we have to cons1der the term
h4 <)‘? y)

Y
L0 L )
o [ (14 6_(r, \)h(r) dr,

from which we observe that the integral is bounded and is O (e F-v i(A)+19)y) and we see that this
contributions can be distributed among Hy(z,y) and I j(x,y). The other terms from G}\2’°°(x, Y)

are those proportional to (M) for j = 3,4. For these the integral becomes

Y
o 7 (g
5§:W Dl o o | e (14 6_(r, \)h(r) dr,
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for which convergence of the integral is automatic and these terms are incorporated into Hy(x, y).

We now evaluate the second integral for which we need

oo v T 14 T >\ Vi T—
G (1, y) = ~ha(A,y)e= V7 — hy(X, e+ 62 Dl()\(y)()\))e T pereo
J

We must estimate the integral,

0
/ e V(140 (7, \) ()G () dr,
Yy

from which we note that the integral is bounded uniformly in y and therefore this term can be
incorporated into Hy(z,y) and I,(x,y) after consulting the formula for ha(\,y) and hs(\,y). A

similar decomposition occurs for the inhomogeneous terms proportional to €% M(T=v) |
This bring us to the final integral with 0 < 7 < z for which we must use the form of G}\Q’oo for
y < 0 < 7. For ¢~ (7) we must use its representation valid for 7 > 0 and we then need to estimate

the integrals

e ’ 27 12,00
WA(O)/O ¢ ™ (1+H+(T7)‘))h(7)G>\2 (T,y) dr

D) [* oo o
DO [ e 01+ 0, ()G () B1)

1200( ,y) has one term of the form hl()\,y)eyg()‘)T for

On this interval the Green’s function G
which we see that the integrals are uniformly bounded in z and y and the contributions can be
divided among Hy(z,y) and I, j(z,y) following the dependence of hi(A,y) on y. The final terms
in G}\2’°°(x,y) are those proportional to e/ M(=%  In this case, the integrals have contribu-
tions of (’)(e*l’g()‘)xe”j()‘)(x*y)) and O(eM¥). Therefore, these terms contribute to Iy j(z,y) and

Jj(x,y). This concludes the analysis in this case.

Case 0 < y < z. As before, the pointwise Green’s function for this arrangement can be expressed
as a sum of homogeneous and particular solutions for the asymptotic system plus a correction term

expressed by a variation of constants formula,

G (z,y) = bi(A, y)e -8 "MH’)
Z DY( )\ 1/]

G12 (r,y)dT + o~ G12 (r,y)dr.

W)\ W/\

To obtain bounds, the two integrals must once again be decomposed into four integrals depending

on the relative positions of 7, y and zero. The first such integral is

0 (T
'@ [ D ne



Here we must use the expression for the asymptotic Green’s function valid for 7 < 0 < y,

B B
Dy (A, v3(X)) Dy, (A, va(N))

Convergence of the integral is guaranteed since

GL2%(r,y) = bi(\, )t O + es(N)es V) 4 (Ve VD),

Re (v+9 —vL(X) >0, for v=wvi(\),vs(\),and va(A)

and the integral inherits the domain of analyticity of the integrand. Focusing first on the term

involving by (A, y) we can write this as

O N —y) (LA Y) w0y + /
e e 1+67(x, A
<WA<O> A+67@A) |

0
e =T (1 497 (7, \))h(r)e+ N7 dT> :

Note that by(A,y) has singularities when () = v3(A) (ie. A = AP) or YI(A) = (N (e
A = A'P). Factoring out these singularities and consulting the expression for bs(\,y) we observe
that the remaining terms in the parenthesis are uniformly bounded in x and y and contribute to
H)(z,y).
Next consider the terms involving v;(\) with j = 3,4. In each case we can repeat the argument
above and obtain

2N (a—y) (5&(*0 )HZ?E{EAAZC(& ()A)) 2 Mg Ay / OOO e (1 4 0 (7, A))h(r)e”der),

Convergence of the integral follows due to the spectral gap for the asymptotic system at —oo

Factoring out the singularity at the branch point where v5(\) = v3(\) we obtain a similar bound.
The second integral is

G12 (7, y)dr.

W,\
To analyze this integral we must replace © (1) by its representation for 7 > 0 and use the expression

for the asymptotic Green’s function valid for 0 < 7 < y,
12,00 o 0 o ) (z—
G)\ (T,y) ——bz()\,y)e (M —bg()\ y +’BZD0 )\ Vl 5 (A)( y)‘

Recall Remark A.1 which says that the singularity at A = 0 due to the expressions for by(\,y)
and bz(),y) is removable in the expression for G§2. To obtain estimates, we begin with the terms
involving bs(A,y) for which we can factor

Yy
—o e (LB V(1 1 0% ) [ AN () dr
A 0

e N(@-y) ( \;;((Ag) bs(A, y)e”> MY (1 4 67 (2, ) / y(l + 607 (1, \))h(T) d7'>
A 0

—t W) ((GA et 4 gt (2, 0)) / "1+ 5 (. Ah(T) d¢> ,

Yy
—e"?Wa—y) <§ ((AO)) ba(\, y)e”> VY (1 4 67 (2, \)) / 2= LT (1 4 g% (7, A))h(7) dr
A 0
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Inspection of the integrands in both cases reveals that the integrals are uniformly bounded in y
and by consulting the formula for ba(A) we obtain that these terms can be factored into Hy(z,y).
The remaining terms involving v;(\) for j = 3,4 have a similar form

O N—y) (BCA)A+07(2,2)¢i(N) 10 a0y —vsy [V ()12 ())7) ] ) T)
) < WO /o ‘ (1+ K7 (7 A)h(r) dr )

2 W@y (AP + 0% (2, M)ei (A ) 2 Wiy [ ;=2 () iy N dr
(DI ) e | (1407 i) dr ).

Since Re(v34(A) > 0, upon moving the exponentials involving y into the integral we observe once

again that the terms in the parenthesis are bounded and can be absorbed into H)y(z,y).

The third integral is

GleO d .
W,\ (1, y)dr

In this case, we have 0 < y < 7 and the asymptotic Green’s function takes the form

12,00 _ WO N _ 8 nNGe-y _ B (V) (r—y)

For the terms involving b1 (A, y) we have

LN @) <\\§A((A3) bi(A, y)e” ™M1+ 0% (1)) / 1+ R (A dT) ’
Y

+er2 Ny <D(>\)b1()\,y)e”9()‘)y(1 ALCIPY)) / 2NN (1 4 9 (7, \))(7) dT) .
WA(O) y

The analysis here resembles the previous case and these terms can be incorporated into Hy(z,y).

On the other hand, the terms involving v; 2() require a bit more effort. To begin we write

BCN)ei(N)
() A Vj

i
( )CJ( ) we_yg(A)T +(r - el/j(A)(T—y) .
W (0)DY(A, v;(A ))/ (1+07(7))h(r) dr.

For the first integral, we use that Re(11 2(\)) < 0 while Re(—2% (A\)—19) > 0 and see that these terms

can be incorporated into Hjy(x,y). For the second integral, the gap condition on the eigenvalues

ev9<A>w(1+9+(x)) ) /Ze” W71+ k(7)) h(r)e s N dr,

+e (1407 (1))

implies that the integral can be bounded by the exponentials evaluated at 7 = y from which we see

that these terms can be absorbed into Hy(z,y).
The final integral is
Grl2 (7, y)dr.

WA
The same expression for the asymptotlc Green s function holds here since 0 < y < 7. The terms
involving b1 (), y) are rather straightforward to handle, so we focus instead on those involving v;(A).
Once again decomposing ¢~ (z) into an expression valid for > 0, we find terms including

—Bc;(N)

CN* (14 1 (@) o petry

-0 N7 + vi(A)(T—y)
e '+t 1+067(q h(7 (S dr.
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The integral converges provided due to the gamma lemma condition. After re-arranging we obtain

Vi N (@—y) < —BCNe(N) (1+ KT (2))et N -ri()z /OO

e—l/ﬂ()\)’r T Teuj()\)T )
Wx(0)DY(, ;) , (1+67(r)h(r) )

The terms in the parenthesis are bounded by Ce~%* and analytic aside from singularities occurring
when 12 (A) = v2()) or v2(A) = v3(A). They contribute to J, j(z,y).

C Absolute spectrum of the Swift-Hohenberg equation

We prove Lemma 4.1 abd provide explicit formulas for the absolute spectrum of the Swift-Hohenberg
equation. We utilize EZSS(L’;F) introduced in Section 2.2 and therefore recap the weighted spectral
curve
RN . .3 272 | s 3 22
ou(k;n) = —k% +4ink° + (2 + 697)k° +i(s — 4n° —4n)k — (1 +07)" + sn + p,

with n < 0. Also, recall the ordering (2.4) as well as the definition (4.1), so that we can write
Sabs(L) = {A € C: Dy(), p(N)) = 0,Re (p2(N)) = Re (p3(N\))}.

The proof of Lemma 4.1 is divided into three parts: (i) computation of the real triple point and
showing that all real points to the left (on the real line) of it are elements of M.ps(LF). (i)
computation of the two simple and pinched double roots. (iii) deriving an explicit formula for two
curves that connect the triple point and the double roots and which are monotone with respect to

the real part.

Proof of Lemma 4.1.

(i) First, we obtain that a self-intersection of (exactly) three segments of o, for different wavenum-
bers k € R can only occur on the real axis. Second, since we look for a spectral point, later denoted
by A, for which solving D(AY, p) = 0 leads to solutions that satisfy Re (p;(AY)) = Re (pj41(A)) =
Re (pj+2(Af)) for an index j € {1,2}, we check that o,(k;n) intersects the real axis for non-zero
wavenumbers at

2

1672’

Go(n) = ou(EVN2 + 1 —s/(4n);n) = 4n* +4n* + 1 —

where n? + 1 — s/(4n) > 0 holds for any s > 0 and n < 0. Moreover, the intersection point @, tends
to —oo for n — 0 and to +oo for n — —oo.

Since two segments of weighted essential spectrum intersect for different (non-zero) wavenumbers
at o, for any given n < 0, it holds that the real part of (at least) two spatial roots p; of D, (cy, p)
are equal to 7, i.e. it exists an index j € {1,...,3} such that Re(p;(7,)) = n = Re(pj+1(Fv)).
Next, we find that Im (0,(0; 7)) = 0 and obtain

ad(n) = a,(0;n) = —n* = 20* + sn — 1+ p,

where o) < 0 for n < 0 and any given s > 0 as well as u < 0.
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Since 7, tends from —oo to +oo for n from zero to —oo and at the same time ¢ < 0 holds, we
0 0

expect that there exists a weight n < 0 such that 7, = o,. Thus, we compute that 7, = o,
whenever 7 is the (unique) real solution to 2073 + 4n + s = 0. We have n'¥ < 0 holds for any
s> 0.

The key point is that at A\ := 7, (n%) = 0)(n'r), the spatial roots of D, (A'T, p) satisfy Re (pj(A'T)) =
Re (pj+1(AY)) = Re(pj42(AY)) for an index j € {1,2} and hence AY is a triple point in X,ps(L;)
(recall i, = 2), where we refer to [27, 28] for more information on singularities of the absolute

spectrum.

The explicit formula for the triple point is given by (4.3) via 00(n'F) and we note that A < —1 for
any s > 0 and p < 0. Additionally, since A lies to the left of the rightmost real point of Yess(L}),
it actually holds that

Re (p1(Ay)) = Re (p2(X)) = Re (p3(Ay)) < 0 < Re (pa(A))).

Next, we use [11, Proposition 2.3.1] which states that the (spatial) Morse index increases or de-
creases by one upon crossing o, in the complex plane from left to right depending on its orientation.

The orientations locally around &, for all s > 0 and 7¥* <7 < 0 are

Re (0, (=112 +1 = s/(4n);n) > 0,
Re (0, (/112 + 1 — s/(4n);n) < 0, (C.1)
Im (o, (£/7% + 1 = 5/(4n);9) <0,
where prime denotes the derivative with respect to the wavenumber k. From this, we obtain that
Ty € Yaps(LF) for n < 1 < 0 since in this case it holds that

Re (p1(@0)) < Re (p2(70)) = Re (p3(,)) < 0 < Re (pa(as))

and thus the only (purely) real points in Y,,5(L)) are elements of the interval (—oo, A'], with
AT < 1.

(ii) Utilizing the resultant function, we compute that two of the the three (candidates) for double
roots in Y,ps(L;) are given by (4.4). Note that the third candidate for a double root is purely real
and always larger than A'". Based on step (i), it is not an element of ¥,,5(£;") and thus we neglect
it in what follows. We further find A% < Re (A") for all s > 0 and p < 0 and since Im (A\¥) = 0

but Im (AL) # 0, we expect the emergence of the two complex conjugated branches from A

Next, we show that AY" are indeed elements of ¥,,,s(£;") and that they correspond to the rightmost
points. Since Re (0]) =0 for kL (n) == +/3n?> + 1 and Im (o),) = 0 for

VAR +4n — s

K ==+
:I:(T]) \/m )

we obtain from k7. = Kk’ the real solution

_43 3 2
ndr = M <0, where k:= \3/—95 + /192 4 81s% > 0.

v 12k
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Note that the real solution to k7. = k% is unique due to symmetry and we further define

) 3 K2
k" dr — i dr —kdr — + —
:I:(nv ) :i:(nv ) 2 Jr /{2 + 16\3/§
Therefore, the spectral curve o, possesses two complex conjugated cusps for n = n& which are
located at o, (k{";nd") = \I*. Using again [11, Proposition 2.3.1], we obtain that the double roots
AT are the rightmost points in X,p(£7) and thus they are pinched. Moreover, one readily verifies

that these double roots are also simple.

(iii) First, we note that n* < n& < 0 for all s > 0 and independent of u. Next, we obtain
again by [11, Proposition 2.3.1] and [27, Lemma 4.2], where the latter one describes the Morse
index at intersections of two curves in Mds, that further elements of X,ps(L) apart from the
interval (—oo, A'] (see step (i)) occur only at self-intersections of o, for ¥ < n < nd". These
intersections are located at points for which for any wavenumbers ki and ke with ki # ko it holds
that o, (k1;7) = oy(ke; @) with n' < 7 < nd'. Equating the real and imaginary parts, we obtain

that under the condition ' < 7 < nd* the intersections are located at

. - ~ 7 8s7) + 52 N s
Uv(n)!=24n4+8n2+§sn+ﬂ+n7 <43—

1672 -+ - \/ (873 + 8) (3273 +877+s)>

where

1
Fo= \/12772 +4- %\/—(8773 + 5)(3277% + 87 + s).

One further verifies that G,(n'") = A" and &,(n) = A", as expected.
The last step is to show that Re(¢)) > 0 for all ni¥ < 7 < n&*. To this end, we first obtain

U

that \/ (873 + 5) (3273 + 87 + s) is positive for all n'¥ < 7 < nd*, since 87> + s is positive and
3277 + 87 + s is negative for those weights (recall that n'¥ is the real root of 201 + 41 + s), and
where we note that nd" solves precisely 321> + 8y + s = 0. Thus, the real part of &/ reads

s 8si+s?

7
Re (&,(7)) = — —
€ (%(77)) 9 2172 8773

for which we obtain that it increases monotonically for any 77 < 0 and that Re (5, (nf)) > 0 as well
as Re (57 (ndr)) > 0.

Summing up, the absolute spectrum of £ is given by the real interval (—oo, Al'], where AT < —1,
and the two complex conjugated branches given by &,(7) for n%* < 7 < n¥, connecting A to the
left and A" to the right, and where the real part of these branches increases strictly from left to

right. This concludes the proof. |

We emphasize again that the branch points A", i.e. the simple and pinched double roots, are
the most unstable elements of X.ps(L}) for any s > 0 and p. Based on the monotonicity of
g(n) with respect to 7 it follows that remnant, absolute, and pointwise instability coincide in the

Swift-Hohenberg, which is also the case for the KPP equation.
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