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From the Boltzmann description for mixtures to
the Maxwell-Stefan diffusion equations

Francesco Salvarani

Abstract This article reviews some recent results on the diffusion limit of the Boltz-
mann system for gaseous mixtures to the Maxwell-Stefan diffusion equations.

Key words: Boltzmann system; Maxwell-Stefan equations; cross-diffusion.

1 Introduction

The Maxwll-Stefan system [25, 29] has been derived in the 19th century for describ-
ing the diffusion behaviour of multicomponent gaseous mixtures. These equations
are very popular in the context of chemical engineering [30] and have been exten-
sively studied in the 20th century from the numerical point of view [17, 18]. Starting
from [10] and [12], a renewed interest in the Maxwell-Stefan equations arose in the
mathematical community and several colleagues have worked for better understand-
ing the mathematical properties of these equations.

The goal of this article is to review the recent literature devoted to a specific topic:
the Maxwell-Stefan limit of kinetic equations for gaseous mixtures. The starting
point, in the case of non-reacting mixtures, is the standard extension of the Boltz-
mann equation [5], derived by Ludwig Boltzmann in 1872. However, many other
variants of this model exist: we quote, for example, [28] and [26], which provide
two very popular examples of kinetic equations for gaseous mixtures. In the reac-
tive case, the situation is similar. Several models have been proposed (for example,
[21]), but the Maxell-Stefan asymptotics has been mainly studied starting from the
models proposed and studied in [16] and in [24].
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The structure of the article is the following. We first introduce the Maxwell-
Stefan equations and two of the main kinetic models for non-reactive and reactive
mixtures. Then, we consider the diffusive limit of the non-reactive system to the
Maxwell-Stefan equations at the formal level. The scaling has been introduced in
[13], and subsequently developed in [11] and [23]. After describing these formal re-
sults, we summarize the result by Bondesan and Briant [8], which provides a rigor-
ous description of the limiting procedure. The next chapter is devoted to the reactive
case, and is essentially based on the recent articles [2], [3] and [4]. We conclude this
review by quoting the most recent literature on some strictly related subjects.

2 The Maxwell-Stefan equations

The classical Maxwell-Stefan system describes the diffusive behaviour of an ideal
gaseous mixture, composed by I € N* species. Let 2 € R (d € N) be a bounded
domain with regular boundary. The unknowns of the problem are the I densities
¢i : Rt xQ — Rand the I fluxes J; : R* x Q — R?, which obey to the following
cross-diffusion relationships:

drci+Vy-Ji =0, (t,x) ERT x Q
ey

VXC,' = — Zkij(cj-]i — C,'Jj).
J#

Here we use a notation which is more adapted from the mathematical point of view
with respect to the traditional notation used in the applications: k;; = 1/D;;, where
the constants D;; are suitable symmetric binary diffusion coefficients (i.e. D;; =D ;
foralli,j=1,...,I). Because of the symmetry of the whole set of binary diffusion
coefficients, it is immediate to see that the flux-gradient relationships in (1) are
linearly dependent. For this reason, an additional constitutive equation has to be
added to (1) in order to have a closed set of equations. The usual assumption —
which guarantees the diffusive behaviour of the mixture — is the equimolar diffusion
condition

1
Y Ji=o. )
i=1

Usually, the system of PDEs (1) is supplemented with appropriate initial and
boundary conditions. When dealing with isolated systems, it is standard to suppose
that the solution of (1)-(2) satisfies homogeneous Neumann boundary conditions:

ci(0,0) =c"(x) €L™(R),  Ji(t,%) -1l e (0. x02 = 0 ©)

foralli=1,...,I, where n, € S! is the outward normal unit vector to the domain
Q starting from a given point x € dQ. The Maxwell-Stefan system (1)-(2) is often
written in terms of molar fraction. In this case, it is supposed that ¢;" > 0 and that
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c(x)=1.

1
=1

This normalization property is conserved by the time evolution of the system. It
means that

ci(t,x) = 1forae. (t,x) €ERT x Q. “4)

-

i=1

3 The Boltzmann system for monatomic inert gaseous mixtures

The Boltzmann system for a mixture of ideal monatomic non-reacting gases .7,
i=1,...,1 with I > 2, subject to elastic mechanical collisions, describes the time
evolution of the species by means of 7 distribution functions f;, defined on the phase
space of the system. The particles of each species are identical and can be mod-
elled as point masses. Their main physical quantities are therefore the mass m € R™
and the velocity v € R3. The standard assumption on the density function is of L!-
type, i.e. fi(t,-,-) € LI (R3;L(R3)), for all ¢ € RT. This requirement guarantees
that the system has finite mass. In what follows, we assume that the system is iso-
lated, so that no external force acts on the particles. Moreover, we suppose that only
elastic binary collisions are allowed. Therefore, momentum and kinetic energy are
conserved during the interaction process. Under the previous hypotheses, the time
evolution of the distribution functions f; is governed by the Cauchy problem

I
afi+v-Vefi=Y 0ij(fi. 1) for (1,x,v) € (0,00) x R xR>  (5)
j=1
£(0,x,v) = fin(x,v) for (x,v) eR*xR?  (6)
foreachi=1,...,1, where Q;;(-,-) denotes the bilinear integral operator describing

the collisions of molecules of species o7 with molecules of species #7;. A given
particle follows a rectilinear trajectory, until it collides with another particle. When
two particles belonging to the species < and .«7;, with masses m;, m;, and pre-
collisional velocities V', v, collide, they exchange kinetic energy and momentum. A
microscopic collision is a local in space and instantaneous in time phenomenon. It
modifies the velocities of the particles, which become v and v,, under the constraint
of conserving the total kinetic energy and the total momentum:

1 1 1 1
my' +mp, =my+mjv,, Emi|v’|2+ M V.|? = 5m,~|v\2+ 7™M Vel (7)

The previous equations can be easily inverted:

V= W(miv+mjv*+mj|va*\ o), V.= miij(miermjv* —m;|lv—v.|0),
(®)
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where ¢ € S? is a unit vector which allows to keep into account the two degrees of
freedom arising in inverting (7).

If f and g are two nonnegative functions, the operator describing the collisions
between molecules of species o7 and molecules of species .27; is defined by

0(£.9)0) = [[ Byvv0)[£()s0) = f(g(v) | doau.. )
R3xS?
The expressions of v/ and v/,, are given by (8).

The quantities B;; (i,j = 1,...,1) are usually called cross sections. They satisfy
the Galilean invariance and the microreversibility assumptions

Bij(vvv*vo-> ZBJ','(V*,V, O-) = Bij(v/7vik76)'

Because of the Galilean invariance, it is possible to prove taht the collision kernels
B;; only depend on the modulus of the relative velocity and on the cosine of the
deviation angle:

Bij(v,v«,0) = Bjj (|[v—v«|,cos0)  with cosf ="

y—vi

The choice of the collision kernels B;; has a deep influence on the properties of
the Boltzmann equation. In the classical elastic case,

B,’j(G,V—v*)ZK,'”V—V*‘, K >0, (10)

for a gas of three-dimensional hard spheres. This type of cross section is called hard-
sphere cross section. When the binary forces between particles are proportional to
the inverse of the s-th power of the relative distance (for example, s = 2 corresponds
to the gravitational force or to the Coulomb force and s = 7 corresponds to the Van
der Waals interaction, see [31] for more details), B;; can be factorized:

B,’j(G,V— V*) = <I>,~j(|v— V*|)bij(COS 9).
In particular, in three space dimensions,
Dij([v—vil) = v=wl", ¥=(s=5)/(s—1),

and all the b;; are locally smooth functions with a non integrable singularity when
6 —0:
bij(cos@)sin® ~ K;;0~UM 0 =2/(s—1).

The quantities @;; are known in the literature as the kinetic collision kernels,
and the terms b;; are the angular collision kernels. The family of collision kernels
whose kinetic term has the form @;;(|v — v,|) = [v — .| is usually classified in the
literature in three sub-classes: hard potentials, when ¥ > 0, soft potentials, when
Y < 0, and Maxwellian potentials when y = 0.
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For simplifying the mathematical treatment of the angular cross section, Grad
introduced an angular cut-off assumption, by supposing that angular collision kernel
is integrable with respect to the angular variable [19, 20].

The link between the macroscopic description and the kinetic formulation is
given by the moments of the distribution functions f;(z,x,v). In particular, the num-
ber densities c;, mass densities p;, mean velocities u; and kinetic temperatures 7; of
each species are respectively given by

ci(t,x) :/R%fi(t,x,v)dv, (11)
pi(t7x) :mini(t7x)a (12)
| X
ui(t,x) = atn) /R3 vfi(t,x,v)dv, (13)
1
Ti(t,x) = W/IR3 milv —u;(t,%)* fi(t,x,v)dv, (14)

where kg = 1.380649 x 10723 m? kg s=> K~! is the Boltzmann constant.

It is important to underline that the Boltzmann constant has an exact value. It is
indeed one of the seven defining constants in the 2019 redefinition of SI base units.
In particular, the value of the Boltzmann constant kp allows to define the unit of
temperature 7 (the kelvin), in terms of the SI unit of energy (the joule), because it
is the proportionality constant between the thermodynamic temperature and the av-
erage thermal energy of a gas. Unfortunately, the numerical value of the Boltzmann
constant has not been, in the mathematical community, the focus of attention and
often, for simplifying the computations, many articles and books simply suppose
that kg = 1. In the author’s opinion, however, this attitude should change because
of the central meaning of the Boltzmann constant as defining constant of the SI
base units, and therefore kg should explicitly appear in all the computations. This
approach would allows moreover an easier transfer of the mathematical studies in
kinetic theory to other scientific communities.

A central role in the study of kinetic equations and systems is played by local
and global Maxwellians (i.e. Gaussians in the language of kinetic theory).

In three space dimensions, Local Maxwellians have the form

e 32, ol

%k Ak * 4 ‘ F(t,x

M(ChuiaTi ):Ci (tax) (Zﬂ'kBT-*(l‘ x)) e T ) (15)
i

for some space-time dependent functions ¢}, uf and T;* (1 <i <) . Global
Maxwellians have the same structure as local Maxwellians, but the quantities c;,
u; and T;* are constant in space and time. It is clear that

Ci(ta-x) = /]1{3 M(C,‘,M,’,T,’)dv,
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u;(t,x) =

- C,‘(l‘,X) /]R3 VM(CiauiaT})dva

1

Spci(t.x) /R3 milv—u;(t,%) M (ci,ui, T;)dv,

in agreement with Equations (11)-(14).

It is possible to prove that, in the mono-species case, a local Maxwellian is a local
equilibrium of the system for any choice of velocity and temperature. However,
when the mixture is composed of more than one species, the local Maxwellian state
is still an equilibrium for the whole system only when the velocities and the kinetic
temperatures of the species composing the mixture are exactly the same.

Ti(t,x) =

4 The Boltzmann system for polyatomic reactive or non-reactive
gas mixtures

The model described in the previous section is designed for mixtures of monatomic
gases. However, when the species which compose the mixture are of polyatomic
type, it is not possible to neglect the additional — rotational and vibrational — degrees
of freedom induced by the polyatomic structure of the molecules. In this case, not
only the kinetic energy, but also the internal energy of the molecules must be taken
into account in the energy balance. Moreover, when chemical reactions are allowed,
the collisions may modify the species involved in the process: the species of the
incoming particles may be different from the species of the outgoing particles. This
behaviour needs to be carefully modelled both at the level of the binary encounters
and at the level of the time evolution of the density functions.

In this Section, we describe the kinetic system proposed in [16], based on the
Borgnakke-Larsen procedure [9], which describes a mixture of polyatomic gases,
either of reactive or non-reactive type. The model is defined on an enlarged phase-
space: the independent variables of the unknowns f; have the physical meanings of
time (r € R™), space (x € R?), velocity (v € R?) and internal energy (I € R™).

Note that the internal energy is defined on R*. This choice allows to “forget” the
complicate structure of the discrete energy levels predicted by quantum mechanics,
once implemented a strategy for capturing the correct macroscopic behaviour of
the mixture. This goal is achieved by introducing a set of suitable measures ¢;(7)dI,
which allow to relate, in a simple and computable way, the Boltzmann level with the
macroscopic parameters of the corresponding reactive fluid equations and guarantee
that the model is consistent at the macroscopic level, with the energy law of virtually
any type of polyatomic gas.

Among the various possible dynamics of a chemically reacting mixture, the au-
thors of [16] have chosen to describe a mixture of four species Aj,A>,A3 and Aq4,
which may react in a reversible way through the formula

Al +A) =A3+Ay. (16)
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For each species A;, with i = 1,2,3,4, the authors introduce the corresponding distri-
bution function f; = f;(¢,x,v,I), the molecular mass m;, the chemical binding energy
E; and the weight ¢;(I). During a chemical reaction of type (16), the conservation
of mass requires that

mi+my=m3+my=M, 17

and the balance of binding energies, i.e.
E=E3+Ey—E —Es, (18)

means that the forward reaction A| +A; — A3z + A4 is endothermic when E > 0 or
exothermic if £ < 0.

In this description, the moments of the distribution function f;(z,x,v,I) are de-
fined in L' (¢;(I)dIdv). In particular, the number density c;, mass density p;, mean
velocity u; and temperature 7; of each species are respectively given by

oo
ci(t,x) :/R3 A filt,x, v, D)e(I)dldv, pi(t,x) = mic;(t,x),

1 oo
i\t = i\l A, 71 iI I )
u;(t,x) c,-(t,x)/R3/o vfi(t,x,v,1)@;(I)dI dv
T; = ! o ; 2f De;(I)dld
00 = g ) v D) dl

The possible collisions — of binary type — between the molecules of the mixtures
are either elastic or reactive.

In the case of elastic encounters, the particles involved in the collision modify
their velocities and internal energies, but the chemical composition of the particles
are unchanged. If we denote the velocities and internal energies of the colliding
particles before the collision by v;, v; and I;, I; respectively, and their corresponding
post-collisional values by v/, v} and I, I}, the conservation laws of momentum and
total energy for elastic collisions are given by

mvi+m;v; :miv;—kmjv}, (19)

1 1 1 1
iVl ik Sl 1y = Sl P T SV (20)

In particular, i # j for bi-species collisions and i = j for mono-species collisions.

Reactive collisions occur among particles of species Ay, A; or Az, A4. In this case,
the velocities and the internal energies are modified by the collision and, moreover,
the reactants are transformed into the products of the reaction. By following the
notation of [2], the rearrangement of mass and the redistribution of chemical binding
energy are formalized as follows.

If A;, Aj and Ay, A; represent the reactants and products of the chemical reaction,
with (i, j,k,0) € {(1,2,3,4),(2,1,4,3)} and (i, j,k,I) € {(3,4,1,2),(4,3,2,1)} for
the forward and backward chemical reactions respectively, the conservation laws of
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momentum and total energy (kinetic energy, internal energies and chemical binding
energy) for reactive collisions are given by

mMiv;+m;jv; = mgvi +mvy, (21)

1..2.41,‘2,,_1 112 gl Lo
Em,|v,| +1,+E,+§mj|vj| +IJ+E,_§mk\vk\ +Ik+Ek+§mg|vl\ +I+E;.

(22)
Note that Equation (22) can be written in an equivalent form as

%mi|vi|2 +1i+ %mj|v]-|2 +1;— g = %mklvﬁz +1+ %ml\vﬂz +1I+ g
where E has been defined in (18).

The post-collisional velocities can be expressed in terms of pre-collisional veloc-
ities and the corresponding expressions are derived from the conservation laws for
reactive collisions (21), (22) and for non-reactive collisions (19), (20). They are de-
duced by applying the Borgnakke-Larsen procedure [9], which distributes the total
energy of the colliding pair into kinetic and internal energies, when the collisions
are non-reacrive, or into kinetic, internal and chemical binding energies, when the
collisions are reactive.

If we denote with u;; = m;m;/(m;+m;) the reduced mass of the colliding pair
and introduce the two Borgnakke-Larsen parameters R, r € [0, 1], we have, in the
case of non-reactive elastic collisions,

,_mivi+mjvj m; 2R& Vi—Vj
Vi = [0]
m; +m; m;+m; Uij ’V,‘—Vj’
Vo miv; +m;v; m; 2R& Vi —Vj
i — - (O] )
J m;+m; m;+m; Wij |Vl'—Vj|

where & = (Wij|vi—v;[*/2+ L+ 1)) = (Wi|vi—V;[?/2+ I +I}) is the energy in the
center of mass reference frame, @ € S? is an unit vector and Ty [x] = x — 2(® - x)®
is the symmetry with respect to the plane {®}~.

Suppose now that the collisions induce a forward chemical reaction and denote
by &* the total energy of the colliding pair. In this case, the conservation laws (21)
and (22), give the postcollisional velocities, parameterized by a unit vector ® € S*:

1/2
‘},3:m1vl+m2vz+ my 2<R£*E) / Tw[vlvz}

my+my  mz+mg\ Uz 6 [vi —va]
1/2
v +mavy  m3 2 RE* E / 7 | v
4 my+my  mztmg\ U4 6 L —wal]”

The reactive post-collisional velocities for the backward reaction in terms of pre-
collisional velocities are
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, mav3 +mgyvy myp 2 R 12 V3 — V4
Vi = + — | RE" 4+ = Tp | ——
mz+my  my+mo\l U2 6 V3 — V4]
m3v3 + mgvy my 2 E 12 V3 — V4
] (1 £) P[]
my+my  mp+m\l U2 6 vz — vy

The evolution of the distribution functions f;, with i = 1,...,4, is governed by
the system of kinetic equations

J ! reaci .
f+ VX.fZ_ZQ[j ﬁ7fj +Q tv l:17"'a4' (23)

In the sum written above, when i # j, the notation Qj; represents the bi-species
elastic operator associated to collisions between one particle of constituent i and
another one of constituent j. When i = j, the operator Q, is nothing but the standard
mono-species elastic collisional operator. Moreover, Q7 represents the reactive
collisional operator. The operators ij and Q7*““" are defined as follows. For non-
reactive interactions, the operators are

GG = [ LA 560 501)

xBij(vvj, LI, R,r,0)(1 = R) [v—v;| " @i(1)"' dodrdRdl;dv;,

where B;; are suitable cross sections and v}, v/, i I! and I’ are given by

v/-—miVerjvj m; 2R& V—v;
[ 9

m;+m; m;+m; Wij !V—Vj|

y _mpy+mjy; m; 2RE V—v;
| - )

Toomitmp o omitmy |\ [v=v,]

Hij Hij
I = (71|v—vj|2+1+1j) F(1—R), I = (71|v—vj|2+1+1,») (1-r)(1—R).

The reactive collisional operators are more involved. Let B““ : R3 x R3 x R* x
R* x [0,1]? x S* — R* be a suitable cross-section.
In the case of the forward reaction, we define the total energy as

1 E
& = 5#12|V—V2|2+1+12— 5

Then, the reactive post-collisional velocities and internal energies can be written in
terms of the pre-collisional quantities in the following way:

, mv+myvy my 2 E 12 V—1p
V3 = + (521 —_ — Tw 5
my+my  mz+my ,li34 6 [v—va|
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, mv+mavy ms3 2 . E 12 V—1p
Vg = — — | R — — Tw ,
my +my m3+my \| U34 6 |V*V2|
E . E

L=r(1-R)& — o L=01-r)(1-R)& ——.

Consider the set

F]Z{(17127V7R7V,V2) . 12

p

E
5 lv=nl? > 2 (1=R)réy >

Then, the collisional integral describing the forward chemical reaction is

Joo pl pl 3
0t (1,1) = /R 3 /0 /0 /0 /S [(Z;Zj)f3<vg,1§>f4<vg,14>f1<v,1>fz<vz,fz>]

(1-R)
(mim2)* v =va| @1 (1)

XﬂgeFlBreaCt(V7v27I7127Rar7w) da)drdelzdvz.

The structure of Q5°““' is similar. We define the total energy

1 E
& = 5/112|V_V1|2+1+11 5

the reactive post-collisional velocities and internal energies

1/2
vg:m1v1+m2v+ ma 2 R@@Z*—E / I vi—v 7
my +my m3+my \| U34 6 |V1 *V|
, mpvy+mpy m3 2 . E 12 VI —V
v4: — e R(r)pz - Tw 9
my+my  mz+mg\l Uz 6 [vi —v|
E E
Igzr(l—R)g;—g, 14:(1—r)(1—R)52*—€,
and the set
E E . E
FZZ{(17117V7R7V7VI): 12 g;IIZg,RCg}Q Zga
Hi2 2 E E E
7 |V*V1| 2 67 (l*R)VéEZ* Z g, (1*R)(17r)£2* 2 g .

The collisional integral Q%*** describing the forward chemical reaction is hence
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oo o1 pl 3
05 (v, 1) = /R 3 /0 /0 /0 /S l(%i)f3<vg,1§>f4(va,14>—fz<v,1>f1<m>

(1-R)
(mima)? v —vi| @2 (1)

X 1§€FzBreaCl(v7vl717117R5r7 (J))

da)drdell dvl.

In the case of the backward reaction we treat two collisional terms. Denote

é”*—l

E
3 = §u34|v—\/4|2+1+14+ =

2

the total energy. We can write the reactive post collisional velocities and internal
energies as follows:

9 E\ /2 _
v = m3v+m4V4+ o 2 (Ré()_g*—k) T, [ V—vy ] 7
m3+ms  mi+my\ U2 6 [V —v4]
, M3V+myvy my 2 EN'/? V—1y4
vy = - = (rR&E;+Z) T, ,
m3+my  my+my\ Ui 6 [V —v4]

E E
I =r(1 —R)é”3*+g, L= (1-r)(1 —R)é"3*+g.

The admissible set F3 is
F3:{(14,r,R,V4) L L >0, i eR3, RREO, 1]}.

The collisional integral Q%* describing the backward reaction is defined by

Joo pl pl 3
Qge“Ct(v,I):/R3/0 /o/o/sz [(Z?Z;) fl(v/uI{)fz(V/zJﬁ)—fa(V,I)f4(V4J4)]

(1-R)
(m3my)? v —va| @3(1)

X Lecp, B (v,va,1,14,R, 1, @) dodrdRdl, dvy.

Finally, let

1 E
&y = 5#34|V*V3|2+I+I3+5

be the total energy of the binary encounter. Then, we can write the reactive post
collisional velocities and internal energiesin the following way:

7 E\ /2 _
v,1:m3v3+m4v+ my (Réif—i—) Tw[V3 V]7
ms3 +ny my+my \| U2 6 |V3 7v|
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1/2
yy= Mty m 2(R£4*+E) / Tw[v3_v].

ms+my  mp+m\l U2 6 [v3 —v|
E E
I{:r(l—R)cg’wag, 15:(17r)(17R)£:+g.

The admissible set Fy is
F4:{(I3,}’,R,V3) : 13 Z 07 V3 € R3, I‘,R S [0,1]},

and the reactive collisional integral Q}*““’, describing the backward reaction, is de-
fined by

Joo ol pl 3
0 (1) = /R 3 /O /0 /O /S l(ZiZ;)fl(v/l,li)fz(V’z,Ié)—f4(v,1)f3(V3,13)]

(1-R)
(m3ma)? v —v3| @a(I)

X ﬂ§€p4BreaC[(V,V3,I,Ig,R,r, (J)) dodrdRdlzdvs.

In [16], the equilibria for the kinetic system (23) have been studied in two steps,
first by assuming that the mechanical equilibrium is reached, and then by consider-
ing the chemical equilibrium associated to the reactive collisional operator.

These equilibria are again called Maxwellians, because they play the same role
as the Maxwellian functions of the classical Boltzmann equation. Let ¢; > 0, i =
1,....4,ue R3 and T > 0. Then, the reactive Maxwellians of the model have the
form

_cilt,x) m; 3/2 m; [v—u(t,x)|? I
‘/”(c"’“’T)_qi(T(r,x))(MkBT(;,x)) e""(‘ 2ksT(1,%)  kgT(1,%)

+oo

a(re0)= [ ot ew (—,{T’M) al o4)

can be interpreted as a Laplace transform of ¢; for all i.

Note that this model may describe a non-reactive mixture of polyatomic gases,
by simply neglecting the reactive collision kernels. In this case, it can be viewed as
a generalization of [14], which studied non-reactive polyatomic gaseous mixtures.

5 The Maxwell-Stefan diffusion limit for non-reactive Boltzmann
systems

In the previous section, we have described two kinetic models for reactive and non-
reactive mixtures. The diffusive limit of these systems is based on the study of the
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asymptotic behaviour, as the mean free path tends to zero, of the rescaled kinetic
system in the diffusive scaling, by supposing that the solutions are perturbations of
the local Maxwellian state. It is indeed clear that, if the initial conditions are local
Maxwellians, there are no reasons which guarantee that the Maxwellian structure is
kept by the time evolution. However, it is possible to prove that the solutions of the
system stay close to Maxwellian functions, with a reminder which is small as the
mean free path tends to zero.

We first describe the formal asymptotics, then we consider the rigorous derivation
of the diffusive system.

5.1 The formal asymptotics

In [13], Boudin, Grec, and Salvarani study the Boltzmann system described in Sec-
tion 3, in a spatial domain £2, in the case of Maxwellian molecules, i.e. by supposing
that each cross section B;; depends on v, v, and ¢ only through the deviation angle
0 € [0, 7] between (v —v,) and o. This means that, for each (i, j), there exists a
function b;; : [—1,1] — R™ such that

V—Vy

Bij(VaV*;G):bij< 6) =b;j(cosB).

el

In the article is moreover supposed that b;; is even and that b;; € L'(-1,1)
(Grad’s angular cutoff assumption).

After introducing the mean free path € > 0, the authors wrote the kinetic system
in the diffusive scaling. By denoting with (ff);<;<; the corresponding unknowns in
this regime, each distribution function f7 solves

1 1
EOfE+v -V, ff = EQT(ﬁg,ﬁ8)+ EZQ‘;j(ﬁ,ff), onRI x QxR (25)
J#i

The analysis has been carried out in the isothermal case, i.e. by supposing that the
temperature 7" is constant with respect to the time variable and homogeneous with
respect to the spatial variable. Once introduced the quantities

EIRTXxQ R, uf i RTxQ 5 R, 1<i<lI,

the article assumes that the system evolution leaves the distribution functions, up to
a correction of lower order, in the local Maxwellian state,

m;

27'CkBT

32
ff=ci(t,x) ( > e milv—elf WIP/2BT (1 4 (), 1> 0, (x,v) € Q, xR?,

where the quantity €u is the bulk velocity, of order €, whose precise form may
depend on the considered species of the mixture. By supposing that all the quantities
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Q> RY u' s Q — R, 1<i<l,

[ (B

do not depend on € and that

the authors prove that, in the limit € — 0, for (¢,x) € R* x Q, by supposing the
existence of the limits

ci(t,x) = lim cf(t,x), Ji(t,x) = lim cf(t,x)uf (z,x)
e—0+ ! e—0+ ! !

and that ,
ci=Yc=Ycd=1 onQ,
i=1 i=1
the pairs (¢;,J;) formally satisfy the Maxwell-Stefan diffusion system (1) and give
an explicit form of the binary diffusion coefficients:

oy 2Emmi bl 6)
(mi+m j)kBT
These binary diffusion coefficients are symmetric (k;; = kj; foralli, j=1,...,I) and
depend on the cross-section (in this case, the cross-section of Maxwell molecules
with Grad’s angular cutoff).
The authors have not deduced, in the limiting procedure, the equimolar closure
relationships (2). However, they have proved that, formally,

oo (£4) o

Other cross sections give different forms of the binary diffusion coefficients. In
particular, Hutridurga and Salvarani [23] derived the expression of the binary dif-
fusion coefficients under suitable assumptions on the collision kernels B;;. They
suppose that the collision kernels B;; depend on the modulus of the relative velocity
|v — v,| and on the cosine of the deviation angle 0, i.e.

Bij(v,v4,0) = @(|v—v|)bjj(cos ). 7

Moreover, they assume that the angular collision kernels b;; belong to the class
L'(—1,+1) and that they are even functions with respect to their argument. Fur-
thermore, they suppose that the kinetic collision kernel @ (|v — v, ) is analytic in the
following sense: there exists a family {a, },en+ C R such that @ can be written as a
uniformly converging even power series:
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D(lv—v,]) = Z anlv —vi "
neN*

Under these hypotheses, the binary diffusion coefficients computed in [23] have the
form

+ a1107l'||b,'j||L1+

koo = o o 27omim 1Dl
" 0 (mi+mj)kBT

Za 27'E||bl'j||L1 (mimj)( n! (2n1) (an) (2n3)
e T _
n>2 (mi—i-mj)kBT n1+n2+n3:nn1!I’lz!n3!aﬁ%é’p’neﬁ\]*a.ﬁ! y'é! p!n!
o+B=2n;
Y+6=2n,
p+n=2n3

knT \ (@FYHP)/2 /1 (B+6+m)/2
é”(a,li,%&p,n)( = > <B> )
m; m;j
where

&(a,B,y,6,p,m) = (o —1)(@=3)---1)((B=1)(B=3)---1) ((y—=1)(¥=3)---1)
x((6=1)(6=3)--)((p=D(p—=3)--H((n=1)(n=3)---1).

The binary diffusion coefficients depend on the reduced mass of the species, on the
temperature and on the cross sections of the kinetic model. Therefore, by tuning
the coefficients a, in the kinetic cross section (27), it is possible to obtain several
forms of temperature dependency for the binary diffusion coefficients and compare
them with the experiments. When a; = 0 for all i > 1, the formula written above
corresponds to the binary diffusion coefficients already deduced in Equation (26).

A gas of hard spheres of fixed diameter is not included in the previous analysis.
The study of this case has been carried out by Anwasia [1].

In [11], Boudin, Grec and Pavan provide another approach for going beyond
Maxwellian molecules. They propose a semi-explicit link between the Maxwell-
Stefan diffusion coefficients and the cross sections of the corresponding rescaled
Boltzmann system for monatomic gaseous mixtures in the diffusive scaling, for gen-
eral cross sections B;j = B;;(v,v«, 0) satisfying the Galilean invariance and the mi-
croreversibility assumptions, under Grad’s angular cut-off hypothesis. They prove
that

' m; m;j 2
kij = ///B,-/-(v,v*,a)exp [_ZEk;T|V|2 T T|v*| } [m,-(vf_v)] do,dv.dv

3/2 3/2
m;m; m; j
- ///Bl] Vv*7
6(kBT)2(m,~+mj) (27'EkBT> <2ﬂkBT>
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B m; |v|2 _ m;
2nkgT

These two equivalent forms of the binary diffusion coefficients show their positivity

as well as their symmetry.

We moreover quote [22], which derived, by using the same approach, a system
of Maxwell-Stefan type when the temperature is not uniform in space nor constant
in time. In the diffusive limit, the authors show that the kinetic temperature of each
species of the mixture tends to the same temperature function 7 = 7' (¢,x), (t,x) €
(0,00) x 2, Q C R3 as € — 0. The structure of the system they derived is:

exp v, |? (v—vi+ ]V —=v|o) - (myy—mjv,)do,dv.dv.

drci+V,-Ji=0 in (0,00)xQ, i=1,...,1
28
==Y ki;(cili—cil; in (0,00)xQ, i=1,...,1, (28)
J#

The binary diffusion coefficients kj‘j, as in the previously described articles, depend
on the cross sections. In particular, if the hypotheses on the cross sections are the
same as in [1], [11], [13] or [23] respectively, then the binary diffusion coefficients
in (28) are of the form k;‘j =T (t,x)k;;, where k;; are the binary diffusion coefficients
described in [1], [11], [13] or [23] .

5.2 The rigorous diffusive asymptotics

The article by Bondesan and Briant [8] studies the Maxwell-Stefan asymptotics,
in the 3-dimensional torus T, of the system of coupled Boltzmann equations for
mixtures (5)-(6), with collisional integrals of the form (8)-(9) and suitable cross
sections (of cutoff Maxwellian type, or hard potentials, or hard spheres). The starting
point is the Cauchy theory, proved by the same authors in [7], whose precise result
is the following.

Theorem 1. Let s > 3 be an integer, ii : R* x T3 — R? be in L*(RT;H*(T?))
with V- it = 0, and consider € > 0. Suppose that there exist 85, Cys, Chyey Ays > 0
such that for all & € (0,1] and for any initial datum (&™,@™) € H*(T3) x H~1(T?),
for almost any x € T and for any 1 <i<I, the followzng requirement are satisfied:

i) Mass compatibility: Zcm =0 and /

ii) Mass positivity: ¢;+ 80,~m( ) >0,

iii)Moment compatibility: V& = z:kljc“‘cm (Nm 123“),
J#

iv) Smallness assumptions: Héi“’ s < Oys  and HIZ||L;°H§ < Oys.
X g

Then, there exists a unique weak solution (¢c,u) = (¢+€€,u+€i) in L= (R™; H*(T?)) x
L= (R*;H =1 (’IF3)) to the incompressible Maxwell-Stefan system
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dci+ V- (ciuy) =0, (29)

V.ci= Z kijeicj(ui—uj), (30)

!
VX~ (ZC,’IM) :O, (31)
i=1

such that initially (€,u),_, = (éi“,ﬁi“) a.e. on T3. In particular, if s > 4 and
i € CO(RT;HS(T?)), then the pair (c,u) also belongs to C®(R*;H*!(T%)) x
(o (R+;HS_2(’]I‘3)). Moreover, ¢ is positive and the following relations hold a.e.
on Rt x T3:

HM~.

i(t,x)d;(t,x) =0 and /xc](t,x)dXZ 0.
T3

Finally, for almost any time t > 0

~in t AMS é in

HﬁHHg*l <Cuwe

m\~

(e 2)’
~in 2

ot
2([7’6’)11\,15 s d < C/ .
| e o)), ar (e )

The constants 0,5, Ays, Cus and Cﬁ’ds are constructive and only depend on s, the num-
ber of species I, the diffusion coefficients (kij)1<i j<r and the constant vector €. In
particular, they are independent of the parameter €.

This theorem guarantees the possibility of building a Cauchy theory around the
macroscopic state (¢,1), instead of considering the equilibrium (¢,0). It is hence
possible to give a complete description of systems having an equilibrium state with
a constant mass vector €. Actually, this theorem does not provide strong uniqueness
for the solutions, because infinitely many solutions to the Maxwell-Stefan system
can be constructed by considering different constant ¢ and i satisfying the incom-
pressible condition. However, as soon as it is possible to fix a macroscopic equilib-
rium (€,1), then strong uniqueness is recovered around this specific state.

The next step by Bondesan and Briant has been a Cauchy theory for the Boltz-
mann system (5) having the property of being uniform with respect to the Knudsen
number €. Their result allows to prove that, in the limit € — 0, the Maxwell-Stefan
equation are rigorously derived. The authors work in the three-dimensional torus
T3. The assumption on the cross sections B; ; at the kinetic level are the following:

(H1) All the B;; satisfy a symmetry property with respect to the interchange of the
indices i and j, i.e.:
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Bij([v—v.|,cos8) = Bji(|v—v.|,cos @), forall v,v, € R* and for all 6 € R.

(H2) All cross sections B;; can be decomposed as the product of a kinetic part &;; > 0
and of an angular part b;; > 0:

Bij([v—v.|,c080) = ®;;(|v—v.|)b;j(cos @), for all v,v, € R* and for all 6 € R.
(H3) The kinetic part is derived from an hard or a Maxwellian (y = 0) potential:
Dij(lv—vi]) =CTlv—v.|", C¥>0, ye[0,1], forallvv, R’

(H4) The angular part satisfies Grad’s angular cutoff in strong form [19]: there exists
a constant C > 0 such that

0 < b;j(cos@) < C|sin6||cos |, bi;(cos8) < C, 0 €10, x].
Moreover,
inf min{bii(cl . 0'3),17,','((72 . 0'3)}(163 > 0.
01,0082 JS2

The precise statement of their theorem is the following [8]:

Theorem 2. Let the collision kernels B;; satisfy assumptions (H1)-(H2)—(H3)-
(H4), and consider suitable local Maxwellians ME.

There exist sg € N¥, SMS > 0 and & € (0,1] such that the following statements
hold for any integer s > so.

i) There exist three sets of positive constants (ag >)ix, (bgf)k)ix

a,
that, for all € € (0, &), the following norms are equivalent:

X and (d(S)ﬁ)ix,ﬁ such

2
2

2, (u2)

e~ M, eyt B 108G, py+e 3 [oPor

o <s loe|+|B|<s

IBI>1

ii) There exists 8, > 0 such that, for all € € (0,&), for all 8,5 € [0,8,] and for any
initial datum £™ in H® (T3 X R3,u*%) with

‘ Lf,v (yf%) -

Sfor some positive constant C > 0 independent of the parameters € and 8,5, there
exists a unique f € C° (R*;HS (T3 X R3,u’%)) such that F¢ = M® + €f is the
unique weak solution of the Boltzmann multi-species equation (25). Moreover, if
F&in — M& i 4 gfin > 0, then FE (t,x,v) > 0 almost everywhere on R* x T x
R3. Finally, for any time t > 0, F€ satisfies the stability property

fin

<6, HnTs(fi“)

[F€ —M®| s < €68, foralle € (0,&).
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The constant 6, is explicit and only depend on the number of species I, on the atomic
masses (m;)1<i<y, and on the cross sections (Bjj)1<; j<i. In particular, it is indepen-
dent of the parameters € and b,,;.

The strategy of proof consists in constructing perturbations of local Maxwellian
states whose fluid quantities are perturbative solutions of the Maxwell-Stefan equa-
tions (29)-(31). Then, they plug the perturbation into the rescaled Boltzmann system
(25). They obtain a system composed of four terms: the rescaled free transport op-
erator, a linearized operator, a bilinear operator and a source term, which encodes
the distance between the Maxwell-Stefan system and the fluid part of the perturbed
Boltzmann equation.

However, the central spectral gap property cannot be directly recovered, because
local Maxwellian are not local equilibria of the system, unless they share the same
temperature and velocity (see Section 3). Nonetheless, the authors notice that the
loss of the spectral gap has a lower order of magnitude. By introducing a modified
Sobolev norm, they recover a coercivity property and close the energy estimates on
the nonlinear terms.

Uniqueness is proved in a perturbative regime only.

6 The Maxwell-Stefan diffusion limit for reactive Kinetic systems

When chemical reactions are allowed, temperature may vary in space and time.
Moreover, the structure of the target system depends on the relative order of magni-
tude of the reactive collisional terms with respect to the non-reactive ones.

Starting from the SRS kinetic model [24] for a mixture of four ideal gases under-
going a reversible chemical reaction of bimolecular type, Anwasia, Gongalves and
Soares derive in [4] the corresponding Maxwell-Stefan asymptotics in the diffusive
scaling, in the vanishing limit of the mean free path, when all the collisional inte-
grals have the same order of magnitude. The authors first define the reactive cross
sections for the direct and reverse chemical reactions in terms of their threshold
relative velocities:

Bi2o?,  (e,vi—v2) > Ep Bu03,  (€,v3—Va) > Eay
_ 2 _

O = H 034 = _
0 <8,V1 —V2> < X112 0 <£,V3 —V4> < K3y

where the coefficients B;; € [0,1] represent the fraction of colliding pairs with
enough kinetic energy to produce a chemical reaction. Then they prove that, in
the limit, the concentrations ¢; and the diffusive fluxes J; satisfy an equation of
Maxwell-Stefan type:
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1 1
dc; 27 \? | M \? Or
L4V, J,=0> J my . =) —cic;
ot + Ji Glj( kgT ) [(Hkl) CkCl eXP<kBT CiCj

» [%BTF(Z,Z?) - (E”')zm,z:)]

Mij co

1
32 ¢ 21 \?
Vici = 3 Y oi (k;;]) (CiJs *CsJi)7

with

- \2
it j o= M (=i
m;+m; ’ ! 2kgT \ cg ’

where {; is the activation energy for each of the species and Z;; = /2;/p;j is the

threshold relative velocity.

It is worth noticing that no influence of the chemical reaction appears in the
limiting Maxwell-Stefan equations written above.

In [3], the same authors modify the scaling, by supposing that both mechanical
collisions and chemical reactions have comparable relaxation times, much smaller
than the characteristic time of the flow. The reactive Maxwell-Stefan equations un-
der this scaling have the form:

4 5 T N P 1. T
Vx(CiT):*Z(CSJS Csz)+C]J1 CzJ]+CliJk+CkJZ C]J, ClJ]

Di D;j D, D Di D’

s=1

SFAL
where the indices (i, j,k,l) take the values (1,2,3,4), (2,1,4,3), (3,4,1,2) or
(4,3,2,1), and the quantities Djs, D;;, Dy, Dy, D; are explicitly computed diffusion
coefficients, based on the kinetic parameters of the model.

We conclude this section with the formal derivation of the Maxwell-Stefan
asymptotics starting from the kinetic model for reactive gases by Desvillettes,
Monaco and Salvarani [16] described in Section 4, in the standard diffusive scal-
ing, when mechanical collisions are predominant with respect to reacting collisions.

The formal limit as € — 0, when the angular collision kernels of both the elastic
bi-species and the reactive operators are odd functions of cos 8, has been studied
by Anwasia, Bisi, Salvarani and Soares [2]. The resulting target equations have
the structure of a system of balance equations coupled with the corresponding
temperature-dependent flux-gradient relationships and with an equation describing
the energy balance:

a .
a—i’—&—VxJ,-: AA i=1,2,3.4
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4 . — 1.
Vx(cikBT>:—ZM i=1,2,3,4

j=1 D;;
9 24: 3 q;(T)
ot | &\ 2" T )

= —EA

)

J#
4

24: ( k T+qi((;))>Ji

i=1

where the production term A is given by

(ZTZ )3/2 ST T <_kTE(t))

- c3cy 4 y+2\ [ 2kT\ 7V
qs(T(hx))%(T(hx))] ﬁ(m3m4)2r( 2 > ( 134 >

4oo  pdoo el pl I+I4)
X ex d"N (I IR, ¥
L L) o

o preact (cos ) cos O (1 — R)dodrdRdL4dl,

A:

and the diffusion coefficients D;; are

1 (3-7)/2 (y-1)/2 1
— 2kpT (t,x))\"
by =3yt T )

() L L L ko () eemn

x cos 8(1—R)b;j(cos ) dodrdRdl;dI .

In the previous formulas, the quantities g; are given by (24), whereas

q; (T(t,x)) = /:DQI(P,-(I) exp (— dr.

I
kBT(l‘ ,x)>
The structure of these equations takes into account the effects of the chemical
reactions and their consequences with respect to the evolution of the temperature of
the mixtures. We underline that they are compatible with the energy law of poly-
atomic gases and the law of mass action. Indeed, at the equilibrium, it is possible to
deduce the law of mass action

cicr (m1m2>3/2 q1(T(t,x))q2(T (t,x)) exp ( E )

c3¢4 msmy q3(T (t,x))qa(T (t,x)) kgT(t,x) )’
which depends on the choice of the functional forms of the weights ¢;. The choice
of these weights can be adapted to the physical situation of the mixture.
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7 Some related research directions

Some other articles consider problems with a strong relationship with the subject of
this note.

Bondesan, Boudin and Grec [6] derive a numerical method for the Euler equa-
tions describing a mixture, stable with respect to the relaxation parameter, whose
limit is the Maxwell-Stefan system.

Briant and Grec have studied in [15] the asymptotics of the Boltzmann system
(5)-(6) in a framework different from the one studied in [8]. They suppose that, at
the leading order, the species velocities are identical and obtain a cross-diffusion
system of Fick type, not equivalent to the Maxwell-Stefan systems because the two
matrices linking fluxes and concentrations are not invertible .

A relationship between the Fick diffusion and Maxwell-Stefan diffusion has been
investigated by Salvarani and Soares in [27]. They rigorously proves the relaxation
of the Maxwell-Stefan system, together with the equimolar closure relationship (2),
towards a system of uncoupled linear diffusion equations of Fickian type.
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