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Abstract

The occurrences of earthquakes can be regarded as a point process. The arrivals of these
earthquakes are, however not independent. Large earthquakes can trigger aftershocks. We say that
the process is self-exciting. Hawkes processes are widely used self-exciting processes to model such
phenomena. In this article, we apply these models with an exponential decay function to seismic
data and show their relevance.

Introduction

Hawkes processes are self-excited counting processes: each event increases the rate of future arrivals
over time. This is the case with aftershocks of earthquakes; an earthquake increases the geographical
tension in the region and can cause a second earthquake (Ogatay, [1988). This paper presents properties,
simulation algorithms, and inference methods to fit a one-dimensional Hawkes process to seismic data.
The modeling of Hawkes processes in terms of the conditional intensity and its simulation using a
thinning algorithm is presented in Section 1. Statistical inference procedures are discussed in Section 2,
while Section 3 is dedicated to practical applications on simulated and real earthquake data from
Guadeloupe over 2004-2005. Finally, conclusions and perspectives are depicted.

1 Modeling of Hawkes processes and simulation

This part introduces basic notions regarding Hawkes processes. For this presentation, we have fol-
lowed [Laub, Taimre, and Pollett (2015)). For more details, the interested reader may consult Daley
and Vere-Jones| (2003).

1.1 Modeling in terms of conditional intensity

Definition 1. We consider a counting process (N(t),t > 0), defined as the number of events that
occurred up to time ¢, with associated history (H(¢),¢ > 0) of arrivals, and conditional intensity

defined as
E(N(t+h) — N(t)|H(t)) (1)
- .

A Hawkes process is such a counting process defined by a constant A > 0, called background intensity
and a function pu : [0, +00) — [0, +00), called excitation function, such that

M (1) = li
(t) lim

)\*(t)—)\+/ p(t— ) AN(s) = A+ S plt — ),
0 i=1

where (t;)1<i<p is the increasing sequence of time arrivals up to t.



Let us recall that the choice of the intensity in means that for all t,h > 0,

P(N(t+h) — N(t) =0|H(t)) =1 — X" (t)h + o(h),
P(N(t+h)— N(t) =1/H(t)) = N (t)h + o(h),
P(N(t+h) — N(t) =n|H(t)) = o(h) for any n > 1.

Each arrival increases the intensity of future arrivals which makes the process self-exciting. The
form of this self-excitation depends on the excitation function p. In this article, we use the exponential
decay function pu(t) = aexp(—pSt). In this case, more recent events have a higher influence on the
process. Each event instantaneously increases \* by a and the influence of this event decreases over
time at rate .

Theorem 1. For the process to be well defined it is necessary that

n:/ p(s)ds < 1.
0

A proof of this result can be found in [Laub et al.| (2015)).
If n > 1, the model explodes. For an exponential decay excitation function we should respect the
condition a < .

1.2 Simulation with thinning algorithm

To simulate a Hawkes process we use the thinning algorithm (see e.g., (Chen, 2016): Similarly to the
generation of an inhomogeneous Poisson process. Knowing t1, ta, ..., tx, A* is deterministic on [tg, txp11],
so we can see the generation of the point #3471 as the generation of the first point of an inhomogeneous
Poisson process using a rejection procedure. We use Ogata’s modified algorithm (Ogatal 1981} p.25,
Algorithm 2).

Figure [I] shows the conditional intensity curve of a simulated Hawkes process with parameters
a=0.6,8 =0.8and A\ = 2 on a period T' = 10, superimposed on the event curve. We observe that
each jump in the intensity corresponds to the arrival of a new event, and after some time, the events
occur more frequently than at the beginning.

2 Inference and model validation
The Hawkes process has 3 parameters to estimate. We present a maximum likelihood procedure.

2.1 Likelihood function

Theorem 2 (Hawkes process likelihood). Let N be a Hawkes process with a conditional intensity \*
and let {t1,...,tx} be the arrival times on [0,T]. The likelihood L of the process is

k T
L= H/\*(ti) exp <—/ A*(u) du>.
i=1 0
A proof of this expression can be found in Daley and Vere-Jones| (2003))[Section 7.2].

In the case of an exponential decay function u(t) = aexp(—pt), the log-likelihood function is in
the form

k i1 k
€:logL:Zhl )\—l—aZexp(—,B(ti—tj)) —)\tk—i—%Zexp(—B(tk—ti)).
i=1 j=1 i=1
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Figure 1: The conditional intensity curve of a simulated Hawkes process with parameters
a=0.6,5=0.8 and A = 2, superimposed on the event curve.

2.2 Parameter estimation

To estimate the model parameters, we need to maximize the (log-)likelihood function. It is a max-
imization problem with linear constraints. In the case of exponential decay excitation function, the
objective function is asymptotically concave. In R, we use the optimization method ConstrOptim. It
transforms the problem into a constraint free problem using a logarithmic barrier and then solves it
by using the constraint free optimization function Optim of R.

2.3 Model validation: residual analysis

In this section, we present an approach to check the goodness of fit of a Hawkes process to some arrival
times of a point process. This approach is called residual analysis (See |Daley & Vere-Jones, 2003|
Theorem 7.4.1.).

Theorem 3. Let {t1,ta,...} be the arrival times of a point process N. We define the cumulative inten-
sity A as A(t) = fg A*(s)ds. The residuals sequence {11, 72,...} = {A(t1),A(t2),...} is a realisation
of a unit rate Poisson process if and only if N is a Hawkes process with conditional intensity \*.

Given the arrivals of a counting process and the estimated parameters using the maximum likelihood
procedure, we check if the residuals of this model form a unit rate Poisson process. In practice, we use
the envelope test, where we plot the envelope of a unit rate Poisson process and we superimpose several
samples of Hawkes processes with the estimated parameters, generated by the thinning algorithm.
These samples have to be within the envelope, this test also allows us to have a vision of the average
behavior of Hawkes processes with the same parameters. We can also check if the inter-arrivals of the
residuals are exponential variables with unit rate, using a Kolmogorov-Smirnov test. Another possible
test is to check whether the martingale residuals, defined as R(t) = N(t) — fg A*(u)du, are close to 0
(Daley & Vere-Jones, 2003, Lemma 7.2.V), they actually represent the error between the model and
the data accumulated over time.
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Figure 2: Inference procedures on synthetic data: Conditional intensity curve superimposed

on event curve, envelope test ( the green curves correspond to unit rate Poisson processes and

the red curves correspond to the residuals of the simulated Hawkes processes), Kolmogorov-
Smirnov test and martingale residuals.

3 Application to synthetic and real data

3.1 Simulated data

First, in order to verify the previously presented results, we have performed statistical inference on the
data given by a simulated process.
The obtained estimation results are

A =2.06, &=0.61, 3=0.81.

The real values are A = 2, = 0.6 and 5 = 0.8, so the estimated values are close to the real ones. If
the unit of time is days, then the value A = 2 means that every day, 2 events that are not aftershocks
arrive.

Figure [2] makes a synthetic presentation of the implemented inference procedures.

The envelope test consists of the residuals of 100 simulated Hawkes processes with parameters &,
B and X in the time interval [0,7] with T" = 100 days. These residuals are all within the envelope,
which confirms that they are unit rate Poisson processes. The martingale residuals oscillate around 0,
therefore the error between the model and the data accumulated over time is small.

Concerning the Kolmogorov-Smirnov test of the inter-arrivals of the residuals. The test returns
a p-value equal to 0.65. This value is high so we cannot reject the hypothesis of having a sequence
that follows an exponential law of unit rate. The Kolmogorov-Smirnov test plot shows the distribution
function of the empirical data and that of the exponential distribution of unit rate. The two functions
are very close, and the Kolmogorov-Smirnov distance is equal to 0.03 which is a small value. Therefore
all of these tests do not reject the null hypothesis, that the residuals form a unit rate Poisson process,
so the process is a Hawkes process with a conditional intensity whose parameters are «, 8 and .
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Figure 3: Inference procedures on seismic data: Conditional intensity, envelope test,
Kolmogorov-Smirnov test and martingale residuals.

3.2 Inference for the seismic data from Guadeloupe

As an application of what we have presented, we use the earthquake data in Guadeloupe during the
years 2004 - 2005 obtained by RING Team. We test if the Hawkes process provides us with a suitable
model for this seismic sequence, consisting of the main earthquakes that occurred after November 21,
2004. The earthquakes’ arrival times were in seconds and we converted them into days, to guarantee
numerical stability for the maximum likelihood optimization.

We found the following estimated values

~ ~

A=1.76, & =3.44, B = 5.06.

In this case A = 1.76 means that every 1/1.76 days, an event that is not an aftershock arrives.

Figure 2l makes a synthetic presentation of the implemented inference procedures. The residuals of
the envelope test are all within the envelope, which confirms that they are unit rate Poisson processes.
The martingale residuals oscillate around 0 and they move slightly away from 0 around day 110.
Concerning the Kolmogorov-Smirnov test plot, it shows the distribution function of the empirical
data and that of the exponential distribution of unit rate. The two functions are very close, and the
Kolmogorov-Smirnov distance is equal to 0.03 which is a small value. However, the p-value of the
test is equal to 0.02. These results encourage us to pursue the modeling work based on Hawkes point
processes by using also the information provided by the magnitudes.

4 Conclusions and perspectives

This paper introduced the Hawkes point process and applied it to simulated and real seismic data.
A simulation algorithm based on a thinning procedure was also presented together with a parameter
estimation procedure. Statistical tests using residual analysis were also provided to verify the estimation
quality and to validate the obtained model.
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The conditional intensity of the proposed model was built using an exponential decay excitation.
The results obtained on real data showed that Hawkes processes are indeed a mathematical tool that
is interesting for such type of data. In order to improve the quality of the results several points should
be mentioned: using other models than exponential, extending the mathematical framework to the
marked and spatial cases (See Ogatal |1988], 1998).
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