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Abstract

The article deals with the homogeneous Stokes resolvent system in a 3D exte-
rior domain, under inhomogeneous Dirichet boundary conditions. Solutions to this
boundary value problem are estimated in LP-norms, with the bounds in these esti-
mates depending on the absolute value of the resolvent parameter A in an explicit
way. Two types of boundary data are considered, that is, LP- and W?2~1/?P_data.
It is shown in particular that the LP-norm of the velocity outside a vicinity of the
boundary, after subtraction of the gradient of a certain harmonic function, is bounded
by a constant times |A|||b]|,. This estimate carries over to the Oseen resolvent sys-
tem, leading to a result which has applications in the theory of spatial asymptotics of
solutions to the 3D time-dependent Navier-Stokes system with Oseen term.
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1 Introduction

We consider the Stokes resolvent problem
—Au+Iu+Vr=f divu=0 (1.1)

in an exterior domain Q° := R3\Q, where € is an open, bounded set with C2-boundary.
The system in (1.1) is supplemented by Dirichlet boundary conditions

u|0Q2 = b. (1.2)

The velocity u : Q° — C3 and the pressure 7 : Q° — C are unknown, whereas the
volume force f : Q7+ C3, the resolvent parameter A € C\(—o0,0] and the boundary data
b: 00 > C3 are given. In the case of homogeneous Dirichlet boundary data (b = 0),
problem (1.1), (1.2) has been studied extensively [32], [10] — [12], [47]. The results in these
articles provide a functional analytic access to the study of the time-dependent Navier-
Stokes system in Q°. Some of these results will be needed here, too. They are stated in
Theorem 4.1 and Corollary 4.1 below.

The case f = 0 and b nonvanishing has been investigated much less. In fact, to the best of
our knowledge, as concerns LP-theory, there are only some technical results in [11], where
b is supposed to be given by b = w|9€, where w is some function from C?(R3)3 N LP(R3)3
with divw = 0. However, the case b # 0 is of interest, too. In fact, the work at hand
is motivated by a study [16] of spatial decay of time-dependent flows, where estimates of
solutions to (1.1), (1.2) with b # 0 play a key role. We will come back to this point further
below.

In this work we consider two cases, that is, b € LP(9Q)% and b € W2~1/P-P(9Q)3. In the
first case we estimate ||u||, by [|b]|p, and in the second we give a bound of ||u||2, in terms



of [[blla—1/p, p + [A| [|b]|p- Each of these estimates is explicit with respect to |A|, and uniform
with respect to A € C with |A\| > A\ and |arg(N\)| < 9, where \g € (0,00) and 9 € [0, 7)
are given. More details are stated in the ensuing theorem.

Theorem 1.1 Let n(® denote the outward unit normal to . Fix a function N©® ¢
CY(Q)? with N®|oQ = n® (Lemma 2.2). Put N(z) := (47 |z|)7t for z € R3\{0}
(Newton, kernel), and define F () := — Jo(V)(z —y) div N (y) dy for x € R3. Then
3 e L7 (R3)3 forr € (3/2, ).

Let p € (1,00), A € C\(—00,0], b € LP(0N)3. Then there is a pair of functions (u,n) =
(u(Xb), m(A,b)) € C>®(Q°)? x C=(Q°) such that (u,n) solves (1.1) with f = 0, and u
satisfies (1.2) in the LP-sense, that is, [4q|b(x) — u(z + en(ﬂ)(x)) ‘p doy, — 0 (e | 0),
where (2.4) is used implicitly.

Ifb € WQ_I/p’p(E?Q)S, R € (0,00) with Q C Bg, and Qgr = Bgr\Q, then u|Qr €
W2P(QR)3, m|Qr € WIP(QR), and (1.2) is satisfied in the trace sense.

Let ¢ € [0,7) and \g € (0,00). Then
Ju— 00! / b-nlD do, F|| < €p, 9, M) b, (1.3)
o0

for A € C with |\| > Ao, |arg(\)| <9 and b € LP(0N)3. In particular
[[ull, < €(p, 9, X0) (1]l (1.4)

for X as in (1.3) and for b € LP(9Q)* with [4qb - n do, = 0 (zero flux condition). If
p > 3/2, inequality (1.4) holds for A and b as in (1.3).

Let R € (0,00) with Q C Br. If 1 € (3/2,00), then ||u|B%|lr, < €(r1) |bllp, V7Bl <
€(r1) (1+ [AD [[bllp;

if ro € (1,00) and o € N} with 1 < |a| < 2, then ||0%u|BS%||r, < €(r2) [|6]lp:

if r3 € (3,00), then ||| Bgllr, < €(r3) (1 + |A]) ||bllp, each time for X, b as in (1.3), and

with €(rj) = &(r;,9,p, Ao, R) for j € {1, 2, 3}.
If a € (0, 2/p), then ||u|Qrl|(1/p—as2)—1 < €(p, T, Ao, a, R) [[bllp for A, b as in (1.3). Finally

[ulQrl2p + [7|QR[1p < E(p, D, Ao, R) ([[6ll2-1/p,p + [A[][0]]p) (1.5)

for X as in (1.8) and for b € W?=1/PP(9Q)3,

The usual approach for proving Theorem 1.1 would consist in extending b to a suitable
function b on Q° , and then estimating u — b by means of the theory pertaining to the case
f#0,b=0. But in order to obtain the estimates stated in Theorem 1.1, it would be
necessary that every function b € LP(92)% admits a solenoidal extension B to at least Qg
with the property that || B||, may be estimated by ||b||,. The only way we found to obtain
such an extension consists in directly constructing a solution to (1.1), (1.2) with f = 0. To
this end, we used the same approach as in [11], that is, the method of integral equations.

More precisely, we construct u(z) and m(x) as boundary potentials — integrals on 0
depending on z (Lemma 5.2) —, with layer functions solving an integral equation with
right-hand side b (equation (5.3)). Theorem 1.1 may then be established by estimating
these potential functions (Section 5 and 6).



This approach provides some further properties — not mentioned in Theorem 1.1 — of our
solutions. For example, for any ¢ € LP(92)3, we define a function F(¢) : R3\9Q — C? by
setting

5@ = [ (TN =) 0 o)) do, for 2 RN (1.6
(The kernel M was introduced in Theorem 1.1.) Note that F(¢$) is the gradient of a
harmonic function in R3\9€). Then, for any A € C\(—o0,0] and b € LP(99)3, we take
the solution ¢ = ¢, € LP(ON)3 of the integral equation (5.3) and consider F(¢) for
such ¢. Fixing numbers 9 € [0,7), Ao, R € (0,00) with Q C Bpg, we will prove that
A (u—F(0))|Bsllp < €p,3, o, R) ||9]lp for X et b as in (1.3) (Corollary 6.2). This
inequality is remarkable because of the presence of the factor A on the left-hand side,
contrary to the situation in (1.3) and (1.4). It turned out (Theorem 7.2) this inequality,
with an additional term ||Vul|, on the right-hand side, carries over to weak solutions of
the Oseen resolvent system

—Au+Tu4+Au+Vr=f divu=0 inQ°, (1.7)

under Dirichlet boundary conditions (1.2), where 7 € (0, 00) is given (Reynolds number).
A slightly generalized version (Corollary 7.1) of this Oseen resolvent estimate plays an
important role in the article [16] mentioned above, which deals with spatial decay of L?2-
strong solutions to the time-dependent Navier Stokes system in Q° with Oseen term and
with some additional terms arising in stability estimates. In fact, for technical reasons
we cannot elaborate here, the theory in [16] gives rise to the question as to whether
certain weak solutions to the time-dependent Oseen system admit a time derivative that
may be considered as an L?-integrable function of the time variable with values in certain
Banach spaces. By means of a Fourier transform, this question translates into the problem
whether for a weak solution u to (1.7), (1.2) with A =i¢ and f = 0, the quantity ||i & u|, is
bounded by € |£]71 |||, uniformly with respect to & € R3 with |¢] > 1. Unfortunately such
an estimate cannot be expected to hold, as is already obvious by the situation in the Stokes
case; see (1.3) and (1.4). However, it turned out that the estimate of [|A (u—F(¢))|B%llp
we are able to derive (Corollary 7.1) is sufficient for the purposes of [16]. This is the reason
why we think our results on the Oseen resolvent (Section 7) are interesting.

We remark that reference [18], frequently used in this work, elaborates some sections of
Ladyzhenskaya’s monograph [37]. We further indicate that in literature, there is a great
number of articles on the Stokes resolvent system, dealing with various aspect of this
system. As examples, we cite [1] — [9], [14], [20] — [29], [33], [35], [36], [39] — [45], [49], [50].
The Oseen resolvent system has been studied much less [15], [17], [19], [34].

2 Notation. Local coordinates of ).

The bounded open set Q C R? with C%-boundary will be kept fixed throughout. Recall
that its outward unit normal is denoted by n(®) (Theorem 1.1).

The symbol | | denotes the Euclidean norm of R™ for any n € N, the length a; + as + ag
of a multi-index o € N, and the Borel measure of measurable subsets of R? or 9. For
R € (0,00), z € R3, put Br(z) := {y € R : |z — y| < R}. In the case = 0, we write
Bp, instead of Bg(0), and we set Qr := Br\Q.



If A C R3, we denote by A¢ the complement R3\ A of A in R3. If A is some nonempty set
and 7 : A — R a function, we set |y|w = sup{|y(z)| : = € A}.

Let p € [1,00), m, n € N. For A C R" open, the notation || ||, stands for the usual norm
of the Lebesgue space LP(A), and || || p for the usual norm of the Sobolev space WP (A)
of order m and exponent p. If A C R? is open and bounded with C?-boundary, and if
s € (0,2], analogous notation are used for the Lebesgue space LP(OA) and the Sobolev
space W®P(QA) (of fractional order if s ¢ {1,2}; see [30, Section 6.8.6]). Again for an
open set A C R™, we write L} (A) and W,9(A) for the set of all functions v from A
into C such that v|B € LP(B) and v|B € W™P(B), respectively, for any open, bounded
set B C R® with B C A. We put Vo := (0yv;)1<jr<3 for v € VVlicl(A)g Moreover the
notation C§°(A) stands for the set of all functions v € C§°(R?) with supp(v) C A. In
the case of a closed subset A of R3, we write C§°(A) for the set of all functions v|A with
v € Cg°(R3).

Let ¥V be a normed space, and let the norm of V be denoted by || ||. Take n € N.
Then we will use the same notation || || for the norm on V" defined by ||(f1,..., fn)|| :=
(Z}l:l | £512 )1/2 for (f1,..., fa) € V™. The space V3*3 as concerns its norm, is identified
with V9.

For open sets A C R?, we define C§%,(A) := {V € C§°(A)* : divV = 0}, and we write
L5 (A) for the closure of C§%(A) with respect to the norm of LP(A)?, where p € (1,00).
This function space L5 (A) ("space of solenoidal LP-functions”) is equipped with the norm
I lp-

We write C' for numerical constants and C(v1, ..., 7,,) for constants depending exclusively
on paremeters 71, ..., v, € [0,00) for some n € N. However, such a precise bookkeeping
will be possible only at some places. Mostly we will use the symbol € for constants whose
dependence on parameters must be traced from context. Sometimes we write €(7y1, ..., V)
in order to indicate that the constant in question is influenced by the quantities v1, ..., Vx.
But in such cases, this constant depends on other parameters as well. In most cases, these
implicit dependencies are associated with €.

Following [30, Section 6.2], and recalling the assumption that Q is C?-bounded, we choose

numbers k(2) € N, a(Q2) € (0,00), orthonormal matrices ASQ), ...,Ag(zs)]) € R3*3, vectors
Cfm, s C]i?()l) € R3, and functions agg), s a,(;gg)z) € C%([—a(Q), a()]?) with the following
properties:

Put A% := (—a(Q), a(Q))Q, HO)(n, r) = A;Q) - (m, ag-ﬂ)(n) +7)+ C](-Q) and h)(n) :=
HU)(n,0) = Ag.ﬂ) - (n, a§Q)(n)) + C;Q) for n € A% r € (—a(Q),a(Q)), and define the
set U; by Uj := {H(j)(n,r) €AY re(—a(Q), a(Q))}, for 1 < j < k(). Then we
assume that
QNU;={HD(n,r) : ne A% re (—a(Q),0)}, aQnU; = {nD(n) : neA®}
for 1<j<k(Q), 92=0{rD() :ne(-a()/4, a(2)/4)’}.

It is obvious that for j as before, the function HU) is a C2-diffeomorphism so that U; is
an open set in R3. We further set

2
Ty = 1430 )] for e A% 1< < k().
=1



A} = {h(j)(g) t0€ (—ya(), 704(9))2} for v € (0,1], j as before,

and C™(9Q) == {v: 09 — C : vohl) € C™(A?) for 1 < j < k() } for m € {1, 2}.
Note that

J

Moreover

gdor= [ (gon0) SV m)dn for g€ LHOD), 125 ShQ. ()
A)

1
J

a(Q

[ giz= [ v [ oo HO @ dedr for g€ LU, 125 <hQ).  (22)
U; —a(Q) J AR

The key properties of 92 used in the following are collected in the ensuing lemma. It also

serves to introduce some further notation. For the convenience of the reader, we give some

indications on the proof of (2.4) and (2.5). The other claims of the lemma are obvious or

were proved in [18].

Lemma 2.1 For v € CY(0R), there is M(v) > 0 with |v(x) — v(y)| < M(v) |z — y| for
x,y € 00. (The definition of C1(0Q) involves local coordinates, whereas the Lipschitz
continuity stated here does not.) In particular C*(98)) C CY(99) for a € (0,1). There are
constants D1, D2, €(Q) € (0,00) such that

lo—nl+r <D [HD (0,r) = hV ()| foro,n € A%, r € (—a(Q), a(Q)), (2.3)

1 <5 < k(Q), as well as [(x—y) nD(y)| < D1 |z —y|* and [nV(z) —nD(y)| < D1 |z —y|
for x, y € 09,

z4+enV@) e, z2—enD(@)eQ for €00, ce (0, e() ], (2.4)

|z + k(Y (z) — (' + /f’n(m(m’)) | > Dy (lz —a'| + |k —K|) for z, 2’ €09, (2.5)
Kk, K € [—€(Q), e(Q)].

Let vy € (=2,00). Then [y, |z —y|" doy < € and [y, € (Jo —y| + €) 3 do, < € uniformly in
x € 0Q and € € (0,00).

Proof: By [18, (2.24)], there is €(€2) > 0 such that the two relations in (2.4) hold for
e € (0, ()], = € 99.

Put Dy := max{>7 |9V |e : 1 < j < K} Let j € (L s k(Q)}, o, € A®
and 7 € (—a(Q), (Q)). It is obvious that |0 — 5| < |[HW(g,7) — hW)(n)|, so if r <
2900 — 1|, we get 7 < 209 |HU)(o,r) — A9 (n)|. In the case r > 2Dq |0 — 7|, we use
Q Q Q Q

that [af” (o) — a;"” (n)] < Dy o — n|, hence |af™ () +r —af ()] = |r| ~Dolo— | >
Ir]/2, so |r| < 2 \H(jl(g, r) — hl9)(n)|. Since by [18, (2.22), (2.23)], there is ® > 0 with
l(z —y) - ()| <Dz —y? and D (z) — 2D (y)| < D |z —y| for z, y € IN, we see
there is a constant ©1 > 0 with the properties listed in the lemma.

Recall the sets A} defined above. Set b = min{dz’st(Ajl.M, 8Q\A;/2) 1 < j < k(Q)}.
Then 6 > 0 by [18, (2.12)]. Moreover, inequality [18, (2.48)] yields constants D, ¢/() €
(0,00) such that for &, ' € [-€'(Q), €(Q)], 1 < j < k(Q) and z,y € A}, we have
|2+ k08 (z) — (2" + k' n D (2')) | > D (|z — 2/| + |k — &|) The assumption x, £’ > 0 in
[18, (2.48)] is not needed. Now let z, y € 0 be such that thereisno j € {1, ..., k&(2)} with



T,y € A;. By our assumptions on the functions %), there is some j € {1, ..., kK(2)} such
that x € A;/4. Then y ¢ Ajl./2 in view of the case we are considering, so |z —y| > 5 by the
definition of 0. Let , & € R with ||, || < §/8. Then |2+ k0@ (2)— (y+£ nD(y)) | >
o=yl = (&l +|K]) > o —y| = 6/4 > 3|z —y|/A > o —yl/2+6/4 = |z —y|/2+ || + |+].
Thus (2.5) and (2.4) hold with D9 := min{1/2, ©} and () := min{e(?), € (2), §/8}.

Let us prove the last inequality in the lemma. The second from last follows with a
similar argument. So take z € 9 and € € (0,00). There is 7 € {1, ..., K(©)} and
o€ (—a()/4, a(Q)/4)2 with 2 = h()(p). Thus by (2.1) and because |h7) (9) — h0)(n)| >
lo—n| for n € A®, the integral [, € (|z—y|+€)~3 doy is bounded by € [,q € (lo—n|+e) =3 dn,

J
1./4) > 0,
SO faQ\Al € (lz —y|+¢€) 73 do, < € with the same type of constant €. Altogether we obtain
J

and therefore by a constant € independent of x and e. Obviously dist(aQ\A]l,

the estimate at the end of the lemma. O

Lemma 2 2 The relation n') € CY(9Q)® holds. There is a function N € C1(0Q)?
with N |90 = n(Y,

Proof: We have (n() o h0))(p) = (g) A Q (—Vag-m(g), 1)T for p € A% 1 <
J < k() ([18, (2.15)]), in partlcular n Q) e Ct ( Q)3. For j as before, put NU)(g,r) :=
(noh())(p) for o € A%, 1 € (—a(9), (Q)) Then we define N by setting NV (y) :=
S 0y () (NO o (HO) 1) () for y € 2N (U{U; 1< 5 < K(Q))), ND(y) =0 for
any other y € €. O
Lemma 2.3 Let p € (1,00), b € LP(0Q)3. Then there is a sequence (b,) in C?(0Q) such
that ||b — by, — 0.

Proof: For any j € {1, ..., k&(©)}, choose a sequence (bg))nzl in C*(A?) such that
|6 o hU) — bg)Hp — 0 (n — o0). Then define B;L])(g,r) = bgf)(g) for o € A?, 1 €
(—a(2), a()), n € N and j as before. For n € N, we define the function b, by setting

bn(y) == Z]( 1) wgﬂ)( ) (B,(Ij) o (HW)~1)(y) for y € 9. Then the sequence (b,) has the
properties claimed in the lemma. O

3 Some auxiliary results.

In this section, we state some known results for which do not know a direct reference, or
which we state in a form adapted to our purposes. We begin with a simple application of
Hoélder’s inequality.

Lemma 3.1 Let K : 9Q x 0Q — [0,00) be measurable. Assume that the two terms
20 —Sup{/ K(z,y)|doy : v € 00} and le—sup{/ K(x,y)|dog = y € 00}

are both finite. Then [5( [0 K (2,y) |0(y)| doy )" doy < A1y |||IB forp e (1,00), ¢ €
LP(09).

Proof: For p and ¢ as in the lemma, Holder’s inequality yields that the left-hand side of the
estimate in the lemma is bounded by [, ( [, K (2,y) doy, )p_l Joq K (z,y) |6(y)[? doy doy.
The lemma follows from this observation. O



Next we study the LP-integrability of certain surface potentials, considered as functions
of x € Bpg.

Lemma 3.2 Let p € (1,00), a € (0,2/p), R € (0,00) with Q C Bg. Then, for ¢ €
17(69),

_ (1/p—a/2)~" 1/p—a/2
2= / ( / 2~ /2 16(v)| do,) dz) < C(a,p, R) ||,
Br o)

Proof: We use the functions HU) and h\Y) and the sets U; and A;-Y introduced at the
beginning of Section 2. Take ¢ € LP(9€2). Proceeding as in [13, proof of Lemma 13.1], we

start with the estimate 2 < & ng) (2; +B;), where

(1/p—a/2)~! 1/p—a/2
Loe— _ 2
= (L ([t wlao) )"

and with 9B, defined in the same way as 2l;, except that the domain of integration U; N Bgr
is replaced by Br\U; (1 < j < k(Q)). Let j € {1, ..., k()}. Since HU) is a diffeo-
morphism and H@(p,0) = hU)(p) for o € A®, we have dist(Br\Uj, A;/z) > 0, so
B; < Equ\A]l-/QHl < €||¢|lp. Moreover, by (2.1), (2.2) and the first inequality in (2.3),
we get

a(Q) B B . (1/p—a/2)~1 1/p—a/2
we([ [ ([ le=alre 601 () dn) dodr) ",
—a(Q) JAR A?/Z

with the abbreviation A?/z = (—a(Q)/2, a(Q)/2)2. But a < 2/p,so —a(1/p—a/2)~t >
—1. Thus we may integrate with respect to r, to obtain

Cora - (1/p—a/2)~1 1/p—a/2
w<e([ ([, le=ar 100 niin dn) a) """
A ASll/z

Therefore A; < €[|¢ o h)||, by the Hardy-Littlewood-Sobolev inequality ([48, p. 119]).
Since 0 = U{ Ajl-/ 1.1 < j < k(Q)} by our assumptions on the functions AY), Lemma
3.2 is implied by the preceding inequalities. U

Next we state a theorem on solenoidal lifting of functions in W'=1/P-P(9Q)3.

Theorem 3.1 ([31, Exercise I11.3.5]) Let p € (1,00), b € W'=V/P:P(9Q)> with Joa b
n do, = 0. Then there is B € W'?(Q)3 with divB =0 and B|0Q = b.

Functions in exterior domains with L?-integrable gradient are L?-integrable in a neigh-
bourhood of the boundary:

Lemma 3.3 ([31, Lemma I1.6.1]) Let A C R® be open and bounded, with Lipschitz
boundary, q € (1,00), R € (0,00) with A C Bg, V € le’cl (A%) with VV € LI(A%)3. Then
V’BR\Z S Wl’q(BR\Z).

We will use a class of functions in €2~ which, in a certain sense, vanish at infinity.

Theorem 3.2 ([31, Theorem I1.6.1]) Let p € (1,3). Then ||gll3p/3—p) < €l|Vgllp for
g € L¥/G=P(Q°) n WL Q) with Vg e LP(Q°)3.



In the ensuing theorem, we specify in which way functions u € I/Vli 01 (Q°) with LP-integrable
gradient may be approximated by functions from C§°(£2°):

Theorem 3.3 Let p € (1,00), v € VVZTJCI(QC) with Vo € LP(Q°)3. In the case p < 3,
further suppose that v € L*/G=P)(Q%). Then there is a sequence (v,) in C3°(Q°) such that
V(v —v)|lp = 0 and ||[v — v,|Qg|l, = 0 (n = o) for any R € (0,00) with Q C Bg.

Proof: According to Lemma 3.3, we have v|Qr € LP(Q2g) for R as in the theorem. Fix such
a number R and denote it by Ry. Let @9 € C°(Q2r,) with ¢o|Bgr, = 1. Then (1 —¢g)v €
W,oP(QF), (1— o) v|Qr € LP(Qp) for R as in the theorem, and V( (1 — o) v) € LP(Q°)3.
Moreover, in the case p < 3 we have (1—g)v € L3/3-P) (ﬁc) Obviously (1—¢q) v|0Q = 0.
At this point, [46, Theorem 2.7 and 2.8] yield there is a sequence (p,) in C5° (Q°) with
IV (n—(1=w0)v)|p, = 0and [, —(1—p0) v|Qr|, — 0 for R as in the theorem. On the
other hand, supp(ggv) C By gy, 50 pov € WIP(Q°). Let 7 € WH?(R?) be an extension of
©ov to R3, and let (1) be a sequence in C§°(R?) with [|T—y|l1, — 0. Put v, := @pn +1y,
for n € N. Then the sequence (v,,) has all the properties stated in the theorem. Il

We introduce the Helmholtz decomposition of LI(Q%)3.

Theorem 3.4 Let A C R? be open and bounded, with Lipschitz boundary. Then for q €
(1,00), there is a constant Cy > 0, and for any f € LI(A°)? there are uniquely determined

functions Py(f) = PéA)(f) € LL(AY) and G,(f) = QC(IA)(f) e WoU(AS) such that f =
Po(£)+VGy(f) and [Py(H)llq +IVGa(Hllg < Cqllfllq- Moreover Py =Py, Po(f) = f for
f € LL(A), and Py(Vr) =0 form € I/Vlicq(z ) with V' € LI(A%)3, for any q € (1,00).

Proof: [31, Theorem II1.1.2], [15, Corollary 2.3]. O

Corollary 3.1 Let ¢ € (1,00). Fiz some Ry € (0,00) with  C Bgr,. Then for any
f e LY(Q%)3, the function Gq(f) € I/Vllof(ﬁc) in Theorem 8.4 may be chosen in such a way
that G,(f) € L*/GC=9D(Q°) in the case ¢ < 3 and fQR Gy(f)dx =0 if g > 3.

0

Proof: Let f € L9(Q°)3, and take G,(f) as in Theorem 3.4. According to [31, Theorem
I1.6.1], in the case ¢ < 3, there is ¢; € C with G,(f) — ¢; € L34/(3=9) (ﬁg) Thus, for any f
as before, we replace Gy(f) by G4(f) — ¢y if ¢ < 3, and by G4(f) — |2r| ™" fQRO fdz in the
case q > 3. [l

The following well known theorem on the Poisson equation in the whole space R? follows
from the Hard-Littlewood-Sobolev and the Calderon-Zygmund inequality, Lebesgue’s the-
orem and some approximation arguments. The kernel 1 was introduced in Theorem 1.1.

Theorem 3.5 Let p € (1, 3/2) and f € LP(R?). Then [z [(0°M)(z — y) f(y)|dy < oo
for a € N3 with \a\ < 1 and for a. e. x € R3. As a consequence, we may define
(N f)(x fR5 ) f(y)dy for x € R®. Then Nx f € W, ’p(Rs) —AMxf) = f and
O (N * f = Jfps( ﬁl‘ﬁ (x—y) f(y)dy (1 <1<3, x €R3). Moreover, for any r € (1,3)
with f € L"(R?’) the inequality ||V (M * f)”(l/,,,,_l/:g)—l < C(r) || fll» holds, and for any
s € (1,00) with f € L*(R?), we have ||(9z3 O f)lls <Cls) [Iflls A < Lm < 3).

If supp(f) is compact, then 00 (M f)(x) = [3(10mM) (x —y) f(y) dy for l, m as before
and for x € R3\supp(f).

We end this section with a remark on the link between solutions of the Laplace equation
in C°(U) N C*(U) on the one hand and in W27 (U) on the other, if U C R? is open,
bounded and with smooth boundary.



Lemma 3.4 Let U be a bounded open set with C?-boundary, let ¢ € (3/2, 00), b €
W2 Veagu), f e LIU), u € COU) with u|lU € C*(U), A|U) = f and u|dU = b.
Then for v € (1,q], the relations u € W™(U), u|0U = b in the trace sense and ||ull2, <
&(r) (1 fllq + Ibllo=1/r,r) hold, with the constant &(r) only depending on U and r.

Proof: By standard results (see [46, Theorem I1.3.1, 11.9.1, I1.10.1] for example), for
any 7 € (1,q] there is a uniquely determined function (") € W?2"(U) with Au(") = f
and u(M|OU = b in the trace sense. This function u") satisfies the estimate |u("|2, <
&(r) (I f Nl + [Ibll2=1/r,»), With a constant €(r) only depending on r and U. Since ¢ > 3/2,
a Sobolev inequality yields u(? € CO(U). At this point we may conclude that u(9|0U = b
in the sense of CY(U)-functions. Obviously fU(u(q) —u)Apdr = 0 for p € C°(U), so
ul® —y € C®(U) by Weil’s lemma ([46, Appendix]). As a consequence u(? € C2(U). It
follows by the maximum principle that v(? = u. Let r € (1,q). Since U is bounded, we
have u(@) W2 (U), so u? = u(") by the uniqueness property of u("), and thus u(") = w.
O

4 Some known results about the Stokes resolvent system in
Q" with homogeneous Dirichlet boundary conditions.

We start with an existence result and the basic estimate of the Stokes resolvent.

Theorem 4.1 Let A C R? be open and bounded, with C?-boundary, and let B € {R3, ZC}
and q € (1,00). Then, for any A € C\(—00,0] and for any f € LI(B)3, there is a unique
function u = u(\, f) € W24(B)? N Wol’q(B)?’ and a function 1 = w(\, f) € VVli’Cq(B),
unique up to a constant, such that Vr € LY(B)? and —Au + Au+ V7 = f, divu = 0.

Let 9 € [0,7). Then [|[Au(\, )| < €||fllq for f € LI(B)3?, A € C\{0} with |arg \| < 9.
Proof: See [38] in the case B = R3, and [32] or [10] — [12] or [47] else. O

We turn to uniqueness, first considering solutions to (1.1) in R3, then solutions to (1.1) in
B with u|0B = 0, for B C R? open and bounded.

Theorem 4.2 Let A € C\(—00,0], R € (0,00), n € N, g;, r; € (1,00), ul) e VV;’;(RS’P
with u9)|B, € L'(B$)?, Vul) € Lu(R3)® for j € {1, ..., n}. Put u := Py u9) | and
suppose that divu =0 and [p3(Vu - VI + Au-9)dx =0 ford e Cé’fg(R3). Then u = 0.

Proof: The function u given in the theorem belongs to C°°(R3)3, and there is 7 € C*°(R?)
such that —Au + Au + V& = 0, divu = 0. This follows by the same arguments and
references as in the proof of [15, Theorem 3.1, Theorem 3.2, Corollary 3.2] (associate
pressure, interior W29-regularity, C°°-regularity), where the Oseen system and the Oseen
resolvent system (1.7) are considered. But with this result on u available, Theorem 4.2
may be proved in exactly the same way as [15, Theorem 5.1|, dealing with uniqueness of
weak solutions to either the Oseen system or to the Oseen resolvent system in R3. g

Theorem 4.3 Let A C R3 be open, bounded, with Lipschitz boundary, Ry € (0,00) with
A C Bgy, A € C\(~0,0], n € N, gj, 5; € (1,00), ul) € VVZZ’CI(ZC)?’, vul) e L% (A%)?
(hence u9)|BR\A € W19 (Br\A)? for R € (0,00) with Q@ C Bg by Lemma 3.3), and
u(j)|B§%O € LSJ'(ij%O)3 for j € {1, ..., n}. Put u := Z?Zl u) | and suppose that u|DA =
0, divu =0 and [pz(Vu-VI+Au-9)dx =0 ford e Cgfoo(zc). Then u = 0.



Proof: As in the proof of Theorem 4.2, we refer to the proof of [15, Theorem 3.1, Theorem
3.2, Corollary 3.2] dealing with the Oseen system and the Oseen resolvent system, in order
to obtain that u € C®(A)% and there is 71 € C®°(A°) such that —Au + Au 4+ V7 =
0, divu = 0. Similarly, the arguments applied in the proof of [15, Theorem 3.3, Corollary
3.1] (boundary regularity) to the Oseen system and to the Oseen resolvent system yield
in our situation that u|Bg\A € W?P(Bg\A)? and 7|Bg\A € WLP(Bg\A) for R € (0, 00)
with A C Bg, where p := min{qi, ..., ¢,}. Morever, for any f € C§°(R?)3, Theorem 4.1
and the proof of [15, Corollary 3.2] furnish existence of a solution (w,v) to (1.1) in R? with
u, 7 replaced by w and 7, respectively, where w € W22(R3)3NC>®(R?)3 and v € C®(R3).
With these ingredients available, Theorem 4.3 may be shown in the same way as [15,
Theorem 5.2] (uniqueness of weak solutions to the Oseen system or to the Oseen resolvent
system), but with Theorem 4.2 in the role of [15, Theorem 5.1]. O

We introduce the Stokes operator.

Corollary 4.1 Let A C R? be open, bounded, with C?-boundary. Let q € (1,00), and

define D(A,) = DAY = W24(A)3 0 WEI(AY? 0 LLAY), Ag(u) = AV () =

—Pq(Au) for u € D(Ay), with the operator Py = PéA) introduced in Theorem 3.J.

Then A, is a linear and densely defined operator from D(A,) into LE(A®). The set
C\(—00,0] is contained in the resolvent set o(A,) of Aq. Let I, = ZéA) denote the iden-
tical mapping of LL(A) onto itself. Then the operator (AZy + Ag)~! is holomorphic as
a function of X\ € o(Aq) with values in the space of linear bounded operators from L‘?,(ZC)
into LL(A).

Let A € C\(—o0,0], f e LIY(A)?, ue W14 N ngq(z")?’, T E V[/lf)’cq(ﬁc) with Vi €
LAY, —Au+Au+Vr = f, divu=0. Thenu= (AI;+Ag) " (Py(f)). Ford € [0,7),
the inequality ||\ Z; + Ay~ (Fllq < €A1 fllq holds for f € LL(A%), X € C\{0} with
larg A| < 9.

Proof: Let A € C\(—o0,0], f € Li(A")%. Then, by Theorem 4.1, there is a pair of
functions (u,m) = (u()\, f), m(A, f)) with properties as stated in that theorem. In par-
ticular u € Wy'?(A%)? and divu = 0, so u € LL(A") by [31, Theorem II1.4.2]. Since in
addition u € W24(A°)3, we have u € D(A,). Applying the operator P, to the equation
—Au+ \u+ Vr = f, recalling that Vrr € LI(A%)? and referring to Theorem 3.4, we get
(AT, + Ay (u) = Py(f). Since P,(f) = f if f € LL(A") (Theorem 3.4), we may con-
clude that A\Z, + A, : D(A,) + LLI(A°) is onto. Let & € D(A,) satisfy the equation
(AT, +A,) (@) = 0. The relation u € LL(A") I’H/Vi)’c1 (A%)3 implies div @ = 0. Since Py =Py
and Py (v) = v for v € C&OU(ZC) (Theorem 3.4), we see that [p3(VU-Vo+ AU -v)de =0
for v as before. Thus Theorem 4.3 implies u = 0, so the operator A\Z, + A, is one-to-
one. Now we may conclude that the operator (AZ, + A,;)~! exists, has domain LZ(ZC)
and (A\Z, + A)"N(f) = u(\, f) for f € LL(A®). By Theorem 4.1 with ¥ := |arg )|, we
have [[u(X, f)llq < €\) || f]lq for f as before, so (AT, + A,)~! is bounded. Therefore we
get A € o(Ay). The estimate at the end of the corollary now follows from Theorem 4.1.
Abstract theory yields that the mapping A — (AZ, + A4,) ! ()\ S Q(.Aq)) is holomorphic
as described in the corollary. O
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5 Some surface potentials related to the Stokes resolvent
problem.

In this section we recreate the framework used in [11] in order to deal with the bound-
ary value problem (1.1), (1.2). In addition we state some results proved in [10] or [11].
We begin by introducing the fundamental solution to the Stokes resolvent system (1.1)
constructed in [38].

Define g1(r) ;= e " +r2(e " +re " —1), g2fr) ;= e T +3r 2 (e " +re " —1) (r €
=(A _ _

C\{0}), ER(2) = (D)™ (S g (N2 [2) = 2 2k |2 > 2(M2[2])) (= € RA\{0), A e

C\(—00,0], 1 < j, k < 3) The matrix-valued function (E§2))1§j7k§3 is the velocity part of

a fundamental solution to (1.1). Its associated pressure part is given by —VI1, where 9
was defined in Theorem 1.1.

Put Eji(z) == (87|2]) 7t (§jk + 25 2k |2|72) for z € R3\{0}, 1 < j,k < 3 (velocity part
of a fundamental solution to the Stokes system —Au 4+ V7 = f, divu = 0). Define
B = EWY — By, 8G) = ~0 00 — 0B — 0,E, Sjm = —8u 0N — By —
0B, Sjw = Sy — Sju = —0k B — 9B for A € C\(~00,0], 1 < j, k, 1 < 3. The
ensuing lemma collects some properties of the preceding functions.
Lemma 5.1 The functions Ej(.g), Ejy, Ej(.g), n, 5521), Sikis S](zl) belong to C*°(R3\{0}) and
: ~(A ~(A =\
the equations —AE](.k)—i—)\ E](-k)—f)jak‘ﬂ =0, Zi:l (")MEJ(.M) = 0 hold for A € C\(—00,0], 1 <
J, k, 1 <3. Let 9 € [0,7). Then
ETeN ey —1—29—a 201 1424—
0°ER (2)] < CW0,7) A7 |2 172071l 9P B ()] < C(0,7) A7 [o 12018

and |9'5%)(2)] < C(9) 2172711, for 1 < j, k, 1 < 3, A € C\{0} with |arg\| < 0, = €
R3\{0}, v € [0,1], a, B, o’ € N} with |a| <3, 1 <|B] <3, || < 1. Moreover

Sii(2) =3z 212 )2|°/(4T)  for z € RA\{0}, 1<, k, 1<3. (5.1)
Proof: The lemma follows from the properties of the exponential function, in particular
its series expansion; compare [11, (1.7), (3.2), (3.3)]. O
Next we define the potential functions we will use in the following.

Lemma 5.2 Let A € C\(—00,0], ¢ € L'(0Q)? and | € {1, 2, 3}. Then, for x € R\,

set
W (), /a 5 —5N @ — ) 6 P () do,

A],k 1

and define Wi(¢)(z) and W (¢),(z) in the same way as /W/(’\)(qb)l(x), but with §jkl re-
placed by Sjx and S(zl), respectively. Further define

/m Z 20,0z — y) & () n' (y) doy,

7,k=1

= Joo —Mz —y) (P 9)(y) doy, TV () (x) := () (x) + A1L(9)(x),

3
T @nta) = [ 37 @OED +aED) by ni ) do,

7,k=1
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and §(9)1(x) := [40(0MN)(xz —y) (Y - ¢)(y) doy for x e R\, 1 <1< 3.

Then the functions W(A)(é)l, W(o), I/T/()‘)((é)l, I1(¢), ﬁ(¢)7 ﬁ()‘)((ﬁ), j()‘)(@l and §(o);
belong to COO(RS\OQ) for1 <1 <3,

AW (@) £ AWV (¢) + VIIV(¢) =0, div WV () = div TN (¢) = 0, (5.2)
W (@) =W(p) + WV (g) = TN () + 5(9).

Proof: Lebesgue’s theorem and the relations E](.Z‘), Ej, EO§2), N € C=R3\{0}) (1 <
J, k < 3) yield the claims about C°°-regularity. The differential equations satisfied by
E®W according to Lemma 5.1 and the equation A9t = 0 imply (5.2). O

Theorem 5.1 Letp € (1,00), A € C\(—00,0], ¢ € LP(N)3. For Z € {SM, 5, SV} 1 e

{1, 2,3} and for a. e. x € 99, we have [, Z?,k:l | Zjr(z — ) n,(CQ)(y) ¢j(y)| doy < 0.
Thus we may set

3
TV (@)(x) = /d 23 30 =) nf? ) ésla) do,

J,k=1

for a. e. x € 0 and for 1 <1 < 3, and we may define T(¢)(x) and i(/\)&b)l(m) in the

same way as ﬁ(k)(@l(:c)? but with the function SN replaced by S and SV, respectively.
Note that T () = 5(6) + V(9.

. " =\ o (A
The inequalities |T(9)], < €[l¢l, and [T (@)l + IEV (@)l < €N 9]l hold for
¢ € LP(0)3. If b € LP(00N)3, there is a unique function ¢ = ¢(A\,b) € LP(9Q)3 such that

)

(-1/2) (6 + T (9)) = b. (5.3)

If b€ C*(09Q)3 for some a € [0,1), then ¢ also belongs to C*(0Q)3. Moreover the estimate
9l <€) 6 +F (@)l holds for & € L7 (00"

Proof: The statements related to Sji; and T(¢) follow from (5.1) and [18, Lemma 5.1],
those associated with S*) and f()\)(é) are a consequence of the estimate yajz??,(j) (2)] <
C() for z € R3\{0}, 1 < j, k, I <3 (Lemma 5.1). This implies all the claims about gj(zl)
and ‘f(/\)(gb), except those related to equation (5.3). In this respect we refer to [11, Lemma
1.1]. O
The estimate at the end of Theorem 5.1 actually is valid uniformly with respect to A with
|A| larger than some positive constant and |arg(A)| bounded by some ¥ € [0, 7):
Theorem 5.2 Let p € (1,00), ¥ € [0,7). Then there are constants Ao, Cy € (0,00) such
that |8l < Co |6+ T (S)p for ¢ € LP(OQ)®, A € C with [N > Ag and |arg(\)| < 9.

Proof: A proof of this theorem is the content of [10]. O

The lower bound Ag in Theorem 5.2 may be replaced by any other Ay € (0, 00):

Corollary 5.1 Letp € (1,00), ¢ € [0,7) and Mg € (0,00). Then the conclusion of Theo-
rem 5.2 remains valid with Ay in the place of Ay.
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Proof: Choose R € (0,00) so large that z —y € Bp for z, y € 9Q. Let A € C\(—o0,0]
and € € (0,00). Put 6y := dist(\, (—o0,0])/2 and

Ky :={(u,2) €ECx Bg : |p— A <6y, z#0}.

By Lemma 5.1, there is M) > 0 with |8]E](j)(z)| < My for (pu,2) € Ky, 1 <3, k, 1 <3.
Thus we may choose §; € (0,00) with [5, x(0.6,](|z — ¥l) lﬁjﬁ,(j)(x —y)|do, < €/3 for
x € 09, p € C with |p— A < 6y and j, k, [ as before. The function (u,z) — 8]'1%',({’;)(,2)
with (p, 2z) € K and |z| > d; is uniformly continuous. Therefore we may choose d2 € (0, d,]
such that [50 X(5,,00) (|2 — ¥l) |(9jEO',(€7)(x —y) — (9on’,$‘)(:£ —y)|doy < €/3 for x € 90, peC
with [u—A| < 82, 1 < j, k, I < 3. Altogether [ \@E,(C’;)(a:—y)—8]-]?7,2?)(35—2/)\ doy < € for
x, i, j, k, [ as in the preceding inequality. When the roles of x and y are exchanged, we
obtain the same inequality. Thus Lemma 3.1 yields that ||‘:Y(H)(¢) _gW (D)|lp < 48€l|dllp

~ ~(A
for p € C with |u — A < 62, ¢ € LP(0Q)3. As a consequence, ||‘E(M)(¢) - 3( )(gb)Hp <
48 € ||¢||p for such p and ¢ by Theorem 5.1. On the other hand, by the last statement in

~(A
that theorem, we have [|¢[, < €(X)||¢ + T )(qﬁ)Hp for ¢ € LP(99Q)3. Now Corollary 5.1
follows from Theorem 5.2 by a standard compactness argument. O

(A

The role of the operator ¢ — ¢ + T )(¢) becomes apparent from the following theorem.

Theorem 5.3 Let A € C\(—00,0] and ¢ € C°(9N)3. Define the functions Wez(¢) : Q€
C? and Win(9) : Q > C3 by setting
Wea(0)|Q:= W(9)|Q°, Wea(9)]09Q := (=1/2) (¢ +T(9)),  Win(9)|2 := W(9)I,

Win(9)|0€Q := (=1/2) (—¢+T(¢) ). The functions W (¢) and fﬂz(i‘)(@ are to be defined
in an analogous way. (Replace W () by W()‘)(gb) and T(¢) by %m (¢).)

Then We, (), We(;\)(QS) € C%Q°)3 and Wipn(¢), WN/Z(T:\)(QZ)) € C%Q)? (7jump relation”).

The function W()‘)(gb) may be extended to a C®°-function in R3. We denote this extension
also by WM (¢). Then WM (¢)|0Q = (—1/2) i()\)(gb).

Proof: The claims about W,,(¢) and Wy, (¢) hold by [18, Satz 4.1]. By Lemma 5.1,
the function BjEOI(CE\) : R3\{0} +~ C is continuous and bounded. It follows by Lebesgue’s

theorem that W(/\)(qb) may be continuously extended from R3\0) to R? and the equation
at the end of Theorem 5.3 holds. Since W™ (¢) = W(¢) + WM (¢) (Lemma 5.2) and

=) 2 (M)
T(0) =%() +T(
If ¢ belongs to LP(92)3 but may not be continuous, then W(A)(¢)\§c takes the boundary
value (—1/2) (¢ + i(/\)(qﬁ) ) only in the LP-sense:

Corollary 5.2 Let p € (1,00), A € C\(—0o0,0], ¢ € LP(02)3. Then

¢) (Theorem 5.1), the remaining claims of Theorem 5.3 follow. [

ey
(

8Q‘WN/(’\)(¢)(azj:en(Q)(:v))—I—(1/2)(j:gz5+‘§ $)) () |'do, =0 (e10). (5.4)

Proof: For any ¢ € C°(09Q)3, we know by Theorem 5.3 and the relations in (2.4) that
w® () (z £en®(z)) — (-1/2) (£ + g () ) () (e | 0) uniformly in z € 9. Also,
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recall that ‘|§()\)(T/))||p < €(\)||¢]l, for ¥ € LP(02)3 (Theorem 5.1). This leaves us to
show that for ¢ € LP(0Q)3, e € (0, €(Q) ],

([ 170z en®@)) Pdor) ™ < e 1] (5.5)

with a constant independent of e. (The parameter €(2) was introduced in Lemma 2.1.)
The corollary then follows from a density argument based on Lemma 2.3 and the remark

on C1(99Q) in Lemma 2.1. In view of a proof of (5.5), we recall that §](21) = Sjr + S;,i‘l),

the function @E’,&;\) is bounded for 1 < 4, k, I < 3 (Lemma 5.1), and |(z — y) - n(Y (y)] <
D1 |z — y|? for , y € 0N (Lemma 2.1). Using (5.1) and (2.5), we thus see that

3
3 Siule = en@(@) - y)nP @) < € (e -yl + e -yl + o +1)
k=1

for z, y, 7, | as before and € € (O, €(Q) ] Therefore by the last two inequalities in Lemma

2.1, we get [, |32, Siu(x + en@(z) — y)nlP(y)| do, < € for z € 99, € € (0, (Q)].
If we integrate with respect to x € 02 instead of y, the same argument yields a bound
uniform in y € 9Q and € € (0, €(Q) ]. Thus inequality (5.5) follows from Lemma 3.1. O

The function W® (¥)|Q° may rather easily be approximated by functions that are C* in
a domain slightly larger than Q°. An analogous remark is true with respect to W) ()92
Here are the details:

Lemma 5.3 Let ¢ € L'(0Q)*, X € C\(—00,0] and € € (0, €(Q) |, with €(Q) introduced
in Lemma 2.1. Define U := {x € R : dist(z,Q) < Dye/2}, U_c := {z € R? :
dist(x,°) < Do e/2 }, with Do also introduced in Lemma 2.1. Note that U, and U_. are
open, Q C U, and Q¢ C U_.. Further define

3
WO gua) = [ =3 50wl en ) 6,0 ) do, for x € U,
jk=1

1 <1<3, and let V[N/(A’*e)(@l(x) be defined in the same way as WN/(’\’G)(qﬁ)l(:U), but for
x € U_. and with the term y + en (y) replaced by y — en(D(y).
Then W %9 (¢) € C*°(ULe)? and div W9 (¢) = 0.

Proof: Let z € U\Q. Then there is 2’ € 9Q with |z — 2| = dist(x, Q). Since z € U, we
have |2’ — x| < D2€/2. Thus with (2.5), for y € 09,

2= [y +en@ )] > 2/ — [y + enD(y)]| - |z — 2’| > Dye— |v —a'| > Dye/2.

Suppose that = € Q, and let y € 9. By (2.4), we have y + en(y) € Q°, so there
is 2/ € 9Q with |z — [y + en®(@)]| > |2’ — [y + enV(y)]|. Hence due to (2.5) again,
|z — [y +enD(y)]] > Dae. Altogether |z — [y + en(y)]| > Dy e/2 for any = € U, and for
any y € 0. Since gj(z) € C®°(R3\{0}) for 1 < j, k1 < 3, the claims of the lemma related

to W follow by the estimate of 5522 in Lemma 5.2 and Lebesgue’s theorem. Analogous

arguments are valid for the function Wk =9, 0
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Corollary 5.3 Let A € C\(—0c0,0] and ¢ € C°(0Q)3. Then WA £ () (z) converges to
(—=1/2) (Fo + ‘E()\)(qb) )(x) for €1 0 uniformly in x € ON.

Let p € (1,00) and ¢ € LP(OQ)3. Then the preceding convergence result holds in the
LP-sense.

Proof: Put &(z,y,k)m = | ]( (z+KnD(z) —y) - 5522(33— [y—nn(Q)(y)])‘ for
2.y €00, ke [—e(® ) (N0}, 1<, &, l<3 Then

1
S(xz,y, k) ju = \/0 Aji(@,y, k,9) d9 k(0 () —nD(y)) |,

with Ajp(x,y, k,0) == anzl Om, g()‘)(x y—l—ﬂ/ﬂn(m( )+(1—1) nn(ﬂ)(y)) for x, y, j, k, 1
and « as above and for ¥ € [0,1]. But |[Ajp(z,y,x,9)] < €N) D3 (|o —y| + |&])~3 by
Lemma 5.2 and (2.5). Using the estimate [n(Y(z) — n((y)| < D1 |z — y| for z, y € IN
(Lemma 2.1), we may conclude with the second from last inequality in Lemma 2.1 that
Joq G(z,y, k) doy < €(A) |k|~1/2. Therefore |W()‘)(¢>)(:B + en(Q)(w)) — W F)(p)(x)| <
() ||p|l1 €/ for € € (0, €(©)]. Now the first part of the lemma follows with Theorem
5.3. The second part is a consequence of (5.4), Lemma 3.1 and the preceding estimate of
/. 50 ®(7,y, k) do, and an analogous inequality for /. 90 8 (x,y, k) dog. 0
Lemma 5.4 Let A\ € C\(—00,0], p € (1,00), ¢ € LP(OQ)3, a € (0,2/p), r € (1,00)
and R € (0,00) with Q C Bg. Then the relations |[W M (¢) — WO E)((ZS)IQH(l/p_a/Q)fl —
0, [WN (@) = WA G) Q1 /paz-1 = 0 and [[WN(6) = WO =9(9)|0Bg], — 0
hold for e | 0.
Proof: Let z € Q, y € 0 and e € (0, () ]. If € < |z —y|/2, we have lz—y—en(y)| >
|z —y|—€e > |z —y|/2. Suppose that € > |z —y|/2. Since y+enV (y) € Q° (see (2.4)), there
is ' € 99 such that |z —y—en®(y)| > |2’ —y—en (y)|. Using (2.5) and our assumption
€ > |z —y|/2, it follows that |z —y — en®(y)| > Dae > Dy |z — y|/2. So we have in any
case that |z —y — en(¥ (y)| > €|z — y|, hence by Lemma 5.1, \gj(gl)(a: —ly+en®@(y)])] <
¢lz —y|72 for z, y, € as above and for 1 < j, k, [ < 3. If € = 0, the preceding estimate is
also valid by Lemma 5.1.
Let 2 € Q. Since dist(z,0Q) > 0, the function y +— |z — y|=2 (y € 99Q) is integrable, so
we get A(e, x) = \W()‘)(qb) — W(’\’e)(qﬁ)\(x) — 0 (e } 0) by the preceding estimates and
Lebesgue’s theorem. But the function z — ( [, [z — y[ 72 [¢(y)] doy)(l/p_ami1 (x € Q)
is integrable by Lemma 3.2. So, since A(z,€) — 0 (e | 0) and because of the estimates
obtained in the first part of this proof, we may apply Lebesgue’s theorem a second time,
obtaining that ( [, 2 (z, €)|(L/P—a/2) 7 daz)l/pfa/2 — 0 for € | 0. This proves the first
relation stated in the lemma. The other two follow by an analogous argument. O

We end this section by three estimates taken from [18] or [11].

Theorem 5.4 ([11, (5.2)]) Let 9 € [0,7) and p € (1,00). Then for ¢ € LP(8Q)* and
A € C\{0} with |arg(\)| <9, the inequality || J™M (¢)|Q° H < €9, p) (A7) || ¢]|, holds.
Theorem 5.5 ([18, Lemma 7.8]) Let p € (1,00). Then, for o € (0,1), b € C(9Q)3 N
W2=1pP(90)3, ¢ € C2(0Q)% with b = (=1/2) (¢ + F(¢) ), we have ¢ € W2H/PP(9Q)3
and ||¢ll2—1/p,p < €(|[bll2—1/p,p + 191lp)-

Theorem 5.6 Let r € (1,00) and R € (0,00) with Q@ C Bg. Then ||(¢)|Qg|1, <
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¢ H¢||2—1/r,r for ¢ € W2*1/’"”"(8Q)3 with ¢ € 09(89)3QW2*1/p’p(8Q)3 for some ¢ € (0,1)
and some p € (3/2, 00).

Proof: Let ¢, o, p be given as in the theorem. Define (™" = (0nj dm)1<j<3 for
m,n € {1,2,3}, and set u(x) = (=2/3) (L3, WD) (x)),_, _, for & € Qp.
Obviously (Lemma 5.2) u € C®(Qg)?. According to the proof of [18, Lemma 7.15],
we have Au = 0 u may be continuously extended to a function u € C%(Qg)3, and
[ul0QRl2-1/q,q < €(q)I9ll2=1/q,q for ¢ € {p, r}. In this situation Lemma 3.4 yields
< &(r )||u|8(2||2_1/r7r. Since II(¢)|Q2g = divu by the proof of [18, Lemma 7.15],
the theorem follows from the two preceding inequalities. O

6 Proof of Theorem 1.1.

We recall that for any ¢ € LP(9)3, the function w® (¢) splits into the sum J™ (¢)+F(¢)
(Lemma 5.2). We begin by taking a closer look at the function §(¢), considering functions
¢ € LP(09Q)3 that solve equation (5.3) with a right-hand side b falling into one of the
following three categories: either b € LP(9Q)% with /. sl n® do, = 0, or secondly
b = B|0Q with B € W/llof(R3)3 N LP(R3)% and div B = 0, or thirdly b = n{¥). The second
case is of interest if f does not vanish. Then B is chosen as a volume potential involving
f. This is the situation considered in [11], for more regular B.

Theorem 6.1 Let p € (1,00) and ¥ € [0,7). Then

I3l < €, ) (IIbllp + ATV [1ll,)  for A € C\{0} with |arg(N)| <9, (6.1)
b e LP(0Q)* with [y b- n do, = 0, and ¢ € LP(ON)3 the unique solution of (5.3). In
addition

1B < €, ) (IBllp + NP |g)],) (6.2)

for X as before, b = B|0Q) for some function B € T/Vllo’f(R?’)?’ N LP(R®)3 with divB = 0, and
¢ as before.
For any \ € (C\( oo ,0], there exists a unique function ¢ € C°(00)* such that n(?) =
(-1/2) (¢ o™ + ‘I (qb()‘ )) (Theorem 5.1). The function (M) — FDIQ° belongs to
LP(Q)3, where Y was introduced in Theorem 1.1. This latter function is in L' (R®)3 for
any r € (3/2, 00).
Proof: Take A as in (6.1), g € C*(992)3 and ¢ € C°(9Q)? with (—1/2) (1[}—}—%00 (W) =y
(Theorem 5.1). Let 2 € Q°. The function y +— (9°N)(z — y) (y € Q) belongs in particular
to C1(Q°) (o € N, |a| < 2). Since ¢ = —g — (1/2) (=9 + S( )(w)), we thus get with
Corollary 5.3 that §(¢);(x) = limeo [0, (AN (z — y)n D (y) - (—g+ WO () )(y) ) doy.

Take some G € Wl’l(g)?’ with G|9Q = g. Then, due to the smoothness of W*€) (1) on an
open set larger than ), and because in addition this function is solenoidal (Lemma 5.3),

we get §()(x) = 30 () () + §2(G)(x), where

D @)z —hm/Qzayk ((OM)(x — ))(—Gk—I-W()\w)(q/,)k)(y)dy,

€l0

3O (@) = - /a O~ ) dv Gl dy (1<1<3)
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Lemma 5.4 yields that 1 (¢);( = /g Zk (OO (z—y) ) (Gk—WN/(A)(w)k )(y) dy. Here
& was arbitrarily chosen in Q°. If divG € L"(Q2) for some r € (1,3), Theorem 3.5 implies
that §2(G) € LO/T1/371(@Q%)3. Suppose that G € LP(Q)3 for some p € (1,00). Then
again Theorem 3.5 allows us to conclude that ||V (¥), < C(p) (|G|, + WX (V) |2]p)-
But ]Sjkl( 2)| < CW)|z|72 for z € R3\{0}, 1 < j, k, I < 3 according to Lemma 5.1, so
Lemma 3.2 implies HW()‘)(’(/J)‘QHP < €[4l Thus we arrive at the estimate |V ()], <
C(p) (IG|lp + |1%]lp)- Here 9 was arbitrarily taken in C°(9Q)3.

Recall that in Theorem 1.1, we chose N € C1(Q)? with N[0Q = n(®). Thus we may
apply the preceding results to the case that g, ¢ and G are replaced by n(, ¢V and
N, Note that 2 (N®) = FDQ°, Thus the last part of Theorem 6.1 follows from
what has been proved above for V(1) and F?(G), and because F e L"(R3)3 for
r > 3/2 by Theorem 3.5.

Let b € C1(09)3 with [, b-nY do, = 0. Theorem 5.1 yields a function ¢ € C°(99Q)3 with

b=(-1/2) (¢ + ‘E()\)(qﬁ) ). Moreover, by Theorem 3.1, we may choose B € W'(Q2)? with
div B = 0 and B|Jf2 = b. In this situation, we may apply the first part of this proof with
g, ¥ and G replaced by b, ¢ and B, respectively. Then 3(2)(3) =0, so §(¢) ]ﬁc = 3(1)@5).
The first part of this proof thus yields §(¢)|Q° € LP(Q°)3.

In order to show (6.1) for this b, we proceed as in [11, p. 346-347]. So let ¢ € C5°(Q°).
With Lemma 5.4, 5.3 and Corollary 5.3, we obtain

o)

/CW(A)( Veodr=—1lm [ WO )(d))‘Vgodx:/ (1/2)((1)4—;5: (d)))-gon(ﬂ)dom.
Q

el0 Jo° aQ
By the choice of ¢, the right-hand side of this equation equals — faﬂ b on® do,. Since
F(0) = WN(4) — TV (¢) (Lemma 5.2), we may conclude with Theorem 5.4 that

}/Qc 3(9) - Veoda | < €([[bllp leldLly + A7 EP ], [1Veolly). (6.3)

Fix some R € (0,00) with Q C Bg. Let g € WAP (2°)? with Vg € L¥ (Q°)3. If pf < 3, fur-
ther assume that g € L37"/G=7)(Q%)3. Else suppose that fQR gdx = 0. Then, by Theorem
3.3, there is a sequence (p,) in C§°(Q°) with ||V (¢n — g)|l,y — 0 and ||¢n, — g|QR|ly — 0.
Since F(¢)|Q° € LP(Q)3, as shown above, we get that fse F(¢)-Vion dz — [o F(¢) Vg dz.
On the other hand, by a standard trace estimate, |,|0Q|y < €|lon|Qr|1y for n € N,
50 [|¢n]|0Q|y < C(|len —9|R]1p +[|9|Qr]|1)- If Vg # 0, we may choose n so large that
len = 91QRrlI1Ly < IVglly. Then [ln|0Qly < €([l91Q2kly + | Vglly). In the case p’ < 3,
we have ||g|Qgll,y < C(R,p) [|g|Qrll3p/3—p) < €lIVglly, with the last inequality being
valid by Theorem 3.2. If p’ > 3, Poincaré’s inequality yields |g|Qrlly < €[|Vg|Qr]y
because fQ gdz = 0 by assumption. So in any case we obtain for n large enough that
| n|0SY| < ¢ ||Vglly- Thus, after replacing ¢ by ¢, in (6.3) and then letting n tend to
infinity, we arrive at the estimate

!/QC 3(¢) - Vgdr | < &(|[bllp + N [0],) 1V glly- (6.4)

Define Z(¢ = [5oN n (y)-é(y) doy, for x € Q°. Obviously Z(¢) € C=(Q°) and
VZ(¢) = ( )]Q Thus we get for h € C{f’g(ﬁc) that [qe §(¢) - hdx = 0. Since 3()Q° €
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LP(Q%)3, as shown above, it follows that Joe (@) - hdx = 0 even for ¥ (Q°). Therefore
from (6.4) and Corollary 3.1, | e §(¢) - fda | < €([[bll + A7V |gl|,) VG (F)llyr)
for f € LY (Q%)3. Since |VGy ()|l < €|/flly for f as before (Corollary 3.1), we obtain
inequality (6.1) for the function b chosen above.

If b = B|oS) for some B € C*(R?)? N LP(R?) with div B = 0, then [,5b - on® do, =
Jqe B - Vpdx for ¢ € C*°(Q°). Thus we obtain (6.2) by a simpler reasoning than the one
leading to (6.1) for the function b given above; compare [11, p. 346-347].

A density argument now yields (6.1) and (6.2) for b and B as in the theorem. In fact,
take A, b and ¢ as in the first part of the theorem. Lemma 2.2 yields a sequence (by) in
CH09Q)? with [[b— by ||, — 0. For n € N, put by, := b, — [0Q]71 [, by - nY do, nY. Then
by € CHO0)?, [y bn - 1P do, = 0 for n € N, and [|[b, — b]l, — 0. Let ¢, € C°(9Q)?
with By = (—1/2) (¢ + 3 (n) ) for n € N (Theorem 5.1). Then [[¢ — ]l — 0 also by
Theorem 5.1. Inequality (6.1) is already proved for b € C''(992)2 and is therefore valid with
b, ¢ replaced by by, —by, and ¢, — by, respectively, for m, n € N. Thus ||F(¢n—bm)|Q], —
0 for m, n — oo. On the other hand, the relation ||¢, — ¢||, — 0 and Lebesgue’s theorem
yield for A C R3 open with A € Q° that ||§ (¢, —¢)|All, — 0. Altogether we may conclude
that ||§ (¢ —¢)|§c\|p — 0. Inequality (6.1) now follows by applying it to b, and ¢,, instead
of b and ¢ and then letting n tend to infinity.

Let A\, B, ¢ be given as in (6.2). Using Friedrich’s mollifier, we may choose a family (Be¢)c>0
of functions in C*°(R3)? N LP(R3)? such that ||B. — B||, — 0 and |V(Be — B)|A]l, = 0
for € | 0 for any open bounded set A C R3, and divB. = 0 for ¢ > 0. In particular
B|0Q € C1(0Q)? (e > 0) and || Be — B|9Q||, — 0 (e | 0). With this type of approximation,
inequality (6.2) for B as above may be deduced from (6.2) for B € C'(R3)3 N LP(R3)3,
that is, for the case already considered. O

In the ensuing corollary, we collect our various previous estimates in order to obtain LP-
estimates in particular of W) (¢).

Corollary 6.1 For b € C'(0Q)3, abbreviate y(b) := [0Q]™1 [,ob - n do,. Let p €
(1,00), ¥ € [0,7). Then

I§(6) = v(®) F DU, + [TV (9) = v(0) FV1°] (6.5)
< €(p,9) (IIblly + AP I, + [v(B)] (A7) +1))

for A € C\{0} with |arg(\)| < ¥ and b € LP(0Q)3, where ¢ € LP(OQ)3 with b =
(-1/2) (¢ + ‘E(A)(qﬁ)) (Theorem 5.1). The function Y was introduced in Theorem 1.1.
Moreover ||y(0) §VQ°||, < &) ||bll, for € (3/2, 00), b € LP(ON)? (Theorem 6.1).

Thus, if p > 3/2, the estimate
IB(S) QY + WD), < €, ?) (AT 1) [[Bl], + N [6ll,)  (6.6)

holds for \, ¢, b as in (6.5).

If R € (0,00) with Q C Bg, the term ||F(¢)|Qr|l, + HW(A)(QZ))’QRHW too, is bounded by
the right-hand side of (6.6) for \, ¢, b as in (6.5), except that the constant additionally
depends on R.

Moreover [[§(8) T + [WO @y < €, 9) (16l + N~V |8],) for X as in (6.5),
b e LP(9Q)* with [,ob- n do, =0, and ¢ as in (6.5).
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In addition, |W®™ (¢ AN, < C(IBllp + MY |¢ll,) for A as in (6.5) and for B €
WLP(R3) N LP(R3)3 with divB = 0, where ¢ € LP(9Q)? solves (5.8) with b = B|oS).

loc

For R as above and a € (0,2/p), the inequality ||W~/()‘)(¢)|QR||(1/p,a/2)f1 < €|¢ll, holds
for X as in (6.5) and ¢ € LP(0)3.

Proof: Let )\ b and ¢ be given as in (6. 5) and set bi=b— v(b) n*Y. Then b e LP(00)3

and faan Vdo, = 0. Let ¢ € Lp(aﬂ) with b = ( 1/2) (¢+T(¢)) (Theorem 5.1).

Then inequality (6.1) yields that ||F(¢)[Q)|, < € ([bll, + [A|7Y@2) ||]|,). On the other

hand, due to the uniqueness of the solution to (5.3) and the choice of $(*) in Theorem
6.1, we have ¢ = ¢ +(b) 6V, and thus F(¢) — () 3 = §(4) + () (F(6W —FV).
Thus the estimate involving §(¢) in (6.5) follows from the estimate of 3(¢) given above,
from the relation between ¢ and ¢ also given above, and because F(¢*)) — FDerr Q)3

(Theorem 6.1). All the other statements of the corollary are now a direct consequence of
the equation W™ (¢) = JM(¢) + F(¢) (Lemma 5.2), Theorem 6.1, 5.4, Lemma 3.2, (6.5)
and the estimate |S(kl( ) < C(W) 2|72 for A as in (6.5) and z € R*\{0} (Lemma 5.1). OJ

The structure of our solutions immediately provides pointwise decay estimates.

Lemma 6.1 Let R € (0,00) with Q C Bg, and take ¥ € [0, 7). Then

TN @)@ + 075 (@) < € lal 21 o,
(TO() ~ §(6)) @) < €A ol 61, [P TN (@)(@)] < €1+ A Ja] ™1 ]

for X € C\{0} with |arg(\)| <9, ¢ € L1(9Q)3, z € B, a € N3 with |a| < 2, where all

constants € only depend on R, § := dist(Bg, ) or 9.

Proof: Since Q! C Bpg, we have § > 0. Let z € B}, y € 9Q. Then |z — y| > |z|§/R +
|zl (1=0/R) = |y| = |&|6/R+ R—0—|y|. But R—|y| = [R|y|"'y—y| and R|y|"'y € Bf
if y #0, so R — |y| > 0. Thus we may conclude that |z — y| > |z|d/R. The lemma now

(N

follows from the estimates of 0*F ik given in Lemma 5.1. U

The preceding pointwise decay estimates immediately imply LP-estimates.

Corollary 6.2 Take R, § and 9 as in Lemma 6.1. Then

WO 6) Bl + I5(@)| Bl < €lléli. [0 W D @) BRIy, < €ll6]h,
VN () [ Bgllp, < €(1+ M) 6], (TN (@)[Bllps < €(1+[A]) 161,

as well as |[(WN(8) = §(0))[Billp, < €N |1, for A, ¢ as in Lemma 6.1, p1 €
(3/2, 00), p2 € (1,00), p3 € (3,00), and o € N3 with 1 < |a| < 2, with constants
depending exclusively on R, 6, ¥, p1, p2 or ps3.

We show that if b satisfies a zero flux condition on 99, and if ¢ solves (5.3), then F(¢)
fulfills a zero flux condition on 0Bg:

Lemma 6.2 Letp € (1,00), A € C\(—00,0], b, ¢ € LP(9Q)? with [, b-n do, = 0 and
b=(=1/2) (6+3"(#)), R e (0,00) with QO C Br. Then f,, §(#)(x)- R~ ado, = 0.
Proof: Since W™ =€) (¢) is a smooth, solenoidal function on an open set somewhat larger

that Q° (Lemma 5.3), we get [, W= (¢)(z)- R x do, = Js0 WA =9(¢)-n do,, for
€ (0, €() ] Letting € tend to zero, we may conclude with Corollary 5.3 and Lemma 5.4
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that [,5. WX (¢)(z)- R zdoy = Jaq b-n® do, = 0. On the other hand, from Lemma 5.2
we know that divJ™(¢) = 0, so Jomy, JN(p)(z) - Rz do, = Jos, JN()(z) - 1 z do,
for r € (R,00). But from the estimate of @E,ﬁ;\) provided by Lemma 5.1, we obtain that
faBr JN($)(z) - r~txdo, — 0 for r — oo. Thus Lemma 6.2 follows with the equation
W (¢) = TN (¢) + F(4) (Lemma 5.2). O

The ensuing theorem was already used in [11] but not proved there. For the convenience of

the reader, we give a proof in the appendix, with an approach different from the indication
on [11, p. 347].

Theorem 6.2 Letp € (1,00), ¥ € [0,7). Then i(/\)(é) € W2 1/PP(9Q)3 and the inequal-

ity (£ (@)lla—1/p.p < CALYCD) |6, holds for ¢ € LP(DQ)* and A € C\(—o0, 0] with
|arg(N)] < .

We turn to the case b € W2~1/PP(5Q)3.
Theorem 6.3 Let p € (1,00), ¥ € [0,7) and R € (0,00) with Q C Br. Then

W ()| Qg2 + [T () |2R]|1,5 (6.7)
< €(p, 9, R) (MY 1) |6l + (M 16l + 1Bll2—1/p.p)

for A € C\(—o00,0] with |arg(\)| < 9, b € W2 VPP(9Q)% and ¢ € LP(9Q)* with b =

(12 (¢ +37(9)).

For B € W?P(R3)3 with divB = 0 and \ as in (6.7), the left hand side in (6.7) is
bounded by €(p,d, R) ((A*=Y) +1) | ¢|l, + I\ | Bllp + || Bll2p ), where ¢ € LP(9Q)? with
BIOQ = (—1/2) (6 + 3 (9)).

Proof: Take A as in the theorem and b € C?(9Q)3. In particular b belongs to C?(9€)3
for o € (0,1) (Lemma 2.1) and to W2~1/"7(9Q)3 for » € (1,00). There is a function ¢
as specified in the theorem, and this function additionally belongs to C2(99)3 for o €
(0,1) (Theorem 5.1). Recall that W := /V[v/(’\)(gb) and II := IV (¢) are C°°-functions in

R3\9Q (Lemma 5.2), and W|Q° admits a continous extension W, := wa )(qb) to Q¢ with

Wer |02 = (=1/2) (¢ + ‘E(A)(@) (Theorem 5.3), that is, We,|0Q = b.
For this smooth function b, let us briefly check whether (6.7) follows by an approach

as in [11, p. 348], but without the assumption that b admits a solenoidal extension to
R3, as required in [11]. Afterwards we will extend (6.7) to functions b as given in the

'(¢) =

¢) — 2b. Moreover we have

~(A
theorem, via a density argument. Referring to the choice of ¢, and because ‘I(
T(¢) + ™V (¢) (Theorem 5.1), we get ¢ + T(¢) = —

‘OZ(/\)(qﬁ) € W2=1/m7(90Q)3 for € (1,00) by Theorem 6.2, hence in view of the properties
of b, and with Theorem 6.2 and 5.5, we conclude that ¢ € W2~1/"7(9Q)% and

16l2-1/rr < € (IBlla—1/m,r + (IN'ED 1 1) )l ) for r e (1,00). (6.8)

At this point, Theorem 5.6 implies that ||TI(¢)|Qrl1» < €||¢[lo—1/p,, and thus with (6.8),

1) QRN < € (Iblla—1/r,» + (INFYC 4+1) @], ) for 7 € (1, 00). Moreover we observe
that VII(¢) = —F (), so Corollary 6.1 yields that

INWIQRr + A VIT) Qg < € (MY 4 M) (0] + A 6|,)
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for r as before. Since W € C*(R*\9Q)* and Q C Bg, we have |W[0Bg|2-1/r,, < €[],
for r as before (Lemma 6.1); compare [18, Lemma 7.14]. We may thus conclude that
[Wez|09QRll2-1/7,r < €([[bll2=1/r,» + [|¢ll). Recalling that II = TI(¢) + ATI(¢) and the
pair (W,II) solves (1.1) with f = 0 (Lemma 5.2), we may thus apply Lemma 3.4, which
together with the preceding estimates of VII(¢)|Qr, AW|Qg, A VII(¢)|Qr and We,|0Q5
yields that W € W2P(Qg)3, W|0Q = b in the trace sense and inequality (6.7) holds.
Recall that we assumed b € C2(092)3.

Now take A, b and ¢ as in the theorem. Choose B € W?2P(Q)? with B|0Q2 = b, and
take a sequence (By) in C*(Q)3 with ||B, — Bll2p — 0. Put b, := B,|0Q. Then (b,)
is a sequence in C?(9Q)* with ||b — bylls—1/p,, — 0. For n € N, take ¢, € LP(99)
~(A

with b, = (=1/2) (¢n + S( )(gbn) ); see Theorem 5.1. Due to the same theorem, we have
|¢n — ¢ll, — 0. By what has been proved above, the function W™ (¢,)|Qx belongs
to W2P(Qg)? and [WWN(¢,)|QR]|0Q = b, in the trace sense, and inequality (6.7) is
V%Ed with b, ¢ replaced by b, and ¢, respectively, for n € N. It follows from (6.7) that
W (6n = dm) @Rz + TN (b0 = dm)2kll1p < €A) (I1bn = binllz—1/p,p + 60 = dmllp)
for m, n € N. Therefore (TW® (¢”)’QR)n21 and (H(’\)(qﬁn)]QR)nZl are Calichy sequences
in W2P(Qr)% and WHP(QR), respectively. In addition, if A C R?® with A C Qp, then
Lebesgue’s theorem and the relation ||¢, — ¢, — 0 imply |[WM (¢, — ¢)|All, — 0 and
ITIY (¢, — )| Allp, — 0. Thus WM (¢)|Q2r € WP(Qg)?, IV (¢)|Qr € WP(Q) and

WX (6n) = W (9)[Qrll2p + I (60) — TV (9) 2811, — 0. (6.9)

Since [[bp — blla—1/p,p, — 0 and [W(’\)(qbn)\QRHBQ = by, in the trace sense, as remarked

above, we thus get that [WN/(A)(¢)|Q r||02 = b in the trace sense. Moreover the relations
16n = bmlla—1/p,p = 0, [[Pn — émllp — 0 and those in (6.9), as well as the fact that (6.7)
holds for b, ¢, in the place of b and ¢, respectively, for n € N, allows us to conclude that
(6.7) holds as stated in the theorem.

Under the additional condition B € C?(R3)3, the last statement of Theorem 6.3 holds
by [11, (1.15)]. The assumption B € C?(R3)? may be removed by a density argument
involving Friedrich’s mollifier, in a similar way as in the proof of Theorem 6.1. g

Now we are in a position to carry out the
Proof of Theorem 1.1: Let p € (1,00), A € C\(—00,0], b € LP(9Q)3. Theorem 5.1
~ (A L e

yields a function ¢ € LP(90Q)? with b = (—1/2) (¢+T( )(gb) ). Put u:= WM (¢)|Q°, m:=
W (¢)|Q°. Then Lemma 5.2 yields that uj, 7 € C®(Q°) for 1 < j < 3, and the pair
(u, ) solves (1.1) with f = 0. According to Corollary 5.2, the boundary condition (1.2) is
fulfilled in the LP-sense. If b € W2~1/P.?(9Q)%, Theorem 6.3 states that u|Qr € W2P(QR)?
and 7| € WIP(Qg) for R € (0,00) with Q C Bg, and equation (1.2) is satisfied in the
trace sense.

Let ¥ € [0,7), A € (0,00) and A € C\{0} with |arg(A)] < ¢ and |A\| > Ao. Then

61y < €(p, D, o) [|¢ + i(/\)(qb)Hp by Corollary 5.2. The estimates stated in Theorem 1.1
follow from this inequality and from Corollary 6.1, 6.2 and Theorem 6.3. 0
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7 An application to the Oseen resolvent problem (1.7).

First we recall a result on interior regularity of weak solutions to the stationary Oseen
system and to the Oseen resolvent problem.

Theorem 7.1 Let A C R® be open, A € C, ¢,5 € (1,00), f € LL (A3, u e W5 (A)?
with Vu € LY (A)Y such that

loc

/(VU-V79+(T(91u+)\u—f)~19)dx:0 for ¥ € Cg,(A), divu=0. (7.1)
A

Then u € W2I(A)3.

Proof: The theorem is a consequence of interior regularity of solutions to the Stokes
system; see [15, Theorem 3.2]. d

Note that if u € V[/icl (Q°) and 7 € VVllocl (Q°) such that the pair (u, ) solves (1.7), then
u is a solution to (7.1). This is, of course, because [qe V-9 dx =0 for ¥ € CS?U(QC).
The main theorem of this section provides conditions allowing to represent an Oseen

resolvent by a sum of solutions to problem (1.1), (1.2). In addition this theorem derives
LP-estimates from this representation.

Theorem 7.2 Let ng, o € N, p1, ..., Prgy ¢V, oy g0, g1 € (1,00), and define q =
min({p1, ... pay} U {gW, .., q )} U{ar}).

Let ¥ € [0,7), Ao € (0,00), A € C with |\| > Ao and |arg(\)| < 9,

O e LPi(Q°)3 for 1 < j < ng, v € L Q) n Wli’cl(ﬁc)?’ and Vo) € L1 (Q%)3 for
1< p < po.

Put v := 5021 v and suppose that v|Qr € W9(Qg)3 for R € (0,00) with Q C Bg, and
(7.1) is satisfied with A = Q" and f =370, f9).

Put ppgr1 = qi, f70) .= —79v and ul) = (A Iy, +Aj)_1(73pj(f(j))) for1 <5<
no-+1 (notation as in Corollary 4.1). Let ¢ € L9(9Q)3 with (—1/2) (¢+§(A)(q§)) = —v|0Q
(Theorem 5.1), and u(+2) = WX (¢)[Q°,

Then v = Z?flﬂ u | wl) e W2Pi(Q)3 for 1 < j < ng + 1, w2 e Q)3 and
w2 |Qr € W29(QR)? for R as above, u™0t2)|9Q = —v|0Q,

”Au(j)“lij < Q:(pjﬂ?:)‘o) Hf(j)Hpj fOT 1 <7< no, H/\u(n0+1)Hq1 < Q:((h’ﬁ:)‘o) T ”VUHQr

Moreover ||A (u("0+2) —3(9))|B&|lr < €(q, 7,9, o, R) [|v]0Q|q if R is given as above and
€ (1,00). If in addition r > 3/2, the estimate ||§(¢)|B%|» < €(g, 7,9, Ao, R) ||v|09]]4 is

valid, where §(¢) was introduced in Lemma 5.2.

Proof: All the claims of the lemma except the equation v = Z;‘S{Z 19 follow from

Corollary 4.1, Theorem 1.1 and Corollary 6.2 (estimate of A (u(™*2) — F(¢))|B% and
of F(¢)|B%). Concerning these last two points, note that [|¢|; < €(g, v, Xo) ||v|0€||4 by
Corollary 5.1.

Turning to the proof of the equation v = Z;ﬁf u), we fix R € (0,00) with Q C Bgp.
Theorem 1.1 yields that u("*+?)|B$, € L"(B%)? for any r € (3/2, 00). Thus each of
the functions v(“)]Bf% and u(j)|B]%L for 1 < pu < pgand 1 < j < ng + 2 belongs to
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L7(B$)? for some r € (1,00). Theorem 1.1 further yields that u(™*2)|Qp € W29(Qg)?
and Vu(™0+2)|BS € LI(B%)". So each of the functions Vo")|BS and Vul)|B$ for u and
j as before is in L"(B%)? for some r € (1, 00).

Put w:=v— Z;ﬁf u) . Since u)|9Q = 0 for 1 < j < ng+1 (Corollary 4.1) and because
u(™+2)]9Q = 0|09, it follows that w|dQ = 0. Due to Theorem 4.1 and Corollary 4.1 as
concerns u1) to (™Y Theorem 1.1 with respect to u(™12) and our assumptions on v,
we may conclude that divw = 0 and [qz(Vw - VI + Aw - 9) dz = 0 for 9 € Cgfa(ﬁc).

Thus we see that all conditions of the uniqueness result in Theorem 4.3 are satisfied with
A = Q. It follows that w = 0, so v = Z?S{z ul9), 0

The version of Theorem 7.2 which is relevant in [16] (see [16, Theorem 3.2]) is stated as

Corollary 7.1 Let A C R3 be open and bounded, with Lipschitz boundary. Fiz S € (0, 00)
with Q C Bg. Let ng, 110, P1; - Do g, ..., ¢ g, 9, N\g and \ be given as in Theorem
7.2. Take fO, ..., f0) oM W) also as in Theorem 7.2, but with Q° replaced by A°.
Define v := ZZO:1 v and suppose that v satisfies (7.1) with A replaced by A° and with
f= 2?21 f(j)-

Then v|BR\Bs® € W%4(Bg\Bs)? for R € (S, o).

Define ppgi1 and ftY) as in Theorem 7.2. For j € {1,..,ng + 1}, let Py, be de-
fined as in Theorem 3.4 and I, Ay as in Corollary 4.1, each time with A = Bsg.
Put w9 = (AT, +Apj);1(ij(f\FSC)) for 1 < j < mng+1. Let ¢ € LP(OBg)* with
—v|0Bg = (—=1/2) (¢ + g )(qﬁ) ), and put w0+ .= WX (¢)[Bs, where the definitions
of both %O\)(gb) and W(A)(QZ)) refer to the case Q = Bg (Theorem 5.1 and Lemma 5.2,
respectively).

Then 0‘3756 = Z?QTQ u(j)7 w9 € W2pi (?SC)3 for1 < j < mng+1, w(0t2) ¢ CW(FSC)3
and u(”0+2>|BR\FS € W24(Bgr\Bg)? for R € (S, 00), u(™*+?)|0Bg = —v|0Bg,

N, < Cps, 0, Mo, S) | f9Bs I, for 1< 5 < no.

Define £ := zozl ||v(“)\|q<u>+HVU||ql. Then ||)\u(”0+1)||q1 < C(q1,9, 20,5, 7) £ and |||l <
C(g,9, X, S8) L. For R € (S,00) and r € (1,00), the inequality ||\ (u("0+2) —3(9)) Bl <
C(q,7,9, Mo, R, S) £ holds, and if r > 3/2, then [|§(¢)|Bg|l» < C(q,7,79, Mo, R, S) £.

If [5,v-nY do, = 0, then JoB,, §(@)(y) R~ ydo, = 0 for R € (5,00), where n4) denotes
the outward unit normal to A.

Proof: By Theorem 7.1 and because ¢ < p; for 1 < j < ng, we know that u € VVlZO’g(ZC)3.
Thus v|Br\Bs € W?%(Bg\Bs)? for R € (S,00). Obviously v|Bs satisfies (7.1) with
A replaced by Bg“. By a trace theorem and because ¢ < ¢ (1 < p < pp) and ¢ <
q1, we have ||[v|0Bs|ly < C(S,q) ||v|Bas\Bsll1,4 < £. Therefore the estimates stated in
the corollary follow from those in Theorem 7.2 and, as concerns the inequality ||¢[|, <
C(q,9, \o, S) £, from Corollary 5.1 with Q = Bg.

Suppose that [, , v - n() do, = 0. Since ¢ < min({g® : 1 < p < po} U{a1}), we have
v|Bs\A € WH4(Bg\A)3. In addition dive = 0, so we get that faBs v(y) - S~tydo, =
Joqv - do, = 0. Therefore Jop, 5(@) () - R~ 'ydo, = 0 by Lemma 6.2 with =
Bs, b= —v|dBs. 0
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Appendix

Proof of Theorem 6.2: Take ¢ and A as in the theorem. The functions W™ (¢) and
JN (¢) are defined in an analogous way, with the role of the function Ej(z)

of JM(¢) played by E](z) in the definition of W™ (¢) (Lemma 5.2). Moreover the proof
given in [11, Section 5] for the estimate Hj(’\)(@\ﬁch < &9, p) [N~V | ¢[, (Theorem
5.4) is based exclusively on the inequality |8ZE](.2)(23)| < O(W) min{|z|72, A 7L2|71} (2 €
R3 1 < 4,k | <3). (Lemma 5.1). On the other hand, also by Lemma 5.1, we have
\Gnamﬁlﬁ‘](.g)(zﬂ < C(W) |\ min{|z| 72, |A\|7t|2|7*} for z, j, k, | as before, and m, n also
in {1, 2, 3}. Thus the same proof as that of Theorem 5.4 yields ||0,9, WM (¢)[Q°], <
(9, p) (A1) ||p||,. We fix a constant R € (0,00) with @ C Bg. Due to the inequal-
ity \&E](l;\)(z)] < C(0) AV EP) |z|=2+1/P (Lemma 5.1), we may use Lemma 3.2 to ob-
tain ||V (¢)|Qrll, < €AV C@P) |||, Altogether we obtain that |[WWMN (4)|Qrl2, <
CIAYC) ]l

Let Wt(,f\)(qﬁ) denote the restriction to 9 of the trace of W™ (¢)|Q2g. Then it follows that
WiV (9) € W21pr(9Q)3 and WY ()2 1/pp < €IAYCP) 6], Recall that ¢ was
arbitrarily chosen from LP(9€2)3.

The proof is completed once we have shown that VQVt(T)‘)(gb) =(-1/2) (¢ + ‘E((b)) for such
¢. In fact, again take such a function ¢, and let (¢,) be a sequence in CY(00Q)? with
¢ — énllp — 0 (Lemma 2.2). Then ||¢ — ¢p + T(¢ — ¢n)||p — 0 by Theorem 5.1 and

||Wt(:\)(¢ — ¢n)ll2—1/p,p — 0 by what was shown above. But W (6,)]Q2° may be continu-
ously extended to Q¢ with boundary value (—1/2) (¢, + T(n) ) on 8Q (Theorem 5.3), so

Wt(TA)(QSn) = (-1/2) (¢n + T(pn) ), for n € N. By the convergence results just mentioned,
the preceding equation remains valid if ¢,, is replaced by ¢. O

in the definition

References

[1] Abe, T.: On a resolvent estimate for the Stokes equation with Neumann-Dirichlet-type boundary condition
on an infinite layer. Math. Meth. Appl. Sci. 27 (2004), 1007-1048.

[2] Abe, T.; Shibata, Y.: On a resolvent estimate of the Stokes equation on an infinite layer. J. Math. Soc. Japan
55 (2003), 469-498.

[3] Abe, T.; Shibata, Y.: On a resolvent estimate of the Stokes equation on an infinite layer. Part 2: S = 0 case.
J. Math. Fluid Mech. 5 (2003), 245-274.

[4] Abe, K.; Giga, Y.; Hieber, M.: Stokes resolvent estimates in spaces of bounded functions. Ann. Sci. c¢. Norm.
Sup. 48 (2015), 537-559.

[5] Abe, K.; Giga, Y; Schade, K.: On the Stokes resolvent estimates for cylindrical domains. J. Evol. Equ. 17
(2017), 17-49.

[6] Abels, H.: Reduced and generalized Stokes resolvent equations in asymptotically flat layers. Part I: unique
solvability. J. Math. Fluid Mech. 7 (2005), 201-222.

[7] Abels, H.: Reduced and generalized Stokes resolvent equations in asymptotically flat layers. Part II: H°-
calculus. J. Math. Fluid Mech. 7 (2005), 223-260.

[8] Abels, H.; Wiegner, M.: Resolvent estimates for the Stokes operator on an infinite layer. Diff. Int. Equ. 18
(2005), 1081-1110.

24



[9)

(10]

(11]

(12]

(13]

14]

(15]

[16]

(17]

(18]

(19]

20]

(21]

(22]

23]

(24]

[25]

[26]

27)

(28]

29]

(30]

(31]

(32]

(33]

Abels, H.: Generalized Stokes resolvent equations in an infinite layer with mixed boundary conditions. Math.
Nachr. 279 (2006), 351-367.

Deuring, P.: An integral operator related to the Stokes system in exterior domains. Math. Methods Appl. Sci.
13 (1990), 323-333. Addendum, Math. Methods Appl. Sci. 14 (1991), 445.

Deuring, P.: The resolvent problem for the Stokes system in exterior domains: an elementary approach. Math.
Meth. in the Appl. Sci. 13 (1990), 335-349.

Deuring, P.: The Stokes system in exterior domains: LP-estimates for small values of a resolvent parameter.
J. Appl. Math. Phys. (ZAMP) 41 (1990), 829-842.

Deuring, P.: The Stokes system in infinite cones. Akademie Verlag, Berlin, 1994.

Deuring, P.: The Stokes resolvent in 3D domains with conical boundary points: non-regularity in LP-spaces.
Advances Diff. Equ. 6 (2001), 175-228.

Deuring, P.: Oseen resolvent estimates with small resolvent parameter. J. Diff. Equ. 265, 280-311 (2018).

Deuring, P.: Time-dependent incompressible viscous flows around a rigid body: Estimates of spatial decay in-
dependent of boundary conditions. Submitted. Accessible at “https://hal.archives-ouvertes.fr/hal-02508815”.

Deuring, P., Varnhorn, W.: On Oseen resolvent estimates. Diff. Int. Equat. 23, 1139-1149 (2010).

Deuring, P., von Wahl, W., Weidemaier, P.: Das lineare Stokes-System in R3. I. Vorlesung iiber das Innen-
raumproblem. Bayreuther Math. Schr. 27, 1-252 (1988).

Enomoto, Y., Shibata, Y.: Local energy decay of solutions to the Oseen equation in the exterior domain.
Indiana Univ. Math. J. 53 (2004), 1291-1330.

Farwig, R.: Note on the flux condition and the pressure drop in the resolvent problem for the Stokes system.
Man. Math. 89 (1996), 139-158.

Farwig, R.; Ri, Myong-Hwan: Stokes resolvent system in an infinite cylinder. Math. Nachr. 280 (2007),
1061-1082.

Farwig, R.; Ri, Myong-Hwan: The resolvent problem and H°°-calculus of the Stokes operator in unbounded
cylinders with several exits to infinity. J. Evol. Equ. 7 (2007), 497-528.

Farwig, R.; Ri, Myong-Hwan: Resolvent estimates and maximal regularity in weighted L9-spaces of the Stokes
operator in an infinite cylinder. J. Math. Fluid Mech. 10 (2008), 352-387.

Farwig, R.; Rosteck, V.: Resolvent estimates of the Stokes system with Navier boundary conditions. Adv.
Diff. Equ. 21 (2016), 401-428.

Farwig, R.; Sohr, H.: Generalized Stokes resolvent estimates for the Stokes in bounded and unbounded
domains. J. Math. Soc. Japan 46 (1994), 607-643.

Farwig, R.; Sohr, H.: Helmholtz decomposition and Stokes resolvent system for aperture domains in L9-spaces.
Analysis 16 (1996), 1-26.

Farwig, R.; Sohr, H.: Weighted L9-theory for the Stokes resolvent in exterior domains. J. Math. Soc. Japan
49 (1997), 251-288.

Frohlich, A.: The Stokes operator in weighted L9-spaces I: weighted estimates for the Stokes resolvent problem
in a half-space. J. Math. Fluid Mech. 5 (2003), 166-199.

Frohlich, A.: The Stokes operator in weighted L7-spaces II: weighted resolvent estimates and maximal L9-
regularity. Math. Anal. 339 (2007), 287-316.

Fucik, S., John, O., Kufner, A.: Function spaces. Noordhoff, Leyden 1977.

Galdi, G. P.: An Introduction to the Mathematical Theory of the Navier-Stokes Equations. Steady-State
Problems, 2nd edition. Springer, New York e.a., 2011.

Giga, Y.: Analyticity of the semigroup generated by the Stokes operator in L” spaces. Math. Z. 178 (1981),
297-329.

Hishida, T.: The Stokes operator with rotation effect in exterior domains. Analysis 19 (1999), 51-67.

25



(34]

(35]

(36]

37]

(38]

(39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

(47)

(48]

[49]

[50]

Kobayashi, T., Shibata, Y.: On the Oseen equation in three-dimensional exterior domains. Math. Ann. 310
(1998), 1-45.

Kohr, M.: The Dirichlet problems for the Stokes resolvent equations in bounded and unbounded domains in
R™. Math. Nachr. 280 (2007), 419-437.

Kozlov, V., Rossmann, J.: On the nonstationary Stokes system in a cone. J. Diff. Equ. 260, 8277-8315 (2016).

Ladyzhenskaya, O. A.: The mathematical theory of viscous incompressible flow. Gordon and Breach, New
York, 1969.

McCracken, M.: The resolvent problem for the Stokes equations on halfspace in Lj. SIAM J. Math. Anal. 12
(1981), 201-228.

Revina, S. V.; Yudovich, V. I.: Lp-estimates of the resolvent of the Stokes system in bounded and unbounded
domains. Sbornik: Math. 187 (1996), 881-902.

Sauer, J.: Weighted resolvent estimates for spatially periodic Stokes equations. Ann. Univ. Ferrara 61 (2015),
33-354.

Schuhmacher, K.: Very weak solutions to the stationary Stokes and Stokes resolvent problem in weighted
function spaces. Ann. Univ. Ferrara 54 (2008), 133-144.

Shen, Zhongwei: Resolvent estimates in LP for the Stokes operator in Lipschitz domains. Arch. Rati. Mech.
Anal. 205 (2012), 395-424.

Shibata, Y.; Shimizu, S.: On a resolvent estimate of the interface problem for the Stokes system in a bounded
domain. J. Diff. Equ. 191 (2003), 408-444.

Shibata, Y.; Shimizu, S.: On a resolvent estimate for the Stokes system with Neumann boundary conditions.
Diff. Int. Equ. 16 (2003), 385-426.

Shibata, Y.; Shimizu, S.: On a resolvent estimate for the Stokes system in a half-space arising from free
boundary value problem for the Navier-Stokes equations. Math. Nachr. 282 (2009), 482-494.

Simader,C. G.; Sohr,H.: The Dirichlet problem for the Laplacian in bounded and unbounded domains. Pitman
Resarch Notes in Mathematics 360. Addison Wesley Longman, Harlow, 1996.

Solonnikov, V. A.: On estimates of solutions of the non-stationary Stokes problem in anisotropic Sobolev
spaces and on estimates for the resolvent of the Stokes operator. Uspekhi Mat. Nauk 58 (2003), 123-156
(Russian); English translation, Russian Math. Surveys 58 (2003), 331-365.

Stein, E. M.: Singular integrals and differentiability of functions. Princeton University Press, Princeton N.J.,
1970.

Varnhorn, W.: An explicit potential theory for the Stokes resolvent boundary value problems in three dimen-
sions. Manuscripta math. 70 (1991), 339-361.

Varnhorn, W.: The boundary value problems of the Stokes resolvent equation in n dimension. Math. Nachr.
269-270 (2004), 210-230.

26



