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ANALYSIS OF THE FESHBACH-SCHUR METHOD FOR THE
FOURIER SPECTRAL DISCRETIZATIONS OF SCHRODINGER
OPERATORS

GENEVIEVE DUSSON, ISRAEL MICHAEL SIGAL, AND BENJAMIN STAMM

ABSTRACT. In this article, we propose a new numerical method and its analysis
to solve eigenvalue problems for self-adjoint Schrodinger operators, by combin-
ing the Feshbach—Schur perturbation theory with the spectral Fourier discretiza-
tion. In order to analyze the method, we establish an abstract framework of
Feshbach—Schur perturbation theory with minimal regularity assumptions on
the potential that is then applied to the setting of the new spectral Fourier dis-
cretization method. Finally, we present some numerical results that underline
the theoretical findings.

1. INTRODUCTION

In this article, we address the problem of the computation of eigenvalues of
self-adjoint Schrodinger operators (quantum Hamiltonians) of the form

H=-A+V.

Our main results are a priori error estimates for the approximation error of the
eigenvalue and eigenfunction for a new method allowing irregular potentials be-
yond the regularity assumptions within the standard variational setting [2] 1], 12].
The main ingredient of this method and its analysis is a reduction of this infinite-
dimensional problem to a finite-dimensional one in a fully controlled way with
an effective estimate of the error terms, using the Feshbach—-Schur map (FSM)
method. This method originated in works of I. Schur on the Dirichlet problem in
planar domains and H. Feshbach, on resonances in nuclear physics, and was then
developed independently in numerical analysis, computational quantum chemistry
and mathematical physics, see [16, (18] with the original techniques called variously
the Feshbach projection and Schur complements methods.

We combine this approach with spectral Fourier discretizations which are widely
used in numerical methods in electronic structure calculation, especially for con-
densed matter simulations and in materials science, and known in this community
as planewave discretization. Electronic structure calculation is indeed one of the
problems we have in our sight. And one particular very useful aspect of planewaves
is that they are eigenfunctions of the Laplace operator, entering the Hamiltonian
‘H = —A + V that needs to be diagonalized in order to determine the electronic

structure of the system.
1
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Our analysis is thus relying on non-variational perturbative techniques. Perturbation-
based approaches have a long history in quantum mechanics. For example, dif-
ferent perturbation methods have been proposed, such as [4, 22], traditionally to
introduce more physical details e.g. many-particle interactions in a given approx-
imation. The mathematical justification has been provided by the seminal work
of Kato [2I]. Perturbation methods have also been used to study van der Waals
interactions between two hydrogen atoms in the dissociation limit in a mathemat-
ically rigorous way in [7, I1]. More recently, a post-processing strategy has been
proposed by some of the authors for planewave discretizations for non-linear eigen-
value problems [8, 9], [10] 15], which considers the exact solution as a perturbation
of the discrete (using the planewave basis) approximation.

This is in spirit not so far from so-called two-grid methods, where a first problem
is solved on a coarse basis, i.e. in a small discretization space, and a small problem
is solved on a fine basis. In the case of eigenvalue problems using a same Hamil-
tonian H = —A + V as in this article, two-grid and three-grid methods have been
proposed e.g. in [14], 27] within a variational approximation. A two-grid method
has also been proposed for nonlinear eigenvalue problems of a Gross—Pitaevskii
type equation in [5].

As emphasized above, we extend in this article the FSM-method to establish
finite-dimensional approximations based on the spectral Fourier basis to solve
the Schrodinger eigenvalue problem with controlled errors on the eigenvalues and
eigenvectors. To be a little more concrete, we define a new problem in a coarse,
finite-dimensional, subspace X;; C X spanned by Fourier modes yielding the exact
eigenvalue one would obtain when computing it in the infinite-dimensional space X.
Indeed, our contribution follows a new Ansatz based on the question: Can we find
a discrete Hamiltonian acting on the finite-dimensional space X,; that has the
exact eigenvalue A, of the original Hamiltonian (acting on X) as eigenvalue? It
turns that the answer is yes, but that the discrete Hamiltonian depends itself on A,
through the Feshbach—Schur (FS) -map, leading to an eigenvalue problem in X,
that is nonlinear in the spectral parameter. Not surprisingly, the map cannot be
computed exactly but only be approximated through a fast decaying series, that
is truncated based on a parameter K, and which requires computations in a larger
space Xy with X;; € Xy C X. However, this defines a new numerical method
that is defined by the three parameters o = (N, M, K') and that can be rigorously
analysed. In this work we quantify the error introduced due to the discretization
parameters 0 = (N, M, K).

This article is organized as follows. In Section [2| we present the problem and
numerical method that is used to find approximations thereof, as well as the
main approximation result of the article and the error bounds on the eigenvalues.
Section (3| provides the above-mentioned abstract framework of Feshbach—Schur
perturbation theory based on the regularized version of form-boundedness whereas
Section |4 contains some technical results needed to prove the main result which
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follows in Section [5] Finally, we present in Section [6] some numerical results to
illustrate the convergence as well as the error bounds, and we conclude with some
perspectives in Section [7]

2. SET-UP AND RESULTS

2.1. Problem statement. In order to simplify the notation, we consider a cubic
lattice R = LZ? (L > 0,d = 1,2, 3), but all our arguments straightforwardly apply
to the general case of any Bravais lattice. In this paper we are interested in the
spectral theory of the self-adjoint Schrodinger operators (quantum Hamiltonians)

H:=—-A+YV,
with reasonably regular R-periodic potentials V', acting on the Hilbert space
per = {u c L3 (RY ’ u is R—periodic} ,

loc

endowed with the scalar product (u,v) fQ r)dr and the induced norm
| - ||, where Q = [0, L) is the chosen fundamental cell of the lattice R = LZ<.
Note that V' acts as a multiplicative operator, whereas V' is either a function (in
the more regular case) or a distribution (in the less regular case), whose regularity
will be discussed shortly.

Specifically, we would like to solve the eigenvalue problem

He = A, (1)

in a space X C Hper Here, Hpe]r is the Sobolev space of index 1 of periodic functions
on €2, which is defined in precise terms later on and equation is considered in
the weak sense.

To this end we use the Feshbach—Schur method to reduce the problem to a finite
dimensional one. To simplify the exposition, we will assume that the eigenvalue of
interest A\, is isolated, which is true for the smallest eigenvalue under fairly general
assumptions of V', see Theorems XII1.46 - XIII.48 of the textbook [25]. We denote
by || - || the operator norm on L(L3,,), the space of bounded linear operators on

Lf,er To formulate our condition on the potential V', we introduce the following

norm measuring its regularity
HVHT = H(—A + Id)_1/2+r/2V(_A + Id)—1/2+r/2||7

where the operator (—A + Id)*® is defined by the Fourier transform (cf. Appendix
. In what follows, we thus assume that the potential V' satisfies the following
condition.

Assumption 1. The potential V is real, R-periodic and satisfies
V], <oo forsome r>0.

Assumption [1| implies that V' is A-form bounded [I3] 24], which corresponds
to r = 0. The latter, weaker property implies that H (a) is self-adjoint; (b) is
bounded below and (c) has purely discrete spectrum (see e.g. [13] 24 25] 20]).
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Moreover, potentials V' belonging to the Sobolev spaces, H? . := (—A + 1)*/21.2

per

per *
satisfy this assumption as shown in Appendix [A] Lemma for r < s+ 1 and

r<l+35— f—f. In terms of Sobolev spaces, Assumption 1| states that V', as an
operator, maps Hio" into Ho "

As an example, we note that the Coulomb potential V(x) = FZ\ in three dimen-

sions (d = 3) satisfies V € H? . s < 1/2. Thus, in view of the above discussion we
conclude that Assumption [1 is satisfied for any r < 1/2. For potentials V € L2,
thus with s = 0, the above discussion yields that Assumption [1]is satisfied for any

d
7’<1—Z

2.2. Approach. In our approach, we reduce the exact infinite dimensional eigen-
value problem to a finite dimensional one in a controlled way for fairly irregular
potentials. Of course, we have to pay a price for this, which is that at one point
we solve a one-dimensional fixed point problem that can be equivalently seen as
a non-linear eigenvalue problem. A key ingredient of our method is the finite di-
mensional space and the corresponding orthogonal projection onto which we map
the original problem to obtain a reduced, finite-dimensional one.

Let X, denote the subspace of L%er spanned by the eigenfunctions of —A on R,
with eigenvalues smaller than p,;, as

Xy = > dner(r) | i =ty Gx €C oy, (2)

keR* |k|<M

where ej,(z) = [ "2¢™** (Fourier modes, also called planewaves), R* = 2 7Z¢,

and
o oM\ 2

Let Py be the L2 -orthogonal projection onto Xy, and Py; := Id — Py, We
consider the Galerkin approximation of the linear Hamiltonian H := —A 4V

Let ¢ denote an eigenfunction of , introduce the projections ¢, = Py and
o1, = Pi;p and project the exact eigenvalue problem onto the subspace X,
and its complement X3, to obtain

Py (Har — Noar = —PuVepy, (3)
Piz(Hiz — Near = —PurVeour, (4)
where Hj; := Pi;HP;;. Here and in the remainder of this article, we abuse notation

and write A\ instead of AId in order to denote the multiplicative operator. Next,
in Appendix [A] we prove the following
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Lemma 1. Let Assumption || hold and define ky = py — (par + 1) pif V]|
Then

Hi: > kar on RanPj;. (5)

Here, Ran denotes the range (or image) of the following operator.

Thus for A < ks, the operator Hj; — X is invertible and we can solve () for ¢7;
and thus o3, = —(H;; — A)7'Pi;Vpar. Substituting the result into (), we obtain
the non-linear eigenvalue problem

(Har + Une(N))onr = Ao, (6)

where we introduced the effective interaction Upr(N) © Xar — Xpy, or a Schur
complement,

U (N) := =Py VP (Hiy — N) 7P, VP (7)
We then have the following proposition, which is proved in Appendix [A]

Proposition 1. For each A such that A\ < kpr, Uy (N) is a well-defined operator
as a product of three maps: Py, V and Py (Hi; — N\)71P;; between various but
matching Sobolev spaces.

Now, we construct a completely computable approximation of the eigenvalue
problem @, with the operators involved being sums of products of finite matrices.
Namely, we expand the resolvent (Hz; — \) .} = (—A+VE =) p. 10 (7)) in

|[RanP3; |RanP;;
the formal Neumann series in Vi;:= P;i;VPj;, then truncate this series at K € N
and replace the projections P;; = Id — Py, by PY, := Py — Py, with N > M.
Introducing the notation

Gir(A) = (A = Ny (8)
and V3 := PY;VPY,, we obtain the following truncated effective interaction
Ur(A) 1= —Par VP Ry (A)Py VP, (9)

k
where o i= (N, M, K) and R,(\) i= S450(=D* |G OVY | 6 (1), Since al
the operators involved in @ are finite matrices, this family is well-defined and
computable. Now, we define H,(\) := Hyr + U,(A) on X,y and consider the
eigenvalue problem: find an eigenvalue \,; and the corresponding eigenfunctions
Yoi € Xpr such that

Ho(Noi)Poi = AoiPoi- (10)

Next, we define the approximate ‘lifting’ operator whose origin will be become
clear in the next section:

Qs(N) :=1d — R, (NP}, V Py (11)
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Note that in the case of N = M there holds P}, = 0, U,(\) = 0, and thus,
equation (10 (and () simply reduces to the variational approximation involving
the Hamiltonian H,,.

2.3. Main results. Within this manuscript, we denote by < upper bounds in-
volving constants that do not depend on the parameters o = (N, M, K), o, r, ||V||,.
Then, we have the following result, whose proof will be provided in Section [5]

Theorem 1. Let Assumption[]] hold, let \, be an isolated eigenvalue of H of finite
multiplicity m, with eigenfunctions @;, and let vy denote the gap between A\, and
the rest of the spectrum of H.

Then, there ezists a > 0 and My € N such that for N >M > My, problem (|10)
has m solutions (Poi, Aoi) € Xar X [A — B, A + B] approzvimating (p;, \,) in the
following sense:

2
A=l S O+ o ) (12
(6%
X IV,
I = @l 5 171 14+ 20| 0,0, (13

where Ao = A\ + Y0 + @ and
-r —r —r K+1
e(o,r, V) == pyN + pus [4PM HVHT} :
This Theorem is subject to several remarks.

Remark 1. Note that € is equivalent to
-2 -2 L2 g r—2 Kl
So,r V) R N7 M 4 (£) VL]

2w

where the equivalence constants do not depend on the parameters o = (N, M, K),r,a, V.

Remark 2. In some cases, for instance in multi-scale problems, one might be

only interested in the coarse-scale solution, i.e. the best-approximation in the

coarse space Xy given by Pyrp;. In such cases, a useful byproduct of the proof of

Theorem [1) is the following estimate

Ao [[V]I7
P

[(=A +1d)*(Pari — @oi)l| S o

for any s > 0, which thus compares the eigenfunctions in the space Xyy.

Yy e(o,r, V), (14)

Remark 3. Note that convergence of the eigenvalues and the eigenfunctions can
be achieved by taking the limit K, N — oo for fited M > My. For practical
purposes, the idea is to set N large enough so that the error is dominated by the
error introduced in K < 400.

Further, note that the eigenvalue and eigenvector errors have the same rate of
convergence with respect to K. However, the error in the eigenvector depends on
the gap o while the error in the eigenvalue does not.
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The estimate with respect to N in Theorem [I] is not sharp in all cases, in
particular for sufficiently regular potentials V. Nonetheless, our analysis has the
merit of presenting the convergence result in one combined analysis based on
perturbative techniques which also holds for low regularities of the potential where
standard a priori convergence results of the variational approximation do not hold.
In fact, still in the low regularity regime, an estimate of the variational problem
can be obtained by setting K — oo or M = N.

Note that we can adapt the result whenever a prior: approximation results are
available by employing the triangle inequality. Indeed, if the potential V' belongs
to the Sobolev space V' € H’ ., with s > d/2, we resort to a priori results in
a first place to obtain a sharp bound with respect to N, see e.g., [I, [6, 3], and
also [23] for a certain class of discontinuous potentials in H'/?=¢ for all € > 0, in
two dimensions.

More precisely, we consider H acting on Xy directly, i.e. substituting H by
Hy = PyHPx and using X = Xy with variational solution (py, Ay), assuming a
simple eigenvalue for simplicity. It is important to note that problem ((10)) remains
unchanged and thus, the result of Theorem [1| holds with

5(0'7 Ty V) = p]T/[T [4p5f||v||T

but where the exact solution is substituted by (¢n, An). Proceeding then by the
triangle inequality yields

|>\* - >\O'i| < |>‘* - >‘N| + |>‘N - >‘Ui|7
loi = Qo (Noi)oill < lloi — onll + [lon — Qo(Agi)aill-

Combining then the aforementioned a priori estimates from [ [6l, 3] for the first
terms of the right hand sides with Theorem [1| for the latter parts yields the fol-
lowing corollary.

]K-i-l,

Corollary 2. Under the conditions of Theorem and if V€ HS ., s > d/2, then

per’
A= Aot < C (NTEF2 40,7, V))
H(Pz - QU()‘Ui)SOUiH S C (Ni(s+2) + g(O', r, V)) )
for some constant C > 0 independent on o = (N, M, K).

Remark 4. Instead of the space Xy defined in (2|) spanned by the eigenfunctions
of —A on R, we could have taken another finite dimensional approxzimation of the
space L*(R).

Remark 5. Given a sequence of larger and larger finite dimensional spaces, one
could apply the FS maps consequently with larger and larger projections. In par-
ticular, this could lead to a version of a multigrid technique.
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2.4. Theoretical background. Let us shed light on the theoretical foundation
on the eigenvalue formulation in form of @, instead of . For a pair of projec-
tions P and P+ such that P+ P+ = Id, we define the set Dp of operators H on a
Hilbert space such that H+ := P+ H P* is invertible on Ran P+ and the operators
HP and PH are bounded. Furthermore, for an operator H € Dp, we define the
bounded operator

Fp(H) == P(H—- HR"H)P, (15)
where Rt := P+(H*)"! P+ acting on the subspace Ran P. Our approach is based
on the following results, originally presented in [I8, Theorem 11.1].

Theorem 3. Let P and P+ be a pair of projections such that P + P+ = 1d.
Then Fp: H — Fp(H), considered as a map from the subspace Dp into the space
of bounded operators acting on the subspace Ran P, is isospectral in the following
sense: if an operator H and a number A € R are such that H — X\ € Dp, then

(a) A € o(H) = 0€o(Fp(H—N);

(b) HY = \p = Fp(H — X)) ¢ =0;

(¢) dim Null(H — \) = dim NullFp(H — \).
Moreover, ¥ and ¢ in (b) are related as ¢ = Py and ¥ = Qp(\)p, where

Qp(\) :=P— P+ (H- - )\)"'PtHP.

Finally, if H is self-adjoint, then so is Fp(H).

Here, Null denotes the null space (or kernel) of the following operator. The
map F’p on the space of operators, is called the Feshbach—Schur map. The relation
1 = Qp(N\)p allows us to reconstruct the full eigenfunction from the projected one.
By statement (a), we have

Corollary 4. Let v;(\) denote the i-th eigenvalue of the operator Fp(H — X)) + A
for each X in an interval I C R. Then, there exists a bijection between the
eigenvalues of H in I and the solutions of the equation

In the current setting of the spectral Fourier approximations, P = Py, P+ =
Pi;, Proposition [1] implies that the results of Theorem [3| apply for each choice of
M € N and yield

Fp,,(H — X) = Hp(X) — APy, (16)
where we introduced the notation
/HM(A) = Hy + UM(A) (17)

Note that Has()) is exactly the operator entering (). Thus, we have the following.

Corollary 5. Let A € C with Re X\ < kp;. Then
(a) Hp = ) <= (Hu(A) = A)par = 0;
(b) dim Null(H — ) = dim Null(Hpr (X)) — A).
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(c) ¥ and ¢ in (a) are related as oy = Pytp and v = Qui(N)par, where
Qu () =1d — (Ha; — A) " 'Py;V Py (18)

i.e. the corresponding eigenfunction can be reconstructed from @y by an
explicit linear map.

This result shows that the original infinite-dimensional spectral problem is
equivalent to the finite dimensional spectral problem @ which is nonlinear in
the spectral parameter \. We now state a few properties of the effective inter-
action Ups(A), in order to characterize the solutions of the fixed-point problems
vi(\) = A. First, we give a definition. A family of bounded, self-adjoint opera-
tors T(A\) : X — X, with A € I C R, is said to be monotonically decreasing if
T(M\) < T(XN), in the sense of quadratic forms (i.e. (u,T(N)u) < (u, T'(N)u)), for
all A > ). Similarly, one can define increasing, non-increasing, and non-decreasing
families of operators. If T'(\) is a weakly differentiable family, then, by the fun-
damental theorem of calculus, if 77(A\) < 0 and is not identically 0, then T'()) is
monotonically decreasing.

Proposition 2. For A € R such that A < ky, Uy (N) is (i) non-positive, (ii)
monotonically decreasing with X, (iii) vanishing as A — —oo. For A\ € C such that
Re A\ < kar, Un(N) is (iv) complex analytic in A and (v) symmetric.

Proof. Properties (i)-(iv) follow directly from definition (7)) and Lemma (1] above.
For the last one, we use that H is self-adjoint. O

Proposition 3. Denote by vy (N) the i-th eigenvalue of Ha(X) and assume that
the i-th eigenvalue of H is less than kyr. Then, the equation vy(A) = X has a
unique solution in the interval (—oo, Kyy).

Proof. Since, for A < kpr, Uy (A) is symmetric, the operator Hys(A) defined by
(17)) is (a) self-adjoint, (b) monotonically decreasing with A, (¢) converging to Hy,
as A — —o0, (d) is complex analytic in A for Re A < rp;. We deduce from (b) that
the functions vy; are decreasing on (—oo, kp7) and thus, if the i-th eigenvalue of
H is less than kyy, the equation vy;(A) = A has a unique solution (that equals the
i-th eigenvalue of H). O

Note also that limy_, ., va(\) is the i-th eigenvalue of H,, which is larger than
the i-th eigenvalue of H due to the variational principle.

These considerations motivate the numerical strategies to compute solutions
to in the following section.

2.5. Numerical strategy. In order to find solutions to the non-linear eigenvalue
problem , we propose two strategies:

Strategy 1: For a fixed index ¢ = 1,..., M, consider the sequence of iterates /\((,J )
obtained by

A9+ s the i-th eigenvalue of H,(AY™). (19)
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We thus introduce the notation v,;(\) denoting the i-th eigenvalue (counting mul-
tiplicities) of the Hamiltonian H,(\) and thus have AP = z/gi(/\((,j _1)). The limit
value A, := lim;_, A9 then satisfies A = Vyi(As) and thus .

Strategy 2: For a given target value A\; € R, consider the sequence of iterates
AY) obtained by

A9 i the eigenvalue of H,(AY™Y) closest to . (20)

We thus introduce the notation v, (\) denoting the eigenvalue of the Hamiltonian
H,(A) closest to Ay and thus have A = Vat(>\<(7]_1)). The limit value A\, =
im0 AY) then satisfies Ao = Vyt(As) and thus ((10).

In both cases, as outlined in the upcoming Remark [0}, convergence of the fixed-
point maps ([19)) and can be guaranteed under some conditions and for N, M
large enough.

Remark 6. This numerical strategy can be easily extended for eigenvalues with
multiplicity higher than one. Indeed, using Proposition[3, provided that the sought
eigenvalue is less than kyr, one can iteratively compute a given number of the low-
est eigenvalues of the operator Hy,(\,), with N, updated at each iteration, matching
a close value of the multiple eigenvalue. At convergence, this eigenvalue and the
multiplicity will match the exact one, up to an error given in Theorem[l]. Regard-
ing bands of eigenvalues, one could as well iteratively compute a given number
of the lowest eigenvalues of the operators Hy(Ny;), with the \,; updated at each
iteration, but this multiplies the number of problems that have to be solved by the
number of eigenvalues in the band. To do it in an efficient manner would re-
quire to consider a density-matriz formalism, in order to consider all interesting
eigenvectors together, but this goes beyond the scope of the present paper.

The complexity of the numerical method can be summarized as follows:

(1) We assume that the resolution of the non-linearity with the iterative scheme
or requires J iterations.

(2) At each iteration j = 1,...,J, one requires the resolution of an eigenvalue
problem with O(M¢?) degrees of freedom and we assume that this problem
is solved with an iterative solver using Jé‘fp matrix-vector multiplications.

(3) The computation of one matrix-vector product corresponding to the Hamil-
tonian Hys + Upr(N) = —Ppr APy + Py VPy + Un (M) contains three parts.
(i) the matrix corresponding to Py, APy, is diagonal in the Fourier basis;
(ii) the application of Py/V' Py, can be effected using the Fast Fourier Trans-
form (FFT) on the grid X;; and scales as M?log(M?);

(iii) the matrix-vector product corresponding with the application of the
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multiplicative potential U, (). For convenience we recall here its defini-
tion:
K k
Us(N) = —PaVPY, (Z(—N[Gﬁmv&} Gﬁ(A)) Py VP,

k=0

with Gif(A) = (=A=X)|;! . The application of Gfj(\) scales as N —M*
M

and the application of the potentials Py, VP, Vi¥ and PY,VPy can be
performed again using the FFT on the entire grid Xy and it scales as
Nelog(N4Y).

The overall complexity is thus proportional to

T x JM x (Md + Melog(M%) + (K + 3)N¢log(N?) + (K + 2)(N? — Md)>

evp

In contrast, following the same notation, the variational problem requires a com-
plexity of
N d d
Jovp X N%log(N*)
Therefore in order to compare the methods, it depends on J x Je]‘fp(K + 3) versus

J&v, at comparable accuracy.

Finally, we emphasize that the focus of the present paper is to present the
numerical analysis of this new method, which covers cases where the analysis of
the standard variational approximation does not hold and efficiency becomes a

secondary factor.

3. PERTURBATION ESTIMATES

In this article, we often deal with the following eigenvalue perturbation problem:
Given an operator H on a Hilbert space X of the form

H=Hy,+W, (21)

where Hj is an operator with some isolated eigenvalues and W is small in an
appropriate norm, show that H has eigenvalues near those of Hy and estimate these
eigenvalues and the corresponding eigenvectors. We therefore start by presenting
an abstract theory which will be applied to our concrete problem in the following
sections.

Specifically, we assume that H and H are self-adjoint and bounded from below
and that W is a-form-bounded w.r.t. of Hy, in the sense that for o € R such that
Hy + « is a positive operator (Hy + a > 0), we have

Wz, 2= I (Ho + @) V2W (Hy + a) 772 < o0, (22)

where (Hyg+ «)~*, s > 0, is defined either by the spectral theory or by the explicit
formula

(Hy+a)™® = ca/ (Ho + o+ w) tdw/w?,
0
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where ¢, = [[;"(a + w) 'dw/w*]"'. This notion is equivalent to that of the

relative form-boundedness, but it gives an important quantification of the latter.
We also note here that, by a known result about relatively form-bounded opera-

tors (see e.g. [24, 20]), if Hy is a self-adjoint, bounded below operator on X and W

is symmetric and a-form-bounded w.r.t. of Hy, then H = Hy + W is self-adjoint.
We start with a general result on the eigenvalue difference.

Proposition 4. Let Hy be a self-adjoint bounded below operator on X and W
symmetric and a-form-bounded w.r.t. of Hy, and let H = Hy+ W . Let a € R be
such that Hy + o > 0. Then the eigenvalues of H and Hy satisfy the estimates

vi(H) — vi(Ho)| < (vi(Ho) + @) [|W |y, (23)
where v;(A) denotes the i-th eigenvalue of the operator A.

Proof. Let u € X be arbitrary and define v = (Hy +a)'/?u noting that (Hy+a) >
0. Then,

(u, Hu) = (u, Hyu) + (v, (Hy 4+ o)"Y2W (Hy 4 o)~ %),
Note that
(v, (Ho + )" 2W (Ho + ) 20 < Wl (v, 0) = [W llm.a{u, (Ho + )u),
and therefore
(u, Hou) (1 = [|Wltzo.0) — llull*[W .0 < (u, Hu)
< (u, Hou) (1 + [Wllazp,) + aellul*[[W |-

Using the min-max principle (Courant—Fisher), there holds

vi(Ho) (1 = W lltz,0) — l|W ltzg,0 < vi(H) < vi(Ho) (14 [|[W|zy,0) + | W |z a;

which leads to the result. [l

Let us now assume that )\ is an isolated eigenvalue of Hy of finite multiplicity
m and let Py be the orthogonal projection onto the span of the the eigenfunctions
of Hy corresponding to the eigenvalue )\, and let Pyt := Id — ). We further
introduce Hy_y := Hi- — AP;- and thus Hy, = Hy + aFy.

Let vy denote the gap of A\g to its closest eigenvalue in the remaining spectrum
of Hy and we introduce the spectral interval Iy = [A\g — %70, Ao + %70].

Our next result gives estimates on the difference of eigenvectors of H and Hy,
as well as on the difference of their corresponding eigenvalues. For standard ap-
proaches to the spectral perturbation theory, see [26], 211, 25| [20].

Theorem 6. Let Hy be a self-adjoint bounded below operator on X, with the
eigenvalue Ny as above, and W symmetric and a-form-bounded w.r.t. Hy, and let

H = Hy+W. Let a € R be such that Hy +a > 0. If |W|gya < %/\Jj;a, then
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the self-adjoint operator H has exactly m eigenvalues (counting the multiplicities),
denoted by p;, in the interval Iy = [Ag — 370, Ao + 270] which satisfy

1
= Dol < Qo+ ) IW 0 < 370 (24)

Further, if |Wly.a < }lz—‘;, then any normalized eigenfunction, v;, of H for the
eigenvalue p; satisfies the estimates

Ao
1 Ho 2 (0 — 1) | < 422 (Mo + @) 2([W a1y (25)
Y0

Ao
[t0i — il < 4%HWHHO,a» (26)

where Ao = Ao+a+7 and g, is an appropriate eigenfunction of Hy corresponding
to the eigenvalue \g, namely Vy; == Pyt);.

Remark 7. We note that similar estimates can be obtained for normalized eigen-
functions o := Py /|| Pots|| with an additional factor 2 using the estimate

[90i — Wil < |1 = llvoill] + l1voi — will < |Ilwill = [Woll| + lvbor — wsll < 211000 — will-
We first develop the following preliminary results.

Lemma 2. Let a € R be such that Hy + a > 0 and A\, := A\g + Yo + «. Then, for
all X € I§ := {z € C: Rez € Iy}, there holds |Pj- — (A + a)Hy AP > P

Proof. The eigenvalues of | P~ — (A + o) Hy , Fy-| on Ran Py~ are

Aoi — A
Aoi +

A+«
Aoi + @
where \y; denotes the eigenvalues of Hy and the index i runs over all eigenvalues

except ¢ such that A\o; = Ag. For A € [§, we write A\ = A\, +i\;, with A\, € I,
Ai € R. Since for any z € R, |z — A| > |z — \,| we have thus to study the function

Y

:

x—A
= K, = |—q, Ao — Yo, A )
f(z) c+al T < [—a,+00) \ (Ao — 705 Ao + 70)
for A € Iy in order to lower bound the eigenvalues. Since
by T A o at A
@ =GN @rar
if &+ A\ <0, there holds f'(z) < 0 for z > —a« so that
] >
min f(z) 2 1.

If a + A > 0, there holds
f(x) <0 forx <, f'(x) >0 for x > A,
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and thus, for A € I,

min f(z) = min (f(Ao —70), f(Ao + 7)) = min

z€Kq M—Y+a M+ +a

yielding the result. UJ
Denote H* := Py H Py |gay pr and R(A) := Fg-(H+ — \) 7' Fy-. We have

Ao =70 — Al [do+70 — Al >lﬁ
T2 A

Lemma 3. Let a € R be such that Hy +a > 0 and Ao := Ao+ 70 + «. Let
I§ == {2z € C: Rez € I} and assume |W||m,, < §3=. Then, for X € I, the
following statements hold
(a) The operator H+ — X is invertible on Ran Py-;
(b) The inverse RH(\) := Py-(H-—\)"1B;* defines a bounded, analytic operator-
family;
(¢) The expression

U()\) := —PyHR*(\)HP, (27)
defines a finite-rank, analytic operator-family and bounded as
UM o0 < 4o/l [PW Py, < 4 Do/l W .- (28)

Further, U(X) is symmetric for any X € I.

Proof. (a) Since H* is self-adjoint, the operator H+ — X is invertible for any \ €
C\R. For X € Iy, we argue as follows. With the notation A* := Py APy [gan pot
we write
H* = Hy + W+,

Now, we write

HE = NPy = HolJ [Py = (A + ) o, + 3l Hy (29)
with Ky = Hy W+ H;}?. Lemma [2 yields that [Py — (A + ) Hy A Pg| > 52
and thus, the operator Id — (A + a)Hy ) + K, is invertible as soon as [|K,|| <
0

- which is in particular the case if |[W|gya < 332, Then, we also have
o 1o}

11d — (A + a)Hy o + Ky | > 132, Hence the operator H — X is a product of three
invertible operators and therefore is invertible itself on Ran Py-.

For (b), since H- — X is invertible on Ran P, the interval I is contained in
the resolvent set, p(H>|ga, pt), of H Llran pe and therefore, since H ran pe s

self-adjoint, I§ C p(HHRanPOL). Since
RY(\) == B (H- — \)7'Py (30)

is the resolvent of the operator H+ — \ restricted to Ran P;-, it is analytic on its
resolvent set and in particular on I§.

To prove statement (c), we note that the operators RY(\), HPy and PyH =
(HPy)* are bounded and R*()\) is symmetric for A € I. Hence so is U(\). The



THE FSM AND COMPUTATION OF EIGENVALUES. MAIN RESULT 15

analyticity of U(\) follows from the analyticity of Rt(\). It it clear that U()) is
of finite rank due to its definition.
Finally, to prove estimate , we first show that the operator RY()\) :=
Pi-(H+ — \)7'Pg-, X € I§, satisfies
1/2 1/2 Ao
|Ho R ol < 422 (31)
To this end, we invert on Ran Py and use that }Id — (A + oz)Hofoll + K,\‘ >
to obtain for A € Ig.
Finally, we prove inequality . Since PyHy = HyPy and PyP;- = 0, we have
PyHP; = PBWP;-, PyHPy= P;WDP,.
These relations and definition yield
U\) = —PWR-(\WP,. (32)

Combining and , we obtain . 0

Remark 8. In addition, we have the estimate

A
[0V < 4221 PW Ey [l o (33)

1y
4%

Indeed, since HyPy = \oPy, we have ||(Hy+ )2 Py||> = Ao + o, which implies the
estimate

[P AR || = (Ao + ) [[Po AR || o (34)
which, together with estimate , yields (33)).

Hence, under the conditions of Lemma [3| and for A € I; the following Hamil-
tonian is well defined

H(X\) := PBbHPy + U(M\). (35)
Note that PyH Py = A\gFy. Lemma |3 above implies

Corollary 7. The operator family H(X) is (i) self-adjoint for X € Iy and (ii)
complex analytic in A € I§.

In what follows, we label the eigenvalue families v;(A), i =1,...,m, of H(\) in
the order of their increase and so that

(A) < ..o < up(A). (36)

Note that the eigenvalue branches v;(\) can also be of higher multiplicity. On
a subinterval I; C Iy, we say that the branch v;()\) is isolated on I; if each other
branch v;(\), with A € I;, either i) coincides with v;(\) or ii) satisfies

i . — U >
min 15(A) — v;(A)] 2 7 > 0. (37)
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Ao + 37
flz)=ua
o -
va ()
v1(A)
)‘0*%70 T /\I /\I )\I )\I /\I
Ao — 140 Ao Ao+ 90 0,1 A0,2 0,3 A0,4A0,5

FIGURE 1. (Left) Schematic illustration of the eigenvalues v;(\) of
H(\) in the neighborhood of Ay for the case of m = 3. (Right)
[lustration of the spectrum of Hy consisting of five eigenvalues

)\0’1 cee /\075 of multlphclty mo,1 = ]_, Mo2 = 2, Mmo,3 = 4, mo4 = 2,
mos = 1 and the corresponding situation when zooming in close to
)\0 = )\0 i

Further, we have the following result.

Proposition 5. Let a € R be such that Hy+ o« > 0 and let I; C Iy be such that
the branch v;(\) is isolated on I;. For \ € I;, (i) the eigenvalues v;(\) of H(\)
are continuously differentiable; (ii) the derivative vi(\) is non-positive; (iii) the
solutions to the equations v;(\) = X are unique if X € I;; (i) if [|[W||x,, < }11—2,

the derivatives vj(X), X € I} := [Ao — 170, Xo + 370) N I;, are bounded as

8 (Ao + )Xo
Vi) < 22 B W P [
T Y0

where Ao := Ao + Yo + .

Proof. Proof of (i) of a simple eigenvalue Ay, i.e., m = 1. In such a case, Py is a
rank-one projector on the space spanned by the eigenvector g of Hy corresponding
to the eigenvalue Ay and therefore Eq. implies that H(\) = v1(\) Py, with

v1(A) = {0, H(A)o). (38)

This and Corollary [7| show that the eigenvalue v () is analytic.
We now prove (i) in the general case. First, we claim the following well-known

formula

vi(A) = (a0, U'(AN)xa(V), (39)
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for A € I;, where x;(\) are well-chosen normalized eigenfunction of H(\) corre-
sponding to the eigenvalue v;(\), namely that they are differentiable in A. To this
end, we observe that for each p € I;, we can find a local neighborhood I, C I; of
w1 such that
Ut A€ Ly n{n) [ e L} =0, (40)
J#
due to the isolated branch property, i.e., 7; > 0 in . Second, since H(\) is
self-adjoint for A € I, and analytic (say, in the resolvent sense) in A € I§, the
Riesz projection, corresponding to the eigenvalue v;(\):

1
PO =g § ()= 2) ()
2mi Li(p)
where I';(11) is a closed curve in the resolvent set of H(A) surrounding the eigen-
value branch {v;(\) : A € I,}, is also self-adjoint and analytic in A € I and
therefore in A\ € I§ (see [25], 20]), condition (40) guarantees that we can choose
such a closed curve which contains no other points of o(H(u)) on I,, and that,
combining all neighborhoods of p for p € I;, there holds that P;()) is analytic in
I;. From [25, Theorem XII.12], there exists an analytic family of unitary operators
Vi(A\) such that Pi(\) = Vi(A)P;(\o)[Vi(A)] ™!, Ao being possibly replaced by some
arbitrary p € I; if Ao does not belong to I;. We then define
Xi(A) = Vi(A)voi,
where 1)y, is an eigenvector of Hy corresponding to the eigenvalue Aq. Since V;(A)
is analytic, x;() is also analytic in [;, so in particular differentiable, and one can
easily check that x;(A) is of norm 1 and that P;(A)y;(A) = x;(A), which guarantees
that x;(\) is a normalized eigenfunction of H()). Now, we use that
OGO, H(A)xa(A) + (xG(A), HA)XG(A)) = v(M)(OGA), xi (M) + (xa(A), xi (V)
= (L)) = 0
to obtain /(A) = (x:(A), H'(A\)x;(\)), which gives ([39). The differentiability of
Xi(A) and the analyticity of H(A) then implies the differentiability of v; in each
neighborhood of .
In order to prove (ii), note that U’'(\) < 0, as follows by the explicit formula
U'(N\) := —PWP+(H- — \) 2P, WP <0. (42)
Hence, v/(A\) < 0 by (39). The monotonicity of 1;(\) also implies the well-
posedness of the equations v;(A) = A under the condition that A € I;, thus
statement (iii).
We now aim to prove (iv). Starting from (39), we estimate v/()\) with
Vi < [[(Ho + @) 2Rl 210" (N [ 110 (43)
The first factor on the right hand side is exactly known as
I(Ho + )2 Pl* = (Ao + a). (44)
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To investigate the second factor on the r.h.s. of , we use the analyticity U(\)
and the estimate . Indeed, by the Cauchy integral formula, we have

1
1T Mro.0 < 5 sup U () 1100
C,

where R is such that {u € C: |u — A| < R} C I§. Taking R = 17, gives, under
the conditions of Lemma [3] the estimate

8 Ao

10" (Ml #2900 < ||P0WPL||H0 o (45)
Combining equations , and ( shows (iv). 0

Corollary 8. Let a € R be such that Hy+ o > 0 and let I; C Iy be such that the
branch v;(\) is isolated on I;. Under the condition that

8 ()\04‘04)

P,W Py <1,
- 2 “|Po [

and that the unique solution \ of v;(A\) = X satisfies A € 1)), the fized-point iteration
AEFD = 1y (AR)) converges to A for initial values in I}

Now, we proceed directly to the proof of Theorem [6]

Proof of Theorem [ For the estimate on the eigenvalues, we first remark that
applying Proposition 4| to the m eigenvalues corresponding to Ay for Hy provides
the first inequality in (24). The second one follows immediately from the condition
W .0 < 5523 € Io.

The fact that the operator H has exactly m eigenvalues (counting the multi-
plicities) in Iy follows from Corollary [i] and Proposition [5(iii) and the fact that
H()\) is a m x m symmetric matrix.

For the estimates on the eigenfunctions, recall from Theoremthat Qo(pi)o; =
¥;, where p; = v;(H) and the operator QQo(A) is given by

Qu(N) = 14— R ()RR, (46)
with R*(\) defined in (30)). This yields
Yoi — i = Yoi — Qo) o = R (i) Py W Py (47)

Then, for v € {0,1/2},
HH&a(wOi - %)H < ||H&QRJ_(MZ)POLWP0“
< | Hg o Ho B || 2R (i) Hy [ B W B, ol | A 2

In the previous expression, we can use (31)) to estimate HH&f R (u) H, H)! 2|| Then,
we note that
125 W Polltg.a < [IW |20,
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as well as
| PoHle |l = (ho + ) /2.
Finally, in the case v =0
| Hoo*Pl| < (Mo + )72,
and for v = 1/2,
—1/2
1H o Hoo* Pyl < 1.
Combining the four bounds leads to and . O

Remark 9. Note that by Theorem@ any solution ; to the equation v;(1;) = i,
for1=1,....,m and where the u; are in ascending order, is an eigenvalue of H.
Under the condition

L 7
||W||Ho,c¥ < (48)

B 5)\0‘|‘C¥7

Theorem @ guarantees that the eigenvalues p; satisfy | — Xo| < % and thus
Wi € ]0.

On the contrary, the eigenvalues u; are the only m eigenvalues of H belonging
to Iy if a stmilar condition as , but for the next larger eigenvalue of Hy than \g
holds whereas such a condition is automatically satisfied by for the preceding
eigenvalue of Hy.

4. PRELIMINARY RESULTS

We now derive a few preliminary results that will be useful for proving Theo-
rem I} For the following proofs, we define the following quantities: hy := —A — A,
Vii = P VP, Vi) = Py VP

Lemma 4. For A € C with Re A < %pM and pyr > 1, the following bounds hold
—1/2 —-1/2 —1/2 —-1/2 —r
I3 PV < 0P Vighy 2 < Apsf [V - (49)
Proof. First, we note that
~1/2 —1/2 ~1/2 —1/2 —1/2 —1/2
1532V 20 = 1Pk 2 Vihs P Pl < 1y Vighy -
Then, we estimate for any s > 0, using the assumption Re A < %pM

o+ 1)°

b h Pl <
|| 179X M“ |PM . )\‘3

<2 (L4 py)) <4 (50)

This implies in particular that ||h)\1/2V]\%[h;1/2|| < 4||Vitllo- The result follows
noting that [|Villo < pa7 IV ]I, O
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Lemma 5. For A € C with ReA < min(3pn,kn) and py > 1, the following
bound holds

K
r . k
TNl < 4paf IVIED - [Boaf IV (51)

Moreover, if 4p3/ |V |- < 1,

o AVIE
10z (Mlr < paf ,,f" , (52)
M1 —apy/ IV,
and in particular
o AVIE
O <pyf——————. 53

Proof. By definition (9)), we can write U, (\) which is well-defined for A < ks as

K
k
Ur(N) = = SO PuVP Iy 2 = i PV PR VR, (54)
k=0

Using estimate , there holds

K

k=0

and by (50), ||y /*PNV Py, h_1/2+r/2|| < 20072V ||, s0 that we obtam (1). The
bound (52) is easily obtained from and taking K, N = oo in , we arrive

at . OJ

Lemma 6. For A\ < 1ra, pu > 1 and if 4p3/ ||V, < 1, the following bounds hold

1 e AV
UL\, < v I 55

(K

Proof. Since from Proposition [2{iv), Uy(\) is complex analytic in A for Re A < ray,
by the Cauchy integral formula, we have

repviev sup | Une ()]s

P —
27TRM ()\) necC,
[p—Al=Rar(X)

with Ry (\) = %KM — A > 0. Using and noting that %/{M < %pM, we

obtain . O
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Lemma 7. For A < min(ka, 350m), py = pu > 1 and if 4p,/ |V, < 1 and

_r 160727 ||V ]2 .
4o IV |- + % < 1, the following bound holds

10 (A) = U (V)]

—r —r 2 —r
- —r 16037  IVI12 1 —4p,7 V]|~ 1—4pr |V, VM '
L= 4pi IVl = 22 P IV g
(56)

Proof. We first write Up(A) — U, (\) as
Unu(A) = Ur(A) = (Un(A) = U (N)) + (Uuw (A) = U (X)), (57)
where, using the notation Hiy = Py, HPY,
Uun(A) == — PMVPJItf4<HJ\]}[ - A)ilpﬁVPM
= — Py VP (A + Vi) — A)'PY VP

Since Up(\) = —PyVPL(His — \)'PLV Py, with Hi; = PLHPL, the first
term Upr(A) — Uy (A) is estimated as follows.
Denoting by Hi; = PxHPx, and the Schur complement

A =Py ((Mx = AP = PRVPY (M — A7 PR VPY) Py,
there holds, using a block matrix inversion
Par (Har — A) ™" Pag =Py (Hay — A) 7 Py + Py (Hay — \) 7Py VAVPY, (Hiy — N) 7Py
— Py (Hay — A) TP VA — AVPY (Hyy — A) TP + Al (58)
Therefore, Up(A) — Unn(A) can be decomposed into four terms as
Unt(A) = Uun(A) = = Pu VP (Hyy — N) Py VAVPY (Hyy — N) 7PV Py,
+ Pu VP (Har — A) Py VAV Py,

+ Py VAVPY (Hyy — N) ' Py VP,
— Py VAVPy,.

Then, the r-norm can be estimated as

10N = Unew M)l < IV {12 772PN, (M) — \) 1PV AVPY, (HE — \) P a2
RPN (HY — N TPV AR
R AVPY (HEY — NP R
+ BT ARLETR
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Introducing appropriate hl_/f /2 and hj/ 24r/2 terms, we obtain
1T (A) = U W)l < VI IRE2PY (MY — N PR 2 V2|2 AR )|
+ 2 [[B R (4 — M) TR ALV LAY AR
+ R ARYET
< (IR ARV V)12
< 1 (B2 2R (3 — 2 PR VL]

We are therefore left with the estimation of ||B2 2PN, (HY — A) 1PV R
and ||[R22ARY 2. First, noting from that

1/2 — 1/2 —1/2 —1/2\ —
193P3r (Mg = NP < N+ by Vi )7 < e (59)
— 43/ |Vl
and using that
IR 2h 2P| < 20,7, (60)
we obtain
1/2—1/2 _ 21 /2 4pyr
B2 PR (R = NIRRT < (61)
— 43/ IV1l»
Second,

B2 AR = BT [(Hy — APR) — PR VPR (M — A) TP VPR PR
Noting that

IR P < 20,
there holds
[RYET2 AR < o 1P [(Hy = AP) — PRV (B — )P VR] T PYmy.
Factorizing h), we deduce
|RYET2 AR < apy || [T+hy VR A=y PRV Y (Ha =\ TP VPR T
From (49) with N in place of M, we obtain

1y VR < 4 IV (62)
Moreover,
[ 2PV R, (R =)~ PRV PR A < (1 PRV R PR (M=) P
which, from and , leads to

B 3 1 —2r 2
I3 2PV ety — X) P VR < o T

L—4py/ IV Ily
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Combining this last line with , we obtain the bound
1

~ 16 —2r V12 :
1—4PNT||VH7“_%

IR P AR < apy

This leads to the following bound for the difference Uy (A) — Upry(A)

- AV 4 IVI- 77
10U (X) = Un (W)l < piy = o |1 T kﬁw ‘
L= IVl = Zo=iw M

(63)

For the second term on the right handside of (57), we write Upn(X) — Uy (X) as
o k
v\ = Uy () = = 30 PPNy 2 = iy PV 2] i PR VR, (64)
k=K+1

Using and , we obtain

1T (A) = G- IVIR IR0 2 Pl Y (kg 2V s 2

k=K-+1
. - . k
<AVIZ ol D [Heai VLT
k=K4+1
from which we deduce that
4V - K+1
Uun(A) = U;(M|lr € ———=7 o1 4o IV ) 65
() = A < g i 7 (4037 IV (65)
Combining and , we obtain . 0

Lemma 8. For A < p < min(kyr, 5pur), par = 1 and if 4p3] ||V ||, < 1, there holds

PAr 4[IVI7
(kar = 2A) 1= 4py/ [V

181 (1) = Dur (M)l < |1 = Al (66)

Proof of Lemmal[8 Without loss of generality, we assume that A\ < . Writing
"
Uir(1) = UV = | Uis(s)ds,
A

yields
1Un (1) = Unr (M) [l» < [ = Al max {|Uy(s) ][,
s€[Au]

We conclude by applying of Lemma @ O
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5. PROOF OF THE MAIN RESULTS

The goal of this section is to provide the proof for Theorem [T}
We first prove the following technical lemmas which will be useful later.

Lemma 9. For H,W such that H = —A + W, there holds for a > (2 ||W||,)"/"
such that H + o > 0

[Allg.a < 2[|All a0 < 2277 ||Allr.
Proof. First, denoting again h_, := —A + «, note that
[Allfra < 1All-a.all B2 CH + )72

Let v be arbitrary and define u = (H + «)~'/?v. Note that

1B 2ul® = (u, h_qu) = (u, (H +a — Wu) = |Jo]|* — (u, Wu).
Further, there holds
(u, W) < |W]|_a ol B ul?,
and using the inequality ||[W|-a. < o "||W]|, we obtain that [|[W]|_aa < 3 for
all @ > (2||[W]|,)/", and that ||h">(H + )~/2||> < 2 yielding the first inequality.
The second inequality results from using, once again, the inequality ||Al|-a o <
a " || Al O

Before starting the proof of Theorem [T} we analyze the relation of the spectra

of H and Hpr(N).

Lemma 10. Let \; < \; be the i-th resp. j-the eigenvalue of H and let vpz;(N)
denote the i-th eigenvalue of the operator Hy (). Then, we have the following
M -independent lower bound

Aj — A <min(vagi(A) — van(N), vari (A) — vari(A;))- (67)

Proof. Since \; = vy (Ni) and A; = vpr;(A;), we have A\j — X = varj(Nj) — vani(Ni).
By definition and Proposition , the family Hy/ () is monotonically decreasing
with A\. Hence vai();) < viy(A\) and vy () < vari(Ni), so that A\; — \; =
Uari(A;) — vari(A;) implies (67)). O

Corollary 9. Let \; be an isolated eigenvalue of H. Then, the gap vy of A; to
the rest of the spectrum of Hyr(N;) is bounded below by the gap o of \; to the rest
of the spectrum of H.

Lemma 11. Let be a > 0 such that
Hur (M) + o > 0, and > (2| U0 = U (Do) ||V, (68)
<

M large enough such that A, Ao; < min(kar, 3pm), pu > 1 and 4p,] ||V,
and N > M.

1
37
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Then, there holds

S~ oIV IvI2

. +36 .V
’(/ﬁM—2mln()\*,)\Ui)) o clenV)
(69)

10 (M) =Us (Aoi) [13r 0000 < [Aoi =

with, using the notation o = (N, M, K),
K+1
e(o,r,V) == py + paf [4pai IV -]
Proof. Applying Lemma [9] to the present case, we obtain
[Unr(As) — U0<)\Ui)||HM(>\*)7OC < 207" Unr(As) = Us (Aoi) |-
Employing the triangle inequality, there holds
1Un (M) = Us (o)l < 1Un(As) = Uns oi) i+ 1Un1 (Agi) = Un(Aoi) [l (70)
For the first term of the right handside, Lemma [§| yields
8pu IIVII7
m(ky — 2min(Ay, Api))

Finally, we use Lemma [7| in order to bound the second term of , we conclude
that

[Un(Aoi) = Unt (M) |l < [ Agi = Al

- _ K+1
10 () = Ui} < V12 (18037 + 6037 [4paf VI
Combining all estimates concludes the proof. 0

Finally, we are now ready to prove Theorem [I]

Proof of Theorem[1. Note that A\, = var(As), Aei = Voi(Asi) Where vpg(A) and
Vyi(A) represents the i-th eigenvalue of Hys(A) and H, () respectively.
We choose o > 0 in order to satisfy the condition of Lemma . By the

expression of Lemma (11| we can choose My € N such that

170
>\* - cr)\oi a_
031 0) = U o)l nr < 72

for any M > ]\%, and where vy denotes the gap of A, to the rest of the spectrum
of H, which is a lower bound of 7, by Corollary [0 and Ao = Ay + 7 + . In
consequence, we can apply Theorem [6] with

Hy = Hu (M), W = U;(Aoi) — Un( M), Ao = A, (71)
and thus H = H,()\y;), yielding
[Ae = Aoil = |vari( M) = Voi(Aoi) | < (A + |0 (M) = Ur(Doi) I 0000 (72)

160" pp/ V7 IIVII2

4
m(ky — 2min(A,, Ayi)) o

S ()\* + 05) |)\a'i - >\*|
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It exists a My € N, with M, > MO, such that

_ 1 16" pyr IVII7 1
dp V- < = d A - L < -, 74
Pt IVl < 3 o e+ a)ﬂ(/-iM —2min(\,, A\y)) — 2 (74)
for all M > M, and thus
. V2
A — Aoi] S A+ @) o e(o,r, V). (75)

A similar development for the eigenfunctions based on the estimates f of
Theorem [6] can be applied. Indeed, we denote by ¢,; the i-th normalized eigen-
function of H,(A,;), thus, in terms of the notation used in Theorem |§|, we have
V; = Ygi. Then, the corresponding eigenfunction in the span of all eigenfunctions
corresponding to A, is given by oy = Powesi, where Py is the projector onto this
span of all eigenfunctions of Hys(\,) corresponding to A,. Thus, ¢y, is an eigen-
function of Hur(As) associated to the eigenvalue \,. Taking, again, Corollary [9]
into account yields

Ao
loni — Poil| < 4%||UM(>\*) — Uy (Xi) lbtar )0 (76)

Using the bounds of ||Uns(Ax) — Uy (Asi) [has ()0 €xpression (69) of Lemma |11} and
combining with yields the auxiliary result (see ): for s > 0 and for all
M Z MOa

. . M V2
(-2 + 1 oar = )| S i lloas = il 5 2 V]

pyE(a,r, V). (77)

ar

Now we define the eigenfunction ¢; := Qu(A\)@ar where Quy is defined by .
Following Corollary [ ¢; is an eigenfunction of H associated to the eigenvalue A,.
Note that

i — Qo(Aoi)Poi = Pri — Poi — [SM()\*)(PMi - Sa()\oi)tpai],

with Syr(A\) = Py (Hi; — A)7P;V Py, S,(A\) == R, (M)PY,VPy. Applying the
triangle inequality several times yields

i — Qo(Aoi)Poill < (1 + I)llari — @oill + Iz + I3, (78)
with
I = [[Su (M) I =[Sy (M) — Su(Aei)ll, I3 = [[Sm(Aoi) — So(Aoi) |-

For I, proceeding as in the proof of Lemma [5, writing

> k
SuN) = D Py 2| = hy Vi | R v Ry,
k=0
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and under the assumptions A < min(3par, k1), pur = 2, 4p3/ |V |l» < 3, using the

estimates of Lemma IPLAY?| < \/_p*l/2 1Pah? || < (o +1)° < (3pm/2)°
for s > 0, one obtains

1Su O[] < 2[[Pihy 2 [ 1Pk 2P VP A2 [|Pagh 27| (79)
< 2v2(3/2)V* 2 P PV eoxs P < 12037 |V | (80)

For I, we proceed as in Lemma 8| based on the results of Lemma[6 but substituting
Un(A) by Sp(A) in order to obtain

I < |)\* - )\ai|
2= m(kar — 2min(A,, Ayi))

based upon the estimate ||Sy(\)| < 12p5/ ||V |- from (79)—(80).
Finally for I3, we proceed as in the proof of Lemma [7] Indeed, we apply, once
again, the triangle inequality to obtain I3 < I3 + I3 with

I3 = ||1Sv(Aoi) — Snun (Ao || I3o = ||Sun(Asi) — So(Aoi) |-
with Syn(A) := Py (HY — A)7'Py;V Py, To estimate I3 1, we first note that
1S3 () = San (V| <[IRT 2P IR [P (Hiy — ) 7Py — PR (R = NPT AT
12322V Py |

2oy (V][ (81)

Using that [|A2}* 7P| < """ and ||n2y* VP < |V ]jepy ™, we
obtain

1S3 (N =Sarw | < IV BT [Pl (Hiy — A) 7 Pz — PY (HE — NPy ] ).

Adapting the proof of (63)), and noting that 4py" ||V, — % < 1, and
4p,/ IVl < 1, we obtain
Iy S oy IV Il (82)
Finally, for I35, we proceed as in the derivation of , starting from a similar
ansatz than (64))

> k
Sun(N) = S = > PR = PR s e v,

k=K+1
yielding, together with |[PYh 2| < py/? and [|By 2PNV Py < pb 2"V s
_r K+1
Iso = [|Sun(ei) = So Mot | S pa7 IV [4037 IV 1I,] <83)

Starting from ([78)) and combining (79| . . . . with the estimates
(with s = 0), (75)) and the bound 1) concludes the proof.
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Remark 10. Having now understood how to apply Theorem|[0 in this context, i.e.
using , and seen the abstract theory of Section@ we can now make a statement
about the convergence of the fixed-point iteration schemes and .' Follow-
ing Corollary @ we note that if v,;(\) parametrizes an isolated branch on some
interval I; containing Ay, M > My and, using (72)~(73) and (75)), if (0,7, V) is
small enough, then, the fixed-point iterations converge for any starting point in I;.
Unfortunately, it is difficult to assess whether the isolated branch property holds
i practical application and this remains an abstract result.

6. NUMERICAL RESULTS

In this section, we test the theoretical estimates developed in this article, first
in a one-dimensional case, and second, in a three-dimensional case for a Coulomb
potential.

6.1. One-dimensional case. We first consider a one-dimensional test case with
2= (0,1) and a potential V; given by its Fourier coefficients:

- N 3
Vo=-10, Vo =—pm,
n[*

1
so that V; € H;;r2 ““for any € > 0. We then consider the two different values
t =1ort =0, see Figure [2| for a graphical illustration for the case t = 1, so
that including the embedding expressed under the constraints yields that
|Vl <ocoforr=1ift=1and for all r < 1/2if t = 0.

Note that, to the best of our knowledge, the classical convergence analysis does
not cover such low regularities of the potentials. While the standard analysis
can probably be extended to potentials in L? and thus covering the case t = 1
(although we are not aware of any published analysis in this case), it certainly
does not hold without further developments for ¢t = 0.

In Figure [3| we illustrate the convergence of the discrete solutions with respect
to K for different values of M and t =1 and t = 0, and for fixed N = 500. The
error in the eigenvalue and eigenvector are defined as

€rrya = |/\* - )\ai| and €Myec = ||§02 - QU(AUi)(po'i||7

where (As, pui), (Aois 0i) are the i-th solution to @ and respectively, using
the computational Strategy 1 defined by targeting the smallest eigenvalue.
The “exact” solution is obtained by computing the variational approximation for
N, = 1000.

We observe that, in agreement with the theory for small enough K, M, the
convergence rate with respect to K for different values of M is the same for the
eigenvalue and eigenvector error and that the convergence rate improves with
increased values of M. In this example, we observe that the condition M > M,
is not restrictive and convergence can be observed for all values of M. It is also
noted, in particular for the higher values of M (but still very moderate), that
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t=1

-20 -

-40 |-

-60 -

-80 -

qoo .

Fi1GURE 2. Illustration of the potential V,_;.

the number on the truncation order K can be kept very low to achieve a good
accuracy. This, in turn, means that the number of computations on the fine grid
(essentially matrix-vector products involving the fine grid for each matrix-vector
product involving the coarse Hamiltonian H,(A)) can be kept to a minimum.

A similar behaviour is reported in Figure [5| for the third eigenvalue using the
potential V,_; and again N = 500.

The number of required SCF-iterations to converge to an increment in the
eigenvalue smaller than 107!2, thus very tight, is stable and very moderate over
all test cases as reported in Tables [I| and [2[ (the case of ¢ = 0 behaves similarly
and is not reported here).

Finally, Figure [4] illustrates the error in the eigenvalue and eigenvector with
respect to N for different values of K and M for the first eigenvalue with V;—;
and V,—p. We observe two regimes. First, for small values of N, the error is
limited by the small size of the fine grid Xy, i.e. by a small N, and decreases
with increasing N € [25,500]. Second, when N is large enough, the error due to
the moderate values of M, K is dominating and the error stagnates. As M or K
increase, the transition of the two regimes moves to lower accuracy. This agrees
well with the theoretical result presented in Theorem [} For the potential V;_i,
we observe that the convergence rate in N (for M, K large enough) is roughly
3 for the eigenvalue error and 2.5 for the eigenvector error, which are the rates
predicted by the standard analysis as outlined in Corollary [2} For the less regular
case Vi—g, and thus ||V||, < oo for any r < 1/2, we observe a rate of roughly 1 in
both cases, eigenvalue and eigenvector L2-error, which is exactly as predicted by
Theorem [1

6.2. Three-dimensional case. We then performed similar numerical tests for
a three-dimensional problem, in order to test cases closer to real applications.
Note that, as in the rest of the article, we consider a linear eigenvalue problem.
We focus on the lowest eigenvalue of the Schrodinger hamiltonian. To do so, we
used the code Density Functional Theory Toolkit (DFTK. j1) [19], which provides a



30 GENEVIEVE DUSSON, ISRAEL MICHAEL SIGAL, AND BENJAMIN STAMM
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FI1GURE 3. The convergence of the eigenvalue error err,, (left)
and the eigenvector error erry. (right) corresponding to the first
eigenvalue with respect to K for different values of M and for fixed
N = 500 in the one-dimensional case. The top row corresponds to
a potential V;_; whereas the bottom row corresponds to V;—.

spectral Fourier discretization for Density Functional Theory eigenvalue problems,
and which can easily be adapted to treat linear eigenvalue problems. Since our
method is valid for a large range of potentials, including low-regularity ones, we
provide numerical simulations for the Coulomb potential, that is given in Fourier
space as

10

K[>
The lattice is chosen as a cubic lattice with a lattice constant of 10 Bohr. Since the
electronic structure theory uses a different convention to define the approximation

Vo=10, V=
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M=1 M =2 M=3 M=4 M=5
K # scf K # scf K # scf K # scf K # scf
1 6 1 5 1 4 1 4 1 4
2 6 2 5 2 4 2 4 2 4
3 6 3 5 3 4 3 4 3 4
4 6 4 5 4 4 4 4 4 4
M=6

K # scf

1 4

2 4

3 4

4 4

TABLE 1. The number of SCF-like iterations of the solution strat-
egy to reach an increment of 107! in the eigenvalue for the
approximation of the first eigenvalue with V;—; using N = 500 in
the one-dimensional case.

M= M=2 M =3 M=4 M=5
K # scf K # scf K # scf K # scf K # scf
1 6 1 4 1 4 1 4 1 3
2 6 2 4 2 4 2 4 2 3
3 6 3 4 3 4 3 4 3 3
4 6 4 4 4 4 4 4 4 3
M=6

K # scf

1 3

2 3

3 3

4 3

TABLE 2. The number of SCF-like iterations of the solution strat-
egy to reach an increment of 107'2 in the eigenvalue for the
approximation of the third eigenvalue with V;—; using N = 500 in
the one-dimensional case.

space Xy, we now switch to a slightly different terminology and refer to the energy
cutoff EcN = %pN, corresponding to the largest eigenvalue/kinetic energy of the
operator —%A in the approximation space Xy, to fix the values of N.

In order to compute the reference (“exact”) solution an energy cutoff EcN,o =
225 Ha is taken, which corresponds to choosing a reference grid of size Nyof =~ 21.2,
with 161’235 Fourier coefficients.

We obtain similar results as in the one-dimensional case. Namely, we observe
in Figure [f] that for small values of K, the convergence rate with respect to the
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FIGURE 4. The convergence of the eigenvalue error err,, (straight
lines) and the eigenvector error erry. (dotted lines) corresponding
to the first eigenvalue with respect to N for different values of K
(left) with M = 2 (top) and M = 1 (bottom) and different values of
M (right) with K = 2 (top) and K = 1 (bottom) for the potential
Vi=1 (top) and Vi—o (bottom), in the one-dimensional case.

energy cutoff EcM is the same for the eigenvalue and the eigenvector and increases
when EcM increases, as predicted by the theory. For large values of K, we observe
a saturation of the error, which is due to the error with respect to N dominating,
as stated in Theorem [Il

In Figure |7} we show the analogous of Figure {4] for the one-dimensional case,
which is quite similar, as we also observe two regimes. For small values of EcN,
most of the error comes from the error in NV, while for large values of EcN, the error
mainly comes from the error in M and K. However, due to the slow convergence



THE FSM AND COMPUTATION OF EIGENVALUES. MAIN RESULT 33

0.01 0.01F
0.001 F M=1 0.001 F M=1
0.0001 | MZE 0.0001 £ Mii
0.00001 - - 0.00001 | Mg
1x10% %108
1x107 | 1x107 |
1x108 1x108
x10°® | 100 F
1x1070 %1010 |
1o E g
11012 | 10712
1103 103
1x10714 10
1x10-15'|\.\I.\.I..\I.\.I\.\I 1X1ﬂ-15-|‘"I"'I"'I"'I"‘I
0 2 4 6 8 10 0 2 4 6 8 10
K K

FIGURE 5. The convergence of the eigenvalue error err,y (left)
and the eigenvector error erry. (right) corresponding to the third
eigenvalue with respect to K for different values of M and for fixed
N = 500 and with V;—1, in the one-dimensional case.

with respect to the grid size, we do not observe the convergence rates in EcN as
precisely as in the one-dimensional case, this being mostly due to the huge size of
the reference basis needed to achieve good convergence.

Moreover, the iterative algorithm used to solve the problem converges very fast.
In practice, we do not need to go beyond 7 SCF iterations in all tested cases to
reach a 107!2 increment on the eigenvalue.

7. CONCLUSION AND PERSPECTIVES

In this paper, we have proposed a new numerical method based on the Feshbach-
Schur map in combination with the spectral Fourier discretizations for linear
Schrodinger eigenvalue problems. The method does not rely on the variational
principle but reformulates the infinite-dimensional problem as an equivalent prob-
lem, non-linear in the spectral parameter, on a finite dimensional grid whose
unknowns are the exact eigenvalue and the best-approximation of the exact eigen-
functions on the given grid. Such a problem can then be approximated by evaluat-
ing the Feshbach-Schur map on a second finer grid. The substantial contribution
of this paper is an analysis in order to provide error estimates of the proposed
method in all discretization parameters.

For this, we developed in Section |3 a version of perturbation theory that re-
lies on the notion of form-boundedness with increased regularity, as stated by
Assumption [T}

Having established the method and its analysis, its full benefits shall be further
analyzed in future. At the present stage, it is worth to mention that, for the
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FIGURE 6. The convergence of the eigenvalue error err,y (left)
and the eigenvector error erry. (right) corresponding to the first
eigenvalue with respect to K for different values of energy cutoffs
EcM and for fixed EcN = 155, for a (three-dimensional) Coulomb

potential.
01F 0.1
0.01 0.01
0.001 ¢ 0.001 |
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b F K=2
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0.00001 0.00001 . M |
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FIGURE 7. The convergence of the eigenvalue error err,, (straight
lines) and the eigenvector error erry. (dotted lines) corresponding
to the first eigenvalue with respect to the energy cutoff EcN for
different values of EcM (left) with K = 1 and different values of K
(right) with EcM = 4 for a (three-dimensional) Coulomb potential.

considered one- and three-dimensional (with a Coulomb potential) problems, the
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contraction in the perturbation is rather small and the non-linear iteration con-
verge rapidly. Also, in view of more sophisticated non-linear eigenvalue problems,
the artificial extra non-linearity does not seem to be much of a burden.

The future developments include the extension of Section |3 to a more general
family of operators, including non-symmetric perturbations of self-adjoint oper-
ators as well as extending the numerical method and its analysis to cluster of
eigenvalues using a density-matrix based formulation.
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APPENDIX A. TECHNICAL RESULTS AND PROOFS

We present proofs of some technical statements made in the previous sections
and some additional technical results. In what follows, we denote Vi := Py VPy.

Lemma 12. Under Assumption (i) the norm ||V ||o.o == |(—A+a) V2V (=A+
@) ~12| is well-defined for o > 0 and ||V |loo — 0 when a — 400 and (it) H is
bounded below as

H =1 = [[V]oal(=A+a) —a, (84)
Proof. The first statement is obvious and the second one follows from the identity
H=(-A+a)?ld+ (~A+a) V2V(=A+a) ) (-A+a)* —a  (85)

and the fact that the expression in square braces is bounded below by 1 — [|[V]|¢.a-
U

Proof of Lemma[1. Proceeding as in (84]), we obtain for any o € R large enough
so that ||Vifllon <1

~A+ Vi > = Viilloo) (A + @) — a.
Using that —A > (2rM/L)? = py; on Ran Pj; and the estimate

IVitlloa < [I(1 = A)2(=A 4+ ) 2Py |P]|(1 — A) 2Py VP (1 — A) 72|
<cputl 1 e
< LWV
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we deduce
pm+1 _
—A+VL>(1— 4 Vr) +a) — a,
> P V[ ) (pm + @)
= pu+a— (v + Dpy Ve —
> pyv — (par + 1)par IV ]2,
from which we obtain the result. O

Now, we introduce the Sobolev spaces H,, of periodic real functions resp. dis-
tributions which can be characterized in a simple way using Fourier series: for

s € R, we have

S PO _ ~
Hler = {v = g UK€k

keR*

VECR : Ug=0k v

H;er < OO} Y (86>

where the norm [[v||ns, is given by the Hy . inner product is defined by

per

Vu,v € Hypy  (w,0)ps,, = Z (1 + |k|?) v

keR*

Lemma 13. If V € H?_ for some s € R, then V satisfies Assumption |1] for all

per

r >0 satisfying s >r —1 and s > —2(1 —r) + d/2 resp.
s d
r<s+1 and T<1—|—§—Zy (87)

where d is the spatial dimension. Moreover,

VIl < CrslV 11

per’

Proof. From [I7, Theorem 1.4.4.2], for any sy, so > t, such that s; +so >t +d/2,
there exists Cy, 5,+ > 0 such that for all u € H5. ;v € H%2 | then wv € H. . and

per’ per?’ per
[wvllng,, < Co s allullng, 10]lngz,
Hence if V€ H3 , s > —2(1 —7) +d/2, and s > r — 1, then there exists C, , such
that
IVl
||V||7‘ = Sup = S Cr,s||v| ngrv
YEHpe" ||¢||H§,;J

which implies the estimate in the lemma. U

Proof of Proposition [1 For each A such that A\ < ks, Upr(A) can be written as the
product of five bounded operators: —Py(—=A+1)Y277/2 (= A+1)~V2+ 2V (— A+
1)—1/2—&-7‘/2’ (—A+1)1/2_r/2pﬁ(7{ﬁ—)\)_1P]\L/[(—A—I—l)l/Q_Tﬂ, (—A+1)_1/2+T/2V(—A—I—
1)~V2r/2 (= A+ 1)Y/277/2Py,. Therefore, Upr()) is a well-defined operator. [
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