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The Unruh state for massless fermions on Kerr spacetime
and its Hadamard property

Christian GERARD, Dietrich HAFNER & Michal WROCHNA

ABsTRACT. We give a rigorous definition of the Unruh state in the setting of massless
Dirac fields on slowly rotating Kerr spacetimes. In the black hole exterior region,
we show that it is asymptotically thermal at Hawking temperature on the past
event horizon. Furthermore, we demonstrate that in the union of the exterior and
interior regions, the Unruh state is pure and Hadamard. The main ingredients are
the Hafner—Nicolas scattering theory, new microlocal estimates for characteristic
Cauchy problems and criteria on the level of square-integrable solutions.

1. INTRODUCTION AND SUMMARY

1.1. Introduction. One of the major open problems in mathematical Quantum Field
Theory on curved spacetimes is to determine the final quantum state arising from the
collapse into a black hole and to describe its thermodynamical properties.

In the last decade, valuable insight has been gained especially from simplified models
in which the black hole is eternal and non-rotating.

Most notably, years after Unruh’s proposal for a distinguished state on Schwarzschild
spacetime [59] and subsequent developments, including e.g. works by Candelas [4] and
Dimock-Kay [17, 18], a rigorous definition was eventually provided by Dappiaggi—
Moretti-Pinamonti [12]. The same authors gave also more clue to the physical relevance
of the Unruh state by proving that it satisfies the Hadamard condition on the union
of the exterior and the interior region, thus ruling out infinite accumulation of energy
at the event horizon. The remarkable fact is that imposing the Hadamard condition
singles out a state at the Hawking temperature at the event horizon.

The Hadamard condition was also shown recently for the Unruh state on Reissner—
Nordstrom—de Sitter spacetime by Hollands—Wald—Zahn [40], who used it as a reference
state to demonstrate the quantum instability of the Cauchy horizon in that setting.

The essential feature of e.g. Schwarzschild spacetime that makes it more tractable
than the case of rotating black holes is the existence of a Killing vector field which
is time-like in the whole exterior region. Schwarzschild spacetime has also the special
structure of a static bifurcate Killing horizon, which makes it also possible to consider
a different distinguished state, the Hartle-Hawking—Israel state [32, 41|, conjectured
in the '70s to be well-defined on the whole Kruskal-Szekeres extension. While its
uniqueness is known since the work of Kay—Wald [42], its rigorous construction and
the proof of its Hadamard property was established relatively recently by Sanders [55],
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followed by a generalization to the stationary case by Gérard [26]. Although believed
to be too idealized to describe the final black hole collapse state accurately, the Hartle—
Hawking—Israel state is an important theoretical model nevertheless in view of its high
level of symmetry and its connection to black hole thermodynamics [62].

In the physically more realistic rotating case, however, there is no rigorous result
so far that gives the existence of a distinguished Hadamard state. The absence of a
global time-like Killing vector field causes severe difficulties both on the conceptual and
technical level, which are expressed in the following non-existence theorems:

(1) The Kay—Wald theorem asserts the non-existence of a state which is invariant
under the flow of the Killing field vy that generates the horizon, under the
assumption that a certain superradiance property holds true [42|. The latter is
conjectured to be verified in the case of bosonic fields. (Note that on the other
hand, there is no superradiance for fermions in this sense.)

(2) A theorem due to Pinamonti-Sanders—Verch asserts that a thermal state asso-
ciated with a complete Killing vector field v cannot be Hadamard if there is
a point at which v is space-like [50]. This result holds true in a broad setting
including bosonic and fermionic non-interacting fields.

Focusing our attention on the exterior Kerr spacetime (My, g) for the moment, the
closest analogues of the time-like Killing vector field 0; on Schwarzschild are the two
Killing vector fields vy = 0y + Q0, (the generator of the past horizon J#; the
constant {2, is the angular velocity of %7 ) and vy = 9; (the generator of past null
infinity #_), each of which is time-like only in a subregion of the exterior. While the
result (2) (and in all likelihood (1) as well in the bosonic case) implies bad properties
of any state in the exterior region that is thermal with respect to either vy or vy,
we propose instead to split the solution space into two parts, and use v for solutions
coming from 7 and v for those coming from .#_ in the sense of scattering theory.

This is consistent with a formal definition in terms of mode expansions, proposed by
Ottewill-Winstanley in the case of scalar fields [19] and Casals—Dolan—-Nolan—-Ottewill-
Winstanley for fermions [6], cf. [7] for electromagnetic fields. The approach via mode
expansions is advantageous for practical computations. However, making the definition
of the state rigorous and proving the Hadamard condition requires a sufficiently precise
scattering theory (which distinguishes between solutions coming from J#” and solutions
coming from .#_), combined with high frequency estimates for solutions in terms of
their asymptotic data. On top of that, the fact that none of the Killing vector fields
is everywhere time-like makes it impossible to use the arguments employed in [12] to
show the Hadamard condition.

1.2. Main result. In the present paper, we provide the first rigorous result of existence
of a distinguished Hadamard state on a rotating black hole spacetime. More precisely,
we give a precise definition and prove the Hadamard property of the Unruh state (or
more pedantically, of the past Unruh state) in the case of massless Dirac fields on Kerr
spacetime.

We consider the four-dimensional spacetime (My 1, g) which is the union of the Kerr
black hole exterior and interior spacetimes with rotation parameter a > 0 and view it
as a subregion of the Kerr—Kruskal extension (M, g) (see Figure 1).
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FIGURE 1. The Carter—Penrose diagram of the spacetime My (rep-
resented by the shaded region) embedded in the larger spacetime M.
Scattering in the exterior region Mj refers to data at the past horizon
JC. C 7 and at past null infinity #_. Scattering in My refers to
data at the long horizon /7 and at .#_. Scattering in M requires an
extra piece of data at &’ .

The Dirac operator ) acting on smooth sections of the canonical spinor bundle S
over M is the differential operator defined as

D =g"v(eu)Ve,

see Sections 2 and 5 for details. In the massless case considered here, it is well known
that the whole analysis can be reduced to the Weyl equation D¢ = 0, which accounts
for half of the degrees of freedom, see Section 2.

The main reason for us to consider massless fermions is that in this case the scattering
theory in the exterior region M is sufficiently well developed thanks to results by
Héfner—Nicolas [34], and in contrast to bosons, there are no extra difficulties due to
superradiance. In particular there is a notion of scattering data at s and .#_ of
square-integrable solutions. Furthermore, for sufficiently regular solutions these data
agree with traces at 7 and .7_.

The traces at 7 and #_ extend to solutions in the Kerr-Kruskal spacetime M as
traces at the left long horizon .#7, (see Figure 1) and at the two conformal infinities
#_ and #’. Using these traces it is possible to define a pure state wy; in the whole of
M, which we call the Unruh state.

As explained in Subsect. 4.1, to construct a state it suffices to specify a pair of positive
semidefinite operators C™ and C'~ acting on square-integrable solutions of D¢ = 0 and
satisfying CT+C~ = 1 (these are the so-called covariances). We demonstrate that the
Hadamard condition can be then formulated as the requirement that for each solution
¢, the wavefront set of (C’i)%gi) is confined to only one component of the characteristic
set of D, namely

WE((C¥)2¢) C NE, (1.1)

where the two components Nt and N~ are defined in (3.8) and the definition of

the wavefront set is recalled in Appendix E. The main difficulty is how to control a
1

high-frequency condition such as (1.1) when (C¥)2¢ is defined through its asymptotic

data.
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Our main result is the following theorem. Below, 1r+ is the characteristic function
of the positive, resp. negative half-line, (U, V, 6, p#) are the Kruskal-Boyer-Lindquist
coordinates, and (t*,7,0,¢*) are the Kerr-star coordinates in the exterior region, see
Section 5.

Theorem 1.1 (cf. Theorems 8.2 and 8.3). Let (M, g) be the Kerr—Kruskal spacetime,
and let D be the Weyl operator on (M, g). Then there exists 0 < ag < 1 such that if
la|]M~t < aq then the following holds:
(1) there exists a unique state wyy for D, called the Unruh state, with data 1p=(—i~*dy)
at the horizon 7, and 1g+ (=104 ), resp. 1gx (i~10p) at null infinity S, resp. ' ;
(2) wm and its restriction wn,,,, to M are pure states;
(3) the restriction wyy, of wm to My is thermal with respect to vy at the past horizon
H with temperature equal to the Hawking temperature (2m) 'k ;
(4) wyy is @ Hadamard state.

The property that the state wy is pure is equivalent to its covariances Cﬁ being
projections, and since 1gp+(i~10y) and 1g=(i7104) are projections, this is a direct
consequence of the fact that the scattering data maps that we construct are unitary.
The same arguments apply to wiry ;-

The Hawking temperature at .77 arises exactly as anticipated. Namely, the re-
striction of 1+ (i710y) to S = s, N {U > 0} is a function of vy (using that v
equals —k;Udy on ), and this function is precisely the fermionic thermal distri-
bution X}_ (s) = (1 + eF?™/5+)=1 This can be understood through an elementary
computation presented in Appendix D.

The difficult part is unquestionably the Hadamard property of wuy, ;. Part of the
proof relies on wavefront set estimates for solutions in terms of their characteristic data.
This is a refinement of the strategy used in works including [45, 11, 12, 2, 28|, and it
applies to points lying on bicharacteristics that intersect 7 or .#_ (with some extra
care if the intersection lies on the crossing sphere). In contrast to the Schwarzschild
case, however, it is essential to deal with bicharacteristics that do not have this property
and that cannot be dealt with by similar arguments.

As a way around that difficulty, we first show that in the exterior region Mj, the
Unruh state has covariances of the form:

Cri, =P o X (T L) + Py ox (iT'Ly), (1.2)

where P, and P, are projections defined using scattering theory, and X;_(s) =
1g=(s). The operator L, is the spinorial Lie derivative of vy s, and in (1.2)
we interpret i71L /.7 as a self-adjoint operator acting on the Hilbert space of square
integrable solutions of D¢ = 0.

The form (1.2) allows us to prove wave front set estimates for (Cﬁl)%(ﬁ in the region
where v/ s is time-like. The use of the projections P 5~ , s is also needed to separate
solutions coming from 47 and from .#_ when using arguments based on wavefront sets
of traces. All this requires a careful examination of the relationship between scattering
theory and characteristic Cauchy problems.

Next, we show that in the slowly rotating case, i.e. for sufficiently small a, all bichar-
acteristics in My that do not meet J#_ nor .Z_ necessarily cross a region where v 4 and
vy are time-like. Therefore, the estimates in this good region can be propagated to
the problematic points.
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Finally, in the remaining part of the larger spacetime My_i1, we propagate estimates
from M and from the analogous time-reflected block My. Then, an extra argument
near the crossing sphere allows us to conclude the proof of Theorem 1.1.

We emphasize that while the results in Theorem 1.1 are formulated for the Weyl
equation, they can be immediately translated to massless Dirac fields, see for example
the discussion in [27, Sect. 17.15].

1.3. Physical interpretation and Hawking effect. The Unruh state is conjectured
to be the final state emerging from the collapse of a star into a black hole. This is the
physical context of the celebrated Hawking effect [36]. Mathematically rigorous works
on this process exist in simplified models where the boundary of the star is a perfect
mirror, see Bachelot [1]| for the Klein-Gordon equation in the spherically symmetric
setting and Héfner [33] for the Dirac equation on rotating black holes, including also the
charged and massive case (cf. Drouot [22]| for Klein—Gordon fields on Schwarzschild-
de Sitter spacetime). The final state arising in this process can be interpreted as
a state on the Kerr exterior spacetime, and its asymptotic data was shown in [33,
Thm. 1.1] to be exactly that of the Unruh state wy, considered in the present work.
Therefore, the Unruh state is the conjectured final state arising from the collapse in
this model. Furthermore, since we now know that the final state is Hadamard, it would
be interesting to see if the arguments of Fredenhagen—Haag [23] about the derivation
of the Hawking radiation could be generalized for fermions to the rotating case.

1.4. Bibliographical remarks and related settings. The problem of constructing
Hadamard states from asymptotic data was considered in various settings by Hollands
[38], Moretti [44, 45], Dappiaggi-Pinamonti-Moretti [11, 12], Dappiaggi—Siemssen [13],
Benini-Dappiaggi-Murro [2|, Gérard—-Wrochna [28] using characteristic data methods,
by Gérard—Wrochna |29] using scattering theory and time-dependent pseudo-differential
calculus, and by Vasy—Wrochna [60] using radial propagation estimates. This includes
the already mentioned result [11] on the Unruh state on Schwarzschild spacetime, which
uses decay bounds for scalar waves due to Dafermos-Rodnianski [9] (cf. [3] for a variant
of [11] for the Schwarzschild-de Sitter metric), and [40] on Reissner—Nordstrom—de
Sitter, which uses estimates by Hintz—Vasy [37].

The results of the present paper strongly rely on the scattering theory for massless
Dirac fields in the Kerr exterior region My due to Hafner—Nicolas [34], see also [35] for
a concise presentation. The fact that asymptotic data in the sense of scattering theory
coincides with traces at %7 and conformal traces at .#_ is what allows us to combine
the formalism with wavefront set estimates from characteristic data.

For massive Dirac fields, the scattering theory [34] was extended by Daudé, see |14,
Ch. IV]. In that setting, the scattering data on .77 can still be interpreted as traces,
but this is no longer true for the scattering data at spatial infinity, since the massive
Dirac equation is no more conformally invariant. In this situation it is possible to define
the Unruh state in My, My or even M as in the present paper, but its Hadamard
property in Myyrr or My is unknown.

The rigorous definition and Hadamard property of the Unruh state on rotating black
holes for bosonic, e.g. scalar fields is still a major open problem. Useful insight is pro-
vided by the work of Ottewill-Winstanley [49], which uses mode analysis. In the case of
the wave equation on the Kerr metric, a scattering theory was developed by Dafermos—
Rodnianski-Shlapentokh-Rothman [10], and similar results at fixed angular momentum
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were obtained for the Klein-Gordon equation on the Kerr—De Sitter metric by Gérard—
Georgescu-Héfner [25]. What makes however the case of bosons more difficult than
fermions is that there is no obvious Hilbert space that is equally convenient from the
point of view of energy estimates and quantization. It is also not fully understood
whether superradiance is an obstruction for the existence of the Unruh state.

1.5. Structure of the paper. In Sections 2-5 we introduce the setup in detail and
prove several preliminary results. This includes a Green’s formula for square-integrable
solutions and partially null hypersurfaces, see Proposition 3.4, and a proof of the crite-
rion (1.1) for the Hadamard condition, see Theorem 4.3. The purpose of Sections 6-7
is to summarize the scattering results from [34], translate them in a more covariant way
to the setting of Weyl fields in Mj and then extend them to a scattering theory on M.
An important role is played by different choice of tetrads, specially adapted either to
scattering or to formulas involving traces at %7 and .#_. The main results are proved
in Section 8.

Many auxiliary results are collected in the appendices. This includes the proof of
global hyperbolicity and the construction of Cauchy hypersurfaces for the Kerr—Kruskal
spacetime M and the My and My regions in Appendix C.

2. DIRAC AND WEYL EQUATIONS ON LORENTZIAN MANIFOLDS

2.1. Notation. Let (M, g) be an oriented and time oriented Lorentzian manifold of
dimension 4. We denote by Q, € A*M the volume form associated to g and by
dvoly = Q] the volume density.

If S & M is a vector bundle, we denote by C*(M;S) the space of its smooth
sections. In the case when S is a complex vector bundle, we denote its anti-dual
bundle by §*. The complex conjugate bundle (obtained by considering the fibers as
complex vector spaces with the opposite complex structure) is denoted by S.

If X is a complex vector space, we denote by Ly (X, X*), resp. L,(X, X™*), the space
of Hermitian, resp. anti-Hermitian forms on X'. Generally, if 5 € L(X,X*), i.e. if 8
is a sesquilinear form, we denote by 1y - S its evaluation on 1,19 € X. If instead
B € C®(M; End(S,5%)), the same notation is used for the fiberwise evaluation of
1,19 € COO(M; S)

2.2. Spinor bundles. In what follows we give a brief introduction to spinors and
Weyl equations on four-dimensional spacetimes. We closely follow the exposition in
[27, Sect. 17|, which is based mainly on works by Trautman (i.e., [56] and references
therein), and which uses the formalism of spinor bundles. This formalism is closely
related to the broadly used approach via spin structures (see [57] for a comparison)
and it has the advantage of being somewhat more direct from the analyst’s point of
view.

We follow the presentation in [56]. A spinor bundle is a vector bundle S = M with
the following objects:

(1) a linear map vy : C*°(M;TM) — C*°(M; End(S)) such that
VXN (Y) + 1Y) (X) =2X-gY1, XY € CF(M;TM), (2.1)

and for each x € M, 7, induces a faithful irreducible representation of the Clifford
algebra Cl(T, M, g,) in S,;
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(2) a section B € C®°(M; End(S,S8%)) such that (8, is Hermitian non-degenerate for
each x € M and

i) (X)) B =—By(X), VX eC®(M;TM),

2.2
i) ifvy(e) > 0, for e a time-like, future directed vector field on M, (22)

(3) a section K € C®°(M; End(S,S)) such that
Ry (X) = 9(X)m, K =1 (2.3)

(4) a connection VS on S, called a spin connection, such that:
i) VX)) = y(VxY)Y + (V) VXY,
it) X(¢-By) = V-8 + -8V, (2.4)
iii) KVSY = VS k)

for all XY € C®(M;TM) and ¢ € C*°(M;S), where V is the Levi-Civita
connection on (M, g).

It is well known that the rank of S is necessarily equal to 4 and that if (2.2) holds
for some time-like future directed vector field e, then it holds for all such vector fields.

Remark 2.1. A linear map « as in (1) is called a Clifford representation. A section (3
as in (2) is called a positive energy Hermitian form (for the Clifford representation ),
while a section & as in (3) is called a charge conjugation (for the Clifford representation
7)-

It is well-known, see e.g. [56], that given a Clifford representation -, the space of
positive energy Hermitian forms is a principal bundle over M with structure group R**,
while the space of charge conjugations is a principal bundle over M with structure group
St.

The properties listed in (2.4) are usually summarized by saying that v, 3, s are
covariantly constant w.r.t. the connection V5.

2.2.1. Spinor bundles from global frames. Suppose that (M,g) has a global oriented
and time oriented orthonormal frame (e, ..., e3). This will be in particular the case
for all the Kerr spacetimes considered in later sections.

Let (RY3,7) be the Minkowski space with canonical basis (ug, ..., u3) and Cliff(1, 3)
the associated Clifford algebra. We fix a faithful and irreducible representation pq :
Cliff(1,3) — M4(C). We denote by v; € M4(C) the gamma matrices associated to
w; for 0 < i < 3, and fix a Hermitian sesquilinear form 3y on C*, and a complex
conjugation kg such that

v Bo = —Bovi, 187 >0, viko = KoYi-
Then we can construct a spinor bundle S = M by setting:
i) S=M x CH4
ii) (&) =i, B(x) = Po, k()= ko,

iii) V‘é_w = e;- VY + 0,1 where

_ 1pk j k _ kKl .17k
0; = Zrij’Yk'Yja Y =0y, Ve =: Fijek-



The Unruh state for massless fermions on Kerr spacetime and its Hadamard property 8

2.3. Dirac operators. If S &> M is a spinor bundle and m € C*°(M;R), the Dirac
operator IP acting on C*°(M;S) is the differential operator defined as:

D = g"y(e)Ve, +m.
where (eg, .. ., e3) is a local frame of TM. We assume throughout the paper that m = 0,

in which case D is called the massless Dirac operator.

2.4. Weyl spinors. If (eq,...,e3) is an oriented orthonormal local frame of T'M one
defines the volume element n = ~y(eg) - - - y(e3), which is independent on the choice of
such a local frame. The section n € C*°(M; End(S)) satisfies:

0 =-1, y(X) = —(X)n. (2.5)
Using (2.5) and (2.4) together with the Clifford relations (2.1) we get:
B =B, V() =nVie. (2:6)

It follows that Sy = We o @ W o, where W, , = Ker(in(z) — 1), W, » = Ker(in(xz) +1),
and the bundle § splits as We©W,, where W, , is the bundle of even/odd Weyl spinors.
One can check that

1By = —thy- B, ¢ € CP(M;S), (2.7)

see e.g. [27, Sect. 17.5]. If W is a vector bundle, we denote by W# its dual bundle, so
that W* = W# in the complex case. Note that £ maps sections of W, to sections of
We. Setting

S:=W;,
one identifies § with S* & S# by the map
C®(M;8) 29— he ® K)o = X B ¢ € C(M;S*) & C(M;S*).

From (2.7) one sees that S is equipped with the symplectic form

1 B o nr
€= ﬁ(ﬁ/@) L e C°°(M; End(S,S*)).

One can also identify T, M with L,(S*,S), as real vector spaces by the map:
TeM > v+ By 07:(v) € LaWeas Weo)-

This map is injective since the representation in (2.1) is faithful and bijective since
both spaces have dimension 4. By complexification we obtain an isomorphism

7t CTM 3 2 B3a(2) € La(Wews Wia) ~ S, @5,
and hence an isomorphism

7:C®(M;CTM) 3> v+ By(v) € C°(M;S®S) (2.8)
If we extend g to CT'M as a bilinear (not sesquilinear) form, one can show that

T#0(e®€)oT =g.
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2.5. Null tetrads and associated frames. A normalized null tetrad is a global frame
(I,n,m, m) of CT'M such that:

l,narereal, l-gl=n-gn=0, l-gn=-1
m-gm=10l-gm=n-gm =0, m-gm = 1.

(2.9)

It follows that if

1 1
=—{U+n), uy=—U—n), u:\/iRem, u:\/ilmm,
\/i( ) 1 \/i( ) 2 3
then (ug, ..., us) is a global orthonormal frame for (M, g) and we associate to a spinor
bundle as in 2.2.1.

Uo

2.5.1. Time orientation. A normalized null tetrad induces a time orientation of (M, g)
by declaring that the time-like vector %(l + n) is future directed. Note that for any
smooth functions «, with a,8 > 0,a 4+ 8 > 0, al + Bn is also future directed, in
particular [, n are future directed null vectors.

2.5.2. Spin frames. Using the isomorphism 7 in (2.8) one associates to a normalized
null tetrad a global frame (0,1) of S such that:

iT(l)=o®0, it(n) =1®7,
ir(m) = o®7, ir(m) =170, (2.10)
0-€0=1.

If s1,s2 € S we denote by [s1)(s2| € L(S*,S) the map w — (sz2|w)s;. Using this
notation we have:

iD(1) = 0) (o], iT(n) = )@, iT(m) =|0)al, iT(m) = [1)(ol, (2.11)

where we have set:
I'(X) = py(X) € C®°(M, End(S*,S)), X € C*(M;TM). (2.12)
2.6. Dirac and Weyl equations. Let ) be the massless Dirac operator acting on

C>®(M;S8). From (2.5), (2.6) we obtain that no ) = —I) on, hence after identifying S
with W, & W, we can write 1D as:

(3. %)

for lDe/o = lD‘Coo(M;We/O). Using Subsect. 2.4 we define the Weyl operator:
D := (ﬁlﬁ)wm(M;We) : C®(M;S*) — C°(M;S).
We can write
D = g"T(e,)V? . (2.13)
The Weyl equation is
D¢ = 0. (2.14)

Remark 2.2. In the physics literature, it is customary to study the Weyl anti-neutrino
equation. Here we rather stick to the Weyl neutrino equation (2.14) and we use the
notation ¢ (usually reserved for anti-neutrinos) for its solutions.
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2.7. Conformal transformations. Let § = c?g be a metric conformal to g. Denoting
with hats the objects attached to § we have in particular 4(X) = c¢y(X) for X €
C*®(M;TM). To fix the spin connection VS one has to fix the Hermitian form 3 and
the charge conjugation 4. It is natural to choose & = k, but several choices of B are
possible. A choice which is natural when one considers Weyl spinors is to set

~

p=c'p

so that the isomorphism 7 in (2.8) is unchanged, i.e. 7 = 7. A straightforward compu-
tation shows then that

A 1
V§ =V§ + ic_lv(X)'y(Vc) — ¢ X del.

Consequently, if lb, D are the associated Dirac and Weyl operators, they are related by:
]AD = 2pe, D=c"De. (2.15)

2.8. Lie derivative of spinors. The notion of Lie derivative of spinors was introduced
by Kosman [43]. We recall its definition below.
For any X € C°°(M;TM), one sets:

Lyt = V4 + é((VaX)b (VX)) e, e CO(M,S).  (2.16)

Note the sign change w.r.t. [43, (I.16)], coming from the convention for the Clifford
algebra in [43, (I.1)].
One also defines the Lie derivative of v by:
Lx(v(0)h) =t (Lx7) ()Y +v(Lxv)p +y(v)Lxt, € CF(M;S),

for all v € C*°(M;TM). Properties of Lx which are relevant for us are discussed in
Appendix A.

3. WEYL EQUATION ON GLOBALLY HYPERBOLIC SPACETIMES

If ve CX(M;S) and ¢ € C°(M;S*) we set
(6lv)ar = @B = / 3(z)-v(x) dvol,, (3.1)
M

and extend this notation to other natural cases, like for example v € £'(M;S) and
¢ € C°(M;S*), etc.

3.1. Space-compact solutions. From now on we assume that (M, g) is a globally
hyperbolic spacetime (of dimension 4) with a spin structure and denote by D the
associated Weyl operator.

3.1.1. Space-compact solutions. Let Solsc(M) be the space of smooth space-compact
solutions of D¢ = 0, ¢ € C°(M;S*) (¢ space-compact means that the intersection
of supp ¢ with a space-like Cauchy surface is compact). The current J(¢1,¢2) €
C*°(M;T*M) defined by

J(¢1,02)- X 1= ¢y -T(X)po, X € C®°(M;TM), ¢; € Solse(M), (3.2)

satisfies
Vu(p1,92) =0, ¢; € Solsc(M). (3.3)



The Unruh state for massless fermions on Kerr spacetime and its Hadamard property 11

Since V.J,Q, = d(g71J18y), we deduce from Stokes’ formula that

/a ., *(g T (1, $2)0Qy) = 0, ¢; € Sols.(M), (3.4)

if U is any open set whose boundary OU is a union of smooth hypersurfaces, such that
supp J(¢1, ¢2) N OU is compact.
Let S C M be a smooth hypersurface and let i : S — M be the canonical injection.

To express
/ it (giljJQg)
S

for J a 1-form on M, we choose a vector field [ = [* transverse to S, future pointing
and a 1-form v = v,dz® on M such that T'S = Kerv, normalized so that v-I = 1.
Splitting ¢g~'J as
g 'J = (v-g7'J)l + R, where R is tangent to S,
we obtain:
(g7 TaQy) = (v-g 1 T)i* (1.82,). (3.5)

3.1.2. Characteristic manifold. The principal symbol of D is the section op € C°(T* M\
0; End(S*,S)) given by

op(z,€) =T(g~ (2)¢), (2,€) € T"M \o. (3.6)

Lemma 3.1. The Weyl operator D is pre-normally hyperbolic, i.e., there exists a dif-
ferential operator I such that (op o opr)(z,€) = (&€ - g~ 1 (2)€)1.

Proof. The Dirac operator ) is pre-normally hyperbolic because
ap = (&g (@))1, (3.7)
as can be checked using o5 = (g~ (x)¢) and the Clifford relations. After identification

of § with W, @ W, oy is anti-diagonal, therefore we can conclude from (3.7) that D,
and I, are pre-normally hyperbolic. It follows that D is pre-normally hyperbolic. [J

The characteristic manifold of I is defined as
Char(M) = {(z,§) € T*M \o : op(z,§) is not invertible}.
By Lemma 3.1,
Char(M) = {(z,€) € T*M \o : £-g ' (z)€ =0} =: NV
Its two connected components are

NE=Nn{(z,&) e T*M \o : +v-& >0 Vv € T, M future directed time-like}. (3.8)

3.1.3. Propagators and Cauchy problem. An adaptation of an argument due to Dimock
[19] to the case of general pre-normally hyperbolic operators (see [46, Thm. 1]) gives the
existence and uniqueness of retarded and advanced propagators, Gt and G,qy. Recall
that Gyet/ady is by definition a two-sided inverse of D (on test sections) such that

Supp Gret/advv - J:E(Sllpp ’U), v E CSO(M, S):

where J4 (K) stands for the causal future/past of K C M. The Pauli-Jordan or causal
propagator is the difference
G = Gret — Gadv-
We have
(11|Gve) pr = —(Guy|va)ar, vi € CP(M;S), (3.9)
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i.e. G* = —G for the pairing (+|-)as defined in (3.1).
If S is a space-like Cauchy surface, the Cauchy problem

D¢ =0, (3.10)
rs¢ = € CF(5;8%),

where S7§ is the restriction of S* to S and rs¢ = ¢|g, has a unique solution ¢ =: Ugp €
Solge(M) (see e.g. [46, Thm. 2|).
For all ¢ € Sols.(M) one has:

== [ BT )Wl dvol,) ) (311)
where [ and v are as in (3.5). Choosing [ = n,v = —gn, where n the future directed
vector field normal to S, this can be rewritten as

oa) = = [ Bla )T (0ol vl () (312)

where h is the induced Riemannian metric on S.

If S is given by {f = 0} for some function f with df # 0 on S and if we can complete
f near S with coordinates y',...,y" ! such that df Ady! - - - Ady™ ! is direct, 9y future
pointing, we take [ = 0f, v = df in (3.5) and obtain:

o) = — /S G, )L (V) W)dw) gl dy' ...y (3.13)

3.2. L? solutions.

3.2.1. Hilbertian scalar product. Let now S C M be any smooth Cauchy surface (with
the convention that a Cauchy surface does not need to be space-like). We set

(1ld2)p = i / (g T (1, 62)0,)

g (3.14)

—i [ G110 s ifdvol,,
S
where ifdvoly = [i*(118y)].
From (3.4) we see that the r.h.s. in (3.14) is independent on the choice of the Cauchy

surface S.
If S is space-like, we obtain as in (3.12):

(61]¢2) = i /S 31T (n) b2 dvoly,. (3.15)

By (2.2) iI'(n) is positive definite, which shows that (-|-)p is a Hilbertian scalar product
on Sols.(M).
If S is given by {f = 0} for some function f as in (3.13) we obtain:

.= 1 _
(¢1]¢2)p = I/S(brr(vf)qﬁﬂg!? dy' ... dy" 1,
Definition 3.2. The Hilbert space Solj2(M), called the space of L? solutions, is the

completion of Solg.(M) for the scalar product (:|)p.

Note that Soly2(M) C LE (M;S) continuously, so elements of Solj2(M) are distri-
butional solutions of D¢ = 0.
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3.2.2. Conformal transformations. Let us denote by M the spacetime M equipped with
the metric § = ¢?g. From Subsect. 2.7 and (3.15) we obtain that

Solj2(M) 3 ¢ — ¢ =c ¢ € Soly2(M) (3.16)
is unitary.

3.2.3. Equivalent Hilbert spaces. We now recall other Hilbert spaces unitarily equivalent
to Solj2(M), see e.g. |27, Sect. 17.14]. Let ¥ be a smooth space-like Cauchy surface
and Sy, ry; defined in 3.1.3.

Proposition 3.3. The following maps are unitary

(P iG) —— (Solwe(M), (1)p) —= (C°(%:8g),mm),  (317)

where
Py Vnps = i/ p1-L(n)padvoly, ¢; € CF(X;Sy).
>

As a consequence of Proposition 3.3 we have the identity
(¢1]¢2)p = (n1]iGv2)m = ({Gu1|v2) M, for ¢ = Gy, v; € C(M;S), (3.18)
which extends to

(v|p)vr = (IGv|p)p, v € CP(M;S), ¢ € Solp2(M). (3.19)

3.3. Traces of L? solutions on hypersurfaces. Let S C M be a piecewise smooth
hypersurface, equipped with a piecewise smooth density dm. If u € £'(S;Sg) we denote
by ds ® u € D'(M;S) the distribution defined by

(v|0s @ u)ar == /fus‘udm, veCT(M). (3.20)
S

If S is a smooth space-like Cauchy hypersurface and ¢ € Sols.(M), we can rewrite
(3.12) or (3.13) as
¢ =—-G(ds @Tgrs¢), ¢ € Sols.(M), (3.21)

where S is equipped with the appropriate density and I's : S — End(S%,Sg) denotes
the factor I'(n) or I'(V f) in (3.12) or (3.13).

Note that (3.21) extends to ¢ € Solp2(M). In fact the trace rg¢ of ¢ on S is well
defined using that WF(¢) C V.

In this subsection we will show how to extend (3.21) for ¢ € Soly2(M) to cases where
S is not necessarily smooth nor everywhere space-like. We recall that J(K) for K ¢ M
is the causal shadow of K.

Proposition 3.4. Let S C M be a piecewise smooth hypersurface and Sg the restriction
of S to S. Let dm be a piecewise smooth density on S and il's : S — End(S§,Sg)
a piecewise smooth positive Hermitian structure on Sg. We denote by L?(S; S§) the
Hilbert space of L? sections of S§ equipped with the scalar product:

(ulu)g == i/uTSudm.
S

We assume the following:
(1) J(K)NS is compact for all K € M.
(2) there exists a map rg : Solse(M) — L?(S;S%) such that

¢ =—G(0s ®Tsrsp), Yo € Solse(M).
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(3) the map rg extends as a bounded operator
Ts : Solp2(M) — L*(S;S%).

Then for each x € C(M) and xs € CS°(S) such that xs =1 on J(suppx) NS one
has:

x¢ = —xG(ds ® N'sxsTs), V¢ € Soly2(M).
Proof. For v € C®(M;S), u € L?(S;S%) and x5 € C(S), we have
(viG(ds ® I'sxsu))m = (iGv|ds ® Dsxsu)m

= (irsGulxsu)s = (iTsGv|xsu)s

= (IGu|Tgxsu)p = (v|TgxsU)ps-
In the first line we use (3.9), in the second line we use that Gv € Solg.(M) and in the
third line we use that T¢ : L2(S;S%) — Solp2(M) C D'(M;S*) and the identity (3.19).

It follows that
iG(6s ® Tgxsu) = Téxsu, u € L*(S,S%). (3.22)

Let now y € C°(M) and yg € C°(S) such that xyg =1 on J(supp x) NS. Because of
the support of properties of G we have

x¢ = —xG(0s @ I'srse)
= —XG(ds ® T'sxsrsp) = ixTsxsTsp, ¢ € Solsc(M).

Observing that x : Solj2(M) — L?(M;S*) is bounded, the identity (3.23) extends to
¢ € Solj2(M) by density. O

(3.23)

3.4. Action of Killing vector fields. Let X be a complete Killing vector field on
(M,g). By Lemmas A.3, A4, L% preserves C*(M;S) and DCZ®(M;S*), and Lx
preserves Sols.(M).

Proposition 3.5. The operator i~ Lx with domain Sols.(M) is essentially selfadjoint
on the Hilbert space Soly2(M).

Proof. Let ¢, ¢2 € Sols.(M). Since X is Killing, using the properties of the spinorial
Lie derivative listed in Appendix A, we obtain

X(¢1-T(v)g2) = Lx ¢y -T(v)pa + ¢y -T(v)Lxda + ¢1-T(Lxv)do,
so defining the 1-form K(¢1,p2) € C°(M;T*M) by
K(¢1,¢2)v:=Lxd;-T(v)ga + ¢1-T(v)Lx bz,
we have K (¢1,¢2) = LxJ(P1,P2), where J(¢p1, p2) is the conserved current defined in

(3.2).
Since X is Killing we have:

(9 Lx)sQy=Lx(g ' T)2Q, = Lx(g7 T2Qy),
and by Cartan’s formula:
Lx(g7'T1Q) =X1d(g ' TaQ,) +d(Xog 1 TaQy).
Since J is conserved we have d(g~1.J1Qy) = 0 hence:
gK L Qy=d(Xig Ty

and since i*dw = di*w we get:

/i*(g_lK_n Qg)_/dz'*(XJg—ljJ Q,) =0.
S S
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If S is space-like this yields:
[ X616+ 5, (m) L da) dvoly =,
b

i.e. i"'Lyx is symmetric on Solg(M). The one parameter group {e*“X},cg preserves
Solge (M), is isometric and strongly continuous on Sols(M). Therefore, by Nelson’s
invariant domain theorem, it extends to a unitary group {Us}ser on Sol2 (M), whose
generator is the closure of i™' Ly on Sols.(M). O

In the sequel we will also denote by i~!Lx the corresponding selfadjoint extension
on Sol2(M).

3.5. Use of null tetrads. Let (I,n,m,m) be a normalized null tetrad (see Sub-
sect. 2.5) and (o,1) the associated frame of S. For ¢ € C*°(M;S*) one sets then:

$1

so that ¢ = ¢go* + ¢11* if (0*,1*) is the dual frame of S*. If the tetrad is chosen such
that [ 4+ n is normal to a space-like Cauchy surface S , then from (2.11) we obtain

(élé) = jﬁ /S (160 + |61 ]?) dvol,. (3.25)

3.5.1. Action of Killing vector fields. Let X be a complete Killing vector field, and
i~1Lx its selfadjoint action on Soly2(M). We would like to compute U o Lx o U1,
where U is defined in (3.24). Assume that the null tetrad (I, n, m,m) is invariant under
X. Then by Lemma A.6 we have L5 0 = L2 = 0. We have Lx0* = Lx1" =0 so

Lx(poo™ + ¢10") = X(po)o™ + X (¢p1)2".

¢0 = ¢'Oa d)l = ¢'Z7 U¢ = < ¢O ) € COO(M’ (C2)7 (324>

Therefore
UoLxoU =X, (3.26)
where on the right we mean the trivial action of the vector field X on C°°(M;C?).

4. HADAMARD STATES FOR THE WEYL EQUATION

4.1. The CAR x-algebra and states. We denote by CAR(M) the CAR *-algebra
associated to any of the equivalent pre-Hilbert spaces in Proposition 3.3 (see Appendix
B for the definition).

We can use any of the three pre-Hilbert spaces in Proposition 3.3 to specify a quasi-
free state on CAR(M). If one considers the first one as the starting point (which is
possibly the most natural choice), then one can show that to define a quasi-free state
w it suffices to specify a pair of spacetime covariances (or two-point functions if one
speaks of the associated Schwartz kernels), i.e. a pair of operators AT satisfying:

i) AE: C®(M;S) — D'(M;S*) is linear continuous,
ii) AT >0,
iii) AT+ AT=iG,
iv) DAT=A*D=0.
Alternatively, one can define the state w by its solution space covariances, i.e. operators

C* € B(Sol;2(M)) such that
ct>0, Ct+C0"=1. (4.2)

(4.1)
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By Proposition 3.3, the two types of covariances are related as follows:
7-A* v = (Gv|CEGw)p, v e CX(M;S). (4.3)

4.2. Hadamard states. The definition of Hadamard states for Weyl fields is analogous
to the well-known case of Dirac fields, see e.g. [39].

Definition 4.1. A quasi-free state w on CAR(M) is a Hadamard state if it satisfies
(the Hadamard condition):

WFE(AT) € NE x NE, (4.4)
where N and N/~ are the two components of the characteristic set defined in (3.8).

Several equivalent definitions of the wave front set WF(¢) of a distribution ¢ are
recalled in Appendix E. Here we only sketch very briefly the characterization of WF(¢)
in terms of what we call generalized oscillatory functions.

Namely, in the simplest R™ setting, an oscillatory function at gy = (x0,&) € T*R"™
is a function (strictly speaking, family of functions) on R"™ of the form

w)(x) = x(@)e N> 1, g = (y,1) € T*R”,

where y € C°(R™) and x(zp) # 0. This can be extended to the setting of manifolds
in the obvious way. Next, we say that vé‘ is a generalized oscillatory function at qy €
T*M \o if it is of the form v} = A*wé\, where v is an oscillatory function at gy and A

q q
is a properly supported pseudo-differential operator of order 0 and elliptic at qq.

With these definitions, go = (x0,&0) ¢ WF(¢) iff there exists a generalized oscillatory
test function vé\ at go such that for all N € N,
|(vglé)ar] < CvATN, A= 1,

uniformly for ¢ in a neighborhood of (¢, &) in T*M \o. If A: C2(M;S) — D'(M;S*)
is linear and continuous, then WF(A) is by definition the wavefront set of the Schwartz
kernel of A, and WF(A)' is defined by the usual convention

(z,§,y.m) € WF(A) & (z,-&y,—1) € WF(A).
The fact that the phase space for Weyl or Dirac fields is a (pre)-Hilbert space has
some important consequences for Hadamard states, which we will now explain.

Let us assume that the quasi-free state w is defined by its solution space covariances
C*, see Subsect. 4.1.

Lemma 4.2. Suppose that for any qo € N'T there exists a generalized oscillatory test
function v;‘ at qo such that if qS(’I\ = Gv;‘ one has

I(€*)36)llo < OnA™Y, YN €N
uniformly for q in a neighborhood of qo in T*M \o. Then w is a Hadamard state.

Proof. By the same argument as for Klein-Gordon fields, see e.g. [52], it suffices to
prove that WF(AT) N A ¢ Nt x N where A € T*M x T*M is the diagonal. If
go € NT and v;‘ are as in the lemma, we have

m A ey = (6100 = I(C*)265l1E € O ™), N €N,

so (o, q0) & WF(AF), which by the remark above implies that w is a Hadamard
state. U
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Theorem 4.3. Suppose that
WF((CH)2¢) € N* ¥ € Soly2(M). (4.5)
Then the state w is a Hadamard state.

Proof. Let go € NT and N € N. By (4.5) and Lemma E.4, there exists a generalized
oscillatory test function vé‘ at go such that

sup AV (0} (CF) )| < 00 Vb € Solpz(M).
A>1

Applying the uniform boundedness principle to the family of linear forms
T : Sol2 (M) 3 ¢ AN (0 ((CF)2¢)ar € C

we obtain that

sup AN (@X((CH)2d)u| < oo (4.6)
A>1,|[¢|lp=1

Denoting qﬁg‘ = Gvé‘ and using also (3.19) this gives

[eREANE e (C*)26y10)]

(4.7)
1 1 _
= sup |($1(CH)2¢)pl = sup |(v;[(CF)2¢)m| € O(NTY)
l¢llp=1 l¢llp=1
which by Lemma 4.2 implies that w is a Hadamard state. U

The first, obvious advantage of Theorem 4.3 is that it gives a criterion in terms of
solutions rather than bi-solutions. On top of that, the merit is that we now only need
to consider square-integrable solutions rather than arbitrary distributional ones. This
will become crucial in the next chapters, where the use of scattering theory will force
us to work in an L? setting.

5. THE WEYL EQUATION ON KERR SPACETIME

5.1. Boyer-Lindquist blocks. We now recall the relevant facts on Kerr black hole
geometry.

We fix a € R,M > 0 with 0 < |a] < M, i.e. we consider the slowly rotating Kerr
case. One sets

A=7r2—-2Mr+ad? p*=r?+a%cos?0,
02 = (12 +a2)? — a®Asin? 0 = (r2 + a)p? + 2a>Mrsin? ),

and r+ = M £+ v M? — a? for the two roots of A as a function of r.
The Boyer-Lindquist blocks are the manifolds (M, g), (Myg, g), where
MI = Rt X ]T’+,+OO[T X Sg#ﬂ
MH = Rt X ]’I”_,T_A,_[r X SgﬁO’

0 € 0,7, ¢ € R/27Z are the spherical coordinates on S?, and

2M 4aMrsin® 6 2 2
g_—<1— p2T> dtz—%dtdg@—i-%dr2+p2d02+%sin29dcp2.
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(We will not need to consider the third Boyer-Lindquist block My corresponding to
r € |—oo,r_[). The global coordinates (¢, r, 6, @) on My, My are called Boyer-Lindquist

coordinates. We have det g = —p?sin? @ and the inverse metric g~ has components:
2
w_ 9 B
g - 27 g - 92
Ap P .9 (5.1)
' 2aMr A —a?sin? 6 oo 1
gv¥=- , 977 = . 92 y 9 = 5,
Ap? Ap?sin® 6 p?

all other being equal to 0. Since g < 0 in My, the vector field V¢t is time-like and
one fixes the time orientation of (My, g) by declaring —Vt to be future directed. By
convention the time orientation of My is the one inherited from its embedding into K*,
see 5.3.2 below.

The following fact appears to be folklore knowledge. For lack of a reference that
show the precise statement, a proof is given in Proposition C.8.

Proposition 5.1. (Mj, g) is globally hyperbolic.

5.2. Time reversal. When considering the gluing of various blocks into a larger space-
time it is useful to introduce the following notation.

If (M, g) is a spacetime we denote by (M’, g) the same Lorentzian manifold with the
opposite time orientation. So, id : (M, g) — (M’, g) is an isometric involution reversing
the time orientation. If (M, g) admits a spinor bundle S = M, then so does (M, g).
We will generally decorate with primes the objects associated to (M’, g).

Consequences of the time reversal on the level of classical and quantized Weyl fields
are discussed in Section B.2 in the appendix.

5.3. The K* and *K spacetimes. We now recall the Kerr-star and star-Kerr co-
ordinates, which allow to glue together M; and My along parts of {r = r;}. As
pre-announced, we will remove from K* and *K the parts corresponding to the third
Boyer-Lindquist block M.

5.3.1. The K* spacetime. We set
K* = Ry x Jr_, 00|, X S(%M*,
equipped with the metric
g = gudt*™ + 2g1,dt*d* + gupde™® + 2dt*dr — 2asin® 0de*dr + p*do>.

The global coordinates (t*,r, 60, ¢*) are called Kerr-star coordinates.
We will denote by 0+, Og=, the coordinate vector fields 0,., 9y in Kerr-star coordinates.
We time orient K* by declaring that the null vector —0,« is future directed. We have

det g = —p*sin? 6. The inverse metric g~ ' has components:
. a®sin? 6 - r? + a? e A
= 9 y 9 = 2 y g = 9
* * a p * * a p p
gt ¥ = 9 gr v = 9 (52)
P 1 1
gtp*tp* = ) 99*9* = 5>
p?sin? @ p?

all other being equal to 0.
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5.3.2. Embedding My and My into K*. Let x(r) and A(r) for r € |r—,ry[U]ry, 400

be such that
dov_v+a® dA_a (5.3)
dr A dr A

We choose, see [48, Lem. 3.4.2]|:

x(r)=r+ i In(|r —ry|) + 2,%_ In(|r —r_J),
[r—ry| (5.4)

— a
A(T’) T ory—r_ h’l( |T’ _ 7-_|>7
where
r:t - T:F
= ———T— 5.5
e 2(r3 +a?)’ (5:5)
sothat k_ <0< ry and Kyt = —r,rjrl.

We define the map j* : My U My — K* by:
trojt=t+a(r), rojt=r, Ooj =0, p o =p+Ar),

which allows to identify isometrically (M, g) resp. (M, g) with (M7, g), resp. (Mj;, 9),
where

M =K'n{ry<r}, Mp=K"n{r_- <r<ry}.
Using j* one can glue My with Myy inside K* along the future horizon:

%+ = Rt* X {7“ = T’+} X ng‘ﬂ'

The embedding of My and My into K* respects the time orientation. For coherence
of notation we will use the following definition.

Definition 5.2. We set
Miun = (%) (K*) = My UMy U 2%,
with the spacetime structure inherited from K*.
The following fact will be checked in Appendix C, see Proposition C.11.
Proposition 5.3. (M, g) is globally hyperbolic.
5.3.3. The *K spacetime. Similarly we set
K =Ry x Jr_, 400, X Sgﬂp,
equipped with the metric
g = gudt* + 2g1,d*td"p + gopdp? — 2d'tdr + 2asin® d%pdr + p*df>.

The global coordinates (*t,r, 0, *p) are called star-Kerr coordinates and as before O-.,
O+ denote the coordinate vector fields 0,, Jy in star-Kerr coordinates. We time orient
*K by declaring that the null vector 0. is future directed. We have det g = —p*sin? 6.
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5.3.4. Embedding M1 and My into K. Again, the map *j : My U My — K* defined by:
Yot j=t—a(r), rof=r, 00% =0, po%=p—Al),
allows to identify isometrically (M, g) resp. (M1, g) with (*My, g), resp. (*Miz, g), where
My ="Kn{ry <r}, Mu="Kn{r_ <r<ri}.
Using *j one can glue M with My inside *K along the past horizon:
A =Ry x {r=ry} xSj ., (5.6)

The embedding of My (resp. M) into *K respects (resp. reverses) the time orientation,
see |48, Lem. 3.1.3].

In the original Boyer—Lindquist coordinates, the future and past horizons 5 and
J€_ are reached at infinite values of ¢.

5.4. Conformal extension of Mj. The Penrose conformal extension of My is obtained
by setting § = w?g, where w = r~1 € ]O, r;l [ The metric § expressed in coordinates
(t*,w,0,¢*) equals , see e.g. [34 (8.36)]:
( 5 Muw? ) o AMaw®sin® g

+ <1 + a*w?® +

—  — _ dt*dy*
1+ a2w?cos? 0 14

w
1+a 2w2 cos? 6

2Ma*w? sin? 6 9
e oe v : 0d *2

1 + a2w? cos? 9> R

+ (1+ a’w? cos 0) de* — 2dt*dw + 2a sin® fdp* dw.

We have det § = —(1 + a?w? cos? #)?sin? 0, so § extends as a smooth, non-degenerate
metric tow € } —00, rjrl [ Clearly we can fix ¢y > 0 small enough so that g is Lorentzian
for w € ]—60, 'rjrl [ We define the conformal extension of My as
MI = Rt* X ]—60,?”4:1]1” X Sg,(p*'
Past null infinity is then the null hypersurface
2

S_ = Rt* X {w = 0} X SH#’*' (57)

In an analogous way, extending § expressed in coordinates (*,w, 6, *p) to

R*t X ]—60, 7";1 [w X SQ*SO

allows to define future null infinity %y = R« x {w = 0} X Sg*w , see Figure 2 for the
conformal diagram.

F1GURE 2. The conformal extensions of Mj.

The time orientations of the conformal extensions of My are inherited from the time
orientation of Mj.
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5.5. The Kerr-Kruskal extension. Recall that k1 was defined in (5.5). The Kerr-
Kruskal extension M is the manifold (M, ¢g) with:
M =Ry x Ry xsg¢#.

The global coordinates (U,V,0,¢*) on M are called KBL coordinates. One defines r
as a smooth function on M by the equation:

7“;;* — G(r), for G(r) = e 247 (p —r_)"=/7+,
see [48, Lem. 3.4.9]. M is then equipped with the metric [48, Prop. 3.5.3]:
G%(r)a?sin®6 (r—r_)(r+ry) ( p? P2 9 o 9 o
= + )(@2av? + v2au
g 4202 (r2+a?)(r2 +a?)\r2+a® 2 +a? ( )
G — 4 4
2K7% p? (r24+a?)? = (r7 + a?)?
G(r)asin? 6 (58)
2 2, 2 #
—_— —r_ UdvV —VdU)d
2207+ a) P T T ) )y
IM 2 2
+ p?dh* + (7“2 +a’® + #m@> sin? 6d<pﬁ2,
P
where p. = p(r4+,6). Again, the following result is proved in Proposition C.12.
Proposition 5.4. (M, g) is globally hyperbolic.
5.5.1. Null tetrad on M. One sets:
e T (r —rYM/m+ 2k (r? + a?) a(r+ry)
= VT2 5 Uy |
(r—r_)\/2p% G(r) i ta
e h+T(r — p_)M/r+ 264 (r2 + a? a(r +r
e ot e P R T
(r —r_)\/2p? G(r) ry+a
1 L. i
m = \[721) <1asm98t + Op + SM@@) ,

for p = r +iacos@. Then (I,n,m,m) is a global null tetrad on M. We time orient
(M, g) by saying that [+ n is future directed.

The submanifolds % = {U = 0}, 57 := {V = 0} are called the long horizons,
and they intersect at the crossing sphere S(ry) == {U =V = 0}.

The following changes of coordinates allow to embed isometrically My, My, M, Mj;
into M, respecting the time orientations:

*: *
U=ec¢ "t V=e"  on M,

U= —e_’”*t, V = e+t on My,
U=—e "1 V=—e" on M, (5.10)
U=e "+l V=—e™" on My,

a

f_ 1 _ o
Pr=s(e" e - i () = ¢ - it

We recall that if M is a spacetime, M’ stands for the Lorentzian manifold M with the
reversed time orientation. By slightly altering this rule we denote by

MI:{U>0, V>0}, MHI{U<0, V>0},
My ={U <0, V<0}, My ={U>0,V <0},
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the four quadrants of M \ (7, U J#R).

5.5.2. The wedge reflection. The map

M-—-M
R: 5.11
(Ua V79a90#) = (_U7_V:0330#) ( )
is called the wedge reflection. It preserves the orientation, it reverses the time orienta-
tion and it gives an identification of M} and My (resp. of Mj; and M;y) as spacetimes.

FiGURE 3. The Kerr—Kruskal spacetime M.

5.6. The Weyl equation on the Kerr—Kruskal spacetime. From the global null
tetrad (I,n,m,m) defined in (5.9), we obtain a global orthonormal frame as in Sub-
sect. 2.5 and hence a spinor bundle as in 2.2.1. We denote by D the associated Weyl
operator and by Sol;2(M) the space of L? solutions as in Subsect. 3.2.

The restriction of D on M, My etc will be denoted by the same letter, and the
corresponding spaces of solutions by Solj2(My), Sol;2(My ), etc.

5.6.1. Killing vector fields. An important role is played by the two Killing vector fields:
vy =0 =k (=Udy +VOy) — QyOu#,
Uy =0+ Quldy, = ke (=U0y + Vo),

where Q, = riﬁ is the angular velocity of the horizon. The vector field vy is

tangent to . (in *K), while v, is tangent to #_ (in the conformal extension M of
M).

The self-adjoint generators of their unitary actions on Solj2(M;) will be denoted by
i"'Lp and i71L s (so that i7*Ly =i71L,,, and i 1L, =i"'L,, in the notation of
Prop. 3.5), and we also set i" 1L, := i_lﬁaw.

6. EVOLUTIONARY FORM OF THE WEYL EQUATION IN M;j

6.1. The HN reduction. Following [34], we now explain how the Weyl equation
D¢ = 0 can be reduced to an equation of the form ¥ — iHV = 0 with H a t-
independent differential operator.
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In [34] two related null tetrads are used over M. The basic null tetrad is given by:

_ 1 2, 2
l= \/m ((r +a )(“)t+A8T+a8@),
1
n= (% + a®)0 — AD, + ad,) , (6.1)

V2Ap?

1 L. i
m = pr (1asm9(9t + 0p + Sin«9ap> ,

for p=r +iacosf. As in Subsect. 3.5 we set
o =¢-0, ¢1 =0

Another null tetrad (1,n,m,m) adapted to the foliation of My by the hypersurfaces
Y5 = {t = s} is used for the scattering theory arguments, with the property that

1+ n = 2t,

where t is the future directed unit normal vector field to this foliation. Concretely we

have, see [34, 2.5.1]:
o 2aMr A
1= el N
5 p2 <6t + o2 a@) + 2p28

N g 2aMr A (62)
o i (0 20) - [

1 ip?
N (904 Sina?):

If (0,1) is the spinor basis associated to (1,n, m, m), one sets then:

() () ()

and uses the coordinates (¢,z,6, ) where z(r) is defined in (5.3). Let us define the
matrix U € Mz (C) corresponding to the above change of spinor basis by

(55)=v(50) ©

We refer the reader to |34, (2.50)| for the concrete expression of U. We have:

(0)-(Em)o(z) e

Finally, one sets

D =YDV
and
1
(U0 p = \/é/z ([Wo|* + W1 ]?) dod®w. (6.6)

The equation DV = 0 can be rewritten as

O —iHU =0,
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which we will call the reduced Weyl equation. A concrete expression for the t-independent
differential operator H can be found in [34, (2.56)] (the operator H is denoted by I
therein).

We denote by Solr2(M) the closure of the space Sols.(Mp) of space-compact solu-
tions of DW¥ = 0 for the scalar product (-|-)p defined in (6.6). Using (3.25) and the

identity
[o2p2 A,
dVOlE = m dxd W,

V : Soly2(My) = Solz2(Mj) is unitary. (6.7)

we obtain that:

6.1.1. Cauchy evolution. Let H be the Hilbert space associated to (V|W)p. We set
Py SOlL2(M[> S l/J(O) ceH

and denote by W = Us; f the unique solution of the Cauchy problem
DV =0,
sV = feH.
6.1.2. Killing vector fields. The Killing vector fields v, ,, preserve (I, n,m, m) and

V) (%) f = 0, hence by (3.26) we have, in the sense of unitary equivalence of

selfadjoint operators:
Voi_lﬁjﬁ/yf OV_l :i_lvﬁ/ﬂ, (68)

where we also denote by vy, , the first order differential operators associated to
Uy g, acting on Solp2(My).
Furthermore, we have:

iy oUs =Uso(H+Qupit,), i tvyolUs =UsoH. (6.9)
6.2. Decomposition of Soly2(Mp).

6.2.1. Asymptotic velocity. The first important result of [34] is the existence of the
asymptotic velocity for solutions of the reduced Weyl equation. For the sake of brevity
we will consider only the past asymptotics ¢ — —oo. The following result is proved in
[34, Thm. 2.1] (see also [35] for an introductory account).

Theorem 6.1. There exists a selfadjoint operator v € B(H), called the past asymptotic
velocity such that:

x(v) =s— lim e Mty <£> et vy e C(R).

t——00 t
The spectrum of v is sp(v) = {—1,1}, and
[v, H] = [v,0,] = 0. (6.10)
Definition 6.2. We set

T =10y(v), Ta =1 gy (v).
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The orthogonal decomposition 1 = 7w, + 7w allows to split an initial data f € H
as f +fs withe™f,, resp. e f, moving towards 7, resp. .#_ when t — —oco.
It follows that we can decompose Sol;2(Mj) as an orthogonal direct sum:

Solr2 (M) = SOZL27L%07 (M) @ SOZL27j7 (My),
where
Solrz y )y (M1):=Usomy 7, H

correspond to solutions going entirely through 57, resp. #_ in the past. We will
denote by

Uy s =Usomy s ops (6.11)
the orthogonal projections on Solrz2 4, (Mi).

6.2.2. Killing vector fields. By (6.10), we know that 7, ,, commute with H and J,
hence by (6.9) i~ v, resp. i~'v s preserves Solrz 4 (My) resp. Solzz » (My).

6.3. Traces at infinities. Another important fact proved in [34] is the existence of
traces of solutions on #~ and .#_ and their relationship with the spaces Solr2 4 , (Mi).

6.3.1. Traces on . For ¥ € Sols.(Mj), the trace
Ty W =V € CF(H-;C)
is well defined, see |34, Subsect. 8.2]. The following result is shown in [34, Thm. 8.2].
Proposition 6.3. T uniquely extends as a bounded operator
Ty : Solp2(My) — L2(A, dvol 4 ),
where A is identified with R+ X SQW, see (5.6) and dvol = sin 0d*td0d*p. One has:
KerTy = Sol2 » (M1), RanT, = L2(A_, dvol 5 ),

6.12
(¥|9)p =L [, [Top WP dvolye , W€ Solpa s (M), (6.12)

Note that at %7, only the ¥; component is relevant for the trace, whereas at .¥_
only the ¥y component is relevant.

6.3.2. Killing vector field on . The Killing vector field v is null and tangent to
. On it equals O« + €2 O+, resp. —r U0y in star-Kerr, resp. KBL coordinates.
If we also denote by i~ 1w its selfadjoint realization on L?(#_, dvol 4 ) we have:

Ty o (i_lngo) = (i_l’l}jgﬁ) 0Ty on Solyz 4 (Mp).
6.3.3. Traces on J_. For W € Sols.(Mj), the trace
Ty V=V, € C®(I;C)
is well defined, see |34, Subsect. 8.3]. The following result is shown in [34, Thm. 8.3].
Proposition 6.4. T, uniquely extends as a bounded operator
Ty : Solp2(My) — L*(#_,dvol ),
where Z_ is identified with Ry X ng* and dvol y_ = sin 0 dt*dfdp*. One has
KerTy = Solr2 4 (Mp), RanT, = L*(.#_, dvol, )

6.13
(U)o = 5 [, [T WP dvols, ¥ e Solyz, (M) (019
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6.3.4. Killing vector field on .#_. The Killing vector field v s is null and tangent to ..
On .7_ it equals O« in Kerr-star coordinates. If we also denote by i~lv s its selfadjoint
realization on L?(.#_,dvol s_), we have:

Ty o(itvy)=(i""vy) 0T, on Solpz , (My).
We summarize this subsection in the following theorem.

Theorem 6.5 ([34]). T =Ty ©Tys_ from Solp2(My) = Solr2 y (M) ® Solr2 » (M)
to L*(-, dvol s ) @ L?(S_,dvol z_) is unitary with

Titvglly =@ lope@0)T, Titvydl, =0@i v,)T.

7. TRACES ON HORIZONS AND AT INFINITY

In Section 6, scattering theory was formulated for vectors ¥ € Sol;2(My). In this
section we first re-express these results as the existence of traces on the horizon and
infinity for spinors ¢ € Solj2(M;). We then extend the traces at the horizon and at
infinity to Solj2(M).

7.1. Decomposition of Solj2(M;). The map V : ¢ — ¥ in (6.3) allows to construct
the corresponding orthogonal decomposition of Sol;2(Mj):

Sol; 2 (MI) = SOlLQ“%c?_ (MI) D SOIL27L¢_ (MI), (71)
where
SO]LQ,JZ”_/]_ (MI) = VSOZL27=%0_/V¢_ (MI)
We denote by
Py =V, V' P, =V, V! (7.2)

the orthogonal projections on Sol2 s , » (My). By 6.2.2, the subspaces Soly2 s, » (M)
are invariant under i='L 4, i71L ,.
7.2. Traces on . For ¢ € Sols.(My) we set

T ¢ = ¢ € CF(H;C?), (7.3)

which is clearly well defined. We denote by L?(#) the completion of C°(s#;C?)
for the (degenerate) scalar product

(B16). = —i /J _ GI(VV)olgl} dUdbds”, (7.4)

where we recall that (U, V, 0, o*) are the KBL coordinates, see Subsect. 5.5, in terms
of which s = {0}y x ]0,+o0[; X S ot
We will see in the proof of Prop. 7.1 below that (:|-), is positive semidefinite.

Proposition 7.1. T uniquely extends to a bounded operator T ,» : Solj2(Mj) —
L2(2.) with:
KerT,r =Soliz s (Mi), RanT, =L*(22), (7.5)

@le)p =—i[, Tw ¢-T(VV)T g2 dUdbdp*

(7.6)
—if, (g7 (¢, )o2), & € Soliz 4 (My).
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Proof. If ¥V = V¢ € Sol;2 5 (Mp) for ¢ € Solj2 s (Mr), we have by (6.7), (6.12)
after passing to KBL coordinates:

ot 1

lglip = w115 = T 0 PU™" sin  dUdOdp*, (7.7)
\/> UXSQ
and hence by (7.1) we have:
1
Rt Ty UPU ' sin 6 dUdOde* < ||¢||3, ¢ € Solp2(My). (7.8)

it f ]IVL><S2 -

We would like to reexpress the 1.h.s. above in terms of ¢, for ¢ € Sols.(Mp) i.e. U €
Solse(Mj). One associates to the KBL coordinates the new null tetrad (I, n, m,m) given
by:

U 174
[= —e ™" (r — 'r_)M/”l, n=——e "t"(r— r_)M/“fn, (7.9)
VA

VA
which has the advantage of extending smoothly to J#; U 5#_. The associated spinor
basis (o0,1) is

1 1
2 2
0= e (r—r )M/”) 0, i= < e M (r—r )M/“f) 1. (7.10)
<\F VA
If we set
f(] - ¢'07 fl == ¢17 (711)
it is shown in [34, Corr. 8.1] that for U € Sols.(Mr) one has:
(T)ffl:[/)(U797(p#) = WI(U70797@#) = Cl ﬁ+(9)Uf1(U70797 SO#)a (712)
where:
Cy = e "/ 2(r — ¢ YMZr+ 4 (0) = 1y + iacosb. (7.13)
Therefore we have for U € Sols.(My):
1
o1 27
Ty U2U 1 sin 0 dUOdp*
i+ f R+x82 - ‘ ‘
L (7.14)
=y 25O [ PO sind dUdbd*

0,<p#
On the other hand over J#_ we have n = |p+70(9)\8U (see [34, Subsect. 8.2.2]), for

C = —mr(ri + a?)e "+ (ry — r_)*M/”.
. . . . . . . 0 0 . .
Since the matrix of il'(n) in the spinor basis (o,i) equals 0 1) this implies that

11]° = Clp+(0)| "' ¢-iT'(9u) ¢,

and hence: .
—1 2 2 .
K C/ p|(0 sin 0 dU dfdp*
+ 5 Rzﬁxgjv#' +(0)[F] @ -
' 7.15
= —i\/§(ri+a?)/R+ . ¢ - T'(0y)¢sin @ dUdfde? .
U><

9,<p#
Finally over 7 we have, see [34, (8.21)],

g =2guvdUdV + gyvdV? + 2gy .+ dVde* + gogdd” + g 4 4 (dp*)?,
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— 2 2.2 142 0 f .
where ggg = p°, go#,# = p~ “o~sin” 0. It follows that:

912 = lguv|(2 +a®)sind, YV = (guv) " dy. (7.16)

Therefore we have:

1
-1 2 2 .
—C 0 sin 0 dU d0d ™
g [, @l Psnoava
oot (7.17)
— 1 ’
—=i [ GT(vV)elglt s,
RﬁxSQ @
0,¢
for ¢ € Solse(My). From (7.14) and (7.8) we obtain:
—i[ B T(Velglt aUands® < ol @€ SobeM).  (713)
U X 0, 0%

Thus, T, uniquely extends as a bounded operator on Solj2(My). From (7.7) we obtain
that Ker T~ = Solj2_» (M) and

(élo)p = —i /% T e 6-T(VV)T e dlglF dUdBdG*, € Solpa e (My).

It remains to check that Ran T, is the closure of C2°(; C?) for the scalar product
(-|) s~ defined in (7.4). This follows from the fact that Ran T, , where T, was intro-
duced in 6.3.1, is equal to L?(#_,dvol 4 ), which has C2°(J#.) as a dense subspace.
This completes the proof of (7.5) and of the first identity of (7.6).

On 2 we have VV = g[}‘l/aU = —An for A > 0. By the time orientation of M,
(see Subsect. 5.5) [+ n is future directed, hence by 2.5.1 n is also future directed. It
follows that —VV is future directed on .77.. We then apply (3.14) to obtain the second
identity of (7.6). O

7.2.1. Killing vector field on . As in 6.3.2, we have since v is tangent to S :
Ty oi 'Lwdp=1"LyoTy ¢, ¢ Sol(M). (7.19)
We would like to express i~'L 4 o T ¢ using the decomposition (7.11). Let us set:
S S0lsc(My) 2 ¢ = ¢+i) . € CF(H2;C), (7.20)
so that
Sw =Ty ¢i.

This new trace operator is particularly useful because thanks to the choice of tetrad
(7.9), (7.10), it leads to simpler expressions.

Definition 7.2. We denote by L?(#_;C) the closure of C°(s#_;C) for the scalar
product

1
1 2 2 #
=K C / py|(6 sin @ dUdOdp™ .
(fl‘fl) + \/5 1 J&XS; » ’ -‘r’( )‘fl‘

Proposition 7.3. The map
S Soli2 yp (My) — L*(o-; C) is unitary,
and one has:
Sy oi 'Ly =itk (Udy + %) oSy, (7.21)

in the sense of unitary equivalence of selfadjoint operators.
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Proof. Since ¢-i = f1, the identity (7.17) means that S~ is unitary from Soly2 4 (My)
to L?(; C). Next we use that VL ¢ = v V¢ by (6.8). From (7.12) we obtain then
that

U2((Lard) e = kU (U200 ),
which implies (7.21) since U2 o (Udy) o Uz = Udy + 1. O
7.3. Traces on .7_.

7.3.1. Conformal rescaling. Following [34, Subsect. 8.3] we consider the conformally
rescaled metric

G=cg, c=r"1=w,
which can be smoothly extended to the domain Ry X [0,7";1]“] X ng*’ with . =
Ry x {0}y x Sg,v*' Denoting with hats the objects canonically attached to (My, §) we

have by Subsect. 2.7:

T(v)=T(@), +=7, é=ce, D=c3De (7.22)
In the coordinates (t*,w, 8, ¢*) we have:
1
= 2(r2a®)dp — Aw?dy + 2ad,+) |
\/m( ( ) t P )
Aw?
n = —F/—=0y,
2Ap2
1 ia sin 00, + O, +La
m_\/§p @n ETEOT Sing )

This tetrad extends smoothly up to .#_ = {w = 0} with
ly =V20p, +n, =m, =0,

so the tetrad degenerates on .#_. A normalized null tetrad for (M, §) which is non
degenerate near .#_ is given by (see [34, 8.3.1]):

(Z,ﬁ,m,%) = (¢ ®n, ¢ tm, ¢ tm). (7.23)
Using (7.22) we see that the associated spinor basis is
(0,7) = (0,c 10). (7.24)
7.3.2. Traces on Z_. For ¢ € Sols.(M1) we set:
Ty ¢=0¢.s, ¢=c'¢eSol(D). (7.25)

We denote by L2(.#_) the completion of C2°(.#_;C?) for the scalar product:
i : e APSEEETE *
(@10)5. =i [ ST(Tw)ilal deasay”
As before we will see in the proof of Prop. 7.4 that (|).s_ is positive semidefinite.

Proposition 7.4. T, uniquely extends to a bounded operator Tz : Solj2(Mp) —
L2(7_) with:
KerT, =Soliz » (Mi), RanT, =L*s), (7.26)

Blo)p = —i[, Ty ¢-T(Vw)Ts psinddt*dody*

s (7.27)
— lfj_ Z*(g_lj(gb, ¢)JQ§), (ZS c SOIL27]_ (MI)
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Proof. Let ¥ = V¢ € Sol;2 » (My) for ¢ € Solj2 » (My). From (6.7) and Prop. 6.4

we have

1
($16)p = (¥|¥)p = —= [Wo[*sin 6 dt'dody", (7.28)
\/5 Rt*XS;w*
hence by (7.1) we have:
1
|W|? sin @ dt*dOdp* < ||¢||3, ¢ € Solp2(My). (7.29)

\/5 Rt*ngﬂa*

As in the proof of Prop. 7.1 we re-express the 1.h.s. above in terms of ¢ for ¢ € Sols.(My).
From the definition (6.5) of ¥, we obtain:

B Ap?o? i b0
v=ve( 2 o) ( X )

where we recall that QAS =c1¢. On .#_ the matrix U introduced in (6.4) is equal to 15

Ap20_2 4
and ¢ ((7’2—&—(12)2 =1, hence
1 2 s * * 1 n 2 . * *
— |Wo|* sin O dt*dOdp™ = — |- 0|® sin @ dt"dOde*. (7.30)
\/§ Rt*ng * 2 Rt*ng *
P P
. . . P C s 1 0

Since 0 = 0 and the matrix of iI'(!) in the basis (0,%) equals < 0 0 > we have

ZPN A~

-0 = |§-0|* = ip- T (1) = iV2¢-T(9;+)9,

hence:

~

! ¢-T(8,)dsin 0 dt*dfd*.

— |Wo|? sin 8 dt*dOdp* = i/
\/5 Rt*XSa«;*

Rt*XSg‘¢*

Denoting by V the gradient w.r.t. §, we obtain that on .#_, |§| = sin? § and Vw = —0p.
Therefore if we use the coordinates (t*, w, 6, ¢*) near .#_ we obtain:

1 ~N oA A ~
o5 [ wPswoariis =i [ GR(Gwisnodcarass (730
X 0,p* S

From (7.29) and (7.31) we obtain:

—i/ - T(Vw)dsin 0 dtdddy* < ||gl%, & € Solye(My), (7.32)
g

so T »_ uniquely extends as a bounded operator on Solj2(Mj). From (7.28) we obtain
that Ker Ty = Solj2 s (Mp) and

(¢lp)p = —i / T, ¢-T(Vw)T s ¢sin6dt’dode*, ¢ € Solpz » (M).
g
As in Prop. 7.1 we obtain (7.26) and the first identity in (7.27). On #_ we have
Vw = —0p« and Oy« is future directed. Applying (3.14) we obtain the second identity
of (7.27). O
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7.3.3. Killing vector field on Z_. As in 6.3.4 we have

Ty oi 'Ly¢p=1"Ls0T s ¢, ¢ € Sols(M),

1

since vy = O+ is tangent to .#_ and the conformal factor ¢ = = is invariant under

vg. Let us set
Sy :Solye(My) 3 ¢ fo=¢-0, € C®(SI;C), (7.33)
so that
Ss ¢op=Tys ¢-o0.

Definition 7.5. We denote by L?(.#_;C) the closure of C2°(.#_;C) for the scalar

product

£ £ 1 r . * *
(folfo) = —= | fol? sin 6 dt*dOdp*.
V2 Ry=XS3 .

Proposition 7.6. The map
Sy :Soli2 4 (Mp) — L*(_,sin 0 dt*dOdy*) is unitary,
and one has:
Sy o (i_lﬁj) = i_lat* oSy, (7.34)

in the sense of unitary equivalence of selfadjoint operators.

Proof. The identities (7.30), (7.31) mean that S is unitary. (7.34) follows from

the fact that the null tetrad (i, fi, 1, M) in (7.23) is invariant under £, and from the

identities in 3.5.1. U
We can summarize the results of Subsect. 7.2 and 7.3 as follows.

Proposition 7.7. (1) The map Ty, = Ty @ Ty from Solp2(My) to L2(52.) @
L2(7_) is unitary.
(2) The map Snmy; = Se. ® Sy from Sol2(My) to L*(#-;C)® L*(F—_; C) is unitary.
(3) One has
Sy 0ol Ly = -k (Udy + 3) 0 S,
Sy oi 'Ly =i10p08,,
in the sense of unitary equivalence of selfadjoint operators.
7.4. Decomposition of Sol;2(M). By Proposition C.12, ¥\ = {U = V'} is a space-
like Cauchy surface in M. Let us also set
= EMQM[:{tZO}ﬂMI, Yr=XumNMp = {tZO}ﬂMII,
so that by (C.18)
SM=2X1UXp U S(T’+).

Since S(r4) is of measure 0 in Yy for the induced Riemannian metric, this implies for
the corresponding L? spaces of Cauchy data that:

L*(Sm) 3 f = fis, @ fis, € L*(S1) @ L*(Sy)

is unitary, where we denote by L?(X) the completion of C(¥;S%) for the scalar
product vy, see (3.17). By Proposition 3.3 this yields a unitary map:

Sol;2(M) 3 ¢ — ¢1 @ ¢r € Solp2(My) @ Solp 2 (My ) (7.35)

where ¢, resp. ¢p are the restrictions of ¢ to My, resp. My.
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Next, we observe that while Mj and My are strictly speaking different, they can be
identified as spacetimes through the isometry

R: My 3 (U,V,0,0%) = (=U,=V,0,¢%) € Mj

which preserves the orientation and time-orientation. We also denote by R : Solj 2 (My) —
Soly2(Mj) the unitary map

Rp=¢oR.
7.5. Traces on the long horizon and at infinity.

7.5.1. Traces on the long horizon. Recall that .#7, = {V = 0} is the left long horizon
in M, which decomposes as

Hy, =0 US(ry), . ={V=0,U>0} # ={V=0U<0}=RA).

To ease notation F#7, will be simply denoted by # in the sequel.
Let us denote by L2(#) the completion of C2°(#\ S(r); C?) for the scalar product

. — 1
(016)r = —i /% 5-T(VV)lg|3 dUdbdi*.
Clearly we have
L) ~ L2 @ L2 ()
with obvious notations. We denote
Ty ¢ =T ¢1, Ty ¢:=RT,p Ror,

and

Ty =T, & Tﬁf,’ : Soly 2 (M) — Lz(%g)

Similarly we denote by L?(;C) the closure of C2°(#;C) for the scalar product

1 .
(f1lf1) = n;lc%/ 1p+|(0)|f1]? sin 6 dU dOdp*,
\/i RUX 2

S? %
so that
L*(A;C) ~ L*(#_;C) @ L*(';C).
We set
Sw ¢ :=8x ¢1, Syrd:= RSy Ror,
and

Sw =8S»w @ S%ﬁ_/ : Solp2 (M) — Lz(f%ﬂ;@).

7.5.2. Traces at infinity. We set

Ty ¢p:=Tys ¢1, Ty ¢d:=T,s Ror,

Sy ¢=8s¢1, Sy ¢:=8, Roy,
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7.5.3. Summary. The results of this section are summarized in the following theorem.

Theorem 7.8. The maps
Tm:=Txy®Ty ®Ty :Solp2(M) = L2(#) & L%(S_) @ L3(S-)

SM=SyrdS, @SfL : SOle(M) — LQ(%;(C) D LQ(j_;(C) D LQ(eﬂ_;C)
(7.36)

are unitary.

The geometric situation is illustrated in Figure 4.

FIGURE 4. The Kerr-Kruskal spacetime with Cauchy surface ;.

8. THE UNRUH STATE IN THE KERR-KRUSKAL SPACETIME

We recall that the solution space covariances of a quasi-free state were defined in
Subsect. 4.1. They will frequently be simply called covariances in the sequel.

8.1. The Unruh state in M.

Definition 8.1. The Unruh state wy is the quasi-free state on CAR(M) with solution
space covariances:

Cii = Sy (g (—i710y) ® 1p« (i) ® 1= (i '0p)) Sm. (8.1)

Theorem 8.2. (1) The Unruh state wy is a pure state.
(2) The restriction wwy,; of wm to Miun is a pure state.
(3) The restriction wm, of wm to My has covariances

_ . 1 .
Cl\j/EII = SMII <X§f<—1 Yy (Udy + 5)) S X,j}f(l 18t*)> Sy

for
XE ) =1pe (), x5 (A) = (14 )7 (8.2)

where Ty = (27) "'k is the Hawking temperature.
(4) The restriction wM,, of wm to My is the image of wn, under R, and has covariances

Cﬁv =Ro C’l\fh o R.

Theorem 8.3. There exists 0 < ag < 1 such that if |a|M~! < aqg then the restriction
WMy of the Unruh state wy to Miunt is a Hadamard state.
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Remark 8.4. There are good reasons to expect that wy is not a Hadamard state in the
whole of M, and that the Hadamard condition fails precisely on the long horizon J#7,,
and in fact computations of the renormalized stress-energy tensor show that it diverges
at 1, [6]. In our formalism, the problem comes from the wavefront set estimate in
Proposition E.5, more precisely from (E.5). In general one has N* suppu C WF(ds®u),
where N*S is the conormal bundle to S and N*suppu = N*SNTg,,,M. Since S
is null, N*S is invariant under the bicharacteristic flow, so N*S C WF(G(ds ® u)),
and therefore WF(G(ds) ® u) intersects both Nt and N~ over S. One applies this
observation to the long horizon 7, which is included in M (but not in My or My 1), see
for example the key identity (8.25) below, and one sees that the form of the ‘boundary
data’ of wy; on F#7, given in (8.1) cannot imply the Hadamard condition over J#7,.

8.2. Proof of Theorem 8.2. (1) follows from Lemma B.1 (which says that the state
is pure if the covariances are projections). To prove (3), we note that the image of
Solp2(Mp) under Syt equals L?(#;C) @ L?*(.#_;C) @ {0} and hence the restriction of
O to Solp2 (M) (viewed as a sesquilinear form using the scalar product (-|-)p) equals

S;é (Z*le: (—i_laU)Z) ij_ ©® S}i 1R:t (i_lat*)Sj_,
where 1 : L?(_;C) — L?(#;C) is the canonical injection. By Lemma D.1 we have
e (i) = (1 + 2™,

where A = 171 (Udy + 3) is the generator of dilations in U acting on L?(#.;C), see
Appendix D. This completes the proof of (3).

Let us now prove (2). We claim that the image of Soly2 (M) under Sy is included
in L2(;C)® L?(.7_;C) @ {0}, which will imply (2) by Lemma B.1 and the fact that
Ip=(—i10y) ® 1g+ (i710p+ ) @ 1p (710 ) restricted to L2(#;C) @ L*(S_;C) @ {0} is
a projection. To prove our claim we take ¢ € Solsc(Myurr), which has hence compactly
supported Cauchy data on one of the space-like Cauchy surfaces Zp defined in C.6.2.
The conformal trace of ¢ on .#’ vanishes, which by density implies our claim.

It remains to prove (4). We note that

RCy R =8y (1rs (=17 '00) ® 1pe (i7'0s) ® 1 (i7'0s-)) Suy.-
Then (4) follows from (3) and the fact that the image of Solj2(My) under Sy equals
L*(#";C)® {0} & L*(7/_;C). O

8.3. Preparations. We now collect some preparations for the proof of Theorem 8.3.

8.3.1. Cauchy surfaces in Mi. In the proof of the Hadamard condition we will need
two convenient families of Cauchy surfaces Y7 and ENET in M;j.
Since % =1-2r1 4+ 0(r=2) when r — 400 we can choose x(r) in (5.3) such
that
z(r) =r—2Inr+O(r"), when r — +oo.
It follows that the hypersurface {t + r — 2lnr = T} intersects .#_ (inside M, the

conformal extension of My, see 5.4), transversally along the submanifold {w = 0,t* =
T}. We set then

Sri={t+r—2lnr=T}U 7 N{t">T},

which we smooth out near the intersection, to make it smooth and space-like inside
M, null on #_ (see Figure 5).
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FIGURE 5. The Cauchy surfaces Y.

To define the hypersurfaces X7 we set f(r) = A2 N We have
1 r? + a?
f>0in |ry, +oo[ and f2(r) — A€ O(1) when r — 7. (8.3)
We define the function y(r) by
y/(r) = f2(r), lim y(r) —(r) =0, (84)

noting that the second condition can be imposed due to (8.3). Finally we define

2(r) = L1,g/(r)y(r) + 13400 (1)y(3), (8.5)

making y(r) constant in {r > 3}.
The hypersurface {t — Z(r) = T’} intersects #2 (inside *K, see 5.3) transversally
along the submanifold {r = ry,* = T'}. We set

Spi={t—i(r)=T}u N{t>T)}

again smoothed out near the intersection, to make it smooth and space-like inside M,
null on 7 (see Figure 6).

7

FIGURE 6. The Cauchy surfaces S

The fact that 7 and f]T are Cauchy surfaces follows from the constructions in
Subsect. C.6, which provide a way of approximating 7 and flT by families of space-
like Cauchy surface iT,n and iT’n. The space-like property of X7 and ET inside of M;j
can be also deduced from the computations in Subsect. C.6.

8.3.2. Cauchy surfaces in M. We will also need Cauchy surfaces iT in M, obtained by
gluing together along S(ry) the surface ¥ with its image under the wedge reflection
R, see Figure 7.
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FiGURE 7. The Cauchy surfaces ET.

8.3.3. Wavefront set estimates. The next lemma provides a way of producing solutions
with wave front set in Nt or N~ using a Killing vector field X, in a region where it is
assumed to be time-like. For the sake of simplicity we formulate it here in the specific
case of the Killing vector fields v and v on M; which will be needed later on. Below,
) = (1+A2)7,

Lemma 8.5. Let X = vy or vy and recall that i~ Lx is the selfadjoint generator of
a unitary group on Solj2(Mi). Let x* € L®(R) be such that x* — 1gx € O((\)™>)
and sing supp xT is compact. Then, if X is future directed time-like near xo € Mi, one
has:

WFE(xE(i™ ' Lx)p) € N over a neighborhood of xo,

for all ¢ € Solp2(M).

Proof. We consider the case of v = 0, the other one being analogous. Let us denote
¢T = xT (" Lx)p. Let go = (z0,&) € N7

Let ¥ € C*°(R) be such that ¥(A\) = 1 for A < 0 and J(\) = 0 for A > 0 and
A € singsupp x 7. Setting xoo = UxT € O((\)~°), by functional calculus we have

I Lx)¢" = Xoo(iT' LX) (8.6)

In coordinates, Lx¢ = M(t)9;M(t)"'¢ for some smooth family of invertible fiber
endomorphisms M(t). It follows that

Vi Lx)pT = M) (9G 10 @ 1,)M(t) 19T,

where 9(i710;) ® 1, acts as a product-type pseudo-differential operator. Let A € po
be a properly supported pseudo-differential operator (in the sense of the usual calculus
on manifolds), elliptic at gy and microsupported in a small conic neighborhood I'y of
qgo. Since qo € N~ and &, is future directed time-like in the relevant region, the symbol
of ¥(i710;) ® 1, equals 1 on Ty away from o. Therefore, the operator

B:= Ao M(t)(9(i'd,) ® 1,) M(t)™"

belongs to WY and is elliptic at qo, and similarly one can show that Ao (Xoo(i_lﬁt) ® 1y)
belongs to W~°°. Thus, by acting on both sides of (8.6) with A we find B¢+ € C°.
Consequently, qo ¢ WF(¢™).

The proof of the minus sign version of the statement is analogous. O

The other essential ingredient are the Green’s formulas from Subsect. 3.3 (which
roughly speaking, allow to represent a solutions locally as ¢ = —G(dg ® v), with §
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a Cauchy surface and v a trace on S) combined with Proposition E.5 in the appen-
dix (which allows to estimate WF(G(ds ® v)) in terms of WF(v) if v is compactly
supported).

8.4. Hadamard property in M;. Our objective is to prove the Hadamard property
of wwmy ;- We start by considering the restriction wyy, to My. From Proposition 7.7 we
obtain the key formula

Cﬁl =Py o Xt:;t;g (i_lﬁjf) +Ps o X;, (i_lﬁy), (8.7)
where the projections P /, are defined in (7.2).

Proposition 8.6. There exists 0 < ag < 1 such that if \a|]\/[_1 < ag then wyy 15 a
Hadamard state.

Remark 8.7. The Hadamard property extends to any state in My of the form (8.7)
where Xjﬁ,xii € L*°(R) are such that sing supp x* is compact, and:

+ - _
Xov joo t X yoo =1

Yo . (A) € O((X) ) in RF. (8.8)

Such states can be called asymptotically passive. The class of passive states was in-
troduced by Pusz-Woronowicz [51], and was investigated by Sahlmann-Verch [53] in
settings with a global time-like Killing vector field v (cf. the work of Hack—Verch [31] for
the related notion of non-equilibrium steady states in a relativistic setting). Roughly
speaking, a passive state is a mixture of ground and thermal states with respect to v.
The name asymptotically passive indicates that at 7#_, the state is passive with respect
to vy, and asymptotically at .#Z_ it is passive with respect to v s.

Proof of Proposition 8.6. By Theorem 4.3 it suffices to prove that
WF((C5)2¢) € N'E, Vo € Soly2 (M) (8.9)

We will prove only the + case, the — case being analogous. Let qo = (z0,&) €
T*M; NN~ and let v be the null bicharacteristic in 7*M from qq.

Case 1: suppose that m(y) (where m : T*M — M is the base projection) intersects
J_ at some point yo. We will need a family X7, of smooth, space-like Cauchy surfaces
in My that approximates X7. It is constructed in Proposition C.9 in the appendix.

We will use the conformal transformation § = c?g, ¢ = r~!, see Subsects. 2.7 and
5.4. We recall from Subsect. 2.7 that T'(X) = f3(X) = I(X), D = ¢ 3De and G is the
Pauli-Jordan operator for D, equal to ¢ 1Ge3, see [27, (17.51)].

Applying (3.11) to the conformally rescaled Weyl operator D and recalling that
b = c¢1¢, this yields:

o)== [ Gyl ) )i (dvol)(v), ¢ € Solie(M).  (8.10)
T,n

The solution qg extends across .Z_ to the conformal extension MI of My defined in

Subsect. 5.4, as a smooth solution of D¢ = 0. We can then take the limit n — 400 in

(8.10) and obtain that:

d(z) = — . Gla, D5 ') (1)(y)if (dvoly)(y), ¢ € Solse(My). (8.11)
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From Subsect. 7.3 we recall that the conformal trace on &, T s ¢ = @y_ is well
defined on Sols.(M;) and extends as a bounded operator T : Sol;2(Mj) — L2(.7_).
On the other hand the trace of QAS on Y7\ .#_ is also well defined and obviously bounded
from Sol;2(Mj) to the appropriate L? space, because Y1 \ .#_ is a part of a smooth,
space-like Cauchy surface and the conformal factor ¢ = r~! is bounded with bounded
inverse on Xp \ Z_.

Summarizing we obtain a bounded operator Ts,_ : Solp2(Mp) — L2(X7), extending
the map ¢ — qgliT’ where we denote by L?(X7) the appropriate L? space on Y. Let
us also recall from (3.16) that Sol;2(Mp) 3 ¢ — ¢ = ¢~ ¢ € Soly2(Mj) is unitary.

It follows then from Proposition 3.4 that (8.11) extends to ¢ € Sol;2(Mj). More

precisely if x € C°(Mj) is a cutoff function supported near zg, there exists x1 €
C°(Xr) such that

xo(x) = — a G(a,y)L(G™') (y)xa1 () T, $(v)if (dvoly)(y), ¢ € Solpz(Mr).
T
We then choose T' < —1 such that t*(yo) > 7. Since one has
WF(G)' C {(g,4) = g~}
we can find y2 € C&°(4_), equal to 1 near yy such that:

Xo(@) =~ | Gz, y)I(G'v)(W)x2(y)T.rd(y)if (dvoly)(y) + u, ¢ € Solpz(Mi),

P
(8.12)
with g0 ¢ WF(u). We will drop the error term « in the sequel. Using (3.13) we can
rewrite this identity as:

; A AB(E N
xé(x) = — ] G(z,y)I'(Vw)x2T s ¢lg|2dt*dodp".
We can assume that yo depends only on t*. Since Vw = —8;+ and |§]% =sinf on J_,
we get:
xo(z) = / Gz, t*,0, " )0 ) x2(t*) Ty psin 0 dt*dfd*. (8.13)
S

We use the spinor basis (9,7) associated to the null tetrad (I, 7,7, m) introduced in
Subsect. 7.3, see (7.23), (7.24) to express the r.h.s. of (8.13) in terms of the components

fo=Ts 0-0=8s0, fi=Ts ¢-i.

We have Oy = ﬂfll hence the matrix of f‘(@t*) equals 1_1\@71 ( (1) 8 >, see the
proof of Prop. 7.4 . We set
Go(w,y) = G(z,9)0*(y), Gi(z,y) = G(z,)i*(y),
and obtain finally:
xo(z) = Cr! Go(z,t*,0, o) x2(t*)S s psin 0 dt*dOdyp*. (8.14)

J_
We apply (8.14) to (C’ﬁl)%qﬁ, using that S P,z = 0 and Proposition 7.6 to obtain:

X(Cﬁl)%(b =Cr! @o(ac, t*, 0, go*)xg(t*)(x}i)% (i_lﬁt* VS ¢sinf dt*dOdyp*.
I_
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We apply Prop. E.5 with S = Z_ and X = vy = J~. We claim that for

g7 =) ()7 0)S 50 € E(S2),
we have
WE(g") € {(y:m) € T"I-\o : +n-vs(y) = 0},
which is immediate, since by (8.8) X}_ decays rapidly in R™.
By Prop. E.5 this implies that go & WF(¢™).

Case 2: suppose that 7(7) intersects . at some yy. We use now the family f]Tm
of Cauchy surfaces in My and write

¢x)=— [ Glz,y)T(g~ v)(y)é(y)i; (dvoly)(y), ¢ € Solsc(My). (8.15)

ET,n

The smooth solutions ¢ extends across 7 to *K as smooth solutions of D¢ = 0. We
can again pass to the limit n — +o00 in (8.15) and obtain:

p(z) = — . Gz, y)T (g~ ") (1) $(v)if (dvoly)(y), ¢ € Solse(My). (8.16)

As before the traces on . and on Sp \ J€_ extend as a bounded operator Tg, -

Soly2(My) — L2(S7), by Proposition 7.1 for the trace on J#- and using that Sp \ S
is a part of a smooth, space-like Cauchy surface for the trace on S \ A

Again we denote by L2(§T) the appropriate L? space on Sr.

By Proposition 3.4 we can extend (8.16) to ¢ € Sol;2(Mj) and obtain:

xoe) =~ [ G(z,y)T (g~ ') (y)x1Ts, d(y)ij (dvoly)(y), ¢ € Solpz(My).

We choose T' < —1 such that *#(yg) > T. Again we can find xo € C°(#2) equal to
1 near yg such that

xb(z) = — /}f Gz, )T (0~ ) ()Xo () T S(y)if (dvoly) () + u, & € Solpa(My),

(8.17)
with g0 ¢ WF(u), and we will forget the error term w in the sequel. Using (3.13) we
can rewrite this identity as

o) = - /% G2, ) (VV)xaT e 6 |g|} dUdbds?, (8.18)

+ 2
where 77 ~ R} x Se’@#.

We can assume that yo depends only on the variable U. Since VV = (ng)*l(?U
and \g\% = guv(r? + a?)sinb, see (7.16), we obtain:

X0@) = =03 +0?) [ G000 T @nalU) T 0 sind dUapdg*.  (.19)

We now use the spinor basis (o0,1) associated to the null tetrad ([,n,m,m) introduced
in Subsect. 7.2, see (7.9), (7.10), and express (8.19) in terms of the components

fo=Tw ¢-0, 1 =Ty ¢di=Sn ¢
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We have 0y = C|p+(0)|n, hence the matrix of I'(Jyy) in the basis (o0,1) is equal to

i~1C|p. ()] < 8 (1) ), see the proof of Prop. 7.1. We also set

Go(z,y) = G(z,y)0"(y), Gi(z,y) = G(z,y)i"(y),

where we recall that (0*,1*) is the dual basis of (0,1). This yields
xo(z) = C/ G1(z,U, 0, 0" )x2(U)Sx ¢sin 0 dUdOdp*. (8.20)
A

Finally we apply (8.20) to (CI\JSII)%QS, using that S;» P = 0 and Proposition 7.3 to
obtain:

X(C3) () :C/ Gi(z,U,0,0%)g" (U, 0, %) sin 6 dU dfdo*,
T
where

gt = x2(0)(xh, )3 (— i ke (Udy + 1)) S € E'().

We now apply Proposition E.5, with S = 52 and X = v,y = —kU0y. This yields
WF(X(C';II)%@ C N* and hence qp ¢ WF((CI\JZI)%@ provided that

WF(g") C {(y,n) € T"H#-\o : +n-vr(y) = 0} (8.21)
To prove (8.21) we use the unitary map:
B : L2(]0, +00[yxS?) 3 f = Bf(s,w) = ke /2 (e w),
implementing the change of coordinates U = e™"+* which satisfies:
Bo (=i 'k (Udy + %)) = (i710;) o B.

Since by (8.8) X:;f_ (\) decays rapidly in R™, we have

N

WF(B(x}, )2 (=17 6 (Udy + 3))Sr0) C{(y,n) € T*H#\o : +3-05 > 0},

which implies (8.21) by the covariance of the wavefront set under change of coordinates.

Case 3: suppose that m(y) does not end up at S nor at ¥_.
By Lemma C.4, there exists z; € m() such that v, and vy are future directed
time-like near x1. We have

1. 1.
Cynd = (X )27 Lor)Por b+ (X5 )2 (7' LA)Py b = br + bs
By Lemma 8.5 we get that
WF(gbjf/j) c N above a neighborhood of ;.

By propagation of singularities this implies that gy & WF(CK“/IIQZ)). O
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8.5. Hadamard property in Myg. Finally, we prove the Hadamard property in
Miuir-

Proof of Theorem 8.3. We only consider the + case. By Theorem 4.3 it suffices to
prove that

WF(Cﬁqﬁ) NT*Myr C NT, ¢ € Solp2(M), (8.22)
where we recall that
Cl\—i/igﬁ = Cﬂl(f)l ® RC]\_/IIR(bI"

Let go = (w0,&) € T*Myunr NN~ and let v the null bicharacteristic through qq in
T*M, and let m be the base projection.

Case 1: suppose that () intersects Mj. We have Cﬁqﬁ = Cﬁlfbl over My, with
o1 € Solp2(My) and Cﬁl the covariances of wyy, in Theorem 8.2. We already know that
wyr, is Hadamard in M by Proposition 8.6, which implies that WF(Cy;¢) € N'T over
M;j, hence q¢ & WF(Cﬁqﬁ) by propagation of singularities.

Case 2: suppose that 7(v) intersects My. We have Cy¢p = RCy Rov over My,
with Ry € Solpz(Mr). Since wyy, is Hadamard, we have WF(Cyy Ror) C N, hence
WF(Cy¢) € Nt over My, and gy ¢ WF(Cy;¢) by propagation of singularities.

Case 3: suppose that 7(7y) does not intersect My nor My, which means that ()
leaves Myr through S(r4), see the proof of Proposition C.12. By propagation of
singularities, we can assume that xy belongs to an arbitrarily small neighborhood of
S(ry) in M. If x € C*(M) then as in the proof of Proposition 8.6, we can find
X1 € C(Xr) such that

xo(x) == | G(z, )T (9~ 'w)(w)xirs, d(y)if (dvoly)(y), ¢ € Solp2(M),

where rg_: Solp2 (M) — L2(S7) is the bounded extension of the trace on .
We can then find xo € C°(#1,), equal to 1 near S(ry) such that

xo(x) = — . G, y)T(g~'v) (W) x2Tw¢(y)ii (dvoly) (y) + u, ¢ € Soly2(M),

where qo ¢ WF(u) and we will drop the error term w. We rewrite this identity as

xé(z) = — %G(w,y)F(VV)Xszb\gI%dUde«P#, (8.23)

where 77 ~ Ry x Sg oy and assume that yo depends only on the variable U. The
same arguments as in the proof of Proposition 8.6 yield:

xo(x) = C/f G1(z,U, 0,07 )x2(U)Sw¢ sin @ dUdOdp* . (8.24)
We apply (8.24) to C* ¢ using that
SwC*¢ =1+ (=i '00)Sn ¢,
and obtain:
xé(z) =C /f G1(z,U,0,¢%)x2(U)1g+(—i"'00)S e sin@dUdode*.  (8.25)
We apply Proposition E.5 with S = 7 and X = —3Jy. Clearly for
g7 = x2(U)1ps (=i 00)Srdd
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we have
WF(g") C {(y,n) € T" \o : n-X(y) > 0}.
Thus, Proposition E.5 combined with (8.25) imply that gy & WF(¢). O

APPENDIX A. PROPERTIES OF THE SPINORIAL LIE DERIVATIVE

A.1. Lie derivative of spinors. We will use the notation introduced in Section 2 and
assume that we are given a spinor bundle S = M on an oriented and time oriented
Lorentzian manifold of dimension 4. Recall the definition:

L= V5 + S(VaX)y — (ViX)ahys, w€C¥(M,5), (A1)
for X € C°°(M;TM), and:
Lx((0)) = (Lx7) () +1(Lx) +1(0)Lxs, & € O(MS),
for all v € C°(M; TM). One has the identity ([43, (I1L.10)]):
(£x7)" = —5(VaX)" + (VX )a)" (A2)
If X is Killing this yields:

Lx(y(0)Y) =~v(Lxv)y +v(v)Lxp. (A.3)

We denote by X (f) the action of the vector field X on the scalar function f. Recall
that the divergence §X of X is defined by Lx§y =: 6XQ4, where €, is the volume
form associated to g.

Lemma A.1. One has

X (1 Biba) = Lxr-Bibg + 1y - BLx Y2,

for all X € C*°(M;TM), ; € C°(M;S). It follows that if X = 0, then Lx is
formally self-adjoint for the (non-positive) Hermitian scalar product

(U1]v2)m,p = /M%'ﬁ% dvolg, 1,12 € C(M;S).
Furthermore, V}g( is formally self-adjoint when 6X = 0.
Proof. For 9,19 € C*°(M;S) we have
X (¢ Biba) = Vxth1- b2 + - BV x 92

= Lxy1-Biha + 1 BLxY2 + R(X )Yy B + Py - BR(X )iha,
for R(X) = %((VQX)Z, — (VpX)a)y?y®. Since (v%)*B = —f7?, we obtain

R(X)* + BR(X) = £(VaX)s — (ViX)aB(r2" + 1)

1
8
since g% = gb@. O

(VaX)s = (V5X)a)g®B = 0,

Lemma A.2. One has [Lx, k] = 0.
Proof. This follows from [V, x] = 0, [y(v), s] = 0 and (2.16). O
Lemma A.3. One has [Lx,H| =0 and thus Lx preserves C°°(M; W, /).
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Proof. We know that [V$,, H] = 0 and v(v)H = —v(v)H, so the result follows from
(2.16). O

Lemma A.4. If X is a Killing vector field then
[Lx, D] = 0.
Proof. By [43, egs. (V.1), (II1.50)| one has

(L, D] = (£x7)"VS = 5(0a(6%) + 5 To(Lxg) "
If X is Killing then £Lxv =0 by (A.2) and §X = 0. O
A.2. Lie derivative of Weyl spinors. By Lemma A.3, Lx preserves C°°(M;W,).
Since S = W we can define L% acting on C*>°(M;S) by:
X((w]s)) =: (LxW]s) + (w|Lks), we C®(M;W,), s C(M;S).

We recall that L(W,, W) is identified with S®S and we define £ x acting on C*°(M;S®
S*) by:
Lix|s1)(s2| = [Lis1)(s2] +[s1)(Lxsal, 80 € CF(M;S).
We also recall that
7:C®(M;CTM) 3 v+ By(v) € C°(M;S®S)

is the canonical isomorphism.
The bundle S is equipped with the symplectic form ¢ = %(ﬁ/ﬁ)*l. From Lemmas
A.1, A.2 we obtain that:

X (s1-c59) = Liys1-€89 + s1-¢Ly s, s € C°(M:S). (A.4)

Lemma A.5. If X is Killing then we have:
rolx=Lxor.
Proof. For w; € C*°(M;W,), s; € C*°(M;S) and A = |s1)(s2| we have:
X((wi]Aws)) = X ((wis1) x (s2]w2))
= (Lxwils1) + (w1]|Lxs1))(we|s2)

+ (wafs1)(Ciselws) + (s2] ) )
= (Lxwi|s1)(wa]s2) + (wis1)(sa| Lxwz) + (wi|Lx Aws).

If A=r7(v)for ve C®(M;CTM), we have (w1|Awy) = w1 -Fv(v)ws so by Lemma
Al:
X ((w1|Aws)) = Lxwy-By(v)ws + W1 -BLx (V(v)w2).
If X is Killing this yields using (A.3):
X ((w1|Aws)) = Lxwy-By(v)ws + Wy -By(Lxv)ws + W1 -By(v) Lxws (A6)
.6
= (L’lelsl)(wg\sQ) + (wﬂsl)(sﬂﬁxwg) + @1'5’)/([:)(1})11)2.

By comparing (A.5) with (A.6) we obtain that 7(£xv) = LxTv. O
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Lemma A.6. Let l,n,m,m be a normalized null tetrad, and let (0,1) be the associated
frame of S, such that

iTl=0®0, iTh=1®17, ITM=0R®7 iITMm=1R®0.
Then if X is a Killing vector field such that Lxl = Lxn = Lxm = 0, one has:
LYo =Lx1=0.

Proof. Let us denote L% 0, L% i simply by o,i'. Since LxI = Lxn = Lxm =0, we
obtain from Lemma A.5:
1) od®0+0®70 =0,

)/ ®i+1@7 =0,
3)od®i+0x7 =0,
4)/®0+109 =0.

Using (A.4) and the fact that o-e2 = 1 we obtain o’-e1 + 0-€/ = 0 hence o’-er = ¢/ -€o.
Composing then 1) and 3) to the right with 1 ® € and 1 ® €0 respectively gives:

o'+ (0-e1)o =0,

—0'+ (V-€0)o =0,

hence o' = 0 since o"-e2 = /-e0. Composing then 4) to the right with 1 ® € gives finally
7/ =0. O

APPENDIX B. ALGEBRAIC QUANTIZATION OF THE WEYL EQUATION

B.1. Quasi-free states on CAR x-algebras. In this appendix of algebraic quantiza-
tion of fermionic fields. Below, we follow |27, Sect. 17.14|. Let (), v) be a pre-Hilbert
space. We denote by CAR(),v) the unital complex *-algebra generated by elements
Y(y), v*(y), y € YV, with the relations

Yy + Ay2) = (1) + Mp(y2),

V" (y1 + Ayz) = (y1) + A% (y2), y1,y2 € Y, A€ C,

[(y1), ¥(y2)]+ = [ (y1), ¥" (y2)]+ = 0, (B.1)
[b(y1), " (y2)l+ = Y1 - vy2l, y1,92 € Y,

v(y) =¢*(y), y €V,

where [A, B]; = AB + BA is the anti-commutator.
A quasi-free state w on CAR()), v) is determined by its covariances A* € Ly, (Y, V*),
defined by

Wy (y2) = J1-A Ty, W@ (y2)Y(y1)) = T1-A " y2, y1,y2 € V.
A pair of Hermitian sesquilinear forms A* on ) are the covariances of a quasi-free state
on CAR(Y,v) iff
ME>0, AT+ =0 (B.2)
It follows that A* uniquely extend to the completion P! of Y for v. The follow-

ing characterization of pure quasi-free states is well-known, see e.g. [16, Thm. 17.31,
Subsect. 17.2.3].
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Lemma B.1. The quasi-free state w on CAR(Y,v) is a pure state iff there exist pro-

jections ©* on VP! such that

At =vort.

Note that 7% are selfadjoint for v and 7+ + 7~ = 1.

B.2. Time reversal. In the remaining part of this section we discuss the notion of
time reversal in the context of quantization of Weyl fields.

B.2.1. Time reversal on CAR(Y,v). Let (Y, v) a pre-Hilbert space as in Subsect. B.1.
A time reversal is a unitary involution 7 € U(),v) i.e.

2 =1, Ty-vTys =Yy VY2, Y1,Y2 € V.
We associate to 7 the anti-linear *-involution 7 on CAR(Y,v) defined by
T(¥(y)) =¥ (ry), 7(¢"°(Y)) == ¥(ry), y € V.
Note that this map is well defined in CAR(Y, v) since
(W), ¥ (y2)l4) = 7(H1-vyel) = Yo-vun,
= [F (1)), 7(¥" (y2))]+
= [ (ry1), ¥ (Ty2)l+ = Vo -van 1.
If w is a quasi-free state on CAR(Y, v) with covariances A* we define 7*w = & by
W(A) :=w(7(AY)), A€ CAR(Y,v),
which is also a quasi-free state on CAR(),v). We have then
(Y (Y)Y (y2)) = w(@*(Ty2)(Ty1)),
(W (y2)Y (1)) = w(W(Ty1)y™(Ty2)),

o the covariances AT of & are:
At = AT

B.2.2. Time reversal on a spacetime. Recall that if (M, g) is a spacetime, (M’ g) is the
same Lorentzian manifold with the reversed time orientation. Denoting with primes
the objects associated to (M’, g) we have:

V=7 K=k f=-8 N¥=NF
v =vS p'=p, D=-D, G=G
Cl)ar = Cl1)as o= ()b,
0 id : (Solsc (M), (*|")p) — (Solsc(M”), (:|")pr) is a time reversal in the sense of B.2.1.

B.2.3. Time reversal on quasi-free states. If AT resp. CF are the spacetime resp. solu-
tion space covariances of a quasi-free state w on CAR(M), then

A= AF, 0F =07

are the spacetime resp. solution space covariances of the corresponding state w’ on
CAR(M’) (denoted by & in B.2.1). Since N &' = N'F, we sce that if w is a Hadamard
state on CAR(M), then w’ is a Hadamard state on CAR(M’) (see Subsect. 4.2 for the
definition of Hadamard states).
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APPENDIX C. NULL GEODESICS AND CAUCHY SURFACES IN KERR SPACETIME

C.1. Summary. The first purpose of this appendix is to show that various hyper-
surfaces used throughout the text are Cauchy, and that the corresponding spacetime
regions are therefore globally hyperbolic. We remark that the causal structure of the
Kerr spacetime could be deduced from detailed knowledge of lower-dimensional di-
agrams, see [8| for the relevant framework. Here however we need to analyse the
geodesics directly to treat the families of hypersurfaces that are of interest to us.

We also prove an important result used in the main text, namely (2) of Lemma C.4,
which states that for sufficiently small a, null geodesics in My that do not meet 7
nor #_ always cross a region where the Killing vector fields v, and vs are time-like

C.2. Null geodesics and first integrals. We first recall some well-known facts about
null geodesics in the Kerr spacetime, see [48, Ch. 4], |5, Ch. 7].

Denoting by g4 the Kerr metric in the Boyer-Lindquist coordinates (r,t,6, ¢),
the change of coordinates r = M, t = Mt gives Ja,M = M2gaM—1,1. After a trivial
conformal transformation, we can assume that M = 1 to make the computations easier.
However, we will state the main results about null geodesics for arbitrary values of M.

With the convention that M = 1, recall that we have the sub-extremality assumption
0<a<1,and:

A=7r?—2r+d% p?=r?+da%cos?0,
and 7+ = 1+ /1 — a? are the horizon radii.

Let v : I 3 s — x(s) be a null geodesic, where s is the affine parameter. We have
the following three independent first integrals:

E=—-0;-g9&, L=20, 9%, K = Carter constant,

which are constant along . One sets Q = K — (L — aF)?, and one uses (E, L, Q) as
independent first integrals. Any null geodesic starting away from the axis {sinf = 0} is
entirely determined by its initial coordinates (r,¢,0,)(0), the signs of r/(0) and 6'(0)
and the constants (E, L, Q), see [48, Lem. 4.2.5].

C.3. Equations of motion. Let:
P(r) = (r* 4+ a®)E —aL, D(#) =L — aEsin’6.
If v: 15> s+ x(s)is an affinely parametrized null geodesic, we have, see [48,
Thm. 4.2.2]:
pli? = R(r),

C.1
0102 = 0(0), -

for
R(r) = P*(r) = A(r)K,
= B 4 (®E? - L2 — Q)r* + ((aE — L)* + Q)2r — a*Q,
() = K —sin2(0) D*(9).
Knowing the functions r(s),0(s), the functions ¢(s), ¢(s) are then determined by the
equations:
JL0)
NG
+a*)P(r)
A(r)

p*p =sin"20D(0) +
2 (C.2)

p*t = aD(0) + (r =:T(r,0)
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see [48, Prop. 4.1.5].

C.3.1. Some more facts. The polar planes P = P(to, o) are the submanifolds {t =
to, ¢ = @o}. The azis is the submanifold A = {sinf = 0}. We know, see [48, Cor. 4.2.8,
Lem. 4.2.9], that if v is a null geodesic then:

(1) K >0,

(2) K =0 iff «y is a principal null geodesic,

(3) L=F =0and K > 0 iff vy is in a time-like polar plane (hence in My (in order

for the polar plane to be time-like),

(4) K=L=0and E#0iff yisin A\ (4 U.7Z),

(5) K=L=E=0iff yisin s U ..
Moreover, see e.g. [48, Prop. 2.5.5], the horizons J# are closed and totally geodesic,
hence any geodesic tangent to J# is entirely included in J7;.

C.3.2. Double zeros of R. We now look at possible double zeros (roots) of R.

If E =0, then R(r) is a polynomial of degree 0 if K =0, and 2 if K #0. If K =0,
then R(r) = —a?Q so R has double zeros only if Q = 0. If K # 0, then K > 0 and R
has a double zero if L? = (a? — 1)@, which implies that Q < 0 and K = a%Q < 0 which
is a contradiction. Therefore if £ = 0, R has a double zero only if K = L = E = 0,
i.e. if v is included in 774 U 7.

If £ # 0 it is convenient to set

E=LE', n=QE2% k=KE?=n+(-a) (C.3)

One has the following constraints on the integrals of motions for null geodesics:
n+(E—a)?>0, (C.4)
n<0 = n’<a® 0<¢ < lal = Vnl, (C5)

see equations (194), (206) in [5, Ch. 7]. The following lemmas will be needed later on.

Lemma C.1. (1) There are no double zeros of R in Jr_,r4|.
(2) There ezists 0 < ag < 1 and C > 0 such that for |a| < ag and E # 0 the double
zeros of R in [r—,4o0[ belong to [3 — Ca,3 + Ca] and one has [{| < C, |n| < C.

Proof. By the computations in |5, p. 351] the conditions R(r) = 0, 0, R(r) = 0 imply
that:

1 2 _ 2
—_— —a”)—rA C.
CL(T—]_)((T a”) —rh), (C.6)

3

€=
1= 2=

see equations (224), (225) in |5, Ch. 7]. The conditions n < 0 and (C.5) are incompatible
with (C.6), (C.7) (see [5, p. 352]). It follows hence from (C.7) that if r is a double zero
of R then r(r — 3)? < 4a?. If r €]r_,r;[ we have A(r) < 0, i.e. a® < 2r — r? hence

r(r—3)2 < 4(2r —r?)

4a® — r(r — 3)%), (C.7)

and therefore r(r — 1)? < 0, which is a contradiction. This proves (1).
Let us now prove (2). By studying the graph of f(r) = r(r — 3)? we obtain that the
double zeros of R belong to

4 2 2
0, sal+ O(a*)| U [3- 5 0(a?),3 + e 0(a®)].
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Since r_ = %a2 + O(a®), the first interval above is disjoint from [r_, +oo| for a small
enough. If r is a double zero in [r_, +oo[ then from r = 3 + O(a) and (C.6) we obtain
that ¢ € O(1), and since 0 < 4a® — r(r — 3)? < 4a® we obtain that n € O(1). O

Lemma C.2. Let rg > r1 be a double zero of R. Then
T(ro,0) #0, V6 € [0,].
Proof. We note that
o%(r,0)E — 2arL
A(r) ’
where o2(r,0) = (r? + a®)? — a®(sin?0)A(r). Assume that T(rg,0) = 0. Setting

oo = o(ro,0), Ao = A(rg), we obtain £ = 225210. By equation (224) in [5, Ch. 7] we have
1

§= m(rg — a? —19Ag), (C.8)

T(r,0) =

which yields:
0d(ro — 1) — 2ro(rg — a* — r9Ag) = 0.

We write

02(ro — 1) — 2ro(r2 — a® — 19Ag) = (19 — 1)(1r2 + a*)? — 2ro(r2 — a?)

+ (2rg — a®sin® O(rg — 1)) Ap.
We have
2r2 — a*sin?O(ro — 1) > 212 — a®rg = ro(2rg — a*) > 0,

and

(ro — 1)(rg +a®)? = 2ro(rg — a®) = 2ro((ro — 1)(r§ + a®) — (5 — a*))

= 27‘0(7“8’ +a%rg — 7“(2) —a® - r% + a2)

= 2r3(r3 + a* — 2rg) = 2r3A¢ > 0.

2
222 which proves the lemma. O
0

Therefore £ #

Corollary C.3. There exists 0 < a1 < 1 such that for \a|M*1 < ay the Killing vector
fields vy and vy are future directed time-like at all points (r,0,p) € [ry,+oo| x S?
such that r is a double zero of R.

Proof. We can assume without loss of generality M = 1 as explained at the beginning
of the section. Let fyr)s(a,7,0) = vy -guw)s. We have fir)4(0,3,0) = —1/3,
which implies that there exists €, > 0 such that v, ,, are time-like for |a| < € and
|r — 3| < 4. By applying Lemma C.1 we obtain that v, and v are time-like at all
points (r,0,¢) € [ry,+oo[ x S? such that r is a double zero of R. They are clearly
future directed since —Vt is future directed. O

C.4. Null geodesics in M. We recall the classification of null geodesics according to
the behavior of r(s) for s — oco. By (C.1) the region {R(r) < 0} is not accessible to
null geodesics. One can then discuss the possible connected components of { R(r) > 0},
depending of the values of the first integrals F, L, Q.

Another standard fact, see e.g. [48, Ch. 4], is that r(s) can reach a first order zero
of R only for some finite affine time sp, and then 7(s) changes sign at s = sg. On the
contrary r(s) can reach a double zero 7 of R only for s = 00, or else r(s) = ro. These
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facts follow easily from (C.1). The horizon {r = r,} can be crossed only transversally,
at finite affine time, see [48, Sect. 4.4].

We obtain the following classification for future directed null geodesics.

In the tables below, type [a,b] for example means that ~ starts at » = a and ends
at = b for finite values of the affine parameter, while type [a,b] means that v ends at
r = b for infinite value of the affine parameter. Furthermore, ry denotes some double
zero of R, and [rg] corresponds to a geodesic for which r(s) = r for all s.

Table 1. E =0
Type Constants
[ry—ry] E=0,K>0,L#0
[ry—oo[or Joo—ry] | E=0, K=0, L %0 (princ. null)

Table 2. E #0
Type Constants
E#0,Q>0,R(ry) >0
E#0,Q=0,L#aFE, R(ry)>0
E#0,Q>0,R(ry) >0
E#£0,Q<0
E#0,Q>0
E#0,Q=0,L+#aF
E#0,Q>0,R(ry) >0
E#0,Q=0,L#aFE, R(ry)>0

[ry—ry]

[ — o00o[ or Joo—74]

Joo — 0]

[r4—rol or Jro—7y]

Jro —oo[ or Joo — 7| E+#0,Q>0,R(ry)>0
[ro] L = Sopman M (g — ) = roA(ro)] B,
= ﬁHMA(TO) —ro(ro — M)?E?

To summarize the tables above, let v a future directed null geodesic in My, parametrized
by s € I. We have I =]s_,s4] for

—00 = s, §4 = +o0 if 7y is of type Joo— o0[, |rg—o0[, Joo—1g],

—00 =5_, §4 < 4oo if v is of type

] [

—00 < s_, sy = +oo if 7y is of type [rp —o0[, [ry— o],
Joo—=ry], Jro—=ry]
[

—00 < S_, S4 < +oo if v is of type [ry —7ry].
Lemma C.4. (1) Lety be a future directed null geodesic. Then
i) lim t(s) = £oo,
S—S+ (Cg)
i1) limg_,s t*(s) = —oo if v starts at 4.

(2) There erists 0 < ag < 1 such that for |a|M~' < ag any future directed null
geodesic which does not start at ry nor at oo passes through a region where the
Killing vector fields vy and vy are both time-like.

Proof. Again we assume M = 1. Statement (2) follows from Corollary C.3 and the
tables above. Let us now prove (1).
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Let us first check 4). If 7 starts at 74, then v enters My from M;, and since My and
M/; belong to a common *K patch we have lims_,s *(s) finite, lims_,,_ r(s) = r4, so
limg_,5_ t*(s) = —oc.

Let us now prove ). We first assume that £ # 0.

From (C.1), (C.2) we have

B T(r,0) .
t—i/ R%(r)d ) (C.10)

Case I: assume that limg_,, 7(s) = +00. We have:

= —+0(™), r— +oo. (C.11)

Note that E > 0 since 7 is future directed. Therefore by (C.10) lims_,,, t(s) = +00.

Case 2: assume next that lims s, 7(s) = ry. By Table 2 we have R%(nr) =
|P(r4)| # 0 hence

T(r,0) 2ry .
Ri) (e - oW e (€12

which by (C.10) shows that lims_,,, t(s) = +o0.

Case 3 assume that lims_,s, 7(s) = 79, where ro # r4 is a double root of R. By
Lemma C.2, T'(rg,0) # 0 for 0 € [0, 7r]. If 7(s) is not constant, then (C.10) implies that
limg_,q, t(s) = +o00. If r(s) = rp we use (C.2) to obtain again that lims_,,, t(s) = +o0.

Consider now the case E = 0. If K > 0 and L # 0 then ~ is of type [r4 —ry] and

p=2T = % +0(1),

) G when r — 74, uniformly in 6, (C.13)

PR () = |oL] + O 1),
Again, the assertion of the lemma is satisfied. If K = 0, L # 0, « is a principal null
geodesic and i) is satisfied. If K = L =0 ~ is not in M. U

C.5. Null geodesics in M. In M we have other possibilities: a future directed null
geodesic can originate at the bifurcation sphere S(r; ) and terminate at the bifurcation
sphere S(r_). We obtain the following table of null geodesics in Miy:

Table 3. E =0
Type Constants
E=0,K>0,L#0
E =0, K=0, L#0 (princ. null)
[S(re)—S(re)] E=0,K>0,L#0

[re— 7]
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Table 4. E #0
Type Constants
E#O7QZO7R(Ti)>0
[re =7+ E#0,Q<0,R(ry) >0
E#0,Q>0,R(r-)>0
=) B 20,020, L £aB, R(r_) >0
E#0,Q>0,R(ry)>0
= B 20,020, L 4aE ,+R(r+)>0
E£0,Q>0, R(r_)=0
r+ =S g 20,020, L#£4B, Ror_) =0
E£0,Q>0, R(ry) =0
SO =r 1 0020, L£aB, Rry) =0

Let v be a future directed null geodesic in My, parametrized by s € I. We have
I =]s_,sq] for —oo < s_ < sy < +oo. We have the following analogue of Lemma
CA4.

Lemma C.5. Let v be a future directed null geodesic in M. Then:

limg_,s t*(s) = —oo if v enters Myr from My,

[\

limg . t*(s —o0 if v enters Myr from My,

*(s

w

limg_, ¢ finite if v enters My from My,

W

+oo if v leaves Myr into Myyp,
5

limg ., t*(s 400 if v leaves Myy into My,

) (

) (s) =
) ()
) limgg. t*(s)
) (s)
) (s) fi

(=)

limg ., t*(s) finite if v leaves Myy into Miy.

Proof. We recall that
t* ="t + 2z(r), lim z(r) = Foo. (C.14)

rT—ri+

The blocks My, Myr and My belong to a common *K patch. This implies that if ~
enters Myr from My then limg_,s *t(s) finite, limss_ 7(s) = r4, and if v leaves My
into My then lim,_, + *(s) finite, lim,_, .+ 7(s) = r—. Using (C.14) this implies 1) and
4).

Since My, My and My belong to a common K* patch we obtain similarly 3) and 6).

If v enters My from My, then  passes through the crossing sphere S(r,), hence
lim,_,s V(s) =0, which proves 2), using (5.10). Finally if  leaves My into Myy, then
~ passes through the other crossing sphere S(r_). One uses then the KBL coordinates
used to construct the Kerr-Kruskal extension D(r_), see [48, Def. 3.4.5]. The same
argument as before shows that lim,_,,, t*(s) = +o00, which proves 5). O

C.6. Cauchy surfaces. We now prove that several hypersurfaces are Cauchy surfaces
in My, Myurr or M. To prove that a set S is a Cauchy surface in some spacetime (M, g)
we use the following facts. We recall that a set S C M is called achronal if each
time-like curve intersects S at most once.

Theorem C.6. (1) A closed achronal set S is a Cauchy surface iff each mazximal null
geodesic intersects S and enters IT(S) and I~(S5).
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(2) A closed connected non time-like hypersurface S is achronal if M\ S is discon-
nected.

Statement (1) can be found in [30], [61, Thm. 8.3.7], and statement (2) in [48, Corr.
3.10.2].
We will use the following corollary of Theorem C.6.

Corollary C.7. Suppose u € C*°(M) is such that:

(1) Vu is time-like,

(2) sup, u = +oo and inf, u = —oo for any mazimal future directed null geodesic .
Then the level sets St = u~*({T}) are Cauchy surfaces in (M, g).

Proof. Since Vu is time-like, St is space-like and achronal and clearly closed and
connected. Possibly replacing w by —u, we can assume that Vu is future directed.
This implies that {u(z) > T} C I+ (St) and {u(x) < T} C I_(Sr), since the integral
curves of Vu are time-like future directed. Using (2) this shows that any maximal null
geodesic intersects S and enters I*(St). O

Proposition C.8. The surfaces X7 = {t = T'} are Cauchy surfaces in M.

Proof. ¢ < 0 in My, so Vt is time-like in M. We apply then Lemma C.4 i) and
Corollary C.7. 0

C.6.1. Auziliary Cauchy surfaces in My. Recall that in 8.3.1 we defined the family of
hypersurfaces 37, Yr. We now introduce families me, iTm of Cauchy surfaces in My
converging to L7, Y7 when n — oco.

We start with defining Xr7,,. We set z,,(r) = min(r — 2Inr,n) for n € N and

Srn ={t+an(r)=T}.

F1GURE 8. The Cauchy surfaces ET,n.

Proposition C.9. The surfaces Sr,, for T < —1,n € N are Cauchy surfaces in M.
Proof. Let uy,(t,7) =t + x,(r). We have using (5.1):

—duy, g duy, > ﬁ((ﬁ +a?)? —a?A — A1 —2r71)?)
P
1 2 2\2 2 2
2 TpQ((T +a ) —a A*A )
1
Y

so Vu, is time-like in My. For each n, u,(t,7) —t is bounded, so we conclude again by
Lemma C.4 and Corollary C.7. U

(2r(r? + a®) + (2r — a®)A) > 0 for r > 7,
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Let us now define f]Tm. We set Z,(r) = min(—n,Z(r)) for n € N, where Z(r) is
defined in (8.5) and

iT,n = {t+ifn(’f') = T}

X

FIGURE 9. The Cauchy surfaces f)T,n.

Proposition C.10. The surfaces f]Tm forT < —1,n € N are Cauchy surfaces in M.

Proof. Let @, (t,7) =t — Z,(r). We have

1
—diy-g iy, > —((r? + a*)? — a’A — A%(E)?)

Ap?

L oo 2y2 2 20,12 1
> - - pr—
—2p2((r +a7)" —a"A-A%(y)") ek

where we recall that y(r) is defined in (8.4). It follows that Va,, is time-like in My.For
each n @y, (t,r) — t is bounded, and we complete the proof as for Proposition C.9. O

C.6.2. Cauchy surfaces in M 1. We construct a family of space-like Cauchy surfaces
in Myurr.

It is easy to see that for 7' > 1 the equation z(r) — r = —T has a unique solution
rrin Jry, 2ry [ with rp —ry € O(e™T) for some ¢ > 0. We fix a smooth decreasing
function y with y = 1in ] —oo,7_ +¢| and x = 0 in |3 (ry +7_), +oo[. We define v(r)
by

v'(r) =1+ x(r) , o(ry) =71y

r—r_
SO

v(r) =rin [ry, +oo], v(r) = —oo when r — r_. (C.15)

We define the function up on My by

t* —v(r)+ T, for r <rp,
t for rp < r.

We set
I = {’LLT(.T) = 0} C My
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F1GURE 10. The Cauchy surfaces Zr.

Proposition C.11. The surfaces Zp for T > 1 are Cauchy surfaces in M.

Proof. In {r > ry} we have dur-g~'dur = ¢g* < 0. In {r < r7} we have

dur-g~ dug = ;(A(T)(v')Q(T) —2(r* 4+ a®)v'(r) + a*sin? )
< 5 (AW (r) — 20 + @)/ (1) + a?).

A

In [ry, +oo[ we have
A(r) ()2 (r) = 2(r* + a®)V'(r) + a® = A(r) = 2(r2 + a®) + a® = —r? — 2r < 0.
In |r_,ry] we have A(r) <0 and (v/)%(r) > v/(r) so
Ar) ()2 (r) = 20 + a®)o'(r) + a® < (A(r) = 2(r* + @)V (r) + a?
= (=12 = 2r) +a® —a®' < —r? —2r <0,

since v' > 1. It follows that Vurp is time-like in My ;. Let now v : J 3 s — z(s) be a
future directed null geodesic in My;. We claim that

sup up = 400, (C.16)
gl

inf up = —oo0, (C.17)
8!

which using Corollary C.7 will complete the proof.

Let us set v1 = v N My, 1 = v N M.

If 1 = v1 = 0, then v is included in the horizon % and + is a rest photon,
see [48, Lem. 4.2.9]. By [48, Lem. 3.4.10] we have V(z(s)) = s which implies that
sup,, t* = +o0, inf, t* = —oo and hence (C.16), (C.17), since v(ry ) is finite.

It remains to check (C.16), (C.17) if 41 or 11 is not empty. Let us first check (C.16).

Case I 11 # 0. Using Lemma C.5 4), 5), 6) and the fact that lim,_,, wv(r) = —o0,
we obtain (C.16).

Case II: yi1 = 0, y1 # (0. Let |s_, s [ be the interval of affine parameter s such that
x(s) € M;. Note that 41 cannot end at r; otherwise v enters M. If 41 ends at oo
or some double root rp, then by Lemma C.4 we have limy_,s, t(s) = 400 and since
rr < ro (at least for T' large enough), we have ur(z(s)) = t(s) for s close to s, which
shows (C.16).

Let us now check (C.17).

Case I v1 # .



The Unruh state for massless fermions on Kerr spacetime and its Hadamard property 55

If 1 starts at ry then by Lemma C.4, we have lim,_,s_ t* = —o0, lims_,5_ 7(s) = 74
which implies (C.17).

If 71 starts at oo or some double root rg, then by Lemma C.4 we have limg_,s_ t(s) =
—oo and since rp < rg for T' large enough, we have up(z(s)) = t(s) for s close to s_
hence (C.17) holds also in this case.

Case II: v1 = 0, yi1 # . We use Lemma C.5 1), 2) and the fact that v(r4) is finite
to obtain (C.17). O

C.6.3. Cauchy surfaces in M.
Proposition C.12. The surface Yy := {U = V'} is a space-like Cauchy surface in M.

Proof. Using (5.10), we obtain first that
SvM={t=0}nMp)U({t=0}NMp)uUS(ry), (C.18)

and that over Xy N My we have d(U — V') = —2k, Udt, while over Xy "My d(U —V) =
2k Udt. Since g' < 0 on My, My we obtain that d(U — V)-g~'d(U — V) < 0 on
Yum \ S(r1). On S(ry) we see directly that d(U — V)-¢g~'d(U — V) < 0, using (5.8).
This implies that Xy is space-like, hence achronal by Theorem C.6 (2), since M \ Xy
is clearly disconnected.

Let us now v a future directed null geodesic in M. If v passes through My, then by
Proposition C.8 v crosses {t = 0} "M and enters I*({t = 0} N M), hence crosses X
and enters I (Xy). The similar conclusion holds if v passes through M.

Assume now that + passes through My;. If v enters My from My or My we argue
as before. Otherwise « enters My through S(r4). Since S(ry) is totally geodesic, v is
transverse to S(r ) and passes through My and Myy, hence enters I*(Xy). We argue
similarly if v passes through Mj;.

Finally if v passes through one horizon without entering any of the Boyer-Lindquist
blocks, then v is included in a horizon, for example in #x = {U = 0} and 7 is a rest
photon, see [48, Lem. 4.2.9]. By [48, Lem. 3.4.10] we have V(z(s)) = s so vy again
crosses Yy and enters I*(Xy). Applying Theorem C.6 (1) we obtain that Xy is a
Cauchy surface. O

APPENDIX D. SPECTRAL PROJECTIONS IN EXPONENTIAL COORDINATES

D.1. A one-dimensional lemma. For 8 > 0, let Xg[(s) = (14 e¥5%)71 Let 1p+(s)
be the characteristic function of £[0, +o0].
We consider the momentum operator D, = i710, acting in L?(R). Let us denote by

Xfo(D:c) =1 o 1p+(Dy) 01

the restriction of 1z+(D,) to L?(R*) using the canonical embedding 7 : L?(R*) —
L?(R). We also consider the selfadjoint generator of dilations

1 1
A= §(xD$ + Dyx) =i Y (xd, + 5)
defined on L2(R*) by e¥4u(z) = e¥/?u(e’z), s € R.
Lemma D.1. On L*(R") we have & (D,) = x5, (A).

Proof. Using the formula for the Fourier transform of 1p+ (see e.g. [24, Ch. 2.3, (22)])
one finds that the Schwartz kernel of X% (D) equals

X (De) (x,y) = £i(2m) 72 (x — y £i0) 7. (D.1)
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We will use the following convention for the Mellin transform on C°(R*1) and the
inverse Mellin transform:

(Mf)(0) = <= /R e () o
-1 7§+10‘ .
(M) () = %h/‘ (0)d

It is well known that M extends to a unitary map M : L?(R*) — L2(R), and the
extension of M~! to L?(R) is the inverse of M. Another essential fact is that M
diagonalizes the generator of dilations, meaning that

Xg(A) =M1o Xé[(o') oM, (D.3)

where Xéc(a) denotes the operator of multiplication by X:E' A brief computation using
(D.2) shows that the Schwartz kernel of (D.3) equals

1 - x
EA) = M) (D.4)
On the other hand, (as follows from e.g. Formula 2.4 in [47])

(M E ) (2) = +i(2r) 2 (2 — 1 £i0) !

in the sense of distributions. Plugging this into (D.4) and comparing with (D.1) yields
the result. O

Let us now rename the variable z on R* to U, and let us consider the change of
coordinates U = e~ "* for some « > 0. This change of coordinates is implemented by a
unitary map ® : L2(R*,dU) — L%(R, du), which satisfies

b o (—k(Udy +0yU)) = Dy 0 ®.

From Lemma D.1 we obtain immediately

_ . 27
Xoo(Du) = @' o xF (Dy) o ®, with 8= — (D.5)

This identity (together with its analogue for bosons) plays an important role in the
description of the Unruh and Hawking effect.

APPENDIX E. WAVEFRONT SETS AND OSCILLATORY TEST FUNCTIONS

E.1. Oscillatory test functions. We first recall a well-known characterization of the
wavefront set of a distribution using oscillatory test functions. The equivalence with
other standard definitions, stated in Lemma E.1 below, follows from e.g. |20, Sect. 1.3].

Let Q@ C R™ be an open set. For x € Q, ¢ = (y,n) € T*Q \o and x € CX(Q) we
denote

vp (@) = x(@)er= N> 1. (E.1)

We then extend the definition to manifolds by chart diffeomorphism pullback. We will
say that a function U;‘ of this form is an oscillatory test function at qo = (xg,&) if
v;‘(azo) # 0. Oscillatory test functions can be used to give the following elementary
characterization of the wavefront set.

Let (-|-)as be the L?(M, dy) pairing associated to some arbitrary smooth density dp.
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Lemma E.1. Let u € D'(M) and (z9,&) € T*M \o. Then (x¢,&) ¢ WF(u) iff there
exists an oscillatory test function v;‘ at qo such that for all N € N,

|(vglu)ar| < CNATN, A > 1, (E.2)
uniformly for q in a neighborhood of (xg,&o) in T*M \o.

This fact extends in a straightforward way to distributional sections of a hermitian
vector bundle.

A very simple, but useful observation is that microlocal regularity can be tested with
more general oscillatory functions.

Definition E.2. We say that w;‘ is a generalized oscillatory test function at qo =
(z0,&) € T*M \o if it is of the form w) = A*v), where A € WO(M) is properly
supported and elliptic at ¢g, and v;\ is an oscillatory test function at qp.

Lemma E.3. Let u € D'(M) and qo € T*M \o. Then qo ¢ WF(u) iff there exists a
generalized oscillatory test function qu at qo such that for all N € N,

(W lu)ar] < CvATN, A > 1,
uniformly for q in a neighborhood of qy in T*M \ o.

Proof. Let A and vé‘ be as in Definition E.2. Since A is elliptic at qo, g0 € WF(u)
iff o € WF(Au). We also have (w)|u)y = (v)|Au)ns, so the assertion follows from
Lemma E.1 applied to Au. U

The next lemma shows that the oscillatory function wé‘ (and the neighborhood of ¢
where the estimate holds) can be chosen in a uniform way if u varies in some set.

Lemma E.4. Let X C D'(M) and let ' C T*M \o be closed. Then WF(u) C T for
all uw € X iff for all non-zero qo € T*M \ T there exists a generalized oscillatory test
function wé‘ at qo such that for allu € X and N € N,

(wylu)m| < Cun AN, A>1, (E.3)
uniformly for q in a neighborhood of qy in T*M \ o.

Proof. Suppose that WF(u) C T for all u € X'. Let gqo € T*M \T'. Let A € (M)
be properly supported and such that WF'(A) NT = () and A is elliptic at go. Then
Au € C>*(M) for all u € X. Thus, if v;‘ is an arbitrary oscillatory test function at gq,
then for all u € X,

[(vy|Au)ar| < CunA™™, A>1, N €N,

uniformly in ¢. Thus, the assertion (E.3) follows by setting wé‘ = A*vé‘.

The opposite direction trivially follows from Lemma E.3. U

E.2. Wavefront set estimates. The proposition below provides a refinement of the
general strategy used by Moretti in [45] and in subsequent works [11, 12, 2, 28] to
estimate wave front sets of solutions in terms of their traces on a null hypersurface.
Strictly speaking, we will use its generalization to distributional sections of vector
bundles, which is immediate.
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Proposition E.5. Let (M, g) be an oriented and time oriented Lorentzian manifold of
dimension n, and let S C M be a null hypersurface equipped with a smooth density dm.
For u € &'(S) we define 6s @ u € E'(M) by:

/(53®u)4pdvolg ::/ugodm, p e CE(M).
M S

Let also X be a vector field on M, tangent to S, null, future directed on S and suppose
G € D'(M x M) satisfies WF(G) C {(q,q") : g ~ q'}. Then for any u € E' (M) one

has the implication:
WF(u) € {(y,n) € T*S \o : +1-X(y) > 0} = WF(G(0s @ u)) N7 Y(M\ S) c N*.

Proof. Since WF(G); = 0 (i.e. WF(G)’ has no points of the form (z1,0, z2,&2)), we
can apply G to 0s ® u and we have (see e.g. [27, 7.2.7])

WF(G(ds @ u)) C WF(G)(WF(ds @ u)). (E.4)
Denoting by i : S — M the canonical injection, we have:
WF(6s @ u) C (%) H(WF(u)) U N*S, (E.5)

where N*S = {(z,§) € T*M \o : v € S, {5 = 0} is the conormal bundle to .

Let now (z1,&) € WF(G(ds ® u)) with 1 ¢ S. By (E.4) there exists (z9,&) €
WEF(és ® u) such that (z1,&1) ~ (20,&0). Since g7, g is positive semi-definite with
kernel RX (zg), we can find L C T,,S space-like with 7,,,S = L & RX(z9). The
orthogonal L' is time-like and 2-dimensional, hence contains two null lines, RX (xq)
and Ro for v € T,, M transverse to S. We can assume that X (z¢)-g(z¢)v = —1 and v
is future directed.

We fix a basis (wi,...,w,_2) of L and denote by z = (y1,v2,%'), ¥ € R"2 the
coordinates in the basis (v, X (z¢), w1, ..., wn—2) of Ty, M. We have then

z-g(z0)x = —2y192 +y'-hy’, where h > 0,
and consequently, for &y = (n1,72,7’) expressed in dual coordinates, we have
€o-g(wo) " 6o = —2mm2 +1'-h M. (E.6)

Since (x9,&) € N, we have &-g~(20)¢ = 0. On the other hand, from (E.5) either
(x0,m2,m') € WF(u) or ne =1’ =0, i.e. (z9,&) € N*S. Since h is positive definite and
the Lh.s. of (E.6) vanishes, 7o = 0 implies ' = 0. Therefore we have & = (n1,72,7’)
with either

—2mma + 0"k =0, (z0,m2,7') € WF(u), n2 #0, (E.7)

or (xo,&p) € N*S. Let us first consider the second case. The fact that S is null is
equivalent to N*S C N, which using the fact that N*S is a Lagrangian submanifold
of T*M implies that N*S is invariant under the bicharacteristic flow. Therefore the
null bicharacteristic from (z,&y) stays in N*S, hence above S, and thus cannot reach
the point (z1,&;) which is above M \ S.

Let us now consider the first case. Since by assumption WF (u) C {(y,n) € T*S \o :
+17-X (y) > 0} we deduce from (E.7) that 4+np > 0 and 41 = 1, 'n/-hn’ > 0. Therefore
(w0,&) € N* hence (x1,&1) € N* since (21,£1) ~ (x0,&). This completes the proof
of the proposition. O
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