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APPROXIMATION OF NULL CONTROLS FOR SEMILINEAR HEAT EQUATIONS
USING A LEAST-SQUARES APPROACH

JEROME LEMOINE!, IRENE MARIN-GAYTE? AND ARNAUD MUNCH?

Abstract. The null distributed controllability of the semilinear heat equation 8;y — Ay +g(y) = f 1.,
assuming that g € C*(R) satisfies the growth condition lim SUP| |00 9(7)/(I7] In®2|r|) = 0 has been
obtained by Ferndndez-Cara and Zuazua in 2000. The proof based on a non constructive fixed point
theorem makes use of precise estimates of the observability constant for a linearized heat equation.
Assuming that ¢’ is bounded and uniformly Hélder continuous on R with exponent p € (0,1], we
design a constructive proof yielding an explicit sequence converging strongly to a controlled solution
for the semilinear equation, at least with order 1+ p after a finite number of iterations. The method is
based on a least-squares approach and coincides with a globally convergent damped Newton methods:
it guarantees the convergence whatever be the initial element of the sequence. Numerical experiments
in the one dimensional setting illustrate our analysis.

1991 Mathematics Subject Classification. 35K58, 93B05, 93E24.

Paper dedicated to Enrique Zuazua on the occasion of his 60" birthday.

INTRODUCTION

Let Q c R%, 1 < d < 3, be a bounded connected open set whose boundary 0f is Lipschitz and let w CC Q
be any non-empty open set. Let T > 0 and Qr := Q x (0,7), gr := w x (0,T) and Xr := 9Q x (0,7). We
consider the semilinear heat equation

_A — -
{&:y y+g(y)=fl, in Qr, O

y=0 on Xp, y(-,0)=wuy in Q

where uy € L?(Q) is the initial state of y and f € L?(qr) is a control function. Here and throughout the paper,
we assume that g : R — R is, at least, locally Lipschitz-continuous and following [16] that g satisfies

lg'(r)| <C(+1r|™) ae with 1<m<1+4/d (2)
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which implies that possesses exactly one local in time solution. We recall that under the additional growth
condition

lg(r)] < C(1+ |r[log(1+|r[)) Vr€R, (3)
has a unique globally weak solution defined in [0, 7] and one has

y € CO([0, T]; L*()) N L*(0, T3 Hy (), (4)

see [6]. Without a growth condition of the kind , the solutions to can blow up before t = T'; in general,
the blow-up time depends on g and the size of |lug||z2(q)-

The system is said to be controllable at time T if, for any ug € L?(2) and any globally defined bounded
trajectory y* € C°([0,T]; L?(Q2)) (corresponding to the data uf € L?(Q) and f* € L%(qr)), there exist controls
f € L?(gr) and associated states y that are again globally defined in [0, 7] and satisfy and

ylz,T) =y*(z,T), =z€. (5)

We refer to [8] for an overview of control problems in nonlinear situations. The uniform controllability strongly
depends on the nonlinearity g. Ferndndez-Cara and Zuazua proved in [16] that if ¢ is too “super-linear” at
infinity, then, for some initial data, the control cannot compensate the blow-up phenomenon occurring in Q\w.

Theorem 0.1 ( [16]). There exist locally Lipschitz-continuous functions g with g(0) =0 and
lg(r)[ ~ [r[logP(L +[r[) as |r| =00, p>2,

such that fails to be controllable for all T > 0.

On the other hand, Fernandez-Cara and Zuazua also proved that if p is small enough, then the controllability
holds true uniformly.

Theorem 0.2 ( |16]). Let T > 0 be given. Assume that admits at least one solution y*, globally defined in
[0,T] and bounded in Q. Assume that g : R — R is locally Lipschitz-continuous and satisfies . If g satisfies

9 as |r| — oo
7| ln3/2(1 +|r]) Irl = co. (6)

Then is controllable at time T'.

Therefore, if |g(r)| does not grow at infinity faster than |r| In”(1+|r|) for any p < 3/2, then (1) is controllable.
We also mention [1] which gives the same result assuming additional sign condition on g, namely g(r)r >
—C(1 + r?) for every r € R and some C > 0. The problem remains open when g behaves at infinity like
|| InP(1 + |r]) with 3/2 < p < 2. We mention however the recent work of Le Balc’h [20] where uniform
controllability results are obtained for p < 2 assuming additional sign conditions on g, notably that g(r) > 0
for r > 0 or g(r) < 0 for » < 0 and T large enough. This condition is not satisfied for g(r) = —r In?(1 + |r]).
Let us also mention [9] in the context of Theorem [0.1f where a positive boundary controllability result is proved
for a specific class of initial and final data and T large enough.

In the sequel, for simplicity, we shall assume that g(0) = 0, f* = 0,u} = 0 so that y* is the null trajectory.
The proof given in |16] is based on a fixed point argument that reduced the controllability problem to the
obtention of a suitable a priori estimate for the linearized heat equation with a potential. More precisely, it is
shown that the operator A : L*°(Qr) — L*(Qr), where y, := A(z) is a null controlled solution through the
control function f, of the linear boundary value problem

atyz - Ayz + Yz 5(2) = fz]-w in QT ~( ) @ r 7é 0, (7)
. , r) = r
Yz = 0 on ZTa yz('70> =TUp N Q ! gl(o) r= Oa
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maps a closed ball B(0, M) C L>(Qr) into itself, for some M > 0. Under the condition (), the Kakutani’s
theorem provides the existence of at least one fixed point for the operator A, which is also a controlled solution
for .

The main goal of this work is to determine an approximation of the controllability problem associated to (|1)),
that is to construct an explicit sequence (fi)ren converging strongly towards a null control for . A natural
strategy is to take advantage of the method used in [16,|20] and consider, for any element yo, € L (Qr), the
Picard iterations (yx)ren defined by yr11 := A(yx), & > 0 associated with the operator A. The resulting
sequence of controls (fx)ren is then so that fi41 € L?(gr) is a null control for yjy1 solution of

{atyk — Ay + e 9(Yk—1) = frle in Qr, ®)

ye=0 on Xp, wyr(-,0)=wug in €.

Numerical experiments for the one dimensional case reported in [13] exhibit the non convergence of the
sequences (yx)ren and (fr)ren for some initial conditions large enough. This phenomenon is related to the
fact that the operator A is in general not contracting, even if g is globally Lipschitz (we refer to Remark
[2.17). We also mention [3}[4] where this strategy is implemented. Still in the one dimensional case, a least-
squares type approach, based on the minimization over L?(Qr) of the functional R : L?(Qr) — R defined by
R(z) = ||z *A(Z)H%Z(QT) has been introduced and analyzed in [13]. Assuming that g € C1(R) and ¢’ € L>°(R),
it is proved that R € C'(L?(Qr); R") and that, for some constant C' > 0

IR ()z2(@r) = (1= Cllg'llsolluolloc) V2R (), ¥z € L*(Qr)

implying that if ||¢'||ec||0]|cc is small enough, then any critical point for R is a fixed point for A (see |13|
Proposition 3.2]). Under this smallness assumption on the data, numerical experiments reported in [13] display
the convergence of gradient based minimizing sequences for R and a better behavior than the Picard iterates
associated to A. The analysis of convergence is however not performed. As is usual for nonlinear problems and
also considered in |13], we may employ a Newton type method to find a zero of the mapping F' : Y +— W defined
by

F(y, f) = 0wy — Ay +g(y) = flu,y(-,0) —uo) Yy, f) €Y (9)
where the Hilbert space Y and W are defined as follows

Y ¢{ (y, ) : py € L*(Q1), ;mVy € L*(Qr)%, po(Ory — Ay) € L*(Qr),y =0 on X7, pof € L*(qr) }

and W := L?(po; Q1) x L*(Q) for some appropriates weights p, po and p;. Here L?(po; Q1) stands for {z : poz €
L2(Qr)}. Tt is shown for d = 1 in [13] that, if ¢ € C'(R) and ¢’ € L°°(R), then F € C*(Y; W) allowing to
derive the Newton iterative sequence: given (yo, fo) in Y, define the sequence (y, fx)ren in YV iteratively as
follows (Yx+1, fr+1) = Wk, f&) — (Y, F) where F}, is a control for Y; solution of

10
Ye=0 on Xp, Yi(-,0)=wuo—yr(,0) in Q. (10)

{8tyk — AY; 4 ¢'(yk) Y = Fi Lo + ey — Ayx + 9(yx) — frle in Qr,

Once again, numerical experiments for d = 1 in |13] exhibits the lack of convergence of the Newton method
for large enough initial condition, for which the solution y is not close enough to the zero trajectory.

The controllability of nonlinear partial differential equations has attracted a large number of works in the
last decades (see the monography [8] and references therein). However, as far as we know, few are concerned
with the approximation of exact controls for nonlinear partial differential equations, and the construction of
convergent control approximations for controllable nonlinear equations remains a challenge.
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Assuming that ¢’ € L°°(R) and in addition that there exists one p in (0, 1] for which ¢’ is uniformly Holder
continuous on R with exponent p € (0, 1], we construct, for any initial data uy € L?(£2), a strongly convergent
sequence (fx)ren towards a control for . Moreover, after a finite number of iterates related to the norm
l9'l| Lo (r), the convergence is super linear with a rate equal to 14-p. This is done (following and improving [26]
devoted to a linear case) by introducing a quadratic functional which measures how a pair (y, f) € Y is close to
a controlled solution for and then by determining a particular minimizing sequence enjoying the announced

property. A natural example of so-called error (or least-squares) functional is given by E(y, f) := %Hﬁ(y, DIZ

to be minimized over Y. In view of controllability results for H the non-negative functional E achieves its
global minimum equal to zero for any control pair (y, f) € Y of (1)

The paper is organized as follows. In Section[I] we derive a controllability result for a linearized heat equation
with potential in L>(Qr) and source term in L?(0,T; H~1(2)). Then, in Section [2| we define the least-squares
functional F and the corresponding (nonconvex) optimization problem over the Hilbert space A defined in
([23). We show that E is Gateaux-differentiable over A and that any critical point (y, f) for E for which ¢'(y)
belongs to L™ (Qr) is also a zero of E (see Proposition [2.4). This is done by introducing a descent direction
(YL F!) for E(y, f) for which E'(y, f)-(Y!, F') is proportional to /E(y, f). Then, assuming that the function
¢’ is uniformly Hoélder continuous on R with exponent p for some p € [0, 1], we determine a minimizing sequence
based on (Y1, F'!) converging strongly to a controlled pair for the semilinear heat equation (1)). Moreover, we
prove that after a finite number of iterates, the convergence enjoys a rate equal to 1 + p (see Theorem
for p = 1 and Theorem for p € (0,1)). We also emphasize that this least-squares approach coincides with
the damped Newton method one may use to find a zero of a mapping similar to F mentioned above; we refer
to Remark This explains the convergence of our approach with a super-linear rate. Section [3| gives some
numerical illustrations of our result in the one dimensional case and a nonlinear function g uniformly continuous
on R with exponent p = 1. We conclude in Section ] with some perspectives.

As far as we know, the analysis of convergence presented in this work, though some restrictive hypotheses
on the nonlinear function g, is the first one in the context of controllability for partial differential equations.

Along the text, we shall denote by || - ||oo the usual norm in L>(R), (-,-)x the scalar product of X (if X is
a Hilbert space) and by (-,-)x,y the duality product between the spaces X and Y.

1. A CONTROLLABILITY RESULT FOR A LINEARIZED HEAT EQUATION WITH L?(H ') RIGHT
HAND SIDE

We give in this section a controllability result for a linear heat equation with potential in L (Q7) and right
hand side in L2(0,7; H=(£2)). As this work concerns the null controllability of parabolic equations, we shall
make use of Carleman type weights introduced in this context notably in [17] (we also refer to [12] for a review).
Here, we assume that such weights p, pg, p1 and ps blow up as t — T~ and satisfy:

(11)

p = p(x,t), po = po(x,t),p1 = p1(x,t) and py = pa(x,t) are continuous and > p, >0 inQr
ps po, p1,p2 € L= (Qr—5) V0 > 0.

Precisely, we will take py = (T — t)*/%p, p1 = (T — t)p, po = (T —t)*/?p and p3 = (T — t)~/%p where p is
defined as follow
sB(x)

((t)
o) = 3T%/16  if0<t<T/4
T —-t) T/A<t<T.

Here B(z) = exp(2Am||n°]|o0) — exp(A(m||7°]|oo +7°(2))), m > 1, n° € C(Q) satisfies n° > 0in Q, n° =0 on 9Q
and |Vn°| > 0 in Q\w (see [12], Lemma 1.2, p.1401).

pla,t) = exp (52), 82 C(Qw. T gl (12)

with
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In the next section, we shall make use of the following controllability result where L%(p, A) := {f : pf €
L?(A)} for any set A C Qr and function p.

Proposition 1.1. Assume A € L>(Qr), p2B € L?(0,T; H-*(Q)) and zy € L?(). Then there exists a control
v € L?(po,qr) such that the weak solution z of

Oz — Az+Az=vl,+B in Qr, 3
z=0 on Xp, z(,0)=2z in (13)

satisfies
z2(,T) =0 in Q. (14)

Moreover, the unique control u which minimizes together with the corresponding solution z the functional J :
L?(p, Q1) x L?(po, qr) — R defined by J(z,v) := %||sz%2(QT) + £1lpo U”QL?(qT) satisfy the following estimate

lp2llL2(@r) + lPovllL2(gr) < O<||p2B||L2(07T;H1(Q)) + ||ZOL2(Q)) (15)

for some constant C = C(s,Q,w, T, ||Al|co)-
The controlled solution also satisfies, for some constant C = C(s,Q,w, T, ||A|le0), the estimate

lor2l= sz + 11Vl < (I Bllisorvay + ol ) (16)

Proposition follows from several lemmas. Let us first set Py := {g € C*(Q7) : ¢ = 0on Xr}. The
bilinear form

(p,q)p ::/ /fQLZpLZQ+/ Py P4
T qT

where L% q := —0,q — Aq+ Agq, is a scalar product on Py (see [14]). The completion P of P, for the norm || - ||p
associated to this scalar product is a Hilbert space and the following result proved in [17] holds.

Lemma 1.2. There exists C = C(s,Qw, T, ||Alls) > 0 such that one has the following Carleman estimate:
[ (o5t + 02219002 + 552 bl?) < Clols, v e P a7)
T

Remark 1.3. We denote by P (instead of P4) the completion of Py for the norm ||-||p since P does not depend
on A (see [13| Lemma 3.1]).

Lemma 1.4. There exists C = C(s,Q,w, T, ||A||so) > 0 such that one has the following observability inequality:

Ip(-0)llL2(0) < Cllpllp, Vp € P. (18)
Proof. From the definition of pg, p; and py, P — H?*(0, %; L?(Q)) — ([0, %], L?(Q)) where each imbedding is
continuous. The result follows from Lemma O

Lemma 1.5. There exists p € P unique solution of

T
(r,9)p = /onq(O) +/0 (p2B,p3 ) -1 @)xmi) V4 € P. (19)
This solution satisfies the following estimate :

Iplp < C(lp2BllL2o.r:m-1 @) + llzollL2(e)
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where C = C(s,Q,w, T, ||Alls) > 0.

Proof. The linear map L1 : P = R, g — f0T<pQB, p51q>H71(Q)XHé(Q) is continuous. Indeed, for all ¢ € P

T . T ) 1/2 T e 1/2
[ Bz o] < ([ 1eeBlE0) (] 103 o)

and a.e. in (0,7T) ||p§1q||§{é(9) = “951Q||2L2(Q) + HV(pglq)H%z(Q)d. But since pg < T'ps a.e. tin (0,7)

- 1, _
o2 allZ2(0) < 7 llog ' alliz (@), a-e- t € (0,T).

Moreover

-1 N\ -1 -1 o sVB(x) -1 -1

and thus, since p; < T"/2p, a.e. tin (0,7):

2
”v( —1 2 < SVﬁ(.ﬁ) —1 —lv 2
P2 D720y < T -z’ ¢ +p2 " Vall72q)

L2(Q)d
<C(s,Qw,T, ||A||oo)(||PEIQ||2L2(Q) + ”pQ_IVQH%Z(Q)d)'

We then deduce that, a.e. in (0,7)
o3 0l @) < €5, 2w, [ AlLoe) (15 a3y + 7 Vil o)

and from the Carleman estimate that
T —1 52 1/2
(] 103 alye) " < Clo Tl
and therefore

T T 1/2
| [ Bz i ongeon] < O 2T AL ([ Io2Bl-1y) e

Thus L; is continuous.
From we easily deduce that the linear map Ly : P — R, q — fQ 209(0) is continuous. Using Riesz’s
theorem, we conclude that there exists exactly one solution p € P of . O

Let us now introduce the convex set

C(z0,T) = {(z,v) :pz € L*(Qr), pov € L*(qr), (2,v) solves - in the transposition sense}

that is (z,v) is solution of

T
[ etia=[ vt [ 200+ [ B @ee. Voe P
QT qr Q 0

Let us remark that if (z,v) € C(z0,7), then since zo € L*(Q2), v € L?*(gr) and B € L*(0,T; H~(Q)), z must
coincide with the unique weak solution of associated with v.
We can now claim that C(zp,T) is a non empty. Indeed we have :
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Lemma 1.6. Let p € P defined in Lemma and (z,v) defined by
z=pLap  and v =—p;°ple (20)

Then (z,v) € C(z0,T) and satisfies the following estimate

lpzllL2(Qr) + llPovllL2(gr) < C(||P2 Bl p20,7,5-1(0)) + ||Zo||L2(Q)> (21)

where C' = C(s,Q,w, T, ||A]loo) > 0.

Proof. Let us prove that (z,v) belongs to C(z9,T). From the definition of P, pz € L?(Qr) and pov € L?(q7)
and from the definition of p, po, p2, z € L*(Qr) and v € L?(gr). In view of (19), (2,v) is solution of

T
/ ZL,*MJ:/ UQ+/ZOQ(0)+/ <p2Bap2_IQ>H*1(Q)><Hé(Q)a Vg e P
Qr qr Q 0

that is, since from the definition of py, B € L2(0,T; H~1(Q2)) and

T T
/0<P2B,P51Q>H—1(Q)xH3(Q):/O (B, @) m-1()x HL ()1

z is the solution of associated with v in the transposition sense. Thus C(zg,T) # 0. 0

Let us now consider the following extremal problem, introduced by Fursikov and Imanuvilov [17]

o 1 1 L
Minimize J(z,v) = 5”(27U)||%2(P,QT)><L2(PO,¢]T) = 5/ p%|z)? + 5/ palvl?
Qr qr

subject to (z,v) € C(z,T).

(22)

Then (z,v) — J(z,v) is clearly strictly convex and continuous on L?(p, Q1) x L?(po,qr). Therefore
possesses at most a unique solution in C(zg,T'). More precisely we have :

Proposition 1.7. (z,v) € C(z0,T) defined in Lemma[I.6 is the unique solution of (23).
Proof. Let (y,w) € C(20,T). Since J is convex and differentiable on L?(p, Q1) x L?(po, qgr) we have :

Hpw = Je0+ [ Foy-2+ [ dw-v)

T qT

— J(z0) +/T Loy =)~ [ plw=v)=J(0)

qT
y being the solution of associated to w in the transposition sense. Hence (z,v) solves (22). O

Proof. (of Proposition [1.1)) It suffices to prove that (z,v) satisfies the estimate (L6]). Since z is a weak solution of
(13) associated with v, z € L?(0,T; H}(Q)) and 2, € L2(0,T; H~1(£2)). Multiplying by p?z and integrating
by part we obtain, a.e. ¢ in (0,7)

1
5(%/ |Z|2,0§—/ \z|2/’15tp1+/ P%|VZ|2+2/ P12V p1 'VZ+/ piAzz
Q Q Q Q Q

:/'Up%z"f'<Bap?Z>H*1(Q)><H§(Q)~
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But 9;p1 = —p — (T — 1) s%/)(f) p, so that

| [Pt < Cs. 2, Tulle) [ Ipal
Q Q

Since Vp = (T —t)Vp = (T —t) Se(vtfp and % < C(T), we have

‘/Qplzvpl.vz’ <C(s,Qw,T, ||A||DO)(/Q|p1Vz|2)1/2</Q|PZ|2)1/2.

The following estimates also hold

| [ az| <o jale) [ ol
Q Q

1/2 1/2
Lo <] Lo < L) (i)
w w w Q

(B, p2) g1 (yxui ] = (018, m2) -1y xmi@)| < loiBlla-—@llprzll g @)
< C(5, 9,0, T, | Alloo) | p2 Bl 10 (Ilp2l 2 (0) + 11V 2| L2 (0)) -

and

Thus we easily obtain that

o [ e+ [ Ve < O Al (IoeBls oy + [ 212+ [ )
w

and therefore, using , for allt € [0,T] :

([tR)w+ [ aI9sP < Clo.0n T 1A1e) (102810 + ol

t

which gives and concludes the proof of Proposition 0

2. THE LEAST-SQUARES METHOD AND ITS ANALYSIS

For any p € [0,1], we define the space

/ )
Wp = {g S C(R)a g(O) = 07 gl € LOO(R), [g/]p = sup M < OO}
abeRazb  |a—DbP

The case p = 0 reduces to Wy = {g € C(R), ¢(0) =0, ¢’ € L>®(R)} with [¢']o = 2||¢||cc. The case p =1
corresponds to Wp = {g € C(R), g(0) = 0, ¢’ € L>*(R),g"” € L®R)} with [¢']y = ||¢"||cc. The property
[¢']p < 0o means that ¢’ is uniformly Holder continuous with exponent p.

In the sequel, we shall assume that there exists one p € (0,1] for which the nonlinear function g belongs
to W,. Remark that g € W, for some p € [0, 1] satisfies hypotheses and @ We shall also assume that
Ug € L2(Q)
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2.1. The least-squares method

We introduce the vectorial space Ag as follows

Ao={(0.1)5 9y € Q). 19y € Q) o € Par),
p2(0ry — Ay — f1,) € L*(0,T; H (), y(-,00=0in Q, y=0on ZT}

where p, p2, p1 and pg are defined in . Since L2(0,T; H1(Q)) is also a Hilbert space, Ay endowed with the
following scalar product

(W, 1) @ D) 4, = (0, 09), + (11 VY, 11VT), + (p0f, p0f),
+ (pQ(aty - Ay - f 1w)7 p2(at§ - Ay - ?1‘”))L2(0,T;H*1(Q))

is a Hilbert space. The corresponding norm is ||(y, f)lla, = v/ (¥, f), (¥, f)).4,- We also consider the convex
space

A={(00)s by € P2@r). 19y € @), i € Loar),
(23)
p2(Ory — Ay — f1,) € L2(0,Ts H()), y(-,0) =up in Q, y =0 on ET}

so that we can write A = (7, f) + Ay for any element (7, f) € A. We endow A with the same norm. Clearly,
if (y,f) € A, then y € C([0,7]; L*(Q2)) and since py € L*(Qr), then y(-,T) = 0. The null controllability
requirement is therefore incorporated in the spaces Ay and A.

For any fixed (7, f) € A, we can now consider the following non convex extremal problem :

inf E@G+yf+f 24
oont @+y f+ 1) (24)

where F : A — R is defined as follows

2

E(y, f)

1
)

P2 <8ty —Ay+gly) - f 1w>

L2(0,T;H~1(Q))

justifying the least-squares terminology we have used.

Let us remark that, if g € W), for one p > 0, then g is Lipschitz and thus, since g(0) = 0, there exists K > 0
such that [g(&)] < K[¢] for all £ € R. Consequently, pag(y) € L?(Q7) (and then pag(y) € L2(0,T; H=1()))
since

29l 2@y = P20~ DP9 lI20r) = 1T = ) 2pg(W)l2(0r) < T*Klpyll L2 (@1)-

Any pair (y, f) € A for which E(y, f) vanishes is a controlled pair of , and conversely. In this sense,
the functional E is a so-called error functional which measures the deviation of (y, f) from being a solution of
the underlying nonlinear equation. Although any g € W), for some p > 0 satisfies hypotheses (2) and (6], the
controllability result of Theorem [0.2| given in [16] does not imply the existence of zero of E in A, since controls
of minimal L*°(gr) norm are considered there. Our constructive approach will show that the extremal problem
admits solutions.

We also emphasize that the L2(0,7; H~1(Q)) norm in E indicates that we are looking for weak solutions of
the parabolic equation . We refer to |22,23] where a similar so-called weak least-squares method is employed
to approximate the solutions of the unsteady Navier-Stokes equation.

A practical way of taking a functional to its minimum is through some clever use of descent directions, i.e
the use of its derivative. In doing so, the presence of local minima is always something that may dramatically
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spoil the whole scheme. The unique structural property that discards this possibility is the strict convexity
of the functional E. However, for nonlinear equation like (1)), one cannot expect this property to hold for the
functional E. Nevertheless, we insist in that one may construct a particular minimizing sequence which cannot
converge except to a global minimizer leading E down to zero.

In order to construct such minimizing sequence, we look, for any (y, f) € A, for a pair (Y1, F!) € Ag solution
of the following formulation

{atYl —AY' &+ g’(y)Yl = F'1, + 0w — Ay + gly)—f1l, in Qr, (25)

Y'=0 on Xy, Y'(,0)=0 in Q.

Since (Y1, F') € Ay, F! is a null control for Y. We have the following property.
Proposition 2.1. Let any (y, f) € A. There exists a pair (Y1, F') € Ay solution of which satisfies the

following estimate:

1YY, FY)llay < CVE(y, f) (26)
for some C = C(5,Q,w, T, ||¢'|0) > 0.
Proof. For all (y, f) € A we have pa(0iy — Ay + g(y) — flu,) € L*(0,T; H*(Q)). The existence of a null
control F! is therefore given by Proposition Choosing the control F! which minimizes together with the
corresponding solution Y! the functional J defined in Proposition we get the following estimate (since
Y1(-,0) = 0)

HPYIHLZ(QT) + ||P0F1||L2(qT) < Cllp2(0y — Ay +g(y) — flw)||L2(0,T;H—1(Q))

(27)
< CVE(y,f)
and . .
o1 Y Lo 0,122 + 121 VY |2y < Cllp2(9ry — Ay + g(y) — flo)llz20,1:5-1 () (28)

< CVE(y,f)

for some C = C(5,Q,w, T, ||g]|sc) independent of Y, F! and y. Eventually, from the equation solved by Y1,

1p2(0:Y " = AY" — FY 1) 20,msm-102)) < 020" @)Y 22 (@r) + 102(8y — Ay + 9(y) — f 1)l 20,750 -1(0))
< T =129 WD llssllpY 22 (@) + V2E(y, f)

< max (17 (T — t)1/2g/||oo)0\/m

which proves that (Y!, F!) belongs to Aj. O
Remark 2.2. From , we check that z = y — Y'! is a null controlled solution satisfying

Ohz—Az4g(y)z=(f—F)lu+dWy—gly) in Qr,
z=0 on Xr, z(0)=wuy in Q

by the control (f — F*') € L?(po, qr).

Remark 2.3. We emphasize that the presence of a right hand side in , namely y; — Ay + g(y) — f Lo,
forces us to introduce the weights pg, p1, p2 and p in the spaces Ay and A. This can be seen from the equality
([19): since py'q belongs to L*(0,T; H'(Q)) for all ¢ € P, we need to impose that poB € L?(0,T; H*(Q))
with here B = Oy — Ay + g(y) — f 1,. Working with the linearized equation (introduced in [16]) which
does not make appear an additional right hand side, we may avoid the introduction of Carleman type weights.
Actually, the authors in [16] consider controls of minimal L*(gr) norm. Introduction of weights allows however
the characterization , which is very convenient at the practical level. We refer to |14] where this is discussed
at length.
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The interest of the pair (Y, F'') € Ay lies in the following result.
Proposition 2.4. Let (y, f) € A and let (Y', F') € Ay be a solution of . Then the derivative of E at the
1 1
point (y, f) € A along the direction (Y, F') given by E'(y, f) - (Y1, F') := lim;, 0,20 E((y’fH"(Yn’F N-E.f)
satisfies

E'(y, f)- (Y', F') = 2E(y, ). (31)
Proof. We preliminary check that for all (Y, F) € A, E is differentiable at the point (y, f) € A along the
direction (Y, F') € Ag. For all A € R, simple computations lead to the equality

E(y+ Y, f+AF) =E(y, [) + AE'(y, f) - (Y, F) + h((y, ), \(Y, F))
with

By, f)- (Y, F) = (m(aty Ayt gly) — T (@Y — AY + ()Y — F m) (32)
L2(0,T;H~1(Q))

and

h(y, £ MY, F)) =A (m(aty CAY 4 g W)Y — FL), pal(y, m)
L2(0,T:H-1())

)\2
+ ?sz(atY —AY +¢'(9)Y = F1o)[3200.1:0-1(0))

+ (pz(&sy — Ay +9g(y) — f o), p2l(y, /\Y))
L2(0,T5H (%))

1
+ S lp21w A2 0,711

where Iy, AY) = g(y + AY) — g(y) — Ag'(y)Y .
The application (Y, F) — E'(y, f) - (Y, F) is linear and continuous from A to R as it satisfies

|E'(y, f)- (Y, F)|
< |lp2(0wy — Ay + g(y) — f Lo)l20,msm-10) 1p2(8:Y — AY + ¢' ()Y — F 1)\l 2200, 0,51 (02))

< VIEG.T) (npz(aty LAY — F1) oo + ||,ozg’<y>Y||Lz(QT>)
< VIEG ) <||P2(5tY LAY — P L)z + (T — 9724 @) 1~0n) ||pY|L2<QT))

< VIEG ) maX(L T t)l/zg'noo) 1V, )l o

Similarly, for all A € R*

1 /
DAY )| < (M@Y= AY + /)Y~ F Lo + V2B )

1 1
+ 5 llp2lly, AY)||L2(0,T;H1<m)> L2l A 20,7301 (90
A
+ §||P2(3ty —AY +¢' ()Y = F1) 720110

Since ¢’ € L*°(R) we have for a.e. (z,t) € Qr :

gy +AY) — g(y)
A

1
—l

|5 9 WY <2/l [lec|p2Y |

(y,/\Y)‘ = pz’
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and p2Y € L?(Qr). Moreover, for a.e. (z,t) € Qr, p2|51(y, \Y)| = p2|w —4d(y)Y] = 0as A = 0;

it follows from the Lebesgue’s dominated convergence theorem that 1| pal(y, A\Y)|12(Qs) — 0 as A — 0. It is
now easy to see that h((y, f), A(Y, F')) = o()\) and that the functional FE is differentiable at the point (y, f) € A
along the direction (Y, F') € Ap. Eventually, the equality follows from the definition of the pair (Y, F!)

given in . O

Remark that from the equality 7 the derivative E’(y, f) is independent of (Y, F'). We can then define the

norm || E'(y, f)ll(40) = SUD(v,Fyea0\ {0} %ﬁ‘if) associated with Aj{), the topological dual of Ay.

Combining the equality and the inequality , we deduce the following estimates of E(y, f) in term of
the norm of F’(y, f).

Proposition 2.5. For any (y, f) € A, the inequalities hold true

Ci(s, 2,0, T 19"l 1B (y, Fllag < VE(. f) < Cals, Qw, T, |9 loo) I1E (9, £ 4,

for some constants Cy,Cs > 0.

Proof. rewrites E(y, f) = 2E'(y, f) - (Y', F') where (Y, F') € Aj is solution of and therefore, with
(26)
1
E(y, f) < SIE (v, Dllag IV FDllay < Cls, 2,0, T g lloo) 1B (v, £)l|.ay vV E(y, £)-
On the other hand, for all (Y, F') € Aj (see the proof of Proposition :

By, f) - (Y, F)| < /2B, ) max(l, e t>1/29'|oo) 1Y, ),

and thus C1(s, Q,w, T, [|¢' ) | E'(y, Pl 4y < VE(Y, f)- 0

In particular, any critical point (y, f) € A for E (i.e. for which E’'(y, f) vanishes) is a zero for F, a pair
solution of the controllability problem. In other words, any sequence (y, fx)k>o satisfying ||E'(yx, fi)ll.a; — 0
as k — oo is such that E(yk, fx) — 0 as k — oco. We insist that this property does not imply the convexity
of the functional FE (and a fortiori the strict convexity of E, which actually does not hold here in view of the
multiple zeros for E) but show that a minimizing sequence for E can not be stuck in a local minimum. Far
from the zeros of F, in particular, when ||(y, f)||4 — oo, the right hand side inequality indicates that E tends
to be convex. On the other hand, the left inequality indicates that the functional F is flat around its zero set.
As a consequence, gradient based minimizing sequences may achieve a very low rate of convergence (we refer
to [26] and also |24] devoted to the Navier-Stokes equation where this phenomenon is observed).

2.2. A strongly converging minimizing sequence for F

We now examine the convergence of an appropriate sequence (y, fx)ren € A. In this respect, we observe
that the equality shows that —(Y'!, F'!) given by the solution of is a descent direction for the functional
E. Therefore, we can define at least formally, for any m > 1, a minimizing sequence (yx, fx)ren as follows:

(y()va) € Aa
(yk-i-l,fk-i-l):(ykyfk)_)\k(ykl,Fkl)7 k>0, (33)
Ak = argmine(o.m E((yk, fr) — MY, F))

where (Y}, Fl) € Ay is such that F}! is a null control for Y;!, solution of
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{atYkl — AY} + ¢ (yn) Y = FHl, + (Owye — Ay + g(yx) — frly) in Qr, (34)

YVi=0 on Xp, Y!(,00=0 in Q
and minimizes the functional J defined in Proposition The direction Y;! vanishes when E vanishes. The
real number m > 1 is arbitrarily fixed. It is used in the proof of convergence to bound the sequence of optimal
descent steps Ag.

We first perform the analysis assuming the non linear function g in Wy, notably that ¢” € L*°(R) (the
derivatives here are in the sense of distribution). We first prove the following lemma.

Lemma 2.6. Assume g € Wi. Let (y, f) € A and (Y, F') € Ay defined by . For any A € R and k € N,
the following estimate holds

VE(D) =) < VEGA(1L- A+ X062 T 1l | BT ). (35)
Proof. With g € Wy, we write that
2
=AY )] = laly — AYY) — gly) + A/ Y] < 59" oo (V7 (36)

and obtain that

2E((y, /) =AY, FY))

‘ L2(0,T;H~1(Q))

2
< (Hp2(1 - /\) (8ty - Ay + g(y) - f 1cu) HL2((],T;H*1(Q)) + Hp2l(ya _AYl)HL2(()A’T;H—1(Q)))

2
p2(0y — Ay + g(y) — f 1) = Ap2 (Y =AY + ¢/ (y)Y' — F1,) + pal(y, —AY")

L2(0,T5H~1(Q))
2

p2(1 = A) Oy — Ay + g(y) — f 1) + pal(y, —AY?)

A2 2
< 2(|1 CAWVEG T + mng'wmp2<Y1>2||L2<0,T;H1(9») |

For d = 3 (similar estimates hold for d = 1 and d = 2), using the continuous embedding of L%/°(Q) into H~(Q),
we have:

||/-)2(Y1)2HQLZ(O,T;H%(Q)) < C(Q)”PZ(Y1)2||iz(o,T;L6/5(Q))
T
<C@) [ oY ey IV ey
T
< C(Q)/O oY 2y llorY Hlzo@) 1Y 122 (q)

T
< C(Q)/O oY L2 IV (o1 Y Dl 20y Y172 () -

From the definition of p and p; we have Vp; = %pl = ‘Z(Vtégp and therefore a.e. ¢ in (0,7)

IV (1Y Dl 2@y < IV (01)Y z2(0pa + 101 VY I L2 (e
< (5, 92,0, T, lg' o) 1Y Ml 22y + 191 VY | £2(02)
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and thus
HpQ(Yl)Q||%2(0,T;H*1(Q)) < C(s,Qw,T, ”ngOO)”plYlH%M(O,T;LZ(Q))||pY1||L2(QT)
< (1Y 2@z + 101V L2(@r)) -
Using and , we obtain

lpo (Y )2 M2 0,711 () < C5: 2w, T, [lg'llo) Eys f)? (38)
from which we get . O

Proceeding as in [23], we are now in position to prove the following convergence result for the sequence
(E(Yk fr)) (kew)-

Proposition 2.7. Assume g € Wi. Let (yg, fx)ren be the sequence defined by . Then E(yk, fr) — 0 as
k — oco. Moreover, there exists ko € N such that the sequence (E(yk, fi))k>k, decays quadratically.

Proof. We define the function p; as follows
pe\) = |1 = XN + N2/ E(yr, fr)  with  ¢1:=C(5,2,w0, T, |9 lloo)Ig” | oo

Lemmawith (y, f) = (yg, fx) allows to write that

A VEWki1, fir1) < av/Elye, f)pe(w), Yk >0 (39)

with pk(j\;) := minygo,m] Pr(A)-
If e1v/E (Yo, fo) < 1 (and thus ¢1/E(yg, fr) < 1 for all & € N) then

pe(Ar) = min prp(\) < pr(1) = 1 /E(y, fr)

A€[0,m]

and thus
AVEWir, fim) < (v E(e: fr)” (40)

implying that ¢/ E(yk, fr) — 0 as k — oo with a quadratic rate.
If now c1v/ E(yo, fo) > 1, we check that I := {k € N, ¢1\/E(yg, fr) > 1} is a finite subset of N. For all k € I,

since c1v/E(yx, fr) > 1,

1 1
min pp(A) = min py(\) =pp( —0—m—m——rn)=1—- ——on
yin pe(d) = min pe(3) ’“<201,/E(yk,fk)> 4ern/E s )

and thus, for all k € I,

1

dei/ E (Y, fr)

This inequality implies that the sequence (c1\/E(yk, fi))ken strictly decreases and then that the sequence
(pk(Ak))ken decreases as well. Thus the sequence (c1+/E(yk, fr))ken decreases to 0 at least linearly and there
exists ko € N such that for all k& > ko, c1+/E(yk, fr) < 1, that is I is a finite subset of N. Arguing as in the first

case, it follows that ¢/ E(yk, fr) — 0 as k — co. In both cases, remark that py (X;) decreases with respect to
k. O

e/ fion) < (1 Jer /Bl i) = e/ Bl 7o) — (a1)
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Remark 2.8. Writing from 1)) that c1v/E(yk, fx) < civ/E(yo, fo) — % for all k such that c1v/E(yg, fr) > 1
we obtain that
to < |41/l fo) - 1) +1]

where |z denotes the integer part of z € RT.

We also have the following convergence of the optimal sequence (Ag)ren-
Lemma 2.9. The sequence (Ag)gen defined in converges to 1 as k — oo.
Proof. In view of (B7)), we have, as long as E(yg, fr) > 0, since Ay € [0, m]

(1 Ap)? = E(yr+1, fer1) 21— Ar) (P2 (Oeyr + Ay + 9(yk) — i 1) p2l (Y, MeY)) 120,751 ()

E(yk; fr) E(yk, fr)
2
B HPQZ(yk)AkYk1)||L2(O,T;H—1(Q))
2E(yk)
< Eyrt1, fror1) 2(1— Me) (2 (Beyr + Ay + g(yr) — fr 1w), p2l (i, YD) L2 0,5 H-1(9)
E(yx, fr) E(yr, fr)
< E(Yri1, fry1) VEWe, fi)ll o2l (i, MY 20,7501 ()
< I L 9v2m
(ykafk) (ykafk)
< E@r+1, frv1) L 9vVam 1020 (yrs MYy | L2 0, 7:0 - (@)
(ykafk) (yk,fk)

But, from and 7

Hp2l(yk;)\kYkl)‘|L2(O,T;H*1(Q)) < \[Hg HooHP2(Y1¢1)2||L2(0,T;H*1(Q))

< m2||g HOOC(SvT’ Qaw7 Hg/||oo)E(yk, fk)

and thus B fort)
Yk+1, Jk+1
(1 - Ak)Q S —oerh Al + mZH.‘]/,”ooO(Sa Q,W,T, ||g/HOO) E(yka fk)
E(yk, fr)
Consequently, since E(yg, fx) — 0 and % — 0, we deduce that (1 — \;)? — 0. O

We are now in position to prove the following convergence result.

Theorem 2.10. Assume g € Wi. Let (yx, fi)ken be the sequence defined by (33). Then, (yi, fr)ren — (¥, f)
in A where f is a null control fory solution of . Moreover, the convergence is quadratic after a finite number
of iterates.

Proof. For all k € N, let Fj, = — ZZ o A\ Fland Yy, = Z:,:O A Y.L Let us prove that (Y, Fi)ren converges in
Ao, i.e. that the series >\, (F},Y,!) converges in Ag. Using that ||[(Y;}, F)|la, < CV/E(yk, fx) for all k € N
(see (26)), we write

k k k
D oAl E)lae €m > IV F)lao < C Y VEWn, fu)-
n=0 n=0

n=0

But (\/E(yn, fn)), oy and (pk()\k)) are decreasing sequences so that

VEWn, f2) < 20 OIVEYn—1, fa1) < 200)VE W1, fa-1) < po(20)"VE W0, fo)-
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Since po(0) = 1 and p{(0) = —1, we infer that pO(XE) < 1 leading to

1 — po(ho)FH? < VvV E(¥o, fo)

1 —po(j\;) 1 —po(:\;)

k
n=0

We deduce that the series > A, (Y1, F}) is normally convergent and so convergent. Consequently, there exists
(Y, F) € Ag such that (Yy, Fy)ren converges to (Y, F) in Ajg.
Denoting y = yo + Y and f = fo + F, we then have that (yg, fx)ken = (Yo + Y, fo + Fk)ren converges to

(y, ) in A
It suffices now to verify that the limit (y, f) satisfies E(y, f) = 0. We write that (Y}, F}) € Ay and

(yk, frx) € A solve

(42)

Y, =AY, + ' (uk) - Yy = Fily 4 Oy — Ayr 4+ 9(yk) — frle in Qr,
Y =0on%p, Y{(-,0)=0inQ.

Using that (Y}, F}!) goes to zero in Ay as k — oo, we pass to the limit in and get, since g € Wy, that
(y, f) € A solves (1)), that is E(y, f) = 0. O

In particular, along the sequence (y, fi)ren defined by 7 we have the following coercivity property for
E, which confirms the strong convergence of the sequence (yg, fx)ken-

Proposition 2.11. Let (yg, fx)ken defined by and (y, f) its limit. Then, there exists a positive constant
C=C(s,T,Qw,|¢ |l) such that

(s ) = (s fe)llag < CVE(yr, fr), Yk > 0. (43)
Proof. We write that
1 f) = e F)llao = || D ML ED| <m Y 1Y), F)llag
p=k+1 Ao p=k+1

<mC Z \/E(ypvfp)
p=k+1

<mC > po(ho)’ *VE(y, fr)
p=k+1

pO(XO)

<mC——%—E(yr, fr)

1 —po(Xo)

O

We emphasize, in view of the non uniqueness of the zeros of E, that an estimate (similar to ) of the form

1@, f) — (v, £)lla, < Cy/E(¥, f) does not hold for all (7, f) € A. We also mention the fact that the sequence
(Yk, fx) k>0 and its limits (y, f) are uniquely determined from the initial guess (yo, fo) and from our criterion
of selection of the control F'!. In other words, the solution (y, f) is unique up to the element (yo, fo) and the
functional J defined in Proposition [I.1
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2.3. The case g € W, 0 <p <1 and additional remarks
The results of the previous subsection devoted to the case p = 1 still hold if we assume only that g € W), for
one p € (0,1). For any g € W), we recall the notation [g], := sup, per o5 9@ =9’ 1)l e have the following

la—b[P
result.

Theorem 2.12. Assume that there exists p € (0,1) such that g € W,. Let (yx, fr)ren be the sequence defined
by , Then, (yk, fx)ken — (y, ) in A where f is a null control for y solution of . Moreover, after a finite
number of iterates, the rate of convergence is equal to 1 + p.

Proof. We briefly sketch the proof, close to the proof of Theorem [2.10] for the case p = 1.
-We first prove for any (y, f) € A and A € R the following inequality (similar to the inequality (35))

2
E((y. f) ~ MY, F") < E(y. f) (|1 A+ A By, f)p/2> (44)

with 1 = C(s, T, w, ||¢']l0)[¢']p and (Y1, F1) € A the solution of which minimizes J. For any (z,y) € R?
and A € R, we write g(x + \y) — g(x) = fo)\ yg' (x + Ey)d¢ leading to

A
l9(z + M) — 9(x) — Ad' ()] < / llg' (= + &9) — o (2))de
/ ‘y|1+p‘§|p|g (1‘+§y) ( )|d§

|EylP
AL
< bl
+p
It follows that
1 1 / 1 )‘1+ 1114p
1y, =AY)[ = [g(y = AY") —g(y) + Ad' (y)Y"| < [g ]p1+pIY \
and . 1
|21y, AY )HLQ(O,T;H*I(Q)) < [|p2l(y, AY™) HL2(O T;L6/5(%))
A 1 1
<lg /p1+ ||p Y +pHL?(o,T;Lﬁ‘/S(Q))'
But

T T
e R P N T PV (8 € AN [T e
< 10 I sV
<0 [ 107 70 ol

<C@ HPY ||L2(QT)HV (1Y) HLZ(QT)dHylHLm(OTL%(Q))

HPY ||L2(QT)||v pY! ||L2(QT)dHY1HLoo(oTL2(Q))
Since |V(p1Y")|| p2a)e < C(s,Qw, T, Hg ||00)||pY1||L2(Q) + lp1 VY | 2(q)a, we finally get

o2l 143 sy < O 2T g )07 22y
% (1Y lz2@r) + 109 2@y 1Y 2 o 12200
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The first inequality of then leads to .
- We then check that the sequence (E(yk, fx))ken goes to zero as k — oo. We define py, as follows

pe(N) = |1 = A+ N Pey By, fi)P/?

so that
VE@k+1; frr1) < pe(Me)V E(k, fx), YE>0

with pk(}\;) = minxg(o,m) Pr(A). We have pk(xk) = minye(o,m) Px(A) < pr(1) = c1 E(yk, fk)p/2 and thus

1
2V EWkt1, fer1) < (2 E(yk, fr)) " co = Ci/p~

If con/E(yo, fo) < 1 (and thus co/E(yk, fr) < 1 for all k& € N) then the above inequality implies that

car/ E(yr, fr) = 0 as k — oco. If ca/E(yo, fo) > 1 then let I = {k € N, co/E(yg, fr) > 1}. I is a finite subset
of N; for all k € I, since cor/E(yk, fr) > 1

. . 1 1
min pr(A) = min pr(N) = px P

p 1
A€[0,m] A€[0,1] ((1 + p)1/Pea\/ E(yy, fk)) (1+p)r ™t cav/E(yr, fr)

and thus, for all k € I,

EWrrt, <(1-—P_ ! Elur, fr) = co/Elgns fa) — — 2.
2V E (Y41 fk+1)—( (1+p)?+162\/m)62\/ (Yrs fi) = c2v/ E(yk, fi) L1

This inequality implies that the sequence (ca\/E(yk, fi))ken strictly decreases and then that the sequence

(pr (5\;)) ren decreases as well. Thus the sequence (cav/E(yk, fi))ren decreases to 0 at least linearly and there
exists ko € N such that for all k > ko, car/E(yx, fr) < 1, that is I is a finite subset of N. Similarly, the optimal
parameter \; goes to one as k — oo.

- Using that the sequence (E(yk, fx))ken goes to zero, we conclude exactly as in the proof of Theorem
2.101 O

On the other hand, if we assume only that g belongs to Wy, then we can not expect the convergence of the
sequence (Yg, fr)k>0 if ||¢']|co is too large.

Remark 2.13. Assume that g € Wy. Let any (y, f) € A and (Y'!, F!) the solution of which minimizes J.
The following inequality holds :

VE( D) = AVLF) < VEG D11 A+ A0, 20T )l )

for all A € R where C(s,Q,w, T, ||¢'|lcc) > 0 increases with ||¢’||cc. Indeed, this is a consequence of the following
inequality, for all (y, f) € A, (Y, F) € Ay :

2
< <|1 — MV2E(y, f) + 2M\|(T — t)l/zg’(y)lmc@ﬂIlele@T)) :

Therefore, the sequence (E(yg, fr))ren decreases to 0 if g satisfies

C(s, 2,0, T, 19 lo0) 19 lloe < 1.
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Remark 2.14. The estimate is a key point in the convergence analysis and is independent of the choice of
the functional J defined by J(Y'!, F') = 1| poF! ”%2(%) +1 ||pYH%2(QT) (see Proposition in order to select a

pair (Y, F') in Ag. Thus, we may consider other weighted functionals, for instance J(Y', F') = || po F"* ||%2(qT)

as discussed in [27].

Remark 2.15. If we introduce F : A — L2(0,T; H1(Q)) by F(y, f) :== p~2(0wy — Ay + g(y) — f1.,), we get
that E(y, f) = %HF(y,f)H2L2(0)T;H_1(Q)) and observe that, for A\ = 1, the algorithm coincides with the
Newton algorithm associated with the mapping F'. This explains notably the quadratic convergence of Theorem
in the case g € W for which we have a control of ¢” in L>°(Qr). The optimization of the parameter Ay
allows to get a global convergence of the algorithm and leads to the so-called damped Newton method (for
F). Under general hypothesis, global convergence for this kind of method is achieved, with a linear rate (for
instance, we refer to [10, Theorem 8.7]). As far as we know, the analysis of damped type Newton methods
for partial differential equations has deserved very few attention in the literature. We mention [22,30] in the

context of fluid mechanics.

Remark 2.16. Suppose to simplify that Ag equals one (corresponding to the standard Newton method). Then,
for each k, the optimal pair (Y}, F{l) € Ap is such that the element (yx1, fr+1) minimizes over A the functional
(z,v) = J(z — yk,v — fr). Instead, we may also select the pair (Y}, F}{}) such that the element (yxi1, fot1)
minimizes the functional (z,v) — J(z,v). This leads to the following sequence (yg, fx)ren in A defined by

{atyk—i-l — Aypr1 + 9 (Yp)yrt1 = frrile + ' (yp)ye — g(yx)  in Qr, (15)

yr=0o0n X7,  (yrs1(+0),Yr41,6(-,0)) = (uo,u1) in Q.

This is actually the formulation used in [13]. This formulation is different and the analysis of convergence (at
least in the framework of our least-squares setting) is less direct because it is necessary to have a control of the
right hand side term ¢'(yx)yx — 9(yx)-

Remark 2.17. We emphasize that the explicit construction used here allows to recover the null controllability
property of for nonlinearities g in W), for one p € (0,1]. We do not use a fixed point argument as in [16].
On the other hand, the conditions we make on g are more restrictives that in [16].

Eventually, it is also important to remark these additional conditions does not imply a priori a contraction
property of the operator A introduced in [16]. If we consider the controlled pair associated with the weighted
functional J, we can show as in [16] (where the control of minimal L*°(Qr) norm is used) that there exists
a real M large enough such that A(Bx(0,M)) C Bwo(0,M) (see [21]). Therefore, let z; in L>®(Qr), i = 1,2
and assume that ¢’ € L>(0,M). If (y.,, f2,) = (A(%), f), ¢ = 1,2 are controlled pairs for the system
minimizing the functional J, then the following inequality holds :

[p(A(z1) — A(22)) | 22(@r) < C(8,Q,w, T, 11l oo 0,00 19| Lo (0,00 1o 2 () | o(21 — 22) | L2(@7)  (46)

where C(s,Q,w, T, ||§||s) is the constant appearing in . In view of Lemmathe pair (i, fi) = (A(z), fi),

. . _ 92 .
1 =1,2 satisfies y; = p 2L§(zi)pi and f; = —pg “pilqr for p; € Pg(zi) solution of

(Pir @) p- :/UOQ(O)7 Vge Py
o :

g(z;)
i.e.

—27% CTx =2, 4 — )
/QT” LiePi Lg(zi)“/ﬁ Po Pid /9“0‘1(0)’ V4 S By
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leading to

/ pALE L, (2 —p1) LY )q+/ po (P2 —p1)a=
Qr

z
9(z qT

_ —2((px  _px * x o _px
/T P ((Lg(22) Lg(zl))plL;(Zz)q + Lg(zl)pl (Lg(zz) Lg(zl))q> Vg e by g9(z:)"

Using that (L* )g = (g(2z2) — g(z1))q for all ¢ € PE(Z') and taking ¢ = pa — p1, we obtain

X — Lx
g(z2) g(z1)

1 *

_ 2
P2 = palle. =17 Lg.,

22)

<o @) — semlascnlle™ L5 (o~ p)lleeon)

)(Pz —p1)l7e Q) T oo " (p2 —p1)||%2(qT)

o7 Lx L pillee@nlle ™ (9(22) = 9(21)) (P2 = po)ll2 (@)

< ™ (3(z2) = g))pallrzn vz = pilles ., TleAG)lze@nlle” (9(22) = 9(=1)) (02 = 1)l 2@ -

(47)

Moreover, from Lemma 3.2], there exists C' > 0 such that [[(£p) " q|lL=(@s) < Cllallp~  for all ¢ € P,
9(z)

g(2:)
and ¢ = (T —t)~ /2. Tt follows that

i

o™ ( (22) — 9(21))p1||L2(QT) < ||P(§(Z2) - 5(21))||L2(QT)||p72p1”L°°(QT)
< gLz~ llp(21 = 22)l 2@ 1P I (@) 1(6P) " P1ll L () (48)
< CIIE’Hme,M)I\Cp*I\Loo(QT)I\plIIP;(Z_) Ip(21 — 22)lL2(Qr)

and

07" (9(22) = 9(21)) (P2 — P1) |22 @r) < 1T Lo 0,00 10(21 = 22) 2@ 1<P™ I Loe (@ 1 (€)™ (P2 = Pl Lo (@)
< CNF Il 1ICo™ I Lo (@) P2 —p1||P;<22>||P(21 — 22)||l2(Qr)-

Moreover, from (I5)), [|pA(z1)]]2 < C|lug||2 while from Lemma lpille~ < C|luoll2- Inequality (47) then
9(z1)
leads to

||P_1L§(Z2)(P2 —p)llz2@r) < CIT g I€o™ e @ lo(21 = 22)ll22(@u) U0l 22 (62 (49)
Eventually,
—17r* —1r*
Ip(AGz2) = Aaalle = ™ L% (02) = 97 % (00)llz2n)
_ —17* _ 71 * *
- Hp L;;(Zz)(pQ pl) (Lg(zl) L;(ZZ))(pl)”LQ(QT)
= Hp_lL;(ZZ)(m —p1) = p ' (G(21) = 9(22)) (Pl £2(Qx)
<o (P2 = pO)llz2(@r) + 107 (@(21) = G(22)) (1) | 22(@r)-

g(z2)

Combining and , we finally get the estimate . It follows that a smallness assumption on ||g’ || e (0, 1)
leads to a contraction property for A. We observe that §'(r) = (¢'(r)r — g(r))/r?, v # 0 so that §’ belongs to
L>(0, M) if g” belongs to L*>(0, M).

3. NUMERICAL ILLUSTRATIONS

We illustrate in this section our results of convergence. We provide some practical details of the algorithm
then discuss some experiments in the one dimensional case. Approximations of null controls for the heat
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equation is a delicate issue: we mention the seminal work [5] dealing with the control of minimal L?-norm which
is very oscillatory near the final time ¢ = T and therefore difficult to construct. We also mention [19,29] where
this is discussed at length. On the other hand, introduction of very specific weights in the cost functional J
allows to avoid oscillatory phenomena and leads to a robust method and strong convergent approximations with
respect to the discretization parameter. We refer to [14,/15].

3.1. Approximation - Algorithm
Each iterate of the algorithm requires the determination of the null control of F}! for Y}! solution of

{5tyk1 —AY) + ¢ (ye)Yy = Fils + B, in Qr, (50)

YVi=0 on ¥p, Y!(,0)=0 inQ

with By, := Owyr — Ay + g(yx) — frle. From Lemma the pair (F}},Y;!) which minimizes the functional .J

is given by Y;! = p_ZL;,(yk)p;C and F! = —py2pr 1,4, where py, € P solves the formulation

T
/ P Ly Ph P L) P +/ po 'k Py D = / < paBu,py P >m-1).mi) dt VD€ P. (51)
Qr qr 0

The numerical approximation of this variational formulation (of second order in time and fourth order in space)
has been discussed at length in [14]. In order, first to avoid numerical instabilities (due to the presence of
exponential functions in the formulation), and second to make appear explicitly the controlled solution, we
introduce the variables my := py 'pr, 21 := p’lL;,(yk)pk. Since p; 'p € L?(0,T; H}(2)), we obtain notably that
py'p = p5'pom = (T —t)m € L2(0,T; HE (). From (5I), the pair (my, 2zx) € M x L*(Qr) with M := py'P
solves

T
/ zk2+/ mym = / < p2Bi, (T — )M >p-1(q) mi (o) At V(M,Z) € M x L*(Qr)
Qr ar 0

subjected to the constraint z; = p‘lL;,(yk)(pomk). This constraint leads to the following well-posed mixed
formulation : find (my, 2k, mk) € M x L*(Qr) x L*(Q7) solution of

/ ZkE'F/ mkm‘i‘/ ﬁk(Z—P_lL;f(y)(Pom)>
T qr T

T
= / < p2 By, (T' = )M >p-1(0) m1 () dt,  V(M,Z) € M X L*(Qr), (52)
0

/ n(zk - p_lL;’(yk)(pO m)) =0, Ve LQ(QT)'

The variable n, € L?(Qr) acts as a Lagrange multiplier. Moreover, from the unique solution (my, z), we get
the explicit form of the controlled pair (V;!, F}) as follows: Y}! = p~lzy, Ft = —py 'mg 14y
The algorithm associated with the sequence (yg, fx)ren (see (33)) may be developed as follows: given € > 0
and m > 1,
(1) We determine the controlled pair (yo, fo) € A which minimizes the functional J associated with the
linear case (for which g = 0 in (). (yo, fo) is given by (yo. fo) = (p~ 20, —py "o Lgy.) Where (mg, z9) €
M x L*(Qr) together with n € L?(Qr) solve the formulation :

/Tzz+ qum+/Tn(Z—P_1L6(P0m)) :/on(-,O)uOm(-,o), v(m,z) € M x L*(Qr),

oa(z=otsmm) =0, e 2Qn),
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In view of Proposition we check that (yo, fo) belongs to A.
(2) Assume now that (y, fi) is computed for some k > 0. We then compute ¢, € L(0,T; H}(Q)), unique
solution of

T
/ Ve - Ve = / < pg(&gyk - Ayk + g(yk) — fk 1w),6 >H_1(Q),H3(Q)7 Ve € Lz(O,T’7 Hé(Q))
T 0

and then E(yg, fr) = %||P2(3tyk — Ay +9(yr) — fr 1w)||%2(0,T;H*1(Q)) = %HVC’CH%Q(QT)'
(3) If E(yk, fr) < €, the approximate controlled pair is given by (%, f) = (yk, fx) and the algorithm stops.
Otherwise, we determine the solution (Y;!, F}) = (p~ 2k, —py 'mu 14,.) where (mg, 21,) together with

me € L?(Q7) solve (52)).
(4) Set (Yk+1, fx+1) = (U, fr) — (V)L F}l) where \; minimizes over [0,m] the scalar functional A —

E((yk, fr) — MY, F)) defined by (see )

2

E((yk, fx) = MY}, F)) = 1‘ p2(1 = X) (Beyr — Ay + g(yr) — fr Lw) + pal(yk, —AYy)

2

L2(0,T;H~1(2))

with {(yg, —AY) = g(yr — AYL) — g(yx) + Ag' (yx)Y;'. The minimization is performed using a line search
method. Return to step 2.

We use the conformal space-time finite element method described in [14]. We consider a regular family 7 =
{Th; h > 0} of triangulation of Q7 such that Q7 = UgeT, K. The family 7 is indexed by h = maxxe7, diam(K).
The variable zj and 7, are approximated with the space P, = {p, € C(Qr1);pn|x € P1(K),VK € Tp} C L*(Qr)
where P (K) denotes the space of affine functions both in z and ¢. The variable my, is approximated with the
space Vi, = {v, € CH(Qr);vn|x € P(K),YK € Tp} C M where P(K) denotes the Hsieh-Clough-Tocher C*
element (we refer to [7, page 356]). These conformal approximation leads to a strong convergent approximation
of the controlled pairs (yo, fo), (Y3, F}}) (and then (yg, fx)) for every k € N with respect to the parameter h for
the norm associated with P: precisely

lpo(fe,n — fe)ll2(ar) + 12 — k)l 22(@) — 0 as h — 0T, Vk €N.

Remark that this strong convergent approximation of the linear control fi together with the convergent result
of Theorem allows to get, for £ large enough and h small enough, an approximation fj j of a control f for
the nonlinear equation (1)), writing that

lpo(f = frem)llz2ary < loo(f — fell2(gr) + lpo(fx — fep)llz2(qr), Yk € N,VA > 0.

3.2. Experiments

We present some numerical experiments in the one dimensional setting and 2 = (0,1). The control is located
on w = (0.1,0.3). We consider T' = 1/2; moreover, in order to reduce the dissipation of the solution of (1) when
g = 0, we replace the term —Ay in by —vAy with v = 10~'. We consider the nonlinear even function ¢ as

follows
Z(T)» re [70'704}7
T)=
T ),
with @, € (0,1). [ denotes the (even) polynomial of order two so that g(0) = 0 and g € C*([—a,a]): this
requires 1(0) = 0, I(a) = —|a|*In*2(1 + |a|) and (—|r|* In*2(1 + |#]))'(r = a) = I'(a). We use in the sequel

the values a = 107! and a = 0.95. We check that g belongs to Wy, in particular ¢” € L°(R) in the sense of
distribution. Remark as well that ¢ is sublinear.
As for the initial condition to be controlled, we consider simply ug(x) = 8 sin(nz) parametrized by g > 0.
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The experiments are performed with the Freefem++ package developed at the Sorbonne university (see [18]),
very well-adapted to the space-time formulation we employ. The algorithm is stopped when the value E(yy, fx)
is smaller than € = 1076. We take the value m = 1 in 7 meaning that the optimal steps Ay are searched in
the interval [0, 1].

Table [1} [2] and [3] collect some norms for the sequence (yx, fi)ren defined by the algorithm (33), initialized with
the linear controlled solution, for 3 = 10, 8 = 10% and 3 = 10? respectively. We use a structured mesh composed
of 20 000 triangles, 10 201 vertices and for which h =~ 1.11 x 1072, For 3 = 10, we observe the convergence
after 4 iterations. The optimal steps A, are very close to one since maxy |\, — 1| < 0.05; consequently, the
algorithm provides similar results than the Newton algorithm (for which Ay = 1 for all k). For 8 = 102,
the convergence remains fast and is reached after 8 iterates. We can observe that some optimal steps differ
from one since maxy, |A; — 1| > 0.4. Nevertheless, the Newton algorithm still converges after 17 iterations. More
interestingly, the value = 103 illustrates the features and robustness of the algorithm: the convergence is
achieved after 19 iterations. Far away from a zero of F, the variations of the error functional k — E(yx, fi)
are first quite slow, then increase to become very fast after 16 iterations, when Ay is close to one. In contrast,
for 3 = 103, the Newton algorithm still initialized with the linear solution diverges (see Table . As discussed
in [22], in that case, a continuation method with respect to the parameter 5 may be combined with the Newton
algorithm.

On the contrary, we mention that with these data, the sequences obtained from the algorithm based on
the linearization introduced in [16], remain bounded but do not converge, including for the value 5 = 10. The
convergence is observed notably with a larger size of the domain w, for instance w = (0.2,0.8) (see [13, section
4.2]).

4. CONCLUSIONS

pteration k | Pt lebien TR T Ty g Tl | V2B o) | M
0 — — 4.528 4.391 5.58 x 10~ [ 0.961
1 1.83 x 1072 1.28 x 1073 4.651 4.402 1.81 x 103 | 0.996
2 4.45 x 104 9.07 x 1075 4.661 4.403 2.72 x 1076 1.
3 1.12 x 106 3.74 x 1077 4.662 4.404 4.88 x 1078 —
TABLE 1. Results for the algorithm (33)); 8 = 10.
b . My —vk-1Mr2(Q | Tfe—Fre-1llL2(qp)
iteration k Tyr—1122(00) 11220 lyellz2@r) | I1fellz2(gr 2E(yk, fr) | Ak
0 — — 45.28 43.91 9.31 x 10~ ] 0.534
1 8.41 x 1071 1.23 x 1072 35.8908 38.76 1.12 x 10~* | 0.591
2 1.93 x 107! 2.91 x 1073 36.7302 38.92 3.40 x 1072 | 0.701
3 3.65 x 1072 1.01 x 1073 37.0919 39.12 6.12 x 1073 | 0.812
4 1.12 x 102 2.69 x 1074 37.2124 40.01 1.12 x 1073 | 0.881
5 3.23 x 1074 4.23 x 1075 37.2426 40.04 2.13 x 1074 | 0.912
6 1.27 x 107° 6.23 x 1076 37.2518 40.05 3.05 x 1075 | 0.999
7 5.09 x 10~6 8.12 x 1077 37.2520 40.05 2.10 x 1075 | 0.999
8 7.40 x 10~8 8.21 x 107* 37.2520 40.05 5.10 x 1079 -
TABLE 2. Results for the algorithm (33); 5 = 102.

We have constructed an explicit sequence of functions (fy)ren converging strongly for the L?(gr) norm

towards a null control for the semilinear heat equation 0,y — Ay + g(y) = f1lo,. The construction of the
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sequence is based on the minimization of a L2(0,T; H~1(2)) least-squares functional. The use of a specific
descent direction allows to achieve a global convergence (uniform with respect to the data and to the initial
guess) with a super-linear rate related to the regularity of the nonlinear function g. Numerical experiments
confirm the robustness of the approach. In this analysis, we have assumed in particular that the derivative of g is
uniformly bounded in R. This allows to get a uniform bound of the observability constant C(s, Q,w, T, |l¢' ()] )
appearing in the estimate . In order to remove this assumption and be able to consider super-linear function
g (as in the seminal work [16] by Ferndndez-Cara and Zuazua, assuming that g is locally Lipschitz-continuous
and the asymptotic behavior @), the analysis needs to be refined in order to keep as explicit as possible
the observability constant C(s, Q,w,T,||¢'(y)||L=) in term of the norm ||¢’(y)||L~ and the parameter s (which
appears in the Carleman weights). We refer to |11] for precise estimates of the observability constant. In the
one dimensional setting, this analysis has been recently made in [21] assuming that the asymptotic behavior

Hm Sup|ry s 00 1372 (13 7]
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fiteration k “yﬁykyflul[f;ﬁﬂ Hf\TkaikﬂfL[L(j;T) lvklle2@ey | Ifkll2ery | V2E(Wr: fr) | Ak
0 — — 452.80 439.18 ]9.809 x 10T | 0.4215
1 8.21 x 1071 6.00 x 10! 320.12 330.15 | 8.536 x 10~ | 0.3919
2 6.19 x 1071 3.29 x 1072 324.02 334.12 | 8.012 x 10~! | 0.1566
3 4.18 x 1071 1.37 x 1072 325.65 338.21 7.953 x 10! | 0.1767
4 3.11 x 10~2 1.34 x 102 326.11 340.12 | 7.851 x 10~' | 0.0937
5 2.98 x 1072 5.85 x 1073 326.35 342.24 | 7.688 x 1072 | 0.0491
6 3.37 x 1072 7.00 x 1073 326.91 344.65 | 7.417 x 1072 | 0.1296
7 4.17 x 1072 9.69 x 1073 327.23 346.12 | 6.864 x 1072 | 0.1077
8 2.80 x 1072 8.09 x 1073 327.42 347.19 | 6.465 x 102 | 0.0859
9 1.09 x 102 6.40 x 1073 327.49 347.29 6.182 x 10~2 | 0.0968
10 1.02 x 1072 6.72 x 1073 327.92 347.38 | 5.805 x 1072 | 0.1184
11 6.32 x 1073 6.91 x 1073 328.13 347.41 5.371 x 1072 | 0.1730
12 5.53 x 1073 7.41 x 1073 328.16 347.43 | 4.825 x 1072 | 0.2579
13 4.32 x 1073 8.22 x 1073 328.19 347.45 | 4.083 x 1072 | 0.3817
14 2.13 x 1073 8.14 x 1073 328.21 347.48 3.164 x 1072 | 0.4946
15 3.57 x 1073 7.34 x 1073 328.22 347.50 | 2.207 x 1072 | 0.8294
16 1.01 x 103 6.68 x 1073 328.25 347.51 1.174 x 1072 | 0.9845
17 5.68 x 1074 3.84 x 1074 328.26 347.51 | 2.191 x 102 | 0.9999
18 2.14 x 1074 5.85 x 107° 328.26 347.52 | 4.674 x 107° 1.
19 3.21 x 1076 1.57 x 1077 328.27 347.52 5.843 x 10~7 —
TABLE 3. Results for the algorithm (33); 5 = 103.
. Mve—ve—1L2(Qp) | TFe—Fe-1llL2(qp)

fiterate k | —m = g, | WWEllz2@n) | 1fkllz2r) | V2E (ks fi)

0 — — 452.80 439.18 ] 9.809 x 1071

1 9.76 x 107! 1.05 330.21 334.15 | 9.812 x 10!

2 1.02 1.11 344.37 336.12 1.356

3 1.27 1.13 366.92 338.23 4.319

4 1.18 1.25 406.06 343.12 4.799

5 1.01 1.14 481.53 405.03 13.131

TABLE 4. Results for the algorithm (33) with A\;, = 1 for all k; 8 = 103.

o’ ()]

3 < B for some 8 > 0 small enough.
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We also emphasize that this least-squares approach is very general and may be used to address other PDEs.
We also mention the explicit construction of controls for nonlinear wave equation (initially studied in [31] making
use of a fixed-point argument) recently performed in [2,/28]. Eventually, as a challenge, it would be interesting
to apply the method to approximate controls for the Navier-Stokes system. In this direction, we mention [25]
devoted to the Stokes system and [22,23] devoted to the direct problem for the Navier-Stokes system in the
incompressible regime.
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