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1. INTRODUCTION

In this paper, we investigate the geometry of certain moduli spaces of connections on complex
elliptic curves C. We will counsider pairs (E,V) where E — C is a rank 2 vector bundle and
V: E - F®QL(D) is a logarithmic connection with (reduced) polar divisor D = t; +- - - +t,, with
n > 1. We also prescribe the following data:

e The eigenvalues (v;",v;") of Resy,(V), for each i = 1,...,n, such that:
(1) vi* +---+vir ¢ Z, for any €; € {+,—};
(2) and " #v;, fori=1,...,m;

e A trace connection (L, (), i.e. det(E) = L and tr(V) = (;
In particular Y, v;” + v = —deg(L) which is called the Fuchs relation. Once we have fixed this
data, we can define the moduli space €on” of those pairs (E,V) up to isomorphism. With the
generic condition on the eigenvalues, every connection (E,V) is irreducible and the moduli €on”
can be constructed as a GIT quotient. It follows from [12] that €on” is a smooth irreducible
quasi-projective variety of dimension 2n, equipped with a holomorphic symplectic structure.

It is natural to consider the forgetful map 7: (F,V) — (E,p) which associates to a connection
an underlying quasi-parabolic bundle. Given a choice of signs ¢; € {+,—} for each i = 1,...,n, the
parabolic data p(V) = (p{*(V),...,p5(V)) consists of the v;*-eigenspace p;* C E|;, for Res;, (V)
at each pole; these are well-defined since Vj' # v; . There exist 2" underlying quasi-parabolic
structures for each connection, according to the choice of € = (e, ..., €,) giving rise to 2™ forgetful
maps 7.: (E,V) — (E,p(V)).

In Section 2 we study the quasi-parabolic bundles (E, p) over (C, D) that admit a connection V
with prescribed trace and eigenvalues, compatible with parabolic directions. The major difference
from the case n = 2 investigated in [8] is that, when n is odd, there exist pairs (F, V) such that all
the underlying quasi-parabolic structures (F, p¢(V)) are not p-semistable for any choice of weights;
it occurs for the item 3 of Lemma 2.4. Following the study of stability, we describe a wall-crossing
phenomenon in Lemma 2.7 and Lemma 2.8.

In Section 3 we study the logarithmic connections. We investigate €on” via the forgetful map
to an underlying quasi-parabolic structure. We are especially concerned with the pu-stability of
these quasi-parabolic bundles. It turns out that there exists an open subset of €on” where the
underlying vector bundle is E1, the unique indecomposable vector bundle of degree one, with given
determinant. We call this open subset Con” and consider the map

Par: Con” — (P! x P!) x --- x (P! x P!)
(B, V) — (pF (V),07 (V)05 (V), 0, (V) )

that associates to each connection all its residual eigenspaces (i.e. with respect to all eigenvalues
I/i+ and v; ). The image of Par is contained in S™, where S is the complement of the diagonal in
P! x P!. We show that this map is an isomorphism (cf. Theorem 3.3):

Theorem A. The map Par: Con” — S™ is an isomorphism.

We also study the open subset €on’, C €on” formed by pairs (E,V) which admit a p-stable
parabolic structure (E, p¢(V)) for some e and some weight vector u. We call

Z, = Con” \ Conl,

its complement. We describe Z,, in Theorem 3.10, it is empty for n even and has four irreducible
components which are isomorphic to C" for n odd. Assuming v;" —v;” ¢ {0,1,—1} fori € {1,--- ,n},
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we see that the large subset Con’, admits an open covering given by open subsets isomorphic to
S™. Tt leads to the following characterization of €on’, (cf. Theorem 3.8):

Theorem B. Assume that v;t — v, ¢ {0,1,—1} fori € {1,---,n}. Then Con’, is obtained by
gluing a finite number of copies of S™ wia birational maps

\I'(;’;: S --» S".
Moreover, if €e = 6, then \I"Eej preserves the fibers of ..

In the remainder of our work, we do a finer analysis of the open subset Con”. Let Bun denote
the moduli space of parabolic vector bundles whose underling vector bundle is E; it is isomorphic
to (P1)™. It follows from Theorem A that the affine bundle Con” — Bun does not depend on the
eigenvalues. In Section 4, we describe the affine bundle Con” — Bun via Fuchsian systems; this
construction yields a vector bundle £ whose projectivization compactifies Con”. Although P(£)
does not depend on the eigenvalues, the boundary divisor is determined by by v; = 1/?‘ -,
i=1,...,n (cf. Theorem 4.3):

Theorem C. The moduli space Con” has compactification Con” = P(E), where the boundary
divisor is isomorphic to PHiggs, the projectivization of the space of Higgs fields on Ey. Moreover,
the inclusion PHiggs «— P(E) is determined, up to automorphisms of P(E), by (v1,...,Vn).

In Section 5, we deal with the symplectic structure of the moduli space and compute the explicit
expression in the main chart Con” ~ S™, see (5.8). We show that (v4,...,v,) is detected by the
symplectic structure (cf. Corollary 5.9):

Theorem D. If there exists fiber preserving symplectic isomorphism

(Con”,w) AN (Conﬂ,cb)

~

o e
Bun ————— Bun

then there exists a permutation o of n elements such that Dy, = v,y for every k € {1,--- ,n}.

In Theorem D, we have a fixed underlying space of parabolic bundles, Bun, and we can recover
(v1,...,V,) from the symplectic structure. The main result of [7] is a Torelli type result which
asserts that the moduli space of parabolic bundles determines the punctured curve (C, D). We
wonder if the same is true for Con”, or €on”. This belief is based on some results in the literature,
see [25, 5, 4].

In Section 6, we conclude the paper by studying the Apparent map. A global section of F; plays
the role of a cyclic vector for connection V, which yields a second order ODE on C; the map App
assigns to V the apparent singular points of this equation, see [21]. It leads to an interesting result
about the birational geometry of Con” (Theorem 6.2):

Theorem E. The map my X App induces a birational map
74 x App: Con” --» Bun x |O¢(ws + D)|
whose indeterminacy locus is contained in W\Con”. Moreover, given (E,p) € Bun, the rank of
(my x App)hf(};,p) 7 (E,p) — {(E,p)}x|Oc(we + D)|
coincides with the cardinality of the set {i | p; ¢ Oc¢}.
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Logarithmic connections on elliptic curves have being investigated by several authors. First, they

were studied in the works of Okamoto and later by Kawai in [17] in relation with isomonodromic
deformations. In particular, the symplectic form of [17, Theorem 1], when restricted to a fixed
punctured curve (C, D), must coincide to that one we give in (5.8). However, as [17] is dealing

with analytic differential equations written in terms of Weierstrass zeta functions, it is not so easy
to relate the computations with ours. More recently, our moduli space has been considered and
proved to be related to some moduli spaces of logarithmic connections on P! for the special cases
n =1 (see [19]), and n = 2 with special eigenvalues (see [20]).

Remark 1.1 (Notation and convention). Throughout the text C' will denote a genus one curve
and D =ty +--- +t, will be a reduced divisor on C. Let ws € C be a point and let wg, w; and
wy be the torsion points of the elliptic curve (C,wy). In the construction of €on”, we will assume
(without loss of generality) that the determinant is O¢(weo) and that D +wg 4wy + wy is reduced.

2. PARABOLIC VECTOR BUNDLES

Let C be an elliptic curve with ws, € C being its distinguished point. A rank two quasi-parabolic
vector bundle (E,p) on (C,D), D = t; 4+ --- + t,, consists of a holomorphic vector bundle E of
rank two on C and a collection p = {p1,...,pn} of 1-dimensional linear subspaces p; C E;,. We
refer to the points ¢; as parabolic points, and to the subspace p; C E;, as the parabolic direction of
FE at ti.

A triple (E,p;u) of a quasi-parabolic vector bundle and an n-tuple p = (p1,...,pu,) of real
numbers in the interval (0,1) is called parabolic vector bundle of rank two. We often write (E, p)
for a parabolic vector bundle when the choice of the weight u is clear.

Let (E,p; ) be a parabolic vector bundle and let L C E be a line subbundle then we define

Stab, (L) := deg E —2deg L + Z e — Z k-
Pr#Ley, pr=L¢,
We say that (E,p;u) is semistable if Stab, (L) > 0 holds for every L C E. It is stable if the strict
inequality holds for every line subbundle L C E. We call Stab,, (L) the parabolic stability of L C £
with respect to p.

We denote by Bun/;, the moduli space of semistable parabolic vector bundles (E, p; 1) on (C, D)
with det E = O¢(wso). In this case, either E ~ L @& L™ (ws) or E ~ Ey, where E; is the unique
non trivial extension

0— Oc — E1 — O¢(ws) — 0.

If there exists L C E such that Stab,(L) is zero then the weights lie on the hyperplane

H(d,I):= {p ‘ 1 —2d+z,uk —Z,uk = 0}
kgl kel
where d = deg L and I C {1,...,n} denotes the set of indices of those parabolic directions py, C Ly, .
A connected component of the complement in (0,1)" of all these hyperplanes H(d,I) is called a
chamber. If u and fi belong to the same chamber then Bunf, = Bungjm, see for example [22] or
[6, Lemma 2.7].
In the next result, we define an interesting chamber; the underlying vector bundle is fixed and
the corresponding moduli space is a product of projective lines.

Proposition 2.1. The following assertions hold:
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(1) The set € :={p e (0,1)™ | >_p_, ke < 1} is a chamber.
(2) If n € € then Bunl, = {(E,p) | E = E\}. Moreover, it is isomorphic to (P')".

Proof. Note that € is convex, hence connected. Then (1) follows from proving that € does not
intersect any wall H(d, I). This is straightforward and we leave it to the reader.

Now we prove (2). Recall that det E = O¢(wy) implies that either E = Ej or E = L L™ (wy)
with deg L > 1. The later cannot occur. Indeed,

Stab, (L) =1 —2deg L + Z Mk — Z e < —2degL <0
PrF#Ley, Pr=L¢;

and E cannot be p-semistable for p € €. Hence F = E; and each parabolic bundle is completely
determined by

(pla s apn) € P(E1|t1) X X P(E1|tn) = (Pl)n
Thus we get the desired isomorphism. O

For a weight vector u = (u1,...,u,) € (0,1)™ and a subset I C {1,...,n} of even cardinality,
we consider the map ¢r: (0,1)™ — (0,1)™ defined by

or(p) == (i), i) € (0,1)"
where p; = p; if i € I, and p), =1 — p; if ¢ € 1. Note that or is continuous and preserves the walls
H(d,J). Then the image of € by ¢; yields a new chamber

(2.1) ¢r = {NE(O»l)n‘ZMk_ZMk+|I|<1}

kgl kel
where |I| is the cardinality of I. When I = ) then €; = €.

Each ¢; admits a modular realization as an elementary transformation, which we now describe.
Consider the following exact sequence of sheaves

0—E % E @E,/p) —0
iel
where for each (local) section s of E we define 3(s) = (81(s),...,8n(s)) by B;(s) = s(t;) (mod p,)
if s is defined at t;, and §;(s) = 0 otherwise. Then E’ is a vector bundle of rank two such that

det B' = det E ® O¢ (Zt1> )
iel
In particular, E’ has degree 1 — |I|. We define a natural quasi-parabolic structure for E’ as follows.
If i ¢ I then oy, : B}, — Ey, is an isomorphism and

pi = (o) "N (pi) C B,
is the parabolic direction at ¢;. If i € I we define p, = ker(ay,) as the parabolic direction at ¢;. This
operation corresponds to the birational transformation of ruled surfaces P(E) --» P(E’) obtained
by blowing-up the points p; € P(E},) and then blowing-down the strict transforms of the fibers
P(E},) to the points p; € P(Ey ), i € I. This is well-defined since the p; lie on different fibers.

Since |I| is even, we can fix a square root Ly of the line bundle Oc (3, t:), i.e.

L3 = 0O¢ (Z ti> :

i€l

iel
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[ | | L
FIGURE 1. Elementary transformation

This gives a correspondence
elm;: (E,p) — (E' ® Lo, p’)
between quasi-parabolic vector bundles on (C, D) which have O¢(ws) as determinant line bundle.
The reader can check that if (F, p) is semistable with respect to p, then elm; (E, p) is semistable
with respect to ¢r(p). We conclude that the correspondence elm; defines an isomorphism between
moduli spaces
elm;: Bunj, — Bunﬁl(“) .

oo

Definition 2.2. Given I C {1,...,n} of even cardinality, let u € €;. We will denote
Bun! = Bunj, .

When I is the empty set, we write simply Bun instead of Bunwg it corresponds to the moduli space
of parabolic vector bundles whose underlying vector bundle is Fj.

Remark 2.3. From Proposition 2.1, we conclude that Bun’ ~ (P!)" for any I C {1,...,n} of even
cardinality.

A quasi-parabolic vector bundle (E, p) is called decomposable if there exist (L, p’) and (M, p”)
such that (E,p) ~ (L,p’) @ (M,p”) as quasi-parabolic vector bundles. Otherwise it is called
indecomposable. Note that (E,p) can be indecomposable with F decomposable as a vector bundle.

Lemma 2.4. Let (E,p) be a rank two indecomposable quasi-parabolic bundle, over (C,D), with
det E = O¢(weo). Then one of the following holds:
(1) E is indecomposable, i.e. E = Ey;
(2) E=L® L Y(ws) and 2 < 2deg L < n;
(3) E = L ® L Y(ws) with L? = Oc(D + wes), hence 2deg L = n + 1. Moreover, every
parabolic direction lies on L™ (ws,) except for one that lies outside both subbundles.

Proof. When E = E; we have nothing to prove. So suppose that E = L & L™ !(ws). Since
L® L Yws) =~ M® M Y ws) with M = L™ (ws,) we can assume deg L = s > 1.

To decompose (E,p) we need to find an embedding of L™ (w.) in E passing through every
direction that does not lie on L. Note that this is the same as finding an automorphism of E that
sends every direction outside L to (0 : 1). Let p; = (u; : 1) denote the parabolic direction over t;
which is outside L. Recall that

End(E) = {(g g) losec, per(c, L?(_ww))} .
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If 25 > n+ 2 then h?(L?(—woo — D 4+ tj)) = 2s —n > 2 and we are free to choose 3; that vanishes
on t; for ¢ # j and such that 3;(t;) = —u;. Thus, choosing g = Z?Zl Bj, a« =1and 0 = 1, the
corresponding automorphism sends any direction p; outside L to (0 : 1).

Now set 2s = n + 1. By the same argument as above, to show that (F,p) is decomposable,
we need to find a section 3; of H°(C, L?(—ws)) that vanishes on ¢; for ¢ # j and such that
B;(t;) = —uy, for each j € {1,...,n}. We can find §; as required if L?(—ws — D) # Oc. Indeed,
assume L2(—we — D + ;) ~ Oc(x;) with x; # t;, and take any section «; of L?(—weo — D +t;)
with «;(t;) # 0. The desired section is defined as f; = f%aj. Hence (E,p) is decomposable
when L?(—ws — D) # O¢c.

If L? = Oc(D + ws) we can apply the same argument for D — ¢; instead of D to find an
embedding of L™} (ws,) passing through n— 1 parabolic directions outside L. In particular, if (E, p)
is indecomposable then there exists no parabolic direction on L and this finishes the proof. O

Remark 2.5. The parabolic bundles in the third case of Lemma 2.4 have a peculiar property:
they are never p-semistable, whatever is . Indeed, for E = L ® L™ (ws,) with 2deg L = n + 1, no
parabolic direction lying on L, and any weight p, we have

Staby (L) = —n+ > p; <0.
j=1

We can give a partial converse to this fact. Note that if £ = E; then any quasi-parabolic bundle
is stable for p € €.

Lemma 2.6. Let (E,p) be an indecomposable quasi-parabolic bundle such that E = L ® L™ (weso)
and p; lies outside L, for every j. If 2 < 2degL < n then there exists I C {1,...,n}, with
|I| = 2deg L, such that (E,p) € Bun’.

Proof. Given that every direction p; lies outside L, we may find an embedding of L™!(ws) that
passes through some of these directions. Any subset of directions with cardinality 2 deg L — 1 admits
at most one embedding of L™!(w) passing through them. Since (E,p) is indecomposable, such
embedding cannot pass through all p;. In particular, we can find k € {2deg L,...,n} such that no
embedding of L™ (ws) passes trough the directions indexed by I = {1,...,2degL — 1,k}. It is
straightforward to verify that (E,p) € Bun'. O

Until now we have only considered a rank two E and its line subbundles . C E. But a more
general setting will be suitable for the next results; we may allow subsheaves that are not saturated.
We will consider general morphisms L — E that do not, necessarily, lead to an embedding of L
in E. Recall that, over a curve, being a subbundle means that there exist an injective morphism
L — FE whose cokernel is also a line bundle, i.e. L is a saturated subsheaf of E. For a general
morphism ¢: L — FE this does not need to be true. However, we can factor out a divisor Z where ¢
vanishes, leading to an injective morphism L(Z) — E. For details, see [9, Chapter 2, Proposition
5]. On the other hand, given a subbundle L C E we can produce a morphism L(—Z) — E that
vanishes on the fibers over the support of Z.

Given a morphism ¢: L — E we say that its image passes through p; C Ey; if ¢4, (L¢;) C pj.

Lemma 2.7. Let I C {1,...,n} have cardinality 2k + 2 with k > 0 and fix u € €. Then (Eq,p)
is not p-semistable if and only if there exists a line bundle L of degree deg L = —k and a morphism
L — FEy whose image passes through p; for all j € I.
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Proof. Fix u = (p1, -+ ,n) € €r. First recall that u = pr(p’) for some p' € €. Then (Ey,p) is
not u-semistable if there exists a subbundle L C F; such that

Stab, (L) =1—2deg L+ Y £p; =1—2degL + [I| = 2|A[ + Y &p} <0

where A C I is the set of j € I such that p; lie on L. Since pi' € € we have | ) +p| < 1. Then we
need

1—2degL+|I|—2]4| < -1.
Let k > 0 be defined by |I| = 2k + 2 and define w = deg L + k. Then we rewrite the inequality as
2k +2 <wu+|A|. From A C I and deg L < 0 we have that 0 < u < k.

Next we will produce a degree —k line bundle and a morphism to E; such that its image passes
through every direction p§ with j € I. If u =0, i.e. degL = —k, then A = I and we are done. If
u > 0 or equivalently deg L > —k, the argument is more involved.

Fix J C A such that [J| = 2k+2—wandlet Z =3, ;t;. Considering the inclusions L < E;
and O¢(—Z) < O¢ we define a map by the composition

¢: L®Oc(~Z) — E\(—Z) — Ey,

with the property that it gives the same directions over D — Z and vanishes over Z. Hence the
image of ¢ passes through every direction from I.

Conversely, suppose that there exists a degree —k line bundle L and a nontrivial morphism
¢: L — FE; passing through every p;, j € I. Let Z be the zero divisor of ¢ and consider the
reduction ¢': L(Z) — E;. As ¢’ is injective, L(Z) is a subbundle of E;. Hence it has non-positive
degree, i.e. degZ < k. On the other hand, we have that p; lie on L(Z) for every j such that
t; & SuppZ. If A is given as above, we have |A| > 2k + 2 — deg Z,cq4, hence

1—2deg L(Z) + |I| — 2|A] < =1+ 2(deg Zyeq —deg Z) < —1
This completes the proof. O

We now see the real advantage of switching to this slightly more general setting. The previ-
ous lemma describes a wall-crossing phenomenon. And the next lemma can be used to describe
geometrically the space of quasi-parabolic bundles that become unstable when we cross a wall.

Lemma 2.8. Let n =2k +2 for some k > 0. Let V C (P1)" be the locus of points that correspond
to quasi-parabolic bundles (E1,p) satisfying the following property: there exist a line bundle L of

degree —k and a morphism ¢: L — E; whose image passes through p. Then V is a hypersurface
of degree (2,...,2).

Proof. Let m;: (P*)™ — (P*)"~! be the projection given by forgetting the jth component and let
h; be the class of a fiber of m;. Then we only need to show that V N h; = 2 for every j. Up to
permuting indices we only need to consider j = 2k + 2.

If kK = 0 the result follows from [27, Proposition 3.3]. Indeed, for each degree 0 line bundle
L € Pic’(C) there exists a unique map ¢: L — F; and the map L — ¢, (L) € P' is generically 2 : 1.
Then, for a generic direction p;, there exist two choices for L € Pic’(C) such that ¢4, (L) C py.
Therefore, (p1,p2) € V if and only if py one of the directions defined by these line bundles, i.e.
VNhy=2.

Now we consider k > 1. We will show that we can reduce to the previous case. Fix p1,...,pox
generic directions. By generic we mean that there exists no subbundle of degree at least 1—k passing
through these directions. Let L € Pic™*(C) be any line bundle. To give a map ¢: L — E; passing
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through py,...,pok is equivalent to giving a map L — E’, where E’ is obtained by elementary
transformation with respect to p1,...,por. Indeed, we have

2%
0—> El i) El i) @(El)tj/pj — 0
j=1
and 8o ¢ = 0 if and only if there exists ¢': L — E’ such that ¢ = « o ¢’. Nonetheless, this is
equivalent to giving a map
d@1:LeoM-—E oM
where M is a line bundle such that M2 = O¢(t; + - -+ + tar).

Since py, ..., por are generic, E’ is indecomposable. In particular, £/ ® M = E;. We then apply
the same argument of the case k = 0 to the directions poj41 and poy to show that VNhop o =2. O

Definition 2.9. Let n > 2 be an integer and let I C {1,...,n} be a subset of even cardinality. We
will denote by I'; C (P!)™ the subvariety that parameterizes quasi-parabolic bundles (E;,p) that
are not p-semistable for u € €.

Corollary 2.10. The subvariety It C (PY)" is an hypersurface of degree (dy,...,d,), where d; = 2
ifi € I and d; = 0 otherwise.

Proof. Note that the formation of I'; depends only on the directions indexed by I. Then it will be
a product T'; ~ V x (P1)"»~l. Therefore, we may reduce to the case I'; = V, i.e. |I| = n and the
conclusion follows from Lemma 2.7 and Lemma 2.8. (|

Remark 2.11. A quasi-parabolic bundle (E;,p) is not p-semistable for p € €; if and only if
elm;(Fy,p) = (E,p’) is not p'-semistable for u' = ¢r(u) € €. The later occurs if and only if F
splits. Therefore I'; corresponds, via elm;, to the locus in Bun’ of those quasi-parabolic bundles
whose underlying vector bundles split.

3. LOGARITHMIC CONNECTIONS

A logarithmic connection on a rank two vector bundle E over C' with polar divisor D = t1+- - -+t,

is a C-linear map
V:E— E®QL(D)
satisfying the Leibniz rule
V(fs)=s@df + fV(s)

for (local) sections s of E and f of O¢. If t € C'is a pole for V and U C C is a small trivializing
neighborhood of ¢, we write V|y = d + A where d: O¢ — Qlc is the exterior derivative and A is

a 2 X 2 matrix whose coefficients are 1-forms with at most simple poles on t. Note that A depends
on the trivialization, but its similarity class does not. Then the residue endomorphism

Rest (V) := Resi(A) € End(E})
is well defined. Let v;" and v, be the eigenvalues of Res;, (V). The data
v=_(vi,v,.,v,v)€C”

are called the eigenvalues of V. The induced trace connection

tr(V): det(E) — det(E) ® Q&(D)
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satisfies Res;, (tr(V)) = v;f 4+ v, and Residue Theorem yields the Fuchs relation:

n

deg]&?~¢—z:(1/,:r + v, ) =0.
k=1

Remark 3.1. Hereafter we will fix the following data:

(1) A 2n-tuple of complex numbers v = (v}", vy, ..., ;7 , v;) satisfying the Fuchs relation

14> (i +v) =0
k=1

and the generic condition: vi* + --- +vi» ¢ Z for any €, € {+,—}, to avoid reducible
connections; and V]:'_ # v, for all k € {1,...,n}, so that the residues have distinguished
eigenspaces;

(2) A fixed trace connection ¢: Oc(wao) = Oc(weo) ® QG (D) satisfying

Restk(<) :Vlj—’—yl;
forall k =1,...,n.

Then we define the moduli space:

Con’ — {(E, v) V has eigenvalue v, } /

det B = Oc (W), trV = (¢

where ~ stands for S-equivalence. In fact, the condition (1) on v implies that ~ may be thought
as equivalence up to isomorphism.

Algebraic constructions of moduli spaces of connections goes back to the works of Simpson and,
in the logarithmic case, Nitsure in [23]. In our setting, it is more convenient to refer to the works of
Inaba, Iwasaki and Saito [13], and more precisely Inaba [12]. Indeed, under our generic assumption
on v, each connection V on E defines a unique parabolic structure, by selecting the eigenspace
pr C E|i, associated to u,j at each pole ty; therefore, €on” can equivalently be viewed as the
moduli space of parabolic connections as considered in the work [12] of Inaba. Then it follows
from [12, Theorem 2.1, Proposition 5.2] that it is quasi-projective and irreducible of dimension 2n.
Moreover, [12, Theorem 2.2] shows that it is moreover smooth. In fact, in order to fit with the
stability condition [12, Definition 2.2], we set agk) = 1_% and a;k) = H%; our moduli space
therefore corresponds to the fiber de‘fl(L7 () of the determinant map considered at the beginning
of [12, Section 5]. When 1/,;F = v, for some k, there exist connections with scalar residue (apparent
singular point) which give rise to a singular locus in the moduli space; the role of the parabolic
structure in [12] is to get a smooth moduli space even in that case.

Then the moduli space €on” is a smooth irreducible quasi-projective variety of dimension 2n,
provided that the condition (1) on v is satisfied. The case n = 1 is not covered by [12], but it
follows from [19]; we will discuss this case at the end of this section.

In the study of €on", it is useful to consider the quasi-parabolic bundles underlying a connection.
Let us assume v; # v, for all k € {1,...,n}. Given a connection (E, V), we associate, for each
k=1,...,n, a pair of “positive” and “negative” eigenspaces of Res;, (V)

p};(v)ap; (V) € P(Etk)

corresponding to the eigenvalues 1/2' and v, respectively.
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Given an n-tuple € = (e, - , €,), where each ¢; € {+,—}, we denote
P (V) ={p" (V). .o (V)}
and consider (E, p¢(V)) the quasi-parabolic vector bundle defined by these directions.

Remark 3.2. The hypothesis that v{* + --- 4+ vi» ¢ Z, for every a € {+.—}", ensures that
(E,p(V)) is an indecomposable quasi-parabolic bundle. Indeed, if (L, p) is rank one direct sum-
mand of (E,p¢(V)) then the residues of the induced connection on L are either v or v, ; their

j
sum is —deg L, see [8, Corollary 2.3].

One can then ask for the stability of these quasi-parabolic bundles with respect to some weight.

We define
¢ —{(E.V 3 +, =" 371 c{l,...
ong, {( , V) € Con” ¢ {+ —}" and {1, ’n}}

such that (E,p(V)) € Bun’

Recall that |I| is always assumed to be even. It follows that
Con” = Conl, U Z,

where Z,, denotes the complement of €on%,. Our aim in the next subsections is to describe these
varieties. We will show that Con}, can be covered by simple open subsets and that Z, falls in two
cases: either n is even and Z,, = () or n is odd and Z,, has four connected components, each one is
a quotient of C"*! by a free affine action of the additive group (C, +), hence isomorphic to C™.

3.1. Connections on F;. Our main building block in the description of Con, is the space defined
by
Con” = {(E,V) e Con” | E=E}.

Note that every underlying quasi-parabolic bundle lies in Bun = Bunm7 see Proposition 2.1 and
Definition 2.2. The same proposition shows that Bun =~ (P*)". We will see that Con"” has a similar
description.

Let A C P! x P! be the diagonal and let S := (P! x P1)\A be its complement. Then we define
a map

Par: Con” S .
(B, V) —— (p7 (V),p1 (V)5 505 (V), 0, (V)

This map is in fact an isomorphism.
Theorem 3.3. The map Par: Con” — S™ is an isomorphism.

We will postpone the proof of this theorem to Section 4, right after Proposition 4.2. Now we can
prove a direct consequence.

Corollary 3.4. Con"” is an affine variety.

Proof. Since the diagonal A C P! x P! supports an ample divisor, its complement, S, is affine.
Therefore Con” ~ S™ is also affine. O

In the next subsection we will see that S™ is a local model for €on?,.
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3.2. Description of €on’,. From the definition, €on?, is the space of (isomorphism classes of)
connections (E,V) for which there exist I C {1,...,n}, with |I| even, and € € {—, +}" such that
(E,p¢(V)) € Bun’, i.e. (E,p¢(V)) is p-stable for any pu € €;. For each I and ¢ we define

Con . := {(E,V) € €on” | (E,p*(V)) € Bun'},
hence we get a decomposition
(3.1) Cony, = U Conf ..
I,e
Note that Cong . = Con” for any e. Next we will see that, for generic v, each Conj . is isomorphic

to S™. More precisely, we will prove that Com?,6 is isomorphic to Con?*, for some eigenvalue A to
be determined. Consider

me: Cony . — Bun’
the forgetful morphism.

Proposition 3.5. The map elm; induces a fiber-preserving isomorphism ®5:
@6
Conf . —ZL 5 Con®

| ye

elm
Bun! ——~% Bun

for A= (AT, AT, AL A defined as follows. If k € I then A} =vi7 and A\, = v, , and if k € I
then 1

1
)\i"' =vF — =, and \}} = ng + 5

27
where {0k, e} = {4+, —}.

Proof. Given (E,V) € Conj, we will perform an elementary transformation centered in p¢(V).

Recall that elm; sends (E,p¢(V)) to (E’ ® L, p’) where E’ is obtained from the exact sequence

0— E -5 E— @ (B, /p (V) — 0,
icl
and L is a square root O¢ (ZZG I ti). The pullback connection a*(V) has the following property,
which can be verified in local coordinates. For k ¢ I, the eigenvalue at tj, are the same {v;", v, }.
For k € I, the eigenvalues are
vk +1,v5%)

and ker(ay, ) corresponds to vp* + 1.

Now let £: L — L ® Q5(D) be the rank one connection defined as follows. Let {U;} be a
trivializing cover for £, E" and L and let {G;}, {G};} and {h;;} be the respective cocycles. Assume
further that det Gi; = h; det Gj; for every pair (i,7). Then

3
where «; is the local expression for a. Note that tr(a*(V) ® ) = tr(V) and

L rer
Resy, & = 3 € 1
0, k&l

1
v, =d— itr (ofldai) ,

K3
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The map @9 is then defined as
*7(E,V) = (E'@ L,a"(V) ® ).

Since it can be reversed by the same process, we have the isomorphism. Moreover, the diagram in
the statement commutes from the construction of ®5. g

To give an isomorphism Con?)6 ~ S™ we just need to require that A\ satisfies the hypothesis of
Theorem 3.3, i.e. )\Z- # A, and in Remark 3.1.

Corollary 3.6. If, for every k = 1,...,n, 1/,;Ir — v, ¢ {0,1,-1} then, for every I C {1,...,n},
with |I| even, and every € € {+,—}",

v . Qn
Cony >~ 5"

Proof. For k & I we have )\z—)\_ ZV;—Z/; and for k € I we have )\z—)\_ :u,;—yljil. The
result follows from Proposition 3.5 and Theorem 3.3 once we have v;" — v, ¢ {0,1,—1}. O

Hereafter we will also assume that 1/];|r — v, ¢ {0,1,—-1} for every k = 1,...,n. We will also
denote by . the projection m.: S™ — (P!)" that makes the following diagram commute

Cony , —— S"

| yf

Bun! ——— (PY)»

and we define fLe = w;l(I‘I), where I'; is the hypersurface from Definition 2.9.

Proposition 3.7. Let I,J C {1,...,n} with even cardinalities and fiz e € {+,—}". Then
Con?)6 \ Conz,6 ~ Conj6 \ Conf6 ~ f[AJ,E

where INJ = (I U J)\ (I NJ) is their symmetric difference.

Proof. Note that [IAJ]| is even and elmy o elmy = elmya 5; hence ®§ gives an isomorphism

Cony . \ Con}, =~ Con™\ Con’I\ALG.

An element of Con™\ Conja J. s a connection whose underlying quasi-parabolic bundle (Ey, p*(V))
is stable for the weights 1 € € but its image under elmja ; is unstable or, equivalently, it is p-stable
but ¢ras(p)-unstable. Therefore, using Theorem 3.3 and Remark 2.11 we get

Par(Con* \Conf‘AJye) = fIAJ,e-

O
Theorem 3.8. Assume and v{* +---+vir & Z, for any ay, € {+,—}, and that v;\ —v, ¢ {0,1,—1}
forke{l,--- ,n}. Then €on’, is obtained by gluing a finite number of copies of S™ via birational
maps

)
\IIJEI S™--» ST,

Moreover, if e = 6, then \I/iel preserves the fibers of m..
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Proof. Since €on;, = Uy Conf , (3.1), we may give local charts Par o ®7: Con7 . — S™. Note that

Conj . N Conl ;5 is Zariski open. Then the maps \IlfS,EI are defined by extending the transition maps.
They fit in the following diagram.

- ~4
@5 oy
sr LA cop L Con7, D Conj NConY,; C Conly Ly Con”

NN B

(PH)n Bun Bun’ Bun’/ Bun (PH)n

If 6 = € then we can complete the diagram. By abuse of notation, we may write
Bun’/ = Bun’ N Bun’/

the space parabolic bundles in Bun’ that are also p-stable for 4 € €5 and vice-versa. Thus we get
a birational map Bun! --» Bun’ extending the identity on Bun!”. Hence we get

O

3.3. Connections with unstable parabolic bundles. Now we describe the space Z, of (iso-
morphism classes of) connections such that every underlying parabolic bundle is not semistable.
We will show that it falls in two cases:

(1) If n is even then Z,, = {;

(2) If n is odd then Z, has four connected components, each isomorphic to C™.

Note that in the last case dim Z,, = n. Let us make our first reduction.

Lemma 3.9. If n is even then Z, is empty and if n is odd then
(3.2) Z,={(E,V)e€m” | E=L& L *(ws) with L* = Oc(D + ws)}-

Proof. Suppose that Z,, # 0 and let (E,V) € Z,. We will show that E = L & L™ (ws) with
L? = O¢(D 4 ws). In particular, n must be odd.

We know that (E,p¢(V)) is indecomposable for any ¢, see Remark 3.2. Then we may apply
Lemma 2.4. We cannot have E = FEj since it would imply (E1, V) € Con”; hence E = L& L™ (wy).
In this case, we may take € such that pi*(V) ¢ Ly, for every k = 1,...,n. Note that, by Lemma
2.6, the case 2deg L < n is not possible. Therefore Lemma 2.4 implies that L? = Oc (D + weo).

Conversely, any connection on L @ L™ (w), with L? = O¢(D + wy, ), represents a point in Z,,
see Remark 2.5. ]

Next we will describe the connections in Z,. In order to do so, we compute the logarithmic Atiyah
class ¢4 € End(E)Y whose vanishing establishes the existence of a connection with prescribed
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+ + +
p p p
2 3 n L_l(woo)
lbpl_ opg
lbp'l" ¢ 2 o { Jom
L
ty to t3 e tn

FIGURE 2. Possible configuration of directions for (E,V) € Z,.

residues, see [3]. Let T € End(E) then ¢4 is defined by
n
¢p(T) = ¢p(T) + > _tr (A;T(t;))
j=1

where A; is the residue endomorphism over ¢; and ¢} is the classical Atiyah class, see [2]. In our

case,
A= (woa (v 0N (b e
J Vj bj 0 Vj_ —Vy5 Uj

where u;b; —a;v; = 1. Here we may take local coordinates around each ¢; such that L and L™ (wso)
correspond to (1 :0) and (0 : 1), respectively.

Note that any direction p;* (V) lies outside L, otherwise there would exist a choice of parabolic
directions p¢(V) such that (F, p¢(V)) is decomposable and this would force a relation on eigenvalues
v. Indeed, we can find an embedding of L~!(ws,) passing through n — 1 directions away from L.
Then we suppose, without loss of generality, that our directions are as in the Figure 2. In particular
(uj,v;) =(0,1) and a; = —1 for j > 2, and u1v1 # 0. Up to applying a diagonal automorphism of
E we suppose that u; = vy = 1, i.e. pf (V) = (1:1).

Note that End(E) is generated (as a vector space) by the identity, nilpotent endomorphisms and
the projection to L. For the identity, ¢4 (1) gives the Fuchs relation that we already know is valid.
Let 8 € HY(C, L?(—wy)) and define

P =ot((3 o)) =msew )+ S b0 7).

For j > 2 let 8; € HY(C, L*(—ws)) with the following property: B;(tx) = 0 if k # 1,j and
B;(t;) = 1. These sections are unique. In particular, 5;(¢1) # 0 and we have

P(B;) = b1Bj(t1) (v —vi ) + b (v —vi)

Note that the image of evaluation map HO(C,L?(—w.)) — C", B8 — (B(t1),...,B(tn)), has
dimension (n — 1); hence the images of the J; define basis. Therefore P(8) = 0 for every
B € HY(C, L*(—ws)) if and only if P(8;) =0 for j > 2, i.e. the v; direction is

(=1:0j) = (v —v; s baB(t) () —vy))
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For the projection to L we have

10 - _ n+1
¢§<(0 0)) zdegL+Zujbjyj-+—ajvjyj =b (v —vy)

J=1

||M:

This implies that the directions over ¢; are pf (V) = (1: 1) and

n

_ n+1 n—|—
p (V) =(b1—1:b1) = —I—ZV —|—1/+. Z
j>2 j=1

Therefore the residues are completely independent of the isomorphism class of (E,V), i.e. the
residues of every connection in Z,, are, up to Aut(F), in the above configuration. Also note that
any two connections with these residues differ by an element of Hom(E, F ® 2¢) with vanishing
trace. From this discussion we can prove the following result.

Theorem 3.10. Let n be an odd integer. Then Z, has four connected components, each of them
being isomorphic to C™.

Proof. First note that there exist precisely four possibilities for the underlying vector bundle of a
connection in Z,,. Indeed, Lemma 3.9 shows that any such vector bundle is E = L& L™ (ws,) where
L is such that L? = O¢(D + we,). Twisting by 2-torsion line bundles yields four non-isomorphic
possibilities for L. Hence four non-isomorphic possibilities for E. Therefore Z, has four connected
components.

Fix one such F and denote ZZ the corresponding component of Z,,. Up to the action of Aut(E),
we can fix a configuration of directions as in Figure 2 so that we may only consider connections on F
that have this configuration. Note that since L? = O¢(D + w4, ) the stabilizer of such configuration
in Aut(FE) is a copy of the additive group (C, +) generated by

(b )

where 8 € HY(L?*(—w)) \ {0} vanishes on D. On the other hand, if we fix a connection Vo on
E, for any other connection V, the difference V — Vy € Hom(E, E ® §¢) is a holomorphic Higgs
field. Since V and Vy must have the same trace, this Higgs field is traceless. Thus we have an
isomorphism

2,7 — Higgsy(E)/(C,+)
V] ——— [V =V

where Higgs,(E) is the space of traceless Higgs fields. Note that Higgs,(FE) ~ C"*+1L.
We now explicitly describe the action of (C,+) on Higgs,(E). Locally, we can write

_ ap by (a1 b
Vo—d—|—<CO d0> andcp—(o al).

Then the action of ¢t € C is given by

B B\ [[0 tdB ao+a, bo+b\ (1 B a b\ _
o= )G V) w6 D)) d) -

_ (1 —2tﬁ) <%1 by ) N (—tcoﬁ t[(ao — do)B + dB] —t2c052>

O =

0 1 —ay 0 tco 8
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In particular, the action is given by affine transformations. Also note that ¢y = 0 would force an
integer relation vi' + --- 4+ v5* € Z which is not possible; hence the action is free. This concludes
the proof since the quotient of an affine free action of (C,+) on C**! must be isomorphic to C",

see [24, Corollary 7]. O

In addition, notice that given (E, V) representing a point in Z,, we may perform an elementary
transformation centered at n parabolic directions outside L (see (3.2)), then E can be transformed
into By ® L;, where L? = O¢ and Ej corresponds to the unique, up to isomorphism, nontrivial
extension

0— Oc — Ey — Oc — 0.
We conclude that any connection representing a point in Z, can be obtained from a connection over
an indecomposable vector bundle, with trivial determinant line bundle, by performing an elementary
transformation centered in n parabolic directions which lie in the unique maximal subbundle. Note
that there exist n directions to choose and dim Higgs,(Eo ® L;) = 1 giving dimension n + 1 for the
space of connections on Fy ® L;. Taking the quotient by the action of the automorphism group of
the corresponding vector bundle, we get dimension n.

3.4. The classical Painlevé case. Here it is worth to compare the case n = 1 with the Painlevé
case, i.e. those logarithmic connections over the 4-punctured Riemann sphere. We assume that
D = we and let (v, —v—1), v € C\Z, denote the eigenvalues. The moduli space €on” parametrizes
(E,V), where V is a logarithmic connection over C' with a single logarithmic pole over the point
Weo, 1.€. it is a Lamé connection. The whole moduli space writes

Con” = Con” LI Z;

where Con” ~ S is formed by (F, V) with E = F;. It follows from Theorem 3.10 that Z; is a union
of four irreducible curves isomorphic to C:

(3.3) Zi={(E,V) e’ | E=L& L (ws) with L = Oc(w;)}

for i € {0,1, A\, 00}, where w; are Weierstrass points.
We let Con® (PY,T), T = 0+ 1+ A+ oo, denote the moduli space of logarithmic connections over
the 4-punctured Riemann sphere (P!, T), with eigenvalue

1 1 1 v 1
0=+, 4+~ +—0F); 6T = -~ 67 =-0" -1
(4’ L4 ) 2 4

The determinant line bundle and the trace connection on it are fixed, i.e. we fix a rank one
connection ¢ on Opi (1) with residue —1 at oo and for any (F, V) € Con’(P',T) we have
(det E,trV) = (Op1(1), ().
The eigenvalue 6 is chosen so that we can construct a map
F: Con’ (P!, T) — Con”
which turns out to be an isomorphism (see [19]), and which we now describe. Given
(E,V) € Con’ (P, T)

we first take its pullback (7*E,7*V) via the 2-cover 7 : C'— P!, the underlying vector bundle has
determinant det(7*E) = O¢(2we). After 7* the eigenvalues are multiplied by 2 and by performing
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an elementary transformation elemg 1 » over the parabolic points 0, 1, A € P!, centered on directions
corresponding to eigenvalues 1/2, we get

(E/, V’) = €1m071)>\(7T*E, W*V)

with det B/ = O¢(—we ), recall that wg + wy + wy ~ 3we. The transformed connection V' has
apparent singularities over 0, 1, A, thus they disappear after twist by a suitable rank one connection
¢o on O¢(wes). More precisely, we may fix (o with residues

1 1 1 1
Ty ™
over 0,1, A and oo to get
F(E,V):=(E'\V') & (Oc(wa), o) € Con”.

We now describe the preimage of Z; via F. For any (E,V) € Con® (P, T) the underlying vector
bundle is always E = Op1 & Op1 (1), see [19]. Given two parabolic directions outside Op1(1), we can
choose an embedding of Op1 — E passing through them, and there is at most one direction lying
in Op:1(1). For each i € {0,1,\} we let p; (V) denote the parabolic direction with respect to the
eigenvalue 1/2, we define

AT ={(E,V) € Con’(P1,T) | p (V) € Op (1)}
and let A% be the locus of (E,V) € Con’(P', T) such that there is an embedding of Op1 passing
through the three directions pg (V),pf (V),pl (V).
Claim 1. We claim that F sends A® to Zi.

Let us assume i = 0, other cases are similar. Pulling back (F, V) € A° to the elliptic curve we
get
(m*E,7*V) = (O¢c ® Oc(2we), 7*V)
with one parabolic direction pg (7*V) lying in Oc (2w ). We may assume that O¢ pass through
pi (V) and pi (V), thus after elementary transformation elemg 1 \ we get

(B, V') = (Oc(~wo) & Oc(2wee — w1 — wy), V')
and twisting by (O¢(wes), o) We obtain
F(E,V) = (E,V' ® ()
where E ~ L ® L™ (wy), with L = Og(wp). Consequently, F(E,V) € Z9. This proves the claim.

4. FUCHSIAN SYSTEMS WITH n + 1 POLES

Given (F1,V) € Con”, we can associate a slp-connection on the trivial bundle O¢ ® O¢ by
performing an elementary transformation for a particular choice of directions over the 2-torsion
points wg, wi and wy. We begin the section establishing this correspondence. The process cre-
ates new singularities which are apparent, i.e. they become regular points after one elementary
transformation.

We have that ¢t € C is an apparent singular point for V if the residual part Res;V has {%, —%} as
eigenvalues and the %—eigenspace of Res;V is also invariant by the constant part of the connection
matrix.
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Recall that D' = wy + w1 + wy + D is also reduced, see Remark 1.1. Let (vq,...,1,) € (C*)™

and fix an eigenvalue o by setting (%,—%) over wg, wy and wy, and (%], —%7) overt;, j=1,...,n,
i.e.

1 11 11 1 n n
(41) 0= 77_7a75_777a_7aﬂa_ﬂ7"'7ia_i .

27 2727 2727 272 2 2 2

We denote by Syst? (C, D’) the moduli space of Fuchsian systems (i.e. logarithmic sls-connections
on the trivial bundle O¢ @ O¢) having pole divisor D', eigenvalue 6 and such that:

e the three singular points wg,w; and w) are apparent;
e over wy, wy and wy the corresponding 3-eigenspaces are (1:0), (1:1) and (0 : 1) respec-
tively.

OC(wO - woo)

= < Oc (w1 — Weo)

— 1 —— Oc(wx — W)

~
~

.~ OC

wo w1y wx

FIGURE 3. Sections of P(F;)

Proposition 4.1. There is an isomorphism of moduli spaces
Con” = Syst?(C, D")

ot - -
where vj =v; —v; forj=1,....n.

Proof. Let (F1,V) € Con”. First note that the intersection configuration in Figure 3 tells us that,
after the elementary transformation, Oc(wy — W), Oc (W1 — Weo ), Oc(wy — weo) C Ey become
three disjoint copies of O¢(—we). Hence the elementary transformed of (Eq,V) is (E, V') where
E = Oc(—ws) @ Oc(—ws) and the eigenvalues of V' are the same as V at the ¢, k =1,...,n,
and the eigenvalues at wo, w; and wy are equal to (1,0). Consider the connection (O¢(we ), §) such
that

V]j +vy,

1
Resy & = Resy,§ = Resy, & = —5 and Res;, & =— 5

It exists since Y p_, 1/2' + v, = —1 by Fuchs relation. Therefore
(E1,V) — (Oc @ O, V' ® £) € Syst? (C, D)

is our desired isomorphism. |

Consider the space Bung of parabolic bundles (E,p) over (C,D’) such that E is the trivial
bundle, the parabolic directions over wg,w; and wy are (1 : 0), (1 : 1) and (0 : 1), respectively,
and we let the parabolic directions over D = t; + --- + t,, vary. We have a natural identification
Buny = (P!)" where each copy of P! parametrizes parabolic directions over ;.
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The elementary transformation used in the proof yields an alternative proof for the isomorphism
Bun =~ (P!)" in Proposition 2.1. Indeed, (E;,p) corresponds to (Oc @& O¢,p’) and, up to auto-
morphism, we can fix the directions over wg,w; and w) so that it defines an element of Bung; in
particular, this gives us the identification

(4.2) Bun ~ Bung .

4.1. The affine bundle of Fuchsian systems. The moduli space Syst? (C, D’) is an affine bundle
of rank n over Bung. We will describe its trivializations over the Zariski open sets

U0:H{(zj:wj)€Pl|wj:1} and Ux H{ wj) €PNz =1},
j=1

and then give the affine transition map.

In order to make explicit computations, we will consider that C is given by the affine equation
y? =x(x — 1)(x — \), with A € C\ {0,1}, and w, € C will be the point at infinity. In particular,
the torsion points are wy = (0,0), wy = (1,0) and wy = (A,0). To begin with, let us fix a basis
of meromorphic one-forms with at most simple poles on D’. Consider the holomorphic one-form

_ dx _ dy
W= 5y = S and define

Mw’ b1 = 7_10_, and 6; =

b0 = W,
Y Y Y — Yjx

where t; = (x;,y;). These n+3 one-forms give us the desired basis, and their residues (and constant
term at w;) are given as follows in terms of local coordinate y:

e at wp, we have z = O(y?), and:

dy dy

w=-+0(y), do = O(y), P *ZﬂLO() Gj:—?—gjderO(y);
e at wy, we have x = 1 + O(y?), and:
d d xi(xr; — A
w=2sow) sw=2iow. w=om. ="M o)
1-X Y Yj
e at wy, we have z = A + O(y?), and:
__ % __dy __dy __mi(r;—1) .

e at t;, the 1-forms are holomorphic except for ; which has a simple pole with Res;, 0; = 1.

Therefore, any Fuchsian system V € Syst? (C, D) can be written as

ap b by az by ~(a; B )
V=d i Pig,
+ (Co ) ¢o + <Cl —a1> o1+ <02 —a2> w+ Z (%’ —ay) ¥

Jj=1
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and, as we impose apparent singularities at wg, wy; and w)y, we get

aOZ—ZOéj, bo
j=1
alzé—i-Zaj, blz—%—Zaj, Cl:ZVJ’

n

I
N |
_|_
o}
bt
o
o
I
DO =
o}
o~

j=1 j=1
n n n
Yi |20, + 57 B; Yi Yi
= - - — by = —=—8, = 2.
” Z { -1 +$a EPY A Z(ﬂfj*/\)ﬁj’ e
Jj=1 Jj=1 Jj=1
In particular, V is completely determined by the residues
Res;. (V) = (aj B ) .
! VT
Proposition 4.2. Ifv; #0 for j =1,...,n then the map Par: Syst” (C, D’) — S™ that associates
to V the eigenspaces of Resy,(V), j = 1,...,n, is an isomorphism.

Proof. We know that V is determined by Res;;(V), j = 1,...,n. On the other hand,

vj
a; B\ 1 z ow) (7o 0 (v —u
Y; Ty ZU —wu \W v 0 _% —w z
where (z : w) and (u : v) are the eigenspaces associated to % and —%, respectively. Note that
S =P! x P\ {zv — wu = 0}, hence the isomorphism is clear. O

As a consequence we can prove Theorem 3.3.

Proof of Theorem 3.3 . Now it is immediate to see that Proposition 4.1 and Proposition 4.2 com-
bined give an isomorphism by the composition
Con” — Syst?(C,D") — S™.
O
4.1.1. Trivialization over Uy. Given z = (zl, ...y 2n) € Uy we define Vg as the connection which

has (z; : 1) as eigenspaces corresponding to = and has (1 : 0) as eigenspaces corresponding to —%-.
It can be written as

woma (i L) (B ) (3 ez (V)

ith
" Ly 1 Ly 1 nyv
j j
=\ bo— - - N 22 z Yi
a0 ;2 "T 2T By Z::Q
1 " v 1 " v
a1 = 5 — Ej b1:—§—‘rz§j




22 T. FASSARELLA, F. LORAY AND A. MUNIZ
Now if V is any connection which has z as positive eigenspaces then the difference © = V — V,
is a Higgs field which is nilpotent with respect to z. This means that © is a strongly parabolic
Higgs field over (O¢ @ Oc¢,z). We shall fix a basis {09,---, 0%} for the space of strongly parabolic
Higgs fields such that
Res,, 00 = ( 4 )
45 1 —Zj

and 6? is regular elsewhere. So, we define

2
0 _ —Zj Zj Zj —Zj . Zj —Zj )
© (‘Zj Zj) Pt (1 —Zj) Pyt (1 Zj) %

where ) )
v [=(z=1? + L4 Zj _ Y%
2 Zj—l Zj wj—)\ xj—k
AJ = P 2
Yi _yi | =(z—1) Zj
X j 2 wjfl -

This matrix A; has been chosen to assure apparent singularities over wg,w; and wjy.
Any sly-connection (E, V) € Syst?(C, D’) having (z; : 1) as parabolic direction (over ¢;) corre-
sponding to %J can be written as
V =V +7,6]

for suitable r; € C. It has (z;7; — v; : r;) as the complementary direction corresponding to —%.

4.1.2. Trivialization over Us,. Similarly, we define V having (1 : w;) as eigenspaces corresponding
to "J and (0 : 1) as eigenspaces corresponding to —7

a b by v
voo:d+<cg 0)¢o+<61 )¢1+< B ) +Z 9(2% _1>9

j=1

with
n V; 1 j 1 n I/j
— 7 - _J - _ _ _J
@0 = Z 2 B Z 2 Y7 Z 2
j=1 Jj=1 Jj=1
1 ° v; vj i
a1:§+l o :—f—z 01:Zijj
j=1 j=1
vy [(L—w;) | w; Y
_ J wj _ Y5
QQ—Z 2 |: l‘j—l +.’L‘j:| 2 ijijj
J=1 j=1

And the strongly parabolic Higgs fields are defined by

o [ —Wj w;  —wW; - w;  —1 _
o= (5 D)o (3 )ormee (e

where )
g [Z0-wp)® vy ~y;
B'_ 2 |: ijl +wj +‘ij>\ (wa)\)
) vl [0t Wt
ZTj 2 :vjfl Zj Ij*)\

Given a Fuchsian system V € Syst?(C, D’) with (1 : w;) as parabolic direction (over ¢;) corre-
sponding to %, we can write
V= Voo + Sj @joo

for suitable s; € C. The complementary direction corresponding to —% is (s; : wjs; + v;).
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4.1.3. Transition matriz. From the trivializations on Uy and U,, we may compute a transition affine
transformation for the affine bundle Syst”(C, D’). Since Uy U Uy, covers the basis Bung ~ (P!)"
minus a subvariety of codimension two, then the bundle structure of Syst?(C, D’) is determined by
this affine transformation.

In order to make this affine transformation explicit we note that

1
o _ 200 (L
Gj_%@<%)

and
1y ap by ar b az by < v Lo
vo<w>_d+<80 —0>¢0+(0 —ay ¢1+ 0 a w+§:12 0 1 0J
j=
with
" vj 1 ~ vj 1 i vj
w=3 3 b=5-> % w=3+2.5
Jj=1 j=1 j=1
1 Ly 1 Ly
- _\N4 by — —= vi
“M=57 2.5 1=y +Z 2
j=1 j=1
11%%[11% 1 ] N~ Y Y
a9 = — bg = —
; 2wj .’17j -1 .%'j - A = (l‘j — )\) ’LUj
Hence
1 1 = of 1
(43) VOOZV() <w1,...,wn) +;I/j’wj'®j <wj> .
Over the intersection Uy N Uy we have
n
(317 ceey STL) — Voo(wlv s 7’U)n) + Z S]@_(])o(wj) =
j=1
1 1 = oo f 1

n

=Vol(z1,.. ., 2n) + Z (ijj + sjwf) @?(zj) =

j=1
=Vo(z1,...,2n) + ZTjG?(zj)
j=1

which gives us the transition affine transformation

1 wl e 0 S1 riwq
(4.4) Sl=r e |+

n Sn VnWn
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Note that if we choose new trivializations such that r; = %rj and s; = %sj7 this transition map
J J

becomes
/ 2 /
T wy ... O 51 p1w
2 IS EERE N N I
r! 0 w? s’
n e n n PnWn

Hence the affine bundles Con” — Bun are all isomorphic, not depending on v; this agrees with
Theorem 3.3. The transition map (4.4) can also be written as

A 1 0O ... O A

1 Vw1 w% ... 0 S1
(4.5) = -

Tn vpw, 0 ... w2 Sn

and can be thought, owing to (4.2), as the transition matrix of a vector bundle £ over Bun that
parameterizes logarithmic A-connections: triples (E1, A, V) where V: F1 — F1 ® Q¢ (D) and A € C
such that

V(fs) =As®df + fV(s),

see [26, Section 4]. If A # 0 then %V is an usual logarithmic connection and if A = 0 then V is a
Higgs field. We note that the complement of Uy U Uy, is a subvariety of codimension two, hence
the transition matrix given in (4.5) determines .

The projectivization of £ provides a compactification Con” for the moduli space Con”; in the
boundary we get the projectivized moduli space of Higgs fields

PHiggs ~ Con” \ Con”.
The inclusion PHiggs < P(£) comes from the natural extension
(4.6) 0 — T"Bun—&—0Opuyn — 0

where the first map is the inclusion of Higgs fields and the last is the projection (Eq, A\, V) — A.
We saw that £ does not depend on v. However, this extension, hence the inclusion PHiggs — P(&),
is determined by the exponents v.

Theorem 4.3. The moduli space Con” has compactification Con” = P(E), where the boundary
divisor is isomorphic to PHiggs, the projectivization of the space of Higgs fields on Ey. Moreover,
the inclusion PHiggs «— P(&) is determined, up to automorphisms of P(E), by (v1,...,Vn).

Proof. The inclusion ¢: PHiggs < P(€) comes from the projectivization of (4.6). We will show
that the isomorphism class of this extension is determined by (v4,...,v,). This is equivalent to
determining ¢, up to composing with an automorphism of P(£) as a P"-bundle over Bun. The proof
will follow by computing the extension class e” € H!(Bun,7*Bun), see [2, p. 185].

Over Uy, the map Oy, — £7, given by h — AV, defines a splitting; the same is true for Vo,
over Uy,. Therefore e¥ is represented, on Uy N Uy, by

= 1
Voo — VO = Zij]@? (w> 5
J

Jj=1
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see the equation in display (4.3). Any cohomologous cocycle must be

1 1 1
= n i

for some holomorphic functions a; and b;. In particular, the linear terms v;w; are left unchanged,
whence the extension is completely determined by (v1,...,vy). a

Returning to the affine bundle Con” I Bun, we have seen that it does not distinguish v.
However, if we consider Con” with the inherited symplectic structure from €on”, the picture is
different; this will be the topic of the next section. The trivializations in (4.4) will be important to
bring the symplectic form to the Darboux normal form.

5. SYMPLECTIC STRUCTURE

It follows from the work of Iwasaki [15] that moduli spaces of logarithmic connections on curves
carry a natural symplectic structure. In fact, there exists a 2-form defined on a larger moduli
space where the poles are allowed to move on C' inducing a Poisson structure whose kernel de-
fines the isomonodromic deformations, therefore a Hamiltonian system. Moreover, through the
Riemann-Hilbert correspondence, Iwasaki proved in [16] that this 2-form coincides with the sym-
plectic structure on moduli spaces of representations that originated through the works of Goldman.
In fact, Iwasaki considers moduli spaces of Sturm-Liouville operators rather than connections. In
order to define the symplectic structure globally on our moduli space, the approach of Arinkin in
[1] and Inaba-Iwasaki-Saito in [13] is more convenient. Let us briefly recall how the tangent space
and the symplectic structure are constructed there. Later we will give an explicit formula for the
2-form on an open set of our moduli space.

First we recall the following result from [11, Section 15].

Lemma 5.1. Assume that the connection (E,V) has a simple pole at t € C with eigenvalues
{vt,v7}, and let z: (C,t) — (C,0) be a local coordinate. Then there exists a local trivialization of
the vector bundle ®: E|c ) — (C,0) x C? such that ®,V is one of the following models:

vt 0 dx
o (g 0)E

or, in the resonant case {vt, v~} = {v,v+n}, n € Zxg

v x" dx
(5-2) d+ (O V+n) R
Moreover, in the resonant case v — v~ € Z, the model (5.2) is generic among the two, i.e. occurs
for an open set of the deformations of (E,V).

Consider a first order deformation (E., V.) of the (generic) connection (E,V) with the same
eigenvalues and same determinant/trace. Consider a covering {U;} of C such that the restriction
of V is either trivial, or can be normalized like in Lemma 5.1. Since the local models (5.1) with
vt — v~ €7, and (5.2) are stable under small deformations with fixed eigenvalues, we deduce that
there exist bundle isomorphisms

D, Ee|U7-, — E‘Uq-, such that ve|U,- = ((I),L)*V|U1
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Therefore, on U; NUj, the comparison ®;; = @, 1o ®; defines automorphisms of U;nU; preserving
the connection V\UmUj. Moreover, one can choose ®;, ®;, and therefore ®;;, preserving the deter-
minant/trace. One can check that {®;;} defines an element of H'(SL(E, V)), the sheaf of bundle
automorphisms preserving V and acting trivially on det(E).

Note that ®; = ®? + ¢®! where {®?} is a global automorphism of E that preserves V, i.e.
V = (®Y)*V. It follows that ®;; is cohomologous to id + €¢;; and we get an element {¢;;} of
H(sl(E,V)), the sheaf of trace-free endomorphisms preserving V. Therefore

T(p v)€on” ~ H' (sl(E, V)).

Observe that sl(F, V) is a subsheaf of sI(E, p) the sheaf of endomorphisms of the quasi-parabolic
bundle (E, p) with trace zero. Also note that V induces a natural (logarithmic) connection on the
vector bundle sl(E), namely V!: ¢ — Vo ¢ — ¢ o V. We then construct a complex of sheaves of
abelian groups

(5.3) 0 —sl(E,V) — sl(E,p) v, sI(B,p) ® QL(D)™ — 0

where the rightmost member corresponds to parabolic Higgs fields with nilpotent residues. The two
sheaves on the right correspond to FY and F! in [13, 12, 14, 18]. Note that V! is not Oc-linear
and sl(F,V) is not an O¢-module. Next we show that for a generic connection the deformation
complex (5.3) is indeed exact.

Lemma 5.2. For a generic connection (E,V) in the moduli space, the sequence in display (5.3) is
ezxact.

Proof. First note that the kernel of V! is precisely sl(E, V) and the leftmost map is the inclusion.
Thus we only need to show that V! is surjective, for a generic V. It will follow from a direct
computation with local models.

Outside the polar locus, (E, V) is locally trivial and the map V! may be written as

a b . da db
c —a dc —da

so that local surjectivity of V! at a regular point follows from local integration of holomorphic
1-forms. On the other hand, at a non resonant pole, i.e. v+ — v~ ¢ Z, the connection (E, V) is
locally like (5.1) and the map V! may be written as

a b\ ., da db+ (vt —v7 )bz
c —a de+ (v~ —vh)cdz —da

where ¢(0) = 0 (parabolic condition); for the local surjectivity, we just have to check that a matrix

of 1-forms
a pB
v -«

is in the image if and only if @ and v are holomorphic (parabolic and nilpotent condition), and
B has a simple pole, which is straightforward. Finally, consider a resonant pole of the form (5.2).
Then the map V! may be written as

(a b ) R (da—kcx"‘i; db — (nb+2ax”)”?>.
c

—a dc + nc"l?”’j —da — cx”%’”
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To prove the surjectivity in that case, we have to successively integrate

de + nc%
da + cx"df
db — (nb + 2az™) %
In the first equation, c(z) can be derived such that ¢(0) = 0 (parabolicity); therefore we can

integrate the second one and find a(z) up to a constant; finally, for a good choice of a(0), the last
equation admits a solution b(z). O

5
o
B

Hereafter we will assume that (E, p) is u-stable for some weight p and we will denote by B the
corresponding moduli space of parabolic bundles.

Note that (E,p) is simple, i.e. HO(sl(E,p)) = 0, then we get H'(sl(E,p) ® Q&(D)") = 0 by
Serre duality. The long exact sequence of cohomology of (5.3) gives

(5.4) 0 — H(sl(E,p) ® QL (D)™ — H(sl(E,V)) — H'(sl(E,p)) — 0

In the middle we get the tangent space to the moduli space of connections at (E,V). On the left-
hand side, we get the space of Higgs fields, which does not depend on V. And on the right-hand side
we have H!(sI(E, p)) that is the tangent space to B at (E,p). In particular, the image of {¢;;} in
H!(sl(E,p)), where we omit the connection and just keep track of the parabolic data, corresponds
to the underlying first order deformation of the parabolic bundle.

We can check that the map HO(sl(E,p) ® Q&(D)™) — H(s((E,V)) of (5.4) is the derivative
of the natural action V — V + 6 for a global parabolic Higgs field on the affine space of parabolic
connections on (F,p). Indeed, if we write V. = V + €6 and ®; = id + €¢;, then we get

(V+ed)|y, = (9;)'V = (id —ep;) o Vo (id + €¢;) =
=V+e(Vog —p;oV) =V +eVig)
The first order deformation is therefore encoded in {¢; — ¢;}, which, by construction, has zero
image in H!(sl(E,p)). But the image of 6 in H!(sl(E,V)) given by (5.4) gives exactly the same

formula: we first integrate V1¢; = 6|y, and then associate {¢; — ¢;}.
One can define a bilinear map on T g, v)Con” as follows:

H'(sI(E,V)) x H'(s((E,V)) —2 , F2(C) ~ C;
({#ij} {¥is}) ——— {uije = tr(dive)}

One can choose the covering {U;} such that (E,V) is trivial over U; N U;. Observe that ¢;;1,x
defines a section of gl(E, V) for which trace and determinant are constant; indeed, in a trivialization
of (E,V) on U;NU;NUy, the section ¢;;1;y is constant. This is why u,;x is a section of the constant
sheaf C. One can show that this bilinear form is non degenerate, and defines a closed 2-form wcon
on Con” which is symplectic:

(5.5)

dwcon = 0 and w,, = Wcon A -+ - Awcon # 0,

n times
i.e. wg,, defines a holomorphic volume form, a trivialization of the canonical bundle. We refer to
[13, Section 6] for details and proofs.

Remark 5.3. For the non generic resonant case

v 0 dx
d+<0 V—l-n)x’ TLEZEO
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the sequence (5.3) is not exact anymore: V! is not surjective. This is why the description of
the symplectic structure is more complicated in [1, 13, 12, 14, 18]. They use hypercohomology to
overcome this difficulty. In our case, we want to understand the symplectic structure at a generic
point of the moduli space, so it is not necessary to consider this kind of models.

In order to describe the symplectic structure wcon, we will make a reduction step. We will see
that, locally, we can split 7( g v)€on” as a direct sum of two distinguished subspaces: one concerning
Higgs fields and the other being the tangent space to a Lagrangian submanifold. This will allow us
to compare wcon With the natural symplectic form for Higgs fields.

Consider

Higgs(E. p) = H"(sI(E, p) ® Qe(D)™)
the space of Higgs fields for E with nilpotent residues preserving p. We define a pairing

(5.6) Higgs(E. p) x H' (sl(E, p)) —— H'(Qf) = C
(©,{0i;}) —— {tr(0 - ¢i;)}
One proves, see [15], that 7 is a perfect pairing via identifying H!(sl(E,p))Y ~ T(*E p)B and

Higgs(E,p). In other words, pairing 7 corresponds to the Liouville form on T%B.
Consider the following diagram

H'(sI(E,V)) x H'(s((E,V)) —20_, g2(C)
I
(5.7) Higgs(E,p) x H(sl(E,V)) {5
—_ .

Higgs(E, p) x H'(s((E,p)) ——— H'(Q)
where we have used the maps from (5.4) and ¢ is the connecting morphism coming from the long
exact sequence associated to

0—>(C—>Oci>ﬂé—>0.
Then we reconcile wco, and the pairing 7.

Lemma 5.4. The diagram (5.7) is commutative.

Proof. Let (0, {1;;}) be an element of Higgs(E,p) x H*(sl(E,V)). As 6 is a parabolic Higgs field,
one can locally write 0|y, = V(¢;) and the upper map yields ({¢; — @i}, {ti;}) € H' (sI(E, V))?,
which is sent to {tr((¢; — ;) o¥jx)} € H?(C). On the other hand, by first going down, the pairing
n from (5.6) gives {tr(fo;;)} € H'(2'). To compute the image by d, we first remark that we have
tr(0 o vi;) = tr(V' (i03) 0 ¥y5) =

= tr(V (i 0 ¥35)) — tr(ps 0 V' (v35)) =

= t1(V!(pi 0 vyj)) =

= d(tr(pi © 1i5))

Here, we have used that V!(1/;;) = 0 and the properties V}(FoG) = V}(F)oG+ FoV!(G) and
tr(VY(F)) = d(tr(F)), which can be deduced from a local computation in matrix form. Therefore,
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we have
S({tr(6 0 vij)}) = {tr(ps 0 s;) + tr(p; 0 Yjk) — tr(p; 0 k) } =
= {tr(gs o (i — Yir)) + tr(p; o Yji) } =
={tr((p; —wi) o ¥jn)}
and get the same result. |

Given a choice of directions € € {+.—}", let C denote the open subset of €on” composed by the
connections (E, V) such that (E, p¢(V)) belongs to B. Recall that a subvariety is called Lagrangian
the restriction of symplectic form vanishes identically.

Assume now that we are given a local section Vy: B — C on an open subset B C B. Then we
can define an isomorphism to the moduli space of parabolic Higgs bundles

Vy,: Clp — Higes|p

by setting (F,V) — (E,V — Vo(F,p)); the inverse being given by (E, ) — (E,Vo(E,p) + ¢).
Recall that (5.6) identifies Higgs fields and the cotangent space to B. This yields an identification
between the moduli space of parabolic Higgs bundles and the cotangent bundle 7B which, itself,
carries the Liouville symplectic structure that we will call wiggs.

Recall that ¥y, is a symplectomorphism if ‘l/*vowHiggs = Wcon- On the other hand, we say that
the section Vj is Lagrangian if so is its image.

Proposition 5.5. The isomorphism Uy, is a symplectomorphism if and only if the section
Vo: B — C is Lagrangian.

Before proving this proposition, let us recall some basic property of the Liouville form wryiouville
on T*M for an arbitrary manifold M. If (p1,...,p,) are coordinates on M, and if we denote by
(q1,--.,qn) the coordinates on the fibers such that dp; corresponds to the section ¢; =1 and ¢; =0
for j # 4, then wriouville = Z?Zl dp; N\ dg;. Given a section a: M — T* M, we can define an affine
bundle transformation by

Yo: T"M — T*M; (p,q) — (p,q + a(p)),
where T*M is viewed as an affine bundle.
Lemma 5.6. Let M, a and 1, as above. Then the following are equivalent:
e 1, is a symplectomorphism,

o «(M) is Lagrangian (as a submanifold),
o da=0 (i.e. closed as a 1-form).

Proof of Proposition 5.5. We want to prove that ¥y, is a symplectomorphism; then we only need
to show that U whiges = Weon at an arbitrary point (E, ) € Higgs. As the vector bundle Higgs
identifies by (5.6) to T*BB, we can use Lemma 5.6 to compose with an affine transformation sending
 to the zero Higgs field. Now, the tangent space decomposes as

T\ ,0)Higgs = Higgs(E,p) ® T(p p)B
and the symplectic form whiges may be written as
WHiggs (U1 + v1, Uz + v2) = n(u, v2) — nluz, v1)
where 7 is the pairing given by (5.6). Now, the tangent space at (F, V) decomposes as
T(p,v)C = Higgs(E,p) & T(p,v)Vo(B) = Higgs(E, p) & DVo(T(gp)B)
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and note that the differential of \Ilgi is the block diagonal D\Il§(1) =1d ® DVy. Now wgen may be
written as

wWcon (U1 + DVoui,us + DVovs) = weon(u1, DVova) — woon (uz, DVouy) +
+ woon (U1, u2) + weon (DVov1, DVouz)
= n(u1, DVova) — n(uz, DVov1) + woon(DVov1, DVovs)
= UG, WHiggs (U1 + v1,u2 + v2) + Woon (DVov1, DVovs)

Indeed, it follows from the diagram (5.7). To prove the vanishing of wcon(u1,us2), note that by

(5.4) the image of Higgs(FE, p) in H'(sl(E,p)) is zero. Hence by taking the lower path in (5.7) the
pairing 1 yields 0 € H(Q1).

Therefore VS, whiggs = wcon if and only if weon(DVovr, DVgua) = 0, i.e. V(B) is Lagrangian.

O

In our situation, we can compute this symplectic structure explicitly on a Zariski open set.
Indeed, let C — B be given by the choice of directions € = (e1,...,€,) € {—,+}" and let § = —¢
be the opposite choice. One can verify that a fiber of (E,V) — (E,p°(V)) is a rational section of
(E,V) — (E,p¢(V)). The reduction is symplectic if the chosen section is Lagrangian, wherever it
is defined. This is ensured if the projection is Lagrangian, which is covered by the following result.

Lemma 5.7. The forgetful map C — B; (E,V) — (E,p¢(V)) is Lagrangian, i.e. its fibers are
Lagrangian subvarieties.

Proof. The differential of the forgetful map at (E,V) determines the dual to the map
Higgs(E,p) — H'(sl(E,V)) from (5.4). Then we want to prove that the pairing wcon of (5.5) is
zero on a pair ({¢i;}, {¢i;}) where each entry is in the image of Higgs(E, p). We showed that this
is true in the proof of the last proposition. O

We now apply this construction to exhibit the symplectic form on Con” via explicit computations
with Fuchsian systems.

5.1. Computation of the symplectic structure. We have seen that choosing a Lagrangian
section Vj of m.: Con” — Bun allows us to reduce the computation of the symplectic structure
of Con” to that of Higgs moduli space (see Proposition 5.5). We can apply this to the setting of
Fuchsian systems. The section V( constructed in section 4.1.1 corresponds, via the isomorphism
of Proposition 4.1, to the fiber of m_, over the point (co,...,00) € Bun =~ (P1)"; it is therefore
Lagrangian. Let us compute the symplectic structure on the moduli space of Higgs bundles. For
this, we consider the chart:

CQTL — nggs(cv D)? (Zla sy Bny Ty e 7Tn) — (Ela @)
where O is obtained by applying elementary transformations at wg, wi, wy to
7‘1@(1) + -+ Tn@%

as defined in section 4.1.1. The image coincides with the restriction Higgs(C, D)|y, of Higgs fields
on parabolic bundles belonging to the chart Uy C Bun of section 4.1.1. We want now to compute
the isomorphism Higgs(C, D)|y, ~ T*Uy so that the symplectic form can be easily deduced from
the Liouville form.
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Here we follow the ideas of the proof of [10, Proposition 6.1]. Given a parabolic vector bundle
(E1,p) in Uy, or equivalently (Oc & Oc¢,p’) defined by (z1,...,2,) € C", Serre Duality (5.6)
provides a perfect pairing

(-,-) : Higgs(E,p) x H'(sl(E,p)) — C
which allows us to identify the fiber of Higgs at (F1,p) with the dual of the tangent space
T(p, pyUo = H' (sl(E1,p)).

Let us compute first this latter identification.

The deformation (z1,...,2; +,..., 2,) of the 4" component of the parabolic structure can be
realized as follows. Cut out the curve C' into two open sets U; = C' — {t;} and V; a small disk
around ¢;. Then we can paste the restrictions of (Oc @ O¢, p’) to these open sets by means of the
following gauge transformation over the restriction

1
(Oc @ Oc, Py, — (Oc ® Oc Py, v, <Z) — (0 i) (z)

w w

This clearly shifts the parabolic direction (z; : 1) — (2; + s : 1) without moving other parabolic
directions. After derivating, we obtain that the infinitesimal deformation % corresponds to the
J

0 (1) € H(U; UV;,sl(Oc & Oc,p’)), which can better be viewed as a
cocyle with respect to the covering (U;,V;). We can now compute the Serre Duality: the pairing
of the Higgs field ©Y with the above cocycle is defined by

0 1
tr (92 <0 0>> Z—Zk¢o+¢1+%:w+9k

a holomorphic 1-form on U; N'V;. Viewed as a cocycle in H 1(Q), one can give a meromorphic
resolution by considering it as the difference between the zero 1-form on U; and the meromorphic
1-form —zppg + ¢1 + Z—’Zw + 61 on V. The residue at t; gives the pairing:

0 1
<@2’ (0 0)> = Restj <—2k¢0 + ¢1 + %’;w + 6/@) = 6;6

where 6;-“ is the Kronecker symbol. We deduce that @? is dual to a%jv and the symplectic structure

gauge transformation (O

on Higgs > >, rj@g-) is given by
WHiggs = dz1 Adry + -+ -+ dzp Adry,.

Now, because our section Vj: Uy — Con is Lagrangian, we can apply Proposition 5.5 and deduce
the symplectic structure on Con > Vg + Zj rj@?, namely:

(5.8) Weon = dz1 ANdry + -+ +dzp, Ndry,.
The same construction shows, mutatis mutandis, that the symplectic form on V., + Zj 507 is

(5.9) Weon = —(dwy Adsy + -+ + dwy, Adsy,).

Next we will see how wcon encodes the eigenvalue v. First we consider only maps that preserves
the affine bundle structure.
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Theorem 5.8. If there exists a bundle symplectic isomorphism

(Con”,w) - °® (Con’j, @)

e

T+
Bun
then v = v and ® is the identity.

Proof. Since my o & = 7, it preserves 7rjrl(U0) and W;l(Uoo). Then we may write the map in
coordinates. For Con” we will consider the two coordinate patches:

(7-(;1([]0), (Za T)) and (ﬂ-s_—l(Uoo)v (’LU, S))

where z; = wi and r; = sjw? + 2vjw;. For Con” we consider the corresponding open sets with
J
. ~ ~ . 1 ~ _ ~ 9 ~
coordinates (z,7) and (w, §), respectively, where z; = »; and 7j = 8;w; + 205w;. In both cases, 7.
is the projection onto the first n coordinates.
Therefore we can express ® as

‘blﬂ;l([]o) = (Zla"' 7Zna¢(1)(zar)7"' ,¢%(Z,T)) = (Z,”:)a

(D‘WII(UOQ) = (w17' o ,wn,gﬁi’o(w,s),. . a¢$zo(w7s)) = (w,§),

where (b?(z, r) and ¢%°(w, s) are holomorphic functions on C?" satisfying the compatibility condi-
tions:
- 1
(510) ¢;O( s Whyt ot 73k7"')w_72'+ijj = QSE) < 7w77"' ,Skﬂ)i‘i’lﬁ(ll}k,"') ) Yw S (C*)n
k
The condition that ® is symplectic, ®*w = w, translates to the coordinate charts via the 2-forms
in display (5.8) and (5.9). In particular, qﬁ? and ¢3° must satisfy

%_8¢?o_5j

37‘k 8sk ko

where 5% is the Kronecker symbol. Therefore, there exist holomorphic functions ¢?(z) and c5°(w)

J
such that
(;S?(z,r) =r;+ c?(z) and QS;’O(U), s)=s; + cjo(w)

Substituting these expressions in (5.10) yields

1 1 o ~ *\n
(5.11) c) (wl, - ,wn> = (w)w] + (7 — vj)w;, Yw e (C)".
It follows that c(; extends as a holomorphic function on UyUU,,. On the other hand, the complement
of UpUU in (P1)™ has codimension 2, which implies that cg-) extends to the whole space by Hartogs’s

Theorem. Thus c? is constant and so is ¢;°, by the same argument. Thus, the equation (5.11) implies
that

j j 0 and l/j :Vj.
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We can use the map Par: Con” — S™ given by Theorem A to push wce, forward to S™. The
opposite parabolic structure of our universal family V. = Vo + > ;T @? is given by

(GG : 1) = (27 —vj 1 75).

Therefore, if we denote by (2;,(;) the coordinates on the ;' factor S ~ P! x P\ {z; = (;}, then
we have

v; v

C, = z: — 27 = r. = )

Ty TG

which yields after substitution:

" dz AdG
e ;Vl (zi — G)*

Using this identification we can prove the following corollary.

Corollary 5.9. If there exists fiber preserving symplectic isomorphism

~

[ [

Bun ————— Bun

(Con”, w) 2, (Con”, )

then there exists a permutation o of n elements such that Dy = v,y for every k € {1,--- ,n}.

Proof. Note that the case where ¢ is the identity is ensured by Theorem 5.8. In particular, the
identity on Bun has a unique lifting which is the identity on Con”. It follows that, a general ® is
determined by the map ¢ on the base. Indeed, if ®; and @, lift ¢, then &5 0 <I>1_1 lifts the identity,
hence ®5 = ®,. The proof of the statement will follow from a reduction to this case.

Up to composing with Par, we may prove the result for

O: (5", wy) — (5", wp).
Any automorphism ¢ of (P')" has the form
(i)(Z) = (301(20(1))7 te 79071(20(70))
where o is a permutation of n elements and ¢; are Mdbius transformations. Now define

E’(Za g) = (Qpl(za(l))a T 790n(zo(n))7 @1((0(1))3 T 7@n(<o(n))) .

We will show that = is an automorphism of S™ such that =*w,e = w,,, where 1§ = v4(;). Recall

that any Mobius transformation is a composition of basic transformations ¢ — at, t — t + 1 and
t — 1/t. Therefore we can factorize each ¢; to show that

( dp;(20(j)) N dp;(Cos) ) _ dzo() NG ()
(@j(zcr(j)) — ;5 (Ccr(j)))Q (Zg(j) — Cg(j))z

for all j € {1,--- ,n}, and this shows that =*(w,) = wye.
Now consider the ® the unique extension of ¢ such that ®*w; = w,. We have that ® o =71 lifts
the identity and (® o E’l)*w,; = wyo. Thus the result follows from Theorem 5.8. O
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6. APPARENT MAP

Given a connection V: E; — E; ® QL (D) we can define an O¢-linear map:
ov: Oc < By~ By @ Q5 (D) — (B, /O¢) ® QL(D)

where the last arrow is defined by the quotient map from E; to E/s(O¢) ~ Oc(ws) (denoted
E1/O¢ for short). The zero divisor of ¢y defines an element of the linear system

Z(pv) € |Oc(wee + D).
Since deg D = n and Q} ~ O, as C has genus one, then
|06 (wee + D)| = B(H(C, (E1/Oc) @ (D)) = P,
Hence we may define a rational map
App: Con” --» |O¢(we + D)|

which associates (E1,V) to Z(¢v). Under a generic hypothesis on the eigenvalues we show that
App is in fact a morphism. It turns out that this hypothesis is also necessary as we prove in the
following lemma.

Lemma 6.1. The rational map App: Con” --» |Oc(we + D)| is a morphism if and only if
vit + - uir #£0 for any e, € {+, —}.

Proof. The indeterminacy locus of App is composed by the connections V mapped to zero in
(E1/0¢) ® Q&(D) which means that there exists a meromorphic 1-form ¢ with poles at most on
D such that

V(s) = s.
In such case we have for each j = 1,...,n that s(t;) € pj’ (V) with ¢; € {+,—}. And we also have
that V restricts to a logarithmic connection on O¢ whence

€
l/11+...+1/;":

Conversely, suppose that there exist 6; € {+,—}, j = 1,...n, such that Vfl 4+ z/fb/ =
On the one hand there exists a meromorphic 1-form ¢ with simple poles only on D and prescribed
residues

_ %
Resy, & =v;”.

On the other hand let V be a logarithmic connection such that s(¢;) € pjj (V). It follows that
V(s) — s is a holomorphic section of E; ® Q. Since H(C, By ® Q) is generated by sw (recall
that w is a holomorphic one-form on C) it follows that

V(s) = s(§ +cw)
for some ¢ € C. Hence py = 0. O
We may also consider the forgetful map
m4: Con” — Bun ~ (P1)"

which sends (E7, V) to the parabolic vector bundle (Ey,p™(V)). We also denote 7y the natural
extension of this map to Con”. Combining these two maps we can give a birational model for Con”
as we prove in the following result.
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Theorem 6.2. If v{* + - -+ v # 0 for any ¢, € {+,—} then the map 7y x App induces a
birational map

74+ X App: Con” --» Bun x |O¢(ws + D)|
whose indeterminacy locus is contained in Con”\Con”. Moreover, given (E,p) € Bung the rank of

(71 X ADD)l, -+ (5.py * 75 (B, P) — [Oc(wee + D)|

coincides with the cardinality of the set {j | p; ¢ Oc}.

Proof. Let s denote the section O¢ — FE;. For any logarithmic connection V on E; with poles on
D =t;+ - +t, we have that App(V) is given by the zero divisor of

oy =V(s)As e H(C,det(E;) @ Qc(D))
which is the same as defining
App(V) = [pv] € P(H(C,det(E1) ® Qc(D))) -

By Lemma 6.1 the condition on the eigenvalues implies that App, hence Bun x App, is regular on
Con". Therefore the indeterminacy locus must lie only in the boundary divisor.

Now fix (E1,p = {p1,.--,pn}) € Bun. We will compute the rank of App|ﬂ1(E17p). Consider
HO(sI(E1) @ Q¢ (t)) the space of traceless Higgs fields with simple pole on ¢;. Since its dimension
is three, there exists a unique (up to scalar multiplication) strongly parabolic Higgs field @é’ with
respect to p, i.e. Rest].(@§) is nilpotent with image p; and has no other poles. Let Vg be a
connection in 7Tjrl(E1, p). Then any other A-connection V € wll(El, p) can be written in a unique
way as

V=coVo+ Y ¢0F
j=1
for some (¢o : -+ : ¢,) € P". Hence

v =coVo(s) Ns+ ch@g(s) As.

j=1

Suppose that @? (s) As # 0 for each j. Since they have one pole each and at different points

these sections are linearly independent. Since H°(C, O¢(wo + D)) has dimension n + 1 they form
a basis together with V(s) A s and the Apparent map restricted to this fiber is an isomorphism.
Indeed, if

coVo(s) As+ ch@g-’(s) ANs=[coVo(s) + ch@f(s) ANs=0
j=1 Jj=1
then, by Lemma 6.1, ¢g = 0 and it follows that ¢; = -+- = ¢, = 0 since the @?(s) A s are linearly
independent.

Now suppose that there exists j € {1,...,n} such that @?(s) A s = 0. This occurs if and only
if ©%(s) is holomorphic at t; which in turn means that s(t;) € p;. Indeed, since HY(C,E; ® Qc¢)
is generated by sw, we know that 6? (s) is holomorphic at t; if and only if @f (s) = ¢sw for some

constant ¢ € C. On the other hand, it is clear that Res;, (@é’(s)) € pj is zero if and only if s(¢;) € p;.
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Henceforth we conclude that, in general, the image of App|ﬂ1(p) is the linear space spanned by

Vo(s) As and ©%(s) A s such that s(t;) & p;. In particular, the (projective) rank is given by

rk Appl,—1(g, py = #{7 | s(t;) & p;}-
O

Remark 6.3. The Apparent map may be computed, explicitly, via the identification with Fuchsian
systems. In this case, the section Oc — F; becomes

Oc(Woo —wp — w1 —wy) <= Oc ® Oc,

given by multiplication with %, W), and we can use the local universal connections over Uy

and U, to express App. Following this path, one can give an alternative proof of Theorem 6.2.
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