N

N

On Kato classes and self-adjointness of many-body
convolution type Hamiltonians
Mustapha Mokhtar-Kharroubi

» To cite this version:

Mustapha Mokhtar-Kharroubi. On Kato classes and self-adjointness of many-body convolution type
Hamiltonians. 2020. hal-02922387

HAL Id: hal-02922387
https://hal.science/hal-02922387

Preprint submitted on 26 Aug 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02922387
https://hal.archives-ouvertes.fr

On Kato classes and self-adjointness of many-body

convolution type Hamiltonians

Mustapha Mokhtar-Kharroubi
Département de Mathématiques, CNRS-UMR 6623
Université de Bourgogne Franche-Comté
16 Route de Gray, 25030 Besancon, France.
E-mail: mmokhtar@univ-fcomte.fr

Abstract

We give a functional analytic L' approach to L? form-bounds for
many-body convolution type Hamiltonians and explore new aspects of
Kato classes for convolution semigroups. These classes are explored in
terms of L' weak compactness properties and also in terms of asymp-
totics of averages over suitable shells. In particular, various member-
ship criteria are given.
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1 Introduction

This paper is an abridged and improved version of the recent preprint [22].
It is well-known that the mathematical theory of Schrodinger operators was
born in 1951 with Kato’s famous self-adjointness theorem [I3] for atomic
Hamiltonians in L2(R3Y)

N

N
= @u) A D Vi) + Y V(i — ) (1)

i=1 i=1 i<j

on the domain H?(R3V) provided that V¢, Vi ¢ L%(R3) 4+ L>®(R3); (A; is
the Laplacian with respect to the variable z; € R3 and the p,’s are positive
constants). Indeed, in this case, the potential

ZV’ T +ZV” T — Tj)

1<J

(as a multiplication operator) has zero relative operator bound with respect
to Ef\i 1(21;)71A; and the self-adjointness property follows from the Kato-
Rellich theorem. Of course, the perturbed Hamiltonian can be defined in
terms of quadratic forms (via the KLMN theorem) for much more general
potentials, see e.g. [8]. The literature on the subject is considerable and
cannot be summarized; to get an idea, see e.g. [27][28][26][7][23][11].

If we stay within the realm of Lllo . botentials, a sufficient (but not neces-
sary) condition is that the negative parts of the potentials belong to the Kato
class. Besides its interest for self-adjointness (see the second famous Kato’s
paper [14]), this class of potentials turns out to play also a key role in the
exploration of "Schrodinger semigroups” as shown in the classical paper by
M. Aizenman and B. Simon [I] where the connections of the Kato class with
Brownian motion, Harnack’s inequality and LP properties of Schriédinger
semigroups are analyzed; we refer to the survey [29] and to [3I][9][10] for
more information. We note that this Kato class is attached to the Laplacian
but other Kato classes are attached to different generators, see R. Carmona,
W. Ch. Masters and B. Simon [4]. The present paper revisits these Kato
classes in different new directions. Actually, our object here is twofold:

1. We give first general (abstract) form-bound estimates by means of
L' functional analytic tools.

2. Secondly, we explore new aspects of Kato classes relative to general
convolution semigroups. In particular, we explore them in terms of L' weak



compactness properties and also in terms of asymptotics of averages over
suitable spherical shells.

This paper improves, in several directions, some previous results [I8] and
an unpublished work on multi-particle convolution Hamiltonians [19]. This
is an abridged and improved version of a recent preprint [22]; (see Remark

below).

We deal with many-body Hamiltonians on L2(R3")

N N
Hi=—> T+ > Vi) + > VY(z— ;) (2)
=1 =1

1<j

where T(;) is a generator (with respect to the variable x; € R?) of a general
symmetric convolution semigroup (S(i) (t)) >0 depending a priori of the index
i (1 <i< N)and Vi,V¥ : R®> — R are measurable potentials. The
introduction of this general class of Hamiltonians is motivated by both the
non-relativistic Hamiltonian and the quasi-relativistic one where

(see [I5] Chapter 8) and also by the combination of the two (see [L1] Example
2.6). The self-adjointness of H is of course a prerequisite to build the unitary
group (e*im) which solves the Schrédinger equation

df

i = Mf F0) = foe LARM).

teR

Section [2| is devoted to some useful reminders; in particular, on symmetric
convolution semigroups (S'(t)),., on LY(R%)

S\(t): f e L'(RY) — / f(x - y)ymu(dy) € LRY)
Rd

where {m;},., are Borel sub-probability measures on R? (see Section
below for the details). Our main assumption is that the resolvent of the
generator T is a kernel operator

(A= Ty 1f = / Ex(z — y)f (y)dy
Rd

where

E\(.) € LY(RY) (3)



is the so-called A-potential kernel; in particular, we do not need a priori
that o e tF(d¢ < 400 (t > 0) where F(.) is the characteristic exponent
(see Section [2| below). For the simplicity of notations (and depending on
the context), F) will denote both the A-potential kernel and the resolvent
operator (A —T1)~1

E\:L'RY) > f— . Ex(z —y)f(y)dy € L'(RY).

Our main result on form-perturbation theory is the following general state-
ment: N

Let V' and V¥ (e.g. the negative parts of V* and V) be T{;)-bounded
in L}(R3) and let

0; ;= lim r, [Vi()\ - T(i))fl] , 5ij = lim r, |:Vij()\ - T(i))fl

A——400 A—400

where 7, refers to the spectral radius in L'(R3). Then the multiplication
operator on L2(R3Y) by

N

—V_(z1,...,xN) = — ZV_z(:L‘Z) - ZV?(@“Z —zj)

i=1 i<j

is form-bounded with respect to the positive free Hamiltonian

N
oY
i=1
with relative form bound less than or equal to

0= 200+ e, 0)

where 6; = Zjvz i+10i (1 < N —1); (see Theorem . This result is derived
from a preliminary L!-generation result, see the proof of Theorem (We
give also another hilbertian result on the identification of two self-adjoint op-
erators, see Theorem ) We note that if § < 1 then the form-sum operators
on L*(R3Y)

7) & (-V-) (4)
we obtain admit C®°(R3V) and S(R3V) as form-cores; (see Remark @ In
particular, this is the case when

,\ETOO HVi(}‘ a T(i))_l Hﬁ(Ll(Rd)) - ,\ETOO ’V’ijo\ B T(i))_lHﬁ(Ll(Rd)) =0
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i.e. when Vi and VY are Kato class potentials relative to Ty in LY(R3);
(see below for more information). It is quite standard (see e.g. [8] Theorem
4.1, p. 24) to capture as a form-sum of the positive potential

N

> Vi) + > VP (@i — )

i=1 i<j
and the lower bounded Hamiltonian ; however, if Vi, Vfrj € L}OC(R:S), the
question whether C°(R3V) is a core of the new form desserves a separate
study which is not considered here.

Section [5| is devoted to the exploration in wvarious new directions of

the Kato classes relative to general convolution semigroups (S 1 (t)) >0 With
generators 7. We recall that a measurable potential -

V: R R,
belongs to the Kato class (relative to (Sl(t))t>0) if V is T'-bounded in
L'(RY) and
V(A-T1" 71” -0 (A— . 5
O R 5)

As far as we know, the most general class of convolution semigroups whose
Kato class is analyzed is the one such that

/ e Od¢ < o0 (t > 0)
Rd

(F(.) is the characteristic exponent) and m;(dy) = k(y)dy is such that k(.)
is radial and nonincreasing, i.e.

k:(y) = k(|y|) and p — k¢(p) nonincreasing.

Indeed, in this case, a Kato class potential is characterized by

lim sup / V(y+x)Ex(z)de =0 (A > 0); (6)
c0yer J{lz|<e)
(see [4] Theorem III1).

We show here that @ is still a sufficient membership criterion to the
Kato class for the more general class of convolution semigroups admitting
just a A-potential kernel F)(.) bounded outside any neighborhood of the
origin provided we restrict ourselves a priori to potentials V' of the form

Ve ]inw (RY), p; € [1,400] (7)
j=1



(see Theorem |§| for a more detailled statement). Note that is a very
general condition which is easily checkable in practice by decomposing V'
according to its different singularities.

For the sequel, we call Kato potentials those satisfying @ (regardless of
the occurrence of ) and local Kato potentials those satisfying

lim sup / V(y+z)Ex(z)de =0 (A >0, C >0). (8)
e VECRAEES:

We provide different (new) characterizations of local Kato potentials. In-
deed, we show that is equivalent to

VEy: LYRY) — L}, (R?) is weakly compact 9)

or to

VE): LY(RY) — LY .(R?) is compact. (10)
Furthemore, these properties are also equivalent to the following local equi-
integrability property

lim  sup (/ V(z)E\(z — y)da:) =0 (C>0) (11)
210 |yj<c \Ja
QCB(0,R)

where || is the Lebesgue measure of €; (see Theorem [10]). Note that
extends to more general operators a known characterization of the local
Kato class of the Laplacian ([I] Theorem 4.18) while (9) and are new
even for the Laplacian.

We provide also different (sufficient) weak compactness criteria. Indeed,
note that the T -boundedness of V can be formulated as

sup/ Vy(2)Ex(2)dz < 400
yGRd R4

where
V2 € R = V(y+2).

In particular

sup Vy(2)Ex(2)dz < +00
y€eR? J|z|<1

ie. {Vy; y € R} is a bounded subset of L' (B(0,1); p(dz)) where

wu(dz) = Ex(z)dz.



We show first that V' is a local Kato potential once
RY>y —V, € L' (B(0,1); u(dz)) is continuous;

(see Theorem . This result extends a result in the same spirit for the
Laplacian ([I] Theorem 4.15).

More generally, we show that V' is a Kato (resp. a local Kato) poten-
tial provided that {Vy; yE€ Rd} (resp. {Vy;] y| < C}, C > 0) is an equi-
integrable subset of L! (B(0,1); pu(dz)); (see Theorem . It follows that
V is a Kato (resp. a local Kato) potential provided there exists p > 1 such
that

sup / Vy(2)PEx(2)dz < 400 (resp. sup / Vy(2)PEx(z)dz < 400, C > 0);
yeR? J]z|<1 | y|<C J]z|<1

(see Corollary [L7)).

We give other membership criteria to Kato classes in terms of asymp-
totics of averages over suitable spherical shells. When F)(.) is radially de-
creasing, i.e.

E\(z) = E,\(|z]) and p — Ek(p) is nonincreasing,

we check that V' is a Kato potential in terms of asymptotics (kK — oo0) of

m(y) = / V,(2)dz, (y € R k€ N).
2= (h+1) <[z] <2k

Indeed, we show that V' is a Kato potential if and only if the series

s o~ .

> (Ba@)) n(w)

j=1
converges uniformly in y € R?, in particular when

1 ~ p -1
lim sup ()% < <lim sup (E)\(Q*k)> k)
k—oo k—oo

where

7y := sup nk(y);
y€ERd

(see Theorem [20)).



s

The parameter lim supy,_, (E\A(Q_k)> is also estimated

==
o |

lim sup (E;@fk)) <2

k—o0

where

5 :=sup {pz 1; / (E,\(x))pd:c<+oo};
{lzl<1}

(see Lemma . It follows that V is a Kato class potential provided that

=
® |

lim sup (7;)7 <27 s; (12)
Jj—o0
(see Corollary . In the usual examples,
— 1
Ex(p) ~ ——= (p—0) (0 < <2); (13)

p

(v = 2 for the heat semigroup, 0 < o < 2 for the a-stable semigroup and
a =1 for the relativistic semigroup) so V' is a Kato class potential provided
that

==

lim sup (7)F < 27,

k—o00

(see Remark [24)).
It is well known ([I] Theorem 1.4 (iii)) that for the Laplacian, V is a

Kato class potential provided that V € L? ie.

loc,unif?

sup / (V(y + 2))P do < 400,
yeRd J{|z[<1}

for some p > %. Of course, this result can also be formulated, with p > %,
for general generators satisfying . We can derive this last result from the
membership criterion ; (see Theorem. We can derive it also from the
u(dz)-equi-integrability criterion given in Theorem (see Remark [26]).

As far as we know, our results are new and appear here for the first
time. Finally, we mention that a part of this work extends to higher-order
elliptic systems where the loss of positivity is compensated by the existence
of suitable kernel estimates [21].



2 Reminders on absorption semigroups

Before giving our results, we recall some facts on the theory of absorption
semigroups [31]. (Other properties of absorption semigroups are given in
[20] but we do not need them here.) Let (SP(t)),~, be a positive contraction
Co-semigroup on some LP(£2; 1) space with generator 7P and let V : Q —
R be measurable. We assume that V' = V, — V_ is decomposed as a
difference of two nonnegative measurable functions Vi (not necessarily the
positive and negative parts of V') such that Vi(x) < +o00 p-a.e. To define
"TP —V.,” as a generator (for the time being we are not interested in ”T? —
V7)), we approximate V; monotonically from below by Vi A j (j € N); the
corresponding sequence of semigroups converges strongly to a semigroup

(S{Z (t))t>0 which need not be strongly continuous at ¢ = 0. We say that
V. is admissible if (S’i{'}+ (t)> - is strongly continuous and denote by T‘Z its
t=>

generator. In this case,
P
Ty, > ° -V,

(1] Cor 2.7); this occurs e.g. if
D(T?) N D(Vy) is dense in LP(pu)

([31] Prop 2.9). Note that if p = 1, if (Sl(t))t>0 is mass preserving and if
D(T") N D(V,) is a core for T then Ty, =T =V (31] Cor 4.3 and Prop
4.4). If (5(t));>( is a symmetric sub-Markov semigroup, i.e. acts in all LP (1)
spaces as a positive contraction Cp-semigroup (S?(t)),~, with generator 7%
and (SQ(t)) 0 1s self-adjoint then the admissibility of _V+ is p-independent,

p . q . .
the dual of (SV+ (t)>t20 is equal to (SV+ (t)>t>0 (q is the conjugate exponent)

and (5‘2/+ (t)>t>0 is self-adjoint ([31] Prop 3.2). Moreover,

Sy, () rars = St (V) |LrnLs
([31] Prop 3.1). To avoid cumbersome notations, we write (Si(t))tzo un-

stead of (S@ (t)) and T% unstead of T}, . We consider now symmetric
+ >0 +

convolution semigroups
SP(t): f € LP(RY) — / fl@ = y)my(dy) € LP(RY)
Rd

where {m;},~, are (symmetric with respect to the origin) Borel sub-probability
measures on R¢ such that mg = dg (Dirac measure at zero), mg *xms = Mgy



and m; — mg vaguely as ¢ — 0y. Such convolution semigroups are re-
lated to Lévy processes and cover many examples of practical interest such
as Gaussian semigroups, a-stable semigroups, relativistic Schrédinger semi-
groups etc. Note that (SP(t)),~ is a positive contraction Cp-semigroup on

LP(R?) (1 < p < +o0) with generator
TP : D(TP) C LP(R?) — LP(RY).

The sub-probability measures {m;},. are characterized by
() i= (2m) 4 [ e Cmda) = (2m)4e O, C e B

where F', the so-called characteristic exponent, is a continuous negative def-
inite function (see [12] Definition 3.6.5, p. 122) and has the representation

F(Q) =e+c0C+ | RN SRR

with ¢ > 0, C is a real symmetric matrix such that ¢.C¢ > 0 V¢ € R? and
1, the so-called Lévy measure, is a positive (symmetric with respect to the
origin) Borel measure on R%\ {0} such that [ min(1, |2*)p(dz) < +00. Note
that {m;},-, are probability measures if F/(0) = 0, i.e. ¢ = 0. We recall that

F >0 and F(¢) < ¢p(1+ [¢[*). Note that

T2 = —(21)"% / ¢S F(O)P(C)dC
Rd

with domain
D(T?) = {(p € L2(RY); F§ e LQ(Rd)} .

We refer e.g. to [LI][12] for more information on convolution semigroups.
Finally, we recall that S(R?) is a core of 77 ([6] Thm 2.1.15, p. 38). In par-
ticular, if Vi € L} (R?) then C°(R?) € D(Ty) N D(Vy) so V4 is admissible
with respect to {S*(t)},., and therefore with respect to {S?(t)},5, for all
p > 1. Note finally that if m(dy) is a probability measure then {S*(¢)} >0
is mass preserving. It follows that if S(R?) c D(V,) then D(Ty) N D(V,) is
a core of T! and T‘1,+ =T -V,.

Note first that (A — T*)~! is a convolution operator
(=T = [ e —pmn)

10



where m* = O+°° e Mmydt (X > 0) is a vaguely convergent integral, i.e.

+o0
Flaym(de) = [ A[ f(m)mtum)] at, f e Co®Y).
R4 0 Rd

Our general assumption here is that m” is absolutely continuous with respect
to Lebesgue measure, i.e.

m*(dx) = Ex(z)dz, E\(.) e L'(RY) (14)

so that
(=T = [ Bsa-wfedn Fel®) 3

and F)y(.) is called the A-potential kernel according to the terminology in
[4]. We recall that for the usual examples we have

/ e Qd¢ < 400 (> 0) (16)
R4

so that the bounded measure m; (¢ > 0) is absolutely continuous with respect
to Lebesgue measure, i.e.

my(dz) = ky(x)dx (¢t > 0) (17)

where k; € L1 (R?) N Cp(R?) is even and

E\(z) = /0+0<> e ME(2)dt (A > 0).

Note however that we do not assume in this paper.

3 Form-bounds for one-body Hamiltonians
As noted in the previous section, if
V+ € Llloc(Rd) (18)

then we can define an absorption convolution semigroup {S%(¢)} >0 Ol
LP(R?) with generator T%. We assume that V_ is Tj-bounded in L!(R?)
le.

sup / V (2)Bx(z — y)dz < +00 (A > 0) (19)
yERd R4

11



where E)(z —y) is the kernel of (A—T3)~!. Note that is A\-independent.
Of course, implies that for any 6 > 0

sup / V_(z)Ex(z —y)dz < 400 (A >0). (20)
y€ER? J{|z—y|<5}

According to Desch’s theorem [5] (see also [32] or [16] Chapter 8), if

li Vo(A-TH M <1

)\—1>I*|1:IOO "o [ ( ) ] <

then A! := T + V_ with domain D(A') = D(T}) generates a positive Co-
semigroup {W?'(t)},., on LY (RY). Moreover, W(t) maps L'(R%) N L>®(R?)
into itself and, for any p > 1,

Wi(t) : LYRY) N L®(RY) — LP(RY)

extends uniquely to a Co-semigroup {W?(t)},5, on LP(RY); see [I8]. If we
denote by AP its generateur then

{f e DT NLP(RY); TLf +V_f e Lp(Rd)}

is a core of AP and A? is self-adjoint; see [18] for the details. The follow-
ing result is already given in ([I8] Theorem 21) under the assumption that
V.o e L? Toc- We aim here at removing this L%OC assumption by using an
approximation argument combined to suitable a priori spectral estimates.

Theorem 1 Letd :=limy 140 7s [V (A= Tl) < 1 and let @)
be satisfied. Then V_ is form-bounded with respect to 7T2 in L with

relative form-bound less than or equal to 9.

Proof. Let
s(AY) = sup {ReX; X € a(Ah}

be the spectral bound of A'. We recall that the type of a positive semigroup
in LP spaces coincides with the spectral bound of its generator, see e.g. [33].
We introduce now a nondecreasing sequence of bounded potentials {V_”}n
converging pointwisely to V_, e.g. we can choose V" = V_ An. We note the
uniform bound

o [VPA=TH ] <rg VoA =TH)7Y] Wn.

Similarly,
Al =1L+ V™. D(T}) ¢ LMRY) — LYHRY)

12



is a generator of a positive Cg-semigroup {W,(¢)} >0 I L' (RY). More-
over, V™ < V_ implies W,}(t) < W(¢) and then s(A.) < s(A') Vn. By
a symmetry argument, {WT} (t)} 4> nterpolates on all LP (R%) providing Co-
semigroups {W# (t)},~, in LP(R?) with generator A}, where A2 is self-adjoint
in L2(R9). Actually, since V" is bounded A2 is nothing but

T2 +V™: D(T?) — L*(RY).

On the other hand, since s(AL) is the type of {Wﬁ(t)}po then for every
€ > 0 there exists C. such that B

H W% (t) H[:(Ll (RS)) S Cge(s(A'}l)_‘—E)t

< CLels(Ab) ot

H (Wé (t))/HL(LOO(RB)) I

where(W,!(¢)) is the dual semigroup on L>(R%). Riesz-Thorin’s interpola-
tion theorem implies

HWrIZ(t) HE(L?(]R?’)) < CEG(S(A%L)_FE)t

showing thus that s(A42) < s(A}) since € > 0 is arbitrary. Finally we get
the uniform estimate
s(A%) < s(AY) vn.

Since V' is bounded then
(A7) < 5(A") I ¢llz2may Vo € D(TE) Vi
If we choose ¢ arbitrarily such that 1 < ¢ < % then

)\El}rloo T [(VoA=T1) ] =cs <1

and then, arguing as previously,
A2 =T2 4 cV™: D(T?) — L*(RY)
is self-adjoint and
(470, 0) < 5(A7) I9ll72ay Ve € D(TE) Vn
where s(Af) denotes the spectral bound of

Af=T! + ¢V D(Ty) € LHRY) — LY(RY).

13



Thus

2
+c/vn|<p\2dx

(A2, ) = (TR + V0, 0) = — H ~Te
so that, by the density of D(T?) in D(y/—T?) (for the graph norm of
\/ _TJQr)a

2
C/V_" lp|? dz < H -T2

+5(A49) llell2amey V., Vo € D(y/~T2).

Letting n — oo we get

2

/ Vo lpldr < || /=T2| +cls(49) 9l Vo € D(/-TR).

1

This ends the proof since ¢~ can be chosen as close to § as we want. B

Corollary 2 If V_ is T}r—bounded in LY(RY) then V_ is form-bounded with
respect to —T? in L*(R?).

Proof. The limit § := limy_, oo 7o [Vo(A — T1) 7] always exists. Let € > 0
and Vo' = (6 +¢) ' V_. Then

Jlim_r [vf*s(x - Ti)—l} —(0+e)yto<t
so by theorem (6 4+ €)' V_ is form-bounded with respect to —T? in L?(R%)
with relative form-bound less than or equal to (§ +¢&) '5. m

According to Theorem [1} we can define

(=T5) & (V)

(a form-sum operator) via the KLMN theorem (see e.g. [30] Theorem 6. 24,
p. 150). A very natural conjecture is that this operator coincides with the
self-adjoint operator —A? where A? was obtained previously by interpolation
argments from A'. Indeed, this is the case.

Theorem 3 Let § :=limy o7y [Vo(A = T1)7!] < 1 and let (1) ({18) ({19
be satisfied. Then —A? is equal to (=T%) & (=V_).

14



Proof. The first observation is
A=TL -Vt (A=T;-V) ™ (n— +00)
strongly in L'(R?). Indeed, let € > 0 and let A be large enough so that
re [VoOA=TH) ] <d+e< 1.

Then ro [VP(A=T1)7Y] <7y [Vo(A—T1)71] Vn and for all p € L (RY)

AT Ve = A-THT Y (- T e
=0
- (A-TH! i V(x- Ti)_l]j p=A-TL-V)p
=0

by the monotone convergence theorem and we are done since L} (R?) is
generating. It follows by Riesz-Thorin’s interpolation theorem that

(A =A%) — (A =AY 7! strongly in L?(R?). (21)

On the other hand, since V" is a bounded operator then —A?2 is also the
form-sum —A2 = (—17%)® (—=V™). A key point is that the resolvent of the
form-sum operator (fT_%_) P (fo) is given by

A+ (=T2) & (V) = (A =T2) 2 (I = Ca(N) ' (A= T3) 2
(see [30] Theorem 6.25, p. 150) where Cp(\) is the positive bounded self-
adjoint operator on L?(R%) defined by the positive bounded quadratic form

2
p e LAR¥ — [ V'|(A-T2) 2¢

R4

with [|Cr(M | z(2ray) < ¢! for X large enough (see [30] Theorem 6.25, p.
150). Similarly, the resolvent of the form-sum operator (—7%) & (—V_) is
given by

A+ (-T2 @ (Vo) = (A =T2)"2(I - C(N) (A~ T2) "2

where C()) is the positive bounded self-adjoint operator on L?(R?) defined
by the positive bounded quadratic form

l 2
peLPE®)— [ V. (=125

15



and |[C(M | zz2ray) < ¢! < 1 for X large enough (see [30] Theorem 6.25,
p. 150). The monotonic convergence of the quadratic forms

o) = [

1|2 _1
=13 e = e = [ V|- T2
R4 Rd

implies the strong convergence (I — C,(A\))™t — (I — C(\))™! (n — +00)
(see e.g. [25] Theorem S. 14, p. 373) and finally the strong convergence

A=T2) 2(T—C,(\) A =T2) "2 - (A=T2) 2(I-C(\) ' (A\—-T2)"2
( n — +00) which shows the equality
(A=A) =+ (=T @ (-V))

e, —Ay=(-T2)®(~V.). m

4 Form-bounds for many-body Hamiltonians

We show now how to define (form-sum) Hamiltonians of the form

N N
<_ZT(Z)> S5) —ZVi(SUZ ZV] —iL‘j
i=1 i=1

1<J

where, for each i (1 <1 < N), Tj;) acts on the variable z; € R? only as a
generator of a symmetric convolution semigroup depending a priori on the
index i. Thus, we consider a family of symmetric convolution semigroups on
L?(R?) indexed by an integer j (1<j < N) (N > 2)

S50 s £ € PR — | fla—yymi(dy) € PR).

Let Tj2 be the generator of (Sf(t)) o and let F} be the corresponding
t>

characteristic exponent. (We denote by <SJ1 (t)) . its realization L'(R3)
t>

=

and denote by le its generator.)
On L?((R3)"), we define

{ T()<P—— _TNfSNemF(J) (€)dc
D(T, {SOELQ( HN); Fi(¢5)@(¢) € LA((R¥H)N)}

16



and

Tp=—(2m)" ngNGC F(C) (€)d¢ (22)
() = {o e A(®R)Y); FOR(C) € LA(RY)
where
B N
F(¢) =) F(¢;)
j=1

(the (,’s are the component of ¢ € (R3)N). Note that F is also a continuous
negative definite function on (R®)" ([I2] Lemma 3.6.7, p. 123). Let

ViV R SR, (i,j <N)
be measurable and |Vi(z)| + [V¥(2)| < 400 a.e. Let
Vi=Vi-Vi, Vi=vi_yY

be decompositions into differences of nonnegative functions (which need not
be the standard positive and negative parts) and let

N

V_(21,...,xN) = Z (i +ZV” T — Tj). (23)

=1 1<j

We are ready to state our main (abstract) form-perturbation result.

Theorem 4 Let be satisfied by all Til. We assume that Vi and V"
are T}-bounded in L'(R3). Let

0; )\Erfoorg (VI =TH™, 645 )\ETOOTU VIN=T;)

(where 1o refers to spectral radius of bounded operators on LY(R3)) and let

0; = Zévzi—i-l oij (i< N-—1).1If

§ = 5; 6) <1
121185\/( i)+ 151%%\}/(71( i) <

then the multiplication operator on L?(R3N) by the potential —V_ is form-
bounded with respect to the positive self-adjoint operator —7 with relative
form bound less than or equal to §.

17



Proof. According to Theorem |1} V is form-bounded (with respect to 77)
with relative form-bound less than or equal to ¢;. Thus, for each € > 0

there exists ¢! > 0 such that (for x1,...,2;_1,Zi11,..., 2N fized) and for all
f e CE®RY)

/3 V(@) | F (@1, oo i1, Ty g1, oo )|
R

2
< (5z‘+5)/ dxi—i—cf;/ (@1, ooy Tim, @iy Tig 1, o )| d
RS RS

_Tz'zf

so that integrating with respect to the remaining variables 1, ..., x;—1, Zjt1, ...

/vaﬂfﬁczx < Gi+o) |y Tor]
= G+e) [ R

3 2
! d
B®m+%4wﬁ|w

fof acvd [ 1t

)

TN

and
N A R , N
;/w VifPde < (miax(&)—i-e)/RBNF C)‘f(g)) d¢ + ;c 1£12 2 gy

N
= (m?x(cs /R?’N ‘V —Tf‘ dx + Zcze) ||f||%2(R3N)'
i=1

Similarly, V' is form-bounded (with respect to T?) with relative form-bound
less than or equal to d;;. Thus, for each € > 0 there exists ¢Z > 0 such that
(for z1,...,%i—1, Tit1, ..., TN fized)

/ 2) | f( :101,...,xi,l,z,xiﬂ,...,asN)|2 dz
2
< (6ij+€)/ fTiQf dz+céj/ |f($1,...,mi,l,z,%H,...,xN)|2dz
R3 R3
whence
/‘/” |f(x1,...,xi_1,xi,:ci+1,...,xN)IQdasi (24)

= /3 V;;(Z) |f($1a ey Ti—1,2 + Ljy Lit1y-eey $N)|2 dz
R
2
6o [ Ve
R3

= (5ij+5)/RS 2

IN

_Ti2f

alz—f—céj/3 |f(x1,...,:vi,l,z,:viﬂ,...,J:N)|2dz
R

18
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(where fz, : 2 — f(21,...,Ti—1, 2, %iy1, ..., xN) is the translation by x;) since
the quadratic form is invariant by translation. By integrating with
respect to the remaining variables x1, ..., T;—1, j+1, ..., TN We get

2
_ 2 i 2
/RsN Vij |f|” dx (055 +¢) /R3N ‘”—T(i)f‘ dx + c? HfHLQ(RgN)

= Gyt [ R@IFO[ are [ I

IN

and
> [ Vil de
i<y VRN
N 2 . )
< s Y (6y+e) [ FOFO[ acr (T [ 1t
[3 L R3N — R3N
Jj=i+1 1<J
= sup Z @+ V=T, sy T oD I gy
j=i+1 1<j
Finally

N
>/ Wlf|2dx+Z/RsN Vi If1? de
=1 1<j

< (m?X(5)+5 —|—sup Z (045 +¢) H\/jf‘

j=it1

ZC + > A 172

1<J

L2 RBN

which ends the proof since € > 0 is arbitrary. m

Remark 5 By using Corollary@ one sees that once the Vi’s and the Vs
are T}-bounded in L*(R3) then —07YV_ is form-bounded with respect to the
positive self-adjoint operator —T with relative form bound < 1 where ¢ is
given by maxi<;<n(0;) + maxi<j<n—1(d;).

Remark 6 Note that C°(R3N) and S(R3N) are cores of —T (see e.g. [18]
Theorem 2 (iii)). Since D(—=T) is a also core of V=T then C*(R3N) and
S(R3N) are cores of V/—T, i.e. CP(R3Y) and S(R3N) are form-cores of
—T. 1t follows from ([25] Theorem X.17, p. 167) that (—T) & (—V-) admits
CR(R3N) and S(R3N) as form-cores.
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5 The Kato classes revisited

In this section, we explore various new aspects of Kato classes. Let {S L(t) } >0

be a convolution semigroup on L'(R%) with generator T satisfying and
let
V:R? SR,

be T'-bounded in L'(R%). According to

sup / V(y+z)Ex(z)dr < +o00 (e > 0).
yeR J{[|z|<e}

Definition 7 We say that V is a Kato class potential relative to T if

v (A= Tl)‘luﬁ(Ll(Rd» —0 (A— +00).

5.1 On membership to Kato classes

We start with a known characterization of the Kato class for a suitable class
of convolution semigroups.

Theorem 8 ([{] Thm III1). Let (16) be satisfied and let ki(z) (given in
) be radial and non-increasing in |x|. Then V is a Kato class potential
relative to TV if and only if

lim sup / V(y + z)Ex\(z)dx = 0. (25)
=0 yeRre J{lz]<e}

We show now that is a sufficient criterion of membership to the
Kato class for more general convolution semigroups provided we a priori
restrict slightly the class of potentials.

Theorem 9 Let be satisfied.

(i) Let Ex(.) be bounded outside any neighborhood of the origin and let
Ve Ziign LPi(R%) where p; € (1,+00]. Then V is a Kato class potential
relative to T provided that is satisfied for some A > 0.

(i) Let limy o0 SUP|gp>: Ex(z) = 0 (¢ > 0) and V € Y J27" LPi (RY)
where p; € [1,+00]. ThenV is a Kato class potential relative to T provided
that is satisfied for some \ > 0.

(i) If (16) is satisfied and if ki(z) (given in (17)) is radial and non-

increasing in |z then limy—, oo SUP|y>. Ex(z) =0 (¢ > 0).
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Proof. Note first that

lvi-r)™

= sup V(z)E)\(x— dm:sup/V—i—xE z)dzx.
ey = 2 [ V@B @iz = s [ ViR @

Since

sup V(y+x)Eyx(x)dx < sup V(y+x)Ey(x)dx+ sup / V(y+x)Ex(x)dx Ve >0
yeRd JRE yeRd J|z|<e yeRd J|z|>e

then

sup/ V(y+ z)Ex(z)de < sup/ V(y +z)E,(z)dx
yeRd JRY yeRe Jz|<e

+ sup / V(y+z)Ex(z)dr Ve > 0, YA > p.
y€ER J|z|>e
If
sup / V(y+z)Ex(z)de - 0 (A — +o0) Ve >0 (26)
yeR J|z|>e
then

< sup V(y+2)E,(z)dz Ve >0

lim HV(A—Tl)_lqu1<Rd>) yeR J|z|<e

A—400

and consequently

. 11 . _
)\EI-lI-loo HV (>\ N T ) HE(Ll(Rd)) S ;li% Z/S;l@ |r\§6 V(y + LE)EM(.I")dZU o 0

It suffices to check . It follows easily from that
o 1\ —1 1
1Bl sy = | (A= T") Hg(ua@d)) <50 (A= +).
Since {3 Fx € L*(R?) then, by an interpolation argument

Loy Bx € LP(RY) and [[ 11151 B 1 gy — 0 (A = +00) ¥p € [1, +00).

R¢)
If V e LPi(R?) for some p; € (1,400] then

1

Py
V(y+2)Ex(@)ds < ( Viy+ ﬂf)”jd»”ﬂ) I ger>er BAll 23
o] fol>e
1

. Py
</Rd V(y+$)p1dx> J Hl{|z|>5}E)‘HLP;(Rd)

1

_ P
= </1%d V(x)%daz) J Hl{lbe}E)\HLp;f(Rd)

21
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and

1% Ex(z)dz < ||V[ ;05 may |[1 By - 0 (A .
sup [ V) B < IVl gy [ Pl oy = 0O 09

The case V € ;Zﬂ LPi (R%) follows by linearity. This proves (i).
If V € L'(RY) then, arguing similarly, the assumption
Hl{lwbe}EAHLoo(Rd) — 0 (A= +o0)

ends the proof of (ii). R R
Consider (iii). Since ki(z) = ki(|z|) with k(p) nonincreasing in p then

By(z) = /O T N ()t

shows that
BA@) = Ballai= [ (e
0
is nonincreasing in |z| . If follows that if £, (|z|) = +oo for some |z| = p > 0

then E\(z) = +oo for all |z| < p which is not possible since Ey € L'(R%).
Hence E)(z) < +oo for all z # 0. Moreover

+0o0 —~
Ey(2) < / eMhe)dt (2] > e)
0
and the dominated convergence shows f0+oo e*)‘ﬁ{:\t(s)dt -0\ — +x). m

5.2 Kato class vs weak compactness

We call the Kato property and define the local Kato property by

lim sup / V(y+2)Ex(z)dz = 0 (C > 0). (27)
=0 py|<e JYjz|<e}

In this subsection, we show that the (local) Kato property can be formulated
in terms of (local) weak compactness properties.
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5.2.1 Weak compactness vs compactness

We introduce the local weak compactness property

lim  sup (/ V(x)Ex\(z — y)da:) =0 (C>0) (28)
210 jyj<c \Ja
QCB(0,R)

where || denotes the Lebesgue measure of .

Theorem 10 Let E\(.) be bounded outside any neighborhood of the origin
and tends to zero at infinity. Then the following assertions are equivalent.
(i) V is a local Kato potential.
(ii) (28) is satisfied.
(iii) VEy : LY(R?) — L} (RY) is weakly compact.
(iv) VEy : LY(R?) — L} (R?) is compact.

loc

Proof. Note that (iii) (resp. (iv)) means that
VE,: L'(RY) — LY(RY)

is weakly compact (resp. compact) where V is the truncation de V (by zero)
outside any ball B(0, R) C R R
We observe that the weak compactness of V E amounts to

lim  sup / dzV (z) Ex(x — y)cp(y)dy‘ =0.
220 Jpl<1 /0

QCB(0,R)

Rd
Without loss of generality, we can assume that ¢ > 0. Since

[asv [ Bsa-newar= [ ([ veEa-nas) ey

R4

then

swp [ v (w) [ Be = netin = s ([ VB - ).

llel|<1 yERd

Hence (iii) amounts to

lim  sup </ V(z)E\(z — y)da:) =0
|Q|_’0 yERd Q
QCB(0,R)
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for any ball B(0,R) C R? Thus (iii) implies (ii). Let us show that (ii)
implies (iii).
We note for z € B(0, R) and |y| > R we have |z — y| > |y| — R and then

sup Ex(z —y) — 0 (Jy| — o0).
e

Thus, so for |y| > R

/ V(@) Ex(z —y)de < sup Ex(x —y) / V()] da
Q =19 Q

< supEA<x—y>/ V(@) dze — 0 (jy| — oo).
zeQ B(O,R)

This shows that it suffices to take C' large enough and to use (ii).
Let us show that (iii) implies (iv). We observe that since E\(.) € L'(R?)
then

is compact by Kolmogorov’s criterion (see e.g. [3] Corollary 4.28, p. 114).
Let R R
Vii=V An.
Then R
VoEy : LY(RY) — LY(B(0, R)) is compact
as a composition of a compact operator and a bounded one. It suffices to

show that R R
Vo Eyx — V E) in operator norm (n — 00).

It is easy to see that

[75s = wam| = [[(7-7%) B3]
= swp [ (Vi) = Talw) Er(a - y)da
yeRrd J B(0,R)
= sup/ V(z)E\(z — y)dz.
y€R? S B(0,R)N{|V () =>n}

Note that V(z) < 400 a.e. so

|B(0,R)N{V(z) >n} —0 (n— o0).
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Since VE) : L}(RY) — LY(B(0, R)) is weaky compact then

lim  sup ( QV(JC)E,\(x—y)dx> _

Q|—0 !
Q|CE|3(O, yeRe
in particular
sup / V(z)Ex(z —y)dz — 0 (n — o0)
yeR? JB(0,R)N{|V (z)=>n|}

SO H‘A/E/\ — ¥V, EAH — 0 (n — o0). It remains to show the equivalence of (i)
and (ii). Assume (i). We have to show (ii), i.e.

lim  sup </ V(z)Ex(x — y)da:) =0
200 y|<c \Ja
QCB(0,R)

for any C' > R. On the other hand,

/V(x)EA(ac—y)da: = / V(z)E\(z —y)dx
Q QN{|z—y|<e}
V(x)E\(x —vy)dx
- V@R

= / V(y+ 2z)Ex\(2)dz
{Q—y}n{lz|<e}

—i—/ V(z)E\(z —y)dx
Qn{lz—y|>e}

< / [V (y + 2)| Ex(2)dz + sup E\(z /|V )| dx.
{lzl<e}

|z|>e

Since |y| < C then, by (i)

sup / [V(y + 2)| Ex(2)dz — 0 (¢ — 0)
ly|<C J{|z|<e}

and for a fixed € small enough

sup Fy(z /|V )| dz — 0 (|| — 0).

|z|>e

25



Thus (i) implies (ii). Conversely,
/ VI (y+ 2)Ex(x)dz = / V| () Ex(z — y)da
|z| <6 |lz—y|<d
- / V| (2)Bx(x — y)dz
B(y;0)

= [ WI@E@ - y)ds

Y

where €, := B(y; ) is such that
Q, CB(0,C+1)ifo < 1.

Since (ii) gives

lim  sup / V| (z)Ex(z —y)dz =0
|Q2|—0 yERd
QCB(0,C+1)

then

sup / V| (@) Ex(z — y)dz — 0 (6 — 0)
ly|<C JQ

so (ii) implies (i). m

Remark 11 The characterization of the local Kato class in terms of a weak
compactness property is new even for the Laplacian.

Remark 12 The equivalence (1)< (iv) is known for the Laplacian; ([1] The-
orem 4.18).

Remark 13 In the preprint [22], the author has introduced a class of po-
tentials (a priori larger than the Kato class) which satisfy the local weak
compactness property (@ and which are "Kato at infinity" in the sense

lim lim sup / V(y + z)Ex(z)dz = 0.
tlzl<e}

=0 yl—oo

Actually, because of the equivalence (iii)& (iv) in Theorem above, one can
check that the two classes coincide ! Thus the present paper replaces [22)].
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5.2.2 Weak compactness continued
We give now different (sufficient) weak compactness criteria. We note that

the T'-boundedness of V, i.e. , can be formulated as

sup Vy(2)Ex(z)dz < 400
yGR‘i Rd

where
Vy:zeRdHV(yﬁ—z).

In particular

sup / Vy(2)Ex(2)dz < +00
yeR? J|z[<1

ie. {Vy; Yy € Rd} is a bounded subset of
LY (B(0,1); p(d=))

where p(dz) = Ex\(z)dz.
We start with a particular case:

Theorem 14 If
RY>y —V, € L' (B(0,1); u(dz)) is continuous
then V is a local Kato potential.

Proof. By assumption {Vj; |y| < C} is a compact subset of L' (B(0,1); u(dz)).It
follows that this set is equi-integrable, in particular

lim sup / Vy(2) p(dz) =0
eO0<e Jzl<e

since fIZ\Sﬁ u(dz) -0 (e—0). m

Remark 15 This result extends to more general operators a result in the
same spirit for the Laplacian (see [1] Theorem 4.15).

Actually, more generally, both local and global Kato property can be
formulated in terms equi-integrability with respect to u(dz).

Theorem 16 A potential V' is Kato (resp. local Kato) potential if
{Vy; Y€ Rd}, (resp. {Vy; ly| < C} (C>0)

is equi-integrable subset of L' (B(0,1); p(dz)).
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Proof. We have

/ V(y+2)Ex(2)dz = / Vy(2)Ex(2)dz
{lz1<e} {lz|<e}

/ Vy(2)Ex(2)dz
{lzl<e3n{Vy ()25}

+

/ Vi (2)Bx(2)dz
(1< Vi ()<}

Vy(2)Ex(2)dz

IN

/{|Z§1}0{Vy(z)2j}

+j/ E\(z)dz.
{lzI<e}

Let {V,; y € R?} be an equi-integrable subset of L' (B(0,1); p(dz)). From

sup / V(y+ 2z)Ex(z)dz
{lzl<e}

y€ERd
< Sup/ Vy(z)EA(z)dz—l—j/ E\(z)dz
yeR? J{|z|<1}n{Vy (2) 25} {lzI<e}

and the criterion of equi-integrability (see e.g. [2] Theorem 4.7.20, p. 287),

we fix j large enough so that sup,cpa f{\z|g1}m{vy(z)2j} Vy(2)Ex(2)dz is as

small as we want and then let ¢ — 0. to show that V is Kato potential. We
argue similarly to show that V is local Kato potential. m

We can derive easily a practical criterion relying on the equi-integrability
criterion given by Theorem

Corollary 17 A potential V' is Kato (resp. local Kato) potential if there
exists p > 1 such that

sup / Vy(2)PEx(2)dz < 400 (resp. sup / Vy(2)PEx(2)dz < 400, C > 0).
yerd J|z|<1 | yi<c Jps<t

Proof. Let the p(dz)-measure of 2 C B(0,1) tends to zero, i.e.

/ Ey(z)dx — 0.
{lz[<13nQ

Then the estimate

[ ) = [ @@
{lz[<1}nQ {lz|<1}nQ

1
p*

</ E)\(m)das> — 0
{lz[<13nQ

RSB

AN
R
,-\
B
IN

0
s’
-~
B
S|

t

>
B

jo 8

8
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(p* is the conjugate exponent of p) ends the proof. m

Remark 18 See Remark [26] below for a concrete application of Corollary

7

5.3 Kato classes vs averages over spherical shells

For the Laplacian, it is known that V is a Kato potential provided that
Vell ie.

loc,unif?

sup / (V(y + 2))P do < 400,
yeRd J{|z[<1}

for some p > % (see [I] Theorem 1.4 (iii)). By averaging in angles, it is

easy to improve slightly this result (i.e. we gain something in "angles”).
Actually, we state this for general rotationally invariant A-potential kernels.

Theorem 19 Let E\(.) be rotationally invariant, i.e. Ex(z) = Ex(|z|) and
let

h(y, p) := " V(y + pw)dS(w).

Soo 1= SUP {s > 1, / (Ex(z))’ dz < +oo}
{l=[<1}

If there exists s > sk, (the conjugate exponent of s ) such that

Let

szmm<A%M%MVﬂ4®><+%

y€Rd

then V is a Kato potential.

Proof. Note that V being Tj-bounded in L'(R?) we have at least

1
sup/ h(y, p)p®~'dp < +oc.
yeR JO

Since

/ V(y + z)Ex(z)de = /8 h(y, p)Ex(p)p® 'dp
{lol<<} 0
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then

sup / V(y+ z)Ex\(z)dz
{lz[<e}

yeR

)

~ s*
and we are done since [ (EA(p)) pldp—0(e—0). m
We give now membership criteria to the Kato class in terms of asymp-
totics of the averages of V}, over spherical shells

Q= {zeR% 270 <) <277}, (jeN).

nj(y) = / Vy(2)dz and ﬁj := sup nj(y).
Q; y€Rd

Theorem 20 Let Eyx(.) be spherically symmetric and radially decreasing,
(i.e. Ex(z) = Ex(|z|) and p — E\(p) nonincreasing) and let V' be locally
integrable. Then

> (EA(2_j)> n;(y) < / Vy(@)Ex(z)dz < 3 Ex(270D)n,(y).
§=0 {lz|<1} =0

Moreover, V' is a Kato potential if and only if the series
o0 ~ .
Z (E/\(Q_])) n;(y) converges uniformly iny € RY. (29)
j=1

This occurs if

S
S

Jj—00 Jj—00

-1
lim sup (7;)7 < (lim sup <E)\(2*j)> ) .
Proof. We know that
1
| @B = [ hw.p B’y
{l=[<1} 0

where

M) = [ Vlp)dS(e).
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The fact that

1 o~ o~
/h(y,p)Ex(p)pdldp = Z/ h(y, p)Ex(p)p™'dp
0 2
00 27

< ZEA(Q(j+1))/ h(y, p)p™ *dp

=0 z

and

1 N oo N
/Oh(y,p)EA(p)pd‘ldp = Z/Q ~ h(y,p)Ex(p)p™ dp

00 2—J
> ZEA(T])/2 h(y, p)p®~"dp

—(+1)

show the first claim.
‘We have also

| m@) B - /6;1( o) Ex(p)o"Ldp.
{lz|<e} 0

Since 2-U*1) < ¢ amounts to ln‘E — 1< j then

/ h(y, p)Ex(p)p*dp < / Ex(p)p™dp
0 2 (J+1)

{j ]>1ns _1}

2—J

IN

2—(i+1)

{5 >l -1}
= Yo B2 UT)).
{5 >l —1}

Note that € — 0 implies that 11n2 — 1 — 400 so that

€
sup / h(y, p)Ex(p)p* dp — 0 (e —0)
yeR JO
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if the series ;- E\(2 *(j“))nj (y) converges uniformly in y € RY.

lne

Conversely, 277 < £ amounts to < j so

€ N 2—J N
/Oh@,p)EA(p)pd—ldp > ¥ /2 h(y, p)Ex ()" dp

ey e
15 IZ 2
2—J

> EA(2j)/(j+1) h(y, p)p™ "dp
{5 >} ’
= > B2 )my)
{5 7225}

shows that >~ E,\(Z_j)nj(y) converges uniformly in y € R if holds.
Thus the second claim follows from the fact that E\(277) > Ey(2-U*D). A
sufficient condition for uniform convergence is

v

Sl

lim sup (E)\(2*j)57\]) <1

Jj—-+oo

and this ends the proof since
~ . i 1 ~ N\ E
lim sup (EA(Qﬂ)ﬁj) ? <lim sup (A])J lim sup <E)\(27])> .
Jj—+oo Jj—+o0 j—+oo
[
We complement Theorem [20] by:

Lemma 21 Let
s 1= sup {p >1; / (Ex(z))P dx < —l—oo} . (31)
{Jz[<1}

Then )
lim sup (E’A(Q*j)y < 2%,

Jj—-+oo

Proof. We already know that f{|$|<1} Ey\(z)dxr < +00. Let s > 1 and let
1 < p < s. We have a

/{|:1:<1} (BEx(2)) dv = ‘SCH‘ /01 <E\)\(p)>ppd*1dp
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and

isoJ26+n
fe'e) N AP 2—J

> Z(E/\(Q_]))/ p~tdp.
=0 2—(3+1)

Since f22:(;+1) pldp = ;27U with ¢g = d~! (2d — 1) (see the proof of
theorem then

i 9—(j+1)d (E/\(Tj)y < 400
=0

which implies
1

limjilipoo <2*(j+1)d <E)\(2fj))l’) T <

i.e.
1

lim sup ((EA(2_j)>p>; <24,

j—+oo
1
J

~ L \P ~ AN
Since limsup;_,; o, ((EA(2’J)> ) = <limsupj_)_,_oo (EA(27)>J> then

1
~ . = d
lim sup (E,\(2*J))J <27 (p<s).
j—+o0
Finally, letting p — s ends the proof when s > 1. If s = 1, the above
calculations with p = 1 end the proof. m

Remark 22 If we consider the class of convolution semigroups considered
in [§)], we have Ex(p) ~ Eg(p) (p — 0) (X, B > 0) (see [{]] Lemma III. 8)
so that the parameter 18 A-independent.

By combining Theorem [20| and Lemma [21| we get:

Corollary 23 Let Eyx(.) be spherically symmetric and radially decreasing,
(i.e. Ex(z) = Ex(|z]) and p — Ex(p) nonincreasing). Let V be locally
integrable and let s be given by . Then V is a Kato potential provided
that

_d
s

S

lim sup (ﬁj) <2

j—o0
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Remark 24 Note that for d > 3

~

Folp) ~ —s (p—0) (0<a<2) (32)

for the usual examples (v = 2 for the heat semigroup, 0 < o < 2 for the
a-stable semigroup and o =1 for the relativistic semigroup; see [4])). Thus
EO(Q_(]+1)) ~ 2(]—}—1)((1—0&) and

l,
lim sup (Eo(Q_j))] — 9(d=a)

j—+oo

shows that Lemmal[2]] is optimal. In these cases, V is Kato potential provided
that )
lim sup (7;)7 < 9~ (d=a),

j—o0
Actually, for subordinate Brownian semigroups (relative to a Bernstein func-
tion f), the behaviour of E{;(p) (p — 0) is determined by the asymptotics
of f(A) at infinity. In particular, E(J;(p) ~ pd%a (p—0) (0<a<?2)
if fON) ~ A2 (A — 400); (see [24] Theorem 3.1). This is the case of the
Bernstein function f(\) = ()\ —i—m%))% —m (0 < a < 2) which defines
the relativistic a-stable semigroup with generator

T=— (—A—Fm%)i +m
and characteristic exponent F(() = (’C|2 i m%) T

We are going to derive Theorem [19] from Theorem

Theorem 25 Let Ey(z) be rotationally invariant, i.e. Ex(z) = Ex(|z|),
and let be satisfied. If V € L3 i.€e.

loc,unif?

sup / (V(y +2))* dz < +o0,
yeR J{|z[<1}

with s > g then V s Kato potential.
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Proof. We have
/ Vy(2)dz
2-i<|z|<2-G-1)
1

1 1
(/ Vy(z)sdz> </ dz)
2-i<|2|<2-U-D) 2-7<|s|<2-G-)

1
=

s 2—(j—1) s
<o e o (| et
2-i<|z|<2- G- 27

Since

IN

2—(—1) '
/ p?ldp = cg277¢
2

—j
(where ¢g = d ' (27 — 1)) then

1
%

Cd27jd> o

7 = sup / Vy(z)dz < Cj(s) (‘Sdﬂ
yeRd J2-7<|z|<2-(-1)

Since E)(27U+1) ~ 20+1(d=a) then

1 1
J J

< lim sup (ﬁ])% lim sup (E,\(2_j)>

J—00 J—00

lim sup (@E,\(Q_j)>

J—o0

< (hm sup (C](s));> 9~ 9(d—2)

J—0o0

= (hm sup (C](s));> i,

J—00

Note that limsup;_, (Cj(s))% < lsince V € Lj,. ;s Finally, Theorem
ends the proof. m

Remark 26 One can also derive Theorem (or Theorem from the

equi-integrability criterion given in Theorem |16, Indeed, let s > g. We
know that Ex(.) € LY  for all1 < p < % and p* € (g, —i—oo] . Then for
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any 1 <r < s and p* such that rp* < s

1 1

Vo, () Ey(z)dx < Vi ()P dz " E\(z)Pdx v

/{msu vl Exo)de < </{|w§1} () ) </{|x§1} A (#) )

< ( / %(m)de)“er,l)H* ( / Ex(x)pd«%’) ’
{lal<1} {lal<1}

_1 1
< |sup ( / Vy(m)8d$> 1B(0,1)]7 ( / Ek(x)pd@)
v \ i<ty {el<1)

T;* > 1). By choosing p* close to g and r close to

1, we have indeed rp* < s since s > g. Hence Corollary ends the proof.

A

where rp*t = s (i.e. T =
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