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OPTIMAL PARTIAL TRANSPORT PROBLEM WITH LAGRANGIAN
COSTS

NOUREDDINE IGBIDAYM AND VAN THANH NGUYEN!?

Abstract. We introduce a dual dynamical formulation for the optimal partial transport problem
with Lagrangian costs

)= nf ][ ne0.éo)ar €0 = o6 = o}

based on a constrained Hamilton—Jacobi equation. Optimality condition is given that takes the form of
a system of PDEs in some way similar to constrained mean field games. The equivalent formulations are
then used to give numerical approximations to the optimal partial transport problem wvia augmented
Lagrangian methods. One of advantages is that the approach requires only values of L and does not need
to evaluate cr(z,y), for each pair of endpoints  and y, which comes from a variational problem. This
method also provides at the same time active submeasures and the associated optimal transportation.

Received June 16, 2017. Accepted January 7, 2018.

1. INTRODUCTION

Optimal transport deals with the problem to find the optimal way to move materials from a given source to
a desired target in such a way to minimize the work. The problem was first proposed and studied by G. Monge
in 1781 and then L. Kantorovich made fundamental contributions to the problem in the 1940s by relaxing
the problem into a linear one. Since the end of the eighties, this subject has been investigated under various
viewpoints with many surprising applications in partial differential equations (PDEs), differential geometry,
image processing and many other areas. These cultivate a huge study with the development of intuitions and
concepts for the problem from both theoretical and numerical aspects. The problem has got a lot of attention
and has also been generalized in different directions. For more details on the optimal transport problem, we
refer to the pedagogical books [1, 41-43].

Among generalizations of the optimal transport problem, we are interested in the so-called optimal partial
transport which aims to study the case where only a part of the commodity (respectively, consumer demand)
of total mass m needs to be transported (respectively, fulfilled). More precisely, let u,v € MJ(RN ) be finite
Radon measures and ¢ : RN x RY — [0, +00) be a measurable cost function. For a prescribed total mass
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m € [0, Mpyay] With Mpyay := min {p(RY), v(RY)}, the optimal partial transport problem (or partial Monge—
Kantorovich problem, PMK for short) reads as follows

min {K()i= [ clea)dr sy € M)} (1)
where
T, v) = {y € MF(RY xRY): m,#y <p, m#y <v, y(RY xRY)=m}.

Here, m,#v and my#~ are marginals of . This generalized problem brings out new unknown quantities pg :=
Te#7Y, p1 = my#y. Here pg and p; are the sites where the commodity is taken and the consumer demand is
fulfilled, respectively. In the case where y and v have the same mass (i.e., u(R™) = v(R")) and the desired
total mass m := u(RY) = v(R"), the problem (1.1) is nothing else the standard optimal transport problem.

The optimal partial transport problem (1.1) was first studied theoretically by Caffarelli and McCann [11]
(see also Figalli [23]) with results on the existence, uniqueness and regularity of active submeasures for the
case where c(x,y) = |z — y|?>. We also refer to the papers [17, 19, 30] for the regularity. On the other hand,
concerning numerical approximations, the authors in [2] studied numerically the case c(z,y) = |z — y| via an
approximated PDE and Raviart-Thomas finite elements. Recently, Benamou et al. [5] introduced a general
numerical framework to approximate solutions of linear programs related to optimal transport such as barycen-
ters in Wasserstein space, multi-marginal optimal transport, optimal partial transport and optimal transport
with capacity constraints. Their idea is based on an entropic regularization of the initial linear programs and
Bregman—Dykstra iterations. This is a static approach to optimal transport-type problems. In this direction,
we also refer to the very recent paper of Chizat et al. [18]. These approaches need to use (approximated) values
of the ground cost function ¢y (x,y) in the definition (1.2) below.

In this paper, we are interested in the optimal partial transport problem with Lagrangian costs c(x,y) :=
cr(z,y), where

cr(r,9) = it { | £ieoéopar: 60) = o €0 =y € € Lin(o, mm} (1.2)

with a connected Lipschitz domain @ C RY. The case where L(z,.) is convex, 1-homogeneous with a linear
growth was treated in the recent paper [29]. In this case, ¢y, turns out to be a distance which allows to reduce the
dimension of the Kantorovich-type dual problem (by ignoring the time variable). The present article concerns
the situation where L(z,.) has a superlinear growth. Our main aim is to develop rigorously the variational
approach to provide equivalent dynamical formulations and use them to supply numerical approximations via
augmented Lagrangian methods. For the uniqueness, using basically the idea of [38], we establish the uniqueness
of active submeasures in the case where the source and target are absolutely continuous.

To introduce and comment our main results, let us take a while to focus on the typical situation where the
cost is given by

Izl

L(x, 2) := k(x) for any (z,z) € RY x RY (1.3)

with ¢ > 1 and k being a (positive) continuous function. Recall here that if X =1 and ¢ = 2, the cost function
cy, corresponds to the quadratic case:

cr(z,y) =y —z|*> for any z,y € RV, (1.4)
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This is more or less the most studied case in the literature (cf. [11, 17, 19, 23, 30]). However, let us mention
here that our approach is variational and goes after our program of studying the optimal partial transportation
from the theoretical and numerical points of view (cf. [28, 29]). To begin with, it is not difficult to see that,
by using standard results concerning the Eulerian formulation of the optimal mass transport problem in the
balanced case, an Eulerian formulation associated with the problem (1.1)—(1.3) can be given by minimizing

// k(x) v, o)l dp(t, ) (1.5)
Q q

among all the couples (p,v) € M (Q) x L;(Q)N satisfying the continuity equation
op+V-(vp)=0 inQ:=[0,1] xRN (1.6)

in a weak sense with p(0) < p and p(1) < v and p(0)(RY) = m. However, to solve numerically (1.1) via
augmented Lagrangian methods, we will prove rigorously that in fact the minimization problem of the type
(1.5)—(1.6) is the Fenchel-Rockafellar dual of a new dual problem to (1.1). Indeed, using the general duality
result on the optimal partial transportation of [28], we prove that a dynamical formulation of the dual problem
of (1.1) consists in maximizing

/ u(1, )dv — / (0, .)dp + A(m — p(RNY) (17)

among the couples (A, u) € [0,00) x Lip(Q), where u satisfies the following constrained Hamilton—Jacobi
equation

Opu(t, ) + kfa(a:)w <0 forae. (t,z) €@
(1.8)

A <u(0,7), u(l,z) <0 VzeRN.

Here ¢’ := # denotes the usual conjugate of ¢ and a = %. Then, we will prove that the minimization prob-
lem (1.5) remains to be the Fenchel-Rockafellar dual of the maximization problem (1.7)—(1.8). Using these
equivalents, we overbalance the problem into the scope of augmented Lagrangian methods and give numerical
approximations to the optimal partial transport problem. In particular, we will see that this approach does not
need to evaluate cr(x,y), for each pair of endpoints x and y, but requires only some values of L. Also, the
method provides at the same time active submeasures and the associated optimal transportation.

In addition, the Fenchel-Rockafellar duality between the maximization problem (1.7) and the minimization
problem (1.5) brings up (as optimality condition) a system reminiscent of Mean Field Games (MFG) introduced
by Lasry and Lions [32-34] and Huang et al. [27]. For the particular case (1.3), this system aims to find
(p,v) € MF(Q) x L;(Q)N satisfying both the usual MFG system associated with the cost (1.1)—(1.3):

Opu(t, x) + k‘_a(x)w <0 for a.e. (t,z) in Q
Op+V-(vp)=0 in (0,1) x RY (1.9)

v(t, x) = k(z)"|Veu(t, )" 2V, u(t,z)  pae. (t,z)in Q
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and the following non-standard initial boundary values:

p(0) — p € Ol_x 1oy (u(0,.)) and v —p(1) € O 0y (u(l,.)). (1.10)

In other words, these initial boundary values may be written as: —X < u(0,.), u(1,.) <0, p(0) < u, p(1) < v,
p(0) = p in the set [u(0,.) > —A] and p(1) = v in the set [u(1,.) < 0]. In the system (1.9), A is an arbitrary
non-negative parameter and the couple (p(0),p(1)) € M (RY) x M; (RY) is unknown. Once the system is
solved with the optimal A for (1.5), the couple (p(0), p(1)) gives the active submeasures and p gives the optimal
transportation.

Actually, for a given A > 0, (1.9)—(1.10) is a new type of constrained MFG system. In this direction, one can
see some variant of constrained MFG systems and their connection with MFGs under congestion effects in the
paper [40] (see also [7, 13-16, 36, 37] for recent progress on this very active research topic). However, let us
mention that (1.9)—(1.10) is different from the class of MFG systems introduced in [40]. In particular, one sees
that the constraints in (1.10) focus only the state at time ¢ = 0 and ¢ = 1. As to the constraints in [40], they
are maintained on all the trajectory for every time ¢ € [0,1] to handle some kind of congestion.

On the other hand, one sees that taking m = p(R”Y), the optimal partial transportation problem (1.1) can
be interpreted as the projection with respect to Wpy-Wasserstein distance associated with ¢y onto the set of
non-negative measures less than or equal to v. Recall here that the case where k = 1 and ¢ = 2, this problem
appears in the study of the congestion in the modeling of crowd motion (cf. [35]). So, it is possible to merge
our numerical approximation algorithm into the splitting process of [35] for the study of the crowd motion with
congestion.

At last, the main difficulty in the study of the above variational approach of the problem (1.1) for general
Lagrangian L remains in the regularity of the solutions of the optimization problems like (1.5)—(1.8). To handle
this difficulty we prove some new results concerning the approximation of the solutions of general constrained
Hamilton—Jacobi equation like (1.8) by regular function. Moreover, we show how to use the notion of tangential
gradient to study MFG system like (1.9)—(1.10) in the general case. In particular, when m = pu(RY) = v(R")
and L(z,v) = L(v) is independent of x, this MFG system reduces to the PDE as in the work of Jimenez [31].

The remainder of the article is organized as follows: In the next section, we begin with the notations and
assumptions. Section 3 concerns the uniqueness of active submeasures. Section 4 is devoted to the rigorously
theoretical study of the problem with equivalent dual formulations that would be used later for numerical
approximation. Besides these, an optimality condition is also given which recovers the Monge—Kantorovich
equation as a particular case. The details of our numerical approximation are discussed in Section 5. The paper
ends by some numerical examples.

2. NOTATIONS AND ASSUMPTIONS

Let X be a topological vector space and X* be its dual. We use (z*,z) or (x,z*) to indicate the value
x*(z) for x € X and x* € X*. The scalar product in R¥ is denoted by z - y or {x,y) for z,y € R™. We denote
by Ix the indicator function of K and by OG the subdifferential of convex function G : X — R U {+oc0} in
the sense of convex analysis. Given a measure 7, by vl_s we mean the restricted measure of v on A, that is,
yLa(B) := (BN A) for measurable sets B.

To avoid unnecessary difficulties, in our theoretical study, we will work with Q = R¥ in the definition (1.2)
of ¢;, . Throughout this article, we drop the subscript L and write simply ¢ instead of cy,.

Assumption (A): Assume that the Lagrangian L : RN x RY — [0, 400) is continuous and satisfies:

e L(z,.) is convex and L(z,0) = 0 for each fixed z € R
e (Superlinearity) for any R > 0, there exists a function g : R, — R, such that

Or(t)
t

— 400 as t = +oo and L(z,v) > 0r(Jv]) Vz € B(0,R).
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[v]?

For example, the function L(z,v) := k(x)T,q > 1 satisfies the above assumption whenever k is (positive)
continuous.

The convex conjugate H of L is, as usual, defined by

H(z,p) := sup {(p,v) — L(z,v)} forany z € RN pec RV,
veERN

Note that, under the assumption (A) on L, the function H(.,.) is continuous in both variables and that ¢(.,.)
is locally Lipschitz.

We set Q := [0,1] x RY. The usual derivatives of u are denoted by dyu, V,u, and V; zu := (dyu, V,u). The
continuity equation d;p + V - (vp) = 0, p(0) = p, p(1) = v is understood in the sense of distribution, i.e.,

//Q Orpdp + //Q Ve -vdp = /]RN o(1,.)dp(1) — /RN #(0,.)dp(0)

= (1, .)dv — #(0,.)du (2.1)

RN RN

for any compactly supported smooth function ¢ € C°(Q). For short, we denote (2.1) by
—dive s (p,vp) =61 @V — g @ . (2.2)

We say that (po, p1) is a couple of active submeasures if py = m,#~ and p; = my#~ for some optimal plan 7 of
the PMK problem (1.1).

3. UNIQUENESS OF ACTIVE SUBMEASURES

The existence of active submeasures follows easily from the direct method (see e.g. [11, 28]). The present
section concerns the uniqueness.

Theorem 3.1 (Uniqueness). Assume moreover that L(x,v) = L(v) is independent of  and that L(v) = 0 if and
only ifv=0. If p,v € L* and m € [u A v(RY), my,.,] then there is at most one couple of active submeasures.

The idea of the proof is based on the recent paper ([38], Prop. 5.2). For completeness, we give here an
adaptation to our case.

Lemma 3.2. Assume that L satisfies the assumption (A). Let (po, p1) be a couple of active submeasures and
v € T(po, p1) be an optimal plan. If (z*,y*) € supp(y) then py = p a.e. on B.(y*, R) := {t € RN : ¢(t,y*) < R}
and p1 = v a.e. on B.(x*,R) := {w € RN : ¢(z*,w) < R)}, where R := c(z*,y*) = cp(x*,y*).

Proof. We prove that p; = v a.e. on B.(z*, R). If the conclusion is not true then there exists a compact
set K € B.(z*, R) with a positive Lebesgue measure such that p; < v a.e. on K. The proof consists in the
construction of a better plan 4. Since (2*,y*) € supp(vy), we have

0 < y(B(z*,r) x B(y*,r)) S/ vdex — 0 asr — 0, (3.1)
B(y*r)

where B(z,r) is the ball w.r.t. the Euclidean norm. Now, geometrically speaking, instead of transporting mass
from x* to around y*, we can give more mass on K. To be more precise, we construct a new plan 7 as follows

:Y == ’YLB(w*,r)XB(y*J‘) +77 (32)
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with
_ T (VLB @ ) xBy=r)) @ (V — p1)k (3.3)
S (v = pr)dz ' ’
Then m,#5 = po and
. B(xz*,r) x B(y*,r
ry e < mytpey + LEELTIXBULT) )y <y (o= py) i < (3.4)

S = pr)dz

for all sufficiently small r. It follows that 4 € 7, (u, v). Furthermore, we have

/C(a:,y)d& = /C(x,y)dv—/ C(xyy)dv+/ c(x,y)dn
B(x*,r)XB(y*,r) B(z*,r)xK

< /c(x,y)d’y — inf clx,y) — sup c(z,y) | v(B(z*,r) x B(y*,r))
(z,y)€B(x*,r)xB(y*,r) (z,y)EB(z*,r)x K

< /c(x,y)d’y for small 7, (3.5)

where we used the fact that

inf c(x,y) — sup c(z,y) | >0 for small r.
<(w7y)€B(w*,r)><B(y*,r) (.9) (z,y)€B(z*,r)x K ( )>

This holds because of the definition of K and the continuity of c.

O
The next lemma provides an expression for active submeasures.’
Lemma 3.3. Under the assumptions of Theorem 3.1, let (po, p1) be couple of active submeasures. Then
Po = XBgH, P1 = XBgV (3.6)

for some measurable sets By, B1.

Proof. Since L(xz,v) = L(v), we get c(x,y) := cr(x,y) = L(y — z). Thus ¢(z,y) = 0 if and only if = y. This
implies that the common mass u A v must belong to active submeasures, i.e., u Av < pg and uAv < p;. So
without loss of generality, we can assume that the initial measures p and v are disjoint, i.e., u A v = 0. Now,
let us define

By := Leb(y1) N Leb(v) NLeb(po) N {po < u}P and Bj := Leb(u) NLeb(v) NLeb(py) N {p1 < v}, (3.7)
Here, Leb(g) is the set of Lebesgue points of g and AWM is the set of points of density 1 w.r.t. A. We see that
Bjj = (Leb(2) N Leb(r) N Leb(po))* U ({po < u}M)* = Z U {po = p},

with £LV(Z) = 0. So pg = p a.e. on BS. Next, we show that pg = 0 on By. Indeed, if po(x) > 0 for some
x € By then x € supp(pg). Hence there exists y € supp(p;1) such that (x,y) € supp(y) for some optimal plan

% . . . . . . . .
Thanks to this expression, active submeasures are completely determined by their supports, called active regions as used in

[11, 23].
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v € T(po,p1). Since p Av =0, we can take y # = and thus R := ¢(x,y) = L(y — z) > 0. Since B.(y, R) is
convex, it has the cone property, i.e. there is a finite cone with vertex at « contained in B.(y, R). It follows that
there exists a sequence of subsets of B.(y, R) shrinking to x nicely (see e.g. [39], Thm. 7.10). Using Lemma 3.2,
po = p a.e. on B.(y, R), we obtain po(z) = u(x), which is impossible. Consequently, the proof of the expression
po = X Bg i is completed. In much the same way, we get p1 = xpsv. O

Proof of Theorem 3.1. Let (po, p1) and (po, p1) be couples of active submeasures. By Lemma 3.3, we have pg =
XBgHy P1 = XBsV, Po = Xpgh and p; = XpeV- By the convexity of the total cost, we see that %(po, p)+ %(ﬁo, )

is also an optimal couple. If (po, p1) # (po,p1) then (po,p1) + 3(fo, p1) does not admit any expression as in
Lemma 3.3, a contradiction. O

Remark 3.4.

(i) Following the proof, Theorem 3.1 is still true for any general cost ¢ (not necessary to be of the form cr,)
if we have the following properties:

o ¢ is continuous.

o ¢(z,y) =0if and only if z = y.

o The balls w.r.t. ¢ defined by B.(y,R) := {t € RN : ¢(t,y) < R} and B.(z,R) := {w € RN : ¢(x,w) <
R)} are regular in the sense that given any point on the boundary of a ball, there exists a sequence of
subsets of the ball which shrinks nicely to that point.

(ii) In the case where L(z,v) = L(v) is strictly convex, Figalli [23] studied the strict convexity of the function
that associates to each m € (uAv(RY), my,ax] the total Monge—Kantorovich cost to deduce the uniqueness.
(iii) When L(z,.) is positively 1-homogeneous, i.e., L(x,t£) = tL(x,&) Vo € RN ¢ € RN ¢ > 0, the uniqueness
can be obtained via PDE techniques applied to the so-called obstacle Monge-Kantorovich equation (see
28)).

4. EQUIVALENT FORMULATIONS

In the present section, under the general assumptions of Section 2, we introduce and study the equivalent
formulations for the PMK problem of the type (1.5)—(1.8).

4.1. Dual formulation

We start with the following Kantorovich-type dual formulation.

Theorem 4.1. Let p,v € M (RY) be compactly supported and m € [0, min { un(RY), v(RY)}]. Suppose that L
satisfies the assumption (A). Then

min {IC('y) ::/ c(x,y)d'y} = max{/ u(1,.)dv
~ET m (p,v) RN xRN (A\u) RN

—/ u(0,.)dp + AM(m — M(RN)) tAeERT, we IC?} , (4.1)
RN
where

K2 = {u € Lip(Q) : Owu(t,z) + H(x,Vyu(t,x)) <0 for ae. (t,z) € Q,

“A<u(0,2) and u(l,z) <0 Vxe RN}. (4.2)

To prove Theorem 4.1, we recall below the Kantorovich duality for the PMK problem. This can be found in
[28].
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Theorem 4.2 (cf. [28]). Let p,v € M (RN) be compactly supported Radon measures and m € [0, Myax]. The
PMK problem has a solution c* € (1, v) and the Kantorovich duality turns into

Kio*) = gua {/¢du+/wdu+>\m L AERY, (61) € sjm,u)}, (4.3)

where
S2(u,v) = {(¢,9) € Ly,(RY) x Ly(RY) : 6 <0, ¢ <0, d(x) +9(y) + A < c(z,y) Yo,y e RV},
Moreover, 0 € Tm(p,v) and (X, ¢,¢) € RY x SMNu,v) are primal-dual solutions, respectively, if and only if

d(x) =0 for (p—me#0)-a.e. x €RYN, (y) =0 for (v—my#o)-a.e. y € RY
and ¢(x) +P(y) + X =c(z,y) for o-a.e. (z,y) € RN x RV,

Remark 4.3. The duality (4.3) can be rewritten as

ko) = e { [ v [odusrm (@) 5 3R, (60) € #2000} (4.4)
where

O, v) = {(¢,9) € LLRY) x LLRYN): =A< ¢, ¢ <0, ¢(y) — d(z) < e(z,y) Va,y e RV}

The maximization problem is called the dual partial Monge—Kantorovich (DPMK) problem.

Coming back to our analysis, we note that if u € K2 and u is smooth then, using the definition of the convex
conjugate function H, we get

dwu(t,x) + (Vyu(t,z),v) < L(z,v) V(t,z) € Q, veRY. (4.5)

In general, for any u € K2, we can approximate u by smooth functions satisfying a similar estimate for (4.5).
This is the content of the following lemma. Although we obtain here only the estimate at the limit, this is
enough for later use.

Lemma 4.4. Fiz any u € K. There exists a sequence of smooth functions u. such that u. converges uniformly
tou on Q and

limsup (Qpuc (t, ) + (Vaue(t,z),v)) < L(z,v) V(t,z) € Qv € RY (4.6)

e—0

and, for all ¢ € Lip([0,1];RY),

timsup [ (B (1, €0)) + (Ve (160, €0) ) e < [ L0, E0)ar (47)
0 0

e—=0

Proof. Let a., B. be standard mollifiers on R and RY | respectively, such that

supp(ae) C [—¢,¢]. (4.8)
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Set n.(t,x) := a.(t)B-(x). Let @ be a Lipschitz extension of u on R x RY. By means of convolution in both time
and spacial variables, let us define

Ug 1= Ne x U,
and
ue(t, ) ==t (e + (1 — 2e)t, (1 — 2¢)x) for any (t,z) € R x RY.

Let us show that u. satisfies all the requirements. First, since @ is Lipschitz, u. converges uniformly to v on Q.
It remains to check the two inequalities (4.6) and (4.7). For all ¢ € [0, 1], using (4.8), we have

we(t,) = /R/RN ole+ (1= 28)t — 8)B.((1 — 26)& — y)ia(s, y)dy ds

— /0 /]RN ac(e+ (1 —2e)t — 8)B((1 — 2¢)x — y)u(s,y)dy ds.

Fix any v € RV, for all ¢ € [0, 1], we have

Opue(t, ) + (v, Vue(t,x)) = (1 — 25)/0 /RN ac(e+ (1 —2e)t — 5)B:((1 — 2¢)z — y)Osu(s,y) dyds
1
+(1 —2¢) <v,/0 /]RN as(e + (1 —2e)t —s)B:-((1 — 2e)z — y)Vyu(s, y) dy ds>
—(-20) [ [ ot (=200t = 9801 - 200 = ) (o)
+(v, Vyu(s,y))) dyds
<(1- 25)/0 /RN as(e+ (1 —2e)t —5)B-((1 — 2e)x — y)L(y,v) dyds

= (1-2) | B((1 - 2) ~y)Liyv) dy. (49)

Letting ¢ — 0, we obtain (4.6). Finally, let us fix any ¢ € Lip([0,1]; RN). Using (4.6) with 2 = £(t), v = £(t),
we have

lim sup (8tu€(t,§(t)) + <Vmu5(t,£(t)),é(t)>> < L(E(t),£(1)) for ae. te[0,1]. (4.10)

e—0

Recall that (the Reverse Fatou’s Lemma) if there exists an integrable function g on a measure space (X, n) such
that g. < g for all ¢, then

limsup/gsdn < /hmsupgedr]. (4.11)
g g

In our case, on X := [0, 1] with the Lebesgue measure, the functions g.(t) := drue(t, (1)) + (Vaue(t, £(¢)), £(¢))
for a.e. t € [0,1] are bounded by a common constant depending Lipschitz constants of w and of £. Applying the
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Reverse Fatou’s Lemma and (4.10), we deduce that

1 1
lim sup / (Bruc(t,€(0) + (Vo (t, £1)), €()) t < / limsup Dy (£,€(1)) + (Vo (£, €(1)), €(1) ) dt

e—=0 e—=0

< / L(E(). E@)dt. (4.12)

O

Note that we can do even better in the case where L(x,v) = L(v) is independent of z. Indeed, from our
argument (4.9), we can choose u. such that

Opu(t, ) + (Vyue(t, z),v) < L(z,v) VY(t,z) € Qv e RN (4.13)

without passing € to 0.

Now, we are ready to prove the duality (4.1). We check directly that the maximization is less than the
minimum in (4.1) with the help of Lemma 4.4. For the converse inequality, we make use of the theory of
Hamilton—-Jacobi equations.

Proof of Theorem 4.1. Fix any u € K. Let u. be the sequence of smooth functions given in Lemma 4.4. Fix
any & € Lip([0,1]; RY) such that £(0) = z,£(1) = y. By (4.7), we have

u(Ly) — u(0.2) = lim (u(1,€(1)) — 2 (0.£(0)))
1

= lim (8tus(t,f(t)) + <Vmus(t,§(t))7é(t)>) de

e—0 Jo
< [ stew.éopar. (a1)
Since ¢ is arbitrary, we get
u(l,y) —u(0,z) < c(z,y) Vr,y € RV,

Thanks to Remark 4.3, we deduce that

K(c*) > sup {/ u(1,.)dv —/ u(0,.)dp + A(m — p(RY) : NeRT, w e IC;\} . (4.15)

(A\,u) RN RN

Conversely, let (¢,1) € ®2(u,v) be a maximizer in (4.4). Set

$1(x) = S )(w(y) —c(x,y)) and ¢*(z) := max{¢:(x), —A} for x € supp(u).

Since ¢(.,y) is locally Lipschitz w.r.t. the variable z, ¢* is Lipschitz on the compact set supp(u). Moreover, ¢*

is non-positive (since ¢ < 0 and ¢ > 0) and (¢*, ) is also a maximizer of the DPMK problem. By extension,
we can assume that ¢* is non-positive and Lipschitz on RY. Now, we set

u'(t,x) := inf {/O L(&(s),£(5))ds + 0" (£(0)) = € € Lip([0, ¢, RY), £(1) = x}
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Then (see e.g. [22], Chap. 10 or [12], Chap. 6) u* is Lipschitz on @ and u* is a viscosity solution of the
Hamilton—-Jacobi equation

Opu(t,z) + H(x,Vyu(t,z)) =0
with u*(0,2) = ¢*(x). It is not difficult to see that u*(1,y) < ¢*(y) <0, u*(0,2) = ¢*(x) > -\ Vz,y € RV
and that
1
() = inf { [ L(€s).€0)as+6°(600) € € Lin0. 1RV, 60 = o
> inf {o(z,y) + 6 (@)
z€R
>(y) VyeRN. (4.16)
These imply that v* € K} and that
uw*(1,y) —u*(0,2) > Y(y) — ¢*(x) Va,y e RY. (4.17)
Thus
* o * _ N _ * _ N
/RN u*(1,.)dv /szu (0,.)dp + A(m — p(RY)) > /1/}(11/ /(b dp + A(m — p(R™))
= K(c"). (4.18)

Combing this with (4.15), the duality (4.1) holds and u* is a solution of the maximization problem on the right
hand side of (4.1). N

4.2. Eulerian formulation by Fenchel-Rockafellar duality

As we said in the introduction, the Fenchel-Rockafellar duality is an important ingredient of our analysis,
especially for the numerical analysis by augmented Lagrangian methods.

Theorem 4.5. Under the assumptions of Theorem /4.1, we have

max {/RN u(l, )dv — /RN w(0, )+ A(m — p(®Y)) : (A ) € RY x /cj}
= min{//@ L(z,v(t,x))dp(t,x) : (p,v,60° 0" € Bc}, (4.19)
where

B, := {(p,v, 6°,6") € M (Q) x L(Q)N x MF(RY) x MF(RY): 0°(RY) = u(RY) — m,

—div (p,vp) = 01 @ (v = 0') = 6o @ (1 — 0°) }. (4.20)

Roughly speaking, the minimization in (4.19) is the Fenchel-Rockafellar dual of the maximization problem.
However, the interesting point to note here is that the maximization problem in (4.19) does not satisfy the
sufficient conditions to use directly the dual theory of Fenchel-Rockafellar. To overcome this difficulty, we
approximate the maximization problem by a suitable supremum problem. To this end, for general Lagrangian
L, we make use of the smooth approximations given in Lemma 4.4.
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Proof of Theorem 4.5. Let us first show that

max {/RN (1, )y — /RN w(0, )dp + A(m — p(®Y)) : (A1) € RY x /cg}
< inf{//Q L(z,v)dp : (p,v,0°,0) € BC}. (4.21)

Fix any v € K} and (p,v,0°,0') € B.. Let u. be the sequence of smooth functions given in Lemma 4.4. Taking
u. as a test function in the continuity equation

—divy, (p,vp) =01 @ (v —0") — 5o @ (u — 0°), (4.22)

we have

//Q Opuedp + //Q Vaeue(t,z) - v(t,z)dp = /]RN ue(1,.)d(v — ') — /]RN ue(0,.)d(p — 6°). (4.23)

Since 8°(RY) = pu(RY) — m, we get

/RN ue(1,.)dv — /]RN ue(0,.)dp + A(m — p(RY)) = /]RN ue(1,)dv — /]RN e (0, )y - )\/RN v
:/RN us(l,.)d(u—é’l)—/ ue(0,.)d(u — 6°)

RN

+/RN ue(1, )do! —/(ua(o,.)+A) dg°

= //Q (Orue +V$“f'“)dp+/ﬂw uc(1,.)de"
- [ e+ 2 ae. (4.24)

Letting € — 0, using Lemma 4.4 and the fact that u(1,.) <0, u(0,.) + X > 0, we have

/RN u(l,.)dyf/RN u(0,.)dp + A(m — p(RY)) < //Q L(:E,U(t,x))der/RN u(l,.)d@lf/RN (u0,.) + \) do°
g//Q Lz, v(t,z))dp(t, z). (4.25)

This implies the desired inequality (4.21). Let us now prove the converse inequality. Obviously, we have

max {/RN (1, )dv — /RN w(0, )dp + A(m — p(®Y)) : (A1) € RT x /cg}

> sup {/RN u(1,.)dv — /RN u(0,.)dp + A(m — p(RY)) - (\u) e RT x K u e Cl’l(Q)} . (4.26)
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It is sufficient to show that

sup {/RN u(1, )y — / w(0, )dp + A(m — u(®Y)) : (\u) € RY x KX u e CM(Q)}

-
— min {//Q Lz, v(t,2))dp : (p,,6°,6") € Bc} . (4.27)

This will be proved by using the Fenchel-Rockafellar dual theory. Indeed, the supremum problem in (4.27) can
be written as

where
F(M\u) = — (/RN u(l, . )dv — /]RN w(0, )dp + A(m — M(RN))> for any (\,u) € V := R x C*(Q),

A ) i= (Vigu, =X —u(0,.), u(1,.)) € Z := Cp(Q)NT! x C,(RY) x Cyp(RY),

G, 2w) = 0 if z(z) <0,w(z) <0 and ¢ (¢t,x) + H(z,qn(t,x)) <0 V(t,x) € Q
©% " ] 400 otherwise

with ¢ := (q1,qn) € Cp(Q) x Cp(Q)N for all (¢,z,w) € Z. Now, using the Fenchel-Rockafellar dual theory to
the problem (4.28) (see e.g. [21], Chap. III), we have

inf V]-"(/\, u) + G(A(A u))

(Mu)e
= max (—F*(—A*(2,0°,0")) — G*(2,6°,0")). (4.29)
(@,69,01) €M (Q)N T X My (RN ) x My (RN)
The proof is completed by computing explicitly the quantities in this maximization problem.

e Let us compute F*(—A*(®,0° 60%)). Since F is linear, F*(—A*(®,0° 01)) is finite (and is equal to 0
whenever finite) if and only if

(—A"(@,6°,6Y), (A w) = F(A u) = — (/ u(l,.) dv — /u(O, ) du+ A(m — M(RN))) V() €V,
—(Vizu, @) — 0°, =X —u(0,.)) — (0%, u(1,.)) = —(u(1,.),v) + (u(0,.), ) — \(m — u(RN)) V(A u) e V.
This implies that
—~(Vi2u, ®) = (u(0,.), 0 — 0°) — (u(1,.),r — @) for all test functions u € C**(Q)
and that

0°(R"Y) = p(RY) —m.
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Recall that ® € My(Q)N*!, writing ® = (p, E), the above computation gives
—divie (p, B) =61 @ (v —0Y) — 6o @ (n — 6°), (4.30)
and
0O (RY) = pu(RY) — m.

e For G*(®,6°, 6'), since H(.,.) is continuous, using the same arguments as in Proposition 5.18 of [41], we
have

G*(3.6°,0) = Jfg L@, o(t,x))dp  if 6° 20, 01 >0, ® = (p,E), and p>0,E<p, E=wp
400 otherwise,

where E' < p means that E is absolutely continuous w.r.t. p. Substituting 7* and G* into (4.29), we obtain the
needed equality (4.27). O

4.3. Optimality condition and constrained MFG system

To write down the optimality condition for the duality (4.19), we need to use the notion of tangential gradient
to a measure. This notion is an adaptation of the usual gradient (for Lebesgue measure) to any finite Radon
measure. Recall that the tangential gradient V,u is well-defined for any Lipschitz function u and any finite
Radon measure 7 (see e.g. [8, 9, 31]).

Optimality condition for the duality (4.19) is related to the following PDE system:

— divez(p,vp) =61 @ (v —0') — 6o ® (pn— 6°)
L(z,v(t,z)) = Vyu(t,z) - (1,0(t,z)) p-a.e. (t,z) in Q
Opu(t,x) + H(x, Vyu(t,z)) <0 a.e. (t,x) in Q
(PDE,)
—60° € A 1o0) (w(0,.))

o' € 8]1(70070] (u(l, ))

(p,v,0°,0") € M (Q) x Ly(@)Y x My (RY) x My (RY),
where the condition 8 € 9L _n j(u(1,.)) means that
u(1,.) <0 and (0,6 —u(l,.)) <0 V¢ € Cy(RY), ¢ <0,

or equivalently

u(1,.) <0, #* >0 and / u(1,.)do* = 0.
RN

Similarly, the condition —0° € 9I[_ o) (u(0,.)) reads as

u(0,.) > =X, 6° >0 and / (u(0,.) + \)de° = 0.
RN
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Theorem 4.6. Assume that (p,v,0° 0Y) € B. and (\,u) € Rt x K} are optimal for the two problems in the
duality (4.19). Then (p,v,0° 01, u) satisfies the system (PDE,). Conversely, if (p,v,0°, 0%, u) is a solution of
(PDE,), then (p,v,0° 0) and (\,u) are solutions to the duality (4.19) w.r.t. m = u(RY) — °(RYN).

Remark 4.7. For the standard optimal transport problem, i.e., m = pu(RY) = v(RY) (in this case #° = §* = 0),
the optimality conditions (PDE)) can be reduced to the following system:

—divy z(p,vp) =01 Qv — 0o D
L(z,v(t,z)) = V,u(t,z) - (1,v(t, ) p-ae in Q (4.31)
Owu(t,z) + H(x,Vyu(t,x)) <0 ae. in Q.

In particular, if L(z,v) = L(v) is independent of the variable  then the system (4.31) recovers the same PDE,
called Monge-Kantorovich equation, as in the work of Jimenez [31].

Remark 4.8. If m = p(RY) = v(R") and assume moreover that p < LV1 then the conditions (4.31) can be
rewritten as

—dive 4 (p,vp) =H @V -3 @ p

Owu(t,z) + H(xz,Vyu(t,z)) <0 ae. (t,z)in Q

Opu(t,z) + H(z,Vyu(t,x)) =0 p-ae. (t,z) in Q
v(t,z) € 0H(x,Vyu(t,x)) p-ae. (t,z)in Q,

(4.32)

where OH is the subdifferential of H w.r.t. the second variable. Indeed, the condition L (z,v(t,z)) = V,u(t, ) -
(1,v(t,x)) p-a.e. implies that

L(z,v(t,r)) = Vizut,z) - (Lo(t,2)) pLYN T ae. in Q
= dwu(t,x) +v(t,z) - Vout,z) pLNTlae. in Q.

This implies that
L(z,v(t,2)) < Ou+ H(z,Vyu(t,z)) + L(z,v(t,z)) < L(z,v(t,x)) pLYTae. in Q.

Hence dyu(t,x) + H(z, Vyu(t,z)) =0 p-a.e. in Q and v(t,z) € 0H (z, Vyu(t,z)) p-ae. in Q.

To prove Theorem 4.6, we need a similar estimate for (4.5) for any u € K. Since u is not smooth in general,
we will characterize the estimate (4.5) via the tangential gradient instead of the usual one.

Lemma 4.9. Let u be a Lipschitz function on Q and Opu(t,z) + H(x, Vyu(t,z)) <0 a.e. (t,z) € Q. For any
(p,v) € MF(Q) x LE(Q)N satisfying the continuity equation

—divy 4 (p,vp) = 01 ® p1 — do ® po,
we have
Vou(t,z) - (1,v(t,z)) < L(z,v(t,x)) p-a.e. (t,z) in Q.

Proof. Let u. be the sequence as in Lemma 4.4. Since —divy , (p, vp) = 61 @ p1 — 0o & po, we see that (1,v(t,z)) €
T,(t,x) for p-a.e. (t,x), where T,(t,x) is the tangential space w.r.t. p (see [8, 9, 31]). Using Lemma 4.4 and the
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continuity of the tangential gradient (see e.g. [31], Prop. 4.5), we have

//va“'(17U)€dp:§i§})//@vpus-(l,v)gdp
= Eh_rf})//Q Viate - (L,v)§ dp

// Liz,v(t,2))Edp VE € DR, € > 0. (4.33)
Q

IN

Thus the result of the lemma follows. O

Proof of Theorem 4.6. Let (p,v,0° 6) € B. and (\,u) € RT x K2 be admissible elements, respectively. Let u.
be the sequence given by Lemma 4.4. By (4.24) and Lemma 4.9, we have

1.

/u(l,.) dV—/u(O,.) dp + Mm — p(RY)) = hn(1) Ue du—/u€ dp + Mm — p(RY))
= lim </ (Orue + Vaue - v) dp+/ ue(1 d91
e—0 ]RN

ANWJQJ+MdW)
:%//Q (Brue + Ve - v) dp-l—/RN u(1,.)d6!
_/RN (u(0,.) + \) d6°
< lif%//Q Viaue - (1,0)dp
://Qv,,u.(m)dp
< / /Q L(z, v(t, 2))dp. (4.34)

From the assumptions on optimalities and the duality (4.19), the inequalities in (4.34) become equalities.

These imply that
// Vou-(1,v)dp = // L(z,v(t,z))dp, (4.35)
Q Q

or equivalently
L(z,v(t,x)) = V,u(t,z) - (1,v(t,x)) p-a.e. in Q (by Lem. 4.9); (4.36)

and that [y u(1,.)d0" =0, [on (u(0,.) + A)dA® = 0. These show that (p,v,0°,0", u) satisfies the system
(PDE,).

Conversely, if (p,v,0°, 0%, u) satisfies the system (PDE,), the inequalities in (4.34) are equalities. Using
the duality (4.19), we obtain the desired optimalities.

O
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Remark 4.10. A solution (®*,0° 6'*) of the Fenchel-Rockafellar dual formulation (4.29) gives inactive
submeasures and therefore active submeasures pj = u — 0% and p; = v — 01*.
This remark allows us to solve the PMK problem by using numerical methods for approximation of the
Fenchel-Rockafellar dual problem.
5. NUMERICAL APPROXIMATION

We will apply the ALG2 algorithm to the dual formulation on the right hand side of (4.1) in order to
give numerical approximations for the optimal partial transport problem. We will solve for active submeasures
po = —0° p; =v — 6 and the optimal movement of density p; from py to p;.

5.1. ALG2 method

The method is to solve numerically the minimization of the form
inf {F(u)+G(Au)} (5.1)

where F,G are Ls.c. convex functionals on Hilbert spaces V et Z; and A € L(V, Z) is a linear operator. The
Fenchel-Rockafellar dual problem of (5.1) reads as

Useug* (=F*(=A*0) — G*(0)). (5.2)

By introducing a new variable ¢ € Z to the primal problem (5.1), we can rewrite it in the form

inf F(u) +G(q). (5.3)

(u,q)EV X Z : Au=q

ALG2 is a primal-dual method (i.e. it provides numerical solutions of both primal and dual problems) consisting
of 3 steps. Known oy, ¢;, the next step (4it+1,0i+1,¢i+1) is computed as follows. Fix any parameter r > 0 (in
practice r = 1,2):

e Step 1: Compute ;11

] . f — . 2
min {./—- (w) + (o4, Au) + 5 [Au — g } . (5.4)
e Step 2: Compute g;11
3 — . f . — 2
min {Q(Q) (0i,q) + 2|Au1+1 q| } (5.5)

e Step 3: Update 0,41

Oig1 =0 + 1 (Auip1 — qig1) -

For the theory of this method, its interpretation, we refer the reader to [20, 24, 25]. Let us recall below its
convergence which is enough for our discretized problems later.

Theorem 5.1 (c¢f. [20], Thm. 8). Fized r > 0, assuming that V = R",Z = R™ and that A has full
column rank (i.e., A is injective). If the primal problem (5.1) and the Fenchel-Rockafellar dual problem

sup (=F*(=A*0) — G*(0)) have solutions, then {u;} converges to a solution of the primal problem (5.1) and
oezZ*



2126

Source

Timestep 3

Timestep 7

\\\\\\\\

\\\\\\\\

\\\\\\\\

N. IGBIDA AND VAN T.

Timestep 0

Timestep 4

Timestep 8

FIGURE 1. Active submeasures and their displacement.

\\\\\\\\

NGUYEN

Timestep 1

Timestep 5

Timestep 9

\\\\\\\\

\\\\\\\\

\\\\\\\\

\\\\\\\\

Timestep 2

eeeeeeee

\\\\\\\\

Timestep 6

Target

{oi} converges to a solution of the Fenchel-Rockafellar dual problem. Moreover, {q;} converges to Au*, where
u* is the limit of {u;}.

5.2. Applying ALG2 for the optimal partial transport problem

Recall that the dual maximization formulation in (4.1) can be rewritten into the form

where

F(Au) =

A\ u) =

(Vthu, - —

and, for all (¢, z,w) € Z,

inf {F(\, u) + G(A\, uw) : (\,u) € V},

- </ u(l,.)dv — /u(O, Jdp 4+ AM(m — ,u(RN))> for any (\,u) € V := R x C(Q),
u(0,.), u(1,.)) € Z := Cp(Q)N T x C(RY) x Cy(RY)
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FIGURE 2. Active submeasures and their displacement.

G, 2 w) = 0 if z(z) <0,w(z) <0 and q(t,z) = (1 (¢,2),qn(t,2)) € K, V(t,z) € Q,
© =)= 400 otherwise,
with K, := {(a,b) ER xRN :a+ H(x,b) < ()},:L‘ € RV,

Let us discuss the details of computation. Actually, in computation, we replace V, Z by finite-dimensional

spaces using finite element methods. We denote by P;, i = 1,2 the spaces of piecewise polynomials of degree i.
N times

——
We will use V = (R, P2) and Z = (PlN‘H7 Py, Py), where P := (Py,..., P;). We use L?-norm for P}, P2,P1N+1.
e Step 1: We split into two steps: First using \; to compute u; 1 and then using w;41 to calculate A;41. 1.
For w; 1, we solve

muin {_ ((u(la -)a V) - <’LL(O, ')7 /J'>) + <(Uia 9?7 011)’ (vt,xu) —U(O, ')a u(la ))>

+§|(vt,zu, N —u(0,.),u(1,.)) — (g, zi,wi)|2} . (5.7)
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FIGURE 3. Active submeasures and their displacement.

This is a quadratic problem which is equivalent to a linear equation with a positive-definite coefficient matrix.
So this step can be solved effectively by many solvers. The linear equation is detailed as (by taking derivative
w.r.t. u)

- (<¢(17 ')v V) - <¢(0’ ')a :u’>) + ((Uia 00,1’7 ol,i)a (vt,z¢a _¢(0’ ')7 ¢(1a )))
+r((Viativt, =i — ir1(0,.), w01 (1,2)) — (@i, 2, wi) 5, (Viad, —6(0,.),6(1,.))) =0, V(t,¢) € V,(5.8)

or

T<Vt,:cui+1a Vt,w¢> + T<ui+1(17 . ,¢(17 )) + T<ui+1(0’ ')a ¢(07 )>
= <¢(1’ ')7 V> - <¢(0’ ')a M) - <(0i, O?a 01'1), (vt,w¢a _¢(0’ ')7 ¢(1’ ))>
+r{(¢i, zi,wi) , (Viead, —0(0,.), ¢(1,.))) — r{X;, ¢(0,.)) forall (¢,¢) e V. (5.9)
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2. For /\H_l,

min { ~A(m — () + (03,69, 61, (0, =X, 0)) + 2| = A = w1 (0,.) — [} (5.10)

which is equivalent to

m — u(Q) + [, 00 — 7 [, (zi + uis1(0, -)).

o (5.11)

Aig1 =

e Step 2: Since the function G(q,z,w) has the form of G1(q) + G2(z) + G3(w), we solve separately for the
variables ¢, z, w.
1. For Zi+1,

. r
zi41 € argmin {]I[zgo} — (609, 2) + 5\ = Xit1 —ui+1(0,.) — z|2}
z€P;

. 69
= PrOJ{[zEPQ:ZSO]} <—Ai+1 - uH_l(O, ) + 7") . (512)

This is computed in pointwise, i.e., given a grid with vertices x;, then

zit1(w5) = Projiser.s<opy (—Aiﬂ —uiv1(0,.)(7;) +

r
09 (z;
= min{—)\Hl —ui+1(07.)($j) + 1(1.])70} . (513)
r
2. For w;1, similarly,
0!
wit1 = Projjue pyrw<o)y <Ui+1(1, )+ ;) : (5.14)
3. For g;11, similarly,
. &
qi+1 = PrOJKI (Vtyzui“ + 7) . (515)

e Step 3: Update Lagrangian multipliers,
(041,091,011 1) = (04,00,0]) + (Viwtivt, —Nit1 — uir1(0,.), uir1(1,.)) = (i1, Zit1, Wis1)).

Since we are interested in active submeasures and the associated transportation, we can use the following
stopping criterium

- tas-m| <o | [0 otae-m| <e ot - ol <<
||9il+1 — 911||L2 < g, H0-7;+1 — O'Z'”Lz < g, with € = 10_4.

Remark 5.2. We see that A is injective, which guarantees the convergence of the ALG2 method. Indeed,
A(A1,u1) = A(A2, up) implies that (A1, u1) = (A2, uz2) by using u(t, z) = [ dsu(s,r)ds + u(l, ).
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Remark 5.3. There are other first-order splitting methods for solving the minimization of F + G o A as
implemented and compared in [10] for the context of mean field games.

This projection is also done in pointwise. Given a grid with vertices xg,

. o;(x
Git1(zx) = Projg (vt,x“i+1(xk) + (Tk)>

= min
(a,b)

= min {
(a,b)

Using the FreeFem++ software [26], we test some numerical examples. In all the examples below, we work
on the square 2 = [0,1] x [0,1] in R? and use the discretization size 36 x 36 x 9 for the spatial-time variable.
We test the examples for costs of the form

wm-(vmmﬂmw+wuw>

i (a,b) € sz}

wm-(vmmﬂmw+muw>

:a+H(xk7b):0} (5.16)

6. SOME EXAMPLES

c(z,y) = ifglf{/o L(&(t), £(t)dt - € € Lip([0,1]; 2),£(0) = z,€(1) = y},

with L(z,v) = k(z)|v|?, k € C(Q), k(x) > 0 for all z € Q,v € R2. For this cost, the last projection in the Step 2
(the projection on K) is converted to a problem on R and the latter is computed easily by the bisection method.

Example 6.1. The source and the target are Gaussian distributions of the same mass for the Lagrangian
L(z,v) = |v|>. We want to transport optimally a half of the mass. More details,

p = 10exp(—40(z1 — 0.25)% — 40(zy — 0.75)?),
v = 10exp(—40(z; — 0.75)% — 40(x2 — 0.25)?).
The active submeasures and the optimal displacement are given in Figure 1. Timestep 0 and timestep 9 (po

and pj) are active submeasures of the source and the target, respectively. The intermediate timesteps show the
optimal movement of density from pg to p;.

Example 6.2. We take the similar data to the previous example but the source and the target are taken as
the sums of two distributions,

1 = 10exp(—40(z; — 0.25)% — 40(z2 — 0.25)?) + 10 exp(—40(z; — 0.75)? — 40(z2 — 0.75)?),
v = 10exp(—40(z1 — 0.75)% — 40(25 — 0.25)?) + 10 exp(—40(z; — 0.25)% — 40(x5 — 0.75)?).
The result is given in Figure 2.
Example 6.3. In this example, we take L(z,v) = k(x)|v|? with
E(x1,20) = 1 + 15exp(—45(z1 — 0.5)% — 45(z5 — 0.5)?),

1 = 20 exp(—60(z; — 0.2)% — 60(zo — 0.8)%),
v = 20exp(—60(x; — 0.8)% — 60(2o — 0.2)?),
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This cost means that we have to pay much if we transport through around (0.5,0.5) (where k(z) is big). The
numerical result is illustrated in Figure 3.
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