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EFFICIENT SEQUENTIAL EXPERIMENTAL DESIGN FOR
SURROGATE MODELING OF NESTED CODES

SoPHIE MARQUE-PUCHEU"?*, GUILLAUME PERRIN'
AND JOSSELIN GARNIER®

Abstract. In this paper we consider two nested computer codes, with the first code output as
one of the second code inputs. A predictor of this nested code is obtained by coupling the Gaussian
predictors of the two codes. This predictor is non Gaussian and computing its statistical moments can be
cumbersome. Sequential designs aiming at improving the accuracy of the nested predictor are proposed.
One of the criteria allows to choose which code to launch by taking into account the computational
costs of the two codes. Finally, two adaptations of the non Gaussian predictor are proposed in order
to compute the prediction mean and variance rapidly or exactly.
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1. INTRODUCTION

Thanks to computing power increase, the certification and the design of complex systems rely more and
more on simulation. To this end, predictive codes are needed, which have generally to be evaluated at a large
number of input points. When the computational cost of these codes is high, surrogate models are introduced
to emulate their responses. A lot of industrial issues involve multi-physics phenomena, which can be associated
with a series of computer codes. However, when these code networks are used for optimization, uncertainty
quantification, or risk analysis purposes, they are generally considered as a single code. In that case, all the
inputs characterizing the system of interest are gathered in a single input vector, and little attention is paid to
the potential intermediate results. When trying to emulate such code networks, this is clearly sub-optimal, as
much information is lost in the statistical learning, so that too many evaluations of each code are likely to be
required to get a satisfying prediction precision.

In this paper, we focus on the case of two nested computer codes, where the output of the first code is one
of the inputs of the second code. We assume that these two computer codes are deterministic, but expensive to
evaluate. To predict the value of this nested code at an unobserved point, a Bayesian formalism [30] is adopted
in the following. Each computer code is a priori modeled by a Gaussian process, and the idea is to identify the
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posterior distribution of the combination of these two processes given a limited number of evaluations of the
two codes. The Gaussian process hypothesis is widely used in computer experiments [5, 17-19, 23, 29, 31, 32],
as it allows a very good trade-off between error control, complexity, and efficiency. The two main issues of this
approach, also called Kriging, concern the choice of the statistical properties of the Gaussian processes that are
used, and the choice of the points where to evaluate the codes. When a single computer code is considered,
several methods exist to add one new point or a batch of new points sequentially to an already existing Design
of Experiments. Depending on the purpose, optimization or reconstruction of the objective function on its whole
input set, the criteria are based on the mean, variance or covariance of the predictor [4, 7, 9, 31, 32]. Given
that our aim is to predict the output of the nested code on its whole input set, sequential designs based on
a reduction of the integrated prediction variance (IMSE) are an appropriate choice. In the case of a single
code, the variance expression can be explicitly derived under mild restrictive conditions on the mean and the
covariance of the prior Gaussian distribution.

The adaptation of these selection criteria to the case of two nested codes is not direct. Indeed, the combination
of two Gaussian processes is not Gaussian, so that the prediction variance is much more complicated to estimate.
The challenges posed by the composition of two Gaussian processes have been studied in the Deep Gaussian
processes literature and the proposed methods are based on the Monte-Carlo computation of the likelihood of the
nested Gaussian processes [24] or on the computation of a lower bound of this likelihood [8]. The composition of
Gaussian processes can also be used in the multi-fidelity framework [24]. This framework enables to use several
levels of convergence of a simulator (for example in a finite element model a coarse mesh corresponds to the
low fidelity simulator and the finer mesh corresponds to the high fidelity simulator) and therefore to have a
trade-off between accuracy and computation time [17, 20, 21, 28, 35].

Moreover, if the two codes can be launched separately, the selection criterion has also to indicate which one of
the two codes to launch. The sequential designs are based on the prediction variance, which has to be computed
in a large number of points. To reduce the computational cost associated with these computations, we propose
several adaptations of the Gaussian Process formalism to the nested case. These adaptations make it possible
to compute the two first statistical moments of the code output predictor exactly or quickly. Then, original
sequential selection criteria are introduced, which try to exploit as much as possible the nested structure of the
studied codes. In particular, these criteria are able to integrate the fact that the computational costs associated
with the evaluation of each code can be different.

The outline of this paper is the following. Section 2 presents the theoretical framework of the Gaussian
process-based surrogate models, its generalization to the nested case, and introduces two selection criteria
based on the prediction variance to reduce the prediction uncertainty sequentially. Section 3 introduces a series
of simplifications to allow a quick computation of the prediction variance. In section 4, the presented methods

are applied to two examples.
The technical proofs of the results presented in the following sections are given in the appendix.

2. SURROGATE MODELING FOR TWO NESTED COMPUTER CODES

2.1. Notations
In this paper, the following notations will be adopted:

2 denotes the equality in distribution.

x,y correspond to scalars.

x,y correspond to vectors.

X,Y correspond to matrices.

The entries of a vector « are denoted by (x);, whereas the entries of a matrix X are denoted by (X);;.
X7 denotes the transpose of a matrix X.

N (z, X) corresponds to the multidimensional Gaussian distribution, whose mean vector and covariance
matrix are respectively given by x and X.
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e GP(m, k) corresponds to the distribution of a Gaussian process whose mean function is m, and whose
covariance function is k.

o E[-] and V[-] are the mathematical expectation and the variance respectively.

e For all real-valued functions y and z that are square integrable on X, (-,-)x and |||y denote respectively
the classical scalar product and norm in the space of square integrable real-valued functions on X:

(v, 2)x = Lycc)z(m)dm, 912 = (0, 9)x. (2.1)

2.2. General framework

Let S be a system that is characterized by a vector of input parameters, Tnest € Xpest- L€t Ynest : Xnest — R
be a deterministic mapping that is used to analyze the studied system. In this paper, we focus on the case where
the function @yest — Ynest (Tnest) can be modeled by two nested codes. Two quantities of interest, y; and yo, are
thus introduced to characterize these two codes, which are supposed to be two real-valued continuous functions
on their respective definition domains X; and R x X5. Given these two functions, the nested code is defined as
follows:

Ty € Xg
/ Ynest (wnest) = y2(y1 (wl)y 132) € R7 (22)
T EXl o yl(acl) eR
where @pnest := (€1, €2) € Xpest = X1 x Xy. The sets X; and Xy are moreover supposed to be two compact

subsets of R% and R% respectively, where d; and dy are two positive integers. In theory, the definition domains
may be unbounded, but the reduction to compact sets enables the square integrability of ynest on Xjest-

Given a limited number of evaluations of y; and ys, the objective is to accurately predict ypest on the whole
input set.

2.3. Gaussian process-based surrogate models
2.8.1. Background

The Gaussian process regression (GPR), or Kriging, is a technique that is widely used to replace an expensive
computer code by a surrogate model, that is to say a fast to evaluate mathematical function. The GPR is based
on the assumption that the two code outputs, y; and y2, can be seen as the sample paths of two stochastic
processes, Y7 and Y, which are supposed to be Gaussian for the sake of tractability:

Y ~ GP(u;,Cy), i€{1,2}, (2.3)
where for all 1 <7 < 2, y; and C; denote respectively the mean and the covariance functions of Y;.
Let &S := mgl),. (Nl)) be N elements of X; and &SP := (((pg ), gl)) ,...,(<p§N2),ac Nz))) be Ny
elements of R x Xs. Denotlng by
obs 1 N obs 1 1 N: N.
Y = @) @™), ps™ = (e 2y, () ), (2.4)
the vectors that gather the evaluations of y; and y- at these points, it can be shown that:

Y =Y |y0bs ~ GP(ILLS,Cf), (25)

and the detailed expressions of the conditioned mean functions, uf, and the conditioned covariance functions,
C¢ are presented in equations (2.10) and (2.12) for the “Universal Kriging” framework. For further details on
these expressions in the other frameworks, the interested reader may refer to [31, 32].
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The relevance of the Gaussian process predictor strongly depends on the definitions of u; and C;. When the
only information about y; is a finite set of evaluations, these functions are generally chosen in general parametric
families. In this paper, functions C; are chosen in the Gaussian and Matérn-5/2 classes (see [32, 33| for further
details about classical parametric expressions for C;).

The Gaussian class defines a parametric family of covariance functions that can be written in the form:

K; (:7:1,5;1) = exp <d (5;1-, :cl)2> , (2.6)

where d (a:“ ) Hdlag )" (a‘:Z —-x,;
vector £; of correlation lengths and |-| is the Euclidian norm.

Regarding the Matérn kernel, we consider the radial Matérn kernel, obtained by substituting the (weighted)
Euclidean distance into the 1-dimensional Matérn kernel, and not the tensor product kernel obtained by mul-

, diag (£;) denotes a square matrix whose diagonal is equal to the

tiplication of 1-dimensional kernels. So the covariance functions of the Matérn 5 class can be written in the

K (w027) = (14 V5a (@.2) + S (w20) ) exp (-5 (22])) (2.7

Linear representations are considered for the mean functions:

pi = hi B, (2.8)

form:

where h; is a given M;-dimensional vector of functions (see [27] for further details on the choice of the basis
functions). In the following, the framework of the “Universal Kriging” is adopted, which consists in:

e assuming an (improper) uniform distribution for 3,,

e conditioning all the results by an estimator of the hyper-parameters that characterize the covariance
functions C; (obtained by cross-validation, as explained below),

e integrating over 3, the conditioned distribution of Y;.

In that case, the distribution of Y;¢, which is defined by equation (2.5), is Gaussian, and its statistical moments
can explicitly be derived (see [4, 6, 15, 27, 31]).
If we denote by

~

By i= [ (2 (C: (&, 2)) " b (@Qbs)T]’l ha (%) (Cr (22, 25)) " y2™, (2.9)

? ’L 3 7

the posterior mean of the parameters, the prediction mean and variance can be written:
_ —obs —obsyy —1 . —obsn T 5
(@) = s (@) By + G (m5,8) (i (@5, 25™)) 7 [ — ha (25™) B, (2.10)

and:
(0 (2.))° = CF (&1, ,). (2.11)

ce (a@:zl) =C; (EZ:EZ) — G (%, 72%) (C; (72>, 72>
( ;

227)
+ |:hz( ) _ C ( —obs) Cz (a—:?bs’ iobs)

<[ @) (€ (@, 2) " b (@)
xR (27) = ha (25%) (G (20,2)) 7 € (@,27) | (2.12)
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where:

@ ifi=1,
T = o (2.13)
(p1,25) ifi=2.

In this paper, the hyperparameters of the covariance functions are estimated for each set of observations by
maximizing the Leave-One-Out log predictive probability (see [29], chap. 5, and [1, 2]).

2.8.2. Coupling the surrogate models of the two codes

According to equation (2.2), the nested code, Tnest — Ynest (Tnest ), can thus be seen as a particular realization
of the conditioned process Y%, so that for all (z1,22) € X; x Xo,

Viese(T1, @) := Yo' (Y{ (1), @2). (2.14)

Under this Gaussian formalism, the best prediction of ypest at any unobserved point @yest = (€1, 2) in X; x
Xy is given by the mean value of Y& (1, ®2), whereas its variance can be used to characterize the confidence
in the prediction. As explained in Introduction, there is no reason for Y to be Gaussian, but according
to Proposition 2.1, the first- and second-order moments can be obtained by computing two one-dimensional

integrals with respect to a Gaussian measure.

Proposition 2.1. For all (z1,%2) € X; x Xo, if € ~ N(0,1), then:

E[Yiess (@1, 22)] = E [p5 (i (1) + o7 (21)€, 22)] (2.15)

{15 (5 (1) + o (@1)€, 22)}?

) (2.16)
+{o5(pi(x1) + of(21)E, T2)}

E [ Vi1, 2)?] = B [

The computation of these moments can be done by quadrature rules or by Monte-Carlo methods ([3]).
However, the computation time can be expensive, especially if the moments have to be computed at a large
number of points.

Note that the proposed predictor for ynest can be built using observations of y; or y» alone and not only
observations of ynest. It can take into account the partial information. If the two codes can be launched separately,
this property will be particularly useful for the sequential enrichment of the initial design of experiments, since
the variance of Y¢, can be reduced by evaluating y; or y» alone.

€

2.4. Sequential designs for the improvement of Gaussian process predictors

The relevance of the predictor Y., strongly depends on the space filling properties of the sets gathering
the inputs of the available observations of y; and ys, which are generally called Designs of Experiments (DoE).
Space-filling Latin hypercube sampling (LHS) or quasi-Monte-Carlo sampling are generally chosen to define
such a priori DoE [10, 11, 26]. The relevance of the predictor can then be improved by adding new points to an
already existing DoE, as the higher the values of N7 and Na, the more chance there is for |E [V ] — ynest\@g
to be small.

In the case of a single code, the existing selection criteria are based on the prediction variance [4, 13, 31, 32],
the prediction mean [16] or both [9] or the covariance between the observations [31, 32] and depend on the goal
of the experiments: optimization, reconstruction of the objective function on its whole input domain.

In this paper the objective is to predict the output of the nested code on its whole input domain. So, a
stepwise uncertainty reduction (SUR) [7] strategy is adopted in order to define criteria to add a new point. The
proposed criteria are based on a minimization of the IMSE (integral of the prediction variance over the input
domain) or on a maximization of the reduction of IMSE per unit of computational time. Some criteria that

nest
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enable to take into account the different costs of several computer codes exist, for example in the multi-fidelity
framework [34] or multi-objective constraints [25], but their adaptation to the case of two nested codes is not
direct.

The use of IMSE is simplified by some properties of the Gaussian processes. Indeed, if Z is a Gaussian process
that is indexed by « in X, the variance of the conditioned random variable Z(x) | Z ("), where x and &V
are any elements of X, does not depend on the (unknown) value of Z(x™*"). So this variance can be denoted by
abuse of notation V[Z(x) | £"*V]. To minimize the global uncertainty over Z at a reduced computational cost,
a natural approach would consist in searching the value of "V so that

J ViZ(z) | "] de (2.17)
X

is minimal (under the condition that this integral exists).

In the nested case, we also have to choose to which code to add a new observation point. To this end, let
71 and 7o be the numerical costs (in CPU time for instance) that are associated with the evaluations of y;
and yo respectively. For the sake of simplicity, we assume that these numerical costs are independent on the
value of the input parameters, and that they are a priori known. Two selection criteria are eventually proposed
to optimize the relevance of the predictor of the nested code output sequentially. To simplify the reading, the
following notation is proposed:

(x¥,X,) if i =1,
(o1, @3), pi (X1) x Xp) if i = 2, (2.18)
(:BT,:B;),Xl X Xg) if i = 3,

~

(@, X;) == 4 (
(

where ¥ € Xy, ¥ € u§ (X1) and x% € X5 and we denote by V(Y& (€nest)|Z;) the variance of Y%, (€nest) under
the hypothesis that the code(s) corresponding to the new point &; is (are) evaluated at this point (in practice,
we remind that these code evaluations are not required for the estimation of this variance). This variance can

be defined as:

V(Y2 (Vi (1), 22) |y5, 49, vi (24)), i € {1,2},

obs _ obs ~ - (219)
V(YQ (Yl (1131) 7-732) ‘yl y Y2 s Ynest (mz))a =3,

V(erest (mncst) ‘%1) = {

with @yest 1= (21, €2).

e First, the chained I-optimal criterion selects the best point in X; x X5 to minimize the integrated variance of
the predictor of the nested code:

3" = argminf V(Yo (Tnest) | 3)dTnest - (2.20)
Xnest

%3EX3

Such a criterion is a priori adapted to the case where it is not possible to run independently the codes 1 and
2.

e Secondly, the best I-optimal criterion selects the best among the candidates in X; and X5 in order to maximize
the decrease per unit of computational cost of the integrated prediction variance of the nested code:

-new S new 1 c c ~
(7’ ’ winc“’) = argmax — X f [V (Klest (mneSt)) -V (}/nest (wnest) |xl)] dmnest- (221)
#:eX;, ie{1,2} 77 JXnest

In that case, the difference in the computational costs is taken into account, and a linear expected improvement
per unit of computational cost is assumed for the sake of simplicity.
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For each new observation of the first code, the hyperparameters of the covariance function C are re-estimated.
In the same way, for each new observation of the second code, the hyperparameters of the covariance function
C5 are re-estimated.

An initial set of observations is necessary to estimate the hyperparameters of the covariance functions C; and
C5 and therefore to compute the prediction variance and the proposed sequential design criteria. This initial
set will be chosen as a maximin LHS design on X,egt.

3. FAST COMPUTATION OF THE PREDICTION VARIANCE

As explained in Section 2.4, choosing the position of the new point requires to compute the value of
Var(Y,So (@nest )| Z4) for each potential value of Z; in X; and for a grid or a sample of @, used in a quadrature
formula or an empirical average to approximate the integral in @pest of equations (2.21) and (2.20).

For a given @,est, the variance is theoretically given by equations (2.15) and (2.16). If a quadrature rule or a
Monte Carlo approach is used to approximate the variance, then the optimization procedure becomes pro-
hibitively expensive from the computational point of view. To circumvent this problem, we present in this
section several approaches to make the computation of Var(Y,Sy (@nest)|®:) explicit, and therefore extremely
fast to compute.

3.1. Explicit derivation of the two first statistical moments of the nested code predictor

Lemma 3.1. If X ~ N(p,02) and g (x,a,b, c) := 2% exp (ba: + csr:2)7 (a,b,c) € NxR2, then, under the condition
that 1 —2co? > 0, the mean of g (X, a,b,c) can be computed analytically, and its expression is given by equation
(B.1).

Lemma 3.2. If g(z,a,b,¢) := z%exp (bx+cx2), (a,b,c) € N x R?, then g(z,a;,bi,¢;)g(w,a;,b;,¢5) =
g(z,a; +aj, by +bj,c; +¢;), (ai,bi,c;) € Nx R? and (aj,bj,cj) € N x R2.

Proposition 3.3. Using the notations of the Universal Kriging framework that is introduced in Section 2.3, if:

1. for 1 <k < M, the mean function (hs), is of the form:

(ha (o1, ®2), = ma(@2) ¥1*, (3.1)

where my, is a deterministic function from Xs to R and ap, € N,
2. the covariance function Cs is squared exponential, i.e. an element of the Gaussian class,

st(T1, T2), which are defined by equations (2.15) and (2.16)
can be calculated analytically using Lemmas 3.1 and 3.2. Moreover, the expression of the first order moment is

given by equations (D.5) and (B.1) and the expression of the second order moment is given by equations (D.8)
and (B.1).

then the conditional moments of order 1 and 2 of Y,

In other words, if the prior of the Gaussian process modeling the function y, has a trend which is a polynomial
of o1, with coefficients as functions of x5, and a covariance function of the Gaussian class, then the moments
of order 1 and 2 of the coupling of the predictors of the two codes can be computed explicitly.

In particular, if the process associated with ys has a constant or zero mean and a squared exponential (i.e.
Gaussian) covariance, then the mean and the variance of the coupling of the predictors of y; and ys can be
computed analytically.

However the use of a Gaussian covariance function is based on the assumption of infinite differentiability of
the second code. This assumption is not necessarily verified.

Besides, the method cannot be applied to the case of more than two codes. Indeed, in the case of three codes,
the coupling of the Gaussian predictors of the two first codes is no longer Gaussian. Even if the Gaussian process
modeling the third code has a Gaussian covariance and a polynomial trend with respect to the output of the
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second code, the analytical method cannot be applied because the predictor of the output of the chain of the
two first codes is not Gaussian.

3.2. Linearized approach

In the cases where the conditions for Proposition 3.3 are not fulfilled (or if more than two codes are consid-
ered), another approach is proposed in this section, which is based on a linearization of the process modeling
the nested code. Indeed, for i € {1,2}, let € be the Gaussian process so that:

YE = pl 4+ e, (3.2)

By construction, & is the residual prediction uncertainty once Y; has been conditioned by N; evaluations
of y;. We remind that the two Gaussian processes Y; are statistically independent, so Y,° and therefore £f are
statistically independent. Under the condition that N; is large enough for Y;° being a reliable statistical model
for y1, then £f is small.

Proposition 3.4. If:

1. the predictor of a nested computer code can be written Y, (€1, x2) := Y (Y (21),x2), where Y are
independent Gaussian processes which can be written as Y, = u + €5, where ¢{ ~ GP(0,CY), i€ {1,2},

2. and €5 is small enough for the linearization to be valid,

then the predictor of the nested computer code can be defined as a Gaussian process with the following mean and
covariance functions:

cufzest (wl? w2) = :U’g (M(lj (wl)ﬂ w2)7 (33)

wast((mlvab)a (mllv xIQ)) = Og((/ui(xl)er)’ (Hi(xll)ﬂré))

C C

a c a c c
o i), w2) 52 (1 (@), @) (a1, 1), (3.4)

a [
where uS, i € 1,2 is given by equation (2.10) and C¢, i € 1,2 is given by equation (2.12) and a#z (1§ (21), x2)
Y1

is given by equation (E.5).

It can also be written Yy g = 15 cor + €5 est With:
c _ aug c c c(,,c
Enest (T1, T2) = 201 (15 (1), ®2)eT (1) + €5 (pi (1), 2). (3.5)

Corollary 3.5. In the framework of Universal Kriging for Y and Y5 with explicit basis functions h; and

h
covariance functions C;, i € {1,2}, if the derivatives 872 (p1,22) and —2 ((p1,22), ") can be computed
1

dp1
explicitly, then the predictor of the nested computer code can be defined, thanks to a linearization, as a Gaussian
process with explicit mean and covariance functions. In particular, if the covariance function Cs is in the

oC
Matérn 5 or Gaussian class, the derivative 672 ((gol, Ta), :T:Sbs) can be computed analytically, and the associated
1

expressions are given in equations (F.5) and (F.8).

Corollary 3.6. According to equations (3.5), (2.21) and (2.20), if the predictor of the nested code is obtained
with the linearized method, then, thanks to the independence between € and €5, the selection criteria of the
sequential designs can be written:
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o for the chained I-optimal design:

new new M (}Mc C 2 c (&) (& (&
@rmas) = i [ (( W uan)va) ) VIS (o)t +v[ez<u1<w1>,w»m(w’f)wﬁ])
Ty Ty GXl XX2 nest
X dCCldCCQ, (36)

ops

where (1§ (x1), ®2) is given by equation (E.5),

1
for the best I-optimal design:

("7, 1) = argmax %vi(zi), (3.7)
x;eX;, 1€{1,2} '?
where:
T1) = augcaszC:cfcw:E x1dx
v, <m1>—jxnm(a%<u1< ), 2>) (V [£5(@2)] - V [£5 (@) []) deor s, (3.8)
Vo (Z2) = JX | (VIS (pi (1), 2)] = V [e5(u] (1), x2)|22]) d21ds. (3.9)

Hence, thanks to the proposed linearization, and the fact that the conditional distribution of a Gaussian
process is still Gaussian with updated first and second order moments, the variance of Y% (@nest) and the
one of Y (Znest)|T; can be explicitly computed for all (@pest, ;) in Xpest ¥ Xz Under the condition that the
linearization is valid, this approach can be applied to configurations with more than two nested codes.

However it can be inferred from equation (3.4) that the variance depends on y$P® through p$ and y$b® through
1$. To circumvent this problem for the computation of the forward variance in the sequential designs, we assume
that for a candidate 1, p§ corresponds to E [Y1|y¢"*]| and by abuse of notation, that (6€)* = C¢ corresponds to
V [Y1|2555, 21 ]. In the same way, for a candidate &2, we assume that p§ corresponds to E [Y2|y$™*] and by abuse
of notation, that (05)2 = C§ corresponds to V [Y2|&5", & ]. So, by doing this, we suppose that the estimate of
y; (&;) can be replaced by its prediction mean E [Y; (&;) |y5"*], in accordance with the Kriging Believer strategy
proposed in [12].

4. APPLICATIONS

In this section, the proposed methods are applied to two examples: an analytical one-dimensional one and a
multidimensional one.

In particular, the linearized method of Proposition 3.4 is compared with the analytical method of
Proposition 3.3 in terms of prediction accuracy. The interest of the linearized method in terms of computation
time is shown.

The linearized method is compared with the so-called blind box method. The blind box method corresponds
to the case where the nested computer code is considered as a single computer code. In that case, only the inputs
Tnest and the output ynest are taken into account and a Gaussian process regression of this single computer code
is done. The intermediary information ¢, is not considered. The Gaussian process Y, can therefore be defined
as follows (see also [27]):

Yoo ~ GP (hz <h1 (z1)" ﬁf,wz)TﬁQk + ZZT (hl (wl)TﬂT,m)Tﬂ;hl ()" (B, - B7). Cbb) ; (4.1)
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2
N , . N\ T N\T
where (87,35) = argmin )] lyQ (yl (mgl)) ,wg)> — hy <h1 (:c%’)) 1317;1;51)) 521 , N = N; = N, and Cyy, is
(B1,82) i=1

a stationary covariance function chosen in a parametric family. In order to make the comparison between the
blind box and the other methods easier, the mean function is defined as a linearization of the coupling of the
mean functions used in the linearized method.

Finally, the performances of the sequential designs are compared with a space filling design (maximin LHS)
on Xnest-

4.1. Characteristics of the examples
4.1.1. Analytical example

In the analytical example, the properties of the mean functions of the Gaussian processes and of the codes
are:

1 -2
hi(z1) = |z |, Bi=1] 025 |, wi(z:)=nhi(x1)" By —0.25c0s (27mzy), (4.2)
2 0.0625
1
1 6
©1 -5 T
h2 (%01) = §02 ) 182 = —92 ) Y2 ((,01) = h2 (901) ﬁQ —0.25cos (27T§01> ) (43)
1
1
o3

where 21 € [—7,7]. In this example X3 = 6.

In the analytical example, the covariance functions are squared exponential (i.e. Gaussian). This implies that
the Gaussian processes associated with the codes are mean square infinitely differentiable. This enables to apply
Propositions 3.3 and 3.4 to this example.

4.1.2. Hydrodynamic example

In this example, the coupling of two computer codes is considered. The objective is to determine the impact
point of a conical projectile.
The first code computes the drag coefficient of a cone divided by the height of the cone. Its inputs are the

height and the half-angle of the cone, so the dimension of x; is 2 and x; € [%, g] x [0.2,2].

The second code computes the range of the ballistic trajectory of a cone. Its inputs are the output of the
first code, associated with 1, and the initial velocity and angle of the ballistic trajectory of the cone, gathered
in @5. The dimension of x5 is therefore 2 and x5 € [1500, 3000] x [17;, :71,7(;]

Figure 1 illustrates the two codes inputs and outputs.

Figure 2 presents, for each code, the scatter plots of the variations of the output with respect to the most
sensitive components of their inputs. The inputs correspond to a set of 20 points drawn according to a maximin
LHS design on X,est. These figures enable to propose a basis of functions for the prior mean of the processes
associated with the two codes.

For the first code, the scatter plots highlight a linear variation with respect to (x1); and a multiplicative
inverse variation with respect to (x1),, so the proposed basis functions are:

hy(z1) = (1 , (@1)q, (;1)2>T (4.4)
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(A) Code 1: drag coeffi- (B) Code 2: range of a ballistic trajectory
cient / height of the cone

FiGURE 1. Hydrodynamic example: inputs and outputs of the two codes.

For the second code, only a multiplicative inverse variation with respect to ¢; is evident, so the proposed
basis functions are:

hy (1, ) = (1) 1, 1>T. (4.5)

max (01, 1.,

The denominator has a lower bound ¢;_. in order to avoid any inversion problem around zero. ¢;_. is set to
the small arbitrary value 0.1.

The image plot Figure 2c represents the UK prediction mean of the first code, obtained with the proposed
basis functions. The predicted value of y; for the maximum value of (21), and the minimum value of (1), is
high compared with the values of the observations. So the first code has been evaluated at this input point and
gives the value of 3.4, which is consistent with the prediction. This illustrates the relevance of the proposed basis,
that is used to extrapolate the prediction at a point with no observations around. The image plot Figure 2e
represents the UK prediction mean of the second code, obtained with the proposed basis at a value of 0.5 for
P1-

In the hydrodynamic example, the covariance functions are Matérn g This enables to perform the
linearization of Proposition 3.4 and Corollary 3.5.

In both examples, the covariance functions include a non-zero nugget term (see [13] for further details), that

means that they can be written as:

min min

Ci (fizﬂz;) =0} [Ki (53“53;) + 95@:@;] , (4.6)

where o; € R, K; is chosen in a parametric family (Gaussian or Matérn g), g is the nugget term whose value is
1079, and § is the Kronecker delta function. This non-zero nugget term is used for reasons of numerical stability.

4.2. Prediction performance for a given set of observations

A set of validation observations is available. Let :::SB)St . a:ﬁlfg;e“) be Npest elements of X egt-



256 S. MARQUE-PUCHEU ET AL.

2.0 .
0 3.0
2.0 2.0 .
25
1.5 1.5 2.0
= = 15
1.0 . 1.0
L 1.0
051 L .. 0.5 05
0.1 03 | 05 0.7 05 10
(1), (1),
(A) Code 1 (B) Code 1
0.60 1
3000 - 0.55 -
2500 - 0.50 /"
N
2000 4 "X 0.45 1
8 . 8
1500 - .'. 0.40
1000 %, 0.351
500 4 .. 0.30 -
s 10 15 2o 1600 2000 2400 2800
(pl — yl (wQ)l

(D) Code 2 () UK prediction of
code 2 (¢1 = 0.5)

FI1GURE 2. Hydrodynamic example: variation of the outputs y; and ys of the two codes with
respect to the most sensitive components of their inputs x; and x5 for a set of 20 input points
drawn according to a maximin LHS design on X, s;. The image plots present the UK prediction
(conditional mean of the GP) of y; and ys for the same set of observations.

Denoting by ynest (a:g?st) o Ynest (a:g;]s“te“)) the evaluations of the nested code at these points, the performance

criterion of the nested predictor mean, also called error on the mean can be defined as:
Nnest . . 2
’Zl (ynest (wflze?st) ~ Ynest (wr(lze)st)>

im

2
Npest i 1 Nhest .

Z <ynest (wfle)st> - N Z Ynest (mflje)st)>
i=1 nest j=1

where 7,65t denotes a prediction of the nested code, which can be obtained with the analytical, linearized or
blind-box method.

For both examples, the validation set of 150 points is drawn according to a maximin LHS on X egt-

Figure 3 presents, for the analytical example, an example of the prediction mean and 95% prediction interval
computed with the linearized and the blind box methods. The two predictors are built with the same set of 20

Error on the mean =
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(A) Linearized method (B) Blind box method

FI1GURE 3. Analytical example: Predictors of the nested code obtained with the linearized and
the blind box methods. The set of 20 observations is drawn according to a maximin LHS on
Xpest- Actual values shown by a continuous line, the prediction mean by a dotted line and the
95% prediction interval by a grey area.
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- . . 5
(a) Analytical: Gaussian covariance (B) Hydrodynamic example: Matérn 5 covariance

FIGURE 4. Comparison of the prediction mean accuracy for the blind box and the linearized
(Prop. 3.4) methods, and, in the case of a Gaussian covariance function, the analytical method
(Prop. 3.3). The curves correspond to the median of 50 draws of maximin LHS designs on
X1 x Xy of increasing size.

observation points drawn according to a maximin LHS design on Xyes. It can be seen that, in the blind box
method, the magnitude of the prediction interval is the same across the input domain and depends only on
the distance to the observation points. The prediction interval is too big in the area with small variations and
too small in the area with larger variations. On the contrary, the fact of taking into account the intermediary
observations (linearized method here) enables to better take into account the non-stationarity of the variations
of the nested code output.
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Lnest
(A) Code 1 (B) Code 2 (c) Nested code
FIGURE 5. Analytical example: an example of the predictors Y%, Y5 and Y . The black

line represents the real values of y1, y2 and y,est, the grey area, the 95% prediction interval
and the grey dotted line, the prediction mean. The mean and prediction interval of Y, are
computed thanks to the linearized method. The vertical lines of the two left plots represent the
observations of the two codes, which are drawn according to LHS designs on X; and pu§ (X;) of
sizes 7 and 8. The number of observations is not the same for each code.

Figure 4 presents the error on the mean with the blind box and the linearized methods for both examples,
and the analytical method for the analytical example. For all methods, the predictors are built with the same
learning sets drawn according to maximin LHS designs on X, of increasing size.

The left figure, corresponding to the analytical example, shows the similar accuracies of the prediction mean
computed with the analytical and linearized methods proposed in Propositions 3.3 and 3.4.

For both examples, the precision of the prediction mean is better with the linearized method than with the
blind box method, showing the interest of taking into account the intermediary information.

The results show that the analytical and linearized methods lead to the same prediction mean accuracy. As
a reminder, the analytical method require the infinite differentiability of the second code. This assumption is
correct for the analytical example but not necessarily for the hydrodynamic example. The linearized method
require the prediction error of the first code to be small enough for the linearization to be valid. Since the
prediction error of the first code can be reduced thanks to a sequential enrichment of the initial design, the
required assumption of the analytical method is stronger than the one of the linearized method.

Consequently, the linearized method will be used in the remainder of the numerical applications.

4.3. Performances of the sequential designs

Figure 5 shows an example of the prediction mean and 95% prediction interval of the predictors Yy, Yy and
Y - The predictors Y and Yy are not built with the same number of observations, so the predictor Y5 is
built with a different number of observations of the codes 1 and 2. The fact that the number of observations of
the two codes can be different will be useful for the sequential designs. Moreover the estimation of the prediction
variance of the nested code is accurate, and that will also be useful for the choice of the new observation point

in the sequential designs.

4.8.1. With identical computational costs for both codes

Figure 6 presents the error on the mean of the linearized predictor for the proposed sequential designs and
maximin LHS designs of increasing size. The initial designs of the sequential strategies are the same maximin
LHS designs on Xyt with 10 points for the analytical example and 20 points for the hydrodynamic example.
That is why the initial point of the three curves is the same on both line plots. The cost of the two codes are
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F1GURE 6. Comparison of the prediction mean accuracy of the linearized predictor with the
maximin LHS design on Xt and the sequential designs applied to the two examples. In the
hydrodynamic example, the two curves representing the sequential designs are almost super-
imposed. The initial designs are the same for the three curves, with a size of 10 points for the
analytical example and 20 points for the hydrodynamical example. The draw of the maximin
LHS design on Xest is repeated 50 times and the curves present the median of the associated
results. The costs of the two codes are assumed to be the same.

considered to be the same, that means 7 = 75 = 1. The figure shows the relevance of the proposed sequential
designs for improving the prediction mean of the linearized nested predictor, compared with the maximin LHS
designs on X est-

In the analytical example, the best I-optimal sequential design enables to obtain the most accurate predic-
tion mean at a given computational cost. In the hydrodynamic example, in the first 10 iterations, the best
T-optimal design outperforms the chained I-optimal design. After this initial stage, the best I-optimal design
calls alternately code 1 and code 2 and becomes equivalent to the chained I-optimal design.

Figure 7 shows to which of the two codes the new observations points are added for the best I-optimal
sequential design. In both examples new observation points of the first code are first added.

It seems that the uncertainty propagated from the first code into the second code is predominant at the
beginning. The best I-optimal sequential design aims therefore at reducing this uncertainty by first adding new
observation points of the first code. Then new observations of both codes are added.

4.8.2. With different computational costs

Figure 8 shows the prediction mean accuracy with the best I-optimal sequential design when the costs of the
two codes are different. Two cases are presented. The first one corresponds to the case where the cost associated
with the first code is twice the one associated with the second code, that means 7, = 2 and 75 = 1, the second
corresponds to the case where the cost associated with the second code is twice the one associated with the first
code, that means 71 = 1 and 7 = 2.

It can be seen that for both examples, the prediction accuracy at a given total computational cost is better
when the cost of the first code is lower, that means when more observation points of the first code can be added
for the same computational budget. These results are consistent with those of figure 7.
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F1GURE 7. Comparison of the number of evaluations of each code in the case of a sequential
best I-optimal design applied to both examples. The curves correspond to the median of 50
draws of the initial design. The costs of the two codes are assumed to be the same.
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FIGURE 8. Performances of the best I-optimal sequential design in terms of prediction mean
accuracy with different computational costs for the two codes. 1:2 & 7 = 1 and 7o = 2, 2:1
— 71 =2 and 79 = 1. The curves correspond to the median of 50 draws of the initial maximin
LHS design on X,est. The initial designs are the same for the two curves corresponding to each
example and contain 15 observations and 30 observations on both codes for the analytical and
the hydrodynamical example.

5. CONCLUSIONS AND FUTURE WORK

In this paper the Gaussian process formalism is adapted to the case of two nested computer codes.
Two methods to compute quickly the mean and variance of the nested code predictor have been proposed.
The first one, called “analytical” computes the exact value of the two first moments of the predictor. But it
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cannot be applied to the coupling of more than two codes. The second one, called “linearized”, enables to obtain
a Gaussian predictor of the nested code, with mean and variance that can be instantly computed. The approach
could be generalized to the coupling of more than two codes.

Both proposed methods take into account the intermediary information, that means the output of the first
code. A comparison with the reference method, called “blind box”, is made. In this method a Gaussian process
regression of the block of the two codes is made without considering the intermediary observations. The numerical
examples illustrate the interest of taking into account the intermediary information in terms of prediction mean
accuracy.

Moreover, two sequential designs are proposed in order to improve the prediction accuracy of the nested
predictor. The first one, the “chained” I-optimal sequential design, corresponds to the case where the two codes
cannot be launched separately. The second one, the “best” I-optimal sequential design, allows to choose to which
of the two codes to add a new observation point and to take into account the different computational costs of
the two codes.

The numerical applications show the interest of the sequential designs compared with a space-filling design
(maximin LHS). Furthermore, they illustrate the advantage, in terms of prediction mean accuracy, of choosing
to which code to add a new observation point compared with simply adding new observation points of the
nested code. The results show an amplification of the uncertainties in the chain of codes, leading to the addition
of observation points of the first code firstly in the best I-optimal sequential design. It can be assumed that this
should be similar with the coupling of more than two codes. In other words, the uncertainty of the beginning
of the chain should be reduced as a priority.

This paper has been focused on the case of two nested codes with a scalar intermediary variable. Considering
the case of a functional intermediary variable seems promising for future work.

APPENDIX A. PROOF OF PROPOSITION 2.1

According to equation (2.5):
YE (@i) £ uf (@) + 0f (@) &, & ~N(0,1), i€ {12},

where & and &, are independent according to the independence of the initial processes Y7 and Y, and the fact
that Y := Y;|yobs.

K3
Therefore the process modeling the nested code can be written:

Vi (@1, ®2) = YF (Y (21), 22)
= ps (p§ (x1) + 0f (21) §1, ®2) + 05 (1] (21) + 0f (T1) &1, T2) Eo.

Given the independence of &; and & and the fact that E (£2) = 0, it can be inferred that the first moment of

Ye¢ . can be written:

nest

E (Yiest (@1, 22)) = E (u5 (1] (21) + 0f (z1) &1, T2)) -

By noting that:
(Vi@ ®2))” = (YE(YE(21), %2))
= (1§ (4§ (1) + 05 (1) &1, ®2) + 05 (4§ (1) + 05 (1) €1, T2) E2)°
(4§ (1) + 0f (1) &1, @2))° + (05 (45 (1) + 0f (1) &1, @2))° €
+2u5 (p§ (z1) + 0f (21) §1, 22) 05 (1] (T1) + 0F (%1) &1, T2) &2,
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e ¢ and & are independent,
e E(&)=0and E (5%) =1,

the second moment of Y, can be written:

c ¢ ¢ (x T 2
E((YQC(Y16($1)aCC2))2) =]El (15 (ui (1) + 01 (1) &1, 2) ]

+ (0% (4§ (1) + 0F (21) &1, 22))°

APPENDIX B. PROOF OF LEMMA 3.1
If X ~N(u,0?) and g (x,a,b,c) := %exp [bx + ch], then the mean of g (z,a,b, ¢) is equal to:

E[g(X,a,b,c)] = JRg(x,a,b, o) ﬁe}{p (_; (a: - u)2> dz.

It can be rewritten:
1 1 /x—p 2
Elg(X,a,b,¢)] = | x%exp (bx + ca? exp | —= dz
9 (Xabe)] = | atexp (b o+ ) —— p(2(0)>
2 2
1 [ (c%b+ p) ) 1 11— 2co? o?b+ p
- L O G o a_ - ey G . IR
exp( 202 < 2co? — 1 e ij o2 FP\ T2 YT " 2c0? .

_ 1 (026+ﬂ)2 2 1 a
eXP<_M< 2c0% —1 o \/1—2002E[X9]7

b+ p o?
1—2c0?2’ 1~ 2co?
Moreover, for Y ~ N (puy,0?), any moment of order k, k€ N, of Y can be computed analytically [22]:

where X, ~ N ( ) , under the condition that 1 — 2¢o? > 0.

4] .
BY o (20)! o,
B2 (2z> i et
i=0

Hence, given that all the moments of a Gaussian variable can be computed analytically, the mean
E[g(X,a,b,c)] can be computed analytically, and its expression is:

2 [5] a—2i ;. i
1 [ (c%b+ p) 1 % (a o%b+ (24)! o?
E[g (X, a,b,c)] = (2R ) ) , .
lg (X, a,b.c)] = exp ( 252 ( 208 =1 M) ) VT 2002 & <2z> <1 - 2ca2> 9iil \ 1 — 2c02
(B.1)

APPENDIX C. PROOF OF LEMMA 3.2
We have:

g(z,a;:,bi,¢) g (x,a5,b5,¢5) = x%x% exp (bix + ciz® + bjx + csz)
= 2% % exp ((b; + bj)z + (¢; + ¢;)x?)

= g(z,a; +aj,bi +bj,¢i +¢j).
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APPENDIX D. PROOF OF PROPOSITION 3.3
D.1 First moment

In the framework of Universal Kriging, according to equation (2.10) the conditional mean function of the
process modeling the second code can be written:

’ug (4101, 1:2) = h’2 (()01) wQ)TﬁQ + 02 ((‘pla :1:2) 7i‘(2)bs) Ve

= S haerm), () + Nll Cz ((p1,0), (¢, 28)) (o), (D-1)
+ (),

1= 7 1=

~— =

= (1

where 1 ~ N (,uf, (Uf)2>7 and

— T ~
v = (Ca (@5, 257)) " [us™ — ha (257" B, . (D-2)
According to the assumptions of Proposition 3.3 the mean basis functions hs can be written:

(ha (¢1,29))i = mi(x2) g (¥1,0a:,0,0),

with m; deterministic functions and g (z,a,b,c) := z®exp (bz + cz?), (a,b,c) € N x R?.
In the same way, the covariance function Cj is in the Gaussian class, so according to equation (2.6), it can

be written:
Cs (prv)  (hoh) ) = o (2250 f—[k (w2), — (@),
2 | (P1,T2) 5 | P1, T2 =02 ] L 2 )

®1

with £ : x — exp (—xQ). So, one can write that:

G (tora. (1)) =k (22 ) e (oa—ay).

$1

. N\’ 20, —1
CZ ((801,:32) ’ (3017w2>> = eXp <_ (ﬁ) ) g (@1707 ETQPI’ 62) t (wQ - wIQ) ’ (D?))
P1 @1

$1

where £ is a deterministic function defined by:

da )\ 2
e~ o) = o3[ [exp (— ({2l teth) ) , (D.4)
i=1 o

with ¢;,1 < i < ds the correlation lengths associated with xs.
So the terms (1) and (2) of the equation (D.1) can be written:

Mo

(=" X glera.0,0) mi(a) (Ba) .

N _ (@ 2 RO
_ (4) $1 Y1
(2> - = (vc)i 14 (152 — Iy ) exXp | — (&p ) g (@17 0) 62 3 Eil .
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According to the fact that m; and ¢ are deterministic functions, ,@2, Ve, acéi) and xo deterministic vectors,

and cpgi) deterministic real numbers, then:

My

E[(1)] = Y, Elg(or,a:,0,0)] mi(w2) (Bs) .

Ny (@) 2 (i)
E[(2)] = ve). l|x — 2 exp [ - L ) ]El ( 170,2%,_1>].
(@] = 3 (o), (22— ) exp (ew A by

-1
According to Lemma 3.1, and the fact that 1 —2 <€2> 02 > 0, the means E[(1)] and E [(2)] can be calculated

P1
analytically, and consequently, the mean E [u§ (¢4, ®4)] can be calculated analytically, and its expression is:

Mo A~
Bl (p1,22)] = X Bl (p1,0:,0,0)] mu(a2) (By),

N (i) (i) (D.5)
! MO (e 2¢;” —1
+ igl (vC)i 14 (mQ ) exXp (&01 ) E l <(pla O 62 gil )] ’

where v, is defined by equation (D.2), £ (xs — x5) is defined by equation (D.4), £, is the correlation length

associated with ¢ and Bz is given by equation (2.9).

D.2 Second moment
From equation (2.10) and (2.12), we have:
5 (p1.22) = ha (91, 22)" By + Ca ((1.2)  25™) v
and:
(0'5 (‘pla 332))2 =Yy ((Qola 132) ) (901, 532)) —Cy (((p17w2) ) (02 ( Ob<7w8bs))—1 C, (Eng7 (@17%2))
 [pe o) = 0 (o1 ), 38) (€ (3528) ™ s (23)
_ —1
« [a (a5) (€ (@5 35)) " ha (a5)]
[ o)~ (a9) (€2 . )™ € a5 (1,22 .

Hence, it can be written that:

(15 (401, 5’72))2 + (05 (1, 332))2 = 05 + ha (o4, 3’52) Aphs (¢4, 5'32) + Cs ((8017 x3) aa_’/'gbs) A. Oy (a_fgbsv (o1, 372))

~

~~ ~ ~~ -
(1) 2
+ Cs ((9017 2132) ) Ach h2 (@17 :132)

-~ ~~

(3

(D.6)



EFFICIENT SEQUENTIAL EXPERIMENTAL DESIGN FOR SURROGATE MODELING OF NESTED CODES 265
where:
4%:@£+@<mmawmwm*m@wﬂﬂ
Ao = vl — (Co (28%,25%)) " + (Ca (B3, 88*)) ™ he (25*)"
[ @) (0 (@ 25) ™ )] e () (0 (o m)

A= 20 ] =2 (0 o a) ™ s (55) [ (55) (€ a,5) a2 ]

According to the assumptions of Proposition 3.3 and to Lemma 3.2, the terms (1), (2) and (3) of the
equation (D.6) can be rewritten:

Mo Mo Moy Mo
(1) = 21 21 (An);j (h2 (p1,3)); (h2 (01, 22)); = 2 ; (Ap);;mi (T2) myj (x2) g (¢1,4,0,0) g (¢1,a5,0,0)
M- JM2 !
= 21 21 (Ap);;mi (x2) my (x2) g (P1,0; + a;,0,0),

(2) = % % (Ac);; Co ((@1@2%(@9@2 ))02 ((901,-’”2 (% zy ))

i=1j=1
(i) () i
) liljjl( )i (wz 2) € (s — 2t ) exp —(%)@1( ) 9<¢1,0’2é%)’€_2:>

(i))? @\?
PR P (U Sl WA PO

i=1j=1 ¥1 ®1

SRS () 0
(3)= X X (Aw)y; O ((prma), (¢7,28))) (ha (o1, 22)),

i=1j=1
P (i) ! ’ 201" 1

= Z Z (ACh)U 14 (152 — &Ly ) exp | — 0 m; (wQ) g\ ¥, Oa €T7 627 g (3017 Qj, O’ 0)
i=17=1 $1 ®1 ®1
W AL 0 oy 20 —1

= X X (Aa)y (e )exp [ = (2] |my (@29 (era TR )
i=1j=1 #1 p1 Yer

According to the fact that m; and £ are deterministic functions, o and a:éi) deterministic vectors, Ay, A,

and A, deterministic matrices, and gogi) and £, deterministic real numbers, it can be written:

Mo Mo
:ZZ mL m2)m] (mQ)EI:g(SOha/i_"ajaOaO)]v
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N1 Ny ) . -
E[(2)] = '21 '21 (Ac);; b (w2 - wg )) 1 (wg - xéj)) exp | — 7
1=19= P1

(#) (4)
o1ty 2
XE[9<@170a2 162 ! ,62 )]7
¥1 1

A gL (i) a : 201" -1
E[(3)] = Z (Acn);; b (3’32 — Ty ) exp | — |5 mj (x2)E | g | ¢1,0a5, VAR .
. 1

1

Hence, according to the Lemma 3.1, the mean E [(1)] can be computed analytically. In the same way, according

-1 -1

to the Lemma 3.1, and the fact that 1 —4 <£2> (0)2>0and1-2 (52) (0)? > 0, the means E [(2)] and E [(3)]
®1 P1

can be calculated analytically. Consequently, the mean E [(ug (o1, 25))* + (0% (cpl,:L'Q))z] can be calculated

analytically, and its expression is:

E[(45 (01 @2)* + (05 (1,22))°] = 03+ 3 3 (Aw)yma (@) m (@2) Eg (1,0:+ ;,0,0)]

i=1j=1

; : 2 2 7 P2
i=1j=1 ggol Etm gipl

OO Z. .
88 e (erm e (oam s [ LD N (gl )

Ny M _ () @) _
+ 2 2 (Aen)y it (wg — wg)) m; (z2) exp | — (il ) E [g ((pl,aj, %7 £21>1 ;
i=1j=1 P1 P1 P1
(D.8)
where Ay, A, and A, are defined in equation (D.7), v, is defined in equation (D.2), ¢ (xy — x}) is defined
by equation (D.4), £, is the correlation length associated with ¢; and ﬁQ is given by equation (2.9).
From the two previous paragraphs and Proposition 2.1, it can be inferred that, if verifying the assumptions
of Proposition 3.3, then the first and the second moments of Y%, (1, x2) can be calculated analytically.

APPENDIX E. PROOF OF PROPOSITION 3.4

It Yncest(xl’wQ) = }/&c(ylc(ml)’ mQ) where Y;C = /u‘f +6f£:7 5? ~ GP (07 Czc) , 1€ {1, 2}3 then’ if é‘i is small enougha
the process Y5 (@1, x2) can be linearized:
Viest (@1, T2) = p5(p5(@1) + €7(1), @2) + €5(p1(21) + 5(21), @2),

a c
~ (S (1), 2) + a—ﬁ(ui(a:n,wz)si(xl) + 55 (@), T2).

So it can be written:
Ync;est(wh w2) ~ Mrclest + Eﬁest(ui (m1)7 132), (El)
with

/J“ICleSt (331, .’132) = ,U«g(ﬂi(ml), 332), (Ez)
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and

a C
e = g (@) @) (@) + <5 (i (1), @) (E:3)

e{ and €§ are independent centred Gaussian processes, so ¢, is a centred Gaussian process, whose covariance

. e . )
function, Cf, is given by:

Cl’clest((w17 332)7 (wllﬂ w/Q)) = CQC((M(f(il?l), ZB2)7 (/‘i(wll)v m/z))
L (), 22)) 5 (5 ah). ) Can, ). (B4

_|_
dp1

From Egs (E.1), (E.2), (E.3) and (E.5), it can be inferred that the predictor of the nested code can be defined
as a Gaussian process with mean pug. defined by equation (E.2), and covariance function Cf.,, defined by
equation (E.5).

Moreover, it can be inferred from equation (2.10):

ous oh T, oCs _obs _obs =obs\\— obs —obs\T 7%
55:? (p1,%s) = (5@? (5017“52)) By + 670? ((<P1a$2) 7w2b‘) (02 (ﬂszblaﬂ%bl)) ' [y2bL —hy (wzb‘) /32] - (E.5)

APPENDIX F. PROOF OF COROLLARY 3.5

F.1 Explicit mean

According to equation (2.10), if h; and C; can be computed explicitly, then uf can be computed explicitly.
Therefore, according to equation (3.4), the mean of the Gaussian linearized predictor can be computed explicitly.

F.2 Explicit variance
According to equation (2.12), if h; and C; can be computed explicitly, then Cf can be computed explicitly.

~0bs

According to equation (E.5), if hy, Cy and the derivatives 222 (¢1,2) and (252 ((cpl,zcg) , TS ) can be
1 1

computed explicitly, then the derivative of pu§ with respect to 1 can be computed explicitly.
Therefore, according to equation (3.4), the variance of the Gaussian linearized predictor can be computed
explicitly.

oh oC
Hence it can be inferred that, if h; and C; and the derivatives 672 (p1,x2) and o2 ((gpl7 2), :Eng) can be
1

1
computed explicitly, then the mean and the variance of the Gaussian linearized predictor of the nested code can
be computed explicitly.

Moreover, the derivative R ((<p1, T2) ,a‘c%bs) can be computed explicitly if Cs is in the Gaussian or Matérn

dp1

5
3 class, and the associated explicit formulas are given in what follows.
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F.3 Matérn class
If we denote by:

5= d ((9017932) ; (90/1"”/2»

2 9
69”1

N2
(‘p1 B @1) I i ((x2), ;?(902)2-)2

then, according to equation (2.7), the Matérn kernel can be rewritten:

Ks (8) = (1 + /50 + :5))52> exp (—\/55) .

[SI[s)

Moreover, we have:

¥ _ -l

(9(,01 &201 57

and

D
==
—
>,
s
Il

exp (—v/50) [—\/5 (1 +/56 + ;52> +5+ 1;5]

1
exp (—/50) [_55 VB 305]
= —25(1+ V58) exp (~V50),
By noting that in the case of a Matérn g kernel:

0C,  0Ks 95

dp1 06 oy

the derivative of Cy with respect to ¢ is:

Z% ((%,wz) 7 (wlywé)) = 2%%1@; [1 ++5d ((9017332), (%wé))] exp [*\/5 d ((9017372) : (wi,m'z

F.4 Gaussian class

According to equation (2.6), the Gaussian kernel can be rewritten:
KGauss (0) = exp (—52) .

Hence, we have:

(F.1)

(F.3)

)

(F.5)

(F.6)
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aI(Gauss

%5 (6) = —25 exp (—67) . (F.7)

By noting that, in the case of a Gaussian kernel:

a& . a[(G.aussﬁ
(9(,01 B 00 6@1’

the derivative of Cy with respect to ¢y is:

2 ((ena) (viiah)) - 2%*" exp |~ (g1, 22), (1,5%)) | ()
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