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Laminarization of a turbulent flow due to wall heating has been known for more than 50 years, to the point
that it is sometimes used as means of reducing friction. However this phenomenon has been mainly studied for
cylindrical pipes and with imposed heat flux but not for channel flows and with imposed temperature boundary
conditions, especially with asymmetric ones (that is to say in presence of a transverse thermal gradient).
Based on the recent success of some Reynolds-averaged Navier-Stokes (RANS) models to correctly describe the
influence of a strong transverse temperature gradient on turbulent Poiseuille flows, when compared to similar
direct numerical simulations (DNS) or large eddy simulations (LES) results, these approaches are used here
to investigate reverse transition. Since the choice of turbulence model has a non-negligible influence on the
results, however, it is necessary to use different models to get an indication of the uncertainty associated with
them. The proposed methodology is based on the use of RANS closures that do not involve any wall functions
due to the strong gradient in the wall layer that has to be modeled. Thus, two first-moment closures and a
second-moment closure are considered: the k − ω − SST and the k − ε − v2/k, and the EB-RSM. The latter
two rely on an elliptic blending. The turbulent heat flux is modeled with a simple gradient diffusion hypothesis
(SGDH) and a generalized gradient diffusion hypothesis (GGDH) for the first-moment and second-moment
closures respectively. In summary, more than 800 calculations are performed for the above three models in
order to analyze the reverse transition, and to open room for debate on the possibility for such approaches to
correctly reproduce the experimentally observed behavior.
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Nomenclature

Latin symbols
cP specific heat capacity, J kg−1 K−1

h height, m
k turbulent kinetic energy, m2 s−2

L length, m
P pressure, Pa
Pr Prandtl number, –
R individual ideal gas constant, J kg−1 K−1

Re Reynolds number, –
Sij strain tensor, s−1

T temperature, K
t time, s
Ui ith component of the velocity vector, m s−1

xi ith component of the position vector, m
y distance to the wall, m
y+ distance to the wall in wall units, –

Greek symbols
δij Kronecker symbol, –
β momentum source term, Pa m−1

ε turbulent dissipation rate, m2 s−3

λ thermal conductivity, W K−1 m−1

µ dynamic viscosity, kg m−1 s−1

ν kinematic viscosity, m2 s−1

ρ density, kg m−3

τ viscous tensor, Pa
ω specific dissipation rate, s−1

Subscripts and superscripts
� critical value
1 cold wall
2 hot wall
X Favre average of the variable X

X � fluctuation of the variable X

b bulk
h homogeneous
M mean
m mean (average)
r ratio
t turbulent
w wall
τ friction

Acronyms
DNS direct numerical simulation
EB elliptic blending
GGDH generalized gradient diffusion hypothesis
LES large eddy simulation
RANS Reynolds-averaged Navier–Stokes
RSM Reynolds-stress model
SGDH simple gradient diffusion hypothesis
SSG Speziale–Sarkar–Gatski
SST shear stress transport

3



Serra et al. Laminarization in non-isothermal turbulent channel flows May 4, 2020

1 Introduction
1.1 Foreword
Reverse transition, also known as laminarization or reversion, concerns the evolution of an initially turbulent
flow towards a laminar one yet still with fluctuations, under the effect of re-acceleration, curvature, rotation or
heat transfer [1]. Generally speaking, this transition should not be understood as a spatial one but rather as a
local modification and a behavioral change in the flow variables.

From an industrial point of view, this phenomenon is of particular importance since it can lead to a strong
decrease of the heat transfer and then to possible damage of the devices. The latter case is the one pertaining
to the present study. In such a case, the occurence of laminarization was reviewed by [2] for pipes and by [3]
for vertical pipes undergoing mixed convection, while [4] focused on the impact on the heat transfer coefficients
and [5] extended this work to non-circular ducts.

1.2 Literature review
Firstly, a brief summary of the available studies dealing with reversion is given in Table 1. It is straightforward to
notice that most of the studies focus on imposed heat flux [6–25] whereas Dirichlet boundary conditions types are
very scant [26,27]. Cylindrical pipes are the most frequently encountered geometry [7,9–12,14–16,18,20–23,25]
while channels are scarcer [6, 8, 13, 17, 26, 27]. This scarcity obviously creates an impetus for the analysis of
laminarization in turbulent channel flows with imposed temperature at the walls. At the same time, such a
situation has been the topic of many papers, mainly based on DNS or LES approaches; these papers are reviewed
in [28] and summarized in a table reproduced below as Table 2. Lastly, re-laminarization is only mentioned
in [29–32].
In these two sets of papers, it appears that temperature is very often considered as a passive scalar and/or not
related to the thermophysical properties, be it for DNS [26, 27, 33–43] or for RANS studies [9–11, 13, 15]. In
contrast, the influence of temperature on the property variations is still underdeveloped in DNS [44–48] and
LES [29–32, 49–51] and RANS papers [14, 17, 24, 25, 52]. Furthermore, the vast majority of these studies only
consider fully developed features; for instance, the few available DNS databases are built within this framework.
To the best of the authors" knowledge, the analysis of the laminarization phenomenon for turbulent channel
flows with Dirichlet boundary conditions has not been performed with RANS calculations up to now. More
importantly, the few RANS papers with imposed heat-flux have shown that no sufficient accuracy was obtained
[11,52] even with a modified closure considering also a two-equation modeling for the thermal field [53].
Nevertheless, it has been shown recently that, in certain circumstances, RANS calculations can predict relatively
well the overall behavior of internal turbulent channel flows with transverse temperature gradients due to
asymmetric thermal boundary conditions [28]. Comparisons with available DNS or LES results show that
non-dimensional mean velocities and temperatures are correctly described, especially the asymmetry observed
in such situations. It was also demonstrated, however, that this is not always straightforward, since thermal
closure is a major cornerstone of RANS modeling: the commonly implemented SGDH clearly failed when
used with second-moment closure. Moreover, it has been shown [28] that, although the different models are
capable of reproducing the essential physical phenomena observed, their results show significant discrepancies.
Therefore, quantitative conclusions should be drawn with great care, and in particular, it is recommended
that the results of different models be compared to get an idea of the uncertainty associated with modelling.
Meanwhile, it has been clearly highlighted that the temperature dependency of the physical properties yields a
strong differentiation of the dynamic and thermal fields on both sides, i.e. close to the cold and hot walls, with
corresponding friction Reynolds numbers approaching the re-laminarization zone. Last but not least, available
known DNS or LES results are very scant for high temperature ratios. The onus of the real fluid behavior under
such circumstances thus still remains to be shown.
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1.3 Novelty of the study
The goal of the present study is to further investigate reverse transition for horizontal forced flows in differentially
isothermally heated channels, that is to say in channels with Dirichlet boundary conditions where the imposed
temperatures are different on the opposite sides. The low-Mach number approximation is considered, together
with temperature-dependent properties, the density being modeled by the standard perfect gas law and the
molecular viscosity and thermal conductivity by Sutherland’s law [54]. This work is performed with the help
of RANS calculations, since the hundreds of calculations to be performed are unreachable with DNS or even
LES. For example, the recent study of Flageul et al. using DNS and LES [55], in a similar configuration but
with a different objective, shows that a very limited number of parameters can be studied with such expensive
methodologies. Thus, RANS remains the only option to span sufficient parameter space. Added to this, even
wall-refined LES would not be reliable enough, since the prediction of relaminarization is dependent on the
subgrid scale mode [56]. More specifically, the involved models propose near-wall turbulence modeling: the
k − ω − SST of Menter [57,58], and the k − ε − v2/k elliptic eddy-viscosity model of Billard and Laurence [59];
and the elliptic-blending Reynolds-stress model (EB-RSM) of Manceau et al. [60, 61]. The turbulent heat flux
was computed using the SGDH and the GGDH approach for the first-moment and second-moment closures
respectively. As mentioned above, these three models reproduce the essential phenomena observed in the
reference databases [28], but give quantitatively different results. Performing the parametric study with these
three models will allow us to have an order of magnitude of uncertainty related to the modeling choices.
The aim of the present paper is thus to propose an exploratory study on the capabilities of RANS calculations
to retrieve laminarization due to thermal effects and to predict its onset for a large screening of various physical
parameters, namely the friction Reynolds number and the temperature ratio between the cold and hot wall. Due
to the favorable speed of such calculations, a great number of operating conditions were investigated; concretely,
it corresponds to 17 temperature ratios and 16 turbulent Reynolds numbers for the 3 RANS closures, which
means 17 × 16 × 3 = 816 cases. In comparison, it would have been impossible with DNS or LES to perform
such calculations for the range of parameters spanned in the present paper.
The paper is organized as follows: section 2 is devoted to the presentation of the problem and its modeling,
while section 3 presents the results. Finally, conclusions are drawn in section 4.
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Table 1 – Studies on reverse transition due to thermal effects
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C.A. Bankston, 1970 [6] Exp. � � � � n.a.
C.W. Coon and K.W. Perkins, 1970 [7] Exp. � � � � n.a.

K.R. Perkins et al., 1973 [8] Exp. � � � � � n.a.
S. Torii et al., 1990 [9] RANS � � � � �
S. Torii et al., 1991 [10] RANS � � � � �

S. Torii and W.-J. Yang, 1997 [11] RANS � � � � �
A.M. Shehata and D.M. McEligot, 1998 [12] Exp. � � � � n.a.

S. Torii and W.-J. Yang, 2000 [13] RANS � � � � �
D.P. Mikielewicz et al., 2002 [14] RANS � � � � �
S. Torii and W.-J. Yang, 2005 [15] RANS � � � � �

J.H. Bae et al., 2005 [16] DNS � � � � � �
S. Gordev et al., 2005 [17] RANS � � � � �
J.H. Bae et al., 2006 [18] DNS � � � � � �
J.H. Bae et al., 2008 [19] DNS � � � � � � �

S. He et al., 2008 [20] DNS � � � � � �

S. He et al., 2008 [21] RANS � � � � � �
J.I. Lee et al., 2008 [22] Exp. � � � � n.a.
J.I. Lee et al., 2008 [23] Exp. � � � � n.a.
Y. chen et al., 2012 [24] RANS � � � � �
F. Zonta et al., 2012 [26] DNS � � � � �

F. Zonta et al., 2012 [27] DNS � � � � �
B. Shome, 2014 [25] RANS � � � � � � �

A. Pucciarelli and W. Ambrosini, 2017 [52] RANS � � � � �

Table 2 – Studies on non-isothermal turbulent flows with asymmetric wall temperatures

Tr 1 1.01 1.02 1.07 2 3 5 6 8 9

R
e τ

m

DNS [37,62] [44,45] [44, 46]
180

LES [32,63,64] [31,32,51,63–65] [29] [31, 32,51,64] [29, 51] [32, 51] [31] [31] [31]
DNS [37,46,62] [46]

395
LES [32,64] [51] [32, 64] [32,51,64] [32]
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2 Problem statement
2.1 Description
The situation considered deals with turbulent flows inside a bi-periodic plane channel with two isothermal walls
at different temperatures, as shown in figure 1. The corresponding transverse temperature gradient between
the cold and hot walls (subscripts 1 and 2, respectively) is characterized by the temperature ratio

Tr = T2
T1

. (2.1)

Concerning the dynamic behavior, the flow is characterized by a mean (average) friction Reynolds number based
on the friction velocity and the channel half height:

Reτm = Reτ1 + Reτ2
2 , (2.2a)

Reτ1 = ρw,1Uτ1h

µw,1
, (2.2b)

Reτ2 = ρw,2Uτ2h

µw,2
, (2.2c)

with ρw,i and µw,i the density and dynamic viscosity at wall i, i.e. computed with the temperature corresponding
to this wall, and Uτ i the associated friction velocity, obeying the standard relation:

Uτ =
�

τw

ρw
, (2.3a)

τw = µw
dU

dy

�����
w

. (2.3b)

The bulk and mean variables obey the following definitions:

Reb = ρbUbh

µb
, (2.4a)

Ub = 1
2h

�
U(y)dy, (2.4b)

Tm = 1
2h

�
T (y)dy. (2.4c)

where the overbar denotes Favre averaging.

x

y

z

2h

T1 = 293 K

T2 > T1

Cold wall

Hot wall

Figure 1 – Description of the configuration
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Here, it is worth pointing out that the choice for the definition (2.2a) of an average friction Reynolds number
follows former studies on this topic [32, 46, 49, 50]. Nonetheless, such a definition is not unequivocal and one
could also use a definition based on a mean viscous stress (i.e. on the mean pressure gradient) and on the
corresponding mean friction velocity:

τwm = τw1 + τw2
2 , (2.5a)

Uτm =
�

τwm

ρb
. (2.5b)

Then, the mean turbulent Reynolds number can be written:

ReτM = ρbUτmh

µb
, (2.6)

and the two definitions are linked through the following relation:

ReτM = 1
µb

����ρb

2

�
µw12Reτ1

2

ρw1
+ µw22Reτ2

2

ρw2

�
. (2.7)

Finally, this enables the mean friction Reynolds number to be plotted as a function of the average value, as
shown in figure 2. With respect to Eq. (2.7), there exists a linear relation between these latter two definitions:

ReτM = a Reτm + b. (2.8)

The various values for the correlation parameters, for all closures and as a function of the temperature ratio, are
provided in Table 3. Through this relation, it will thus be possible to extrapolate all the results and conclusions,
whatever the definition used for the mean friction Reynolds number.
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(a) k − ω − SST
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(b) k − ε − v2/k
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(c) EB-RSM

Figure 2 – Mean turbulent Reynolds number as a function of the average turbulent Reynolds number for various
temperature ratios
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Table 3 – Coefficients of the linear correlation (2.8) for the mean turbulent Reynolds number ReτM as a function
of the average mean turbulent Reynolds number Reτm

Tr
k − ω − SST k − ε − v2/k EB-RSM
a b a b a b

1 1.001 −0.419 1.001 −0.15 1.001 −0.312
1.5 0.948 −0.382 0.949 −0.482 0.95 −0.181
2 0.866 −1.534 0.87 −2.211 0.869 −0.29

2.5 0.788 −2.641 0.793 −3.682 0.795 −1.398
3 0.718 −3.298 0.725 −4.776 0.73 −2.192

3.5 0.66 −4.139 0.665 −5.311 0.676 −3.106
4 0.611 −4.962 0.615 −6.146 0.63 −4.145

4.5 0.568 −5.372 0.571 −6.762 0.593 −5.591
5 0.53 −5.839 0.533 −6.962 0.562 −7.587

5.5 0.497 −6.13 0.499 −7.218 0.535 −9.345
6 0.469 −6.584 0.47 −7.592 0.511 −10.968

6.5 0.444 −7.13 0.443 −7.656 0.49 −12.483
7 0.422 −7.418 0.42 −7.814 0.469 −13.555

7.5 0.402 −7.93 0.398 −7.918 0.449 −14.457
8 0.384 −8.194 0.38 −8.116 0.429 −14.746

8.5 0.367 −8.319 0.363 −8.475 0.412 −15.169
9 0.352 −8.514 0.348 −8.645 0.395 −15.332
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2.2 Modeling
The present situation deals with the flow of a Newtonian fluid, where the hydrostatic pressure has been sub-
tracted from the momentum equation since the flow is in the forced convection regime [28], the maximum value
for the bulk Richardson number being 0.0091. Concerning the physical properties, the density and the dynamic
viscosity and the thermal conductivity are assumed to vary with the temperature, while the specific capacity
and Prandtl number are assumed constant.

In such a case, it has been shown that the low-Mach-number approximation can be applied [28–32,44–49,51,
66,67] and this approach was therefore adopted in the present study. Furthermore, it has also been shown that
heat transfer is mainly due to forced convection and; natural convection is therefore neglected. In summary, the
corresponding system of partial differential equations writes, in the Favre averaging framework, and neglecting
the turbulent fluctuations of molecular viscosity and thermal conductivity, as usual,

∂ρ

∂t
+ ∂ρUi

∂xi
= 0, (2.9a)

ρ
∂Ui

∂t
+ ρUj

∂Ui

∂xj
= −∂Pdyn

∂xi
+ ∂

∂xj

�
µ

�
∂Ui

∂xj
+ ∂Uj

∂xi

��
− 2

3
∂

∂xj

�
µ

∂Uj

∂xj

�
−

∂ρU �
iU

�
j

∂xj
, (2.9b)

ρcp
∂T

∂t
+ ρcpUi

∂T

∂xi
= ∂Ptherm

∂t
+ Ui

∂Ptherm
∂xi

+ ∂

∂xi

�
λ

∂T

∂xj

�
− ∂

∂xi

�
ρcpU �

iT
�
�

, (2.9c)

with Pdyn and Ptherm the dynamic and the thermodynamic pressures (the former being constant in space).
The closure of system (2.9) is done by defining the equation of state, here the classical perfect gas law:

Ptherm = ρRT. (2.10)

Concerning the other physical parameters, the heat capacity and the Prandtl number are assumed constant,
whereas the mean dynamic viscosity and thermal conductivity are assumed to obey Sutherland’s law:

µ ≈ µ(T ) = 1.461 · 10−6 T
1.5

T + 111
, (2.11a)

λ ≈ µ
cp

Pr = 1.468 · 10−3

Pr
T

1.5

T + 111
. (2.11b)

In the present study, RANS modeling relies on three different approaches: i) the most recent version of
the k − ω − SST model [68], ii) the k − ε − v2/k eddy-viscosity model [59], and iii) the EB-RSM [61]. The
first two models are eddy-viscosity models, based on the standard Boussinesq relation and consequently involve
a turbulent viscosity, whereas the EB-RSM solves completely the Reynolds-stress tensor transport equations.
Both the k − ε − v2/k and EB-RSM use an elliptic blending approach in order to migrate from a far-field model
to a near-wall model. A complete description of all these models is beyond of scope of the present article and
the interested reader is referred to [28]. However, the complete set of equations for each model is given in
appendices B.1 to B.3.
Lastly, the turbulent heat flux is modeled using the SGDH and the GGDH approaches for the first-moment
and second-moment closures respectively:

ρU �
iT

� = − µt

Prt

∂T

∂xi
, (2.12a)

ρU �
iT

� = −Cθρ
k

ε
U �

iU
�
j

∂T

∂xj
, (2.12b)

with µt = Cµρk2/ε, and Cµ = 0.09, and Prt = 1; and Cθ = 0.22.
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Finally, the current computations were performed with the finite-volume open-source CFD code Code_Saturne
[69], using a second order linear upwind (SOLU) scheme for the convective terms, an iterative reconstruction
combined with an arithmetic interpolation for the diffusive and gradient terms, and an implicit Euler integra-
tion. The standard SIMPLEC algorithm was used for the pressure-velocity coupling.
Since a dissymmetry appears on the velocity profile, a non-symmetric mesh was used to obtain y+ ≈ 1 on both
the cold and hot walls so as to have a good description of the associated viscous sublayers. Therefore, the mesh
was built in three steps [28]: i) the first zone is composed of regular cells for the low-Reynolds number regions
(y+ < 20) near each wall, ii) the second zone is composed of irregular cells obeying a geometrical expansion
in order to gradually coarsen the mesh, iii) the third zone is composed of regular cells connecting the second
zones of both sides. Following the results of a former grid study [28], the most stringent conditions are for the
highest ratios and, consequently the calculations are done with a 230 cells mesh.
Practically, periodicity in the streamwise direction is enforced by adding a source term β to the linear momentum
equation (2.9b) in order to account for the constant streamwise pressure gradient:

β = −∂Pdyn
∂x

= τw1 + τw2
2h

, (2.13)

the value of β being iteratively obtained during the computation so as to target a certain friction Reynolds
number Reτm.

3 Results
In the present case, the half-height of the channel h was set to 0.015 m and, given the aforementioned objectives,
a large range of turbulent Reynolds numbers and temperature ratios were tested, namely Reτm ranging from
150 to 375 with an interval of 15 and Tr from 1 to 9 with a 0.5 gap. The maximum value for Tr = 9 (also
studied in [31] but only for Reτm = 180) leads to a temperature of 2637 K. Such a high temperature could
in fact be attained in very specific applications in the future, e.g. concentrated solar technologies or cooling
channels of advanced (fusion) reactors. As mentioned in [70], a large number of articles focus on materials able
to resist to very high temperature for solar applications. Some specific solar simulators are already developed
in order to achieve very high temperature to test these new receivers. For example, a solar simulator has been
developed in PSA – CIEMAT with a peak flux ratio of 1900 kW m−2, which is able to provide a maximum
temperature of 2400 K at the aperture [71, 72]. Another solar simulator with a higher peak power output of
75 kW was also designed and developed by ETH Zurich with peak flux ratio of 4250 kW m−2. This simulator
can increase the temperature at the aperture up to 3000 K [73]. Furthermore, this value makes it possible
to know, from a theoretical point of view, for which value of Reτm it is not anymore necessary to take care
about the relaminarization effect. The RANS modeling made it possible to carry out, with a relatively low
computation cost, a painstaking analysis covering 816 calculations, for which the incompressibility assumption
was systematically checked since the Mach number is always lower than 10−2.

To analyze the results, the velocity and temperature profiles are normalized as follows:

U+ = U

Uτ
, (3.14)

and

T + = T − Tw

Tτ
, (3.15a)

Tτ =
λw

dT

dy

�����
w

ρwcpUτ
. (3.15b)
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The first result to be shown directly concerns the evolution of the Nusselt number, which is computed using
the half-height of the channel as a characteristic length for the hydraulic diameter definition. Then, to highlight
the strong decrease, the final values are compared with an approximated asymptote, which corresponds to
infinite plates at (the same) uniform temperature (while there are two temperatures imposed here). With
the previous definition of the characteristic length, the classic value of 7.514 becomes 1.885 in the present
case. Figure 3 presents the corresponding graphs for the various friction Reynolds numbers and for increasing
temperature ratios. Two important features need to be underlined here. Firstly, the behavior is singularly
different between the cold and the hot side, since the former shows an almost constant Nusselt number or at
least a Nusselt number weakly affected by the temperature ratio, independent of the friction Reynolds numbers.
On the contrary, on the hot side, a strong decrease in the Nusselt number is observed for increasing temperature
ratios and for all turbulent Reynolds numbers. Secondly, laminarization eventually occurs such that the heat
transfer can be reduced by 80% of its initial value.

This last point can also be clearly demonstrated when looking at the evolution of the turbulent viscosity,
which is depicted in figure 4. For the eddy-viscosity models, the turbulent viscosity is an intrinsic and important
parameter of the models, defined by Eqs. (B.21a) and (B.23) for k − ω − SST and k − ε − v2/k respectively.
In contrast, the EB-RSM does not use any turbulent viscosity to compute the Reynolds stress. However, to
perform comparisons with the previous two closures, an equivalent turbulent viscosity is calculated ex-post as
follows:

µeq-EBRSM
t = −ρ U �

1U �
2

dU1
dy

(3.16)

For the highest temperature ratio, it is obvious to note that the turbulent viscosity is highly diminished on the
hot side. Moreover, this decrease is greater for the lower turbulent Reynolds number. Logically, when looking
at the normalized velocity U + and normalized temperature T + as a function of the non-dimensional distance to
the wall, in figures 5 and 6, these effects can be seen as well as their consequence: the higher the temperature
ratio, the larger the dissimilarities of the velocity and temperature profiles between the cold and hot walls.
Furthermore, such a phenomenon is even more pronounced for the lower Reτm (this latter remark also holds for
the rest of the analysis). Thus, on the hot side, large deviations from the isothermal case occur; for instance, one
can see a departure from the log-law towards the bottom and the top for U + and T + respectively, in agreement
with former observations [19,32,74]. This effect seems to be slightly more blatant for U + with the k − ω − SST
model than with the two elliptic blending models. This conclusion on the turbulence model no longer holds
when considering the T + profiles. Here, the curves given by the k − ω − SST model are closer than those of the
two elliptic blending models. When turning to the cold wall, it is noteworthy that the flow is less influenced,
which makes sense since here, the conditions are close to the isothermal ones. Nonetheless, even if the effects of
the transverse temperature gradient are limited, they can already be clearly seen, specifically for the k−ε−v2/k
results (for both the velocity and the temperature). Lastly, Figure 7 also demonstrates the strong impact of the
temperature and the temperature ratio on the density, which, by comparison to the isothermal case, decreases
between the cold and hot sides. This first effect is normal due to temperature dependency of the density. More
importantly, one can see that for Tr ≤ 4, the decrease is relatively smooth, yet with a steep fall close to the hot
wall. Upon this point, it appears that density decreases very quickly from the cold wall, and then undergoes
a smooth and regular reduction. Finally, by combining Figures 6 and 7, it can be observed that the steep
density profile close to the cold wall is linked to a turbulent temperature profile, undergoing strong variations.
In contrast, at the hot side, the profile is seen to be less steep, emphasizing a local laminar regime.

Therefore, this decrease in the Nusselt number due to laminarization needs to be further analyzed, since
it is known that reduction of the heat transfer can easily provoke over-heating and damage the equipment. It
is thus crucial to find a way to discriminate situations where this phenomenon can occur, as a function of the
operational conditions, that is to say as a function of the turbulent Reynolds numbers and temperature ratio.
Consequently, to elucidate the influence of the temperature ratio, it is now proposed to have a look at the
overall behavior of the flow, and especially at the evolution of the dynamical parameters. Concretely, the aim
will be to search for a possible criterion allowing to predict the conditions where a reverse transition, and so a

13
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fall down of heat transfer, can arise.
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Figure 3 – Nusselt number on the cold (bottom) and hot (top) walls as a function of the temperature ratio for
various turbulent Reynolds numbers
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Figure 4 – Turbulent viscosity as a function of the non-dimensional distance to the cold wall for two temperature
ratios (Tr = 1 and 9) for the various RANS results for the lowest (Reτm = 150, top) and highest (Reτm = 375,
bottom) turbulent Reynolds numbers
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Figure 5 – Non-dimensional velocity U + on the hot (top) and cold (bottom) walls as a function of y+ for the
minimum and maximum turbulent Reynolds numbers, Reτm = 150 (left side) and Reτm = 375 (right side), for
various temperature ratios
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Figure 6 – Non-dimensional temperature T + on the hot (top) and cold (bottom) walls as a function of y+ for
the minimum and maximum turbulent Reynolds numbers, Reτm = 150 (left side) and Reτm = 375 (right side),
for various temperature ratios
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Figure 7 – Density as a function of the non-dimensional distance to the cold wall for the various temperature
ratios for the lowest (Reτm = 150, top) and highest (Reτm = 375, bottom) turbulent Reynolds numbers
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The evolution of the bulk Reynolds number (normalized each time by its corresponding isothermal value)
with the temperature ratio is depicted in figure 8, as well as the average friction Reynolds number as a function
of the bulk Reynolds number in figure 9; as already mentioned, simulations were validated with DNS and/or LES
data for the available temperature ratios [28]. It can be clearly seen that Reb decreases strongly with increasing
temperature ratios. Furthermore, this trend is almost similar for all the turbulent Reynolds numbers, with an
exception for the EB-RSM case. This can be explained by the fact the EB-RSM model solves the transport
equations and does not use the Boussinesq hypothesis, unlike the other two models. In the latter case, as the
decrease in the bulk Reynolds number is slightly less pronounced, the laminarization should occur later for the
higher turbulent Reynolds numbers. Then, it can be seen that, for a given friction Reynolds number, the bulk
Reynolds number decreases with the temperature ratio. In other words, for a similar pressure gradient, or head
loss, the flow-rate will be lower. Roughly speaking, the bulk Reynolds number is divided by two around Tr ≈ 4.
Once again, this is in agreement with experimental observations [1,4] and all models are thus able to reproduce
this lower thermal influence for high friction Reynolds numbers.

Finally, since the general features of the flow are greatly modified, it is interesting to focus on the behavior
near the walls to see how the flow is affected there. Figure 10 presents the evolution of the friction Reynolds
number on the cold and hot sides as a function of the temperature ratio for the various mean friction Reynolds
numbers. It is clear that friction Reynolds numbers on both sides show strong variations with the temperature
ratio, with an increase near the cold wall, and a decrease on the hot side. It is worth mentioning here that
the evolution on the cold side is similar for all mean turbulent Reynolds numbers and all closures, the value
being multiplied up to 3 for the highest temperature ratio. However, near the hot wall, the results are slightly
different for the various turbulent Reynolds numbers, specifically with the EB-RSM, and are divided by 100
for Tr = 9 by comparison with their isothermal case. Moreover, the k − ω − SST and k − ε − v2/k models give
almost similar results and predict a lower decrease than EB-RSM. Although the flow is fully turbulent, it is
thus obvious that these low friction Reynolds number values near the hot wall can lead to laminarization, since
it has been suggested that it could occur around Re�

τ2,a = 63 for isothermal channel flows [75].
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Figure 8 – Normalized bulk Reynolds number as a function of the temperature ratio for various turbulent
Reynolds numbers
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Figure 10 – Friction Reynolds number on the cold (circle) and hot (square) walls as a function of the temperature
ratio for various turbulent Reynolds numbers

25



Serra et al. Laminarization in non-isothermal turbulent channel flows May 4, 2020

After showing the predictions for the bulk variables as well as their variations, for the various RANS clo-
sures, near the cold and hot walls, it us proposed to turn to the main goal of the present study, namely the
reverse transition. Thereinbefore, it has been shown that RANS calculations can qualitatively predict rela-
tively well the physical conditions where laminarization could occur. The next step is logically to search for
a quantitative assessment of this occurrence. In fact, the aim is to build and propose guidelines and/or safe-
guards, which could be used to identify the possible situations of reversion with non-isothermal flows. Put
differently, a correlation for the prediction of a laminarized flow, as a function of the friction Reynolds number
and the temperature ratio, is searched for. Concretely, two approaches will be developed to handle this problem.

Firstly, it is proposed to recall the above remark concerning the existence of a threshold for the turbulent
Reynolds number under which laminarization occurs. To define this lower limit, one can either re-use the
numerically obtained value of Re�

τ =63 [75], or use the stability analysis of [76] who established that a Hopf
bifurcation exists at Reb ≈ 5772.22, i.e. for a friction Reynolds number value approximately equal to Re�

τ =
186, which distinguishes the completely unstable and partially stable regimes. Since the reversion should occur
on the hot side, it seems logical to look for the moment when the corresponding friction Reynolds number could
go below these critical values. In other words, two limiting thresholds for Reτ2 are defined. Furthermore, in the
light of the results provided in figure 10, it appears that the friction Reynolds number near the hot side Reτ2
can be expressed as a function of the temperature ratio. Assuming a power-law, this leads to:

Reτ2 = C Tr
n, (3.17)

the corresponding parameters being given in Table 4.
From Eq. (3.17), it is then easy to compute the two corresponding critical temperature ratios T �

r associated
with the two limiting thresholds Re�

τ2 for Reτ2:

T �
r,a =

�
Re�

τ2,a

C

�1/n

with Re�
τ2,a = 63. (3.18a)

T �
r,b =

�
Re�

τ2,b

C

�1/n

with Re�
τ2,b = 186. (3.18b)

Lastly, since the present definition of the mean (average) turbulent Reynolds number has been shown in
Eq. (2.8) to be be correlated to the mean turbulent Reynolds number, associated with the mean viscous stress,
it is proposed to directly plot the results as a function of the latter. The corresponding results are given in
Figure 11, where the phase space is divided into three zones. The ’safe’ zone holds for situations where the hot
friction number is always greater than the severest condition, that is to say the highest possible value given
by Eq. (3.18b). On the contrary, the ’forbidden’ zone corresponds to conditions where laminarization of the
turbulent flow is predicted, whatever the criterion retained. Between these two situations, a ’dangerous’ zone
is postulated where the reverse transition could occur, either partially or intermittently, or where the current
relations are not stringent enough to incontrovertibly establish or exclude this possibility. When looking more
carefully at the results, the first remark to be made concerns the relative homogeneity in the prediction for all
RANS closures, though the EB-RSM always predicts a larger turbulent zone for higher temperature ratios. The
second remark comes from the appearance of the three distinct zones defined above. Depending on Re�

τ2,a =63
or Re�

τ2,b =186, the acceptable temperature ratios for a given turbulent Reynolds number can greatly vary.
Assuming that the temperature ratio is not modifiable, due to physical constraints, and that one can only vary
the flow regime, there can be a factor of 4 on the targeted mean friction Reynolds number, which must be set
to absolutely avoid any reverse transition. Nevertheless, even if this is also a fundamental constraint, one can
now use (even with a safety factor) the present quantitative predictions to ensure that one always remains in
the ’safe’ zone.
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Table 4 – Coefficients of the power correlation (3.17) for the turbulent Reynolds number on the hot wall as a
function of the mean turbulent Reynolds number

Reτm
k − ω − SST k − ε − v2/k EB-RSM
C n C n C n

150 157.338 −0.912 157.709 −0.904 151.692 −0.915
165 174.133 −0.921 174.187 −0.912 168.385 −0.931
180 190.654 −0.928 190.617 −0.918 185.784 −0.947
195 207.288 −0.933 206.713 −0.922 202.675 −0.958
210 223.449 −0.937 222.809 −0.925 219.452 −0.968
225 240.449 −0.942 238.529 −0.927 236.952 −0.978
240 257.005 −0.945 254.837 −0.931 253.982 −0.985
255 272.98 −0.947 270.855 −0.932 272.027 −0.994
270 289.306 −0.949 287.217 −0.935 289.541 −1
285 305.863 −0.951 303.002 −0.937 306.352 −1.005
300 322.321 −0.953 318.942 −0.938 323.548 −1.009
315 338.745 −0.954 335.197 −0.94 341.261 −1.013
330 355.501 −0.957 351.385 −0.942 358.618 −1.016
345 371.828 −0.958 367.519 −0.944 375.851 −1.019
360 388.438 −0.959 383.638 −0.946 393.227 −1.022
375 404.739 −0.96 399.913 −0.947 410.268 −1.023

Secondly, another approach is going to be discussed, based on former observations on fundamental differences
between non-isothermal laminar and turbulent flows with both LES and RANS calculations. In both cases,
it has been shown that a dissymmetry in the velocity field occurs under a transverse temperature gradient
[27, 32, 66, 77–79], yet is has also been shown [31, 32] and then demonstrated that this asymmetry elicits a
shifting of the position of the velocity maximum towards the cold wall and the hot wall in the laminar and
turbulent case respectively [28], as illustrated in figure 12.
Therefore, it is suggested here that a displacement of the velocity maximum towards the cold wall could be
a local criterion emphasizing the occurence of a reverse transition. Using this protocol, the position of the
maximum velocity is determined for all cases: the corresponding value is then compared with the reference
one, achieved for the position in the isothermal case. Thus, it is possible to compute a displacement of the
position where the maximum velocity of the flow is achieved, as shown in figure 13. Thereby, it is obvious
that, for the higher friction Reynolds numbers, the present method does not show any reversion of the flow.
Here, it could be conjectured that a further increase in the temperature ratio would lead to laminarization.
However, this has not been tested since the last values were already questionable (validity of Sutherland’s law)
and, more importantly, because this would imply temperatures above 2700 K which are clearly unrealistic for
industrial applications. Besides, it is interesting to note that all models undergo the same behavior although
the predictions show clear differences. Thus, the EB-RSM always gives a lower value for the position of the
maximum where reversion begins: see for instance 225, 240 and 255 where k − ω − SST and k − ε − v2/k results
present a kind of plateau whereas the EB-RSM ones show a strong decrease. From the determination of these
critical values, it is possible to plot them as a function of the friction Reynolds number, as is done in figure 14.
It is remarkable that, except for the k − ε − v2/k, a linear correlation fits these results very well:

k − ω − SST: T �
r = 0.0217 ReτM + 1.8979 with R2 = 0.98875 (3.19a)

k − ε − v2/k: T �
r = 0.0086 ReτM + 4.7771 with R2 = 0.94039 (3.19b)

EB-RSM: T �
r = 0.0181 ReτM + 1.7204 with R2 = 0.99576 (3.19c)
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As first sight, this new method seems less ambiguous, mainly because the definition of laminarization now
relies on a unique criterion. For the sake of generality, the results obtained with this new criterion are plotted
and compared with the previous results using a critical threshold on the hot turbulent Reynolds number. The
results are shown in dashed lines in Figure 11. On the current tested range for the friction Reynolds number,
this second method falls between the two extreme values, in the ’dangerous’ zone. However, although this
method strongly suggests avoiding the region above the dashed line in Figure 11, it is worth mentioning that
its practical application in industrial systems is difficult since its proper definition relies on the search for an
extremum between several different calculations.
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4 Conclusion
In the present paper, the reverse transition due to transverse temperature gradients of initially turbulent channel
flows has been studied with a RANS approach. Physically, the low-Mach number approximation was considered
and the physical properties were temperature-dependent. Three RANS closures were tested, relying not on wall
functions but on near wall modeling. Both first-moment and second-moment closures are involved, with the
k − ω − SST and the k − ε − v2/k from one side and the EB-RSM from the other, the latter two also involving
an elliptic blending approach. The turbulent heat flux model used is the SGDH and the GGDH in the first and
second case, respectively. By performing a painstaking analysis, involving 816 calculations, for various friction
Reynolds numbers and temperature ratios between the walls, the onset of laminarization was studied. The
use of three different turbulence models makes it possible to assess an order of magnitude of the uncertainty
associated with the model and to draw prudent conclusions.
The first and most important conclusion is the prediction of a large decrease in the Nusselt number, which can
undergo a variation up to 80%. The turbulent viscosity is also singularly reduced near the hot wall, while the
normalized velocity and temperature profiles move away from the standard log-law. Practically, these effects are
particularly pronounced for high temperature ratios, especially with the lower friction Reynolds number values.
The results also show the ability to predict the diminishing of the bulk Reynolds number, and consequently of the
flow-rate for a given pressure gradient, as with former experiments. Then, when looking at the specific evolution
of the turbulent Reynolds number near the walls, it logically appears that on the hot side, very low values can
be achieved such that reversion can occur. Therefore, it is proposed to define a specific threshold characterizing
this laminarization and two values (63 and 186) were tested for the corresponding friction Reynolds number.
The first one is based on an observation, and the second one on a fully turbulent state derived from stability
analysis. This approach makes it possible to identify, for each friction Reynolds number, a range of temperature
ratios in which the reverse transition process occurs. Thus, the operational space parameter is divided into
three specific zones: a ’forbidden’ one where the flow is laminar (and the heat transfer possibly very low), a
’safe’ one where the flow remains turbulent and a ’dangerous’ one where there exist some uncertainties. In
summary, there is a range of temperature ratios vs. mean pressure gradient that can potentially harm the
devices. If one wants to avoid any risk, the application must operate in its ’safe’ zone. On the contrary, if one
seeks an optimization of the control, the application can be operated in its ’dangerous’ zone up to the extremum
displacement of the velocity maximum. In spite of these interesting first results, it is also worth recalling two
possible weaknesses. First, the conclusions are drawn from RANS calculations, whose predictions are known to
be rather model-dependent. This is specifically emphasized by the discrepancies observed between each of the
closures; though their qualitative behavior is similar, the quantitative assessment is still questionable. Second,
it is still difficult to know, especially with the above-mentioned limitations, what is the unequivocal criterion
leading to laminarization.
In the light of these discussions, the need for DNS or LES of turbulent flows with low turbulent Reynolds
number values and high temperature ratios is undoubtedly highlighted. Indeed, such simulations could provide
reliable data that could be used to validate at least the main trends of the phenomenon. In a near future,
it is proposed to characterize such a phenomenon from a practical point of view. For industrial applications,
e.g. T-junctions with flows at different velocities and temperatures, the computed heat transfer at the walls
could be performed in situations similar to the present cases. Among the possible goals, the influence of the
temperature-dependency on the flow behavior could be highly interesting.
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A Overview of some available studies dealing with thermal effects on tur-
bulent flows

In the main document, Table 1 presents a summary of the papers on laminarization of turbulent flows. Since
this topic belongs to a larger one, where impacts of heat transfer are considered, Table 5 provides a list of
studies on the influence of thermal effects on the behavior of turbulent flows.

Table 5 – Studies on heat effects on turbulent flows
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[41] DNS / LES / RANS � � � � � �
[20] DNS � � � � � �
[21] RANS � � � � � �
[34] DNS � � � � �
[35] DNS � � � � � �
[37] DNS � � � � �
[38] DNS � � � � �
[22] Exp. � � � � n.a.
[23] Exp. � � � � n.a.
[78] DNS � � � � �
[74] DNS � � � � �
[83] DNS � � � � �
[30] LES � � � � �
[31] LES � � � � �
[14] RANS � � � � �
[12] Exp. � � � � n.a.
[84] LES � � � � � �
[77] DNS � � � � �
[44] DNS � � � � �

. . . . . .
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Table 5 – continued. . .

Ref. Type fo
rc

ed

na
tu

ra
l

m
ix

ed

pl
at

e

tu
be

an
nu

lu
s

ch
an

ne
l

ho
r.

ve
r.

im
p.

te
m

p.

im
p.

flu
x

he
at

so
ur

ce

pa
ss

iv
e

sc
al

.

de
p.

pa
ra

m
.

[85] DNS � � � � �
[86] DNS � � � � �
[87] DNS � � � � �
[47] DNS � � � � �
[48] DNS � � � � �
[88] Exp. � � � � n.a.
[8] Exp. � � � � � n.a.
[43] DNS � � � � �
[52] RANS � � � � �
[89] DNS � � � � � �
[90] LES � � � � �
[91] DNS � � � � � �
[32] LES � � � � �
[49] LES � � � � �
[50] LES � � � � �
[25] RANS � � � � � � �
[92] DNS � � � � �
[93] DNS � � � � �
[94] DNS � � � � �
[9] RANS � � � � �
[10] RANS � � � � �
[11] RANS � � � � �
[13] RANS � � � � �
[15] RANS � � � � �
[66] DNS � � � � �
[29] LES � � � � �
[51] LES � � � � �
[26] DNS � � � � �
[27] DNS � � � � �
[67] DNS � � � � �
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B RANS models
B.1 k − ω − SST equations

ρ
dk

dt
= ρPk − β∗ρωk + ∂

∂xi

��
µ + µt

σk

�
∂k

∂xi

�
(B.20a)

ρ
dω

dt
= γ

νt
ρPk − βρω2 + ∂

∂xi

��
µ + µt

σω

�
∂ω

∂xi

�
+ 2(1 − F1)ρσω

1
ω

∂k

∂xi

∂ω

∂xi
(B.20b)

With :

νt = a1k

max(a1ω, SF2) (B.21a)

Pk = min

�
−τij

∂Ui

∂xj
, 10β∗kω

�
(B.21b)

F1 = tanh




�
min

�
max

� √
k

β∗ωy
,
500ν

y2ω

�
,

4ρσω2k

CDkωy2

��4

 (B.21c)

F2 = tanh




�
max

�
2
√

k

β∗ωy
,
500ν

y2ω

��2

 (B.21d)

CDkω = max
�

2ρσω2
1
ω

∂k

∂xi

∂ω

∂xi
, 10−10

�
(B.21e)

The constant φ are computed from the constants φ1 and φ2 :

Table 6 – k − ω − SST constants

σk σω β γ

φ1 1.1765 2.0 0.075 0.54
φ2 1.0 1.1682 0.0828 0.42

B.2 k − ε − v2/k equations

ρ
dk

dt
= ρP − ρε + ∂

∂xi

��
µ

2 + µt

σk

�
∂k

∂xi

�
− Cε3(1 − α)3ρ

k

ε
2ννt(∂k∂jUi)(∂k∂jUi), (B.22a)

ρ
dε

dt
= Cε1ρP − C∗

ε2ρε

T
+ ∂

∂xi

��
µ

2 + µt

σk

�
∂ε

∂xi

�
, (B.22b)

dϕ

dt
= (1 − α3)fw + α3fh − P ϕ

k
+ 2

k

νt

σk

∂ϕ

∂xi

∂k

∂xi
+ ∂

∂xi

��
ν

2 + νt

σϕ

�
∂ϕ

∂xi

�
, (B.22c)

α − L2∇2α = 1. (B.22d)
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With:

νt = Cµϕ k min(T,Tlim) (B.23a)

T =

�
k2

ε2 + C2
T

ν

ε
(B.23b)

Tlim = 0.6
√

6 Cµϕ
�

S:S
(B.23c)

And;

fw = −ε

2
ϕ

k
(B.24a)

fh = − 1
T

�
C1 − 1 + C2

P
ε

� �
ϕ − 2

3

�
(B.24b)

C∗
ε2 = Cε2 + α3(Cε4 − Cε2) tanh




��������

∂

∂xi

�
νt

σk

∂k

∂xi

�

ε

��������

3/2
 (B.24c)

L =

����C2
L

�
k3

ε2 + C2
η

ν3/2

ε1/2

�
(B.24d)

And:

Table 7 – k − ε − v2/k constants

Cε1 Cε2 Cε3 Cε4 σk σε Cµ CT CL Cη C1 C2 σϕ

1.44 1.83 2.3 0.4 1 1.5 0.22 4 0.164 75 1.7 0.9 1

B.3 EB-RSM equations

dρU �
iU

�
j

dt
= ρPij + ρφij − ρεij + Dµ

ij + DT
ij , (B.25a)

dρε

dt
= C �

ε1ρP − Cε2ρε

T
+ ∂

∂xk

�
Cµ

σε
ρτklT

∂ε

∂xl

�
+ ∂

∂xk

�
µ

∂ε

∂xk

�
, (B.25b)

α − L2∇2α = 1. (B.25c)
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with:

φij = (1 − α3)φw
ij + α3φh

ij (B.26a)
εij = (1 − α3)εw

ij + α3εh
ij (B.26b)

L = CL max
�

k3/2

ε
; Cη

ν3/4

ε1/4

�
(B.26c)

T = max
�

k

ε
; CT

�
ν

ε

�
(B.26d)

C �
ε1 = Cε1

�
1. + A1(1 − α3)P

ε

�
(B.26e)

n = ∇α

||∇α|| (B.26f)

φh
ij = − �

C1ε + C �
2P�

aij +
�
C3 − C �

3(aklakl)0.5
�

kSij + C4k

�
aikSjk + ajkSik − 2

3aklSklδij

�
(B.26g)

+ C5(aikΩjk + ajkΩik) (B.26h)

φw
ij = −5 ε

k

�
τiknjnk + τjknink − 1

2τklnknl (ninj + δij)
�

(B.26i)

τij = U �
iU

�
j (B.26j)

εw
ij =

U �
iU

�
j

k
ε (B.26k)

εh
ij = 2

3εδij (B.26l)

aij =
U �

iU
�
j

k
− 2

3δij (B.26m)

Ωij = 1
2

�
∂Ui

∂xj
− ∂Uj

∂xi

�
(B.26n)

Pij = −U �
iU

�
k

∂Uj

∂xk
− U �

jU �
k

∂Ui

∂xk
(B.26o)

DT
ij = ∂

∂xl

�
ρ

Cµ

σk
U �

l U
�
mT

∂U �
iU

�
j

∂xm

�
(B.26p)

And:

Table 8 – EB-RSM constants

C1 C �
2 C3 C �

3 C4 C5 CL Cη CT Cε1 A1 Cε2 σε

1.7 0.9 0.8 0.65 0.625 0.2 0.122 80 6 1.44 0.1 1.83 1.15
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