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Non autonomous maximal regularity for the fractional
evolution equations

Mahdi Achache *
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Abstract

We consider the problem of maximal regularity for the semilinear non-autonomous
fractional equations

Bu(t) + A(t)u(t) = F(t,u), t-a.e.

Here, B denotes the Riemann-Liouville fractional derivative of order av € (0,1)
w.r.t. time and the time dependent operators A(t) are associated with (time de-
pendent) sesquilinear forms on a Hilbert space H. We prove maximal LP-regularity
results and other regularity properties for the solutions of the above equation under
minimal regularity assumptions on the forms and the inhomogeneous term F.
keywords: Fractional equations, maximal regularity, non-autonomous evolution
equations.

1 Introduction

The present paper deals with maximal LP-regularity for non-autonomous evolution frac-
tional equations in the setting of Hilbert spaces. Before explaining our results we introduce
some notations and assumptions.
Let (H,(-,-),| - ||) be a Hilbert space over R or C. We consider another Hilbert space V
which is densely and continuously embedded into H. We denote by V' the (anti-) dual
space of V so that

V=4 H <4 %8

We denote by (,) the duality V-V’ and note that (¢, v) = (¢, v) if ¢,v € ‘H. Noting here
that V,H,V’ are all UMD-Banach spaces (we refer the reader to [20] for the definition
and more details about this space type).

Given 7 € (0,00) and consider a family of sesquilinear forms

a:[0,7]xVxV—-C

such that
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e [H1]: D(a(t)) =V (constant form domain),
e [H2]: |a(t,u,v)| < M|ully||v]ly (uniform boundedness),

e [H3]: Ra(t,u,u) + v|ul®* > d||ul|} (Yu € V) for some § > 0 and some v € R
(uniform quasi-coercivity).

Here and throughout this paper, || - ||y, denotes the norm of V.

To each form a(t) we can associate two operators A(t) and A(t) on ‘H and V', respec-
tively. Recall that w € H is in the domain D(A(t)) if there exists h € H such that for
all v € V: a(t,u,v) = (h,v). We then set A(t)u := h. The operator A(t) is a bounded
operator from V into V' such that A(t)u = a(t,u,-). The operator A(t) is the part of
A(t) on H. It is a classical fact that —A(t) and —A(t) are sectorial operators and both
generators of holomorphic semigroups (e774®),.5q and (e7™A®),5, on H and V', respec-
tively. The semigroup e "4® is the restriction of e A" to . In addition, e "4® induces
a holomorphic semigroup on V (see, e.g., Ouhabaz [30, Chapter 1]).

We define k, € L} (RT),a € (0,1) by ku(t) = ﬁt‘“, where I' is the gamma function.
- _1

It is easy to see that [,(t) = F(a)ta_l satisfies ko * [, = 1 in R, k, * [, stands the convo-
lution on the halfline, i.e. kg * lo(t) = [§ ka(t — $)la(t)(s) ds.

Given a function f defined on [0, 7] with values either in H or in V'. In this paper we
study the abstract problem

d
%[k‘a * (u—u)](t) + A(t)u(t) = f(t), t-a.e. (1.1)
Here, 4 (ko * (u — ug)] is Riemann-Liouville fractional operator of order a and ug plays

the role of the initial value for uw. This is an abstract non-autonomous fractional equation
and our aim is to prove well-posedness and maximal LP—regularity for p € (1,00) in V'
and in H.

For the autonomous case (i.e. A(t) = A(0) for all ¢ € [0, 7]), the problem (LI)) was the
subject of treatment of many authors, see for instance [14], [43], [44], [6] and [38].

Definition 1.1. We say that the problem (1.1) has mazimal LP-reqularity in H( resp. V')
if for every f € LP(0,7,H)( resp. LP(0,7,V")), there exists a unique v € LP(0,7,V) with
u(t) € D(A(t))(resp. V) for a.e. t € [0, 7] such that A(.)u € LP(0,7,H)( resp. LP(0,7,V"))
and u is a solution of (II]) in the LP-sense.

Note that if (ILT)) has maximal LP-regularity in H then the terms 4 [kq*(u—uo)](.), A(.)u(.)
and f lie in the space LP(0,7,7H), which is the reason for the terminology "maximal reg-
ularity”.

A well known result [41][Theorem 3.1] proved maximal L-regularity in the space V'. That
is for every f € L?(0,7;V’) and uy € H there exists a unique u € H*(0,7; V)N L*(0,7; V)
which solves the equation (ILI)). In this result only measurability of ¢ — a(¢,.,.) with
respect to the time variable is required to have a solution u € L?*(0,7;V) and the proof
is based on the form method. However, considering boundary valued problems one is



interested in strong solutions, i.e., A(.)u € L*(0,7;H) and not only in L*(0,7;)’) (note
that # < V' by the canonical identification). So the central problem can be formulated
as follows.

Problem 1.2. Under which conditions on the forms a(.) the equation (LIl has mazimal
LP-regularity in H.

Noting that in the parabolic case (i.e. for the equation u/(t) + A(t)u(t) = f(t)) this
problem is called Lions’ problem on maximal regularity, we refer to [2] for an account on
recent development on this topic.

Our result in V' (see Theorem [3.14)) is to extend the results in [4I] in two directions.
The first direction is to deal with maximal LP—regularity, for all p € (1, 00). The second
direction is to assume less regularity on initial data ug. In this paper we give an answer
to the Problem [L2l In order to achieve this we shall use in a crucial way the results
of Monniaux and Priiss [34] for dore-venni type theorem for noncummuting operators.
We remark that L,(L,)-maximal regularity for non autonomous time fractional diffusion
equations in R? have been proved recently in [9], [I1] by PDE methods. For L,-estimates
for fractional equations in divergence form with measurable coefficients we refere the
reader to [L0]. We refer also to [7] where the authors applied the approach of [41] to
establish the existence of strong solutions for non autonomous time fractional diffusion
equations.

Our main results can be summarized as follows (see Theorems 310, and (4.2 for more
general and precise statements). Suppose that for some 5 € [0,1], K > 0,e > 0

‘Cl(t, u, U) - Cl(S, u, ’U)’ < K‘t - S’%JFGHUHVHUH[H,V}Wta s € [07 7—]7 u,v € V.
Then the equation (L) has maximal LP-regularity in H. Moreover for p = 2,v € [0, 1]

we have ()]
7 ||lu
/ NV gy
0 (2=
and u(t) € [H, V]aa—1 for all t € [0, 7]. Assume in addition that ¢ — F (¢, z),z € H satisfies
F(.,0) € L?(0,7;H) and the following continuity property: for any € > 0 there exists a
constant N, > 0 such that

HF<7 u) ( )”Lp 0,7;H) < €||u - UH;?MR(a,p,T) + NE»P U — UHIEP(O,T;H)’ (12)
for any u,v € MR(a,p, 7). Here, |[ul|arriapr) = | % [kax(u—u0)] ()] o.r30 AU Lo 0.r30)-
Then there exists a unique u € M R(«a, p, T) be the solution to the semilinear equation

d

%[ka * (u—up)](.) + A()u = F(.,u).

This work is structured as follows. In the second section we work towards an time frac-
tional operator, we prove some results and preparatory lemma. Section (3) we prove
maximal LP-regularity and some other results for the solution to the Problem (II]). We



prove our results for the semilinear equation in section (4). In section (6), we show that
the embedding M R(«, p, 7) into LP(0,7;V) N C([0, 7]; H) is compact whenever V is com-
pactly embedded in H. This is important for our application to quasilinear problems
given in Section.

We illustrate our abstract results by four applications. One of them concerns the heat
equation with non-autonomous Robin-boundary-conditions

Oyu(t) +(t, )u=0.

on a bounded Lipschitz domain . Here 0, denotes the normal derivative. Under ap-
propriate assumptions on v we prove maximal regularity, i.e., that the solution is in
M R(c,p, 7). This is of great importance if non-linear problems are considered.
Notation. We denote by L(E, F) (or L(E)) the space of bounded linear operators from
E to F (from F to E). The spaces LF(a,b; E) and W' (a,b; E) denote respectively the
Lebesgue and Sobolev spaces of function on (a, b) with values in E. Recall that the norms
of H and V are denoted by || - || and || - ||y. The scalar product of H is (-, ).

We denote by C', C' or c... all inessential constants. Their values may change from line
to line.

Finally, by (E, F)gp, [E, Flg,0 € (0,1),p € (1,00) we denote the real and complex inter-
polation spaces respectively between E and F.

2 Time fractional operator

In this section we prove several properties and estimates for the time fractional operator
which will play an important role in the proof of our main results.
We define the differentiation operator on X := L?(0,7;H) by

D(B) = Hy(0,7;H) := {u € H'(0,7;H);u(0) =0}, B: D(B) = X, Bu =1, ||ul|pm = ||| x
and consider B as a closed operator in X.
Theorem 2.1 ([35](Theorem 3.1)). We have

e R™U{0} C p(B) and for all X >0, ||(A+ B) | zx) < %IOAI

e Vs € R, B € L(X), moreover s — B is a strongly continuous group in L(X) with
| B 2x) < Ci(1 + s*)ezlsl,

We note that B is a positive operator, then by Balakrishnan formula we have for
a € (0,1) and f € D(B%)

af . 1 *° a— —
B = para—a B €€ B

where (€ + B)7Lf(t) = [s e~ f(s)ds, t € 0,7],€ € [0, 0).
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Proposition 2.2. We have
e D(B*) = [X,D(B)]s for all « € (0,1) and fort € (0,7)

(BN = r ey o ogge (s € DY)

is the Riemann-Liouville fractional derivative operator.

e B is a sectorial operator of angle 0, = a% and has a bounded imaginary power with

(Bl < Co(1 + a?2)e %, s € R
o For \€ X, g, f€L*0,7;H)

t
A+ B () = [[(t = )" Baal =ML = $))(s) ds
here E, o is the Mittag-Leffler function defined by

00 zk

Eyolz) =) ——,2¢€C.
al?) kz::ol“(ozk:+a) ©

e Forallu € D(B*)
ll z20,m534,.82) < 2 [[ull DB,

where ||u||L2 0,miH, 4L = Jo [lu(?)] 2%'

Remark 2.3. o Let 0 < s < 7. If we define the differentiation operator on Xg :=
L*(s,m;H) by

D(B,) = {u€ H'(s,7;H) : u(s) =0}, By : D(B,) = X, Byu = u/.

Then B is defined in X by

BN =m0

Note that BSf = B*(1(sf) but B f # 15 Bf in general. Indeed, let f = H(.)
be the Heaviside function (H(t) =1 ift > 0 and 0 otherwise). We have (BSf)(t) =
B (Lo H) () = BOH(.—5)(t) = i (t—s) *H(t—s). But (B)(t) = pit .
Hence, if s > 0 we obtain Bg f # 1, Bf.

o (B™™f)(t) = ﬁ J5(t — 8)*1f(s) ds, and so

,7_CM

B~ .
15" Neco < oy



Proof. Since B is a positive and maximal accretive operator (see [32] Example p. 252)
with dense domain and has bounded imaginary power, it follows by ([29], Theorem 4.2.6)
that D(B®) = [X, D(B)], for all a € (0,1).

Let t € (0,7). Then for f € D(B%)

(BF)(t) = ()“jt / - sal(@ v B)1f> (1)

1
(
1
(

()rl_adt// f““”fdff”

T —oz)dt/o (t—s)aﬂs)ds'

Now, since B is closed and maximal accretive operator, by [32][ Theorem 24] B* is regu-
larly accretive with index < tan <F. The latter means that

I9(B%2, 2) x| < OR(B%z,2)x,2 € D(B*),C < tan %

Thus, B is a sectorial operator of angle a.
Let A € ¥, 9 and g € D(B®) and set f = (A + B%*)g. By the Laplace transform we

have f(s) = Aj(s) + @(s) = Ag(s) + s*G = (A + s%)g(s), here the hat indicates the
Laplace transform. Then g(s) = H%f(s) Therefore g(t) :(L ()\+so‘)1R+ * f)( ), here

L~" denotes the inverse Laplace transform. Since L™'(5557)(t) = t*7 ' Eq o(—At*), then
the third claim follows immediately.
Define the spaces

Fy:= L*0,1;H,s%ds), Fy .= X.
Then for every a € (0,1),

[Fo, Fila = L2(0, 73 H, s*17¥ds),
(see [37], p. 130). For uw € D(B) we define

Then, T : D(B) — F} is bounded. Indeed, by the Hardy’s inequality
(15 w'(at]l)?
IT@IE = [

82
</ /Hu )l dt)"ds
§4/ ! ()]|2d
0
< Af|ulBp-



It follows immediately from the definition that T : L?(0,7;H) — Fj is bounded with
1T ()7, = lulx.
Therefore, by interpolation
T:[X,D(B)|a = [Fo, Fila
is a bounded operator with

[l z20,m3, 2y = 1 Tullz20,ri90,520-00as) < 27 ([l Do) (2.1)

Lemma 2.4. We have

HE0,7;H) :={u e H‘“(O2,T;H);u(0) =0}, a € (5,1]
D(B*) =< {uec H>(0,7;H); f7 MOE gt < oo},a =1 (2.2)
H*(0,75H),a € (0,3).

In addition, ||u||p(pey = ||ul|me(orm) if @ # % and

bl o =l et
D(BY) H2(07"H

Remark 2.5. The space H*(0,7;H) endowed with norm

)|I? dt)%

ol =l + [ IO
Proof. Since by Lemma D(B*) = [X, H}(0,7;H)]a, then the result follows immedi-
ately by [[33], p. 68]. O
For the adjoint operator B** we have
Proposition 2.6. For f € D(B**),a € (0,1) we get

1

BN =~ ta=aya ) Gone

f(s)ds.

Moreover, we obtain that for a € (0,3),D(B**) = D(B*) but D(B*) # D(B*) for
a €[ 1).
Proof. By integration by parts we can show easily that

D(B*) = HX0,7;H) :={u € H'(0,7;H);u(r) =0}, B* : D(B*) — X, B*u = —u'.
Then by Balakrishnan formula we have

(B0 =~y ), e ) s S € DB
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Moreover,

H2(0,7;H) = {ue H*0,7;H);u(r) = 0}, € (3, 1]
D(B™) = [X, H (0,7 H)]a = { {ue Hz(0,7;7H); J7 MO dt < oo}, 0=}
H*(0,7;H),a € (0,3).
(2.3)
This gives D(B*) = D(B*),a € (0,3). Now, let o € [1,1),u € D(B*). Since u need
not satisfy the boundary condition on D(B®) (even if u € D(B*)), hence D(B*®) #
D(B®). 0

Lemma 2.7. Let u € D(B®) with o € (3,1). Then for all s € (0,7] we have

| luts) = u(s = P2 dl < Callullpse)

Proof. Let 0 < s <. For [ € [0, s] we set v(l) = u(s) —u(s — ). Then by Proposition 2.2]
we get

RN dl < Callvllpm) = Calloll s oo

In light of the definition of the norm in H*(0,7;#) and the fact that H*(0,s;H) —
L>(0,s;H) (see Lemma 2.9) we find

0]l e (0,520 < Cs([lu(s)|] + Nlull e o,rm))
< O lull zagor20)-

This finishes the proof of the lemma. O

Lemma 2.8. Let 0 < ag < ag < 1. Then for all w € D(B*),e > 0 there ezists a
K(€) > 0 such that

[ullp(gezy < ellullpesory + K(€)[|ullx
Proof. The reiteration theorem for the real method [[37], 1.10.3, Theorem 2| or property
of power of positive operator [29][Theorem 4.3.11] shows that

D(B*) = [H, D(B)la, = [H,[H, Blay] 22 = [H, D(B*!)] 2. (2.4)

o] o]

Let u € D(B'). Then the interpolation inequality (see [29][Corollary 2.1.8]), the Holder
inequality and (2.4]) gives

1—22 a2
[ull pseay < flullx ™ [lull pger)

< ellullpary + K(e, a1, a)|ul x.

a2—a]

Where K (€, a1, as) = C(ag,as)e 22 and C(ay, as) is a positive constant depending only
on ap and as. O

Let p € (1,00),v € LP(0,7;H) and set Cov = [, * v.

8



Lemma 2.9. We have
o C, € E(LP(O,T;H),CQ_%([O,T];’H)) for a € (%,1) and for a € (0,%) we get
C, € L(LP(0,7;H), LT (0,7, H)).

e D(B®) — C*2([0,7]: 1) foro € (3,1) and fora € (0,3), D(B*) < Lﬁ(O,T;H).
o For allu € LP(0,7;H) such that B®u € LP(0,7;H), we have fort € (0, 7]

/Hu |pds<K(mp/ _5)e- 1/ 1Bu(r)||? dr ds,
2
where K («, 7,p) = a;%i:(;)p

Proof. Let o € (%, 1),u € LP(0,7;H),t € [0,7]. The Holder’s inequality implies that

[(Cav) DN < lallza@n V]l rm) < 170 [0ll oot
o q

Whereq—p%.
Let 0 < s <t <r7. We have

[(Cav)(t) — (Cav)(s)|| = [|(la * v)(t) — (la *x v)(s)]|
1 t a—1 s a—1 a—1
< prayl [ =) ar +/0 ((t e (s—1) )v(r) dr|

_1
(= 8)" 7 [ollLos em)

1

By using the inequality

we get
1 a_l
[(Cat)(t) — (Cav)(s)] < (=) [0l e
(g =) L(a
1 s <
iy ) e s e r) "ol 0s
1 1
= T (t = )" P [[v]|Los,em)
(g(a—3))T(a)
1 7
+ . <(t _ 8)(](0471)4’1 + (tq(a*1)+1 . Sq(al)Jrl)) H'UHLP(O,S;H)
(g(a—3))T(a
2 1
< T (t =) 7 [[v]lzrrm)-
(g(a — 1))iT(a)



Let v € LP(0,7;H) and a € (0,%). We obtain for t € (0,7), [(Cav)(®)]l <(la * [[v()[).
Applying [19][ Theorem 4] we get

[Cavl < Cla,p)lvllizeora

L1-ap =7 (0,7H) —
which finishes the proof of the second assertion.
Let w € LP(0,7;#) such that B®u € LP(0,7;H). Set v = B = (k4 * u)’. Then

u = l,*xv = Cyv. Therefore the second assertion follows immediately by the first assertion.
For t € (0, 7] we obtain

1 t a—1 «
lu@] = [I(Cav)D)] < F(a)/o (t = 5)* [ B%u(s)| ds

< F(la ([a=sy) ([ sy Imeus)rds)’

ms:\_/

T ' a-1)| ga v
< (L =Bl ds)*.
Therefore
[P ds < KGarp) [ [ = e Bt P dr ds
:LO"W / (t = )| Bou(r) | dr
ozrp// s)*tds || B*u(r)||P dr
= K(a,1,p) / —85)% 1/ | B%u(r)||P drds.
This finishes the proof. O

3 Maximal regularity for non-autonomous fractional
equation

In this section we prove our main result on maximal regularity for the linear equation.
We begin by proving most of the arguments which we will need for the proofs.
We consider the non-autonomous fractional equation

B*(u —up)(t) + A(t)u(t) = f(t), t-a.e. (3.1)

Note that (3.1]) is equivalent to the integro-differential equation u—wug+1ly* (A()u) = lo* f.
In the sequel we assume that v = 0.

10



Definition 3.1. Let a € (0,1),p € (1,00). We say that the fractional evolution equation
Bd) has the mazimal LP-reqularity if for all f € LP(0,7;H) and vy € Hayp C H there
exists a unique solution u(t) € D(A(t)), t—a.e such that A(.)u € LP(0,7;H) and B*(u —
ug) € LP(0,7;H).

Maximal regularity may fail even for ordinary non-autonomous fractional equation,
letting H = R.
Example 3.2. Consider ¢(t) =t?,p € (—1,0). Then ¢ € L*(0,3). Let o € (p+1,1). For
t € (0, 3] we define a(t) := L) (pma 1) 5 LeHD (/5 1) > 0. Then a € LI(0, )

C(p—a+1) T'(p—a+1)
for all q € [1, é) Consider now the ordinary non-autonomous fractional equation
F(p+1)

Bu(t) + a(t)u(t) = o(t).

I'p—a+1)
It easy to check that u(t) = t? is the solution for this equation. But

Cip+1)
I'p—a+1)

poeg 10, D).

Bu(t) = 5

Notice however, this example is not a counterexample to the questions we raise, since our
standing hypothesis [H2] is not satisfied here.
Proposition 3.3. The solution of the Problem [B1l) is unique.

Proof. Assume that there are two solutions wuy, us to the problem (BJ). Obviously, v =
u; — Uy satisfies in X

B+ A(.)v =0.
Since B is regularly accretive we have R(A(.)v,v) < R(B,v)x + R(A()v,v) = 0.
Which gives d{|v||z2(0,7) = 0. Thus, u; = us. O

We assume the following conditions for some 3 € [0,1],¢ > 0, K > 0
la(t, u,v) — a(s,u,v)| < K|t — s|a7ﬁ+€||u||y||v||m,v]ﬁ,u,v € Vandt,s € [0, 7]. (3.2)

Note that the assumption (3.2)) is equivalent to [A(t) — A(s)|lcowv,qmvipyy < Kt —
s|%ret,s € [0, 7]

Lemma 3.4. - Forall0 < < 3,s € [0,7] we have
D(A(s)?) = [H, D(A(5))]s = [H, V]2 with equivalent norms.
As consequence D(A(s)*"2) = [H, V]sa_1 for all ;<a<l

2- Foralls e Rt € [0,7], A(t)" € L(Y),Y = V', H, moreover s — A(t)* is a strongly
continuous group in L(Y) with

1A 2iv) < €2

11



Proof. For the proof of the first assertion see [[32], Theorem 3.1]. For the second assertion
we refer to [29][Theorem 4.3.5]. O

It is known that —A(t) is sectorial operator and generates a bounded holomorphic
semigroup on H. The same is true for —A(¢) on V. From [30] (Theorem 1.52 and Theorem
1.55), we have the following lemma which point out that the constants involved in the
estimates are uniform with respect to ¢

Lemma 3.5. For any t € [0, 7], the operators —A(t) and —A(t) generate strongly con-

tinuous analytic semigroups of angle v = 5 — arctan(%) on H and V', respectively. In

addition, there exist constant Cy, independent of t, such that

Cy
1+ |z]

1(z+A®) Meon < for allz € ¥,_p with fized 6 < .

Here, Y =H,V orV'.
All of the previous estimates holds for the adjoint operator A(t)*.

Lemma 3.6. We have for all t € [0,7], (A + A1) eemyv) < G0\ € Spy.
1+ 2

This estimate is also hold for the adjoint operator and we obtain ||(A+At)*) " || w11 <

Cso N
17& 9 )\ E Eﬂ-_@.
1+[A772

Proof. Let v € H. We get
SN+ A®) T olf} < R(AB N+ A®) Mo, (A + A() o)
< JAB A+ A@®) T oll[(A + A1) o]

ek
1+ Al '

<

Therefore

Cy
V14 Al
By interpolation we obtain

IO+ A®) Ml eaupvs) < Coll3+A®) g IO+ A®) ™ 12300,

1A+ A®) Hleer) <

<G
(L+[AD =
25C4
Tl AE
where in the last inequality we use (1 + a:l_g) < 2§(1 + x)l_g,a: > 0. O
Lemma 3.7. We have for all 0 < s,t <71 and A\ € ¥4
|t — 5|5+
IA®) A+ A®) (AR = Als) Dllepp < C V=
2

12



Proof. Let 0 < s,t <7 and X € X, 4. We get by Lemma [3.6]

IA®) A+ A#) " (A#) ™ — A(s)” )||cm
= [[(A+ A) 7 (A(t) - ( DA™ 2
= sup Ja(t, Als) M (A + A7) 7o) — als, As) T, (A A()) )]

llull=[lv[=1

aB € — Y *\ —
< KJt—s[27 sup  [JA(s)Tullb[(A+ A®)) Mo llpu

l[ull=lvll=1
\t — 5|7
1+ |>\|1"

Let 7y q,a € (0,1) be the solution of the Volterra equation

t
Pral®) + A [ lalt = $)raals) ds = la(t).t 2 0,0 € Say,, 0, > T
0
By Laplace transform we get 7y ,(2) = +A Then by [[36], 2.15] we obtain

Tha(t) =t B, o (=A%), t > 0.

By a simple computation we can see also that r,, is solution of the equation B°r) , +
ATx.a = 0g, Where ¢y is the Dirac measure at 0.

Therefore 73 q(t) =((B*+A)7100) (t) = (5% Eaa(—~As®) #00) (t) = 12 Eq (= At%), £ > 0.

Lemma 3.8. We have [; |t%+6r,\7 ()| dt < —55

- |/\|1+ +6

Proof. We get

/ |9 o ()] dt

:/ T B, ()| dt

0

< C/T t%ﬁ_i_aﬁ-e—l;ﬂ dt
(|A[te) e

C’Tlo‘

|)\|1+ +e’

where in the first inequality we have used (see [39][Theorem 1.4])

C T
‘Z’1+7’0 S ’7 S 1’ |a’Tg(z)| >

EOCO( S
Baal2) :
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Let p € (1,00). Define the space Tr2 = H if o < % and Tr2 = {0} for a > % and for
ug € Tk

MR(a,p,7) :={u € D(A(t)), t—a.e : A(-)u, B*(u —uo) € LP(0,7;H)}
endowed with norm

|l s,y = 1B (u — uo)l|Lr0,r20) + AU Lo 0,7:20)-

From [[34], Theorem 2, Corollary 3] we have the following theorem for the evolutionary
integral equation

Theorem 3.9. Let a € L,.(R") a nontrivial scalar kernel of subexponential growth. The
latter means that

/ la(t)|e”<" dt, for eache > 0.
0

Assume that
(a) larg a(\)| < 0y, @’ (N)/a(N)| < k for all X € Xz

Here 6, € (0,7) and k > 0 are constants.
Consider the following evolutionary integral equation:

u(t) + /Ot a(t — s)[L(t)u(t) — f(s)]ds = 0,t € [0, 7]. (3.3)

Let ry be the solution of the Volterra equation
t
7Mﬂ+A/a@—Qm@ﬁw:MQJZQAGZFW
0

Assume that for each t € [0,7], L(t) is a sectorial operator with angles 64 and admit
bounded imaginary powers on a UMD-Banach space Y such that

M

[A+LE) e < H‘T/\|; L)% 2ivy < K45t € [0,7]; A € Spg, ;5 € Ry My, Ky > 0.

(3.4)
Suppose in addition that 604 + 0, < m and

M|t — s|?
ILE) A+ L) (L) = L(s) ™|z < 11_,_||>\‘18—’d forall t,s € [0,7],\ € Xr_g,,
(3.5)
there exist constants p > d > 0 and My > 0 such that
T M2
[} el < N e S, (36)

Then for every f € LP(0,7;Y), B3) admits a unique solution u € LP(0,7;Y") such that
L()u e LP(0,7;Y).

14



The following theorem is our main result in this section

Theorem 3.10. Assume that 3.2). Then for all ug € TrE the fractional evolution equa-
tion BI)) has mazximal LP-regularity.

Remark 3.11. Noting that by the closed graph theorem it follows that there is N > 0
independent of ug, f such that

[ullsrr@psy < Nluollze, + 1 llrr20)-

Proof. First we consider the case ug = 0. We remark that (3] is equivalent to the
evolutionary integral equation (B.3) with L(t) = A(t),a(t) = l,(t). We would like to apply
Theorem [3.9, so we need to verify that the assumptions of this theorem are satisfied. Let

™

us first observe that the operator —A(t) is a sectorial operator with angle § < 7 and

admit bounded imaginary powers on H and in V' and the assumptions (3.4]) are verified
by Lemmas Bland B3l Let us turn our attention to the assumptions (33), (3:6]). Indeed,
the condition (B3) is verified by LemmaB7 for v = 2 +¢,d = £ and the condition (3.6)
is satisfied by Lemma [B.§ for p = g + €. The condition (a) in Theorem is obvious.
Therefore the fractional evolution equation (B.I]) has maximal LP-regularity.

Now let ug € Tr2, g = f + kquo and u be the solution of (BI]) for initial data 0 and the
inhomogeneous term g. It is clear that ¢t — k,(t)up € LP(0,7;H) and w is the solution of
the integro-differential equation

u=—lgx AL )u+loxg=—lox AL )u+ 1o * [+ (lo *x ko)ug = —lo * A()u + Ly * f + ug.

Then wu is the unique solution to the Problem (B for uy € Tr? and the source term f.
This finishes the proof. n

Proposition 3.12. For all f € L*(0,7;H) there exists a unique v € H(0,7;H) N
L2(0,7;V) be the solution to the following problem

1
! — ds t), t — a.e. :
YO+ g A0 [ gt ds = 0. 1= ae (3.7)
Moreover, there exists C' > 0 such that
[vllpes) + 1AC) B =0l < Cll fllz20m0)-

Remark 3.13. e We note that

(B 0)(1) dt/ t—sla vls) ds

and since v € H}(0,7;H), then by a simple computation we find

(B=0)(t) = o ) /Ot ( L y(s)ds

(cv t—s)t

which is the Caputo fractional derivative.
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Proof. Let u € D(B*)NL?(0,7;V) be the unique solution to the problem B*u+A(.)u = f
in X. Set v = ky*u. Then v € H}(0,7; H)NL?(0,7; V) and we have v/ = B®u = —A(.)u+f.
Now since v = ko * u, one has l, * v = ly * ko ¥ u = 1g+ * u. Thus B'"% = v and so
v+ A()BY = fin X. O

For maximal LP-regularity in V' of the fractional evolution equation (B.I]) we have the
following theorem

Theorem 3.14. Assume that |a(t,u,v) — a(s,u,v)| < Clt — s|||ul|yv||v]y fore some e >0
and allt,s € [0,7],u,v € V. Then for allp € (1,00), f € LP(0,7;V"),ug € V' fora € (0, }D)
and uy € (V’,V)l,%’p for a € [%,1) there exists a unique u € LP(0,7;V) be the unique
weak-solution to the Problem (B.1]).

Remark 3.15. e We note that for p =2 we have (V', V) o2 =H. For p =2 the result

was proving in [41][Theorem 3.1] with less regularity in tzme for the forms (t — a(t)
measurable ) and ug € H for all a € (0,1).

o In the case o € (%, 1),up play the role of initial data of w. Indeed, since u(.) —
uy = lo x (—A()u + f) = Co(—A()u + f), where C, is the operator defined in
Lemma 29, then if we follows the proof of Lemma[Z9 we can show that u(.) —ug €
C(0,7; V'), u(t) —uo — 0 as t — 0. Thus, u(0) = uo.

Proof. First we prove the result for uyg = 0. As in the proof of Theorem B.I0 we apply
Theorem [3.9, so we need to verify that the assumptions of this theorem are satisfied. We
shall verify only the conditions (3.H), (3.0, the others are obvious.

Let 0 <s,t <7 and A € ¥,_y. We get by Lemma [3.0]

A+ AWD) (AWB ™ = A(s) e
= I+ A) (A = AE)AG) e
= s ol Al O AW) )~ als, Al O AW )

<Clt—s|©  sup  [JA(S) ullpl|(A+ A®)) oy
[ullyr=lvlvy=1
|t — s
1+ A

So the condition (33]) is satisfied for d = 0 and 7 = . We now use Lemma [B.8 in the
case J = 0 to get the assumption (B.6). Therefore there exists a unique solution to the

Problem (B1)) with uo = 0.

We consider now the case uy # 0. For the case a € (0, ) we proceed analogously
to the proof of Theorem BI0 Let a € [%, 1),v satisfies B®v (t) A(t)v(t) = f(t) and
w be the solution to the problem w'(t) + A(t)w(t) = 0,w(0) = uo,up € V', V),_ 1

Then by [3][Theorem 2.2] one has w € W'?(0,7;V') N LP(0,7; V). Set u = w + v. Hence
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u € LP(0,7;V) such that B*(u — ug) € LP(0,7;)’) and w is the solution to B*(u —
u)(t) + At u(t) = f(t) + (BY(w — up)(t) + A(t)w(t)),u(0) = ug. Then for f = g —
(B*(w — up) + A()w),g € LP(0,7;V"), we have v € LP(0,7;V) is the unique solution to

B*(u —up) + A(.)u = g, u(0) = uy. O
We remark that for u € HZ(0,7;V") N L*(0,7;V),a € (0,1) we have by [41][Corollary
3.1]
. 2
[0,
0 t

Moreover, if a > 1 we get by [40][Proposition 2.5] that u € C([0, 7]; [V, Ve-1)-
For the space M R(«,2,7) we have the following theorem.

Theorem 3.16. e In case p = 2 with ug = 0 we have for all « € (0,1),v € [0,1],u €
MR(«,2,7)

™ {Ju(t) 1By vy
/0 t(giﬁfwdt < CO&’YHUH?\/[R(OC,ZT)'

e Foralls €0,7),a € (5,1) the operator

TR, : MR(a,2,7) — [H;V]2a1

S
g
—
»
~—

is well defined and bounded.

Proof. First we prove the first assertion for v = 1. Let u € M R(«,2,7). Then by the
uniform quasi-coercivity of the forms and Proposition we get for u € MR(«, 2,7)

)l /f it
< = A -
/O Sar < < [ tut,u(t))ta
" Jut)?
s%guAuanw o [
200—1 @ 2
< sl Aulugm + 27 [ 1B u) at

< O, ) [ull 3 riazm):

where C(a, §) = %(5% + 22"‘).
By interpolation we have for v € [0, 1]

 lu(t)]|?
/ I ()I![H,vhdt
0

t(2—7)a
a0 Ju)ly
—Jo t2(177)a tre

2

T t

< C(a,d, v)IIUIIMRm,z,T)-
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This finishes the proof of the first assertion.
Noting that by Lemma B4l we have [H, V]aa—1 = [H, D(A(s))],—1 for all s € [0,7]. Let
u € MR(a,2,7) and s €]0, 7] we get

[ IAG)e ()0
<2 [ A()e™ O (us) — uls = )0 d
+4/ I [A(s)e ™4 — A(s — e~ 4] u(s — 1)][220 ) di
+ 4/0 ||6_lA(S_l)A(s — Du(s — )||220-2) g
= 11(s) + L2(s) + I5(s).
The analyticity of the semigroup and Lemma 2.7 gives
Li(s) <M/ lu(s) = u(s = D[*172* dl < My |[ul| pse)

Choose a contour I' in the positive half-plane and write by the holomorphic functional
calculus for the sectorial operators A(s), A(s —1)

A($)e™O - A(s e 070 = [ A AT A(s)) ™ (Afs)~Als—) )T —A(s=D) ™ d\
Therefore, by using Lemmas B.6 and B.5] we obtain
I [A(s)e 4 — A(s — e 4] u(s — 1)
< [T e =N = A(s) e,
X [[(AL = A(s = 1) e dIMIA(s) = A(s = Dl o vy lu(s = D)
o) = Als — Dl

- Ju(s =D)L

Thus,

C/s |A(s) — A(s — l)”%:(V,[H,V]/B)
0

I(s) < R AUl om0
< Ca,ﬁ,s||u||%)(3a)-
For I3 one has
I3(s) < Ms*—) /0 IAGs — Duls = DIP di < MsC AQ)ul%-
Therefore, by the definition of the interpolation space (see [29][Proposition 5.1.1]) we have

e fevians = Nl oty < Cy(Jlu(s !+/ 1A(s)e 4@ u(s) PP dl) < Callull s,

which prove the desired result.
For the case s = 0, we estimate [ ||A(s)e™4®u(s)]|21207) dl and to do this we proceed
similarly as before. m
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4 Semilinear equation

Let F(t,u) : (0,7) x H — H and Fy(t) = F(t,0). Assume that Fy € LP(0,7;H) and
F(.,u) satisfies the following continuity property: for any € > 0 there exists a constant
N., > 0 such that

1F(u) — F(, )HLp 0H) S ellu— UHI])WR(a,p,T) + Nepllu — U”ip(omﬂy (4.1)
for any u,v € MR(«,p, 7).

Example 4.1.  1- If we assume that |[F(t,z) — F(t,y)| < K|z —yl|ly, K > 0,2,y €
V,t € (0,7) then the conditions (&1)) is satisfied. Indeed, let u,v € M R(c,p,T) one
has

1F(u) = FC o)l < KPllu = vl 0.0

< 5 [ @l - vl

< Kp/ (@R(A(t)(u@s) — (1)), ult) —v(t))>2dt
— o)) lu(t) — v(t)||% dt

< E”A ( )”LP ©O7H) T Nepllu — UHIZP(O,T;H)’

K?p
oPe *

where N =
2- Let F(t,u) = B*u,u € MR(a,2,7),0 < oy < . Then the Lemma implies
IEC,wllx = [[BMullx < ellull pgse) + K(a, an, e)fJullx-
Hence, the condition ([&1]) is satisfied.

In the following theorem we assume the same hypothesis with Theorem for the
forms (a(t))te[oﬁ]

Theorem 4.2. Let ug € Tr2. Then the equation
B*(u — ug) + A()u = F(.,u) (4.2)

admits a unique solution u € M R(a, p,T).
Moreover, there is C,p, > 0 independent of ug, Fy such that

[ullarriapm) < Cap(lFoll e + [luollrr)-
Proof. For v € M R(«, p, ) consider the linear equation

B*u+ A()u = F(.,v).
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By Theorem B.I0, this equation has a unique solution v € M R(«, p, T).
We define

S:MR(a,p,7) — MR(a,p,T)
v U
For vy, vy € MR(«, p, 7) we have by Theorem B.I0l and Lemma 2.9}
1501 = Stallrany < NIFC.01) = FCo) oo
< NGHUl - UQH?\/[R(Q,p,T) + NNQPHUl - UQH?}’(O,T;’H)

< Nellvr = v2[[}piapr) + NNe,p/O (7 - 3)a_1/0 [B*(v1 — vo)(r)||” dr ds

)
< Nellor = valBrngape) + NNeo [} (7= 9)" o = 2linap ds

Set Ky := Ne and K; := NN,,. Then repeating the above inequality and using the
identity

t B s1 _ Sn—1 _ F(a)”
o a—1 o a—1 . a—1 —
/0 (t —s1) /0 (s1— $2) /0 (Sn_1— 8p)* " dsp...ds; Tla 1)

no
e,

we obtain

n n - n n— a F(a>k
1501 = S0 rapr) ; (k) Ky (Kar >km||v = 2l R(apm)

< o s, (LTI Y
- 0 k:l??,{n F(k?Oé + 1) U1 U2 MR(a,p,7)"

k
(Ko—lraKlr(a)> _
T(kat1) 1S

n

k

For the second inequality we use > g ( > = 2™ Note that maxk_l,__,n<

bounded for all n E N*.
Now, we take € < H’ which gives Ky < i and n sufficiently large to get
(Ky'mKiT(a)) ,
< (ka + 1) )] lor = v2lfarmenn

< Hvl - U2HMR(a,p,T)'

k

n n 1
HS v — S UQHMR (a,p,T) 2n|: :aXn

Then S™ is a contraction on M R(«a, p,7) and this yields the existence and uniqueness of
a solution u € M R(«, p, T) to the equation (£2). Therefore it only remains to prove the
a priori estimate. From the linear equation and (€.1]) we have for all € > 0

||u||I]:JR(o¢,p,T) < NHF(WU)HIZ/P(O,T H)
< NCOWECw) = Fo( 2o + NC@IEF Lo 0.m00
< NC(p)ellullaspapr + NNepCONullLo0ra0 + NC@NEC) Lo (0 r:00)

< NC)ellullysriapr + NNe,pC(p)/O (7 = )" Hullrgaps 45 + NCOIF N 0,r0)-
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Here, C(p) is a positive constant depending only on p.
Now, taking € = m and applying Gronwall’s lemma gives that there exists C' > 0
such that

[ullseriaps) < CllEollzrorm)-

[
Corollary 4.3. Let C : (0,7) x V — H is a linear operator such that ||C(t)u| <
K|u|ly, K > 0,u € V,t € (0,7) and F(.,.) as in the Theorem B2 Then for A € C
the semi-linear equation

B*(u—wp)+A()u+C()u+ I = F(.,u) (4.3)

admits a unique solution u € M R(c, p, T) for all ug € TrP.
Moreover, there is C,p, > 0 independent of ug, Fy such that

lellasrapm) < Cap (I Follrora + lullzez)-

Proof. Set G(t,u) = F(t,u) — (C(t)u + Au). Then it is easy to check that G satisfies
the conditions (A1) and G(t,0) = Foy(t). So the claim follows immediately by Theorem
4.2l [

Remark 4.4. As consequence of the previous corollary, we can take v = 0 in [H3] without
loss a generality.

For the non-autonomous evolution equations with two fractional time derivatives we
have

Corollary 4.5. Let C' : (0,7) x V — H is a linear operator such that |C(t)u| <
K||u|ly, K > 0,u € V,t € (0,7) and F(.,.) as in the Theorem 2. Then for A € C,0 <
a1 < « the semi-linear equation

B*(u —up) + A()u+ C()u+ AB*u = F(.,u) (4.4)

admits a unique solution u € M R(«,2,7) for all ug € Tr?.
Moreover, there is C, > 0 independent of ug, Fyy such that

lullarriozs < CalllFollz2rae + llullres)-

Proof. Set G(t,u) = F(t,u) — (C(t)u + AB*u). Then it is easy to check that G satisfies
the conditions (1)) and G(t,0) = Fy(t). So the claim follows immediately by Theorem
4.2] 0

In the following proposition we prove that maximal LP—regularity holds without re-
quiring any regularity in time for the operators (or the forms).
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Proposition 4.6. Assume that

t — a(t,z,y),xz,y € Vis measurable and|a(t, z,y) — a(s,z,y)| < Cllz||v|yl,s,t € [0, 7].
(4.5)

Then the equation
Bu+ A()u=f (4.6)

admits a unique solution u € M R(a, p, ) for all f € LP(0,7;H),p € (1,00).
Moreover, there is C, > 0 independent of f such that

ullamrriapr) < Callfllzo@rm)
and in the case p = 2 we get for B € [0, 1] that u € H**(0,7; A(0)*")NL2(0, 7; D(A(0)*~7), #%7).

Remark 4.7. The condition [AH) is equivalent to A(t) —A(s) € LIV, H),s,t € [0,7] and
we have D(A(t)) = D(A(s)) with equivalent norms.

Proof. Set F(t,u) = f 4+ (A(t) — A(0))u(t),u € LP(0,7; D(A(0))).
We have for u,v € LP(0,7; D(A(0)))

1F (1) = F (o) [agomn = ICAC) = AO) (@ =) 0m90 = || sup ((A() = A0)(w =), 2) 72

flzf|=1

= || sup (a(,u—v,2) = a(0,u —v,2)) 2.
flzll=1 ’

< CpH’LL - U”iP(O,T;V)

2p
< €HA<O)(u - U)”iP(O,T;H) + EHU - UH??(O,T;H)'

Now we proceed exactly as the proof of Theorem we prove that there exists a unique
u € LP(0,7; D(A(0))) such that B®u € LP(0,7;#) be the solution to the semi-linear
equation

B+ A(0)u = F(.,u).

Hence, u is the unique solution to the following problem
Bu(t) + A(t)u = f(t), t-a.e
and we have the apriori estimate
1B%ul|ze0,r20) + [[AO)ull Loo,ripe) < Call fllLr0.770)-
Define the operator
E.u= B*A(0)'*u,z € C,u € D(B*) N L*(0,7; D(A(0))).
We have for z =is, s € R
[ Eisullx = 1 B**A0) " ullx < [|B"|ccx)lA0) || ccx) | A0)ul x

< Cosllull pBeynrzo,mpca©))-
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Similarly for z =1 + is we have
| Evisullx = [|BUH9A(0) " ull x = |A(0)"*B**B%u||x < Caslltllpi)nzzo.mpa0)-
We apply Stein’s complex interpolation theorem to obtain that
Ey = B A(0)'~% € £(D(B*) N L*(0,7; D(A(0))), X ), 8 € [0,1].
Hence,
[ull a5 (0,m:a00p1-5) = 1B A0) " Pullx < Capllull pseynrzomniamy) < Capllfllzz0mm)-

By using Lemma 22 we get H*(0,7; A(0)' %) < L?(0,7; D(A(0)'~7), 44;). This finishes
the proof. O

5 Time dependent perturbations-Maximal regularity

Let a(t), A(t),V and H be as above and suppose again that the standard assumptions
[H1]-[H3] are satisfied with v = 0. Let (C(t))tco,j be a family of bounded invertible
operators on ‘H. We assume that there exist constants 4; > 0 and M; > 0 independent
of ¢ such that
RCE) u,u) > 6 l|ull3, Yu e H, (5.1)
and
IC®) ey < My (5.2)

We assume moreover that for all s, ¢ € [0; 7]
1C(t) = C(s)||l ey < LIt = 5], L,e > 0.

As a consequence of (5.1) and (5.2) the numerical range of C'(¢)~! is contained in a sector
of angle w, for some w, € [0, §), independent of ¢. Note that (5.I]) implies that

1C(t) " ull > 8l
and hence 1
ICONen < 5. (53)

We denote by wy the common angle of the numerical range of forms a(t),¢ € [0,7]. We
assume in addition that

wo +wy < g, (5.4)

and the operator C'(t)A(t) is accretive for all t € [0, 7], i.e.
R(C(t)A(t)u,u) > Cllul|*,u € D(A(t)),C > 0.

Note that wy < arctan(4) and w; < arctan(]\g—ll).
From [34] we have the following Dore-venni theorem type of non-commuting operators on

UMD-Banach space
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Theorem 5.1. Let A and B be two sectorial operators with angles 04,0 and admit
a bounded imaginary powers on a UMD-Banach space Y. Suppose that 0 € p(A) and
04+ 0p < w. Suppose in addition that for some 0 < a < < 1 and ¢ > 0 the Labbas-
Terreni commutator estimate

— -1 -1 -1 —1 4—1 C
I0,0) = [AQ+ AT (AT + B = (0 + B) A7 le) € ey
holds for all X\ and o with |arg(\)| < m — 64 and |arg(c)| < m — 0. Then there exists a

co such that co + A+ B with domain D(A) N D(B) is invertible and there is a constant
C > 0 such that

C
A+ A+ B) o < T for all X > c.

Remark 5.2. We have the same result if

c c

I(\0) <
o) @+ D)o T [ Ao

forO0<a<p<land0 < a3 < fp; <1l,c>0,d >0 with |arg(\)|] < m — 04 and
|arg(o)| < m — 0.

Theorem 5.3. Assume that (32). Then the fractional evolution equation
Bu+C()A()u=f (5.5)
has mazimal L*-reqularity.

Remark 5.4. If 7 is small enough, the reqularity assumption on C(t) can be weakened
considerably. Indeed, the continuity is sufficient and in order to avoid the inadequate
expense of the size of descriptions, we do not prove this result.

Proof. Define the operator A in X by (Au)(t) = C(t)A(t)u(t) with domain
D(A) = {u € X,u(t) € D(A(t)) a.e t and A(.)u € L*(0,7;H)}.

We would like to apply the Theorem [(.3], so we need to verify that the assumptions of this
theorem are satisfied. Then we have to prove the operator £ = B®+ A (which is the sum
of non-commuting operators) is bounded invertible on X. By using [I][Proposition 3.2] it
follows that C'(t)A(t) is a sectorial operator of angle 8, = wy + w; on H for all t € [0, 7]
such that o

A+ CHA) e < T C>0,A€ Xy,

Hence, A is a sectorial operator on X. Now, since C(t)A(t) is an accretive operator
we obtain by [29][Theorem 4.3.5] that C(t)A(t) has a bounded imaginary power for all
t €10,7] and

1(CAWD) Nl < 4.5 € R.
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Thus, .
1(A)*]lcx) < €2l s € R

We remark that by Proposition 2.2l B is a sectorial operator of angle 6, = < and has a
bounded imaginary such that for all € > 0

1B oo < CL+ )T < CelF M, s e R

Therefore it remains only to prove the Labbas-Terreni commutator estimate. Indeed, let

A and o with |arg(A)| < 7 — 6, and |arg(o)| < 7(1 — §). Then

I(\, 0)2
~ fexfixet AR+ A)fl(Afl(U +BY) ' — (o + Ba)’lA’l)ngc
= o [TICOA00+coam)” [(CwA®) o+ B

— (o4 B (CLAW) F@)] 17 dr.

o (0 B0 = [0 =9 B0t = 5))(s) ds,
we get
(CHAWD) (o + B (1) — (0 + B (CLAW) ()
= (COAD) [0 =9 Bua(=alt = 5°)7(s) ds
[ = Bua(—olt = 57 (CAG)) () ds
= [t = 9 (ot = [ (CHAM) "= (C)A) ] 1(s) ds
This gives
I(\ 0)?
= s [ Bua(oo (= 9MCOAD O+ CA®D)
(Ccam) " =(CAW®) ] (s) ds|*
We write



This gives

For the first term on the RHS we obtain
KL (M < [(A+ CHAD) HeanlCls) = COIeanllC(s) le@ollf(9)]]

Clt —s|
< Sl

By [1][Proposition 3.2, Proposition 3.4] we have
- C
A+ C)AD) T CO) | camvisym < m,c >0, €%,

Thus,

(8 M < 1A+ COAR) T COleimviaraolAGs) — Al ey A T CS)  leaan 1 ()]

C' t—s P e
’w'lﬁuﬂs)u.

Therefore,

Cl T t I o 2
TP < o (=9 Eaal—o e =) 17)l ds)

C P ) 2
T e ([ 9F ot o)

In light of Lemma 3.8 and Young’s inequality for convolution we have

I0vo) < oo [ By (ot de sup ||
L+ [A[ Jo FEX || fllx=1
02 T 2B 4 ote—1 a
b [ B (<ot dt s |k
L+ A7z Jo Fex|Ifllx=1
Cl CQ

< + .
L+ DI (14 A7) ot

This prove the Labbas-Terreni commutator estimate. Therefore, there exists a ¢y > 0 such
that ¢y + L is bounded invertible on X. Now, by applying the fixed point argument we can
easily prove that £ is bounded invertible on X. Then, (5.5) has maximal L2-regularity. [J
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6 An Aubin-Lions lemma for MR(«,p, T)
The following theorem is due to Simon [28]. Let X be a Banach space and let 7 > 0,p €
(1, 00).
Theorem 6.1. A subset F' C LP(0,7; X) is relatively compact in LP(0,7; X) for 1 <p <
oo orin C([0,7], X) for p = oo if and only if

1- {ff fdr: f € F} is relatively compact in X for all0 < s <t < T and

2- [[f(.+h) = fller©r—n:x) = 0 as h — 0 uniformly for f € F.

Theorem 6.2. Suppose that V is compactly embedded in H. Then M R(c,p,T) is com-
pactly embedded in LP(0,7;V) N C([0,7];H) for all p € (1,00) and a € (Il), 1).

Proof. Let us first prove that M R(«, p,7) —. C([0,7|;H), if V <. H. To do this we
show the conditions of Theorem (G.II). Let F be the unit ball of M R(a,p, 7). The first
condition is easy to check since F'is a subset of the unit ball of LP(0, 7;V). For the second
let 0 <h <7 and u € F, then by Lemma 2.9 we have for a € (%, 1)

Hu( +h)_UHLoooT hiH) — ‘(a U)( +h)—l *'UHLOO(OT hiH)
||(C v)(- + ) = Cavl[Loe(0,r—nim)
K(a,T,

p) "y ||UHLP (0,75H)>

where v = B*(u — uy).
Let uw € MR(a,p, 7). Then

1 :
[ull0r) < 55 [ @HuOIR)% ds
1 T
< 55/0 (Ra(t,u,u))2 dt
1 T
< — 2
_55/ [A@u@) > [[u(®)]]> dt
1
51; | A(. )UHLp(OTH HUHLP(OTH) (6.1)

Let (up)nen € MR(a,p,7) be a bounded sequence. Thus there exists a subsequence
of (up)neny which is Cauchy in LP(0,7;#). Finally by (6.1) and the boundedness of
(Aty)nen in LP(0,7;H) we obtain that this subsequence is also Cauchy in L?(0,7;V).
Hence, M R(c, p, T) is compactly embedded in LP(0, 7; V). O

7 Applications

This section is devoted to application of our results on existence and maximal regularity
of the sections to concrete evolution equations. We show how they can be applied to both
linear and non-linear evolution equations.
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7.1 Elliptic operators.

Define on H = L?(R?) the sesquilinear forms

a(t,u,v) Z/ akjt:c(?kuﬁvdx—i-z:/ tx@uvdaﬁL/ (t, x)uv de,u,v € H'(R?).

k,j=1
We assume that ay;, b;,c: [0,7] x R? — C such that:
axj,bj,c € L=([0,7] x R for1 < k,j < d,

and
d

R D a;(t, 2)&E; > 61€|* for all¢ € Cand a.e. (t,2) € [0,7] x R
kj=1
Here 6 > 0 is a constant independent of .
It easy to check that a(t,.,.) is H'(R?)-bounded and quasi-coercive. The associated
operator with a(¢, .,.) is elliptic operator given by the formal expression

Alt)u = — kzz 0 (aw;(t,.)0ku) + 2—21 bi(t,.)0ju+ c(t,.)u.

In addition to the above assumptions we assume that for « € (0,1), some constants
K,e>0

lag;(t, x) — ag;(s,x)| < K|t — s|2 < for a.e.r € RYand allt, s € [0, 7].

Let F(t,u) : (0,7) x H — H and Fy(t) = F(t,0). Assume that Fy € LP(0,7;H) and
F(.,u) satisfies the following continuity property:

1F(t, 1) — F(t,0)]| poey < K Jw — vll ey, K > 0,u,0 € H'(RY), t € (0,7).

Therefore, applying Theorem and Corollary .3 we conclude that for every uy € H if
a € (0, %) and ug = 0 otherwise the problem

Ba(u<.)—u0)(t)—k2 0, (an; (t, )Opu(t)) + ;bj(t,.)@-u(t)—i—c(t,.)u(t):F(t,u(t)),t—a.e.

has a unique solution u € LP(0, 7; H'(R?)) such that A(.)u € LP(0,7;H), B*(u(.) — ug) €
LP(0,7;H).

The maximal LP-regularity we proved here holds also in the case of elliptic operators on
Lipschitz domains with Dirichlet or Neumann boundary conditions. The arguments are
the same. One define the previous forms a(t) with domain ¥V = H}(Q) (for Dirichlet
boundary conditions) or V = H'(Q) (for Neumann boundary conditions).
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7.2 Non-autonomous Robin boundary conditions

Let  be a bounded domain of R? with Lipschitz boundary dQ. We denote by T the
classical trace operator. Let v : [0, 7] x 92 — R be a bounded measurable function which
is Holder continuous w.r.t. the first variable, i.e.,

[t o) =(s,0)] < K|t — 5|5t (7.1)

for some constants K > 0,e > 0 and for all £, s € [0, 7],0 € 9f2. We consider the symmetric
form

a(t,u,v) = /QVUVU dx + /mv(t, Juvdo,u,v € H (). (7.2)

The forms a(t) is H'(Q)—bounded, quasi-coercive and symmetric. The first statement
follows readily from the continuity of the trace operator and the boundedness of «v. The
second one is a consequence of the inequality

| luftdo < eljullfn @+ Collulla

which is valid for all ¢ > 0 (C. is a constant depending on ¢). Note that this is a
consequence of compactness of the trace as an operator from H'(Q) into L?(99, do).
Let A(t) be the operator associated with a(t,-,-). Note that the part A(t) in H := L?(2)
of A(t) is interpreted as (minus) the Laplacian with time dependent Robin boundary
conditions:

0,v +7(t,.)v =0 on 0.

Here we use the following weak definition of the normal derivative. Let v € H(2) such
that Av € L*(Q). Let h € L*(09Q,do). Then d,v = h by definition if [, VuVwdx +
Jo AuVwdx = [,o hwdo for all w € H*(€2). Based on this definition, the domain of A(t)
is the set

D(A(t)) == {u e H'(Q) : Au e L*(Q), d,u+ Bi(t,. )u=0}
and for u € D(A(t)) the operator is given by A(t)u := —Awu. Note that for any £ > 0

lat;u,v) = a(s;u,v)|

= t,.) —~(s, )uvd
IR ERTO) ]
< It ) = (s Mool ey 013

where we used the fact that the trace operator is bounded from H27#(Q) into Ly(9).
Let m : [0,7] x Q — [r, 1] for some constant r > 0, such that for some €, L > 0

|m(t,z) —m(s,x)| < Lt —s|t,s € [0,7],2 € Q. (7.3)

Now, the assumptions (7)), (Z3) allows us to apply Theorem with = % + ¢ and
obtain maximal L2-regularity for the corresponding evolution equations

Bou()(t) — m(t, ) Au(t) = f(t)

duu(t) +~(t,)u =0, ondQ.

(7.4)
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7.3 Operators with terms of lower order.

Let Q be a domain of R” and let by, m : [0, 7] x 2 — R be a bounded measurable function
foreach k =1,--- n.
We define the forms

a(t, u,v) :/QVu.Vvd:c—l—Z/Qbk(t,x)akuvdx—i-/Qm(t,x)uvdx,
k=1

with domain V), a closed subset of H'(€2) which contains H{(€2). Tt is clear that
la(t, u,v) = a(s, u, v)| < Mol[ullv][]2

for some constant M. This means that the assumption of the Proposition is satisfied.
Note that the forms a(t) are symmetric, then D(A(t)%) = V. We apply Proposition
and obtain that there exists a unique solution u € H%(0,7; L*(2)) N H=2(0,7;V) for the
correspond fractional evolution equation.

7.4 A quasi-linear equation

In this subsection we consider the non-linear evolution equation

BYu(t) — m(t, z,u(t))Au(t) = f(t)
(7.5)
duu(t) + B(t,.)u =0, onod.

The function m is supposed to be measurable from [0,7] x © x R with values in [d, ]
for some constant & > 0 continuous in the first and the last variable. The domain € is
bounded with Lipschitz boundary and the function g satisfies ().

We have the following result.

Theorem 7.1. Let f € L*(0,7; L*()), > 5. Then there exists a solution u € D(B*) N
L2(0,7 H'()) of (3.

Proof. We shall use Schauder’s fixed point theorem to prove this result. Let us denote
by H = L*(Q),V = H'(Q) and the operator A(t) on H associated with the form a(t,-, )
defined by (T.2). Given v € L*(0,7;V) N C([0,7]; H) we set for g € H

Cy(t)g = m(t,z,v(t))g.

Note that 1
MMPSWNMQHS§M2

and t — C,(t) is continuous. By Theorem [b.3] for 7 small enough there exists a unique
u € MR(a,2,7) such that

Bou(t) + Co(t) A(t)ult) = f(t).
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Now we consider the mapping
S L*(0,7;V) N C([0,7]; H) — L*(0,7; V)N C([0,7]; H), Sv = u.

Since V' = H'(Q) is compactly embedded into H (recall that € is bounded and has
Lipschitz boundary), we obtain from that M R(a,2,7) is compactly embedded in
L2(0,7;V)NC([0,7]; H). As a consequence, it is enough to prove continuity of S and then
apply Schauder’s fixed point theorem to find u € M R(«, 2, 7) such that Su = u.

Now we prove continuity of S. For this, we consider a sequence (v,),, which converges to
vin L*(0,7;V) N C([0,7];H) and let u, = S(v,). It is enough to prove that (v,), has a
subsequence which converges to Sv. For each n € N, u,, is the solution of

Buy,(t) + Cy, (1) A(t)un(t) = f(2).

the sequence (u,), is bounded in M R(«a,2,7) and hence by extracting a subsequence
we may assume that (u,), converges weakly to some u in M R(«,2,7). In particular,
A()u, — A()u weakly in L*(0,7;H) and w, converges in norm to u in L?(0,7;V) N
C([0, 7]; H). By extracting a subsequence again we can also assume that v, (t,z) — v(¢, x)
and Vu,(t,z) — Vo(t,x) a.e. with respect to ¢t and to z. Hence for g € L?(0,7;H) we
have C,, (.)g(.) — C,(.)g(.) a.e. and also in L?*(0,7;H) by the Dominated Convergence
Theorem. Thus for all g € L*(0,7;H) we obtain

0= [ (Boua(t) + Cu (AW (1) = £(0). g(0)) at
0= [ (Bun(t).g(®) dt + [ (AWua(t),Co (Dg(t)) dt + [ (), 9(8))
— OT(BO‘u(t) + Cu(t)A(t)u(t) — f(t),g(t)) dt (n — o0).

Now the particular choice of g(t) = B*u(t) + C,(t)A(t)u(t) — f(t) shows that Bu(t) +
Cy(H)A(t)u(t) = f(t). We conclude that u = Sv which is the desired identity. O
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