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Abstract

In this work we study, by a semigroup approach, a transmission problem based on bihar-
monic equations with boundary and transmission conditions, in two juxtaposed habitats. We
give a result of existence and uniqueness of the classical solution in LP-spaces, for p € (1, +00),
using analytic semigroups and operators sum theory in Banach spaces. To this end, we in-
vert explicitly the determinant operator of the transmission system in LP-spaces using the
Eso-calculus and the Dore-Venni sums theory.
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interpolation spaces, maximal regularity.
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1 Introduction

In this work, we consider a system of linear biharmonic equations posed on two juxtaposed
domains and coupled through transmission conditions at the interface. Throughout the paper we
shall impose the continuity of the flux, of the dispersal and of its flux across the interface. Using
an operator approach, we investigate the existence, uniqueness as well as maximal LP-regularity
for such a problem.

Transmission problems arise in various applicative fields including engineering, physics and
biology. Here, we refer the reader for instance to [1], [9] or [15] for applications in plate theory, to
[18], [26] or [34] for applications in electromagnetism and to [10], [21] or [33] for other applications
in population dynamics. Let us also mention that mathematical models involving biharmonic
operators also arise in various fields such as elasticity for instance see [6], [16] or [30], electrostatic
see [4], [13] or [22], plate theory [1], [9] or [15] or population dynamics [5], [19], [20] or [25].

In this work, we consider an n-dimensional (with n > 2) straight cylinder of the form

Q= (a,b) x w,

where a < b are two given real numbers while the section w C R”~! denotes a smooth bounded
domain. This cylinder € is split into two (open) sub-cylinders 1+ and an interface I' given for
some v € (a,b) by

0= (0 xw 04 =(h)xw amd D= {7} xw

so that Q =Q_UTUQ,.
We consider the following biharmonic equations,
kE_A%u_=g_ in Q_
(E dee)

ki APuy =gy in Qy,

where g_ € LP(Q_), g4+ € LP(Q24) are given and ky,k_ > 0.



We denote by (z,y) the spatial variables with = € (a,b) and y € w. Then, we consider the
following conditions on 992 \ I', the lateral boundary of €2,

+(z,¢() =0

(
Au*('raC)_Oa .iUE((I,’}/),(Gaw, Au xz, =Y x6(77b)7<68w
(BChae) o] i@y = O unba) = G0 e
%(a,y) = ¢, (v), %(b,y) = ¢3(y), yEw,

where (p%E and Lpéc will be given in appropriated spaces. The system is coupled on the interface I
where we impose the following continuity conditions,

U— = Ut on I’
Ou_ Ouy
or oz on I
(Tcpde)
k_Au_ = kiAuy on T
OAu_ 0AuL
k_ o = k+ or on I

Let us now explain, for instance, in population dynamics framework, the boundary and trans-
mission conditions.

The first line of (BCpg.) — (1), means that the individuals could not lie on the boundaries
(a,b) X Ow, because, for instance, they die or the edge is impassable. The second line means that
there is no dispersal in the normal direction. We deduce that the dispersal vanishes on (a, b) x dw.

In (BCpge) — (2), the population density and the flux are given on {a,b} x w. This means
that the habitats are not isolated.

In (T'Cp4e), the two first transmission conditions mean the continuity of the density and its
flux at the interface, while the two second express, in some sense, the continuity of the dispersal
and its flux at I'.

This work is a natural continuation of that done in [31]. Moreover, it completes the study
realized in [20] where the authors have considered equations

kiAzui —l+Auyr = f+ in Qg

and on the interface I', the last condition of (T'Cpg4e) is replaced by

% (k+Augy —lyug) on T

In the present work, [+ = 0, which must be treated differently, since the proof in [20] uses
the representation formula obained in [19] which is not defined when I+ = 0. Thus, we use
the representation formula obtained in [31] which is different and does not corresponds to the
representation formula in [19] when the limit of /1 tends to 0. Therefore, even if the proof follows
the same steps than the one in [20], the calculus are different and cannot be deduce from those
in [20], since they use a different representation formula.

Note that, due to the transmission conditions, we can not obtain a solution u € W4P(Q) in
all Q. We only can obtain a solution u such that u;, € W*P(Q_) and U, € W4P(Q).

The paper is organized as follows.

First, in section 2, we recall the PDE transmission problem (P,4.) and we rewrite it under
operational form. Then, in section 3, we recall some definitions about BIP operator and inter-
polation spaces. We give our hypotheses and their consequences. We present our main result in
Theorem 3.9 and Corollary 3.11 which states existence and uniqueness of the solution of problem
(Ppde) that is (EQpde) — (BCpde) — (T'Cpge) quoted above. In section 4, we state technical results
which allow us to prove our main result. Section 5, is devoted to the proof of Theorem 3.9.



2 Operational formulation

In this section, we first recall the PDE problem (Ppg.) composed by (EQpde) — (BCpde) — (T Chae)-
Then, we define the Laplace operator Ag and we use it to rewrite (P,q.). Note that this operational
form is a vector values problem. Finally, we generalize this problem replacing Ag by a more general
operator A. We consider the following problem

E_A%u_ = g_ in Q_
k+A2U+ = g+ iIl Q+
Uf(ZE, C) = 07 Au,(x, C) = 07 T € (aa’Y)a < € Jw
U_A,_(JI,C) = 07 AU+($7<) = 07 HAS (77 b)7 C € dw
U— (CL, y) = SOI_ (y)) u+(b> y) = SOT (y)7 Yyecw
Oou_ _ ou
(Ppac)d o (@) = @2(v),  -0bw) = ¢, yew
U_ = U4 on I'
3u_ 8u+
or = o on
k_Au_ = kiAuy on I’
0Au_ 0Au
kf 0m = k+ 8$ on F

Let us define Ag, the Dirichlet Laplace operator in R*™', n € N\ {0, 1}, as follows

{ D(Ag) := {1 € W*P(w) : ¢ = 0 on dw}
Vi € D(Ap), At = Aye.

Thus, using operator Ag, problem (Ppg4.) becomes the following vector valued problem

u(:l)(:c)+2A0u'i(:U)+A(2)u,(x) = f_(x), fora.e. z€ (a,7)
uf)(x)+2Aoul(a:)+A3u+(:c) = fy(x), fora.e. ze€(y,b)
u-(a) = ¢r, usd) = @f
(@) = ey W) = o
u_(y) = ugr(v)
W) = W)
k-u”(y) +k-Aou—(7) = kpul(7) +kiAous(v)
kul® () + kAl (7) = keul () + by Aouy (7),
where
Joe Moy @), fy € IP(3biIPw) and pe (1,+00),
with

U:i:(x) = U(I, ) and f:l:(x) = g:l:(x’ )/k:l:

Note that the boundary conditions on Ow in (Ppq4e) do not appear in the previous system since
they are already included in the domain of Ag. Thus, a classical solution of this problem satisfies
the boundary conditions on dw in (Ppge).

Then, using operator (A, D(A)) instead of (Ao, D(Ap)) and X instead of LP(w), we can write
that f_ € LP(a,v; X) and fy € LP(v,b; X).



Moreover, in all the sequel, we will study the following more general transmission problem :

(BO) { u(_zl)(x) + 240" (x) + A%u_(z) = f_(x), forae. z€ (a,7)
uf)(x) +24u] (z) + A%uy(z) = fi(v), forae x€(v,b)

(BC){ ul—(a) = 90? u,+(b) = wi

®) u_(a) = ¢y, ui(b) = ¥

u—(y) = us(v)

ey ) ,,
ku”(v) +k-Au_(7) = kpu(y) +kiAui(v)
kou® () +k_Au () = kel () + ke Au, (4).

The transmission conditions (7'C') will be split into
u-(v) = us(v)

(TC1) {

u’(y) = Wi (v),

and
ku” () +k-Au_(y) = kpull(y) +kiAui(y)
(TC2

() +h-Au () = kel (3) + by A ().

Note that (7'C2) is well defined from Lemma 3.7, see Section 3.2 below.
We will search a classical solution of problem (P), that is a solution u such that

{ U= Uy € W (a3 X) N L7, D(42), ! € LP(a, % D(A)), .
Us 1= Uy ) € WHP(7,0; X) N LP(y, b D(A?)), !l € LP(v,b; D(A)),

and which satisfies (EQ) — (BC) — (TC).

3 Assumptions, consequences and statement of results

3.1 The class BIP(X,6)

Throughout the article, (X, || - ||) is a complex Banach space. We give some definitions about

UMD spaces, sectorial operators and BIP operators.

Definition 3.1. A Banach space X is a UMD space if and only if for all p € (1, +00), the Hilbert

transform is bounded from LP(R, X) into itself (see [2] and [3]).

Definition 3.2. A closed linear operator T} is called sectorial of angle 6 € [0, ) if
i) o(Ty) C Sy,
ii) V0 €®m), sup{|AA —T) ") AEC\ Ty} < +oo,

where
S { {z€eC:2+#0 and |arg(z)| <w} if we (0,7),
o (0, 4+00) if w=0,
see [14], p. 19, such an operator is noted A € Sect (w).



Remark 3.3. From [17], p. 342, we know that any injective sectorial operator 77 admits imagi-
nary powers 11°, s € R, but, in general, 77° is not bounded.

Definition 3.4. Let 6 € [0,7). We denote by BIP(X,#), the class of sectorial injective operators
T3 such that

i) D(T)=R(T) = X,

ii) VseR, T eL(X),

i) 3C>1, VseR, ||T9|x) < Cellf,
see [27], p. 430.

Remark 3.5. From [14], proof of Proposition 3.2.1, ¢), p. 71, D(T1) N R(T}) = X.

3.2 Interpolation spaces

Here we recall a definition given, for instance, in [7], [12], [23] or in [32] and a result from [12]
concerning real interpolation spaces.

Definition 3.6. Let 75 : D(T3) C X — X be a linear operator such that
(0,400) Cp(Ty) and IC>0:Vt>0, [t(To—t)"zx) <C. (4)
Let k € N\ {0}, 6 € (0,1) and ¢ € [1,+00]. We will use the real interpolation spaces
(D(T5), X)o.g = (X, D(T5)1-6.4,

defined, for instance, in [23], or in [24].
In particular, for £ = 1, we have the following characterization

(D(T2), X)oq := {w € X : t — 0| To(Ty — t1) M| x € LI(0, +00) },
where Li(0, +00) is given by

0 1/
L1(0,+00) := {f € L0, +0) : (/0+ (G it) ' < —|—oo}, for ¢ € [1,+00),

and for ¢ = 400, by

LX(0,400;C) := {f measurable on (0,+00) : sup |f()] < —i—oo},
te(0,4-00)

see [7] p. 325, or [12], p. 665, Teorema 3, or section 1.14 of [32], where this space is denoted by
(X, D(T»))1-0,4- Note that we can also characterize the space (D(T2), X )g, taking into account
the Osservazione, p. 666, in [12].

We set also, for any k € N\ {0}

(D(T2), X)ir0q = {0 € D(TF) : T4 € (D(T2), X)oq) »

(X, D(To)krog = { € D(TE) : Ty € (X, D(T2))oq}

We recall the following lemma.



Lemma 3.7 ([12]). Let T% be a linear operator satisfying (4). Let u such that
u € W™P(a1,by; X) N LP(a1,b1; D(TY)),

where a1,b; € R with a1 < b1, n,k € N\ {0} and p € (1,400). Then for any j € N satisfying the
Poulsen condition 0 < % +j <nand s € {ay, b}, we have

uV(s) € (D(T§), X) 1, 1 .
n ' np’

This result is proved in [12], p. 678, Teorema 2’.

3.3 Hypotheses

Througout this article, k4, k- € Ry \ {0} and A denotes a closed linear operator in X.
We assume the following hypotheses:

(Hy) X is a UMD space,

(Hz) 0 € p(A),
(Hs) —A € BIP(X,04) for some 04 € (0,7/2),
(Hy) —A € Sect(0).

Note that assumption (H4) means that —A is a sectorial operator of any angle # € (0, 7). This
assumption is satisfied, for instance, by elliptic differential operators of second order. Now, we
give some consequences on our hypotheses.

3.4 Consequences

1. Note that Ag satisfies all the previous hypotheses with X = L%(w), with ¢ € (1,+00).
From [29], Proposition 3, p. 207, X satisfies (H;) and from [11], Theorem 9.15, p. 241 and
Lemma 9.17, p. 242, Ag satisfies (Hz). Moreover, from [28], Theorem C, p. 166-167, (H3)
is satisfied for every 04 € (0,7), thus (Hy) is also satisfied.

2. In the scalar case, to solve each equation of (EQ), it is necessary to introduce the square
roots £v/—A of the characteristic equations

zt + 2422 + A% =0,
this is why, in our operational case, we consider,
M = —/—A. (5)

From (Hjs), —A is a sectorial operator, thus the existence of M is ensured, see for instance
[14], e), p. 25.

3. From (Hs), we have —A € BIP(X,604), then, from [14], Proposition 3.2.1, e), p. 71, we
deduce
—M € BIP(X, 04/2).

Since 0 < 04/2 < 7/2, we deduce that M generate a bounded analytic semigroup (e*M),~,
see [27], Theorem 2, p. 437. Furthermore, due to [27], Theorem 4, p. 441, for n € N\ {0},
we get —nM € BIP(X,04/4 + ¢), for any € € (0,7/2 — 64/4). Then, due to [27], Theorem
2, p. 437, nM generate a bounded analytic semigroup (e"mM )z>0- The last results use also
the works of [7] and [8].



3.5 The main results

To solve our transmission problem (P), we introduce two auxiliary problems:

u(_4) (z) + 2Au" (2) + A%u_(x) = f_(x), fora.e. z € (a,7)
(P-){ u_(a

= Y1, u—(’)/) = ¢1
= @y, u_(y) = 1o,

and
uf) (z) + 24U} (z) + A*uy(x) = f(z), forae. z € (v,b)

(Pr)§ ur(y) = o1, ug(b) = of
Wy (v) = o, U (b) = 3.

Remark 3.8. Recall that a classical solution of (Py), in LP(J; X), with J = (a,) or (v,b), is a
solution to (Py) such that

ur € WH(J; X) N LP(J; D(A?)), " € LP(J; D(A)).
We say that u is a classical solution of (P) if and only if there exist 11,192 € X such that

(i)  wu— is a classical solution of (P_),
(i)  wuy is a classical solution of (Py),
(191)  u— and uy satisfy (T'C2).

Note that by construction, if there exist a classical solution u_ of (P-) and u4 of (P4 ), then u_
and uy satisfy (TC1).

Our goal is to prove that there exists a unique couple (v1,12) which satisfies (i), (i) and
(747). This will lead us to obtain our main result.

Theorem 3.9. Let f_ € LP(a,v; X) and fi € LP(v,b; X). Assume that (Hy), (H2) and (Hs) be
satisfied. Then, there exists a unique classical solution u of the transmission problem (P) if and
only if

p1o91 € (D(A), X)1y 1, and 93,0 € (D(A), X) 10, (6)
Remark 3.10.

1. In the proof of Theorem 3.9, we use operator M and interpolation spaces (D (M), X)5_ il
p7

j=0,1,2,3. But from the reiteration Theorem, we get

(D(M), X) (D(4), X) (D(M), X) = (D(4),X)

3+1.p 142-p2 2+2.p I+5+55.p )
(D(M)7X)1+%,p = (D(A)7X)%,p7 (D<M)7X)%,p = (D(A)vX)%-F%,p‘

2. We can generalize the previous Theorem by considering a transmission problem between
N juxtaposed habitats, with N € N\ {0}. For instance, with N = 3, it suffices to use
Theorem 3.9 on the two first habitats and then apply it on the transmission problem between
the second and third habitat to solve the problem. By recurrence, we obtain the result for
N habitats.

As consequence of Theorem 3.9, we deduce the following result for problem (P,q.). Consider
the case A = Ay (other cases can be treated).



Corollary 3.11. Assume that w is a bounded open set of R*~! where n > 2 with C%-boundary.
Let g+ € LP(Q4) and g € LP(Q_) with p € (1,400) and p > n; let k4, k— € Ry \ {0}. Then,
there exists a unique solution u of (Pp4e), such that

u- € WH(QL),  uyp € WHP(Qy),
if and only if
ot ok e W) WP (), Agf,e W rP(w) NP (w) and Apf € W' r(w) NIy (w).

Proof. The proof is quite similar to the one of Corollary 3.6 in [20], see also Corollary 2.7 in
[19]. O

Taking into account the result of Theorem 3.9, we can also obtain anisotropic results by
considering f_ € LP(a,v; LY(w)) and fy € LP(y,b; L9(w)) with p,q € (1, +00).

4 Preliminary results

Throughout this article, we set
c=v—a>0 and d=b—~v>0.

From Remark 3.8, to solve problem (P), we first have to study problems (P_) and (P ). To this
end, we need the following invertibility result obtained in [31].

Lemma 4.1 ([31]). The operators Uy, U_, V4, V_ € L(X) defined by

U. = T—-e*M pocpeM, U, = 1—e2M f2qpe™ @®
8
Ve = IT—e*M _9cMeM v = T—e2™M _9qdMe™
are invertible with bounded inverse.

All these exponentials are analytic semigroups and they are well defined due to statement 3
of Section 3.4. For a detailed proof, see [31], Proposition 4.5.
4.1 Problem (P_)

Proposition 4.2. Let f_ € LP(a,v; X). Assume that (Hy), (H2) and (H3) hold. Then there
exists a unique classical solution u_ of problem (P-) if and only if

e, € (D(A)7X)1+ﬁ,p and @, , 192 € (D(A)vX)H%JrQ—lpm' )
Moreover
u_(z) = (e(”"_“)M - e(w_m)M> oy + ((:L‘ —a)elTmIM _ (4 a:)e(V_I)M> oy ,
N (e(xfa)M N e(wfm)M) o7 + ((x _ a)ela=aM | (y _ x)e(“/f:v)M) o L F (), (10)
where

ay = —%U_‘l (14 (I +cM)e™) gy — ce™Mupn ) + @7
ay = %Uil ((1+e™) My + (1= M) 0y) + @5 W
o5 = gV (T (4 eM)e™) g+ ceMyn) + g5
o = VI (T M) M+ (T4 M) ) + 7,

8



with

T e Y - — / /
g7 o= UC (o1 +eM (o1 +e(Mey +¢3 — FL(a)~ FL(7))))
- J— - - / /
g = U (Myr — 9y + FL(a) + FL(3))
_lU—lecM(M—_l_ —_Fl()_Fl())
hie Y1 T P —-\a -
(12)
So P lv—1<—_CM — M— —_F/ Fl
w37 = GV (wr — e (or He( Moy +9y — FL(a) + F2(7)
. 1., _ _
o7 = =5V (Myr — e + FL(a) - FL())
1.4, L
+§V_ LeeM (Mcpl + .y — F' (a) + F',(’y)) ;
and F_ is the unique classical solution of problem
o (z) + 24u" (z) + A%u_(z) = f_(x), ae. x€ (a,7)
u_(a)=u_(y)=0 (13)
u” (a) =u" () =0.

Proof. Due to [31], Theorem 2.8, statement 2., there exists a unique classical solution u_ of
problem (P_) if and only if (9) holds.

Moreover, adapting the representation formula of u given by (31) in [31], where u, f, b, Fpy ¢,
©1, P2, p3 and @4 are respectively replaced by w_, f_, v, F_, ¢1, ¥1, p5 and 2, we obtain that
the representation formula of u_ is given by (10), (11) and (12). O

Remark 4.3. In the previous proposition, since (9), (11) and (12) hold, we have
ar,a; € D(M3) and oy ,a; € D(M?).

Moreover, since F_ is a classical solution of (13), due to Lemma 3.7, for j = 0,1,2,3 and s = a
or ~y

FY(s) e (D(M), X)3_j1 1,

4.2 Problem (P.)

Proposition 4.4. Let fi € LP(v,b; X). Assume that (H;), (Hz) and (Hs3) hold. Then, there
exists a unique classical solution u, of problem (P4 ) if and only if

<P1+,¢1 € (D(A%X)H-%,p and ‘10;7'¢2 € (D(A),X)H_%_i_%’p. (14)
Moreover
uy(x) = (e(m_V)M - e(b_m)M) of + ((w — )@ NM _(p — x)e(b_z)M) ag
+ (e(x WM e(b*w)M) af + ((a: — y)elmT M 4 (p — x)e(b*r)M) at (15)
+F+(x)7



where
of = SUSH((T+ (T +dM)e™ ) gy +de™yy) + 3f

U (14 ™) Moy — (1= ™) o) + 3

= (I+dM)e™) g — de™ ) + ¢f

Q
ot
Il
D
—
/N ~

(I - edM) My — (I + edM) ng) + ¢,

with 1

Gt o= —5Uy! (& +e™ (of +d (Mol - of + Fi() + FL(0))))
Gt = %Ull (Msof +ps — Fi(y) - F#(b))

1
+5 U e (Mot = o3 + FL(7) + FL(0))
(17)
i 1
ot = SVt (er — ™ (of +d (Mol - ¢f — FL() + FL(9))))

) 1
ot = = Vi (Ml + e + FL() - FL(0)

1__
+oVite™ (Mol — @5 — FL(n) + FL(0)).
and Fy is the unique classical solution of problem

{ u(f)(x) + 240/ () + A%us(z) = fr(z), ae. x € (7,b)
ws(7) = 1wy (b) = Wl () = wl(b) = 0.

Proof. Due to [31], Theorem 2.8, statement 2., there exists a unique classical solution u4 of
problem (P, ) if and only if (14) holds. Moreover, adapting the representation formula of u given
by (31) in [31], where u, f, a, Fy f, ¥1, ¢2, @3 and @4 are respectively replaced by vy, f4, v, Fq,
V1, 7, ¥ and @3, we obtain that the representation formula of u, is given by (15), (16) and
(17). O

(18)

Remark 4.5. In the previous proposition, since (14), (16) and (17) hold, we have
of ;af € D(M®) and of ,af € D(M?).

Moreover, since F; is a classical solution of (18), due to Lemma 3.7, for j = 0,1,2,3 and s =~

orb

F9(s) € (DOM), X)y i1,

4.3 The transmission system

In this section we give the proof of Theorem 4.6 stated below. This theorem ensures the equiva-
lence between the resolution of problem (P) and the resolution of the following system

(P +P7) Mg — (B =Py ) = S

(PQJF —P§> My — (P3++P3*) by = Sy (19)

10



The coefficients of the previous system are given by
2 2
Pr o= ky (U;l (1+e™) vt (1-e™) )
P = ky (UZt 4 VEY) (1) (20)

Py = ky <U—1 (™) vt (I+edM)2>

and
Py o= k_ (U_—l (1+ eCM)2 + vt (1- eCM)2>
Py = ko (UZt 4Vt (1 e (21)
Py = k- (U:1 (1 eCM)2 + VI (4 eM) )

The seconds members are given by

S1=2ky ((¢f + &) +e™ (@5 —3f)) —2k- ((¢3 — o1) + M (&3 + 1)) — M2 (22)

where
§ =~k FP () + by MPFy () + k- F (7) — k_M2F' (7) (23)
and
Sy =2k, (5 + 1) —e™ (55 —¢f)) +2k- (@3 —71) —eM (75 +¢1)).  (24)

Theorem 4.6. Let f_ € LP(a,v;X) and fi € LP(vy,b; X). Assume that (Hy), (H2) and (Hs3)
hold. Then, problem (P) has a unique classical solution if and only if the data ¢}, ¢], ©3, ©5
satisfy (6) and system (19) has a unique solution (¢1,2) such that

(1, 92) € (D(A), X)y 1, % (D(A), X)yo1y 1, (25)
Proof. Assume that problem (P) has a unique classical solution u. We set

1 =u_(y) =us(y) and by =u’(y) =\ (7).

We get that u_ (respectively u4) is the classical solution of (P-) (respectively (Py)). Then,
applying Proposition 4.2 (respectively Proposition 4.4), we obtain (6). Moreover, from (7), we
have

¢1 € (D(M)aX)3+%7p and ¢2 € (D(M),X)2+%7p-

It remains to prove that (¢1,1)2) is solution of system (19). To this end, since u satisfies the
transmission conditions (7°C2). Then, we obtain the following system

ka®() 4+ keAd () = k() 4 keAd ()
ku(y)  + k_Au_(y) = kuli(y) 4 kiAui(y).

Hence
{m (7 6) = a2l () = ke (w2 () = ML) = 0
ke (W(y) = MPus (7)) — ko (ul(y) = MPu_(y)) = 0

11



Moreover, for all x € (a,~), we have

u_(x) = (e(zfa)M _ e(’Y*x)M) ar + ((.I' . a)e(a:fa)M —(y— w)e('yfx)M) ay
+ (e(x_a)M + e(W_x)M) as + ((l‘ —a)e@=IM 4 (4 — x)e(V_I)M) oy

+F_(x)

(I + (@ =)™ 4 (1 + (3 = ) M) ) 0y
(U + (@ = )Ml — (14 (3 = 2) M)

u' (z) = M? (e(w_a)M - em_””)M) oy + M? (e(x_a)M + e(v_x)M) az + F(x)
+ ((2M + (z — a)M?)e@=IM _ (90 4 (v — I)MQ)e(sz)M) ay
+ (@M + (@ = a)M2)el== M 4 2M + (v — ) M) M) o,

u® (z) = M3 (e(x*“)M + e(”*’”)M> oy + M3 (e(:’:*a)M - e('Y*x)M) ag + F® (x)
+(BM2 4+ (@ — a)MP)el= DM 4 (3M2 + (v — 2)MP)e =DM ) oy

+ ((?)M2 + (z — a)M>)e@=IM _ (302 4 (y — :U)M?’)ew_x)M) ay .
Thus, we obtain

b (W () = ML (9)) = ko (202 (T+eM) ag — 202 (1= M) o) o
+h_FP (y) — k. M2F' (v).

Moreover, from (13), we have
ke (W (7) = MPu_(9)) = —k— (2M (1= M) a5 —2M (I + M) a7 ) . (27)

Note that, from Remark 4.3, all terms of the previous equality are well defined.
In the same way, for all 2 € (v, b), we have

uy(x) = (e(x’V)M - e(b*x)M) af + ((w — )@ NM _(p a:)e(b’“)M) ag
+ (e(x_V)M + e(b_“)M> oF + ((w — )M | (p — x)e(b_m)M) af
+F,(2),

uy(z) = M (e(‘%“’)M + e(b*“)M) af + M (e(x*V)M — e(b*I)M) af + F' (z)
+ (T + (@ = )M IM 4 (14 (b= 2)M)el" M) of

+ (1 + (2 = )M — (1 4 (b — 2)M)e®=2M)

12



and
uf () = M? (e(I_V)M - e(b_x)M) af + M? (e(“’c—V)M + e(b_x)M) ag
+ (@M + (2 = 1) M) IM — QM + (b — 2)M2)el =M ) of

+ (@M + (z = 1) M) IM 4 QM + (b — 2)M2)el =M ) of

+F(x),
uf)(x) — M3 (e(x—'y)M + e(b—a:)M) af M3 (e(x—'y)M _ e(b—z)M) agr

+ (M + (2 — ) M) IM 4 3M2 4 (b — 2)MP)elP =DM ) of

+ ((3]\42 + (z — ) M>)eE=IM _ (302 4+ (b — w)M?’)e(b*x)M> o

+F (@)
Hence, we obtain
ky <uf) (v) — M2u'+(’y)) = k4 (2]\42 (I + edM) ag +2M? (I — edM) ai) (28)
+hi FY () — b M2FL ().
Moreover, from (18), we have
ki (ul(’y) — M2u+(fy)) =ky (QM (I — edM) ag +2M (I + edM) a;f) . (29)

As previously, from Remark 4.5, all terms of the previous equality are justified. Then, from (23),
(26), (27), (28) and (29), we deduce that system (19) is equivalent to

by (2002 (14 ™) of + 20 (1 = ™) o)

—k (2M2 (T4 M) ag = 2M2 (I = eM) ay) =

U<

ke (2M (1= ™) af +2M (1+ ™) af)

tho (2M (1= eM)ay —2M (I+eM)a;) = 0.
Thus, we obtain the following system
ky ((I + edM) ag + (I — edM> ai)

—k_ ((I+eCM) oy — (I— eCM) a;) = %M_QS’
(30)
ki ((I - edM) oy + <I+edM) a;f)

tho ((1=eM)az = (I+eM)a;) = 0.

Now, we regroup all source terms provided from (11), (12), (16) and (17) in S; and S, defined
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by (22), (23) and (24). Then, we deduce that system (30) writes

2 (=)
_%ﬂq—l (1= e™) (1= ™) My — (I+ ™) 4,)
U (1 e (1 M) M (1 ) )
_%—V_—I(I_GCM) ((1—e™) My + (T4 M) ) = —%
Ryt (1Y (14 e™) My — (- ) )
Ry (1 e (1 ™) My (1) )
Pl (1) () M+ (1) )
Syt (1 e (1) arg + (14 M) u) = -2

Finally, we obtain

(31)

P = So.

Then, using (20) and (21) system (31) become system (19). So, (11,%2) is solution of system
(19).
Conversely, if (6) holds and system (19) has a unique solution (1)1, 2) such that
e (D), X)p 1, and e (D(A) X) s,

Then, considering u_ (respectively u. ) the unique classical solution of problem (P-) (respectively
problem (P )), we obtain that
) us in Q-
YT w9y,

is the unique classical solution of problem (P). O
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4.4 Functional calculus

To prove Theorem 3.9, it remains, from Theorem 4.6, to solve system (19). To this end, we have
to show that the determinant operator of system (19) is an invertible operator using functional
calculus.

We first recall some classical notations. Let 6 € (0,7), we denote by H(Sp) the space of
holomorphic functions on Sy (defined by (3)). Moreover, we consider the following subspace
of H (Sg):

Exo(Sp) = {f € H(Sp): f=0(z]"°) (|]z2| = +00) for some s > 0}.

Thus, £5(Sp) is the space of polynomially decreasing holomorphic functions at +oo.

Let T be an invertible sectorial operator of angle Oy € (0,7) and let f € &4 (Sp), with
6 € (0p, ), then, by functional calculus, we can define f(T) € L(X), see [14], p. 45.

We recall a useful invertibility result from [19], Lemma 5.3.

Lemma 4.7 ([19]). Let P be an invertible sectorial operator in X with angle 6, for all 6 € (0, 7).
Let G € H(Sp), for some 6 € (0,7), such that

(i) 1 =G € Ex(5h),
(17) G(z) # 0 for any = € R4 \ {0}.
Then, G(P) € L£(X), is invertible with bounded inverse.

Now, to inverse the determinant of system (19), we introduce some holomorphic functions
which will play the role of G in the previous lemma. Then, we study them on the positive real
axis.

Let § >0 and z € C\ R_. We set

us(z) = 1— e 2VE _ 95\ /ze 0V?
{ v5(z) = 1—e V% 4 2§/ze V>,
Then, we have
Uy =ug(—A4), U-=wu(-A), Vi=uv4(—A) and V_ =uv.(—A).

We set
Cy ={z € C:Re(z) > 0}.

Moreover, from [31], Lemma 4.4, we have us(z) # 0 and vs(z) # 0 for z € C \ {0}, thus we note
) = u@) (14 e ) @) (1= V)

Joa(2) = (UEI(Z) + vgl(z)) (1 - e—%ﬁ)

fialz) = u5t) (1= VE) i) (14 e 0VE)

05(2) = 16u;'(2)vy (2)e PVE,

Thus, we obtain that

{ Pt =kifar(=A), P =kifaa(=4), P§ =kifaz(-A)
Pr =k _fe1(—A), Py =k_foo(=A), Py =k_f.3(—A).
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Moreover, for z € C, \ {0}, we define

f(2) =kl ga(2) + k2 ge(2) + kyk— (fa1(2)fe3(2) + fe1(2) fa3(2) + 2fa2(2) fe2(2)) -
Note that f € H(Sy), for all § € (0, 7). It follows that
f(=A) =16k2U Ve ™M L 16k2 U Ve M 4 PPy 4+ PU P 2P Py (32)
Lemma 4.8. For all x € Ry \ {0}, then f(x) does not vanish.
Proof. Let § > 0, from Lemma 4.4, in [31], for all z € C \ {0}, we have
0 <lus(z)] and 0 < |vs(2)].
Thus, for all z > 0, one has us(x), vs(z) > 0. Moreover, for all z > 0, we deduce that

fs1(x), fs2(x), f53(x), gs(x) >0

and since kyk_ > 0, it follows that

(@) = kL ga(z) + k2 ge(x) + kpko (f1(2) fo3() + fer (@) fas(x) + 2fa2(x) fea(x)) > 0.

5 Proof of the main result

Assume that (P) has a unique classical solution, then, (6) holds from Theorem 4.6.
Conversely, Assume that (6) holds. From Theorem 4.6, it suffices to show that system (19) has
a unique solution such that (25) is satisfies.

The proof is divided in three parts. In the first part, we make explicit the determinant of
system (19). Then, in the second part, we show the uniqueness of the solution, to this end, we
inverse the determinant with the help of functional calculus. Finally, in the last part, we prove
that ¢; and 9 have the expected regularity.

5.1 Calculus of the determinant

In this section, we make explicit the determinant. Recall system (19):
(P + P ) My — (P =Py ) = S
(B =Py ) My — (P + Py ) g = S

Moreover, we writes the previous system as the matrix equation AV = S, where

M (P + Py P — Py
A 1 1 2 2 LU= (N L S= St '
M (P — Py P+ Py Y2 So

To solve system (19), we calculate the determinant of the associated matrix A:

det(A) = —M (P +P7) (RS +Py ) +M (P~ P;)Q
- _M (Pij + PPy + PPy + PPy — (R;)2 - (P5)2 + 2P2+P2>
= -M (PJP; - (P;)2 + PPy - (P;)2 + PPy + PP + 2P2+P2—) .

16



We begin to calculate each terms separately. Then, we have
Pipy = K2 (U;l (r+e™) v (1~ edM>2> <U;1 (1—e™) vt (14 edM>2>
- K ((U;2 +v72) (1- ) 1 urtvy! ((I ™)y (1 edM>4)>

and
(I + edM)4 + (I - edM)4 —9 (I+ eQdM)Q 1 8e2dM
Thus
Ppf =k ((U;2 + Vi) (1- eQdM)Q +20 Vi (14 eQdM)2 + 8U;1V+—1e2dM) .
Moreover, we have
(P;)2 = K (s + V;l)2 (1- eQdM)Q
= B (U v (1- eQdM)Q + 23UV (1~ eQdM)Q .
It follows
PPy - (P;)2 - K2 <(U+2 +vi?) (1- e2dM)2 + 20V (14 eQdM)2>
+8k2U TVt e2aM
—k3 (U2 + V) (1 eQdM)2 — 23UVt (1~ e2dM>2
= 22UV ((I ) (1 i)y 462dM)
= 2R2UFVT (42 4 ae2M)
= 16k2US Ve M,

In the same way, replacing respectively k., U;l, VJF_1 and d by k_, U~ V=1 and ¢, we obtain

PrPy — (P;)2 = 16K2 U=V LM,
Thus, the determinant of A writes
det(A) = =M (16K3U Ve 4 16k2 UV e M 4 PPy 4 PU P 2P Py ). (33)
Finally, from (32) and (33), we obtain
det(A) = =M f(—A). (34)

Note that, since f(—A) € L(X), it follows that D(det(A)) = D(M).
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5.2 Inversion of the determinant

Let C, C5 two linear operators in X. We note C7 ~ (5 to means that C1 = Cy + X, where X is
a finite sum of term of type kM"e*™ | with k € R, n € N and o € R, \ {0}. Note that X is a
regular term in the sense:

Y€ LX) with X(X)C D(M™®):= (| DMF).
k>0

Since Uy ~ I and Vi ~ I, then setting W = UL U_V,V_ ~ I, we obtain

WP ~ 2k I, WP ~ 2k_I,
WP ~ 2k I, WPy ~ 2k_I,
WP ~ 2k I, WPy ~ 2k_I.

Moreover, we have
16R2W2U VI e? ™ ~ 0 and  16K2W2UZTVI M ~ 0.
We then deduce the following relation
~M7'W2det(A) = 16k2WAUT V12 piek2 WAUZ Ve M
+WPWP; + WP WP + 2WP WPy
~ Adkik_I+4kik_I 4 8kik_I =16k k_1I.
Thus, we get

det(A) = —W2M (16k+k1 + > kM eo‘jM) , (35)
Jje€J
where J is a finite set and for all j € J:
ki e Rynj e N and «; € Ry\ {0}

From (35), we have

det(A) = —16k k_W 2MF, (36)
where i
F=1] J M a'M‘
+j§€;]16k+k_ ie% (37)

For z € C\ R_, we set
~ k. .
=1 L (—/z)" e VA,
f(2) +j§€;]16k+k( Vz)V e

Then, F = f(—A) and from (34) and (36), we have
f(=A) = =M tdet(A) = 16k kW 2f(—A).

Thus, by construction, for z € C\ R_, the link between f and fis

F(2) = 16k k_uz®(2)ug > (2)vg (=)o 2(2) f(2). (38)

Proposition 5.1. The operator F' € £(X) defined by (37), is invertible with bounded inverse.
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Proof. Note that f,f € H(Sy), for a given 6 € (0,7). Moreover, for z € C\ R_ and j € J,

functions ks (—v/z)"™ are polynomial. Thus, 1 — f € Ex(Sp).
16F b

From Lemma 4.4 in [31], ug, ue, vg and v, do not vanish on C; \ {0}. Moreover, due to
Lemma 4.8, f does not vanish on Ry \ {0}, Thus, we deduce from (38) that f do not vanish on
R, \ {0}, ) )

Finally, we apply Lemma 4.7 with P = —A and G = f to obtain that F' = f(—A) € L(X) is
invertible with bounded inverse. O

We are now in position to prove the main result of this section.
Proposition 5.2. The operator det(A), defined by (36) is invertible with bounded inverse.

Proof. From Lemma 4.1, U,, U_, V4 and V_ are bounded invertible operators with bounded
inverse. So we deduce that W2 is invertible with bounded inverse. Moreover, from (H>), (36)
and Proposition 5.1, we obtain that det(A) is invertible with bounded inverse. O

5.3 Regularity

To study the regularity, we need to recall the following technical result from [19], Lemma 5.1.

Lemma 5.3 ([19]). Let V € L£(X) such that 0 € p( + V). Then, there exists W € £(X) such
that
(I+V)yt=1-wW,

and W(X) C V(X). Moreover, if T' is a linear operator in X such that V(X) C D(T) and for
b € D(T), TV = VT, then WTy) = TWp.

From Proposition 5.2, system (19) has a unique solution (t¢1,12). From Theorem 4.6, it
remains to prove that

Y1 € (D(A)’X)Hﬁ,p and 9 € (D(A),X)1+%+%7p.
To this end, we have to study the regularity of the inverse of the determinant det(A).

Lemma 5.4. There exists Ry € D(M) such that
1

[det(A)] ! = — T M~ + Ry.
Proof. From (36) and Proposition 5.2, we have
1
[det(A)] ! = T MYW2Et
From Lemma 5.3, there exists Rp € D(M®°), such that
F'=T1+Rp.
Moreover, for § > 0, we know that
My e D(M™). (39)
Since W = U, U_V,V_, from (39), there exists Ry € D(M) such that
W2 =1+ Ry.
We deduce that there exists Rq € D(M*°), such that
1
[det(A)] ' = — s M+ Ry
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Now, we study the regularity of ¢; and 2. We recall that
AU =5,

where A is invertible from Proposition 5.2. From Lemma 5.3, there exist Ry, Ry, € D(M®),
such that

Ui'=I+Ry, and V{'=TI+Ry,. (40)
From (39) and (40), there exist R; € D(M®), i = 1,2,3,4, such that

C\ 20k —k )M+ Rs 2k +k)I+Ry )

It follows that there exist R1, Ro € D(M°), such that

k k_ ky —k_
¢1 (++ )Mflsl_(‘F )MilsQ—}‘Rl
8hy b Rhey b )
(ke — k) (ks + k)
Py = T S1 Sk Sy + Ra,

where S is given by (22) and S5 is given by (24).

Since F is a classical solution of problem (P;) and F_ is a classical solution of problem
(P_), then from Remark 4.3 and Remark 4.5, we obtain that S defined by (23) has the following
regularity

S e (D(M),X)%J). (42)
Moreover, from (7), we have
o o1 € (D), X)y 1, = (D), X1,
and
#3200 € (D(A), X1y 11, = (D(M), X)gp1 .
Thus, from (12), (17), Lemma 5.3, Remark 4.3 and Remark 4.5, we deduce that
@f)@fv@?fﬂ@? € (D(M)7X)3+%,p and ¢2+a9557¢1ra@2 € (D(M)aX)2+%,p' (43)
So, from (22), (24), (39), (42) and (43), we have
S1 € (D(M)’X)Q-‘r%@ and Sy € (D(M),X)Q_,'_%JD. (44)
Finally, from (7), (41) and (44), we obtain
v € (D), X)yys, = (D(A), X)y 1, and g € (D(M), X1, = (D(A) X)y 1,1,
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