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Chapter 1

Notch-Induced Domain Wall pinning in ferromagnetic
Nanowires

G. Carbou
Université de Pau et des Pays de I’Adour,
CNRS, LMAP UMR 5142,

Avenue de I’Université,
64000 Pau, France

gilles.carbou@univ-pau. fr

1. Introduction

In promising new magnetic-memory devices, the data are encoded by the
positions of domain walls (DW) in ferromagnetic nanowires (see Ref. 1). In
order to ensure the reliability of the storage, DW positions must be fixed,
since an uncontrolled drift of a DW induces an undesired modification of the
data. In these devices, DW pinning is ensured by patterning notches along
the wire. This pinning effect is described experimentally and numerically in
several papers (see Refs. 2,3). The aim of this contribution is to rigorously
establish a one-dimensional model of notched nanowire and to observe DW
pinning in this model.

The paper is organized as follows. In the next section, starting from the
three-dimensional classical model of ferromagnetic materials, we derive by
asymptotic process an equivalent one-dimensional model of nanowire. In
Section 3, we construct a static solution modeling one DW for the 1d model
and we prove that this solution is asymptotically stable modulo rotations
in Section 4. With this result, we establish rigorously that a notch pins
DW. In the last section, we study the effects of an applied magnetic field
on the pinned DW. We prove that the DW remains in the notch for small
applied field and moves out of the notch if the applied field is large enough.
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2. One-dimensional model of ferromagnetic wire

2.1. Landau-Lifschitz model in 3d

We consider a straight cylindrical ferromagnetic nanowire of length 2L,
presenting a radial constriction of length 2[ centered in the middle of the
wire, with 0 < I < L. This sample is described by €2,

Q= {@y 2w el - LLL @+ <r(@n},
where
ro if x| > 1,
r(z) = 1)
ryif |z| <1,
with 0 < r; < rg. We denote by a(x) the area of the cross section for €:

a(z) = m(r(x))*. (2)
The magnetic moment m(¢,x) is defined for time ¢ > 0 and position x =
(x,y,z) € Qy, takes its values in R3, and satisfies the saturation constraint:

lm(t,x)| =1 for (t,x) € R x Q,, (3)

where |- | is the euclidean norm on R3. The magnetic moment satisfies the
Landau-Lifschitz Equation:*°

Om = —m x h(m) — am x (m x h(m)) in R x Q,),

h(m) = /2Am + hd(m) + h,, (4)
Om

EZOOHRJ’_XaQT,,

where « is the gyromagnetic ratio, x is the cross product in R3, v is the
outward unit normal on 90X, ¢ is the exchange length, h, is the applied
magnetic field. The stray field generated by the magnetization, denoted by
h,(m), satisfies:

curlhy(m) =0 and div(hg(m)+m) =0, (5)
where m(t, x) = m(t,x) for x € Q, and zero for x ¢ (,,.

The effective field h(m) is derived from the micromagnetism energy
&y(m) by the formula:

h(m) = -0mé&,),
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with:
e 2 1 2
Ey(m) = — |[Vm|*dx + - |hg(m)|“dx — m-h,. (6)
2 Ja, 2 Jgs Q,

For smooth solutions, the Landau-Lifschitz equation (4) is equivalent to
the Landau-Lifschitz-Gilberg equation:

om — am x Oym = —(1+ o*)m x h(m) in RT x Q,,. (7)
Existence of global weak solutions for (7) is established in several pa-
pers (see Refs. 6-8). For an initial data mg € H'(€2,;R?) satisfying the
saturation constraint |mg| = 1 a.e., there exists m” : R* x €, — R? such
that:
o me L¥(RY HY(Q,)) 1 CORY; L2(2,)),
e Oym" € L*(RT x Q,),
e lm" =1 a.e.,
e m"(0,-) = my,
e For all T > 0, for all ® € L>([0,T]; H' (2,,; R?)),

n n
/ <8m —am"xam >~<I>dtdx:
0,11x0, \ 0t ot

3 U
(1+a?) /[0 S ZEQ (m77 X 881: ) : gj dt dx (8)
T % % i

n =1

—(1+a2)/ m” x (hy(m"”) 4+ h,) - & dt dx,
[0,T] %8y,
e forallt >0,

£,(m" (1)) + — /O/Q \8;;"(7,x)|2d7dxggn(mo), (9)

14+ a?
where &, is given by (6).

2.2. Statement of the asymptotic result

As in Refs. 9,10, by rescaling in the transverse variable (y, z), we aim to
obtain a one-dimensional asymptotic model of ferromagnetic notched wire:

Proposition 1. Let myg € H([-L, L];R3) satisfy |mo(z)| = 1 for all z.
For (z,y,2z) € Q,, we set my(z,y,2) = mo(z), and we consider m" the
weak solution for (7) with initial data mg. We define m” : RT x Q; — R3
by m"(t,z,y,z) = m"(t,x,ny,nz).
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Then, when n tends to zero, we can extract a subsequence still denoted
(m™"),, such that m" tends to m in L>(0,T; H* (1)) weak *. In addition,
m does not depend on y and z and satisfies:

o m € L®(R*; H'([-L, L])) N C°(R*; L*([-L, L])),
e Oym e L*(RT x [-L, L]),

e |m|=1 ae.,

e m(0,-) = my,

o Forall ® € C*(R+; H'(|-L, L); R

/ a(z)
Rt x[—L,L]

( ) ddt dx =
(1+a?) / 2m><a—m a—cbdtalx
R+ x[—L,L]

ot

or Oz

1
—(1+ oz2)/ a(x)m x <—(m262 + maes) + ha> - O dt dx,
R+ x[—L,L] 2

(10)
where my, mo, ms3 are the coordinates of m in the canonical basis
(e1,e2,e3) and a(z) is defined by (2),

o forallt >0,

E(m 1+a2/ / (T z)|2dr dz < E(mg), (11)

E(m(t)) = é/[_L ; a(z)|0ym(t, z)|*dx

+ / a(z) ((ma(t,z))* + (ms(t,2))?) do
(—L,L]

1
4

—/ a(z)m(t,z) - h,dz.
[_LvL]

Remark 1. As already observed,” ! the equivalent demagnetizing field in
the limit 1d model is local, i.e. its value at the point x only depends on
the value of m at the point z.

2.3. Proof of Proposition 1

We adapt the proof detailed in Ref. 9 in the present case of notched straight
nanowire.
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First step: bound for the rescaled variables. We define the fol-
lowing rescaled quantities: for ¢ > 0 and (x,y,2) € Q1, m"(t,x,y,2) =
m"(t,x,ny,nz) and for t > 0 and (z,y,2) € R3 h'(t,x,y,2) =
h(m")(t,xz,ny,nz). By using this rescaling in the Energy Estimate (9),
we obtain that for all t € RT,

~ «a t om" ~
En(mM)(t) + —— ——Pdtdx < & 12
S0+ i [ S < E o), (12)
where
~ 1
En(m"(t)) := ?&,(m"(t))
2 2
= — 10,m(t,x)Pdx + — [ (|9,m"(t,x)|* + |0.m"(t,x)|*)dx
2 Ja, 2% Jo,
1 2
+- |h7(t, x)|“dx — m'(t,x) - h,.
2 Jgs oh
(13)
Since —hy is an orthogonal projection for the L?(R3)-inner product, we
have:

[ha(m"(, )72 gy < [Im?(t,)[72(q,) < meas(2y)
as [m"”| =1 a.e. By rescaling, we obtain that for almost every ¢t > 0,
IA7(2, )13 ) < meas(€2y). (14)

In addition, using also the saturation constraint, for all ¢ > 0,

/ h, - m(t,x)dx
931

Since mg does not depend on the rescaled variable (y, z), using (14) and
(15), we obtain that for all > 0,

< |hg|meas(€y). (15)

~ 2 L
Ey(my) < K := %/ a(2)|0ymo(z)|2dz + meas(Q;) <; + 2|ha|> .
-L

So, by the rescaled energy estimate (12), we obtain that for all n > 0 and
allt > 0,

2 2
S0 (s + 5oy (105m 70 Eaqay + 1m0 e )

1 t
+§th(t7)||%2(ﬂ1) +/O ||atmn||%2(gl) <K.
(16)
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This yields uniform bounds for d,m", %%m”, %8zm” and A" in
L*°(R*; L?(Q4)), and for ;m" in L*(R™ x Q;). So, using also the satura-
tion constraint [m"| = 1 a.e., we can extract a subsequence still denoted
by m™ and A" such that

m"7 — m in L (RT; H1(Q)) weakx,
dym" and 9,m" — 0 in L>°(RT; L?()),
Oym" — 9ym in L2(R*; L2(€)) weak,

h" — hin L (R*; L?(Q4)) weak * .

By Aubin-Lions-Simon lemma,'! we can assume that m” tends strongly to
m in C°(0,T; L*(Q4)) U L>=(0,T; LP(€)) and almost everywhere, so that
|m| =1 a.e. in RY x Q. In particular, we remark that the limit m does
not depend on the transverse variable (y, z).

Second step: limit equation. Since for all n > 0, m"(0,-) = mo,
since m" tends to m in C°(RT; L?(4)), we have

m(0,-) = myo.

We take in (8) a test function ® such that 9,® = 0.® = 0. We obtain
that for all n,

n n
/ (E)m —am' x 5‘m> - ddtdx =
0,7]x 9 ot ot

n
(1+a2)/ 72 (m”xam >~a¢)dtdx
[0,7]x Ox

ox
—(1+a2)/ m" x (h" 4+ h,) - ® dt dx.
[0,T]x

Since m” — m strongly in L°(0,T; L*(Q4)), since d;m", d,m" and h"
tend respectively to dym, d,m and h weakly in L?(0,T x ), we obtain
that:
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/ (am—amxam>-¢dtdx=
[O,T]Xﬂl 315 8t

om 0P
1+a2/ Eg(mx)-dtdx
( ) [0,T]x Ox Or

7(1+a2)/ m x (h+h,) - ®dt dx.
[0,T]x

Since m and ® do not depend on y and z, denoting by h the average of
h in the cross section:

1
h(t,z) = —/ h(t,z,y,z)dy dz
a() Jiy,2)eB0,r())

(we recall that a(z) (resp. r(z)) is the area (resp. the radius) of the cross
section of €4 at the point z), we obtain that

/ a(x) (am—amx am) - ®dt dx =
[0,7]x [~ L,L] ot ot

om 0P
1—|—a2/ Pa(x)m x — - — dtdx
( ) [0.7)x[~L.L] X Ba o

—(1+a2)/ a(e)m x (b + hy) - @ dt dz.
0,7]x [~ L,L]

Third step: limit for the demagnetizing field. We aim to charac-
terize the weak limit h of h". We proceed as in Ref. 10. By rescaling (5)
in the variables y and z, the following relations hold in D'(R* x R3):

Ok — 9,12 =0, 9.k —nd ™3 =0, 9,hm! — nd,h1? =0,

N0z (AL + mm1) + 9, (K2 + mn:2) + 9, (k"3 + mn:3) = 0.
(a7)
Since h7 = h and m" — m in D'(R* x Q4), by taking the limit in D’(R* x
R3) when 7 tends to zero, we obtain that 8yh1 =0,h! =0, so h' = 0 since
h' € L>°(RT; L?(R?)), and

Oyh® —0.h* =0 and 9, (h* 4+ m?2) + 9,(h* + m3) = 0. (18)

Therefore, (h?, h?) is the 2-dimensional demagnetizing field generated by
(m?2,m3) in the plane (t,z) x R2.
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Let us prove now that for all ¢ > 0, h"(¢,-) — h(t,-) weakly in L?(R?).
We fix t € RT. By (16), the sequence h"(t,-) is bounded in L?(R?), so we
can extract a subsequence such that (A" (t,-)),, tends to a limit u in L?(R?)
weak. Now, System (17) also holds for a fixed ¢ in D’(R?). So by taking
the limit when #,, tends to zero, since A" (¢, ) — uw and m™(¢,-) — m(t,-)
in D'(R3), we obtain that u! = 0 and (u? u%) is the the 2-dimensional
demagnetizing field generated by (m?(t,z,-),m3(t,x,-)). Therefore u =
h(t,-). In particular, the weak limit does not depend on the extraction, so
the whole sequence h"(t,-) tends weakly to h(t, ).

Let us characterize ht = (h%, h?). We denote m* = (m2,m?). We fix
(t,z) € RT x[—L, L]. By the first equation in (18), there exists ¢ : R? — R

such that h, (t,2) = (gy:z>, and ¢ satisfies

(02 + 0%)p — —0,ni% — 0.0
Using that the laplacian kernel in R? is 5-log|Y|, with ¥ = (y,2), we
obtain that:

1 Y-Z

ht(t,z,Y) = 7/ ———mt(t,z)-v(Z2)do(Z).
27 JzeoBy (0,02 [Y — Z?

Writing in complex notations § = y + jz, m = m2(¢,x) + jm3(t,x) and

h=h2(t,z,Y)+ jh3(t,2,Y), we have:

1 [°" py— r(x)el?

—ip
% A W%(me J )T(m)d@,

h=

1 / m+ 3%m
—r(z — .
257" ) eon) 2300 — r(@)

m+3°m
For Y € B(0,7(x)), the only pole of 3 — —————— is zero and by
( 23035 - (@)
the residue formula we obtain that h = —%m, that is
1 0
h(t,z,Y) = —= [ m3(t,z)
m3(t, z)

In particular, h(t,z,Y) does not depend on Y € B(0,r(x)), so the
average satisfies:

1
h(t,z) = —3 m?

)

(t,
(t,z)

T
T

)
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Last step: limit energy estimate. We have proved that for all ¢ > 0,
h"(t,-) tends to h(t,-) weakly in L?(R3). In addition, for all ¢, we have

/|h”(t,x)|2dx:— (4, %) - Bt ) dx.
R3 (921

Since m"(t, -) tends to m(t, -) in L?(Q) strongly, since h"(t, -) tends to h(t, -)
weakly in L?(R3), we have

/RS (8, %) [2dx — — m(t,x)-h(t,x)dx:/ %(\mg(t,xﬂ?—&-\mg(t,x)|2)dx.

Q1 Q1

Since m"(t, ) tends to m(t,-) strongly in L?(£2;), we have:

— [ m"(t,x) -hydx — — [ m(t,x) - hedx.
Q1 951

In particular, for t = 0, using that mg does not depend on y and z, we

obtain that
7712517(1110) s E(mo)-

Let us prove that for all ¢ > 0, m"(t,-) — m(t,-) weakly in H(Qy).

We fix t > 0. First, we know that m” — m in C%(0,T; L?(€2;)) so
m"(t,-) — mf(t,-) strongly in L?(Q1). In addition, by the rescaled energy
estimate (16), Vm"(t,-) is bounded in L?(Q;). Thus for all subsequence
Vm' | we can extract a sub sequence which tends weakly in L?(Q) to a
limit w. By uniqueness of the limit in D'(Q4), w = Vm(¢,-). This limit
does not depend on the subsequence, so all the sequence tends to this limit.

Therefore, 9, m"(t,-) tends to d,m(t,-) in L?*(Q) weak. So, by classical
convexity arguments, for all ¢,

/ |0,m(t,x)|?dx < lim inf/ |0,m" (t,x)|>dx.
Q1 1951

In addition, wusing also that J;m" tends weakly to 0Jym in
L2(0,t; L2(€1)), we have by weak semicontinuity arguments that

t t
/ / |0ym(t, x)|*dxdt < lim inf/ / |0ym™ (t,x)|?dx dt.
0o Jo, o Jo

Thus, since the limit m does not depend on the transverse variable, we
obtain that for all ¢ > 0,

Elm(t,-) +/0 /[_L , a(@)|dm(t, )| dzdt < &(mo).

This concludes the proof of Theorem 1.
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2.4. Landau-Lifschitz 1d model

The limit LLG equation obtained in Proposition 1 is the following:

Oym —am x Oym = —(1+ a?)m x H,
1 ] (19)
H = ;628z(a8xm) + §(m262 + mases) + hg,
with the boundary condition:
O:m(t,—L) = d,m(t, L) =0 for all ¢. (20)

This system is formally equivalent to the following 1d Landau-Lifschitz
equation:

Om =—m x H —am x (mxH),
(21)

1 1
H= EEQGm(aBIm) - §(m262 +mae3) + hg,

with the boundary condition (20). Thereafter, we will deal with strong
solutions, that is solutions so that for all ¢, z — ad,m is in H'([-L, L]).
In particular, this fact implies that m satisfies the jump condition:

[m] = [ad,m] = 0 at the points —I and . (22)

3. Static DW in infinite notched nanowire

We consider in this section the infinite wire case (L = 4+00) with vanishing
applied field modeled by the system:

om — adym = —(1 + a?)m x H(m),
1, 1 (23)
Ho(m) = ;E 0, (ad,m) — §(m262 + maes).

In this section, we look for a static solution mg : R — S? describing
one DW between a left-hand-side —e; domain and a right-hand-side +e;
domain. This stationary solution satisfies:

mg X Ho(l’no) = O,

sin 0 cos ¢
and if we look for mg on the form my = | cosfycos¢ |, we obtain that
sin ¢
(6o, ¢) satisfies:
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1 1
52;81 (ad,00) — £(9,$)* cos O sin Oy + 3 sin B cos 6y = 0,

020, (acos 0p0,¢) = 0.

In order to describe a solution with one DW, we assume that 6 tends to —

s
2
(resp. +%) when z tends to —oo (resp. +00). From these limit conditions,

the second equation above imply that acos#d,¢ vanishes on R, and since
0 is not constant, we obtain that d,¢ = 0. So, ¢ is constant on R and 6,
satisfies:

622395 (a0.6p) + % sin Ay cos 6y = 0. (24)

We remark that by invariance of the system by rotation around the axis
e1, we can assume that ¢ = 0. We establish the following theorem.

Theorem 1. For alll > 0, there exists a continuous, odd, increasing map
0o : R — R, tending to —F (resp. +75 ) when x tends to —oo (resp. +00),
and such that mg : R — S? given by

sin 0o ()
mg(z) = | cosfp(x)
0
is a static solution for (23) with the jump conditions (22).
sin 0(z)
Proof. As already said, if x — m(z) = | cosf(x) | is a static solution of
0
(23), we have:
1 1
€2£8x(a8m6‘) +5 sinfcosf = 0 in D' (R). (25)

We assume that 6 is odd, so 8(0) = 0. We will prove the existence of 6y by
a shooting method, i.e. we will find pg such that the solution of the Cauchy
problem
{ £2§aw(aaleo) + % sinf cos 0y = 0,
00(0) =0,  65(0) = po,

satisfies the desired limit conditions: p(x) — 5 when x tends to +oc.

By (25), the quantity F(z) := ¢2(¢'(x))? + L(sin®f(x)) is constant in
each interval [0,1] and ]I, +00[. We denote py = 6'(0), so that 6 is solution
on [0,] of the Cauchy problem:

20" + %sinf)cosf) =0,
0(0) =0, 0'(0) = po.

(26)
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From the conservation of F, we have:
Vo e[0,1], F(z) = F(0) = £*(po)?,

so, denoting by 6'(7) the limit of #'(x) when z tends to | with « < I, we
have:

1 3
1= 2 - a2
00 = (o) = gzsno)) @)
From the jump conditions (22), [m] = [ad,m] = 0 at [, so denoting by
' (1) the limit of &' () when z tends to [ with = > [, we have 7(r)20'(17) =
7(r1)%6’(I7), that is
V0" (17) = 0'(1"),

where v is the ratio of the cross-section areas:

1 2

In particular, by continuity of § and using (27), we have:

1
. 1
0 = (02 - gsinto)) (29)
On ]l + oo, 0 satisfies the pendulum equation and tends to 5 when
tends to 400, so the trajectory z — (6(x), 6’ (x)) is on the separatrix of the
phase portrait, i.e. the curve p = ﬁ cosf. In particular,

1
Vo €]l, +oof, F(x) = 3
and taking the limit when z tends to [, = > [, using (29), we obtain that

o <€2(P0)2 - %sin2 9(1)) + %san(a(z)) = %

Therefore,

1 — 292£%(po)?
1—~2

0(l) = arcsin

T2

On [0,![, we have §'(x) = \/62 (po)? — & sin” A(x). Dividing this equality
by its second member and integrating in x between 0 and [, we obtain that

U

(1) d
- [ ,
0 \/82(}70)2 — Lsin’u

page 12
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and by the expression of §(1) above, we obtain that py and [ are linked by
the equality | = G(po) with:

1—2v2¢2(pg)?

arcsin T2 du
G(po) :/ :
0 \/€Q(p0)2 — Lsin’u
The map G is decreasing on ]%, ﬁ}, g(v\%) =0 and G(po) tends to

-++00 when pg tends to % Therefore, for all [ > 0, there exists pg 6]%, ﬁ]
such that G(pg) = I. This pg being given, we define 6, : [0,{[— R by solving
the Cauchy problem:

00(0) :10, 05(0) = po,

20 + 5 sin  cos Oy = 0.
We extend 6y on [, +o00[ by solving the Cauchy problem:

1
207 + 3 sin Ay cos @y = 0

. . 1
6o (1) given by the resolution on [0,1], 6;(1) = NG cos Op(1).

We extend now 6y in R by oddness. This 6 is solution of our problem.
O

4. Stability of Domain Walls

In this section, we consider the model (23). We study the stability of the
static solution mg built in the previous part for this model:
sin Oy ()
my(z) = | cosby(z)
0
We aim to establish that the DW is pinned at the notch. We remark that
the model is invariant by rotation around the wire axis: if m satisfies (23)-
(22), then for all ¥ € R, (¢,z) — Rym(t,x) is also solution for (23)-(22),

where
1 0 0
Ry = | 0cosy —siny
0 siny cosv

Because of this invariance, we have no hope to obtain the asymptotic sta-
bility for my. We will establish that mg is asymptotically stable modulo
rotation. For the applications, the important point is that the DW position
is asymptotically stable.

We will deal with strong solutions m for (23) such that:
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e m € COR) x R,;R3) satisfies |m(t,x)| = 1 for all (¢, ),
e m—mg € L®(RT; H(R)) and §;m € L*(R*; L%(R)),
e ad,m € L*(R*; H'(R)).

We prove the following stability result:

Theorem 2. Let my be the static solution given by Theorem 1. For all
€ > 0, there exists ny > 0 such that for all m being a strong solution for
(23), if the initial data satisfy |[mg —m(0,-)|| g1 r) < no, then for allt >0,

lmo —m(t, )|l g (m) < 6
and there exists Vo, € R such that

|Ry..mo —m(t, )| g1 () tends to 0 when t tends to +oo.

Remark 2. The DW position is asymptotically stable, i.e. the DW is
pinned at the notch. Without notch, as observed in Ref. 10, we only obtain
the asymptotic stability modulo rotation and translation in the z-variable,
so that DW drift is possible. In the case of a smoothly-notched nanowire
(i.e. if z + 7(x) is at least C!), similar results are obtained in Ref. 12.

The proof of Theorem 2 is divided in five steps. First, in order to deal
with perturbations of my satisfying the saturation constraint, we write the
Landau-Lifschitz System in a convenient system of spherical coordinates
(see section 4.1). Because of the invariance of (23) by rotation around the
wire axis Rej, 0 is an eigenvalue of the linearization. To overcome this
difficulty, in Section 4.2, we write the perturbations m of my as a time-
depending rotation of mg plus a perturbation V' belonging to the orthogonal
of the linearization kernel. We conclude the proof by variational estimates
that yield that V tends exponentially fast to zero, so that m tends to a
small rotation of my. These variational estimates performed in Section 4.4
are obtained after proving coercivity for the linearization (see Section 4.3).
The technical non-linear-terms estimates are postponed in Section 4.5.

We endow L?(R) with the weighted inner product defined by:

(ulv), = /ER a(z)u(z)v(z)d.

We denote by |[[[zz the associated norm:

fullzz = ( [ a@lu(o)Paz)
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We denote by H? the set:
H* = {ue H'(R), ad,u e H'(R)},

endowed with the norm:
1

2
sz = (Jlullys gy + 102 (@02 )132qey )

We remark that u € H? if and only if u € H'(R), in each interval I =
] =00, —=I[, | =1, 1] or ]I, +oo[, u; € H*(I), and u satisfies the jump condition
[adzu] = 0 at the points —[ and .

4.1. Coordinates on the sphere.

We use the following system of spherical coordinates to describe the per-
turbations of my: we define M by

M:]—max] -5, 5[ — S\T

sin 6 cos ¢
(0, 9) — [ cosBcosyp |,
sin ¢
where ' = {(O,y,z), y <0, y2+22:1}. The map M is a C*°-

diffeomorphism. Since my = M6y, 0) takes its values far from I', a small
perturbation m of mg will take its values far from I" and the norm of mg—m
can be controlled by the norms of 8y — 6 and .

There exists oy > 0 and ag > 0 such that for all m = M(6,¢) €
H} (R;S?) satisfying ||0 — 0o || peor) < § and [¢|| o) < F, then

a1|lm —mo| g r) < 10 = Oollmrr) + [0l ir) < @2llm — mol|g1(r).
and  aqflm —mo|[az < (|6 = Oolle2 + [l < azf/m — mo||ge.
We write now a time-dependent perturbation m of mg on the form
m(t,x) = M(0(¢, x), p(t, x)),

where (0, ) is a perturbation of (6p, ). Plugging m in (23), we obtain
that m satisfies (23) if and only if U = (0, ¢) satisfies:

aU = F(U), (30)

where the operator F is given by

F(U) = Ag)20(a0,U) + Bi(¢)(0:0)° + Ba(9)0:00,0 + C(U)  (31)

Book-Carbou page 15
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1
« Alp) =0 R
cosp «
—sinp atan g
e Bi(p) =12 and Ba(p) = —2¢ ,
Q CoSs Y sin sin ¢

1
isin29sing0+ %cos@sin@
e C(0,9) =

1
—%sinzecosapsinap—i— Ecosesinﬂcosgo

In this new system of coordinates, the jump condition (22) writes:
[0] = [¢] = [a0.0] = [adz¢] = 0 at the points —I and . (32)
While [|6—0o]| oo (r)y < § and ||| o ®) < 7§, Equation (30) is equivalent

to (21) and the stability of mg for (21) is equivalent to the stability of (6g,0)
for (30).

4.2. Invariance by rotation.

In order to deal with the invariance by rotation, we already know that for
all ¥ € R, z — Rymy(z) is a static solution for (23)-(22). By writing
this solution in the new coordinates, for 1y € R small enough, we define

K@) :z = (0(¢)(x), 2(¢)(x)) € R? by:

sin Oy (x)
M(O)(x), 2(¥)(x)) = Ry | cosbo(x) |, (33)
0
wich is a stationary solution for (30)-(32).
sin O ()
For 1 small enough and for all + € R, Ry | cosfy(x) | remains in
0

S?2\ T in wich M~! is smooth, so K is smooth for 1 small enough and
xz € R\ {—I,1}. By differentiating (33) with respect to v, we obtain that

o sin ¥ cos ©(1))
9K (1)) = cos by (cos O (1)) sin ®(¢)) sin 1) + cos ®(¢)) cos Qb) '
In particular,

Quk(0) = (cog%) '



December 22, 2017 17:18 ws-rvOx6 Book Title Book-Carbou page 17

Notch-Induced Domain Wall pinning in ferromagnetic Nanowires 17

For U(t) = (6(t), ¢(t)) in a neighborhood of (6, 0), we split U as:

Ut,z) = K(¥(t))(x) + V(¢ ), (34)
where V' = (v1, vg) satisfies the orthogonality condition:

VteRT, (va(t,-)| cosby), = 0.

We claim that if [|[U(¢,-) — (00,0)||g: is small enough, the couple
(U(t),V(t,-)) is uniquely determined. Indeed, taking the inner product
of U(t,-) with (0, cosfy), we obtain that

(ua(t, )| cos blo), = (®(¥(t))] cosbo), - (35)

We introduce the map f : ¢ — (®(¢)|cosby), . We have f(0) = 0 and
f/(0) = (cosbp|cosby), # 0. So there exist a; and ag, a1 < 0 < ag, there
exists az > 0, such that f is a C!-diffeomorphism from Jay, as| into | —as, as|.
We introduce vy > 0 such that if [¥(t)| < vo and ||V(t, )| 51 ) < 0, then
on the one hand, the second coordinate us of U = K(¥) + V satisfies
| (ua(t,-)| cosbp), | < as (so that we remain on the domain of validity of
the coordinates (¥,V)), and on the other hand, ||u; — fpllr~ < 7, and
|uz|| L= < %, so that U remains in the domain of validity of Equation (30).

We will deal now with the unknown (V,¥), where V €
L*°(R*; (HY(R))?) U CO(RT; (L3(R))?) and ¥ € CY(RT;R). We aim to
prove that if V(0) and ¥(0) are small enough, then, on the one hand, V (¥)
and ¥ (t) remain small, and on the other hand, V' (¢) tends to zero and ¥(t)
tends to a finite limit W, when ¢ tends to +o0.

In order to write the system verified by (V, ¥), we plug (34) in (30), and
we obtain:

dv

KV + 0K (W)= = F(K(¥) + V).

. . 0
Taking the inner product of this equation with < P ) , we get:
cos b

dv

o(W 0o). —

(0,8(0)] cos),

where F» is the second coordinate of . We remark that since 0y, ®(0) =

cos By, then for W(t) small enough, (9y®(¥(t))|cosby), # 0, so
dv (F2(KC(P) + V)| cos bp),
— = g = a

dt A, V) (0y® ()| cos o),

and by subtraction, we will obtain the equation for V:

OV = F(K(T) + V) — H(T, V)d,K(D).

= (F(K(¥) + V)| cosby), ,

(36)
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We remark that for a fixed ¢, x — K(¢) is a static solution to (30). Thus
for all ¢ > 0, F(IX(¥(t))) = 0. So in the Taylor expansion at order one of
F around KC(¥(t)), the terms are at least linear in V. We define Ay by:
AuV = AR(W))0,(a0,V) + (9:0(1))* B} (B(0))es + dC(K(D))(V),
(37)
Writing

FKT)+V)=AgV +G(T,V),
we obtain that V satisfies:

0V = ANV + (A\p — Ao)V—l—g(\I’,V) —H(\II7V)8¢K<\IJ), (38)

o= (25 ) (B)

1 1
Liv, = —52;83;(33331}1) + 5(81112 0y — cos? 90)’1}1,

where:

with

(39)
1 1
Lyvy = {7~y (a0, v2) + (5 sin® fo — £2(0))va.
a
For the convenience of the reader, the exact expressions and the estimates

of G and H are postponed in Section 4.5. System (36)-(38) remains valid
while [W(t)| < vg and ||V g1 (w) < vo.

4.3. Coercivity of Ag.

We denote by H?* the set of the v € H? such that (v|cosf), = 0.

By integration by parts in each interval | — oo, —I[, ] = I,1[ and ]I, +o0],
using the jump condition (22), we obtain that L; and Ly are self-adjoint for
the weighted scalar product (]),. In addition, also by integration by part
and using the jump conditions, we can factorize Lo since, for all v and v in
H:

(Loulv), = (Au|Av), ,
where the order-one operator A is given by:
Au = £dyu + €] tan Oyu.

This factorization implies that Lo is a positive self-adjoint operator and
that its kernel is one-dimensional and is generated by = +— cosfy(z) (we
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remark that this map satisfies the jump conditions since 6y does). Since
(1 sin® 6 — £2(6()?) tends to & when z tends to oo, the essential spectrum
of Ly is [%,4—00[. Let us prove that Lo > % on (cosfy)* by showing
that excepted 0, the eigenvalues of L, are greater than % If it is not the
case, let 8 €]0, %] and v € H** satisfy Lou = Bu, u # 0. We define v
by v(z) = a(z)(Au)(z). We remark that v # 0, since Au = 0 implies that

u € Rcosfy.
Since [u] = [Bp] = [ad,u] = [af}] = 0 at the points —I and [, [v] = 0 at
these points. In addition, in each interval | — oo, —I[, | — ,{[ and ]I, +o0],

we write that \* o Au = fu. We compose this relation by A and we obtain
that:

—020pv + (£2(05)%(1 + 2tan? ) — % sin? fp)v = Bo. (40)

On ]I, +oo|, since £2(6))? + 4 sin® §y = 1, we obtain that

—020ypv + (% — B)v=0.

We have 3 — 8> 0, so v € L?([l, +oc]) is a linear combination of trigono-
metric functions, so v = 0 in [I, +o00[. In the same way, v = 0 in | — 0o, —I[.
On [—1,1], we have ¢(6))? > 1 cos? 0, so
1

1
£2(06)%(1 4 2tan? 6p) — §sin2 Oy > 3

Therefore, with the jump condition [v] = 0, multiplying (40) by v and
integrating on [—I,[], we obtain that

1
e gl [ pP<s[ b
[—1,]] =4, [=1,1]

and since 8 < %, we conclude that v = 0 on [—/,I]. Thus v = 0 on R, so

Au = 0 on R, and then u is collinear to cos 0y, and we obtain a contradiction.
So Ly > % on (cosfp)*, and:

1
for all uw € H>*+,  (Loulu), > 5||u\|%2. (41)
Concerning Ly, we remark that Ly = Ly+g with g = ¢2(6)))? — % cos? 6.
Outside | — I,1[, ¢ = 0 and inside [—1,{], g is a non negative constant 7.

The essential spectrum of L in [%, +o0o[. Let us assume that the smallest
eigenvalue of L; is zero, and let v € H? be in the kernel of L, with v # 0.
Then we have, by taking the inner product of Lyv with v and by integration
by parts:

0 = (Lyv|v), = (Lov|v), —&—/{ ]a(x)70|v|2.
Yy
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Both terms of this equality are positive so both vanish. Thus on the one
hand (Lov|v), = 0 so Av = 0, i.e. v = vcosfy, v € R. On the other
hand, v vanishes on [—[,l], so v = 0. Therefore v = 0, which leads to
a contradiction. So the smallest eigenvalue of L, is strictly positive, and
there exists a constant ¢y > 0 such that

for all v € H?, (Lyv|v), > co||v|\2L§. (42)

We denote H = H? x H?1 and £ the operator defined by

L
for V.= (v1,v2), LV = (L;z;) .

For U = (u1,uz) € (L3(R))? and V = (v1,v2) € (L?(R))?, we denote:
(UV)y = (ur|vr), + (uzlva), ,

and
1

10l = (lualig + lualid )
From (41) and (42), with Cauchy-Schwartz inequality, we obtain that
forall V. H, ¢o(LV|V), <[ILV]72. (43)
We prove also the following proposition:
Proposition 2. There exist a; > 0 and ag > 0 such that for all U € H,
o [Ullar @) < (LU0 < 0oV ey
and
ar|[Ulgz < [£U]|zz < a2||U]|m
Proof. We have
(Liugfug), = /Ra€2|8$u1|2 + % /Ra (sin2 6y — cos? 90) u?,
SO

1
0|72 < (Laiuafua), + §||U1||2Lg

1
<(1+—)(L
< (1 5o (L),

using (42). This provides the claimed bound for the H' norm. We obtain
the H? estimate writing that

1 1 1, .
;ax(aamul) =5 (L1u1 + i(SIHQ 6y — cos® Go)ul) ,
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SO
[02(adzu1)llrz < c(l|lLallrz + [lurllzz)-
Now, by Cauchy Schwarz inequality, (42) yields

collurl|Fz < (Lrualur), < || Ly pzlluallzz,

1
so |lui|lpz < —||Liuq||z. This conclude the proof of the H? estimate for

uy. Using now (41), we prove in the same way the H' and H? estimates
for us.
O

4.4. Last Step. Variational estimates on V.

We recall that System (36)-(38) is valid while |¥(¢)] < w1y and
IV, M e < vo. By Proposition 2, we introduce vy such that 0 <
1 < 1y and such that

1
(Lviv)z <uvi = [[Vlmw) < vo,

N

so that System (36)-(38) is valid while |¥(¢)| < 11 and (LV (¢)|V (1))
). Since L; and

§ V.

We take the inner product of (38) with LV = <§121
2V2

L are self-adjoint, we obtain that:

1d
3d (LVV)y +allLV]7: = ((Aw — Ao) V + G(¥, V)[LV),

—H(T, V) (0, K(V)|LV), .
The right-hand-side terms are estimated as follows:

Proposition 3. There exists a constant ¢ such that for all v € R and
W e H, if the following hypothesis holds:

| < vy and (CW[W)E < vy, (44)
then
G0, W)l[rz < c((LWIW)Z + [V ILW ||z,

A0 — Ayllrz < c[Ol[[LW]| 1z,
(1, W) < c(LW[W)2,

and [ (OpK(D)LW), | < e[| W] Lz
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We postpone the proof of Proposition 3 1in Section 4.5. Using this Propo-
sition, while |¥ ()| < vy and (LV(t)|V (t))2 < v1, we have:

[(Aw — Ao) VLV, < 0[]V 2,
(G, V)ILV), < c((LVV)E + W)LV |z,

[H(W, V) (@uKW)|LV), | < (LVIV)E LV 1z < 2 L0V ]2,

Therefore, there exists ¢; such that while |¥(¢)| < v4 and <£V(t)\V(t))a% <
V1, then
1d
2dt
that is:

[N

(LVIV), +allLVIE < el eVIB; (191 + (evIvid),

1d<
2dt

Let v, be defined by vo = min{3Z-, v1}. While [¥] < vy and (LV|V)

1d
2dt

LVIV), + 16V (o = eal¥] + e (LVIV)E) < 0.

a

m\»—A

(LVIV), + *HﬁVH%g <0,
and using (43),
d 2
— — <
SALVIVY, + o= (LVIV), <0
Thus, while [¥| < 15 and (LV[V)2 <
(LVIV), < LV OV (0)) e 5. (45)

Using again Proposition 3, this estimate yields that while |¥| < v and
1
(LVIV)2 < vy,
_coat

‘ < (LV(0)[V(0)2 e~ 5, (46)

so, by integration:

3
90| < [B(0)] + e (VO O)) (47)
We set v3 = %2 min{l, 2*}. We assume that [¥(0)] < w3 and
1

(LV(0)|V(0))2 < v3. Then for all times, |¥(¢)| and (EV(t)|V(t)>a% remain
smaller than v5. Indeed if it is not the case, we introduce the first time in
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which one of this estimate is false. Now, on [0,¢1[, (45) and (47) remain
valid, so:

2V2

2 and |U(1)] < N

v
3
which leads to a contradiction by continuity when ¢ tends to t;.

So, (45), (46) and (47) remain valid for all time, thus V(¢) tends to
zero in H'(R), ¥ remains small, and since 47 is integrable (by (47)), (%)
admits a finite limit when ¢ tends to +o0o. In order to complete the proof

of Theorem 1, it remains to establish Proposition 3.

Vte[0,t], (LV|V)E <

4.5. Nonlinear estimates.

First we write the Taylor expansion of F(K()) + W) around K(¢)) =
(O(¥), ®()), with W = (wq,ws). Using the fact that F(K(¢)) = 0, we
obtain that

where Ay is given by:

AyW = A(é(w))éax(aazw) +(0:0(4))* B (®(v))wz + dC(K()) (W),

and G is given by
G, W)=T1+...+Tg, (48)

with

T, = A(B(6), 02) 02 (a0, (K(5) + W)

Ty = Bi(®(),w2) (2:0(1))?

Ty = 2B1(B(5) + 12) (0.0(0)) e

Ty = Bu(@(1) + w2) (O,u1)?

T: = Ba(@(0), w2) (2:0(1)) (2:2(v)

Ty = Ba(@(0) + wa) (9,01 9:0(05) + ,0()D.»)

T; = BQ(@(’(/J) + wg)azwlaggwg

Ty = C(K(¥), W).
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In the previous formula, A, El, By and C are the remainder terms arising
in the Taylor expansions at order 1 or 2:

1
A(a,b) = / Al(a+rb)bdr, acRbeR,
0
B 1
Bi(a,b) = / (1—7)B!(a+7b)bdr, acRbER,
0
- 1
Bs(a,b) = / By(a+ 7b)bdr, a€RbeR,
0

1
CU, V)= / (1—7)A*C(U +1V)(V,V)dr, U€cR?V eR%L
0

Concerning K(¢) = (©(¢), ®()), by differentiating (33) with respect
to x, we obtain that:

9:(0(y)) = 6] (cos 0o cos O (1)) cos D(¢h) + sin O(v)) cos D(1)) cosp sin 90>

0 (P(2)) = 0y (— cos By sin @ (1)) sin O () + sin 1p () cos O(1)) cos ¢ sin Oy
— sin sin 6 cos ®(¢)>
So there exists K such that for all ¢ € [-F, 7] and all z € R
0K () ()] < K16()]- (49)
By differentiating (33) once again with respect to x, we obtain that
0. (20, K (¥)) ()| < K (102(adsbo)(2)] + [65(2)]?) - (50)
In addition,

IK(¥)(z) = K(0)(z)] < K| and [0:K(¥)(z) — 0.K(0)(z)] < K|0h()|[4].

(51)

Using the formulations of A, Bj, Bs, there exists a constant K such
that under Hypothesis (44), then:

l[A(@(y))| < K, [A(®(¥)) — A(0)] < K[y,
[A(D (), w2)| < Klwa|(|1h] 4 |wsl),
|B1(®(¥)+w2)| < K([Y|+|wa]), [Bi(@%))] < K, [Bi(®(),ws)] < Klwa|?,

|B2(®(¢) + wa)| < K(|¢p| + |wal), [B2(®(1), ws)| < Klwsl,
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[dC(K (W) = dC(K(0))] < K[|, and [C(K(¥), W) < KW
Thus, under the condition (44),
IT1llzz < [IA(R(W), w2) Lo || 502 (adu (K(4) + W) 2

< Klwallze ([v0] + [Jwel[ L) (IK(¥) 12 + W |e2)

< Kllwallg (J¢] + lwallg ) (K + [V [12)

< K[[Wiaz (¢l + [[W]la1)),
IT2llzz < I Bi(@($), w)llz [0:0(4) 17

< Klwall2 lwal e < K[W|3,,
[ T5][22 < 2[|B1(@(%) + w2) || |0:0(¥) || Lo [|0zw1 || L2

S K9]+ W)W < K([9] + [[Wa) W |52
[Tal[rz < 1Bi(@(¥) + wa)llL | 0pwi|[r2]|0zwi Lo < KW |1 [W ]| 52
ITs5]lL2 < [ Ba(®(1), wa) | Lo 10O (1) || oo [| 02 (1) || 2

< Klplllwa|lpee < K[p|[|W]| g1,
[T6l[r2 < [B2(@(¥) + wa)l| Lo | Oxwi | 12]|02B(¥) || Lo

H|B2(2(¥) + w2)|| Lo [|Ow2l[ 2| Lo [|0:O(¥) || L=

S K([9[ + (W) Wz < K9]+ (W) W | z1
1T7[|Lz < || B2(@(¢)) + wa) |l Loo |0xwr || 2 || Ox w2 Lo

< K([9] + (W) [IW la2 W] a2,
|5l = ICK(), V|2

< KW= Viizz < K[W (%

Therefore adding up the previous estimates and using the norm equivalences
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in Proposition 2, we obtain that there exists a constant ¢ such that under
hypothesis (44),

19, W)llez < e (1] + (EWIW)E) [£W |-
We estimate now (Ay — Ag)V:

[(Ay — Ao)W L2 < [|A(R(¥)) — A(O)”L““éax(aaxW)HLﬁ

+H(0:0(1))* Bi(2(1)) — (06)*B1 (0) | = [|wal| 2
HAC(K() — ACK(0) | = W] 2

< K[Y[|W a2 + K[¢[[W] e,
So there exists ¢ such that under Hypothesis (44),
[(Ay = Ao)W Lz < c|[|[ LW ]| 2.

In order to estimate H (¢, W) given in (36), we split the second coordi-
nate of F(I(¢) + W) in the following way:

FoKW)+W)=Ti+Ta+Trs+...+Ts2,
where

T = 622 (cos O ()0, (ad,wr) + aax(aamwg)>
Tz = (0,0(1))* o (cos2 ®(¢)) — sin? <I>(7,/})) we + dCo(KK(¢)) (W)

+Zgl (@(1/)), wz) éar (33r9(1/))),

(Ag; is the entry (2,1) of the matrix A) and T ,...,Ts 2 are the second
coordinates of the T;’s given above. By integration by parts, we have:

(Ti| cos Bp), = —* (0yw1|0,(cos (1) cos bp)), — al? (9w |0y cos bp),
=)
[(Ti] cos bo),| < K|0:W |12
In addition,
172llLz < K[[W][Lz.
From the estimates obtain on the T;’s, we have for i € {2,3,5,6,8}:
| (Ti 2| cos o), | < ||Tiz2llzzllcosollLz < KW g1
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We estimate the terms arising from 7, and 7% in the following way:
[ (Ta,2| cos bo), | < [|al| L] Br(® () + w2)l| Lo ]|Oawi |7 2] cos fol| L~

< K[[Wlfp,
[ (Tt 2] cos fo), | < [lall | B2(®(e) + w2)l| L |0z w1 |72 || cos O] o

< K|[WIf.

Therefore, using the equivalent of norms established in Proposition 2, under
assumption (44), we obtain that there exists K independent of ¢ and V
such that:

| (Fa(K () + W)| cos o), | < K (LW[W)2

Since (0y®(v)| cos ), is bounded by below by a non negative constant for
|| < v1, we obtain the claimed estimate for H (i, W).

We finish the proof of Proposition 3 by estimating (04K (v)|[LW),: we
remark that

<8¢JC(O)|EW>A = <COS 90|L2U)2>a =0
since Lo is self-adjoint and Ls cos 8y = 0. Thus:

[ QK (D)LW ), | = [{0y () = Dy K(0)[LW), |
< 0y K() = 0L O)][ 2 |EW ]| L2

< K[Y[[[|66] 2 | LW ||z with (51).
Therefore,
| (O K(WLW), | < e[| LW ]|z

This concludes the proof of Proposition 3.

5. DW depinning

We consider in this section a notched infinite ferrmagnetic nanowire with
a non vanishing applied field h, oriented in the direction of the wire: h, =
he;. This situation is modelled by:

{@mz—mXH—amX(mXH),

52
H = éﬁ@m(aazm) - %(mgeg + mases) + hey. (52)
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First, we prove that for h small enough, (52) admits a stationary solution
describing a DW:

Theorem 3. There exists h* > 0 such that for all h with |h| < h*, then
(52) admits a stationary solution my, of the form:

sin 6,
my,(z) = | cosfy
0

where 0, : R — R tends to —3 (resp. +3) when x tends to —oo (resp.
+00).

Proof. The map my, is a static solution of (52) is and only if
1 1
52;8w(a8x9h) + 3 sin @ cos 0}, + h cos 8, = 0. (53)

We look for 6, on the form: 6, = 6y + vy, where v, € H2. We define
x : R x H? — L2(R) by:

1 1
x(h,v) = 62;8x(a8x(90 +v))+ B sin(fp + v) cos(8p + v) + hcos(fy + v),
We remark that x(0,0) = 0, and that
1 1
9vx(0,0)(w) = £2£8w(a8$w) + §(Sin2 0 — cos? Op)w = Lyw,

where L is defined by (39) (see Section 4). We proved that Ly is coercive,
so we can apply the implicit function theorem: there exists h* > 0 and
a C! function h €] — h*,h*[— v, € H? such that for all h €] — h*, h*],
x(h,vo) = 0, that is 6y + vy, is a static solution to (53) tending to +75 (resp.
—%) when z tends to +oo (resp. —o0). O

Using the same method as in Part 4, we can prove that for h small
enough, the solution constructed in Theorem 3 is stable modulo rotations.
In this case, the linear operators arising in the linearization will be:

Lh = —iﬂ@w(aax) + %(sin2 0, — cos? 0;,) — hsin 0y,

L? = —120,(ad,) + Lsin®0), — £2(6})% — hsinby,.

In particular, since ¢, tends to =75 at the infinity, since both %(sin2 0n —
cos? ) and 1 sin® 6, — €2(6,)? tend to 3 at the infinity, the essential spec-
trum of L; and Ly will be [ — |h[,4+0o[. Therefore, even if there exists a
static solution for h > %, it will be unstable. In fact, in the case h > %

(resp. h < —1), a —ej-domain (resp. a +ej-domain) is unstable.
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In order to illustrate DW depinning, we prove that if the applied field is
sufficiently large, there exists no static stable solution describing one DW:

Theorem 4. Whatever the lengh | of the notch, if %L__—z < |hl < %, there
is no Oy satisfying (53) and tending to —% (resp. +7%5) when x tends to

—00 (resp. +00).
We recall that 7, defined by (28), is the ratio of the cross-section areas.

Proof. We fix h such that %% < |n| < 1. We assume that there exists 6,
satisfying (53) and tending to —% (resp. +%) when x tends to —oo (resp.

+00). We introduce the quantity Fj, defined by:
1
Fn(x) = 02(05,(2)) + 3 sin? 0y, () + 2h sin 0y, (x).

By (53), Fp, is constant in each interval | — oo, —I[, | —1,1[ and ]I, +oo[. We
precise this constant with the limit conditions:
1
Vz €] — oo, —=l[, Fn(z)= = —2h,

2
(54)
1
Vz €]l,+oo], Fn(z)= 3 + 2h.

We denote 0! = 6;,(—1) and 0" = 6,(l). We denote by 0'((—1)~) (resp.
0'((—=1)™)) the limit of #'(z) when z tends to —I, = < —I (resp. = > —I).
In the same way, we denote by ¢(I7) (resp. 6(I7)) the limit of 6'(z)
when z tends to [, © < I (resp. = > [). By the jump conditions, we have
0'((=1)7) =~ ((=1)*) and ¢'(IT) = v0'(I"). In particular, we have, using
also (54):

1 11 1
62(9/((—l)+>)2 = ¥£2(91((—l)_)2 = ¥<§ —2h — 5 sin2 Ql — 2hsin91)
O'17))? = iez(e’(ﬁ)z = i(1 +2h — Lgn2er — 2hsin ")
~? ~v2°2 2 '
Thus, using the conservation of F, on | — 1,1, we have:
1 /1 1 1
— ( —2h — ~sin® ¢ — 2hsinol) + S sin?6' + 2hsin 6 =
A2\ 2 2 2
1 /1 1 X 1 . .
? (2 + 2h — 3 sin? 0" — 2hsin9r) + 3 sin? 0" + 2hsin@",
that is

vp(sin8") — vy, (sin B') = T
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with
1
vp(z) = 522 + 2hz.
1
For |h| < %, we have [max] Uh =5 + 2|h| and [min] v, = —2h%. Therefore,
—1,1 —-1,1
4h 1
———| < = +2|h| +2h?
that is
1 1+9° 2
0<=-—-2 h|+ 2h°.
—2 1- 72| I+
So |h| is outside the roots of £ —» 2622 iﬁ £+1. Theroots are £~ = %ﬁ—j{

and ¢t = %% Since |h| < 2 < £F, then 0 < |h| < €7, which leads to a
contradiction. This concludes the proof of Theorem 4.
O
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