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Erik Burman*® Omar Duran' Alexandre Ern Morgane Steins®
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Abstract

We prove error estimates for the wave equation semi-discretized in space by the hybrid
high-order (HHO) method. These estimates lead to optimal convergence rates for smooth
solutions. We consider first the second-order formulation in time, for which we establish
H' and L*-error estimates, and then the first-order formulation, for which we establish
H'-error estimates. For both formulations, the space semi-discrete HHO scheme has close
links with hybridizable discontinuous Galerkin schemes from the literature. Numerical ex-
periments using either the Newmark scheme or diagonally-implicit Runge-Kutta schemes
for the time discretization illustrate the theoretical findings and show that the proposed
numerical schemes can be used to simulate accurately the propagation of elastic waves in
heterogeneous media.

Mathematics Subjects Classification. 66M12, 656M60, 74J10, 74S05.
Keywords. Hybrid high-order methods, error analysis, wave equation, elastodynamics.

1 Introduction

The acoustic and the elastic wave equations are important in the modeling of many physi-
cal phenomena. For instance, the prediction of earthquakes and other seismic activity often
relies on numerical simulations of these equations. Many numerical methods exist for the semi-
discretization in space of the wave equation. High-order continuous finite elements are reviewed,
e.g., in [15]. Discontinuous Galerkin (dG) methods have been successfully applied to the wave
equation, written either as a first-order system [19, 25] or in its original second-order formulation
in time [21]. The issue of preserving a discrete energy balance within dG methods is addressed
in [9, 7]. Hybridizable dG (HDG) methods have been devised in [26, 28] for the first-order for-
mulation, whereas the second-order formulation in time has been considered in [27, 12] with an
eye toward conservation properties. The convergence analysis of HDG schemes has been per-
formed in [14] in the time-continuous case and in [20] by considering a Petrov—Galerkin time
discretization.
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The use of hybrid high-order (HHO) methods for the space semi-discretization of the wave
equation has been studied numerically in [6], both for the second-order and the first-order formu-
lations. Therein, various time-stepping schemes were considered, including the Newmark scheme
for the second-order formulation (leading to exact conservation of a discrete energy) and explicit
and implicit Runge-Kutta schemes for the first-order formulation (which typically lead to some
dissipative mechanism). HHO methods were introduced in [17] for linear diffusion problems and
in [16] for locking-free linear elasticity. These methods rely on a pair of unknowns, combining
polynomials attached to the mesh faces and to the mesh cells, and the cell unknowns can be
eliminated locally by a static condensation procedure. HHO methods have been bridged to HDG
methods in [11] and offer various advantages: support of polyhedral meshes, local conservation
principles, optimal convergence rates, and computational efficiency. The main differences be-
tween HHO and HDG lie in the devising of the stabilization operator, and in the fact that HHO
adopts a primal viewpoint to formulate the discretization. Moreover, the error analysis in HHO
methods is somewhat different than in HDG methods since it relies on L2-orthogonal projec-
tions without the need to invoke a specific approximation operator. Recent applications of HHO
methods to nonlinear solid mechanics include [5, 1, 2, 8].

The goal of the present work is to put the numerical study of [6] on a firm theoretical basis by
establishing error estimates in the space semi-discrete setting. We detail the error analysis on the
acoustic wave equation and then discuss the (rather straightforward) extension to the elastic wave
equation. Our first main results (Theorems 3.2 and 3.3) concern the second-order formulation
in time of the wave equation for which we establish H'- and L?-error estimates (say at the final
time). The techniques of proof are different from those of [14] for HDG methods. Instead, they
exploit the primal viewpoint at the core of HHO methods and draw on the error analysis from
[18, 3] for continuous finite elements and [21] for dG methods. There are, however, substantial
differences with respect to [3, 21] as well. The key issue is that HHO methods rely on a pair of
discrete unknowns, so that it is not possible to proceed as usual by extending the discrete bilinear
form to an infinite-dimensional functional space that can include the exact solution. This leads
us to introduce the notion of HHO solution map for the steady differential operator in space. We
then use this map to perform a suitable error decomposition in the context of the wave equation,
in the spirit of the seminal work [29], where an elliptic projector was introduced to derive optimal
L2-error estimates for the heat equation approximated by continuous finite elements (the same
idea is re-used in [3] for the wave equation). Our second main result (Theorem 4.3) concerns the
first-order formulation for which we establish an H'-error estimate (say at the final time). The
technique of proof again differs from [14] since it avoids introducing a specific HDG projection
as devised in [13], and instead relies on L?-projections to build the error decomposition. One
advantage is that the proof becomes transparent to the use of polyhedral meshes, whereas the
above HDG projection requires some specific element shapes (a Raviart—Thomas function is
typically invoked in its construction).

This paper is organized as follows. In Section 2, we give a brief overview on HHO methods
for the discretization of a model diffusion problem and study the approximation properties of
the HHO solution map that are used in the subsequent analysis. In Section 3, we present the
acoustic wave equation in its second-order formulation, describe its semi-discretization in space
using HHO methods, and perform the error analysis in the H' and L2-norms. We do the same in
Section 4 for the acoustic wave equation in its first-order formulation, focusing on the H'-norm
error analysis. In Section 5, we extend the schemes to elastodynamics and discuss the time
discretization by either Newmark or Runge-Kutta schemes. In Section 6, we discuss numerical
results to verify the convergence rates predicted by the theory and to illustrate the performance
of the method in predicting the propagation of a Ricker elastic wave in an heterogeneous medium.
Finally, we draw some conclusions in Section 7.



2 The HHO method for steady diffusion problems

Let © be an open, bounded, connected subset of R%, d € {1,2,3}, with a Lipschitz boundary T.
For simplicity, we assume that €2 is a polyhedron. We use standard notation for the Lebesgue
and Sobolev spaces. Boldface notation is used for vectors and vector-valued fields. For a weight
function ¢ € L*°(Q2) taking positive values uniformly bounded from below away from zero, we
introduce the shorthand notation |[v||2(4,0) = ||¢%UHL2(Q) for all v € L?(Q), together with a
similar notation for vector-valued fields in L?(2).

The goal of this section is to briefly outline the HHO discretization of the following model
diffusion problem:

Find u € Hj(Q) s.t. b(u,w) = (g,w)12(q) Yw € Hy(Q), (1)
with the source term g € L?(2) and the bilinear form b : H}(Q) x H}(2) — R such that
b(U, w) = (V’U, V’U})L2()\;Q). (2)

We assume that the coefficient A takes positive values and is piecewise constant on a partition
of Q into a finite collection of polyhedral subdomains. We define the bounded isomorphism
B : H}(Q) — H71(Q) such that B(v) := —V-(AVwv) and observe that the exact solution of (1)
satisfies B(u) = g.

2.1 Meshes and discrete operators

Let (Tn)n>0 be a sequence of meshes of ) so that each mesh covers ) exactly. We assume that
each mesh 7, fits the partition of € into polyhedral subdomains related to the coefficient A. For
all h > 0, T, is composed of cells that can be polyhedral in R? (with planar faces), and hanging
nodes are possible. The mesh faces are collected in the set F}, which is split into F}, = F; U ]:,‘? ,
where F} is the collection of the mesh interfaces and F, ,‘? is the collection of the boundary faces.
A generic cell is denoted T' € Tp,, its diameter hp, its unit outward normal np, and the faces
composing the boundary of T" are collected in the set Fapr. The sequence (75)n>0 is assumed to
be shape-regular in the sense of [16]. In a nutshell, the polyhedral mesh 75, admits for all h > 0
a simplicial submesh 7, such that any cell (or face) of 7, is a subset of a cell (or face) of Ty,
and there exists a shape-regularity parameter ¢ > 0 such that for all h > 0, all T' € T}, and all
S € T, such that S C T, we have ohy < hg < p~!rg, where rg and hg denote the inradius and
the diameter of the simplex S.

The HHO method utilizes discrete unknowns attached to the mesh cells and to the mesh
faces. Let k > 0 be the polynomial degree used for the face unknowns and let ¥’ € {k,k + 1}
be the polynomial degree used for the cell unknowns. We say that the HHO discretization is of
equal-order if k' = k and of mized-order if K’ = k+1. The choice k¥’ = k—1 is also possible, but is
not further discussed here since it essentially leads to the same developments as the equal-order
choice k' = k for the wave equation. Let us set

Vi =VE xVE  vE = X PY(T3R), VE:= X P¥(F;R), (3)
TeTh FeFy,

where P¥ (T;R) (resp., P¥(F;R)) consists of the restriction to T' (resp., F') of scalar-valued d-
variate polynomials of degree at most &k’ (resp., (d — 1)-variate polynomials of degree at most k
composed with any affine geometric mapping from the hyperplane supporting F to R¢~1). A
generic element in Vj, is denoted o, := (vr,vr), and we write vy (resp., vp) for the component



of oy, attached to a generic mesh cell T € T}, (resp., face F' € F},). Let 0 € Vh and let T € Tj,.
The local components of v, attached to the cell T and its faces F' € Fsr are denoted

o = (v, var = (VF) Feryy) € Vi 1= VE x Vi, (4)

with V' = P¥(T;R) and Vi = Xpor, PF(F;R). Let T (resp., I5;) be the L*(T)-
orthogonal (resp., L?(9T)-orthogonal) projection onto V& (resp., Vo).

The HHO discretization is assembled by summing the contributions of all the mesh cells,
and in each mesh cell the method is based on a gradient reconstruction from the cell and the
face unknowns and a stabilization operator connecting the trace of the cell unknowns to the
face unknowns. The gradient reconstruction operator Gr : Vr — P*(T;R?) is such that for all

o € VT,

(Gr(07), @) r2(r) = —(v1, V@) 12(1) + (Vor, @ M7)12(0m), Vg € PF(T;RY). (5)

Notice that Gr(0r) can be evaluated componentwise by inverting the mass matrix associated
with a chosen basis of the scalar-valued polynomial space P*(T;R). An alternative to the gradient
reconstruction operator is the potential reconstruction operator Rp : Vi — P*+1(T;R) such that
for all v € VT,

(VRr(i1), Vo) 2y = —(vr, AQ) r2(ry + (vor, Vanr) 2o, Vg € PMT(TIR),  (6)

together with the mean-value condition (Rr(07) — vr,1)r2(7y = 0. Notice that Ry (d7) can be
evaluated by inverting the stiffness matrix associated with a chosen basis of the scalar-valued
polynomial space P*+1(T;R)/R. To define the stabilization operator, let us set {sr(i7) =
vy — var for all vr € Vir. Then, in the equal-order case (k' = k), we define

Sor(ir) =gy (faT(@T) + (I - HITC“)RT(QSBT(@T)))WT); (7)
and in the mixed-order case (k' = k + 1), we define
Sor (o) == Ik (Cor (7). (8)

The potential reconstruction operator Rt is not needed in the mixed-order case, and in the equal-
order case it is only used to evaluate the local stabilization operator. Alternatively, following the

original HHO methods [17, 16], one can also consider VR as a gradient reconstruction instead
of GT.

2.2 HHO discretization

We define the global discrete bilinear form by, : Vi, x Vi, — R such that by, (0, wp,) == ZTeTh by (b7, Wr)
with the local discrete bilinear form by : VT X VT — R such that

br (07, wr) = (Gr(or), Gr(Wr)) L2 (A1) + Tor (Sor (1), Sor (Wr))L2(07), 9)

with the weight 75 = )xTh;l and Ar := Ajp. To enforce the homogeneous Dirichlet condition,
we consider the subspaces

{v]’ﬁo = {vr € VE |vp =0 VF € F{}, 10)

Vio = VI x VE = {0y € Vi, | vp = 0 VF € FJ}.



The HHO discretization of the model problem (1) is as follows:
Find 4y € Vho s.t. bh(ﬁh,ﬁ)h) = (g,’wT)Lz(Q) Yy, € VhO- (11)

Notice that only the cell component of the discrete test function wy, := (wr,wz) is used on the
right-hand side. It is convenient to define the global gradient reconstruction operator G : V), —
Wr =X P*(T;R?%) such that (GT(f)h))‘T = G (o) for all T € Tp, and all 0, € V}, to

define Ry : Vi, — 1/7’3Jrl similarly, and to set sp,(0p, wp) == ZTeTh Tor (Sor(07), Sor (Wr)) L2(0T) -
Then we have
b (On, wn) = (G7(0n), G7(Wn))L2(n02) + Sn(On, W) (12)

2.3 Analysis tools

We now state the main results on the analysis of HHO methods. In what follows, the symbol
C denotes a generic positive constant whose value can change at each occurrence and which is
independent of the mesh size. A direct verification readily shows that the map |-y, Vi, — R
such that

onll2, = D" (IVvrlizomr) + Torllver — orliz@r),  Von € Va, (13)
TeTh

defines a norm on Vi (and a seminorm on Vh), and we have the following important stability
result [17, 16].

Lemma 2.1 (Stability). There are 0 < a < w < 0o such that for all Oy, € Vho and all h > 0,
allonll?, < IGT (@) ey + lonl2 < w002, . (14)
with the seminorm |op|% = sp,(0n, ).

A natural way to approximate a function v € H 1(Q) by a discrete pair is to consider I (v) ==
(IT4 (v), 1% (v)) € Vj, where ITI% and IT% are the L?-orthogonal projections onto V¥ and VZ,
respectively. We denote by I7(v) € Vr the local components of I;(v) attached to the cell T' € Tj.
The definition of I is meaningful since a function v € H'()) does not jump across the mesh
interfaces. Let IT% denote the L?-orthogonal projection onto Wr. Let EA' : HY(Q) — V!
denote the elliptic projection onto V7]3+1, so that for all v € H*(Q2) and all T € Ty, (EI;—H(U))'T
is uniquely defined by the relations (V(E’;—H(v) —v),Vq) 2y = 0 for all ¢ € P*T(T;R), and
(E’;-H(v) —v,1)2(ry = 0. The following result [17, 16] contains the key arguments to bound the
consistency error and derive optimal H'-error estimates.

Lemma 2.2 (Commuting with fh) The following holds true:
Gr(Ip(v)) = 5(Vv),  VRr(Ih(v)) = VE- ' (v),  WYoe H'(Q). (15)
Moreover, there is C' such that for all h >0, all T € Ty, and all v € H*(R), we have
. 1
1Sor(In ()| L2 oy < CREIIV (v = PFH ()| L2 (1 (16)

where P?—H = EI“Tle if k' =k and P;“—H = H’;-H ifk =k+1.



In view of the error analysis for the time-dependent wave equation, an important notion is
the HHO solution map Jj, : H**¥(Q) — Vi, v > £, such that for all p € H'*(Q), Ji(p) € Vio
is uniquely defined by the following equations:

br(Jn(p), 4n) = (B(p), a1)0s Ydn € Vho, (17)

where (B(p),qr)a = 1T, {(Vp, Var)c2oury + AVpnr, qor — qT)Lz(aT)}. (Notice that
(B(p),qr)e = (B(p),q7)r2(0) whenever B(p) € L*(Q).) The coercivity of b, on Vo (see
Lemma 2.1) shows that J, (p) is well-defined by means of (17). For all p € H'+¥(Q), we consider
the seminorm

|p|3,h = Z /\T{||7H2L2(T) + hT||’Y'"TH%2(aT) + HVW||2L2(T)}a
TETh (18)

with v := Vp — GT(fh(p))7 n=p-— ?’Jrl(p)-

Notice that ||v|[z2(ry < [[VnllL2(r) owing to Lemma 2.2, but the two terms are kept for clarity.

: Y - (g
For a linear form ¢ € (Vio)', we set [|¢]|y, ) = supg, ¢y, ”l‘i’fﬁ}‘;i‘o

in (13). In what follows, we sometimes assume that an elliptic regularity pickup is available, i.e.,
there is s € (3, 1] and cey such that for all g € L?(9), the unique function ¢, € H} () such that
B((y) = g in Q satisfies [[(gl m+s (o) < cenldlgllL2(), where lg := diam(f2) is a global length
scale. For all p € H'™¥(Q) with B(p) € L?*(f), we consider the additional seminorm

with the norm ||-[|y, ~defined

v LR 0| B(p) — 5 (B()) |l L2 () (19)

with § :=0if &' > 1 and § := s if k¥’ = 0.

|Plss,n := |p

Lemma 2.3 (HHO solution map). There is C' such that for all h > 0 and all p € H**"(Q), we
have

16 (p) = In(®)ll;,, < C[plwn- (20)

Moreover, assuming that an elliptic reqularity pickup is available and B(p) € L*(S2), we have

17 (p) = T ()| L2y < C L5 *h°[plas - (21)

Proof. The proofs adapts arguments from [17, 16]. Let us set ¢, := Jn(p) — In(p) with &), :=
(e1,ex). We observe that for all g, € Vi,

bn(en,dn) = (B(p), ar)e — ba(In(p), dn) =t 0n(dn),

where the linear form §;, € (th)' represents the consistency error. A direct calculation, which is
classical in the analysis of HHO methods (see [17, 16]), shows that

On(an) = Z Ar(ynr, gor — ar)r2(om) — Sn(In(p), 1),
TeT

with + defined in (18) (notice that we used (v,Vqr)r2(ry = 0 since Vgr € VP¥ (T;R) C
P*(T;R?)). By invoking the Cauchy-Schwarz inequality and the bound (16) on the stabilization,
we infer that there is a constant cs such that for all A > 0,

19n 1l (57,0 < €sPlen-



Invoking the coercivity of by on Vig then yields aHéhH%}ho < dn(én) < cslplsnllénlly,,, which
proves the bound (20) on [|éx ]|y,

Let us now prove (21). Let ¢ € HE () be such that B({) = e7 in . Proceeding as in the proof
of [17, Thm. 10] or [16, Thm. 11] yields

ler |32 = (e, B(O) L2y = D AT{(V6T7VC)L2(T) + (ear — eTavC'nT)LQ(OT)}a
TETh

and since by (én, 1n(¢)) = (B(p), TI¥(€)) r2()—bn (In (), In(¢)) and (Vp, V) r2(r) = (B(p). C)12(0),
we infer that ||eT||%2(Q) =% + %y + T3 with

Ty = Z Ar(eor — er, €mr) 2 (o) — $n(én, In(C)),
TeTh

Ty == (Vp, VO 2000y — bu(Lu(p), In(C)),
Ty := —(B(p), ¢ — TH-(Q) 20

with & := V¢ — G (I,(¢)) and where we used that (Ver,&)p>(ry = 0. Using (15)-(16) and the
inequality from the elliptic regularity pickup, we infer that

%] < Cllenlly,, canley "hllerllLa(@) < C'Ip

wh Cenlsy *holleT L2 (q),

where the second bound follows from (20). Since Ty = (Vp—G(I1(p)), §)r2(ne) =sn(In(p), In(Q)),
we obtain
[T2| < Clplen canley *h°llerl L2 (-

Furthermore, we have T3 = —(B(p) — H’;-/(B(p)), ¢— H’;—l(g))Lz(Q), and since
¢ = T (Ollacy < C "R ez 2,

we infer that |T3| < C£h'=°| B(p) — H’%/(B(p))HLz(Q)é%{Shs||e7—HL2(Q). Finally, the bound (21)
follows by putting together the above three estimates. O

Lemma 2.4 (Approximation). Assume that p € H'TY(Q) with 1 € {1,...,k+1} (this additional
regularity assumption can be localized to the mesh cells). There is C' such that for all h > 0,

plen < Ch|plgr gy, (22)

and assuming additionally that B(p) € H'™*%(Q) with § :== s if k' =0 and & := 0 otherwise, we
have

Plesn < C R ([pl gy + 6o BD) gi-1+5(0) - (23)

Proof. The estimate (22) results from Lemma 2.3 combined with the approximation properties
of the L?-orthogonal and elliptic projections. To prove (23) we only need to bound the additional
term £h'%||B(p) — H’;l(B(p))HLZ(Q). If ¥ =0, then k = 0 and [ = 1, and since § = s and
|B(p) — O%(B(p))ll2(0) < Ch*|B(p)|ms(q), we obtain the expected estimate. If & > 1, then
d =0, and since ¥’ +1 > k > 1—1 > 0, we have h||B(p)—HkT/(B(p))HLz(Q) < Chh' = B(p)| -1 (e
yielding again the expected estimate. O

Remark 2.5 (Regularity assumption). If X is smooth (e.g., constant), then B(p) € H'=1(Q) if
p € H'TY(Q), so that the regularity assumption on B(p) follows from that on p whenever k' > 1.
For k' = 0 and full elliptic regularity pickup, the additional assumption is B(p) € H(Q).



3 Acoustic wave equation: second-order formulation

3.1 Model problem

Let J := (0,T%) be the time interval with 7t > 0. The second-order formulation in time of the
acoustic wave equation reads as follows:

1 1
Eattp - V- (pr) = f inJ x Q, (24)

where f [ ] is the source term, p [Pa] is the fluid pressure, k [Pa] is the fluid bulk modulus,

m

L
52
and p [k—%} is the fluid density. The PDE (24) is subjected to the initial conditions

p(0) = po, 0¢p(0) = vo in §, (25)
and, for simplicity, we consider the homogeneous Dirichlet condition
p=0 on J x I (26)

We assume that the coefficients x and p are piecewise constant on a partition of ) into a finite
collection of polyhedral subdomains, and that both coefficients take positive values. The speed

of sound is defined as ¢ := \/%. We assume that f € L2(J; L2(2)), po € HL(Q), and vy € HE ().

A reasonable functional setting to define the weak solution to (24)—(26) is p € L?(J; H}(Q)),
Op € L3(J; L*(Q)), and Oyp € L?(J; H-1(R)). Actually, our assumptions on the data imply
that the weak solution is smoother, i.e., p € C°(J; H}(Q))NC (J; L?(Q2)); see, e.g., [24, Chap. I1I,
Thm. 8.1&8.2]. Assuming that p € H?(J; L?(f2)), we have for a.e. t € J,

(Orep(t), @) 2 2.0) +b(0(1), ) = (F(1), Dr2(0),  Va € Hp(9), (27)

with the bilinear form b(p, ¢) := (Vp, Vq)2(1.q). Consistently with what was done in Section 2,
we now set B(p) := —V-(7Vp), so that the wave equation (24) reads -9up+ B(p) = f in J x Q.

3.2 HHO space semi-discretization
The space semi-discrete HHO scheme for the second-order wave equation consists of finding
Pn = (p1,pFr) € C?(J; Vo) such that for all t € J,

(OupT(t),a1) L2(10) + bR (P (D), Gn) = (F (1), a47)12(0), (28)

for all g, := (¢7,qr) € Vio, with b, defined in (12) with % in lieu of A\. The initial conditions
for (28) only concern py and are as follows:

pr(0) =T (po),  Bipr(0) = I (vg). (29)

The boundary condition is encoded in the fact that p,(t) € Vio for all ¢t € J. Notice that since
the space semi-discrete solution is smooth in time, (28) holds at the initial time which implies
that pr(0) € V£, is uniquely determined by the equations by, ((p7(0), px(0)), (0,¢7)) = 0 for all
qF € VE, with p7(0) specified in (29).



Remark 3.1 (Link to HDG). Inspired by the ideas from [11] to bridge HHO and HDG methods
for steady diffusion problems, the space semi-discrete HHO formulation (28) can be connected to
the space semi-discrete HDG formulation from [12] by identifying a suitable numerical fluz trace
that depends on the stabilization operator Spr and its adjoint (with respect to the L?(0T)-inner
product). In the equal-order case (k' = k), the numerical flux traces differ since the stabilization
operator acts collectively on T in the HHO setting (this allows for a rather transparent handling
of polyhedral meshes in the HHO error analysis), whereas it acts pointwise in the HDG setting.
In the mized-order case (k' = k + 1), one recovers the Lehrenfeld-Schoberl HDG stabilization
[22, 23]. Interestingly, the error analysis for HHO and HDG differ since the former relies on
L?-orthogonal projections, whereas the latter invokes a specific HDG-projection. This difference
is reflected in the initial conditions (29) which are simply defined by means of L?*-orthogonal
projections, in contrast, e.g., to [12, Equ. (2.6)] where the steady HDG solution map is invoked.

3.3 Error analysis

Let us start with the energy-error estimate. For all ¢ € J, we consider the seminorm |p(t)|. s
defined in (18) with

Y(t) := Vp(t) = Gr(In(p(t)),  n(t) :=p(t) — PE(p(t)). (30)

Since 9yy(t) := Vap(t) — Gr(Ir(d,p(t))) and dyn(t) = d,p(t) — Pit(Oep(t)), we can de-
fine |0,p(t)|«,r similarly by using 9y and 9;n instead of ~ and 7, respectively. We also set
Pl Lo (0,t5%,n) = SUPse(0,1) [P(8)|5,n and [Op|L1(0,t0,n) = fot |0¢p(8)|+,nds. For a function vy, €
C°(J; Vi), we set 1981l Los (0,4:000) = SUPse(0,0) 10n(8)lly;, for all ¢ € J. The following result
shows that the energy error converges as O(h**1) for smooth solutions.

Theorem 3.2 (Energy-error estimate). Let p solve (24) with the initial conditions (25), and let
Pn solve (28) with the initial conditions (29). Assume that p € C(J; HT(Q)) N C?(J; L*(Q))
with v > % There is C' such that for all h > 0 and allt € J,

107 = T (bl 1 0.2 s0) + 180 = D0l o 00501
< C(|p|L°°(0,t;*,h) + |atp|L1(O,t;*,h))- (31)
Moreover, we have
10epT = 9epll L= 0,6:22(250) + G T(Br) = VPl Lo (0,6:02(210))
< C(|p|L°°(0,t;*,h) + \3tp\Ll(o,t;*,h)> + [|0ip — Hl7€’,(6tp)HL°°(O,t;L2(%;Q))7 (32)
and if there is 1 € {1,... k + 1} so that p € C*(J; H*1(Q)), we have
10epT = Oepll L= (0,6:02(210)) + IGT(DR) = VPl L= (0,1:02(2,0)) < C I |plwroe (0 4,110y, (33)

where |ply .00 0,4 m0+1 () = [PlLoe0,611+1(0)) + 08Dl Loo (0,411 (02)) -

Proof. Step 1: Error equation. Let us set én(t) := pp(t) — In(p(t)) € Vio for all t € J. We



observe that for all g, € Vi and all t € J,
(Ouer(t).a7)12(2:0) + bu(én(t), 4n)
= (f(t),q7)12(2) — (BuIE (p(2)), aT) L2 (150) — bi(In(p(t)), Gn)
= (Qup(t) — 0uTIH (p(t)), ar)r2(1;0) + (B((t)), a1)L2(0) — bu(In(p(t)), n)
= (B(p(t)), a7) r2(0) — bun(In(p(t)), dn) =1 Sn(t; dn),
(

where we used that B(p(t)) € L?*(2) owing to our regularity assumption on f and dyup and
that attl_[’;—(p(t)) = H’%(@ttp(t)) (SO that (&gtp(t) — 8ttH§—(p(t)),qf[')L2(%;Q) = 0) The linear

form d,(t;-) € (Vho)/ represents the consistency error associated with the HHO space semi-
discretization. Recall from the proof of Lemma 2.3 that

On(t; Gn) = Z (y(t)-mr, gor = ar)r2(250m) — 51 (In(p(1)), 41),
TeT

with () defined in (30) and where we used ((t), Vgr) 22,7 = 0. We also introduce the linear
form dy(t; ) € (Vio)' such that
On(t; dn) = Y (Biy(t)mr, qor — qr)r2(150m) — su(1n(Dep(t)), Gn),
TeT
and we observe that the product rule for the time derivative implies that for all o, € C(J; Vi),

%5h(t Uh( )) = 5h(t; atﬁh(t)) + (;h(t; @h(t)) (34)

Step 2: Stability argument. Let us test the error equation with gy, := 0,5 (t) for all t € J. Since
the discrete bilinear form by, is symmetric and using (34) on the right-hand side leads to

Lm0y + gt(en(t),en(t) } = 000 en (1)) — dnt (1),

Integrating in time from 0 to ¢, observing that d;e7(0) = 0 owing to the initial conditions (we
also have er(0) = 0 but in general ex(0) # 0, see below), and using the coercivity and the
continuity of the discrete bilinear form by, (see Lemma 2.1), we infer that

S0 (221 0+ ol < s@lenO?,, — 61(0;e(0))

+ On(t; én(t)) — /0 bn(s;én(s))ds.

Using Young’s inequality for the second, third and fourth terms on the right-hand side as well
as Holder’s inequality for the fourth term implies that

1 2 1 ~ 2 S 12
§||ateT(t>||L2(%;Q) + iaHeh( )HVhU (|6h‘ 2 (0,t:(Vio)’ + ‘6h|L1(0,t;(Vho)’)>

+ galnl? + Cllen ()2,

22 (0,t;Vho)
Since the left-hand side, evaluated at any ¢’ € (0,t), is bounded by the right-hand side, we infer
that
O, 2 1 5112
L R WA,

2 <12 A 2
< C(|5h| > (0,t;(Vho)") + |5h|L1(07t§(Vho)’) T ”eh(o)HVho)'
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Step 3: Bound on consistency error and on initial error. Owing to the proof of Lemma 2.3, there
is ¢g such that for all A > 0,

180 (&5 M 00y < CslP@ens 100(E 50y < 5101P(E)] -

Moreover, since e1(0) = 0, the coercivity of the discrete bilinear form by, implies that a|é,(0) ||‘2/ <
hO

br((0,ex(0)), (0,ex(0))) with ex(0) = pr(0) — IT%(po). The semi-discrete equation (28) and the
linearity of b, with respect to its first argument imply that

b((0,p7(0)), (0, €(0))) = =bi((p7(0),0), (0, €£(0))) = —bu (15 (po), 0), (0, e(0))).

Hence, we have af|én(0)[, < —bn(In(po), (0,ex(0))), and since by (Ju(po), (0,ex(0))) = 0 by
definition of the HHO solution map, we infer that

allen (1%, < bu(Ja(po) — Fulpo). (0. ex(0)).

The continuity of by, together with the bound (20) applied to the function pg, which is in H**¥(Q)
by assumption, imply that [é,(0)[ly. < Cpol«n. Putting the above estimates together proves
the error bound (31). Furthermore, the estimate (32) follows from (31) after invoking the triangle
inequality and observing that

1GT(n) = VpllL2(1,0) < GT(Pn) — GT(fh(p))Hm(%;Q) + G (In(p)) - Vllp2(1,0)
< Clénlly,, + Iplen

owing to the upper bound from Lemma 2.1. Finally, the estimate (33) follows from (32) after
invoking the approximation property (22) (recalling that k&’ > k). O

We now establish an improved L2-error estimate. For all ¢ € J, we consider the seminorm
[D(t)] 4, defined in (19), as well as [Op(t)|«,», Which is defined similarly using 9y, Oy and O,p
instead of «, n and p (recall that v and 7 are defined in (30)). We also set [p|pe(0,t;5x,h) =
SUP,e(0,¢) [P(8)[sx,n and [0¢plL1(0,t0,0) = fg |0¢p($)|4,nds for all t € J. The following result
shows that the L°°(0,¢; L?)-error converges as O(h**+2) for smooth solutions and if full elliptic
regularity pickup is available.

Theorem 3.3 (L2-error estimate). Let p solve (24) with the initial conditions (25), and let py,
solve (28) with the initial conditions (29). Assume that p € C*(J; H*7(Q))NC?(J; L*(Q)) with
v > % Assume that there is an elliptic regularity pickup with index s € (%, 1]. There is C' such
that for all h >0 and allt € J,

lpr — H’% (p)”L‘X’(O,t;L?(%;Q)) < Cfgz_shs(|p|L°°(0,t;**,h) + \@p\Ll(o,t;**,h))- (35)

Moreover, if there is | € {1,...,k+ 1} so that p € CY(J; H*(RQ)), and assuming additionally
that B(p) € CY(J; H'=119(Q)) with 6 := 1 if ¥’ =0 and 6 := 0 otherwise, we have

lpr — 1% (Pl 2o 0,622(1:0)) < C Ly W (Iplwos 0,010+ () + EAIB(P) lwioo 0,0, 111-1+5(62)) ) -
(36)

Proof. Step 1: Error equation. We consider a different error decomposition than in Theorem 3.2,
i.e., we now set ép(t) := pp(t) — Ju(p(t)) for all t € J, where Jp, is the HHO solution map. We
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infer that

(Ouer(t),q7)r2(250) + ba(én(t), Gn)
= (f(1),a7)r2(2) — @7 (0(1), a7) L2(2.02) — b (Jn(p(1)); dn)
= (Oup(t) — OweJT(p(t)), a7) L2(1,0) + (B(p(1)), a7) L2(0) — b (Jn(p(t)), dn)
= (OulT5 (p(t)) — T (P(1)), 47) 12 (1:0) = (00B(t),q7) 12( 1.0
with 0(t) := TIE (p(t)) — J7(p(t)) for all t € J.

Step 2: Stability argument. Let x € J and let us set 2,(t) :== — f én(s)ds for all t € J, so that

Oi2n(t) = —ép(t). Testing the above error equation with qh = zh( t) for all t € J, integrating by
parts in time, and using the symmetry of the discrete bilinear form b, we infer that

jt{(ateT( t), 2 (t))L2(%;Q) + %“67@)”%2(%;9) — %bh(éh(t),ﬁ’h(t))}
- %(8t9(t),zfr(t))m(%;m +(00(t), e7(H) 12(2 2)-

Integrating this identity in time from 0 to x and since Z;,(x) = 0, we infer that

1 1 R R 1
ST OO a2+ 50n(n(0),20(0)) = Sller(0) 2 )

— (0:(0(0) — e7(0)), ZT(O))LZ(%;Q) + /Ox(até)(s), 67'(5))L2(%;Q)d8'

Since 0(0) — er(0) = 1% (p(0)) — pr(0) = 0, 8,(0(0) — e7(0)) = 5 (9;p(0)) — Ip7(0) = 0, and
bn(21(0), 2,(0)) > 0, we obtain

1 1 X
5”67-()()”%2(%;9) < 5”9(0”@2(%;9) “‘/0 (ato(s)veT(S))LQ(%;Q)d&
Reasoning as in Step 2 of the proof of Theorem 3.2 and writing ¢ in lieu of x, this implies that

< 11600 )HLz(l o) T 10:017: (0,6:L2(£50))

N | —

2
alleTlie o.6222:0))
Since py — H’;l (p) = er — 0, invoking the triangle inequality we conclude that
lp7 — Hl;’(p)HLw(O,t;L?(%;Q)) < C(HQHL“(O,t;L?(%;Q)) + HatenLl(O,t;L?(%;Q)))"

Step 3: Bound on consistency error. Since 06 = H’%/(Btp) — J7(0sp), we can invoke (21) to infer
that (35) holds true. Finally, (36) follows from (35) and (23). O

4 Acoustic wave equation: first-order formulation

4.1 Model problem

A classical reformulation of the second-order PDE (24) is obtained by introducing two auxiliary

variables, the scalar velocity v := Oyp [Pﬂ and the dual variable o := %Vp L%} This leads to

12



the following coupled PDEs:

poo — Vv =0
1 in J x Q, (37)
—0w—V-o=f
K
together with the initial conditions:
1
v(0) = v, o(0) = ;Vpo in Q, (38)
and the boundary condition
v=0 on J x I (39)

The functional setting from Section 3.1 implies that (v, o) € C°(J; L2(2) x L?(Q2)). Assuming
that v € H'(J;L*(Q)) N L3(J; H}(Q)) and o € H'(J; L?(2)) (other functional settings are
possible for the mixed formulation), we obtain

(0ro (1), T)LZ(p;Q) — (Vo(t), T)LZ(Q) =0, (40)
(Qo(t), w) 21,0y + (0(t), Vw)L2() = (f(), w)r2(0)

for all (7,w) € L?(Q) x H}(Q) and a.e. t € J.

4.2 HHO space semi-discretization

In the space semi-discrete HHO scheme for the first-order wave equation, one approximates v by
a hybrid unknown 9, € C'(J; Vi) and o by a cellwise unknown o7 € C'(.J; W) (recall that
Wr =X, T P*(T;R?)). The space semi-discrete problem reads as follows: For all t € J,

(Oeo1(t), 1) L2(ps0) — (G7(0n(t)), 1) L2(02) = 0, (41)
Qo7 (t), wr) L2250y + (07(1), GT(Wn))L2(0) + SK(0n(t), Wn) = (f (1), wT)L2(02),
for all (77, 1) € Wy x Vo, with
5 (On, 0p) 1= Z Tor (Sor(V7), Sor (Wr)) L2(0T) 5 (42)

TeTh

recalling that Sar is defined by either (7) in the equal-order case (k' = k) or (8) in the mixed-
order case (k' = k+1). Moreover, 7ot > 0 is a stabilization parameter which will be taken equal

to Tor = < to — L Lo g that Sy, = %ﬂsh (recall that £g := diam(QQ) is a global length scale

K hr pc hr
associated with the spatial domain 2). The initial conditions for (41) only concern o and vy

and are as follows: )
or(0) = ;GT(Ih(pO))» v7(0) = I (v). (43)

The boundary condition on v is encoded in the fact that 0, (t) € Vo for all ¢ € .

Remark 4.1 (Comparison). We observe that the space semi-discrete problems (28) and (41)
are not equivalent. Indeed, assume that the pair (o1,0y) solves (41) and let us set 7p(t) :=
In(po) + fg on(s)ds. Then 7, satisfies the initial conditions (29) and we have 4 (t) € Vio for
all t € J, so that the only remaining issue is whether 7y, verifies (28). This turns out not
to be the case. Indeed, the first equation in (41) implies that pdior(t) = Gr(0n(t)) for all
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t e J. Since por(0) = Gr(IL(po)), we infer that por(t) = Gr(In(po)) + fg Gr(tp(s))ds =
G (In(po) + fot op(s)ds) = Gy (7(t)). The second equation in (41) then implies that for all
t e J and all @y, € Vi,

(Ourr (), wr) L2 (1i0) + (GT(Pn), GT(Wn)) L2 (10) + 8n(0ifn(t), ©n) = (f(£), wr)L2),  (44)

which differs from (28) in the first arqgument of the stabilization term.

Remark 4.2 (Link to HDG). Similarly to Remark 3.1, the space semi-discrete HDG formulation
from [26] can be connected to (41) by identifying a suitable numerical fluz trace that depends
on the stabilization operator Sgr and its adjoint. Notice however that the weighting of the
stabilization bilinear form differs, since we take here Top = O(hy'), whereas Tor = O(1) in [26].
We notice that the second choice is more interesting if an explicit time-stepping scheme is used
owing to the improved CFL condition. However, the numerical experiments reported in [6] for
the acoustic wave equation indicate that the first choice leads to a superconvergent L?-estimate
with a simple post-processing. The question of using a more sophisticated post-processing for the
second choice is left to future work.

4.3 Error analysis

To simplify the tracking of some parameters, we hide the nondimensional factor % in the generic
constants used in the error analysis. This means that we are assuming that the simulation time
is not excessively long with respect to the characteristic time needed by a wave to cross the
domain. For a pair (7,w) € H"(Q) x H}(Q), v > 3, we define the seminorm

((m )25 = Y {18172y + hrll@nrlEeor) + IVl T2y } (45)
TETh

with = 7 — Hﬁr(T) and n 1= w — P?H(w). Moreover, for a pair (7,w) € C(J; H”() x
Hi()), we write |(T,w)|Loo(0,60,n) = 8UDse(o,) [(T(5),w(s))|xn and [(0e7, 9pw)| L1 (0,t0,n) =
fot [(Dv7(3), Oyw(s)) |« nds.

Theorem 4.3 (Energy-error estimate). Let (o, v) solve (40) with the initial conditions (38) and
let (o7,0p) solve (41) with the initial conditions (43). Assume that (o,v) € C'(J; HY(Q) x
H}(Q)), v > 1. There is C such that for allh >0 and all t € J,

lor =TV (0) | oo (0,022 2302y + o7 = TIH(0) | oo 0,0:22 (302
§ C(|(Uav)|L‘x’(O,t;*,h) + |(ataaatv)|L1(0,t;*,h))' (46)
Moreover, we have
v — U”LOO(O,t:LQ(%;Q)) + loT — ollLe~ 0,402 ()
< C(I(,0) 1 0,t50,m) + (907, 800) | L1(0,130m)) + 10 = 7 (0) || e 0,022 2362)) - (47)

and if thereis| € {1,...,k+1} so that (o,v) € C*(J; H (Q)x HTH(Q)), letting pos = ||pll L= (02):
we have

lor — UHLN(O,t:L?(%;Q)) +lloT — ol 0,602(00))

< C W (poolo|wrcs (0,601 () + [Vlwrs 0,pm+1(0))),  (48)

14



Proof. Step 1: Error equation. Let us set n7(t) := o7 (t)—II%(o(t)) and é,(t) := 05 (t) —In(v(t))
for all £ € J. We observe that for all 7+ € Wy and all t € J, we have

Om1 (), T7)L2(ps00) — (Gr(€n(t)), TT)L2(0) = 0,
since G, (In(v(t))) = Ik (Vo) = % (8y0 (t)) = 0,115 (o (t)). This implies that
pomT(t) = Gu(én(t)),  VteJ (49)
Moreover, we have for all W), € Vio and all t € J ,
(Orer (1) wr) 2150 +( 7(t), Gr(wn))L2(0) + Sn(€n(t), Wn)
(L0(t) = V-o(t), wr) p20) — (G5 (u(t), wr) 22 )
— (5 (o (1)), Gh(wh))L2(n) — 8n(In(v(t)), in)

— (V-o(t), wr) 2 () — (Ii(o (1), Gr(n)) L20) — $n(In(v(t)), in)
> (Or(t) e, wor — wr) 2 (o) — Sn(In(0(t)), ),

TeTh

with 07 (t) := o(t) —II%(o(t)) for all t € J, and where we used that (67(t), Vwr) 27y = 0. Let
n(t;+) € (Vi) denote the linear form defined by the above right-hand side. Let &, (¢;-) € (Vio)'
be the linear form defined similarly by using 0,0(¢) and 0.v(¢).

Step 2: Stability argument. Testing the above error equation with wy, := éx(¢) for all t € J,
using (49) and the product rule for the time derivative on the right-hand side, and recalling that
S = %sh, we infer that

d 2 1 2 KQ ~ ~ d ~ G A~
S Ner O sy + 51Oy b+ “Lon(en(e), en(0) = 5605 70(6)) - St (1),
with 7, (¢ fo ér(s)ds. Integrating in time from 0 to ¢ and since e7(0) = 0, n+(0) = 0, and

71(0) = O we obtain

1 1 o [P R
Sler(Olas o)+ IO + 2 [ snents).en()ds
< 100 Mty 17O 53 + 180151 0 00300 178 e st

where we used Holder’s inequality in time on the right-hand side. Since 17 (0) = 0, the iden-
tity (49) implies that

1 N
nr(t) = ;Gh(rh(t))a vt e J.
Lemma 2.1 implies that v/al[74(t)|lg, < 07 ()l|lL2(p0) + |74 (f)]s, and we have

(O = 3 ron s | téT(s)ds)

TeThH

<3 rort / ISor(@x () Exoryds < Tr [ (éns).én(o)ds

TETh

2 2

= > Tor
L2(0T)  TeT,,

/ Sor(ér(s))ds
0

L2(9T)
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(Recall that t < Tt since J := (0,7¢).) This implies that

1 1 1o [ . .
5”“’@)“%2(%;9) + Z”nT(t)H%?(p;Q) + 5?/0 sh(€n(s), én(s))ds
2 C ~
< Cfjonll oo (0,:(Vno)) T H(sh||L1(0,t;(\7h0)’)HT}IHL"O(O,t;Vho)'

(Here, we hide the nondimensional factor %f in the generic constant C'.) Since the left-hand side
evaluated at any ¢’ € (0,t) is bounded by the right-hand side, we infer that

1 1 Lo (Y
§H€T||2L°°(O,t:L2(%;Q)) + Z”T’THQL‘X’(O,t;LZ(p;Q)) + 5?/0 sh(€n(s), én(s))ds

2 ¢ ~
< Cllonll > (0,t;(Vho)’) + Héh”Ll(OJ%(VhO)’)HthL"O(O,t;Vho)'

. . t .
Reasoning as above leads to aHth2oo(0,t;Vh0) < ||777'||2L°°(0,t;L2(p;Q)) +t [y sn(én(s), én(s))ds, and
invoking Young’s inequality for the last term on the right-hand side leads to

1 2 1 2 2 NP
§||eT||Lco(07t;L2(%;Q)) + g“n7'||L°°(0,t;L2(p;Q)) < O(Hé}L”LOO(O,t;(VhO)’) + ||5}L||L1(O,t;(Vho)’))'

Step 8: Bound on consistency error. Since we have
10855 M gy < CUEEOE ks 10 (E N 7,0y < ClOT ), F0(E)) ]

the error estimate (46) follows from the above bound. Furthermore, (47) follows from (46) and the
triangle inequality. Finally, the estimate (48) follows from (47) after invoking the approximation
property (22). O

Remark 4.4 (L*-estimate). The derivation of an L*-error estimate is left to future work. Fol-
lowing the links between the HHO and HDG formulations outlined in Remark 4.2, we believe
that the technique of proof devised in [14] for HDG and using a specific HDG-projection to build
the error decomposition can be adapted to the HHO setting. This is indeed confirmed by the
convergence rates reported in our numerical experiments on smooth solutions in Section 6.1 with
the tighter penalty parameter Tor = O(hg') (recall that Tor = O(1) in the HDG setting), but
remains to be proved theoretically.

5 Elastic wave equation

In this section, we extend the results of the previous sections to the elastic wave equation.

5.1 Second-order formulation
5.1.1 Model problem
The second-order formulation in time of the elastic wave equation is as follows:
ponu + V-o(e(u)) = f in J xQ, (50)

a

where p 3} is the material density, f [%] is the source term, u [m] is the displacement field,

[Lg
n
and o(e(u)) [Pa] is the Cauchy stress tensor, which in the framework of linear isotropic elasticity
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depends on the displacement field by means of the linearized strain tensor €(u) := 3 (Vu+VuT)

as follows: ?

o(e(u)) = Ae(u) := 2ue(u) + AM(V-u)l, (51)
where A is the fourth-order stiffness tensor, p and A are the Lamé parameters [Pa] and I is
the identity tensor. Notice that o(€(u)) and e(u) take values in R‘Siyxnﬁi (the space composed of
symmetric tensors of order d). The PDE (50) is subjected to the initial conditions ©(0) = uy and
Ou(0) = vp in Q, and for simplicity we consider the homogeneous Dirichlet condition u = 0 on
J xT'. We assume that the coefficients p, p, and \ are piecewise constant on a partition of €2 into
a finite collection of polyhedral subdomains, and that p, u take positive values and A nonnegative

values. The speed of P-waves is cp := )‘Lpz“, and the speed of S-waves is cg 1= \/g . We assume
that f € L?(J; L%*(Q)), up € H}(Q), and vg € HE (), and as for the acoustic wave equation,

the weak solution can be shown to satisfy w € C°(J; H3(Q2)) N C1(J; L%(Q)). Assuming that
u € H%(J; L*(Q)), we have for a.e. t € J,

(8ttu(t)a U)L2(p;Q) + a(u(t),'u) = (.f(t)7 U)LQ(Q)v Vv € H&(Q)’ (52)

with the bilinear form
a(u,v) = (e(u), €(v))L2(a0) = (€(u), €(v))L22p0) + (V-u, V-v) 12(70)- (53)

5.1.2 HHO space semi-discretization and error estimates

Let us focus first on the second-order formulation in time. There are two main differences with
respect to the HHO space semi-discretization for the acoustic wave equation. First, the discrete
unknowns attached to the mesh cells and to the mesh faces are vector-valued. Second the
polynomial degree used for the face unknowns is such that k > 1, since a local Korn inequality
has to be satisfied (see [16]). For the cell unknowns, we consider as before either the equal-
order case (k' = k) or the mized-order case (k' = k4 1). Let us set Vj, := V7’f/ x VE with
VT/ = Xrer, P (T;R?) and VE = Xrez, P¥(F;RY). A generic element in V;, is denoted oy, :=
(vr,vx), and we write vy (resp., vp) for the component of ¥y, attached to a generic mesh cell
T € Ty, (resp., face F' € Fp,). Let vy, € Vh and let T' € Tj,. The local components of v, attached to
the cell T and its faces F' € Fyr are denoted 0p := (vr, var := (Vp)Fery,) € Vip = lefl X Va"i‘p
with V' := P¥(T;R?) and Vi, := X reFor P*(F;RY). The homogeneous Dirichlet condition is
enforced by considering the subspace Vi = V7’3/ X V}’f0 ={v, € Vi | vp =0 VF € .7:;?}.

The HHO discretization is assembled by summing the contributions of all the mesh cells,
and in each mesh cell the method is based on a strain reconstruction from the cell and the
face unknowns and a stabilization operator connecting the trace of the cell unknowns to the
face unknowns. The strain reconstruction operator Ep : Vp — P (T; R94%4) is such that for all

Sym
vy € Vr and all q € ]P)k(T; Rg;n?),

(Er(dr),q)L2(1) = —(vr, V-@)L2(7) + (Var, @-11) L2 (07) s (54)

so that Ep(0r) can be evaluated componentwise by inverting the mass matrix associated with
a chosen basis of the scalar-valued polynomial space P*(T;R). We can also consider the dis-

placement reconstruction operator Ry : VT — ]P’k“(T;Rd) such that for all v € VT and all
q € PMTHT;RY),

(e(Rr (7)), €(q)) L2(1) = —(vr, V-€(q))L2(7) + (vor, €(q) nr)L2(07), (55)
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and we fix the rigid-body motions by prescribing the conditions [, Ry (vr) = [, vy and [.(VRy(o7)—
VRyr(ir)T) = fBT voT @ Ny — Ny ® vor. Notice that Rr(dr) can be evaluated by invert-

ing the stiffness matrix associated with a chosen basis of the scalar-valued polynomial space
P*+1(T;RY) /Ny, where Ny is composed of the rigid-body motions (this coincides with the
lowest-order Nédélec finite element space). To define the stabilization operator, let us set

0o7 (V1) 1= Vo7 — vor for all vr € V. Then, in the equal-order case (k' = k), we define

Sor(or) i= Wy (8or (6r) + (I — ) Rr (0, 851(57)) 1 ). (56)
and in the mixed-order case (k' = k + 1), we define
Sor(or) == Uy (o7 (o7)). (57)

The displacement reconstruction operator Ry is not needed in the mixed-order case, and in the
equal-order case it is only used to evaluate the local stabilization operator. Alternatively, as in
the original HHO method from [16], one can consider e(Rr) as the strain reconstruction operator
instead of Er, but the divergence has to be reconstructed independently by inverting the mass
matrix in P*(T;R).

We define the global discrete bilinear form aj : Vh X Vh — R such that ap (0, wy) =
ZTeTh ap (U, wr) with the local discrete bilinear form ar : Vi x Vi — R such that

ar(vr, wr) = (Er(or), Er(Wr))2a;r) + Tor (Sor (01), Sor(Wr)) L2(07), (58)
with the weight 79 = 2uTh;1 and pr := pp. Notice that we have
(Er(07), Er(Wwr))L2(a;m) = (ET(07), E7(Wr))L2(2057) + (D1 (07), DT (WT)) L2071y (59)

with the divergence reconstruction operator Dy : Vi — P*(T;R) such that Dr(o7) := tr(E7(d7))

for all o7 € V. The global strain reconstruction operator Et : Vi, — Wy 1= Xrer, P (T; REX D)
is such that (ET(ﬁh))lT = Ep(07) for all T € T, and all 0, € Vh, and the global stabilization

bilinear form s, on V}, % Vh is such that Sh(’f)h,’ﬁ}h) = ETGT}, T3T<SaT(ﬁT),S@T(’Li)T))Lz(gT).

Let us set |9y,|% := sp(0n,0p). A direct verification readily shows that the map [, Vi, - R
such that

onl2, = > (le@n)}2opry + Torllvor — vrl3aor),  Yon€ Vi, (60)
TETh

defines a norm on Vi (and a seminorm on Vh), and we have the following important stability
result (here we use k > 1 and Korn’s inequality, see [16]): There are 0 < o < w < oo such that
for all v, € Vj0 and all A > 0,

allonll?, < IBr(on) 32 aue) + 00l < @ o013, - (61)

The space semi-discrete HHO scheme for the elastic wave equation in its second-order formu-
lation consists of finding @, := (w7, ur) € C?(J; Vi) such that for all t € J,

(attuT(t)v 'UT)Lz(p;Q) + ap, (ﬁ’h (t)v ﬁh) = (f(t)7 'UT)LZ(Q)a (62)
for all vy, := (vy,vF) € Vio. The initial conditions for (62), which only concern wr, are

ur(0) =105 (uo), e (0) =I5 (w). (63)
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The boundary condition is encoded in the fact that @, (t) € Vho for all t € J. As for the acoustic
wave equation, ux(0) € V£, is uniquely determined by the equations ap, ((w7(0), ux(0)), (0,v5)) =
0 for all vy € VE, with us(0) specified in (63).

Theorems 3.2 and 3.3 can be readily extended to the elastic wave equation (62). Assuming
k> 1and uw € C'(J; H'*(Q)) N C%(J; L*(2)) with v > 1, one can derive H'-error estimates
similar to (31), (32), and (33) (if additionally w € C*(J; H*1(Q)) with [ € {1,...,k+1}). In
particular, O(h**1) error estimates are obtained in the H!-norm for smooth solutions. Moreover,
assuming that there is an elliptic regularity pickup with index s € (%7 1], one can derive L?-error
estimates similar to (35) and (36) (if additionally w € C*(J; H'TY(Q)) with [ € {1,...,k+1} and
V-o(u) € CH(J; H=1%(Q)) with 6 := s if ¥’ = 0 and § := 0 otherwise). In particular, O(h¥+2)
error estimates are obtained in the L2-norm for smooth solutions under full elliptic regularity
pickup.

5.1.3 Algebraic realization and time discretization

Let N¥ := dim(VF') and N% := dim(VE,). Let (Ur(t),Ux(t)) € RVY XN} be the component
vectors of the space semi-discrete solution @y, (t) := (ur(t), ur(t)) € Vi once bases {‘Pi}1<z‘<N¥

and {%;};<;< NE for V7’3l and V}-ko7 respectively, have been chosen. Assuming (for simplicity)

f € C°(J; L3(Q)), let Fr(t) € RNF have components given by F;(t) := (f(t),®i)r2(q) for all
teJandall<i< Néﬂ—'. The algebraic realization of (62) is as follows: For all t € J,

il i el v R K o

with the mass matrix M77 associated with the inner product in L%(p; ) and the cell basis
functions, and the symmetric positive-definite stiffness matrix with blocks Ky, Krz, Krr,
K£r, associated with the bilinear form aj, and the cell and face basis functions. The bullet stands
for 9;:Uz(t) which is irrelevant owing to the structure of the mass matrix. The matrices My
and K77 are block-diagonal, but this is not the case for the matrix Kz# since the components
attached to faces belonging to the same cell are coupled together.

Let (t")o<n<n be the discrete time nodes with t9 := 0 and tV := T;. We consider a fixed
time step At := % A classical time discretization of (62) relies on the Newmark scheme
with parameters 8 and «y. This scheme is second-order accurate in time, implicit if 8 > 0,
unconditionally stable if 1 < 4 < 23 (the classical choice is ¥ = 3 and 8 = 1) and condi-
tionally stable if % < v and 28 < 7. In the present setting, the Newmark scheme considers
an approximation for the displacement, the velocity, and the acceleration at each time node,

which are all hybrid unknowns, say ay,v;,a; € Vio. The scheme is initialized by setting
4l = I, (up), 0 := Iy (vo), and the initial acceleration a9 := (a%,a%) € Vi is defined by solv-
ing (a%, q7)L2(p00) +an (4}, (g7,0)) = (£(0), g7)L2(0) for all g7 € VI, and ay(af, (0,q7)) =0
for all gz € VE,. Then, given 47,7, a} from the previous time-step or the initial condition,
the HHO-Newmark scheme performs the following three steps: For all n € {0,..., N — 1},

1. Predictor step: Set

a;" =y + Ato) + A (1 - 2B)ay, (65)
2. Linear solve to find the acceleration @' € Vi such that for all g, € Vi,
(@5, a7) L2 () + BAEan(@; ™, gn) = (F(E"), @72 () — an(@y",dn).  (66)
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3. Corrector step: Set

An+1 o ﬁ*n 4 At?AnJrl
{ i B -

13;:“ =" 4 vAtA”H.

The algebraic realization of the predictor and corrector steps is straightforward, and that of the
second step amounts to finding (A%, A1) € RN7 *NF guch that

Mrr 0 2 |:K7’T KTfD [Anﬂ} [B"H]
+ BAt Tl =127, 68
(|: 0 0:| B K}'T K]:}- A]__+1 B}_Jrl ( )
with BX! := FIH — (KrrUse 4+ KrrUst), B i= —(KrrUs® + KrzU%e), and (U2, Us)

are the components of the predicted displacement u;". Notice that static condensation can
be applied to (68): since the matrix M7 + BAt?Kyr is block-diagonal, the cell unknown
A”Jrl € VT/ can be eliminated locally, leading to a global transmission problem coupling only
the face unknown A"Jr1 e Vk,.

An important property of the HHO-Newmark scheme is energy balance. For alln € {0,..., N},
we define the discrete energy

A T n
B i 510y + S ET (@) ey + 5 0813 + 0021022 0 (69)

with § := 1 (2577), i.e., d = 0 for the standard choice 3 = 1,y = 1. Notice that ||ET(II)’;LL)||%2(A;Q) =
Er(a})|5- +|[Dr(@)||22, 5.0y A straightforward extension of [6, Lemma 3.3] shows that
h L (21;Q) h/ L2 (X\;0)

E™ satisfies the discrete energy balance property
=E'+ Z FE™) + FO) wptt —up) o), (70)
so that E™ is exactly conserved in the absence of external forcing.

5.2 First-order formulation

5.2.1 Model problem

The first-order formulation of the elastic wave equation is obtained by introducing the velocity
v := Oyu [2] and the stress tensor s := o(e(u)) [Pa] as independent unknowns. Taking the
time derivative of (51) leads to the following coupled PDEs:

{Alats —€(v)=0

in J x Q, 71
pov —V-s=f e (71)

with A=t = ﬁ(t - ﬁ tr(¢)I), together with the initial conditions:

s(0) = Ae(ug), v(0) =g in €, (72)

and the boundary condition v = 0 on J x I'. Assuming that v € H*(J; L2(2)) N L3(J; H} (2))
and s € H'(J; L?(; RZX4)), we obtain

{(at8<t), t)L2(A*1;Q) — (6(1)<t)),t)L2(52) O
(Opv(t), w)12(pi0) + (8(1), €(w))L2() = (F(), w)L2(0),

for all (t,w) € L?(Q;RLX9) x H} () and a.e. t € J.

Sym

(73)
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5.2.2 HHO space semi-discretization and error estimates

Using the setting introduced in Section 5.1.2, one approximates s by a cellwise unknown sy €
C'(J; W) and v by a hybrid unknown @), € C*(J; Vi). The space semi-discrete problem reads
as follows: For all ¢t € J,

{(atST(t)atT)LQ(Al;Q) — (E7(0n(1)), t7)L2(02) = 0,

) - (74)
(Orvr(t), wr)L2(ps0) + ($T(1), B (Wn))L2(0) + 8$n(0a(t), wn) = (F(1), wr)r2(0),

for all (tT, ’Ibh) € Wr x VhO, with gh(f’h, ’li)h) = ZTETh %aT(S{)T(f’T); SBT('lDT))LZ(aT)a and the

stabilization parameter 7o > 0 is taken equal to Tor := pcsf%;. The initial conditions for (74)

are s7(0) = AET(I,(ug)) and v (0) = H’;i('vo), whereas the boundary condition is encoded in

the fact that oy, (t) € Vi for all t € J.

Theorem 4.3 can be readily extended to the elastic wave equation (74). Assuming k > 1 and
(s,v) € C(J; H*(Q) x H}(Q)) with v > 1, one can derive H'-error estimates similar to (46),
(47), and (48) (if additionally (s,v) € C*(J; HY(Q) x H*(Q)) with [ € {1,...,k+1}). In
particular, O(h**1) error estimates are obtained in the H'-norm for smooth solutions.

Remark 5.1 (Link to HDG). The same links as in Remark 4.2 can be highlighted between the
HHO discretization (74) and the HDG discretization of the elastic wave equation devised in [26].
Therein, a three-field formulation is adopted where the trace of the stress tensor is handled as an
independent variable. Moreover, following Remark 4.4, we believe that an L?-error estimate can
also be derived for (74), but we leave this question to future work.

5.2.3 Algebraic realization and time discretization

Let Mk := dim(W7) and {Ck}lékSMﬁr be the chosen basis for W. It is natural to build this
dxd
sym

My = dw;”N%. Let ZT(t)AG RM7 and (V7 (t),V£(t)) € RN¥ *N% be the component vectors

of s7(t) € W and 9,(t) € Vi, respectively. Let M7 be the mass matrix associated with the
inner product in L2(A~1; Q) and the basis functions {Ck}1§k§M§.7 and recall that My is the

basis as tensor-products of a basis vector in R%*¢ and a scalar-valued basis function of V7’3, so that

mass matrix associated with the inner product in L?(p; Q) and the basis functions {‘Pi}1§z‘§N1;"
Let S+, S77, S#7, Srx be the four blocks composing the matrix representing the stabilization
bilinear form 3, i.e., S5 := 5n((¥;,0), (¥:,0)), ST£,i; = 5,((0,%;), (¥i,0)), and so on. Let
Er € RM7 xN¥ and Ex € RM7*N7 be the (rectangular) matrices representing the strain re-
construction operator E7, i.e., E7 xi = (Cr, E7(i,0))12() and Ex i := (Ck, E7(0,v;))L2(0)-
The algebraic realization of (74) is as follows: For all ¢t € J,

MZ- 0 0] [8:.Z7(t) 0 —BEr —Er] [Z7(t) 0
0 Mrr 0| |&Vr(t)| + |[E Srr Srr| |Vr@®)| = [Frt)], (75)
0 0 0 (] E}_— Srr Srr V}'(t) 0

where the bullet stands for 0;V #(¢) which is irrelevant owing to the structure of the mass matrix.
Notice that the third equation in (75) implies that SzrrVx(t) = —(ETFZT(t) + SxrVr(t)), and
that the submatrix Szx is symmetric positive-definite. This submatrix is additionally block-
diagonal in the mixed-order case (k' = k + 1), but this property is lost in the equal-order case
(k' = k); see [6] for further discussion.

The space semi-discrete problem (74) can be discretized in time by means of a Runge—
Kutta (RK) time-stepping scheme. RK schemes are defined by a set of coefficients, {a;;}1<i j<s,
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{bi}1<i<s, {€¢i}1<i<s, where s > 1 is the number of stages. We consider diagonally implicit RK
schemes (DIRK) where the matrix {a;; }1<i j<s is lower-triangular. Explicit RK schemes (ERK)
can also be considered, and we refer the reader to [6] for more details on their use in the context of
HHO methods. For simplicity, we only consider the algebraic realization of HHO-DIRK schemes.

For all n € {1,...,N}, given (Z%~ ', V2~ ") from the previous time-step or the initial condition
and letting F;LfHCj = Fr(th—1 + ¢;At) for all 1 < j <'s, one proceeds as follows:

1. Solve sequentially for all 1 <i < s,

Mz 0 0] [Z} MZ- 0 0] [z!
M7+ 0 V7,7L_’i = 0 My 0 V?—_l
0 0 0 ° 0 0 0 °
i 0 0 —Er —EF] [Z/
+Atzaij F?jprcj — EJ%— ST+ Str V;L—’j . (76)
Jj=1 0 E;— S]:T S]:]: V?_—’J

This is a linear system for the triple (Z"T’i,VZ—’i,V;?i) (which appears on both the left-
and right-hand sides), where the upper 2 x 2 submatrix associated with the cell unknowns
(Z7",V}") is block-diagonal (this is the case for MF-, My, E7, and S77). Hence, static
condensation can be performed in (76) leading to a global transmission problem coupling
only the components of V2" (which are attached to the mesh faces).

2. Finally set

My 0 ][Z3] _ My O ][Z7!
0 Myr] V7 0 Mgr| [V
z07

> 0 0 —-Ef —Er ,
At E b; nelde; | — s .
+ s j [FT 1+ _7} [Eg‘ St Srr VZ,J‘ (77)
Jj= Vy

6 Numerical results

In this section, we perform some numerical experiments to illustrate the error analysis. We
consider HHO-Newmark and HHO-DIRK schemes for the elastic wave equation. The imple-
mentation of HHO methods is discussed in [10] and an open-source software is available (see
https://github.com/wareHHOuse/diskpp). For the Newmark scheme, we consider the usual
parameters S = i and v = % (leading to a second-order, implicit, unconditionally stable scheme
with exact conservation of a discrete energy). For RK schemes, we consider singly-diagonally
implicit schemes with s stages and order (s + 1) with s € {1,2,3} (in short, SDIRK(s, s + 1)).
The Butcher tableaux are

1 101 1 0 0
11 3t |2t s 0 T 1.7 0
2|2 L1 1y 2 |27 7
1 2 2% 17 2 -] 29 1-4y ~
I 2 |5 1-25 ¢
with'y::%fors:2,and*y::%cos(%)—&—;é::mfors:3.



6.1 Verification of convergence rates

We set Q := (0,1) x (0,1), Tt :== 1, p := 1, vg := 1, and vp := /3. The source term f,
the (non)homogeneous Dirichlet boundary conditions, and the initial conditions uy and v, are
defined according to following three choices for the analytic solution:

1. Quadratic in time, so that the spatial error is the only error component:
u(z,y) = t*(—sin(mz) cos(my), cos(rx) sin(my)) ™. (78)
2. Quadratic in space, so that the temporal error is the only error component:
w(z,y) = sin(v2rt)z(1 — 2)y(1 —y)(1,1)7T. (79)
3. Non-polynomial in space and in time:
w(z,y) = sin(v/2rt)(— sin(wz) cos(ry), cos(rz) sin(my)) T . (80)

Uniformly refined sequences of quadrangular meshes are considered with size h = 27!, [ €
{1,...,6}, and the time step size is set to At = 0.1 x27¢, 1 € {0,...,10}. The polynomial degree
is k € {1,2,3}. We report the L? and H!-errors on the displacement at the final time.

Figure 1 is obtained by considering the HHO-Newmark scheme in the equal-order case for the
analytical solutions (78) (top row, left panel), (79) (top row, right panel), and (80) (bottom row,
both panels). The convergence rates in space match the predictions of Theorems 3.2 and 3.3,
whereas the convergence rates in time match the one of the Newmark scheme. As expected, the
energy Em is exactly conserved, and this is no longer the case if the value of the parameters
(B,7) is slightly perturbed around the nominal value (, 5) (while still setting & := 0 in (69)).

Figure 2 is obtained by considering the HHO-SDIRK(s, s + 1) scheme in the equal-order case
for the analytical solutions (78) (top row, left panel, s = 2) and (79) (top row, right panel,
s € {1,2,3}). The convergence rates in space match the predictions of Theorem 4.3 for the H!-
error, and the convergence rates for the L?-error are one order higher as expected. Moreover,
the convergence rates in time match the ones of the SDIRK(s, s + 1) scheme. As shown in the
bottom row of Figure 2, the energy E™ is not exactly conserved (recall that there is no such
property for DIRK schemes, and that the stabilization anyway acts as a dissipative term in the
energy balance, as further discussed in [6]). However, the energy loss is significantly reduced if
the polynomial order is increased.

6.2 Elastic wave propagation in heterogeneous media

The second test case deals with the propagation of an elastic wave in a two-dimensional heteroge-
neous domain € such that Q = Q; UQy with Q1 := (=2, 3) x (=3,0) and Qp := (=2, 3) x (0, 2).

2032 T 2032 ’2
The material properties are p; 1= 1, cg1 1= 1, cp;1 1= V3 in Q and py = 1, cs2 = 2cg1,
cp2 = 2cp,; in Q. The simulation time is 7¢ := 1, and homogeneous Dirichlet boundary

conditions are enforced. The source term is f := 0, and the initial conditions are uy := 0 and

272

'uo(x,y) ZZGeXp(_ﬂ- A2)(x_xcay_yc)T7 (81)

with 6 := 1072 [1], X = v;’f [m] with f, := 10 [L], 7? == (z — 2c)* + (y — yo)?, 2. == 0, and
Ye = % The initial condition corresponds to a Ricker wave centered at the point (z.,y.) € Qa.
The wave first propagates in 2, then is partially transmitted to 1 and later it is also reflected

at the boundary of €.
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Figure 1: HHO-Newmark scheme, equal-order case. Top row: errors as a function of the mesh-
size for the analytic solution (78) (left panel) and as a function of the time-step for the analytic
solution (79) and k = 2 (right panel). Bottom row: errors as a function of the mesh-size for the
analytic solution (80) (left panel, At = 0.1 x 2719) and relative energy loss as a function of time
(right panel, h =276 At =0.1 x 277, k = 2).

Numerical results are obtained using the HHO-Newmark and HHO-SDIRK(3, 4) schemes on a
quadrangular mesh with size h := 276, These results are compared against the semi-analytical so-
lution using the gar6more2d software (see https://gforge.inria.fr/projects/gar6more2d/).
The semi-analytical solution is based on a reformulation of the problem with zero initial condi-
tions and a Dirac source term with a time delay of 0.15 [s] (this value is tuned to match the choice
of the parameter 6 above, following the reformulation described in [4]). The semi-analytical so-
lution assumes propagation in two half-spaces, so that the comparison with our results remain
meaningful until the wave is reflected at the boundary of 2. Actually the comparisons are made
by tracking the two Cartesian components of the velocity at two sensors, one located in €21 at the
point S; := (3, —1) and one located in 2y at the point S, := (3, +). Hence the comparison with
the semi-analytical solution remains valid until the reflected wave reaches one of the sensors,
which happens slightly later than ¢,; := 0.9 [s] for S; and t.o := 0.6 [s] for Ss.
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Figure 2: HHO-SDIRK(s, s+ 1), equal-order case. Top row: errors as a function of the mesh-size
for the analytic solution (78) (left panel, s = 2) and as a function of the time-step for the analytic
solution (79) and k = 2 (right panel, s € {1,2,3}). Bottom row: relative energy loss as a function
of time for the analytical solution is (80) in the equal-order (left panel) and mixed-order (right
panel) cases with s =3, h =27° and At =0.1 x 277.
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Figure 3: HHO-Newmark scheme: velocity components as a function of time at the two sensors.
First row: v, at Si; second row: v, at Sy; third row: v, at Ss; fourth row: v, at S4. Left column:
k€ {1,2,3} and At = 0.1 x 277; right column: k = 3 and At = 0.1 x 27! with [ € {5,6,7}.
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Figure 4: HHO-SDIRK(3,4) scheme: velocity components as a function of time at the two
sensors. First row: v, at Sp; second row: v, at Si; third row: v, at Ss; fourth row: v, at Ss.
Left column: k € {1,2,3} and At = 0.1 x 27°; right column: k¥ = 3 and At = 0.1 x 27! with

le{3,4,5).
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In Figure 3 we compare the numerical predictions of the velocity components v, and v, as a
function of time at the two sensors S7 and S; by HHO-Newmark and the semi-analytical solution
obtained with the garémore2d software. We provide the comparison over the whole simulation
time interval [0, 1] but recall that the comparison is meaningful only on the time interval [0, ¢.;]
before the waves reflected at the boundary 9 reach the sensor S;, ¢« € {1,2}. In the left column
of Figure 3 we consider k € {1,2, 3}, the equal-order setting, and At = 0.1 x 2=7, whereas in the
right column we consider k& = 3, the equal-order setting, and At = 0.1 x 27! with [ € {5,6,7}.
We can see that the choice £ = 1 leads to large errors in all cases, and that the choice k = 3
and At = 0.1 x 277 yields a good agreement with the semi-analytical solution. We perform
a similar study in Figure 4 for HHO-SDIRK(3,4), but since the time scheme is now fourth-
order accurate instead of being second-order accurate, we consider the choices At = 0.1 x 27
with I € {3,4,5}. The conclusions are essentially similar to those drawn above, except that we
observe that the overall accuracy of the HHO-SDIRK(3, 4) predictions is better than that of the
HHO-Newmark predictions. A more quantitative comparison is provided in Table 1 where we
report the maximum relative error (in %) over all the discrete time nodes in the time interval
[0,t4;] for the sensor S;, i € {1,2}. The normalization is computed by using the maximum
values in time (in absolute value) obtained for the semi-analytical solution for the corresponding
velocity component at the corresponding sensor; the resulting values are 7.31 x 102 for v, at
S1, 2.88 x 1072 for v, at Sy, 2.19 x 1072 for v, at Sp, 2.19 x 1072 for v, at S2. The goal of
Table 1 is not to compare the two time discretization schemes (since they are of different orders
of accuracy), but to highlight for each scheme, the benefits of raising the polynomial degree. We
can see that, for HHO-Newmark, the most accurate prediction (k = 3, At = 0.1 x 277) leads
to errors of 10.5% and 2.20% for v, and vy at Sp, whereas the relative errors are below 1% at
Sy. Instead, for HHO-SDIRK(3,4), the most accurate prediction (k = 3, At = 0.1 x 27°) leads
to errors of 4.73% and 2.73% for v, and v, at Si, whereas the relative errors are again below
1% at So. Finally, in Figure 5, we show the spatial distribution of the velocity components v,
(upper row) and v, (bottom row) as predicted by the HHO-SDIRK(3, 4) scheme, using k = 3,
an equal-order setting, h = 2=7 (one further refinement step with respect to the mesh used in
the previous results), and At = 0.1 x 275, This figure illustrates the propagation of the wave in
the domain € at the time snapshots t € {%, i, %, 1} and shows the various reflections occurring
at the interface and at the domain boundaries.

k=1 k=2 k=3|1=5 [=6 [=7
S vy | 797 32.1 10.5 242 151 10.5
S1 vy | 70.0 8.44 2.20 152 490 2.20
So v, | 16.4 2.24 0.41 6.63 1.76 041
Sy vy | 7.68 1.07 033 | 512 133 0.33

k=1 k=2 k=3 |1=3 [=4 [=5
S1 vy | 46.7 18.0 4.73 | 473 161 4.73
S1 vy | 154 3.92 2.73 | 5.2 16.1 273
So vy | 244 0.76 0.75 315 522 0.75
Sy vy | 2.03 0.83 0.82 31.7  6.64 0.82

Table 1: Maximum relative error (in %) for the velocity components v, and v, at the sensors S,
and S,. Upper table: HHO-Newmark, k € {1,2,3}, At =0.1 x 277, and k = 3, At = 0.1 x 27,
I € {5,6,7}). Lower tablee HHO-SDIRK(3,4), k € {1,2,3}, At = 0.1 x 275 and k = 3,
At =0.1x 2711 € {3,4,5}. The normalization factors are 7.31 x 10~2 for v, at Sy, 2.88 x 1072
for v, at Si, 2.19 x 1072 for v, at S, 2.19 x 1072 for v, at Ss.
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Figure 5: Velocity profiles at the times ¢ € {8, T 2, 1} (from left to right). Upper row: wv,;
bottom row: v,,.

7 Conclusions

We have derived error estimates and optimal convergence rates for smooth solutions of the wave
equation semi-discretized in space by the hybrid high-order (HHO) method. We have considered
the second-order formulation in time, for which we established H' and L?-error estimates, and
the first-order formulation, which has close links with the HDG space semi-discretization and for
which we established H!-error estimates. We have presented numerical experiments using either
the Newmark scheme or diagonally-implicit Runge-Kutta schemes for the time discretization.
We have recovered optimal convergence rates for smooth solutions, as predicted by the theory,
and we have shown that the proposed numerical schemes can be used to simulate accurately the
propagation of elastic waves in heterogeneous materials.

Acknowledgments

The authors would like to thank L. Guillot (CEA/DAM) and F. Drui and O. Jamond (CEA /DEN)
for insightful discussions and CEA/DAM for partial financial support. EB was partially sup-
ported by the EPSRC grants EP/P01576X/1 and EP/P012434/1.

References

[1] M. Abbas, A. Ern, and N. Pignet. Hybrid High-Order methods for finite deformations of
hyperelastic materials. Comput. Mech., 62(4):909-928, 2018.

[2] M. Abbas, A. Ern, and N. Pignet. A Hybrid High-Order method for incremental associative
plasticity with small deformations. Comput. Methods Appl. Mech. Engrg., 346:891-912,
2019.



3]

[4]

G. A. Baker. Error estimates for finite element methods for second order hyperbolic equa-
tions. STAM J. Numer. Anal., 13(4):564-576, 1976.

L. Boillot. Contributions to the mathematical modeling and to the parallel algorithmic for
the optimization of an elastic wave propagator in anisotropic media. PhD thesis, Université
de Pau et des Pays de I’Adour, December 2014.

M. Botti, D. A. Di Pietro, and P. Sochala. A Hybrid High-Order method for nonlinear
elasticity. SIAM J. Numer. Anal., 55(6):2687-2717, 2017.

E. Burman, O. Duran, and A. Ern. Hybrid high-order methods for the acoustic wave
equation in the time domain. Commun. Appl. Math. Comput., 2021. To appear, available
at https://hal.archives-ouvertes.fr/hal-02922702.

C.-S. Chou, C.-W. Shu, and Y. Xing. Optimal energy conserving local discontinuous
Galerkin methods for second-order wave equation in heterogeneous media. J. Comput.
Phys., 272:88-107, 2014.

F. Chouly, A. Ern, and N. Pignet. A hybrid high-order discretization combined with
Nitsche’s method for contact and Tresca friction in small strain elasticity. SIAM J. Sci.
Comput., 42(4):A2300-A2324, 2020.

E. T. Chung and B. Engquist. Optimal discontinuous Galerkin methods for wave propaga-
tion. SIAM J. Numer. Anal., 44(5):2131-2158, 2006.

M. Cicuttin, D. A. Di Pietro, and A. Ern. Implementation of discontinuous skeletal methods
on arbitrary-dimensional, polytopal meshes using generic programming. J. Comput. Appl.
Math., 344:852-874, 2018.

B. Cockburn, D. A. Di Pietro, and A. Ern. Bridging the hybrid high-order and hybridizable
discontinuous Galerkin methods. ESAIM Math. Model Numer. Anal., 50(3):635-650, 2016.

B. Cockburn, Z. Fu, A. Hungria, L. Ji, M. A. Séanchez, and F.-J. Sayas. Stormer-Numerov
HDG methods for acoustic waves. J. Sci. Comput., 75(2):597-624, 2018.

B. Cockburn, J. Gopalakrishnan, and F.-J. Sayas. A projection-based error analysis of HDG
methods. Math. Comp., 79(271):1351-1367, 2010.

B. Cockburn and V. Quenneville-Bélair. Uniform-in-time superconvergence of the HDG
methods for the acoustic wave equation. Math. Comp., 83(285):65-85, 2014.

G. C. Cohen. Higher-Order Numerical Methods for Transient Wave Equations. Springer
Berlin Heidelberg, 2002.

D. A. Di Pietro and A. Ern. A hybrid high-order locking-free method for linear elasticity
on general meshes. Comput. Meth. Appl. Mech. Engrg., 283:1-21, 2015.

D. A. Di Pietro, A. Ern, and S. Lemaire. An arbitrary-order and compact-stencil discretiza-
tion of diffusion on general meshes based on local reconstruction operators. Comput. Meth.
Appl. Math., 14(4):461-472, 2014.

T. Dupont. L?-estimates for Galerkin methods for second order hyperbolic equations. SIAM
J. Numer. Anal., 10:880-889, 1973.

30



[19]

[20]

[21]

[27]

28]

[29]

R. S. Falk and G. R. Richter. Explicit finite element methods for symmetric hyperbolic
equations. STAM J. Numer. Anal., 36(3):935-952, 1999.

R. Griesmaier and P. Monk. Discretization of the wave equation using continuous elements in
time and a hybridizable discontinuous Galerkin method in space. J. Sci. Comput., 58(2):472—
498, 2014.

M. J. Grote, A. Schneebeli, and D. Schitzau. Discontinuous Galerkin finite element method
for the wave equation. SIAM J. Numer. Anal., 44(6):2408-2431, 2006.

C. Lehrenfeld. Hybrid Discontinuous Galerkin methods for solving incompressible flow prob-
lems. PhD thesis, Rheinisch-Westflische Technische Hochschule (RWTH) Aachen, 2010.

C. Lehrenfeld and J. Schéberl. High order exactly divergence-free hybrid discontinuous
Galerkin methods for unsteady incompressible flows. Comput. Methods Appl. Mech. Engrg.,
307:339-361, 2016.

J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and applications.
Vols. I, II. Springer-Verlag, New York-Heidelberg, 1972. Translated from the French by P.
Kenneth, Die Grundlehren der mathematischen Wissenschaften, Band 181-182.

P. Monk and G. R. Richter. A discontinuous Galerkin method for linear symmetric hyper-
bolic systems in inhomogeneous media. J. Sci. Comput., 22/23:443-477, 2005.

N. C. Nguyen, J. Peraire, and B. Cockburn. High-order implicit hybridizable discontinuous
Galerkin methods for acoustics and elastodynamics. J. Comput. Phys., 230(10):3695-3718,
2011.

M. A. Sénchez, C. Ciuca, N. C. Nguyen, J. Peraire, and B. Cockburn. Symplectic Hamil-
tonian HDG methods for wave propagation phenomena. J. Comput. Phys., 350:951-973,
2017.

M. Stanglmeier, N. C. Nguyen, J. Peraire, and B. Cockburn. An explicit hybridizable
discontinuous Galerkin method for the acoustic wave equation. Comput. Methods Appl.
Mech. Engrg., 300:748-769, 2016.

M. F. Wheeler. A priori Ly error estimates for Galerkin approximations to parabolic partial
differential equations. SIAM J. Numer. Anal., 10:723-759, 1973.

31



