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1. Introduction

In this paper, we investigate the geometry of certain moduli spaces of connections on complex
elliptic curves C. We will consider pairs (E,∇) where E → C is a rank 2 vector bundle and
∇ : E → E⊗Ω1

C(D) is a logarithmic connection with (reduced) polar divisor D = t1 + · · ·+ tn with
n ≥ 1. We also prescribe the following data:

• The eigenvalues (ν+
i , ν

−
i ) of Resti(∇), for each i = 1, . . . , n, such that:

(1) νε11 + · · ·+ νεnn /∈ Z, for any εi ∈ {+,−};
(2) and ν+

i 6= ν−i , for i = 1, . . . , n;
• A trace connection (L, ζ), i.e. det(E) = L and tr(∇) = ζ;

In particular
∑
i ν

+
i + ν−i = −deg(L) which is called the Fuchs relation. Once we have fixed this

data, we can define the moduli space Conν of those pairs (E,∇) up to isomorphism. With the
generic condition on the eigenvalues, every connection (E,∇) is irreducible and the moduli Conν

can be constructed as a GIT quotient. It follows from [12] that Conν is a smooth irreducible
quasi-projective variety of dimension 2n, equipped with a holomorphic symplectic structure.

It is natural to consider the forgetful map π : (E,∇) 7→ (E,p) which associates to a connection
an underlying quasi-parabolic bundle. Given a choice of signs εi ∈ {+,−} for each i = 1, . . . , n, the
parabolic data pε(∇) = (pε11 (∇), . . . , pεnn (∇)) consists of the νεii -eigenspace pεii ⊂ E|ti for Resti(∇)
at each pole; these are well-defined since ν+

i 6= ν−i . There exist 2n underlying quasi-parabolic
structures for each connection, according to the choice of ε = (ε1, . . . , εn) giving rise to 2n forgetful
maps πε : (E,∇) 7→ (E,pε(∇)).

In Section 2 we study the quasi-parabolic bundles (E,p) over (C,D) that admit a connection ∇
with prescribed trace and eigenvalues, compatible with parabolic directions. The major difference
from the case n = 2 investigated in [8] is that, when n is odd, there exist pairs (E,∇) such that all
the underlying quasi-parabolic structures (E,pε(∇)) are not µ-semistable for any choice of weights;
it occurs for the item 3 of Lemma 2.4. Following the study of stability, we describe a wall-crossing
phenomenon in Lemma 2.7 and Lemma 2.8.

In Section 3 we study the logarithmic connections. We investigate Conν via the forgetful map
to an underlying quasi-parabolic structure. We are especially concerned with the µ-stability of
these quasi-parabolic bundles. It turns out that there exists an open subset of Conν where the
underlying vector bundle is E1, the unique indecomposable vector bundle of degree one, with given
determinant. We call this open subset Conν and consider the map

Par: Conν −→ (P1 × P1)× · · · × (P1 × P1)

(E,∇) 7−→
(
p+

1 (∇), p−1 (∇), . . . , p+
n (∇), p−n (∇)

)
that associates to each connection all its residual eigenspaces (i.e. with respect to all eigenvalues
ν+
i and ν−i ). The image of Par is contained in Sn, where S is the complement of the diagonal in
P1 × P1. We show that this map is an isomorphism (cf. Theorem 3.3):

Theorem A. The map Par: Conν → Sn is an isomorphism.

We also study the open subset Conνst ⊂ Conν formed by pairs (E,∇) which admit a µ-stable
parabolic structure (E,pε(∇)) for some ε and some weight vector µ. We call

Zn = Conν \ Conνst
its complement. We describe Zn in Theorem 3.10, it is empty for n even and has four irreducible
components which are isomorphic to Cn for n odd. Assuming ν+

i −ν
−
i /∈ {0, 1,−1} for i ∈ {1, · · · , n},
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we see that the large subset Conνst admits an open covering given by open subsets isomorphic to
Sn. It leads to the following characterization of Conνst (cf. Theorem 3.8):

Theorem B. Assume that ν+
i − ν

−
i /∈ {0, 1,−1} for i ∈ {1, · · · , n}. Then Conνst is obtained by

gluing a finite number of copies of Sn via birational maps

Ψδ,ε
J,I : Sn 99K Sn.

Moreover, if ε = δ, then Ψδ,ε
J,I preserves the fibers of πε.

In the remainder of our work, we do a finer analysis of the open subset Conν . Let Bun denote
the moduli space of parabolic vector bundles whose underling vector bundle is E1; it is isomorphic
to (P1)n. It follows from Theorem A that the affine bundle Conν → Bun does not depend on the
eigenvalues. In Section 4, we describe the affine bundle Conν → Bun via Fuchsian systems; this
construction yields a vector bundle E whose projectivization compactifies Conν . Although P(E)
does not depend on the eigenvalues, the boundary divisor is determined by by νi = ν+

i − ν−i ,
i = 1, . . . , n (cf. Theorem 4.3):

Theorem C. The moduli space Conν has compactification Conν = P(E), where the boundary
divisor is isomorphic to PHiggs, the projectivization of the space of Higgs fields on E1. Moreover,
the inclusion PHiggs ↪→ P(E) is determined, up to automorphisms of P(E), by (ν1, . . . , νn).

In Section 5, we deal with the symplectic structure of the moduli space and compute the explicit
expression in the main chart Conν ' Sn, see (5.8). We show that (ν1, . . . , νn) is detected by the
symplectic structure (cf. Corollary 5.9):

Theorem D. If there exists fiber preserving symplectic isomorphism

(Conν , ω)
(
Conν̃ , ω̃

)
Bun Bun

π+

Φ
∼

π+

φ
∼

then there exists a permutation σ of n elements such that ν̃k = νσ(k) for every k ∈ {1, · · · , n}.

In Theorem D, we have a fixed underlying space of parabolic bundles, Bun, and we can recover
(ν1, . . . , νn) from the symplectic structure. The main result of [7] is a Torelli type result which
asserts that the moduli space of parabolic bundles determines the punctured curve (C,D). We
wonder if the same is true for Conν , or Conν . This belief is based on some results in the literature,
see [25, 5, 4].

In Section 6, we conclude the paper by studying the Apparent map. A global section of E1 plays
the role of a cyclic vector for connection ∇, which yields a second order ODE on C; the map App
assigns to ∇ the apparent singular points of this equation, see [21]. It leads to an interesting result

about the birational geometry of Conν (Theorem 6.2):

Theorem E. The map π+ ×App induces a birational map

π+ ×App: Conν 99K Bun× |OC(w∞ +D)|
whose indeterminacy locus is contained in Conν\Conν . Moreover, given (E,p) ∈ Bun, the rank of

(π+ ×App)|π−1
+ (E,p) : π−1

+ (E,p) −→ {(E,p)}×|OC(w∞ +D)|

coincides with the cardinality of the set {i | pi 6⊂ OC}.
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Logarithmic connections on elliptic curves have being investigated by several authors. First, they
were studied in the works of Okamoto and later by Kawai in [17] in relation with isomonodromic
deformations. In particular, the symplectic form of [17, Theorem 1], when restricted to a fixed
punctured curve (C,D), must coincide to that one we give in (5.8). However, as [17] is dealing
with analytic differential equations written in terms of Weierstrass zeta functions, it is not so easy
to relate the computations with ours. More recently, our moduli space has been considered and
proved to be related to some moduli spaces of logarithmic connections on P1 for the special cases
n = 1 (see [19]), and n = 2 with special eigenvalues (see [20]).

Remark 1.1 (Notation and convention). Throughout the text C will denote a genus one curve
and D = t1 + · · · + tn will be a reduced divisor on C. Let w∞ ∈ C be a point and let w0, w1 and
wλ be the torsion points of the elliptic curve (C,w∞). In the construction of Conν , we will assume
(without loss of generality) that the determinant is OC(w∞) and that D+w0 +w1 +wλ is reduced.

2. Parabolic vector bundles

Let C be an elliptic curve with w∞ ∈ C being its distinguished point. A rank two quasi-parabolic
vector bundle (E,p) on (C,D), D = t1 + · · · + tn, consists of a holomorphic vector bundle E of
rank two on C and a collection p = {p1, . . . , pn} of 1-dimensional linear subspaces pi ⊂ Eti . We
refer to the points ti as parabolic points, and to the subspace pi ⊂ Eti as the parabolic direction of
E at ti.

A triple (E,p;µ) of a quasi-parabolic vector bundle and an n-tuple µ = (µ1, . . . , µn) of real
numbers in the interval (0, 1) is called parabolic vector bundle of rank two. We often write (E,p)
for a parabolic vector bundle when the choice of the weight µ is clear.

Let (E,p;µ) be a parabolic vector bundle and let L ⊂ E be a line subbundle then we define

Stabµ(L) := degE − 2 degL+
∑

pk 6=Ltk

µk −
∑

pk=Ltk

µk.

We say that (E,p;µ) is semistable if Stabµ(L) ≥ 0 holds for every L ⊂ E. It is stable if the strict
inequality holds for every line subbundle L ⊂ E. We call Stabµ(L) the parabolic stability of L ⊂ E
with respect to µ.

We denote by Bunµw∞ the moduli space of semistable parabolic vector bundles (E,p;µ) on (C,D)

with detE = OC(w∞). In this case, either E ' L⊕ L−1(w∞) or E ' E1, where E1 is the unique
non trivial extension

0 −→ OC −→ E1 −→ OC(w∞) −→ 0.

If there exists L ⊂ E such that Stabµ(L) is zero then the weights lie on the hyperplane

H(d, I) :=

{
µ
∣∣∣ 1− 2d+

∑
k/∈I

µk −
∑
k∈I

µk = 0

}
where d = degL and I ⊂ {1, . . . , n} denotes the set of indices of those parabolic directions pk ⊂ Ltk .
A connected component of the complement in (0, 1)n of all these hyperplanes H(d, I) is called a

chamber. If µ and µ̃ belong to the same chamber then Bunµw∞ = Bunµ̃w∞ , see for example [22] or
[6, Lemma 2.7].

In the next result, we define an interesting chamber; the underlying vector bundle is fixed and
the corresponding moduli space is a product of projective lines.

Proposition 2.1. The following assertions hold:
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(1) The set C := {µ ∈ (0, 1)n |
∑n
k=1 µk < 1} is a chamber.

(2) If µ ∈ C then Bunµw∞ = {(E,p) | E = E1}. Moreover, it is isomorphic to (P1)n.

Proof. Note that C is convex, hence connected. Then (1) follows from proving that C does not
intersect any wall H(d, I). This is straightforward and we leave it to the reader.

Now we prove (2). Recall that detE = OC(w∞) implies that either E = E1 or E = L⊕L−1(w∞)
with degL ≥ 1. The later cannot occur. Indeed,

Stabµ(L) = 1− 2 degL+
∑

pk 6=Ltk

µk −
∑

pk=Ltk

µk ≤ −2 degL < 0

and E cannot be µ-semistable for µ ∈ C. Hence E = E1 and each parabolic bundle is completely
determined by

(p1, . . . , pn) ∈ P (E1|t1)× · · · × P (E1|tn) ' (P1)n.

Thus we get the desired isomorphism. �

For a weight vector µ = (µ1, . . . , µn) ∈ (0, 1)n and a subset I ⊂ {1, . . . , n} of even cardinality,
we consider the map ϕI : (0, 1)n −→ (0, 1)n defined by

ϕI(µ) := (µ′1, . . . , µ
′
n) ∈ (0, 1)n

where µ′i = µi if i 6∈ I, and µ′i = 1− µi if i ∈ I. Note that ϕI is continuous and preserves the walls
H(d, J). Then the image of C by ϕI yields a new chamber

CI :=

{
µ ∈ (0, 1)n

∣∣∣ ∑
k/∈I

µk −
∑
k∈I

µk + |I| < 1

}
(2.1)

where |I| is the cardinality of I. When I = ∅ then CI = C.
Each ϕI admits a modular realization as an elementary transformation, which we now describe.

Consider the following exact sequence of sheaves

0 −→ E′
α−→ E

β−→
⊕
i∈I

(Eti/pi) −→ 0

where for each (local) section s of E we define β(s) = (β1(s), . . . , βn(s)) by βj(s) = s(tj) (mod pj)
if s is defined at tj , and βj(s) = 0 otherwise. Then E′ is a vector bundle of rank two such that

detE′ = detE ⊗OC

(
−
∑
i∈I

ti

)
.

In particular, E′ has degree 1− |I|. We define a natural quasi-parabolic structure for E′ as follows.
If i 6∈ I then αti : E′ti −→ Eti is an isomorphism and

p′i = (αti)
−1(pi) ⊂ E′ti

is the parabolic direction at ti. If i ∈ I we define p′i = ker(αti) as the parabolic direction at ti. This
operation corresponds to the birational transformation of ruled surfaces P(E) 99K P(E′) obtained
by blowing-up the points pi ∈ P(Eti) and then blowing-down the strict transforms of the fibers
P(Eti) to the points p′i ∈ P(E′ti), i ∈ I. This is well-defined since the pi lie on different fibers.

Since |I| is even, we can fix a square root L0 of the line bundle OC
(∑

i∈I ti
)
, i.e.

L2
0 = OC

(∑
i∈I

ti

)
.
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P(E) P(E′)

Figure 1. Elementary transformation

This gives a correspondence
elmI : (E,p) 7−→ (E′ ⊗ L0,p

′)

between quasi-parabolic vector bundles on (C,D) which have OC(w∞) as determinant line bundle.
The reader can check that if (E,p) is semistable with respect to µ, then elmI (E,p) is semistable

with respect to ϕI(µ). We conclude that the correspondence elmI defines an isomorphism between
moduli spaces

elmI : Bunµw∞ −→ BunϕI(µ)
w∞ .

Definition 2.2. Given I ⊂ {1, . . . , n} of even cardinality, let µ ∈ CI . We will denote

BunI = Bunµw∞ .

When I is the empty set, we write simply Bun instead of Bun∅; it corresponds to the moduli space
of parabolic vector bundles whose underlying vector bundle is E1.

Remark 2.3. From Proposition 2.1, we conclude that BunI ' (P1)n for any I ⊂ {1, . . . , n} of even
cardinality.

A quasi-parabolic vector bundle (E,p) is called decomposable if there exist (L,p′) and (M,p′′)
such that (E,p) ' (L,p′) ⊕ (M,p′′) as quasi-parabolic vector bundles. Otherwise it is called
indecomposable. Note that (E,p) can be indecomposable with E decomposable as a vector bundle.

Lemma 2.4. Let (E,p) be a rank two indecomposable quasi-parabolic bundle, over (C,D), with
detE = OC(w∞). Then one of the following holds:

(1) E is indecomposable, i.e. E = E1;
(2) E = L⊕ L−1(w∞) and 2 ≤ 2 degL ≤ n;
(3) E = L ⊕ L−1(w∞) with L2 = OC(D + w∞), hence 2 degL = n + 1. Moreover, every

parabolic direction lies on L−1(w∞) except for one that lies outside both subbundles.

Proof. When E = E1 we have nothing to prove. So suppose that E = L ⊕ L−1(w∞). Since
L⊕ L−1(w∞) 'M ⊕M−1(w∞) with M = L−1(w∞) we can assume degL = s ≥ 1.

To decompose (E,p) we need to find an embedding of L−1(w∞) in E passing through every
direction that does not lie on L. Note that this is the same as finding an automorphism of E that
sends every direction outside L to (0 : 1). Let pj = (uj : 1) denote the parabolic direction over tj
which is outside L. Recall that

End(E) =

{(
α β
0 δ

) ∣∣∣ α, δ ∈ C, β ∈ H0(C,L2(−w∞))

}
.
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If 2s ≥ n+ 2 then h0(L2(−w∞ −D + tj)) = 2s− n ≥ 2 and we are free to choose βj that vanishes
on ti for i 6= j and such that βj(tj) = −uj . Thus, choosing β =

∑n
j=1 βj , α = 1 and δ = 1, the

corresponding automorphism sends any direction pj outside L to (0 : 1).
Now set 2s = n + 1. By the same argument as above, to show that (E,p) is decomposable,

we need to find a section βj of H0(C,L2(−w∞)) that vanishes on ti for i 6= j and such that
βj(tj) = −uj , for each j ∈ {1, . . . , n}. We can find βj as required if L2(−w∞ −D) 6= OC . Indeed,
assume L2(−w∞ −D + tj) ' OC(xj) with xj 6= tj , and take any section αj of L2(−w∞ −D + tj)
with αj(tj) 6= 0. The desired section is defined as βj = − uj

αj(tj)
αj . Hence (E,p) is decomposable

when L2(−w∞ −D) 6= OC .
If L2 = OC(D + w∞) we can apply the same argument for D − t1 instead of D to find an

embedding of L−1(w∞) passing through n−1 parabolic directions outside L. In particular, if (E,p)
is indecomposable then there exists no parabolic direction on L and this finishes the proof. �

Remark 2.5. The parabolic bundles in the third case of Lemma 2.4 have a peculiar property:
they are never µ-semistable, whatever is µ. Indeed, for E = L⊕L−1(w∞) with 2 degL = n+ 1, no
parabolic direction lying on L, and any weight µ, we have

Stabµ(L) = −n+

n∑
j=1

µj < 0.

We can give a partial converse to this fact. Note that if E = E1 then any quasi-parabolic bundle
is stable for µ ∈ C.

Lemma 2.6. Let (E,p) be an indecomposable quasi-parabolic bundle such that E = L⊕ L−1(w∞)
and pj lies outside L, for every j. If 2 ≤ 2 degL ≤ n then there exists I ⊂ {1, . . . , n}, with

|I| = 2 degL, such that (E,p) ∈ BunI .

Proof. Given that every direction pj lies outside L, we may find an embedding of L−1(w∞) that
passes through some of these directions. Any subset of directions with cardinality 2 degL−1 admits
at most one embedding of L−1(w∞) passing through them. Since (E,p) is indecomposable, such
embedding cannot pass through all pj . In particular, we can find k ∈ {2 degL, . . . , n} such that no
embedding of L−1(w∞) passes trough the directions indexed by I = {1, . . . , 2 degL − 1, k}. It is

straightforward to verify that (E,p) ∈ BunI . �

Until now we have only considered a rank two E and its line subbundles L ⊂ E. But a more
general setting will be suitable for the next results; we may allow subsheaves that are not saturated.
We will consider general morphisms L → E that do not, necessarily, lead to an embedding of L
in E. Recall that, over a curve, being a subbundle means that there exist an injective morphism
L ↪→ E whose cokernel is also a line bundle, i.e. L is a saturated subsheaf of E. For a general
morphism φ : L→ E this does not need to be true. However, we can factor out a divisor Z where φ
vanishes, leading to an injective morphism L(Z) ↪→ E. For details, see [9, Chapter 2, Proposition
5]. On the other hand, given a subbundle L ⊂ E we can produce a morphism L(−Z) → E that
vanishes on the fibers over the support of Z.

Given a morphism φ : L→ E we say that its image passes through pj ⊂ Etj if φtj (Ltj ) ⊂ pj .

Lemma 2.7. Let I ⊂ {1, . . . , n} have cardinality 2k + 2 with k ≥ 0 and fix µ ∈ CI . Then (E1,p)
is not µ-semistable if and only if there exists a line bundle L of degree degL = −k and a morphism
L→ E1 whose image passes through pj for all j ∈ I.
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Proof. Fix µ = (µ1, · · · , µn) ∈ CI . First recall that µ = ϕI(µ
′) for some µ′ ∈ C. Then (E1,p) is

not µ-semistable if there exists a subbundle L ⊂ E1 such that

Stabµ(L) = 1− 2 degL+
∑
±µj = 1− 2 degL+ |I| − 2|A|+

∑
±µ′j < 0

where A ⊂ I is the set of j ∈ I such that pj lie on L. Since µ′ ∈ C we have |
∑
±µ′j | < 1. Then we

need

1− 2 degL+ |I| − 2|A| ≤ −1.

Let k ≥ 0 be defined by |I| = 2k + 2 and define u = degL + k. Then we rewrite the inequality as
2k + 2 ≤ u+ |A|. From A ⊂ I and degL ≤ 0 we have that 0 ≤ u ≤ k.

Next we will produce a degree −k line bundle and a morphism to E1 such that its image passes
through every direction pεj with j ∈ I. If u = 0, i.e. degL = −k, then A = I and we are done. If
u > 0 or equivalently degL > −k, the argument is more involved.

Fix J ⊂ A such that |J | = 2k+ 2−u and let Z =
∑
j∈I\J tj . Considering the inclusions L ↪→ E1

and OC(−Z) ↪→ OC we define a map by the composition

φ : L⊗OC(−Z) −→ E1(−Z) −→ E1,

with the property that it gives the same directions over D − Z and vanishes over Z. Hence the
image of φ passes through every direction from I.

Conversely, suppose that there exists a degree −k line bundle L and a nontrivial morphism
φ : L → E1 passing through every pj , j ∈ I. Let Z be the zero divisor of φ and consider the
reduction φ′ : L(Z)→ E1. As φ′ is injective, L(Z) is a subbundle of E1. Hence it has non-positive
degree, i.e. degZ ≤ k. On the other hand, we have that pj lie on L(Z) for every j such that
tj 6∈ SuppZ. If A is given as above, we have |A| ≥ 2k + 2− degZred, hence

1− 2 degL(Z) + |I| − 2|A| ≤ −1 + 2(degZred − degZ) ≤ −1

This completes the proof. �

We now see the real advantage of switching to this slightly more general setting. The previ-
ous lemma describes a wall-crossing phenomenon. And the next lemma can be used to describe
geometrically the space of quasi-parabolic bundles that become unstable when we cross a wall.

Lemma 2.8. Let n = 2k+ 2 for some k ≥ 0. Let V ⊂ (P1)n be the locus of points that correspond
to quasi-parabolic bundles (E1,p) satisfying the following property: there exist a line bundle L of
degree −k and a morphism φ : L −→ E1 whose image passes through p. Then V is a hypersurface
of degree (2, . . . , 2).

Proof. Let πj : (P1)n −→ (P1)n−1 be the projection given by forgetting the jth component and let
hj be the class of a fiber of πj . Then we only need to show that V ∩ hj = 2 for every j. Up to
permuting indices we only need to consider j = 2k + 2.

If k = 0 the result follows from [27, Proposition 3.3]. Indeed, for each degree 0 line bundle
L ∈ Pic0(C) there exists a unique map φ : L→ E1 and the map L 7→ φt1(L) ∈ P1 is generically 2 : 1.
Then, for a generic direction p1, there exist two choices for L ∈ Pic0(C) such that φt1(L) ⊂ p1.
Therefore, (p1, p2) ∈ V if and only if p2 one of the directions defined by these line bundles, i.e.
V ∩ h2 = 2.

Now we consider k ≥ 1. We will show that we can reduce to the previous case. Fix p1, . . . , p2k

generic directions. By generic we mean that there exists no subbundle of degree at least 1−k passing
through these directions. Let L ∈ Pic−k(C) be any line bundle. To give a map φ : L −→ E1 passing
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through p1, . . . , p2k is equivalent to giving a map L −→ E′, where E′ is obtained by elementary
transformation with respect to p1, . . . , p2k. Indeed, we have

0 −→ E′
α−→ E1

β−→
2k⊕
j=1

(E1)tj/pj −→ 0

and β ◦ φ = 0 if and only if there exists φ′ : L −→ E′ such that φ = α ◦ φ′. Nonetheless, this is
equivalent to giving a map

φ′ ⊗ 1: L⊗M −→ E′ ⊗M
where M is a line bundle such that M2 = OC(t1 + · · ·+ t2k).

Since p1, . . . , p2k are generic, E′ is indecomposable. In particular, E′ ⊗M = E1. We then apply
the same argument of the case k = 0 to the directions p2k+1 and p2k to show that V ∩h2k+2 = 2. �

Definition 2.9. Let n ≥ 2 be an integer and let I ⊂ {1, . . . , n} be a subset of even cardinality. We
will denote by ΓI ⊂ (P1)n the subvariety that parameterizes quasi-parabolic bundles (E1,p) that
are not µ-semistable for µ ∈ CI .

Corollary 2.10. The subvariety ΓI ⊂ (P1)n is an hypersurface of degree (d1, . . . , dn), where di = 2
if i ∈ I and di = 0 otherwise.

Proof. Note that the formation of ΓI depends only on the directions indexed by I. Then it will be
a product ΓI ' V × (P1)n−|I|. Therefore, we may reduce to the case ΓI = V , i.e. |I| = n and the
conclusion follows from Lemma 2.7 and Lemma 2.8. �

Remark 2.11. A quasi-parabolic bundle (E1,p) is not µ-semistable for µ ∈ CI if and only if
elmI(E1,p) = (E,p′) is not µ′-semistable for µ′ = ϕI(µ) ∈ C. The later occurs if and only if E

splits. Therefore ΓI corresponds, via elmI , to the locus in BunI of those quasi-parabolic bundles
whose underlying vector bundles split.

3. Logarithmic connections

A logarithmic connection on a rank two vector bundle E over C with polar divisor D = t1+· · ·+tn
is a C-linear map

∇ : E −→ E ⊗ Ω1
C(D)

satisfying the Leibniz rule

∇(fs) = s⊗ df + f∇(s)

for (local) sections s of E and f of OC . If t ∈ C is a pole for ∇ and U ⊂ C is a small trivializing
neighborhood of t, we write ∇|U = d + A where d : OC −→ Ω1

C is the exterior derivative and A is
a 2× 2 matrix whose coefficients are 1-forms with at most simple poles on t. Note that A depends
on the trivialization, but its similarity class does not. Then the residue endomorphism

Rest(∇) := Rest(A) ∈ End(Et)

is well defined. Let ν+
k and ν−k be the eigenvalues of Restk(∇). The data

ν = (ν+
1 , ν

−
1 , ..., ν

+
n , ν

−
n ) ∈ C2n

are called the eigenvalues of ∇. The induced trace connection

tr(∇) : det(E)→ det(E)⊗ Ω1
C(D)
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satisfies Restk(tr(∇)) = ν+
k + ν−k and Residue Theorem yields the Fuchs relation:

degE +

n∑
k=1

(ν+
k + ν−k ) = 0.

Remark 3.1. Hereafter we will fix the following data:

(1) A 2n-tuple of complex numbers ν = (ν+
1 , ν

−
1 , ..., ν

+
n , ν

−
n ) satisfying the Fuchs relation

1 +

n∑
k=1

(ν+
k + ν−k ) = 0

and the generic condition: νε11 + · · · + νεnn /∈ Z for any εk ∈ {+,−}, to avoid reducible
connections; and ν+

k 6= ν−k for all k ∈ {1, . . . , n}, so that the residues have distinguished
eigenspaces;

(2) A fixed trace connection ζ : OC(w∞)→ OC(w∞)⊗ Ω1
C(D) satisfying

Restk(ζ) = ν+
k + ν−k

for all k = 1, ..., n.

Then we define the moduli space:

Conν =

{
(E,∇)

∣∣∣ ∇ has eigenvalue ν,
detE = OC(w∞), tr∇ = ζ

}
/ ∼

where ∼ stands for S-equivalence. In fact, the condition (1) on ν implies that ∼ may be thought
as equivalence up to isomorphism.

Algebraic constructions of moduli spaces of connections goes back to the works of Simpson and,
in the logarithmic case, Nitsure in [23]. In our setting, it is more convenient to refer to the works of
Inaba, Iwasaki and Saito [13], and more precisely Inaba [12]. Indeed, under our generic assumption
on ν, each connection ∇ on E defines a unique parabolic structure, by selecting the eigenspace
pk ⊂ E|tk associated to ν+

k at each pole tk; therefore, Conν can equivalently be viewed as the
moduli space of parabolic connections as considered in the work [12] of Inaba. Then it follows
from [12, Theorem 2.1, Proposition 5.2] that it is quasi-projective and irreducible of dimension 2n.
Moreover, [12, Theorem 2.2] shows that it is moreover smooth. In fact, in order to fit with the

stability condition [12, Definition 2.2], we set α
(k)
1 = 1−µk

2 and α
(k)
2 = 1+µk

2 ; our moduli space

therefore corresponds to the fiber det−1(L, ζ) of the determinant map considered at the beginning
of [12, Section 5]. When ν+

k = ν−k for some k, there exist connections with scalar residue (apparent
singular point) which give rise to a singular locus in the moduli space; the role of the parabolic
structure in [12] is to get a smooth moduli space even in that case.

Then the moduli space Conν is a smooth irreducible quasi-projective variety of dimension 2n,
provided that the condition (1) on ν is satisfied. The case n = 1 is not covered by [12], but it
follows from [19]; we will discuss this case at the end of this section.

In the study of Conν , it is useful to consider the quasi-parabolic bundles underlying a connection.
Let us assume ν+

k 6= ν−k for all k ∈ {1, . . . , n}. Given a connection (E,∇), we associate, for each
k = 1, . . . , n, a pair of “positive” and “negative” eigenspaces of Restk(∇)

p+
k (∇), p−k (∇) ∈ P(Etk)

corresponding to the eigenvalues ν+
k and ν−k respectively.
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Given an n-tuple ε = (ε1, · · · , εn), where each εi ∈ {+,−}, we denote

pε(∇) = {pε11 (∇), · · · , pεnn (∇)}

and consider (E,pε(∇)) the quasi-parabolic vector bundle defined by these directions.

Remark 3.2. The hypothesis that νa11 + · · · + νann /∈ Z, for every a ∈ {+.−}n, ensures that
(E,pε(∇)) is an indecomposable quasi-parabolic bundle. Indeed, if (L,p) is rank one direct sum-
mand of (E,pε(∇)) then the residues of the induced connection on L are either ν+

j or ν−j ; their

sum is − degL, see [8, Corollary 2.3].

One can then ask for the stability of these quasi-parabolic bundles with respect to some weight.
We define

Conνst =

{
(E,∇) ∈ Conν

∣∣∣ ∃ ε ∈ {+,−}n and ∃ I ⊂ {1, . . . , n}
such that (E,pε(∇)) ∈ BunI

}
.

Recall that |I| is always assumed to be even. It follows that

Conν = Conνst t Zn

where Zn denotes the complement of Conνst. Our aim in the next subsections is to describe these
varieties. We will show that Conνst can be covered by simple open subsets and that Zn falls in two
cases: either n is even and Zn = ∅ or n is odd and Zn has four connected components, each one is
a quotient of Cn+1 by a free affine action of the additive group (C,+), hence isomorphic to Cn.

3.1. Connections on E1. Our main building block in the description of Conνst is the space defined
by

Conν = {(E,∇) ∈ Conν | E = E1} .

Note that every underlying quasi-parabolic bundle lies in Bun = Bun∅, see Proposition 2.1 and
Definition 2.2. The same proposition shows that Bun ' (P1)n. We will see that Conν has a similar
description.

Let ∆ ⊂ P1 × P1 be the diagonal and let S := (P1 × P1)\∆ be its complement. Then we define
a map

Par: Conν Sn

(E1,∇) (p+
1 (∇), p−1 (∇); · · · ; p+

n (∇), p−n (∇))
.

This map is in fact an isomorphism.

Theorem 3.3. The map Par: Conν → Sn is an isomorphism.

We will postpone the proof of this theorem to Section 4, right after Proposition 4.2. Now we can
prove a direct consequence.

Corollary 3.4. Conν is an affine variety.

Proof. Since the diagonal ∆ ⊂ P1 × P1 supports an ample divisor, its complement, S, is affine.
Therefore Conν ' Sn is also affine. �

In the next subsection we will see that Sn is a local model for Conνst.
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3.2. Description of Conνst. From the definition, Conνst is the space of (isomorphism classes of)
connections (E,∇) for which there exist I ⊂ {1, . . . , n}, with |I| even, and ε ∈ {−,+}n such that

(E,pε(∇)) ∈ BunI , i.e. (E,pε(∇)) is µ-stable for any µ ∈ CI . For each I and ε we define

ConνI,ε :=
{

(E,∇) ∈ Conν | (E,pε(∇)) ∈ BunI
}
,

hence we get a decomposition

Conνst =
⋃
I,ε

ConνI,ε.(3.1)

Note that Conν∅,ε = Conν for any ε. Next we will see that, for generic ν, each ConνI,ε is isomorphic

to Sn. More precisely, we will prove that ConνI,ε is isomorphic to Conλ, for some eigenvalue λ to
be determined. Consider

πε : ConνI,ε −→ BunI

the forgetful morphism.

Proposition 3.5. The map elmI induces a fiber-preserving isomorphism ΦεI :

ConνI,ε Conλ

BunI Bun

πε

ΦεI

πε

elmI

for λ = (λ+
1 , λ

−
1 , · · · , λ+

n , λ
−
n ) defined as follows. If k 6∈ I then λ+

k = ν+
k and λ−k = ν−k , and if k ∈ I

then

λδkk = νεkk −
1

2
, and λεkk = νδkk +

1

2
,

where {δk, εk} = {+,−}.

Proof. Given (E,∇) ∈ ConνI,ε we will perform an elementary transformation centered in pε(∇).

Recall that elmI sends (E,pε(∇)) to
(
E′ ⊗ L,p′

)
where E′ is obtained from the exact sequence

0 −→ E′
α−→ E −→

⊕
i∈I

(Eti/p
εi
i (∇)) −→ 0,

and L is a square root OC
(∑

i∈I ti
)
. The pullback connection α∗(∇) has the following property,

which can be verified in local coordinates. For k 6∈ I, the eigenvalue at tk are the same {ν+
k , ν

−
k }.

For k ∈ I, the eigenvalues are
(νδkk + 1, νεkk )

and ker(αtk) corresponds to νδkk + 1.
Now let ξ : L → L ⊗ Ω1

C(D) be the rank one connection defined as follows. Let {Ui} be a
trivializing cover for E,E′ and L and let {Gij}, {G′ij} and {hij} be the respective cocycles. Assume

further that detGij = h2
ij detG′ij for every pair (i, j). Then

ξ|Ui = d− 1

2
tr
(
α−1
i dαi

)
,

where αi is the local expression for α. Note that tr(α∗(∇)⊗ ξ) = tr(∇) and

Restkξ =

{
− 1

2 , k ∈ I;

0, k 6∈ I.
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The map ΦεI is then defined as

ΦεI(E,∇) = (E′ ⊗ L,α∗(∇)⊗ ξ).

Since it can be reversed by the same process, we have the isomorphism. Moreover, the diagram in
the statement commutes from the construction of ΦεI . �

To give an isomorphism ConνI,ε ' Sn we just need to require that λ satisfies the hypothesis of

Theorem 3.3, i.e. λ+
k 6= λ−k and in Remark 3.1.

Corollary 3.6. If, for every k = 1, . . . , n, ν+
k − ν

−
k /∈ {0, 1,−1} then, for every I ⊂ {1, . . . , n},

with |I| even, and every ε ∈ {+,−}n,

ConνI,ε ' Sn.

Proof. For k 6∈ I we have λ+
k − λ− = ν+

k − ν
−
k and for k ∈ I we have λ+

k − λ− = ν−k − ν
+
k ± 1. The

result follows from Proposition 3.5 and Theorem 3.3 once we have ν+
k − ν

−
k /∈ {0, 1,−1}. �

Hereafter we will also assume that ν+
k − ν

−
k /∈ {0, 1,−1} for every k = 1, . . . , n. We will also

denote by πε the projection πε : Sn → (P1)n that makes the following diagram commute

ConνI,ε Sn

BunI (P1)n

πε πε

and we define Γ̃I,ε = π−1
ε (ΓI), where ΓI is the hypersurface from Definition 2.9.

Proposition 3.7. Let I, J ⊂ {1, . . . , n} with even cardinalities and fix ε ∈ {+,−}n. Then

ConνI,ε \ ConνJ,ε ' ConνJ,ε \ ConνI,ε ' Γ̃I∆J,ε

where I∆J = (I ∪ J) \ (I ∩ J) is their symmetric difference.

Proof. Note that |I∆J | is even and elmI ◦ elmJ = elmI∆J ; hence ΦεI gives an isomorphism

ConνI,ε \ ConνJ,ε ' Conλ \ ConλI∆J,ε.

An element of Conλ\ConλI∆J,ε is a connection whose underlying quasi-parabolic bundle (E1,p
ε(∇))

is stable for the weights µ ∈ C but its image under elmI∆J is unstable or, equivalently, it is µ-stable
but ϕI∆J(µ)-unstable. Therefore, using Theorem 3.3 and Remark 2.11 we get

Par(Conλ \ ConλI∆J,ε) = Γ̃I∆J,ε.

�

Theorem 3.8. Assume and νa11 + · · ·+νann /∈ Z, for any ak ∈ {+,−}, and that ν+
k −ν

−
k /∈ {0, 1,−1}

for k ∈ {1, · · · , n}. Then Conνst is obtained by gluing a finite number of copies of Sn via birational
maps

Ψδ,ε
J,I : Sn 99K Sn.

Moreover, if ε = δ, then Ψδ,ε
J,I preserves the fibers of πε.
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Proof. Since Conνst = ∪I,εConνI,ε, (3.1), we may give local charts Par ◦ΦεI : ConνI,ε → Sn. Note that

ConνI,ε ∩ConνJ,δ is Zariski open. Then the maps Ψδ,ε
J,I are defined by extending the transition maps.

They fit in the following diagram.

Sn Conλ ConνI,ε ConνI,ε ∩ ConνJ,δ ConνJ,δ Conρ Sn

(P1)n Bun BunI BunJ Bun (P1)n

πε

Ψδ,ε
J,I

Par

πε πε

ΦεI ⊂ ⊂
ΦδJ

πδ πδ

Par

πδ

If δ = ε then we can complete the diagram. By abuse of notation, we may write

BunIJ = BunI ∩ BunJ

the space parabolic bundles in BunI that are also µ-stable for µ ∈ CJ and vice-versa. Thus we get
a birational map BunI 99K BunJ extending the identity on BunIJ . Hence we get

Sn Sn

(P1)n (P1)n

πε

Ψε,ε
J,I

πε

�

3.3. Connections with unstable parabolic bundles. Now we describe the space Zn of (iso-
morphism classes of) connections such that every underlying parabolic bundle is not semistable.
We will show that it falls in two cases:

(1) If n is even then Zn = ∅;
(2) If n is odd then Zn has four connected components, each isomorphic to Cn.

Note that in the last case dimZn = n. Let us make our first reduction.

Lemma 3.9. If n is even then Zn is empty and if n is odd then

(3.2) Zn = {(E,∇) ∈ Conν | E = L⊕ L−1(w∞) with L2 = OC(D + w∞)}.

Proof. Suppose that Zn 6= ∅ and let (E,∇) ∈ Zn. We will show that E = L ⊕ L−1(w∞) with
L2 = OC(D + w∞). In particular, n must be odd.

We know that (E,pε(∇)) is indecomposable for any ε, see Remark 3.2. Then we may apply
Lemma 2.4. We cannot have E = E1 since it would imply (E1,∇) ∈ Conν ; hence E = L⊕L−1(w∞).
In this case, we may take ε such that pεkk (∇) 6⊂ Ltk for every k = 1, . . . , n. Note that, by Lemma
2.6, the case 2 degL ≤ n is not possible. Therefore Lemma 2.4 implies that L2 = OC(D + w∞).

Conversely, any connection on L⊕L−1(w∞), with L2 = OC(D+w∞), represents a point in Zn,
see Remark 2.5. �

Next we will describe the connections in Zn. In order to do so, we compute the logarithmic Atiyah
class φAE ∈ End(E)∨ whose vanishing establishes the existence of a connection with prescribed
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t1 t2 t3 tn

L−1(w∞)

L

p+
2 p+

3 p+
n

p−2

p−3
p−n

p−1
p+

1

· · ·

· · ·

Figure 2. Possible configuration of directions for (E,∇) ∈ Zn.

residues, see [3]. Let T ∈ End(E) then φAE is defined by

φAE(T ) = φ0
E(T ) +

n∑
j=1

tr (AjT (tj))

where Aj is the residue endomorphism over tj and φ0
E is the classical Atiyah class, see [2]. In our

case,

Aj =

(
uj aj
vj bj

)(
ν+
j 0

0 ν−j

)(
bj −aj
−vj uj

)
where ujbj−ajvj = 1. Here we may take local coordinates around each tj such that L and L−1(w∞)
correspond to (1 : 0) and (0 : 1), respectively.

Note that any direction pεkk (∇) lies outside L, otherwise there would exist a choice of parabolic
directions pε(∇) such that (E,pε(∇)) is decomposable and this would force a relation on eigenvalues
ν. Indeed, we can find an embedding of L−1(w∞) passing through n − 1 directions away from L.
Then we suppose, without loss of generality, that our directions are as in the Figure 2. In particular
(uj , vj) = (0, 1) and aj = −1 for j ≥ 2, and u1v1 6= 0. Up to applying a diagonal automorphism of
E we suppose that u1 = v1 = 1, i.e. p+

1 (∇) = (1 : 1).
Note that End(E) is generated (as a vector space) by the identity, nilpotent endomorphisms and

the projection to L. For the identity, φAE(1E) gives the Fuchs relation that we already know is valid.
Let β ∈ H0(C,L2(−w∞)) and define

P (β) := φAE

((
0 β
0 0

))
= b1β(t1)(ν+

1 − ν
−
1 ) +

∑
j≥2

bjβ(tj)(ν
+
j − ν

−
j ).

For j ≥ 2 let βj ∈ H0(C,L2(−w∞)) with the following property: βj(tk) = 0 if k 6= 1, j and
βj(tj) = 1. These sections are unique. In particular, βj(t1) 6= 0 and we have

P (βj) = b1βj(t1)(ν+
1 − ν

−
1 ) + bj(ν

+
j − ν

−
j )

Note that the image of evaluation map H0(C,L2(−w∞)) → Cn, β 7→ (β(t1), . . . , β(tn)), has
dimension (n − 1); hence the images of the βj define basis. Therefore P (β) = 0 for every
β ∈ H0(C,L2(−w∞)) if and only if P (βj) = 0 for j ≥ 2, i.e. the ν−j direction is

(−1 : bj) =
(
ν+
j − ν

−
j : b1βj(t1)(ν+

1 − ν
−
1 )
)
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For the projection to L we have

φAE

((
1 0
0 0

))
= degL+

n∑
j=1

ujbjν
+
j − ajvjν

−
j = b1(ν+

1 − ν
−
1 ) +

n+ 1

2
+

n∑
j=1

ν−j = 0.

This implies that the directions over t1 are p+
1 (∇) = (1 : 1) and

p−1 (∇) = (b1 − 1 : b1) =

n+ 1

2
+

n∑
j≥2

ν−j + ν+
j :

n+ 1

2
+

n∑
j=1

ν−j


Therefore the residues are completely independent of the isomorphism class of (E,∇), i.e. the
residues of every connection in Zn are, up to Aut(E), in the above configuration. Also note that
any two connections with these residues differ by an element of Hom(E,E ⊗ ΩC) with vanishing
trace. From this discussion we can prove the following result.

Theorem 3.10. Let n be an odd integer. Then Zn has four connected components, each of them
being isomorphic to Cn.

Proof. First note that there exist precisely four possibilities for the underlying vector bundle of a
connection in Zn. Indeed, Lemma 3.9 shows that any such vector bundle is E = L⊕L−1(w∞) where
L is such that L2 = OC(D + w∞). Twisting by 2-torsion line bundles yields four non-isomorphic
possibilities for L. Hence four non-isomorphic possibilities for E. Therefore Zn has four connected
components.

Fix one such E and denote ZEn the corresponding component of Zn. Up to the action of Aut(E),
we can fix a configuration of directions as in Figure 2 so that we may only consider connections on E
that have this configuration. Note that since L2 = OC(D+w∞) the stabilizer of such configuration
in Aut(E) is a copy of the additive group (C,+) generated by(

1 β
0 1

)
where β ∈ H0(L2(−w∞)) \ {0} vanishes on D. On the other hand, if we fix a connection ∇0 on
E, for any other connection ∇, the difference ∇−∇0 ∈ Hom(E,E ⊗ ΩC) is a holomorphic Higgs
field. Since ∇ and ∇0 must have the same trace, this Higgs field is traceless. Thus we have an
isomorphism

ZEn Higgs0(E)/(C,+)

[∇] [∇−∇0]

where Higgs0(E) is the space of traceless Higgs fields. Note that Higgs0(E) ' Cn+1.
We now explicitly describe the action of (C,+) on Higgs0(E). Locally, we can write

∇0 = d+

(
a0 b0
c0 d0

)
and ϕ =

(
a1 b1
0 −a1

)
.

Then the action of t ∈ C is given by

t · ϕ =

(
1 −tβ
0 1

)[(
0 tdβ
0 0

)
+

(
a0 + a1 b0 + b1
c0 d0 − a1

)(
1 tβ
0 1

)]
−
(
a0 b0
c0 d0

)
=

=

(
1 −2tβ
0 1

)(
a1 b1
0 −a1

)
+

(
−tc0β t[(a0 − d0)β + dβ]− t2c0β2

0 tc0β

)
.
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In particular, the action is given by affine transformations. Also note that c0 = 0 would force an
integer relation νε11 + · · · + νεnn ∈ Z which is not possible; hence the action is free. This concludes
the proof since the quotient of an affine free action of (C,+) on Cn+1 must be isomorphic to Cn,
see [24, Corollary 7]. �

In addition, notice that given (E,∇) representing a point in Zn we may perform an elementary
transformation centered at n parabolic directions outside L (see (3.2)), then E can be transformed
into E0 ⊗ Li, where L2

i = OC and E0 corresponds to the unique, up to isomorphism, nontrivial
extension

0 −→ OC −→ E0 −→ OC −→ 0.

We conclude that any connection representing a point in Zn can be obtained from a connection over
an indecomposable vector bundle, with trivial determinant line bundle, by performing an elementary
transformation centered in n parabolic directions which lie in the unique maximal subbundle. Note
that there exist n directions to choose and dim Higgs0(E0 ⊗Li) = 1 giving dimension n+ 1 for the
space of connections on E0 ⊗ Li. Taking the quotient by the action of the automorphism group of
the corresponding vector bundle, we get dimension n.

3.4. The classical Painlevé case. Here it is worth to compare the case n = 1 with the Painlevé
case, i.e. those logarithmic connections over the 4-punctured Riemann sphere. We assume that
D = w∞ and let (ν,−ν−1), ν ∈ C\Z, denote the eigenvalues. The moduli space Conν parametrizes
(E,∇), where ∇ is a logarithmic connection over C with a single logarithmic pole over the point
w∞, i.e. it is a Lamé connection. The whole moduli space writes

Conν = Conν t Z1

where Conν ' S is formed by (E,∇) with E = E1. It follows from Theorem 3.10 that Z1 is a union
of four irreducible curves isomorphic to C:

(3.3) Zi1 = {(E,∇) ∈ Conν | E = L⊕ L−1(w∞) with L = OC(wi)}

for i ∈ {0, 1, λ,∞}, where wi are Weierstrass points.

We let Conθ(P1, T ), T = 0 + 1 +λ+∞, denote the moduli space of logarithmic connections over
the 4-punctured Riemann sphere (P1, T ), with eigenvalue

θ =

(
±1

4
,±1

4
,±1

4
, θ±

)
; θ+ =

ν

2
− 1

4
, θ− = −θ+ − 1.

The determinant line bundle and the trace connection on it are fixed, i.e. we fix a rank one
connection ζ on OP1(1) with residue −1 at ∞ and for any (E,∇) ∈ Conθ(P1, T ) we have

(detE, tr∇) = (OP1(1), ζ).

The eigenvalue θ is chosen so that we can construct a map

F : Conθ(P1, T ) −→ Conν

which turns out to be an isomorphism (see [19]), and which we now describe. Given

(E,∇) ∈ Conθ(P1, T )

we first take its pullback (π∗E, π∗∇) via the 2-cover π : C → P1, the underlying vector bundle has
determinant det(π∗E) = OC(2w∞). After π∗ the eigenvalues are multiplied by 2 and by performing
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an elementary transformation elem0,1,λ over the parabolic points 0, 1, λ ∈ P1, centered on directions
corresponding to eigenvalues 1/2, we get

(E′,∇′) = elm0,1,λ(π∗E, π∗∇)

with detE′ = OC(−w∞), recall that w0 + w1 + wλ ∼ 3w∞. The transformed connection ∇′ has
apparent singularities over 0, 1, λ, thus they disappear after twist by a suitable rank one connection
ζ0 on OC(w∞). More precisely, we may fix ζ0 with residues

−1

2
,−1

2
,−1

2
and

1

2

over 0, 1, λ and ∞ to get

F (E,∇) := (E′,∇′)⊗ (OC(w∞), ζ0) ∈ Conν .

We now describe the preimage of Z1 via F . For any (E,∇) ∈ Conθ(P1, T ) the underlying vector
bundle is always E = OP1 ⊕OP1(1), see [19]. Given two parabolic directions outside OP1(1), we can
choose an embedding of OP1 → E passing through them, and there is at most one direction lying
in OP1(1). For each i ∈ {0, 1, λ} we let p+

i (∇) denote the parabolic direction with respect to the
eigenvalue 1/2, we define

Ai = {(E,∇) ∈ Conθ(P1, T ) | p+
i (∇) ∈ OP1(1)}

and let A∞ be the locus of (E,∇) ∈ Conθ(P1, T ) such that there is an embedding of OP1 passing
through the three directions p+

0 (∇), p+
1 (∇), p+

λ (∇).

Claim 1. We claim that F sends Ai to Zi1.

Let us assume i = 0, other cases are similar. Pulling back (E,∇) ∈ A0 to the elliptic curve we
get

(π∗E, π∗∇) = (OC ⊕OC(2w∞), π∗∇)

with one parabolic direction p+
0 (π∗∇) lying in OC(2w∞). We may assume that OC pass through

p+
1 (∇) and p+

λ (∇), thus after elementary transformation elem0,1,λ we get

(E′,∇′) = (OC(−w0)⊕OC(2w∞ − w1 − wλ),∇′)

and twisting by (OC(w∞), ζ0) we obtain

F (E,∇) = (Ẽ,∇′ ⊗ ζ0)

where Ẽ ' L⊕ L−1(w∞), with L = OC(w0). Consequently, F (E,∇) ∈ Z0
1 . This proves the claim.

4. Fuchsian systems with n+ 1 poles

Given (E1,∇) ∈ Conν , we can associate a sl2-connection on the trivial bundle OC ⊕ OC by
performing an elementary transformation for a particular choice of directions over the 2-torsion
points w0, w1 and wλ. We begin the section establishing this correspondence. The process cre-
ates new singularities which are apparent, i.e. they become regular points after one elementary
transformation.

We have that t ∈ C is an apparent singular point for ∇ if the residual part Rest∇ has { 1
2 ,−

1
2} as

eigenvalues and the 1
2 -eigenspace of Rest∇ is also invariant by the constant part of the connection

matrix.
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Recall that D′ = w0 + w1 + wλ + D is also reduced, see Remark 1.1. Let (ν1, . . . , νn) ∈ (C∗)n
and fix an eigenvalue σ by setting

(
1
2 ,−

1
2

)
over w0, w1 and wλ, and

(νj
2 ,−

νj
2

)
over tj , j = 1, . . . , n,

i.e.

(4.1) σ =

(
1

2
,−1

2
,

1

2
,−1

2
,

1

2
,−1

2
,
ν1

2
,−ν1

2
, . . . ,

νn
2
,−νn

2

)
.

We denote by Systσ(C,D′) the moduli space of Fuchsian systems (i.e. logarithmic sl2-connections
on the trivial bundle OC ⊕OC) having pole divisor D′, eigenvalue θ and such that:

• the three singular points w0, w1 and wλ are apparent;
• over w0, w1 and wλ the corresponding 1

2 -eigenspaces are (1 : 0), (1 : 1) and (0 : 1) respec-
tively.

OC(w0 − w∞)

OC(w1 − w∞)

OC(wλ − w∞)

w0 w1 wλ
OC

Figure 3. Sections of P(E1)

Proposition 4.1. There is an isomorphism of moduli spaces

Conν
∼−→ Systσ(C,D′)

where νj = ν+
j − ν

−
j for j = 1, . . . , n.

Proof. Let (E1,∇) ∈ Conν . First note that the intersection configuration in Figure 3 tells us that,
after the elementary transformation, OC(w0 − w∞),OC(w1 − w∞),OC(wλ − w∞) ⊂ E1 become
three disjoint copies of OC(−w∞). Hence the elementary transformed of (E1,∇) is (E,∇′) where
E = OC(−w∞) ⊕ OC(−w∞) and the eigenvalues of ∇′ are the same as ∇ at the tk, k = 1, . . . , n,
and the eigenvalues at w0, w1 and wλ are equal to (1, 0). Consider the connection (OC(w∞), ξ) such
that

Resw0
ξ = Resw1

ξ = Reswλξ = −1

2
and Restkξ = −

ν+
k + ν−k

2
.

It exists since
∑n
k=1 ν

+
k + ν−k = −1 by Fuchs relation. Therefore

(E1,∇) 7−→ (OC ⊕OC ,∇′ ⊗ ξ) ∈ Systσ(C,D′)

is our desired isomorphism. �

Consider the space Bun0 of parabolic bundles (E,p) over (C,D′) such that E is the trivial
bundle, the parabolic directions over w0, w1 and wλ are (1 : 0), (1 : 1) and (0 : 1), respectively,
and we let the parabolic directions over D = t1 + · · · + tn vary. We have a natural identification
Bun0 = (P1)n where each copy of P1 parametrizes parabolic directions over tj .
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The elementary transformation used in the proof yields an alternative proof for the isomorphism
Bun ' (P1)n in Proposition 2.1. Indeed, (E1,p) corresponds to (OC ⊕ OC ,p′) and, up to auto-
morphism, we can fix the directions over w0, w1 and wλ so that it defines an element of Bun0; in
particular, this gives us the identification

Bun ' Bun0 .(4.2)

4.1. The affine bundle of Fuchsian systems. The moduli space Systσ(C,D′) is an affine bundle
of rank n over Bun0. We will describe its trivializations over the Zariski open sets

U0 =

n∏
j=1

{
(zj : wj) ∈ P1 | wj = 1

}
and U∞ =

n∏
j=1

{
(zj : wj) ∈ P1 | zj = 1

}
,

and then give the affine transition map.
In order to make explicit computations, we will consider that C is given by the affine equation

y2 = x(x− 1)(x− λ), with λ ∈ C \ {0, 1}, and w∞ ∈ C will be the point at infinity. In particular,
the torsion points are w0 = (0, 0), w1 = (1, 0) and wλ = (λ, 0). To begin with, let us fix a basis
of meromorphic one-forms with at most simple poles on D′. Consider the holomorphic one-form
ω = dx

2y = dy
3x2−2(1+λ)x+λ and define

φ0 =
(1− λ)x

y
ω, φ1 =

−λ(x− 1)

y
ω and θj =

xj(xjx− λ)

xjy − yjx
ω,

where tj = (xj , yj). These n+3 one-forms give us the desired basis, and their residues (and constant
term at wi) are given as follows in terms of local coordinate y:

• at w0, we have x = O(y2), and:

ω =
dy

λ
+O(y), φ0 = O(y), φ1 =

dy

y
+O(y), θj = −dy

y
− yj
λxj

dy +O(y);

• at w1, we have x = 1 +O(y2), and:

ω =
dy

1− λ
+O(y), φ0 =

dy

y
+O(y), φ1 = O(y), θj =

xj(xj − λ)

yj
dy +O(y);

• at wλ, we have x = λ+O(y2), and:

ω =
dy

λ(λ− 1)
+O(y), φ0 = −dy

y
+O(y), φ1 = −dy

y
+O(y), θj = −xj(xj − 1)

yj
dy +O(y);

• at tj , the 1-forms are holomorphic except for θj which has a simple pole with Restjθj = 1.

Therefore, any Fuchsian system ∇ ∈ Systσ(C,D′) can be written as

∇ = d+

(
a0 b0
c0 −a0

)
φ0 +

(
a1 b1
c1 −a1

)
φ1 +

(
a2 b2
c2 −a2

)
ω +

n∑
j=1

(
αj βj
γj −αj

)
θj ,
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and, as we impose apparent singularities at w0, w1 and wλ, we get

a0 = −
n∑
j=1

αj , b0 =
1

2
+

n∑
j=1

αj , c0 =
1

2
−

n∑
j=1

αj ,

a1 =
1

2
+

n∑
j=1

αj , b1 = −1

2
−

n∑
j=1

αj , c1 =

n∑
j=1

γj ,

a2 =

n∑
j=1

yj
2

[
2αj + βj − γj

xj − 1
+
γj
xj
− βj
xj − λ

]
, b2 =

n∑
j=1

yj
(xj − λ)

βj , c2 =

n∑
j=1

yj
xj
γj .

In particular, ∇ is completely determined by the residues

Restj (∇) =

(
αj βj
γj −αj

)
.

Proposition 4.2. If νj 6= 0 for j = 1, . . . , n then the map Par: Systσ(C,D′)→ Sn that associates
to ∇ the eigenspaces of Restj (∇), j = 1, . . . , n, is an isomorphism.

Proof. We know that ∇ is determined by Restj (∇), j = 1, . . . , n. On the other hand,(
αj βj
γj −αj

)
=

1

zv − wu

(
z u
w v

)
·

νj2 0

0 −νj
2

 · ( v −u
−w z

)
where (z : w) and (u : v) are the eigenspaces associated to

νj
2 and −νj2 , respectively. Note that

S = P1 × P1 \ {zv − wu = 0}, hence the isomorphism is clear. �

As a consequence we can prove Theorem 3.3.

Proof of Theorem 3.3 . Now it is immediate to see that Proposition 4.1 and Proposition 4.2 com-
bined give an isomorphism by the composition

Conν −→ Systσ(C,D′) −→ Sn.

�

4.1.1. Trivialization over U0. Given z = (z1, . . . , zn) ∈ U0 we define ∇0 as the connection which
has (zj : 1) as eigenspaces corresponding to

νj
2 and has (1 : 0) as eigenspaces corresponding to −νj2 .

It can be written as

∇0 = d+

(
a0 b0
c0 −a0

)
φ0 +

(
a1 b1
0 −a1

)
φ1 +

(
a2 b2
0 −a2

)
ω +

n∑
j=1

νj
2

(
−1 2zj
0 1

)
θj .

with

a0 =

n∑
j=1

νj
2

b0 =
1

2
−

n∑
j=1

νj
2

c0 =
1

2
+

n∑
j=1

νj
2

a1 =
1

2
−

n∑
j=1

νj
2

b1 = −1

2
+

n∑
j=1

νj
2

a2 =

n∑
j=1

νjyj
2

[
zj − 1

xj − 1
− zj
xj − λ

]
b2 =

n∑
j=1

νjyj
zj

(xj − λ)
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Now if ∇ is any connection which has z as positive eigenspaces then the difference Θ = ∇−∇0

is a Higgs field which is nilpotent with respect to z. This means that Θ is a strongly parabolic
Higgs field over (OC ⊕OC , z). We shall fix a basis {Θ0

1, · · · ,Θ0
n} for the space of strongly parabolic

Higgs fields such that

RestjΘ
0
j =

(
zj −z2

j

1 −zj

)
and Θ0

j is regular elsewhere. So, we define

Θ0
j =

(
−zj zj
−zj zj

)
φ0 +

(
zj −zj
1 −zj

)
φ1 +Aj · ω +

(
zj −z2

j

1 −zj

)
θj

where

Aj =

yj
2

[
−(zj−1)2

xj−1 + 1
xj

+
z2j

xj−λ

]
− yjz

2
j

xj−λ
yj
xj

−yj2
[
−(zj−1)2

xj−1 + 1
xj

+
z2j

xj−λ

]
 .

This matrix Aj has been chosen to assure apparent singularities over w0, w1 and wλ.
Any sl2-connection (E,∇) ∈ Systσ(C,D′) having (zj : 1) as parabolic direction (over tj) corre-

sponding to
νj
2 can be written as

∇ = ∇0 + rjΘ
0
j

for suitable rj ∈ C. It has (zjrj − νj : rj) as the complementary direction corresponding to −νj2 .

4.1.2. Trivialization over U∞. Similarly, we define∇∞ having (1 : wj) as eigenspaces corresponding
to

νj
2 and (0 : 1) as eigenspaces corresponding to −νj2 :

∇∞ = d+

(
a0 b0
c0 −a0

)
φ0 +

(
a1 b1
c1 −a1

)
φ1 +

(
a2 0
c2 −a2

)
ω +

n∑
j=1

νj
2

(
1 0

2wj −1

)
θj

with

a0 = −
n∑
j=1

νj
2

b0 =
1

2
+

n∑
j=1

νj
2

c0 =
1

2
−

n∑
j=1

νj
2

a1 =
1

2
+

n∑
j=1

νj
2

b1 = −1

2
−

n∑
j=1

νj
2

c1 =

n∑
j=1

νjwj

a2 =

n∑
j=1

νjyj
2

[
(1− wj)
xj − 1

+
wj
xj

]
c2 =

n∑
j=1

yj
xj
νjwj

And the strongly parabolic Higgs fields are defined by

Θ∞j =

(
−wj wj
−wj wj

)
φ0 +

(
wj −wj
w2
j −wj

)
φ1 +Bj · ω +

(
wj −1
w2
j −wj

)
θj

where

Bj =

yj
2

[
−(1−wj)2
xj−1 +

w2
j

xj
+ 1

xj−λ

]
−yj

(xj−λ)

yjw
2
j

xj
−yj2

[
−(1−wj)2
xj−1 +

w2
j

xj
+ 1

xj−λ

]
 .

Given a Fuchsian system ∇ ∈ Systσ(C,D′) with (1 : wj) as parabolic direction (over tj) corre-
sponding to

νj
2 , we can write

∇ = ∇∞ + sjΘ
∞
j

for suitable sj ∈ C. The complementary direction corresponding to −νj2 is (sj : wjsj + νj).



ON THE MODULI OF LOGARITHMIC CONNECTIONS ON ELLIPTIC CURVES 23

4.1.3. Transition matrix. From the trivializations on U0 and U∞ we may compute a transition affine
transformation for the affine bundle Systσ(C,D′). Since U0 ∪ U∞ covers the basis Bun0 ' (P1)n

minus a subvariety of codimension two, then the bundle structure of Systσ(C,D′) is determined by
this affine transformation.

In order to make this affine transformation explicit we note that

Θ∞j = w2
jΘ

0
j

(
1

wj

)
,

and

∇0

(
1

w

)
= d+

(
a0 b0
c0 −a0

)
φ0 +

(
a1 b1
0 −a1

)
φ1 +

(
a2 b2
0 −a2

)
ω +

n∑
j=1

νj
2

(
−1 2

wj

0 1

)
θj .

with

a0 =

n∑
j=1

νj
2

b0 =
1

2
−

n∑
j=1

νj
2

c0 =
1

2
+

n∑
j=1

νj
2

a1 =
1

2
−

n∑
j=1

νj
2

b1 = −1

2
+

n∑
j=1

νj
2

a2 =

n∑
j=1

yjνj
2wj

[
1− wj
xj − 1

− 1

xj − λ

]
b2 =

n∑
j=1

yj
(xj − λ)

νj
wj

Hence

(4.3) ∇∞ = ∇0

(
1

w1
, . . . ,

1

wn

)
+

n∑
j=1

νjwjΘ
0
j

(
1

wj

)
.

Over the intersection U0 ∩ U∞ we have

(s1, . . . , sn) 7→ ∇∞(w1, . . . , wn) +

n∑
j=1

sjΘ
∞
j (wj) =

= ∇0

(
1

w1
, . . . ,

1

wn

)
+

n∑
j=1

(
νjwj + sjw

2
j

)
Θ0
j

(
1

wj

)
=

= ∇0(z1, . . . , zn) +

n∑
j=1

(
νjwj + sjw

2
j

)
Θ0
j (zj) =

= ∇0(z1, . . . , zn) +

n∑
j=1

rjΘ
0
j (zj)

which gives us the transition affine transformation

(4.4)

r1

...
rn

 =

w
2
1 . . . 0
...

. . .
...

0 . . . w2
n

 ·
s1

...
sn

+

ν1w1

...
νnwn

 .
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Note that if we choose new trivializations such that r′j =
ρj
νj
rj and s′j =

ρj
νj
sj , this transition map

becomes r
′
1
...
r′n

 =

w
2
1 . . . 0
...

. . .
...

0 . . . w2
n

 ·
s
′
1
...
s′n

+

ρ1w1

...
ρnwn

 .

Hence the affine bundles Conν
π+−−→ Bun are all isomorphic, not depending on ν; this agrees with

Theorem 3.3. The transition map (4.4) can also be written as

(4.5)


λ
r1

...
rn

 =


1 0 . . . 0

ν1w1 w2
1 . . . 0

...
...

. . .
...

νnwn 0 . . . w2
n

 ·

λ
s1

...
sn


and can be thought, owing to (4.2), as the transition matrix of a vector bundle E over Bun that
parameterizes logarithmic λ-connections: triples (E1, λ,∇) where ∇ : E1 → E1⊗ΩC(D) and λ ∈ C
such that

∇(fs) = λs⊗ df + f∇(s),

see [26, Section 4]. If λ 6= 0 then 1
λ∇ is an usual logarithmic connection and if λ = 0 then ∇ is a

Higgs field. We note that the complement of U0 ∪ U∞ is a subvariety of codimension two, hence
the transition matrix given in (4.5) determines E .

The projectivization of E provides a compactification Conν for the moduli space Conν ; in the
boundary we get the projectivized moduli space of Higgs fields

PHiggs ' Conν \ Conν .

The inclusion PHiggs ↪→ P(E) comes from the natural extension

(4.6) 0 −→ T ∗Bun−→E−→OBun −→ 0

where the first map is the inclusion of Higgs fields and the last is the projection (E1, λ,∇) 7→ λ.
We saw that E does not depend on ν. However, this extension, hence the inclusion PHiggs ↪→ P(E),
is determined by the exponents ν.

Theorem 4.3. The moduli space Conν has compactification Conν = P(E), where the boundary
divisor is isomorphic to PHiggs, the projectivization of the space of Higgs fields on E1. Moreover,
the inclusion PHiggs ↪→ P(E) is determined, up to automorphisms of P(E), by (ν1, . . . , νn).

Proof. The inclusion φ : PHiggs ↪→ P(E) comes from the projectivization of (4.6). We will show
that the isomorphism class of this extension is determined by (ν1, . . . , νn). This is equivalent to
determining φ, up to composing with an automorphism of P(E) as a Pn-bundle over Bun. The proof
will follow by computing the extension class eν ∈ H1(Bun, T ∗Bun), see [2, p. 185].

Over U0, the map OBun → Eν , given by h 7→ h∇0, defines a splitting; the same is true for ∇∞
over U∞. Therefore eν is represented, on U0 ∩ U∞, by

∇∞ −∇0 =

n∑
j=1

νjwjΘ
0
j

(
1

wj

)
,
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see the equation in display (4.3). Any cohomologous cocycle must be
n∑
j=1

νjwjΘ
0
j

(
1

wj

)
+

n∑
j=1

bj(w1, . . . wn)Θ∞j (wj)−
n∑
j=1

aj

(
1

w1
, . . . ,

1

wn

)
Θ0
j

(
1

wj

)
=

=

n∑
i=1

[
νjwj + bj(w1, . . . wn)w2

j − aj
(

1

w1
, . . . ,

1

wn

)]
Θ0
j

(
1

wj

)
for some holomorphic functions ai and bi. In particular, the linear terms νjwj are left unchanged,
whence the extension is completely determined by (ν1, . . . , νn). �

Returning to the affine bundle Conν
π+−−→ Bun, we have seen that it does not distinguish ν.

However, if we consider Conν with the inherited symplectic structure from Conν , the picture is
different; this will be the topic of the next section. The trivializations in (4.4) will be important to
bring the symplectic form to the Darboux normal form.

5. Symplectic structure

It follows from the work of Iwasaki [15] that moduli spaces of logarithmic connections on curves
carry a natural symplectic structure. In fact, there exists a 2-form defined on a larger moduli
space where the poles are allowed to move on C inducing a Poisson structure whose kernel de-
fines the isomonodromic deformations, therefore a Hamiltonian system. Moreover, through the
Riemann-Hilbert correspondence, Iwasaki proved in [16] that this 2-form coincides with the sym-
plectic structure on moduli spaces of representations that originated through the works of Goldman.
In fact, Iwasaki considers moduli spaces of Sturm-Liouville operators rather than connections. In
order to define the symplectic structure globally on our moduli space, the approach of Arinkin in
[1] and Inaba-Iwasaki-Saito in [13] is more convenient. Let us briefly recall how the tangent space
and the symplectic structure are constructed there. Later we will give an explicit formula for the
2-form on an open set of our moduli space.

First we recall the following result from [11, Section 15].

Lemma 5.1. Assume that the connection (E,∇) has a simple pole at t ∈ C with eigenvalues
{ν+, ν−}, and let z : (C, t)→ (C, 0) be a local coordinate. Then there exists a local trivialization of
the vector bundle Φ: E|(C,t) → (C, 0)× C2 such that Φ∗∇ is one of the following models:

(5.1) d+

(
ν+ 0
0 ν−

)
dx

x
,

or, in the resonant case {ν+, ν−} = {ν, ν + n}, n ∈ Z≥0

(5.2) d+

(
ν xn

0 ν + n

)
dx

x
.

Moreover, in the resonant case ν+− ν− ∈ Z, the model (5.2) is generic among the two, i.e. occurs
for an open set of the deformations of (E,∇).

Consider a first order deformation (Eε,∇ε) of the (generic) connection (E,∇) with the same
eigenvalues and same determinant/trace. Consider a covering {Ui} of C such that the restriction
of ∇ is either trivial, or can be normalized like in Lemma 5.1. Since the local models (5.1) with
ν+ − ν− 6∈ Z, and (5.2) are stable under small deformations with fixed eigenvalues, we deduce that
there exist bundle isomorphisms

Φi : Eε|Ui → E|Ui such that ∇ε|Ui = (Φi)
∗∇|Ui .
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Therefore, on Ui∩Uj , the comparison Φij = Φ−1
i ◦Φj defines automorphisms of E|Ui∩Uj preserving

the connection ∇|Ui∩Uj . Moreover, one can choose Φi, Φj , and therefore Φij , preserving the deter-

minant/trace. One can check that {Φij} defines an element of H1(SL(E,∇)), the sheaf of bundle
automorphisms preserving ∇ and acting trivially on det(E).

Note that Φi = Φ0
i + εΦ1

i where {Φ0
i } is a global automorphism of E that preserves ∇, i.e.

∇ = (Φ0
i )
∗∇. It follows that Φij is cohomologous to id + εφij and we get an element {φij} of

H1(sl(E,∇)), the sheaf of trace-free endomorphisms preserving ∇. Therefore

T(E,∇)Con
ν ' H1(sl(E,∇)).

Observe that sl(E,∇) is a subsheaf of sl(E,p) the sheaf of endomorphisms of the quasi-parabolic
bundle (E,p) with trace zero. Also note that ∇ induces a natural (logarithmic) connection on the
vector bundle sl(E), namely ∇1 : φ 7→ ∇ ◦ φ − φ ◦ ∇. We then construct a complex of sheaves of
abelian groups

0 −→ sl(E,∇) −→ sl(E,p)
∇1

−→ sl(E,p)⊗ Ω1
C(D)nil −→ 0(5.3)

where the rightmost member corresponds to parabolic Higgs fields with nilpotent residues. The two
sheaves on the right correspond to F0 and F1 in [13, 12, 14, 18]. Note that ∇1 is not OC-linear
and sl(E,∇) is not an OC-module. Next we show that for a generic connection the deformation
complex (5.3) is indeed exact.

Lemma 5.2. For a generic connection (E,∇) in the moduli space, the sequence in display (5.3) is
exact.

Proof. First note that the kernel of ∇1 is precisely sl(E,∇) and the leftmost map is the inclusion.
Thus we only need to show that ∇1 is surjective, for a generic ∇. It will follow from a direct
computation with local models.

Outside the polar locus, (E,∇) is locally trivial and the map ∇1 may be written as(
a b
c −a

)
7−→

(
da db
dc −da

)
so that local surjectivity of ∇1 at a regular point follows from local integration of holomorphic
1-forms. On the other hand, at a non resonant pole, i.e. ν+ − ν− 6∈ Z, the connection (E,∇) is
locally like (5.1) and the map ∇1 may be written as(

a b
c −a

)
7−→

(
da db+ (ν+ − ν−)bdxx

dc+ (ν− − ν+)cdxx −da

)
where c(0) = 0 (parabolic condition); for the local surjectivity, we just have to check that a matrix
of 1-forms (

α β
γ −α

)
is in the image if and only if α and γ are holomorphic (parabolic and nilpotent condition), and
β has a simple pole, which is straightforward. Finally, consider a resonant pole of the form (5.2).
Then the map ∇1 may be written as(

a b
c −a

)
7−→

(
da+ cxn dxx db− (nb+ 2axn)dxx
dc+ ncdxx −da− cxn dxx

)
.
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To prove the surjectivity in that case, we have to successively integrate
dc+ ncdxx = γ
da+ cxn dxx = α

db− (nb+ 2axn)dxx = β

In the first equation, c(x) can be derived such that c(0) = 0 (parabolicity); therefore we can
integrate the second one and find a(x) up to a constant; finally, for a good choice of a(0), the last
equation admits a solution b(x). �

Hereafter we will assume that (E,p) is µ-stable for some weight µ and we will denote by B the
corresponding moduli space of parabolic bundles.

Note that (E,p) is simple, i.e. H0(sl(E,p)) = 0, then we get H1(sl(E,p) ⊗ Ω1
C(D)nil) = 0 by

Serre duality. The long exact sequence of cohomology of (5.3) gives

(5.4) 0 −→ H0(sl(E,p)⊗ Ω1
C(D)nil) −→ H1(sl(E,∇))→ H1(sl(E,p)) −→ 0

In the middle we get the tangent space to the moduli space of connections at (E,∇). On the left-
hand side, we get the space of Higgs fields, which does not depend on ∇. And on the right-hand side
we have H1(sl(E,p)) that is the tangent space to B at (E,p). In particular, the image of {φij} in
H1(sl(E,p)), where we omit the connection and just keep track of the parabolic data, corresponds
to the underlying first order deformation of the parabolic bundle.

We can check that the map H0(sl(E,p) ⊗ Ω1
C(D)nil) ↪→ H1(sl(E,∇)) of (5.4) is the derivative

of the natural action ∇ 7→ ∇+ θ for a global parabolic Higgs field on the affine space of parabolic
connections on (E,p). Indeed, if we write ∇ε = ∇+ εθ and Φi = id + εφi, then we get

(∇+ εθ)|Ui = (Φi)
∗∇ = (id− εφi) ◦ ∇ ◦ (id + εφi) =

= ∇+ ε(∇ ◦ φi − φi ◦ ∇) = ∇+ ε∇1(φi)

The first order deformation is therefore encoded in {φj − φi}, which, by construction, has zero
image in H1(sl(E,p)). But the image of θ in H1(sl(E,∇)) given by (5.4) gives exactly the same
formula: we first integrate ∇1φi = θ|Ui and then associate {φj − φi}.

One can define a bilinear map on T(E,∇)Con
ν as follows:

(5.5)
H1(sl(E,∇))×H1(sl(E,∇)) H2(C) ' C;

({φij}, {ψij}) {uijk = tr(φijψjk)}.

ωCon

One can choose the covering {Ui} such that (E,∇) is trivial over Ui ∩ Uj . Observe that φijψjk
defines a section of gl(E,∇) for which trace and determinant are constant; indeed, in a trivialization
of (E,∇) on Ui∩Uj∩Uk, the section φijψjk is constant. This is why uijk is a section of the constant
sheaf C. One can show that this bilinear form is non degenerate, and defines a closed 2-form ωCon

on Conν which is symplectic:

dωCon ≡ 0 and ωnCon = ωCon ∧ · · · ∧ ωCon︸ ︷︷ ︸
n times

6= 0,

i.e. ωnCon defines a holomorphic volume form, a trivialization of the canonical bundle. We refer to
[13, Section 6] for details and proofs.

Remark 5.3. For the non generic resonant case

d+

(
ν 0
0 ν + n

)
dx

x
, n ∈ Z≥0
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the sequence (5.3) is not exact anymore: ∇1 is not surjective. This is why the description of
the symplectic structure is more complicated in [1, 13, 12, 14, 18]. They use hypercohomology to
overcome this difficulty. In our case, we want to understand the symplectic structure at a generic
point of the moduli space, so it is not necessary to consider this kind of models.

In order to describe the symplectic structure ωCon, we will make a reduction step. We will see
that, locally, we can split T(E,∇)Con

ν as a direct sum of two distinguished subspaces: one concerning
Higgs fields and the other being the tangent space to a Lagrangian submanifold. This will allow us
to compare ωCon with the natural symplectic form for Higgs fields.

Consider

Higgs(E,p) = H0(sl(E,p)⊗ Ω1
C(D)nil)

the space of Higgs fields for E with nilpotent residues preserving p. We define a pairing

(5.6)
Higgs(E,p)×H1(sl(E,p)) H1(Ω1

C) ' C

(Θ, {φij}) {tr(Θ · φij)}

η

One proves, see [15], that η is a perfect pairing via identifying H1(sl(E,p))∨ ' T ∗(E,p)B and

Higgs(E,p). In other words, pairing η corresponds to the Liouville form on T ∗B.
Consider the following diagram

(5.7)

H1(sl(E,∇))×H1(sl(E,∇)) H2(C)

Higgs(E,p)×H1(sl(E,∇))

Higgs(E,p)×H1(sl(E,p)) H1(Ω1)

ωCon

η

∼

δ

where we have used the maps from (5.4) and δ is the connecting morphism coming from the long
exact sequence associated to

0 −→ C −→ OC
d−→ Ω1

C −→ 0.

Then we reconcile ωCon and the pairing η.

Lemma 5.4. The diagram (5.7) is commutative.

Proof. Let (θ, {ψij}) be an element of Higgs(E,p)×H1(sl(E,∇)). As θ is a parabolic Higgs field,
one can locally write θ|Ui = ∇1(ϕi) and the upper map yields ({ϕj − ϕi}, {ψij}) ∈ H1(sl(E,∇))2,
which is sent to {tr((ϕj −ϕi) ◦ψjk)} ∈ H2(C). On the other hand, by first going down, the pairing
η from (5.6) gives {tr(θ ◦ψij)} ∈ H1(Ω1). To compute the image by δ, we first remark that we have

tr(θ ◦ ψij) = tr(∇1(ϕi) ◦ ψij) =

= tr(∇1(ϕi ◦ ψij))− tr(ϕi ◦ ∇1(ψij)) =

= tr(∇1(ϕi ◦ ψij)) =

= d(tr(ϕi ◦ ψij))

Here, we have used that ∇1(ψij) = 0 and the properties ∇1(F ◦G) = ∇1(F )◦G+F ◦∇1(G) and
tr(∇1(F )) = d(tr(F )), which can be deduced from a local computation in matrix form. Therefore,
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we have

δ({tr(θ ◦ ψij)}) = {tr(ϕi ◦ ψij) + tr(ϕj ◦ ψjk)− tr(ϕi ◦ ψik)} =

= {tr(ϕi ◦ (ψij − ψik)) + tr(ϕj ◦ ψjk)} =

= {tr((ϕj − ϕi) ◦ ψjk)}
and get the same result. �

Given a choice of directions ε ∈ {+.−}n, let C denote the open subset of Conν composed by the
connections (E,∇) such that (E,pε(∇)) belongs to B. Recall that a subvariety is called Lagrangian
the restriction of symplectic form vanishes identically.

Assume now that we are given a local section ∇0 : B → C on an open subset B ⊂ B. Then we
can define an isomorphism to the moduli space of parabolic Higgs bundles

Ψ∇0 : C|B −→ Higgs|B
by setting (E,∇) 7→ (E,∇ − ∇0(E,p)); the inverse being given by (E,ϕ) 7→ (E,∇0(E,p) + ϕ).
Recall that (5.6) identifies Higgs fields and the cotangent space to B. This yields an identification
between the moduli space of parabolic Higgs bundles and the cotangent bundle T ∗B which, itself,
carries the Liouville symplectic structure that we will call ωHiggs.

Recall that Ψ∇0
is a symplectomorphism if Ψ∗∇0

ωHiggs = ωCon. On the other hand, we say that
the section ∇0 is Lagrangian if so is its image.

Proposition 5.5. The isomorphism Ψ∇0
is a symplectomorphism if and only if the section

∇0 : B −→ C is Lagrangian.

Before proving this proposition, let us recall some basic property of the Liouville form ωLiouville

on T ∗M for an arbitrary manifold M . If (p1, . . . , pn) are coordinates on M , and if we denote by
(q1, . . . , qn) the coordinates on the fibers such that dpi corresponds to the section qi ≡ 1 and qj ≡ 0
for j 6= i, then ωLiouville =

∑n
i=1 dpi ∧ dqi. Given a section α : M −→ T ∗M , we can define an affine

bundle transformation by

ψα : T ∗M −→ T ∗M ; (p, q) 7−→ (p, q + α(p)),

where T ∗M is viewed as an affine bundle.

Lemma 5.6. Let M , α and ψα as above. Then the following are equivalent:

• ψα is a symplectomorphism,
• α(M) is Lagrangian (as a submanifold),
• dα = 0 (i.e. closed as a 1-form).

Proof of Proposition 5.5. We want to prove that Ψ∇0
is a symplectomorphism; then we only need

to show that Ψ∗∇0
ωHiggs = ωCon at an arbitrary point (E,ϕ) ∈ Higgs. As the vector bundle Higgs

identifies by (5.6) to T ∗B, we can use Lemma 5.6 to compose with an affine transformation sending
ϕ to the zero Higgs field. Now, the tangent space decomposes as

T(E,0)Higgs = Higgs(E,p)⊕ T(E,p)B
and the symplectic form ωHiggs may be written as

ωHiggs(u1 + v1, u2 + v2) = η(u1, v2)− η(u2, v1)

where η is the pairing given by (5.6). Now, the tangent space at (E,∇) decomposes as

T(E,∇)C = Higgs(E,p)⊕ T(E,∇)∇0(B) = Higgs(E,p)⊕D∇0(T(E,p)B)
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and note that the differential of Ψ−1
∇0

is the block diagonal DΨ−1
∇0

= id⊕D∇0. Now ωCon may be
written as

ωCon(u1 +D∇0v1, u2 +D∇0v2) = ωCon(u1, D∇0v2)− ωCon(u2, D∇0v1) +

+ ωCon(u1, u2) + ωCon(D∇0v1, D∇0v2)

= η(u1, D∇0v2)− η(u2, D∇0v1) + ωCon(D∇0v1, D∇0v2)

= Ψ∗∇0
ωHiggs(u1 + v1, u2 + v2) + ωCon(D∇0v1, D∇0v2)

Indeed, it follows from the diagram (5.7). To prove the vanishing of ωCon(u1, u2), note that by
(5.4) the image of Higgs(E,p) in H1(sl(E,p)) is zero. Hence by taking the lower path in (5.7) the
pairing η yields 0 ∈ H1(Ω1).

Therefore Ψ∗∇0
ωHiggs = ωCon if and only if ωCon(D∇0v1, D∇0v2) = 0, i.e. ∇0(B) is Lagrangian.

�

In our situation, we can compute this symplectic structure explicitly on a Zariski open set.
Indeed, let C → B be given by the choice of directions ε = (ε1, . . . , εn) ∈ {−,+}n and let δ = −ε
be the opposite choice. One can verify that a fiber of (E,∇) 7→ (E,pδ(∇)) is a rational section of
(E,∇) 7→ (E,pε(∇)). The reduction is symplectic if the chosen section is Lagrangian, wherever it
is defined. This is ensured if the projection is Lagrangian, which is covered by the following result.

Lemma 5.7. The forgetful map C −→ B; (E,∇) 7→ (E,pε(∇)) is Lagrangian, i.e. its fibers are
Lagrangian subvarieties.

Proof. The differential of the forgetful map at (E,∇) determines the dual to the map
Higgs(E,p) −→ H1(sl(E,∇)) from (5.4). Then we want to prove that the pairing ωCon of (5.5) is
zero on a pair ({φij}, {ψij}) where each entry is in the image of Higgs(E,p). We showed that this
is true in the proof of the last proposition. �

We now apply this construction to exhibit the symplectic form on Conν via explicit computations
with Fuchsian systems.

5.1. Computation of the symplectic structure. We have seen that choosing a Lagrangian
section ∇0 of πε : Conν → Bun allows us to reduce the computation of the symplectic structure
of Conν to that of Higgs moduli space (see Proposition 5.5). We can apply this to the setting of
Fuchsian systems. The section ∇0 constructed in section 4.1.1 corresponds, via the isomorphism
of Proposition 4.1, to the fiber of π−ε over the point (∞, . . . ,∞) ∈ Bun ' (P1)n; it is therefore
Lagrangian. Let us compute the symplectic structure on the moduli space of Higgs bundles. For
this, we consider the chart:

C2n −→ Higgs(C,D); (z1, . . . , zn, r1, . . . , rn) 7−→ (E1,Θ)

where Θ is obtained by applying elementary transformations at w0, w1, wλ to

r1Θ0
1 + · · ·+ rnΘ0

n

as defined in section 4.1.1. The image coincides with the restriction Higgs(C,D)|U0
of Higgs fields

on parabolic bundles belonging to the chart U0 ⊂ Bun of section 4.1.1. We want now to compute
the isomorphism Higgs(C,D)|U0

' T ∗U0 so that the symplectic form can be easily deduced from
the Liouville form.
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Here we follow the ideas of the proof of [10, Proposition 6.1]. Given a parabolic vector bundle
(E1,p) in U0, or equivalently (OC ⊕ OC ,p′) defined by (z1, . . . , zn) ∈ Cn, Serre Duality (5.6)
provides a perfect pairing

〈·, ·〉 : Higgs(E,p)×H1(sl(E,p)) −→ C

which allows us to identify the fiber of Higgs at (E1,p) with the dual of the tangent space

T(E1,p)U0 ' H1(sl(E1,p)).

Let us compute first this latter identification.
The deformation (z1, . . . , zj + s, . . . , zn) of the jth component of the parabolic structure can be

realized as follows. Cut out the curve C into two open sets Uj = C − {tj} and Vj a small disk
around tj . Then we can paste the restrictions of (OC ⊕OC ,p′) to these open sets by means of the
following gauge transformation over the restriction

(OC ⊕OC ,p′)|Uj∩Vj −→ (OC ⊕OC ,p′)|Uj∩Vj ;

(
z
w

)
7−→

(
1 s
0 1

)(
z
w

)
.

This clearly shifts the parabolic direction (zj : 1) 7→ (zj + s : 1) without moving other parabolic

directions. After derivating, we obtain that the infinitesimal deformation ∂
∂zj

corresponds to the

gauge transformation

(
0 1
0 0

)
∈ H0(Uj ∪ Vj , sl(OC ⊕ OC ,p′)), which can better be viewed as a

cocyle with respect to the covering (Uj , Vj). We can now compute the Serre Duality: the pairing
of the Higgs field Θ0

i with the above cocycle is defined by

tr

(
Θ0
k ·
(

0 1
0 0

))
= −zkφ0 + φ1 +

yk
xk
ω + θk

a holomorphic 1-form on Uj ∩ Vj . Viewed as a cocycle in H1(Ω), one can give a meromorphic
resolution by considering it as the difference between the zero 1-form on Uj and the meromorphic
1-form −zkφ0 + φ1 + yk

xk
ω + θk on Vj . The residue at tj gives the pairing:〈

Θ0
k,

(
0 1
0 0

)〉
= Restj

(
−zkφ0 + φ1 +

yk
xk
ω + θk

)
= δkj

where δkj is the Kronecker symbol. We deduce that Θ0
j is dual to ∂

∂zj
, and the symplectic structure

on Higgs 3
∑
j rjΘ

0
j is given by

ωHiggs = dz1 ∧ dr1 + · · ·+ dzn ∧ drn.

Now, because our section ∇0 : U0 → Con is Lagrangian, we can apply Proposition 5.5 and deduce
the symplectic structure on Con 3 ∇0 +

∑
j rjΘ

0
j , namely:

(5.8) ωCon = dz1 ∧ dr1 + · · ·+ dzn ∧ drn.

The same construction shows, mutatis mutandis, that the symplectic form on ∇∞ +
∑
j sjΘ

∞
j is

(5.9) ωCon = −(dw1 ∧ ds1 + · · ·+ dwn ∧ dsn).

Next we will see how ωCon encodes the eigenvalue ν. First we consider only maps that preserves
the affine bundle structure.
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Theorem 5.8. If there exists a bundle symplectic isomorphism

(Conν , ω)
(
Conν̃ , ω̃

)
Bun

π+

Φ
∼

π+

then ν̃ = ν and Φ is the identity.

Proof. Since π+ ◦ Φ = π+, it preserves π−1
+ (U0) and π−1

+ (U∞). Then we may write the map in
coordinates. For Conν we will consider the two coordinate patches:

(π−1
+ (U0), (z, r)) and (π−1

+ (U∞), (w, s))

where zj = 1
wj

and rj = sjw
2
j + 2νjwj . For Conν̃ we consider the corresponding open sets with

coordinates (z, r̃) and (w, s̃), respectively, where zj = 1
wj

and r̃j = s̃jw
2
j + 2ν̃jwj . In both cases, π+

is the projection onto the first n coordinates.
Therefore we can express Φ as

Φ|π−1
+ (U0) =

(
z1, · · · , zn, φ0

1(z, r), · · · , φ0
n(z, r)

)
= (z, r̃),

Φ|π−1
+ (U∞) = (w1, · · · , wn, φ∞1 (w, s), · · · , φ∞n (w, s)) = (w, s̃),

where φ0
j (z, r) and φ∞j (w, s) are holomorphic functions on C2n satisfying the compatibility condi-

tions:

(5.10) φ∞j (· · · , wk, · · · , sk, · · · )w2
j + ν̃jwj = φ0

j

(
· · · , 1

wk
, · · · , skw2

k + νkwk, · · ·
)
, ∀w ∈ (C∗)n.

The condition that Φ is symplectic, Φ∗ω̃ = ω, translates to the coordinate charts via the 2-forms
in display (5.8) and (5.9). In particular, φ0

j and φ∞j must satisfy

∂φ0
j

∂rk
=
∂φ∞j
∂sk

= δjk,

where δjk is the Kronecker symbol. Therefore, there exist holomorphic functions c0j (z) and c∞j (w)
such that

φ0
j (z, r) = rj + c0j (z) and φ∞j (w, s) = sj + c∞j (w).

Substituting these expressions in (5.10) yields

(5.11) c0j

(
1

w1
, · · · , 1

wn

)
= c∞j (w)w2

j + (ν̃j − νj)wj , ∀w ∈ (C∗)n.

It follows that c0j extends as a holomorphic function on U0∪U∞. On the other hand, the complement

of U0∪U∞ in (P1)n has codimension 2, which implies that c0j extends to the whole space by Hartogs’s

Theorem. Thus c0j is constant and so is c∞j , by the same argument. Thus, the equation (5.11) implies
that

c0j = c∞j = 0 and ν̃j = νj .

�
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We can use the map Par: Conν → Sn given by Theorem A to push ωCon forward to Sn. The
opposite parabolic structure of our universal family ∇ = ∇0 +

∑
j rjΘ

0
j is given by

(ζj : 1) := (zjrj − νj : rj).

Therefore, if we denote by (zj , ζj) the coordinates on the jth factor S ' P1 × P1 \ {zj = ζj}, then
we have

ζj = zj −
νj
rj

⇔ rj =
νj

zj − ζj
which yields after substitution:

ων =

n∑
i=1

νi
dzi ∧ dζi
(zi − ζi)2

.

Using this identification we can prove the following corollary.

Corollary 5.9. If there exists fiber preserving symplectic isomorphism

(Conν , ω)
(
Conν̃ , ω̃

)
Bun Bun

π+

Φ
∼

π+

φ
∼

then there exists a permutation σ of n elements such that ν̃k = νσ(k) for every k ∈ {1, · · · , n}.

Proof. Note that the case where φ is the identity is ensured by Theorem 5.8. In particular, the
identity on Bun has a unique lifting which is the identity on Conν . It follows that, a general Φ is
determined by the map φ on the base. Indeed, if Φ1 and Φ2 lift φ, then Φ2 ◦Φ−1

1 lifts the identity,
hence Φ2 = Φ1. The proof of the statement will follow from a reduction to this case.

Up to composing with Par, we may prove the result for

Φ: (Sn, ων) −→ (Sn, ων̃).

Any automorphism φ of (P1)n has the form

φ(z) =
(
ϕ1(zσ(1)), · · · , ϕn(zσ(n))

)
where σ is a permutation of n elements and ϕi are Möbius transformations. Now define

Ξ(z, ζ) =
(
ϕ1(zσ(1)), · · · , ϕn(zσ(n)), ϕ1(ζσ(1)), · · · , ϕn(ζσ(n))

)
.

We will show that Ξ is an automorphism of Sn such that Ξ∗ωνσ = ων , where νσj = νσ(j). Recall
that any Möbius transformation is a composition of basic transformations t 7→ αt, t 7→ t + 1 and
t 7→ 1/t. Therefore we can factorize each ϕj to show that(

dϕj(zσ(j)) ∧ dϕj(ζσ(j))

(ϕj(zσ(j))− ϕj(ζσ(j)))2

)
=

dzσ(j) ∧ dζσ(j)(
zσ(j) − ζσ(j)

)2
for all j ∈ {1, · · · , n}, and this shows that Ξ∗(ων) = ωνσ .

Now consider the Φ the unique extension of φ such that Φ∗ων̃ = ων . We have that Φ ◦ Ξ−1 lifts
the identity and

(
Φ ◦ Ξ−1

)∗
ων̃ = ωνσ . Thus the result follows from Theorem 5.8. �
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6. Apparent map

Given a connection ∇ : E1 → E1 ⊗ Ω1
C(D) we can define an OC-linear map:

ϕ∇ : OC
s
↪→ E1

∇−→ E1 ⊗ Ω1
C(D) −→ (E1/OC)⊗ Ω1

C(D)

where the last arrow is defined by the quotient map from E1 to E1/s(OC) ' OC(w∞) (denoted
E1/OC for short). The zero divisor of ϕ∇ defines an element of the linear system

Z(ϕ∇) ∈ |OC(w∞ +D)|.

Since degD = n and Ω1
C ' OC , as C has genus one, then

|OC(w∞ +D)| = P
(
H0(C, (E1/OC)⊗ Ω1

C(D))
)
' Pn.

Hence we may define a rational map

App: Conν 99K |OC(w∞ +D)|

which associates (E1,∇) to Z(ϕ∇). Under a generic hypothesis on the eigenvalues we show that
App is in fact a morphism. It turns out that this hypothesis is also necessary as we prove in the
following lemma.

Lemma 6.1. The rational map App: Conν 99K |OC(w∞ + D)| is a morphism if and only if
νε11 + · · ·+ νεnn 6= 0 for any εk ∈ {+,−}.

Proof. The indeterminacy locus of App is composed by the connections ∇ mapped to zero in
(E1/OC) ⊗ Ω1

C(D) which means that there exists a meromorphic 1-form ξ with poles at most on
D such that

∇(s) = sξ.

In such case we have for each j = 1, . . . , n that s(tj) ∈ p
εj
j (∇) with εj ∈ {+,−}. And we also have

that ∇ restricts to a logarithmic connection on OC whence

νε11 + · · ·+ νεnn = 0.

Conversely, suppose that there exist δj ∈ {+,−}, j = 1, . . . n, such that νδ11 + · · · + νδnn = 0.
On the one hand there exists a meromorphic 1-form ξ with simple poles only on D and prescribed
residues

Restjξ = ν
δj
j .

On the other hand let ∇ be a logarithmic connection such that s(tj) ∈ p
δj
j (∇). It follows that

∇(s) − sξ is a holomorphic section of E1 ⊗ Ω1
C . Since H0(C,E1 ⊗ Ω1

C) is generated by sω (recall
that ω is a holomorphic one-form on C) it follows that

∇(s) = s (ξ + c ω)

for some c ∈ C. Hence ϕ∇ = 0. �

We may also consider the forgetful map

π+ : Conν −→ Bun ' (P1)n

which sends (E1,∇) to the parabolic vector bundle (E1,p
+(∇)). We also denote π+ the natural

extension of this map to Conν . Combining these two maps we can give a birational model for Conν

as we prove in the following result.
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Theorem 6.2. If νε11 + · · · + νεnn 6= 0 for any εk ∈ {+,−} then the map π+ × App induces a
birational map

π+ ×App: Conν 99K Bun× |OC(w∞ +D)|

whose indeterminacy locus is contained in Conν\Conν . Moreover, given (E,p) ∈ Bun0 the rank of

(π+ ×App)|π−1
+ (E,p) : π−1

+ (E,p) −→ |OC(w∞ +D)|

coincides with the cardinality of the set {j | pj 6⊂ OC}.

Proof. Let s denote the section OC ↪→ E1. For any logarithmic connection ∇ on E1 with poles on
D = t1 + · · ·+ tn we have that App(∇) is given by the zero divisor of

ϕ∇ = ∇(s) ∧ s ∈ H0(C,det(E1)⊗ ΩC(D))

which is the same as defining

App(∇) = [ϕ∇] ∈ P
(
H0(C,det(E1)⊗ ΩC(D))

)
.

By Lemma 6.1 the condition on the eigenvalues implies that App, hence Bun×App, is regular on
Conν . Therefore the indeterminacy locus must lie only in the boundary divisor.

Now fix (E1,p = {p1, . . . , pn}) ∈ Bun. We will compute the rank of App|π−1
+ (E1,p). Consider

H0(sl(E1)⊗ ΩC(tj)) the space of traceless Higgs fields with simple pole on tj . Since its dimension
is three, there exists a unique (up to scalar multiplication) strongly parabolic Higgs field Θp

j with

respect to p, i.e. Restj (Θ
p
j ) is nilpotent with image pj and has no other poles. Let ∇0 be a

connection in π−1
+ (E1,p). Then any other λ-connection ∇ ∈ π−1

+ (E1,p) can be written in a unique
way as

∇ = c0∇0 +

n∑
j=1

cjΘ
p
j ,

for some (c0 : · · · : cn) ∈ Pn. Hence

ϕ∇ = c0∇0(s) ∧ s+

n∑
j=1

cjΘ
p
j (s) ∧ s.

Suppose that Θp
j (s) ∧ s 6= 0 for each j. Since they have one pole each and at different points

these sections are linearly independent. Since H0(C,OC(w∞ +D)) has dimension n+ 1 they form
a basis together with ∇0(s) ∧ s and the Apparent map restricted to this fiber is an isomorphism.
Indeed, if

c0∇0(s) ∧ s+

n∑
j=1

cjΘ
p
j (s) ∧ s =

c0∇0(s) +

n∑
j=1

cjΘ
p
j (s)

 ∧ s = 0

then, by Lemma 6.1, c0 = 0 and it follows that c1 = · · · = cn = 0 since the Θp
j (s) ∧ s are linearly

independent.
Now suppose that there exists j ∈ {1, . . . , n} such that Θp

j (s) ∧ s = 0. This occurs if and only

if Θp
j (s) is holomorphic at tj which in turn means that s(tj) ∈ pj . Indeed, since H0(C,E1 ⊗ ΩC)

is generated by sω, we know that Θp
j (s) is holomorphic at tj if and only if Θp

j (s) = c sω for some

constant c ∈ C. On the other hand, it is clear that Restj
(
Θp
j (s)

)
∈ pj is zero if and only if s(tj) ∈ pj .
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Henceforth we conclude that, in general, the image of App|π−1
+ (p) is the linear space spanned by

∇0(s) ∧ s and Θp
j (s) ∧ s such that s(tj) 6∈ pj . In particular, the (projective) rank is given by

rk App|π−1
+ (E1,p) = #{j | s(tj) 6∈ pj}.

�

Remark 6.3. The Apparent map may be computed, explicitly, via the identification with Fuchsian
systems. In this case, the section OC ↪→ E1 becomes

OC(w∞ − w0 − w1 − wλ) ↪→ OC ⊕OC ,

given by multiplication with
(
x−λ
y , (1−λ)x

y

)
, and we can use the local universal connections over U0

and U∞ to express App. Following this path, one can give an alternative proof of Theorem 6.2.
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[4] I. Biswas and V. Muñoz. The Torelli theorem for the moduli spaces of connections on a Riemann surface.
Topology, 46(3):295–317, 2007. URL: https://doi.org/10.1016/j.top.2007.02.005, doi:10.1016/j.top.2007.02.

005.

[5] I. Biswas and J. Nagel. A Torelli type theorem for the moduli space of rank two connections on a curve.
C. R. Math. Acad. Sci. Paris, 341(10):617–622, 2005. URL: https://doi.org/10.1016/j.crma.2005.09.043, doi:

10.1016/j.crma.2005.09.043.

[6] H. U. Boden and Y. Hu. Variations of moduli of parabolic bundles. Math. Ann., 301(3):539–559, 1995. URL:
https://doi.org/10.1007/BF01446645, doi:10.1007/BF01446645.

[7] T. Fassarella and L. Justo. A torelli theorem for moduli spaces of parabolic vector bundles over an elliptic curve,
2020. arXiv:2008.05229.

[8] T. Fassarella and F. Loray. Flat parabolic vector bundles on elliptic curves. J. Reine Angew. Math., 761:81–122,

2020. URL: https://doi.org/10.1515/crelle-2018-0006, doi:10.1515/crelle-2018-0006.
[9] R. Friedman. Algebraic surfaces and holomorphic vector bundles. Universitext. Springer-Verlag, New York, 1998.

URL: https://doi.org/10.1007/978-1-4612-1688-9, doi:10.1007/978-1-4612-1688-9.

[10] V. Heu and F. Loray. Flat rank two vector bundles on genus two curves. Mem. Amer. Math. Soc.,
259(1247):v+103, 2019. URL: https://doi.org/10.1090/memo/1247, doi:10.1090/memo/1247.

[11] Y. Ilyashenko and S. Yakovenko. Lectures on analytic differential equations, volume 86 of Graduate Studies in

Mathematics. American Mathematical Society, Providence, RI, 2008.
[12] M.-a. Inaba. Moduli of parabolic connections on curves and the Riemann-Hilbert correspondence. J. Al-

gebraic Geom., 22(3):407–480, 2013. URL: https://doi.org/10.1090/S1056-3911-2013-00621-9, doi:10.1090/

S1056-3911-2013-00621-9.
[13] M.-a. Inaba, K. Iwasaki, and M.-H. Saito. Moduli of stable parabolic connections, Riemann-Hilbert correspon-
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