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ANALYSIS OF THE FESHBACH-SCHUR METHOD FOR THE
PLANEWAVE DISCRETIZATIONS OF SCHRODINGER OPERATORS

GENEVIEVE DUSSON, ISRAEL MICHAEL SIGAL, AND BENJAMIN STAMM

ABSTRACT. In this article, we propose a new numerical method and its analysis to solve eigen-
value problems for self-adjoint Schrédinger operators, by combining the Feshbach—Schur per-
turbation theory with planewave discretization. In order to analyze the method, we establish
an abstract framework of Feshbach—Schur perturbation theory with minimal regularity assump-
tions on the potential that is then applied to the setting of the new planewave discretization
method. Finally, we present some numerical results that underline the theoretical findings.

1. INTRODUCTION

In this article, we address the problem of the computation of eigenvalues of self-adjoint
Schrodinger operators (quantum Hamiltonians) H = —A + V. Our main result is a reduc-
tion of this infinite dimensional problem to a finite-dimensional one in a fully controlled way.
To this end we use the Feshbach—Schur (FS) method which originated in works of I. Schur on
the Dirichlet problem in planar domains and H. Feshbach, on resonances in the nuclear physics,
and was then developed independently in numerical analysis, computational quantum chemistry
and mathematical physics, see [12| [14].

Unlike the standard applications of this method (see e.g. a series of papers [17, [18] by Lowdin
on bounds on eigenvalues of a given Hamiltonian), we use it not as a fixed scheme but rather,
following [2], as a map - called the Feshbach—Schur map (FSM) - from one problem to another,
simpler one, involving fewer degrees of freedom. We base our analysis on the isospectrality
property of this map discovered in [2] recalled in Theorem 3| below. We call this approach the
FSM method.

We combine this approach with planewave discretizations which are widely used in numerical
methods in electronic structure calculation, especially for condensed matter simulations and in
materials science. Electronic structure calculation is indeed one of the problems we have in our
sight. And one particular very useful aspect of planewaves is that they are eigenfunctions of
the Laplace operator, which is the main part of the Hamiltonian H = —A + V that needs to be
diagonalized in order to determine the electronic structure of the system.

Limiting the computational cost of finding the eigenstates of the Hamiltonian operator has
been a key issue in electronic structure calculation, and is currently of interest, due to the ever
growing size of the considered systems that is matched to the available computational resources.
For example, different perturbation methods have been proposed, such as [4, [19], traditionally
to introduce more physical details e.g. many-particle interactions in a given approximation.
More recently, a post-processing strategy has been proposed by some authors for planewave
discretizations for non-linear eigenvalue problems [8 9, [7, 1T], which considers the exact solution
as a perturbation of the discrete (using the planewave basis) approximation. This is in spirit not
so far from so-called two-grid methods, where a first problem is solved on a coarse basis, i.e. in a
small discretization space, and a small problem is solved on a fine basis. In the case of eigenvalue
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problems, two-grid methods have been proposed e.g. in [24] in the case of a linear eigenvalue
problem. A two-grid method has also been proposed for nonlinear eigenvalue problems of a
Gross—Pitaevskii type in [5].

In this article, we extend the FSM-method to establish finite-dimensional approximations to
solve the Hamiltonian eigenvalue problem with controlled errors on the eigenvalues and eigen-
vectors. To be a little more concrete, we define a new problem in a coarse space Xp; C X
yielding the exact eigenvalue one would obtain when computing it in the infinite-dimensional
space X. Indeed, our contribution follows a new Ansatz based on the question: Can we find a
discrete Hamiltonian acting on the finite-dimensional space Xj; that has the exact eigenvalue
A, of the original Hamiltonian (acting on X) as eigenvalue? It turns that the answer is yes, but
that the discrete Hamiltonian depends itself on A, through the FS-map, leading to an eigen-
value problem in Xj,; that is nonlinear in the spectral parameter. Not surprisingly, the map
cannot be computed exactly but only be approximated through a fast decaying series, that is
truncated based on a parameter K, and which requires computations in a larger space Xy with
Xy C Xy C X

In this work we quantify the error introduced due to the discretization parameters K, N, M
and show that the eigenvalue and eigenfunction errors are bounded by two terms: i) a term with
algebraic decay with respect to the truncation parameter K, and ii) a term with a regularity-
dependent convergence rate in N. We also quantify the explicit dependency of the error in terms
of the parameter M defining the discrete space Xj; and the potential, including its regularity.
Our analysis reveals that the algebraic decay rate with respect to K increases with increasing M.

Our method uses an adapted version of perturbation theory based on a slightly more regular
notion of relative form-boundedness, as stated in Assumption [I] developed as an abstract theory
in Section [3| which thus only requires little regularity of the potential including cases which
are not covered by the standard analysis of planewave discretizations. We also illustrate our
approach by computing eigenvalues of several 1D Schrodinger operators.

This article is organized as follows. In Section [2| we present the problem and numerical
method that is used to find approximations thereof, as well as the main approximation result
of the article and the error bounds on the eigenvalues. Section [3| provides the above-mentioned
abstract framework of Feshbach—Schur perturbation theory based on the regularized version of
form-boundedness whereas Section [4] contains some technical results needed to prove the main
result which follows in Section Finally, we present in Section [6] some numerical results to
illustrate the convergence as well as the error bounds, and we conclude with some perspectives
in Section [1

2. SET-UP AND RESULTS

2.1. Problem statement. In order to simplify the notation, we consider a cubic lattice R =
L7 (L >0,d=1,2,3), but all our arguments straightforwardly apply to the general case of
any Bravais lattice. In this paper we are interested in the spectral theory of the self-adjoint
Schrodinger operators (quantum Hamiltonians)

H:=—-A+YV,
with reasonably regular, R-periodic potentials V', acting on the Hilbert space
per

12, i= {u € IR(R) | uis R-periodic

endowed with the scalar product (u,v) = [ u(r)v(r)dr and the induced norm || - ||, where
Q =[0,L)? is the chosen fundamental cell of the lattice R = LZ.
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Specifically, we would like to solve the eigenvalue problem

He = Ap, (1)

in a space X C Hfl)er' Here, Héer is the Sobolev space of index 1 of periodic functions on €2, which
is defined in precise terms later on and equation is considered in the weak sense.

To this end we use the Feshbach—Schur method to reduce the problem to a finite dimensional
one. To simplify the exposition, we will assume that the eigenvalue of interest A, is isolated,
which is true for the smallest eigenvalue under fairly general assumptions of V. We denote by
|| - || the operator norm on .C(Lf,er), the space of bounded linear operators on Lf)er. To formulate

our condition on the potential V', we introduce the following norm measuring its regularity
Ve = [(=A + 1) 7V2F 2y (<A 4 1) 12 4072

where the operator (—A + 1)® is defined by the Fourier transform (cf. Appendix [A). In what
follows, we thus assume that the potential V satisfies the following condition.

Assumption 1. The potential V is real, R-periodic and satisfies
IVIr <oo for some r > 0.

Assumption |1} implies that V' is A-form bounded [10, 2], which corresponds to » = 0. The
latter, weaker property implies that #H (a) is self-adjoint; (b) is bounded below and (c) has purely
discrete spectrum (see e.g. [10 21} 22 [I5]). Moreover, potentials V' belonging to the Sobolev
spaces, Hpo, := (—A + 1)s/2 Lf)er satisfy this assumption as shown in Appendix Lemma for
r<s+landr<1+3— %. In terms of Sobolev spaces, Assumption (1| states that V', as an

1—7r —1+4r
operator, maps Hyg," into H ™"

2.2. Approach. In our approach, we reduce the exact infinite dimensional eigenvalue problem
to a finite dimensional one in a controlled way for fairly irregular potentials. Of course, we
have to pay a price for this, which is that at one point we solve a one-dimensional fixed point
problem that can be equivalently seen as a non-linear eigenvalue problem. A key ingredient of
our method is the finite dimensional space and the corresponding orthogonal projection onto
which we map the original problem to obtain a reduced, finite-dimensional one.

Let Xj; denote the subspace of le)er spanned by the eigenfunctions of —A on R, thus
planewaves, with eigenvalues smaller than p,; where

(2 M?
PM = I3 .

Let Py; be the L%er—orthogonal projection onto Xj; and Pﬁ = 1 — Py;. We consider the

Galerkin approximation of the linear Hamiltonian H := —A + V,
}QJ:ZZFﬁ4(—1ﬁ-+‘/)PNp

We now introduce the projections ¢y = Py and 90*4 = Pj\jap and project the exact eigenvalue
problem onto the subspace Xj;; and its complement X]\b to obtain

Par(Har — Near = —PuVeny, (2)
Par(Mir — Near = =PV, (3)
where ’H]\%[ = PAL/‘,’HPJ\%[. Next, in Appendix |A] we prove the following

Lemma 1. Let Assumption hold and define kyr == payr — (par + 1) pyf |V || -. Then

Ha; > Ky on Ran Py (4)
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Thus for A < kjs, the operator HJ\J;I — A is invertible and we can solve for goj/f and thus
o1 = —(Hiz—A)"1P;i; Vo, Substituting the result into , we obtain the non-linear eigenvalue
problem

(HM + UM(A))QOM = )\LpM, (5)
where we introduced the effective interaction Ups(\) : Xpr — Xaz, or a Schur complement,
U (N) == =Py VP (Hag — N\) "'Py; VP (6)

We then have the following proposition, which is proved in Appendix [A]

Proposition 1. For each X\ such that A\ < kpr, Upr(N) is a well-defined operator as a product of
three maps: Py, V' and PAL/[(H]\%[ — A)_lpj\j between various but matching Sobolev spaces.

Now, we construct a completely computable approximation of the eigenvalue problem ,
with the operators involved being sums of products of finite matrices. Namely, we expand the

-1 1 . . .
resolvent (H; — A)\Ranpﬁ =(-A+ Vi — )‘)|RanPAj in @ in the formal Neumann series in Vjj,

then truncate this series at K € N and replace the projections Pﬁ :=1—Py; by PJJ\\Q = Py — Py,
with N > M. Introducing the notation

GIFN) = (—A = NIt o ™)

and VA])’ = F’]\N/[VPJ]\\Q7 we obtain the following truncated effective interaction
Us(N) == =Py VPY R (V)P VP, (8)

2
where ¢ := (N, M, K) and R,(\) := Zfzo(—l)k[Gﬁ()\)Vj\flv} GIY(A). Since all the operators
involved in are finite matrices, this family is well-defined and computable. Now, we define

Hy(A) := Har + Uy(A\) on Xps and consider the eigenvalue problem: find an eigenvalue \,; and
the corresponding eigenfunctions ¢,; € Xps such that

Ho (Noi) Poi = AoiPoi- 9)

Next, we define the approximate ‘lifting’ operator whose origin will be become clear in the next
section:

Qo(A) =1 = Ry (AP VPus. (10)

2.3. Main results. Within this manuscript, we denote by < upper bounds involving constants
that do not depend on the parameters o = (N, M, K),a,r, ||V||,. Then, we have the following
result.

Theorem 1. Let Assumption [1] hold, let A\, be an isolated eigenvalue of H of finite multiplicity
m, let vo denote the gap of A\ to the rest of the spectrum of H.

Then, there exists o > 0 and My € N such that for M > My, problem @ has m solutions
(Pois Agi) € Xpr X [ — B, A + B We denote Ao = A\ + 70 + . For each ¢q;, there exists
i € X, an eigenfunction of H associated to Ay, such that (Ygi, Aoi) approzimates (i, Ax) in the
following sense:

L V2
e = Aoil £ O+ @) e V), (11)
Ao [V ||

Hw—QA%w%MSHWhP+ T]dmnV% (12)
Yo «
where Kot
—Tr —Tr —Tr Jr
(o, V) == pN + paf [4o3 VI
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This Theorem is subject to several remarks.

Remark 1. Note that € is equivalent to

K+1
S(o,r, V)~ N7+ M7 [4(2)" M|V,

9y
where the equivalence constants do not depend on the parameters o = (N, M, K),r,a, V.

Remark 2. In some cases, for instance in multi-scale problems, one might be only interested
in the coarse-scale solution, i.e. the best-approximation in the coarse space Xy given by Pyrp;.
In such cases, a useful byproduct of the proof of Theorem[1]is the following estimate

S )‘0 V% S
-2+ 1 (Pues = ool € 2L g (o), (13)

for any s > 0, which thus compares the eigenfunctions in the space Xjs.

Remark 3. Note that convergence of the eigenvalues and the eigenfunctions can be achieved by
taking the limit K, N — oo for fired M > My. For practical purposes, the idea is to set N large
enough so that the error is dominated by the error introduced in K < —+oo0.

Further, note that the eigenvalue and eigenvector errors have the same rate of convergence
with respect to K. However, the error in the eigenvector depends on the gap o while the error
in the eigenvalue does not.

The estimate with respect to N in Theorem [I] is not sharp in all cases, in particular for
sufficiently regular potentials V. Nonetheless, our analysis has the merit of presenting the con-
vergence result in one combined analysis based on perturbative techniques which also holds for
low regularities of the potential where standard a priori approximation results of the variational
approximation result do not hold (note that an estimate of the variational problem can be ob-
tained by setting K — oo or M = N). Moreover, for potentials with very low regularities, the
upcoming numerical results indicate that the convergence with respect to N of our analysis is
sharp, at least in the presented numerical study.

Note that we can adapt the result whenever a priori approximation results are available
by employing the triangle inequality. Indeed, if the potential V' belongs to the Sobolev space
V€ Hjep, with s > d/2, we resort to a priori results in a first place to obtain a sharp bound
with respect to N, see e.g., [I}, [0, 3], and also [20] for a certain class of discontinuous potentials
in HY/27¢ for all € > 0, in two dimensions.

More precisely, we consider H acting on X directly, i.e. substituting H by Hy := PyHPy and
using X = Xy with variational solution (¢, An), assuming a simple eigenvalue for simplicity.
It is important to note that problem @D remains unchanged and thus, the result of Theorem
holds with

Eo,r, V) = paf [4oaf IV,
but where the exact solution is substituted by (¢, An). Proceeding then by the triangle in-
equality yields
A = Agil < A = AN| + AN = Agil,

i — Qo (Aoi)poill < i — onll + N — Qo(Ai)Poill-

Combining then the aforementioned a priori estimates from [I], [6, 3] for the first terms of the
right hand sides with Theorem [I| for the latter parts yields the following corollary.
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Corollary 2. Under the conditions of Theorem and if V€ H3 ., s > d/2, then

per’

N — A\l < C (N*@S“') + &0, V)) ,

i = Qeoidenill < C (N2 4 2o, 1))
for some constant C > 0 independent on o = (N, M, K).

2.4. Theoretical background. Let us shed the attention to the theoretical foundation on the
eigenvalue formulation in form of , instead of , which is based on the following results,
originally presented in [I4, Theorem 11.1].

Theorem 3. Let H be an operator on a Hilbert space and P and PL, a pair of projections such
that P+ P+ =1. Assume H* := PLYHP' is invertible on Ran P and the expression

Fp(H) := P(H—- HR'H)P, (14)
where R = PL(HL)_lPL, defines a bounded operator. Then Fp, considered as a map on the
space of operators, is isospectral in the following sense:

(a) A € o(H) — 0€o(Fp(H—N);
(b) Hip = M\ = Fp(H—-X)p=0;
(¢) dim Null(H — \) = dim NullFp(H — \).
Moreover, 1 and ¢ in (b) are related as ¢ = Py and ¥ = Qp(\)p, where
Qp(\) =P — P-(Ht -\ 'PtHP
Finally, if H is self-adjoint, then so is Fp(H).
The map Fp on the space of operators, is called the Feshbach—Schur map. The relation i =

Qp(N)y allows us to reconstruct the full eigenfunction from the projected one. By statement (a),
we have

Corollary 4. Let v;(\) denote the i-th eigenvalue of the operator Fp(H — A) + A1 for each A
in an interval I C R. Then the eigenvalues of H in I are in one-to-one correspondence with the
solutions of the equations

Vz(/\) =\

In the current setting of planewave approximations, P = Py, P+ = PAJZ, Propositionimplies
that the results of Theorem [3| apply for each choice of M € N and yield
Fp,,(H — X) = Har(A) — APy, (15)
where we introduced the notation
Har(A) := Har + Unr(A). (16)
Note that Hps(A) is exactly the operator entering . Thus, we have the following.
Corollary 5. Let A € C with Re A < kps. Then
(a) H =X <= (Hu(A) — A ou =0;
(b) dim Null(H — A) = dim Null(Hpr (X)) — N).
(c) ¥ and ¢ in (a) are related as opr = Py and ¥ = Qur(N)nr, where
Qur(A) =1 = (Hyy = )P VP (17)

i.e. the corresponding eigenfunction can be reconstructed from ppr by an explicit linear
map.
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This result shows that the original infinite-dimensional spectral problem is equivalent
to the finite dimensional spectral problem which is nonlinear in the spectral parameter .
We now state a few properties of the effective interaction Ups(\), in order to characterize the
solutions of the fixed-point problems v;(\) = A.

Proposition 2. For A € R such that A < kur, Up(N) is (i) non-positive, (ii) monotonically
decreasing with X\, (11i) vanishing as A — —oo. For A\ € C such that Re A < kpr, Up(N) is (iv)
complex analytic in X\ and (v) symmetric.

Proof. Properties (i)-(iv) follow directly from definition () and Lemma [I] above. For the last
one, we use that H is self-adjoint. O

Proposition 3. Denote by vari(\) the i-th eigenvalue of Hyr(X). Then the equation var;(A) = A
has a unique solution on the interval (—oo, k).

Proof. Since, for A < k7, Ups(N) is symmetric, the operator Hys(A) defined by is (a) self-
adjoint, (b) monotonically decreasing with A, (c) converging to Hys as A\ — —oo, (d) is complex
analytic in A for Re A < k7. We deduce from (b) that the functions vy; are decreasing on
(—o0, kar) and thus, if the i-th eigenvalue of H is less than kjy, the equation vz (A) = A has a
unique solution. O

Note also that limy_, o vaz;(A) is the i-th eigenvalue of H,; which is larger than the i-th
eigenvalue of H due to the variational principle.

These considerations motivate the numerical strategies to compute solutions to @D in the
following section.

2.5. Numerical strategy. In order to find solutions to the non-linear eigenvalue problem @D,
we propose two strategies:

Strategy 1: For a fixed index ¢ = 1,..., M, consider the sequence of iterates )\gk) obtained by
AR+ s the i-th eigenvalue of Hy (AF~D). (18)

We thus introduce the notation v,;(\) denoting the i-th eigenvalue (counting multiplicities) of
the Hamiltonian #,(\) and thus have A% = v,;(A¥ ™). The limit value Ay := limj_so0 A
then satisfies \, = v4i(A,) and thus @

Strategy 2: For a given target value A\ € R, consider the sequence of iterates Agk) obtained by

AE) ;s the eigenvalue of Hy (A®~Y) closest to A (19)

ag
We thus introduce the notation v,+(\) denoting the eigenvalue of the Hamiltonian H, () closest

to A and thus have A\ = 1, (AF V). The limit value Ay = limj_,oo AS) then satisfies \, =

Vot(Ag) and thus @
In both cases, as outlined in the upcoming Remark convergence of the fixed-point maps
and can be guaranteed under some conditions and for M large enough.

3. PERTURBATION ESTIMATES

In this article, we often deal with the following the eigenvalue perturbation problem: Given
an operator H on a Hilbert space X of the form

H=Hy+ W, (20)

where Hj is an operator with some isolated eigenvalues and W is small in an appropriate
norm, show that H has eigenvalues near those of Hy and estimate these eigenvalues and the
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corresponding eigenvectors. We therefore start by presenting an abstract theory which will be
applied to our concrete problem in the following sections.

Specifically, we assume that H and Hg are self-adjoint and bounded from below and that
W is a-form-bounded w.r.t. of Hy, in the sense that for @ € R such that Hy + « is a positive
operator (Hp + a > 0), we have

Wlltto,0 := [[(Ho + ) ™2 W (Ho + )71/ < oo, (21)

where (Hp 4+ «)~%, s > 0, is defined either by the spectral theory or by the explicit formula
oo
(Hy+ )%= ca/ (Ho + o+ w) Ldw/w?,
0

where ¢, = [[;" (e + w) 'dw/w*]"!. This notion is equivalent to that of the relative form-
boundedness, but it gives an important quantification of the latter.

We also note here that, by a known result about relatively form-bounded operators (see
e.g. [21L [15]), if Hy is a self-adjoint, bounded below operator on X and W is symmetric and
a-form-bounded w.r.t. of Hy, then H = Hy + W is self-adjoint.

We start with a general result on the eigenvalue difference.

Proposition 4. Let Hy be a self-adjoint bounded below operator on X and W symmetric and
a-form-bounded w.r.t. of Hy, and let H = Hy+ W. Let a € R be such that Hy+ a > 0. Then
H the eigenvalues of H and Hy satisfy the estimates

viH) = vi(Ho)| < (vi(Ho) + @)W g (22)
where v;(A) denotes the i-th eigenvalue of the operator A.
Proof. Let u € X be arbitrary and define v = (Hy + a)'/?u noting that (Hy + a) > 0. Then,
(u, Hu) = (u, Hou) + (v, (Ho + o) "Y2W (Hy + o) "Y/20).
Note that
(v, (Ho + )" 2W (Ho + )~V /?0) < |Wlltg,a(v, 0) = W Iy, {u, (Ho + a)u),
and therefore

(u, Hou) (1 = |W lg.0) — allal®[|W .0 < (u, Hu)

< {u, Hou) (1 + W g 0) + l[ul *[[W |z,
Using the min-max principle (Courant—Fisher), there holds
vi(Ho) (1 = [[Wllag,a) — oWk < vi(H) < vi(Ho) (1 + [[WllHg ) + Wk a
which leads to the result. 0

Let us now assume that )y is an isolated eigenvalue of Hy of finite multiplicity m and let
Py be the orthogonal projection onto the span of the the eigenfunctions of Hy corresponding to
the eigenvalue \g, and let POL = 1— Fy. We further introduce Hy _) := HOL — )\POL and thus
Hy, = Hy + aFy.

Let 9 denote the gap of A\g to its closest eigenvalue in the remaining spectrum of Hy and we
introduce the spectral interval Iy = [A\g — %'yo, Ao + %70].

Our next result gives estimates on the difference of eigenvectors of H and Hy, as well as
on the difference of their corresponding eigenvalues. For standard approaches to the spectral
perturbation theory, see [23], 16, 22] [15].
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Theorem 6. Let Hy be a self-adjoint bounded below operator on X, with the eigenvalue Ay as
above, and W symmetric and a-form-bounded w.r.t. Hy, and let H = Hy+ W. Let a € R be

such that Hy + o > 0. If ||W||Hg,a < %/\(?iw then the self-adjoint operator H has exactly m
eigenvalues (counting the multiplicities) , denoted by p;, in the interval Iy = [Ag — %70, Ao+ %70]
which satisfy

1

a > 270 (23)
Further, if |W||Hy,a < %z—g, then any normalized eigenfunction, 1;, of H for the eigenvalue p;
satisfies the estimates

i = ol < (Ao + Q) [Wlzg .o <

Ao
1Hy 2 (woi — Uil < 42200 + @)W g, (24)

Hsz - 7/’@” < 4,7;”WHHO7Q7 <25)

where Ao = Ao + a + Y9 and Yo; is an appropriate eigenfunction of Hy corresponding to the
etgenvalue Ny, namely y; := Pyi;.

Remark 4. We note that similar estimates can be obtained for normalized eigenfunctions Jm =
Pothi /|| Poi|| with an additional factor 2 using the estimate

[0 = il < |1 = llvboill| + llvoi = will < [Ill = llvboill| + lltboi — will < 2 [[oo; — il
We first develop the following preliminary results.

Lemma 2. Let a € R be such that Hy+ a > 0 and X : /\0 + v + a. Then, for all X € I§ :=
{z € C:Rez € Iy}, there holds |1P;- — (A + «)H, POJ-\ > A

Proof. The eigenvalues of [1P5- — (A + a)Hg L P on Ran POl are
A+ o . Aoi — A
Noi tal| Ao tal
where \g; denotes the eigenvalues of Hy and the index ¢ runs over all eigenvalues except i such

that Ao; = Ao. For A € I§, we write A = A, +i)\;, with A\, € Ip, A; € R. Since for any =z € R,
|z — A| > | — A\;| we have thus to study the function

1—

T — A
= K, :=|—- —
f(z) Talr *€Ka [—a, +00) \ (Ao — Y0, Ao + Y0);
for A € Iy in order to lower bound the eigenvalues. Since
N T — A o+ A
@ =N rar
if a+ A <0, there holds f/(z) < 0 for 2 > —a so that
> 1.
e T =1
If a+ A > 0, there holds
() <0 for xz < A, f'(x) >0 for z > )\,

and thus, for A € I,

Jnin f(z) = min (f(Ao —0), f(Ao + 7)) = min (

Ao =10 —Al [Ao+170 —>\|>
A=Y +a A+ +a
yielding the result. 0

l
Ao’

\V] \
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1L._plygpl L(y\) — pLlogt —1pl
Denote H~ := Py-HPF; ’RanPOL and R-(X\) := Py-(H- — A\)""'P;-. We have

Lemma 3. Let a € R be such that Hy+a > 0 and Ao := Ao+vyo+a. Let I§ :={z € C:Rez € Iy}

and assume ||W || g, < }1;0 Then, for X € 1§, the following statements hold

(a) The operator HL — X is invertible on Ran Pol;

b) The inverse R-(\) := Pi-(H+ — \)"' P defines a bounded, analytic operator-family;
0 0

(¢) The expression

U(\) := —PyHR*(\)HP, (26)
defines a finite-rank, analytic operator-family and bounded as
1T 19,0 < 4 [No/0)1PoW Py 1 Fr,., < 410/ 20l IW s, (27)

Further, U(\) is symmetric for any X € Iy.

Proof. (a) Since H* is self-adjoint, the operator H*- — X is invertible for any A € C\R. For
X € Iy, we argue as follows. With the notation A+ := POLAPOHszm Pl We write

HY = Hf + W+,

Now, we write

L AR = HyP[UP — (A + a)Hy L + Ky H, (28)
with K = _I/QVVLH_I/2 Lemmayields that [1P5- — (A + a) P(f-| > - and thus, the

operator 1 — ()\ +a)Hy ! o + K is invertible as soon as || K[| < 5§, “which is in particular the
case if [|W/| .0 < $32. Then, we also have ‘1 —(A+ a)HOa + K)| > 132. Hence the operator

Ht—\isa product Of three invertible operators and therefore is 1nvert1ble itself on Ran POL.

For (b), since H+ — \ is invertible on Ran Pg-, the interval Iy is contained in the resolvent set,
p(HHRanPOL), of HL|RanP()L and therefore, since HHRanPOL is self-adjoint, I§ C p(HL|RanP()L).
Since

RY(\) =P (H- - \) Py (29)
is the resolvent of the operator H- — \ restricted to Ran POJ-, it is analytic on its resolvent set
and in particular on I§.

To prove statement (c), we note that the operators R+ ()\), HPy and PoH = (HPy)* are
bounded and R*()\) is symmetric for A € Iy. Hence so is U()). The analyticity of U()) follows
from the analyticity of R+()). It it clear that U(\) is of finite rank due to its definition.

Finally, to prove estimate , we first show that the operator Rt (\) := P5-(H+ — \) 71 P,
A € I, satisfies

Ao

1/2 771/2
|Hy RO Hg ) < 422 (30)
Yo
To this end, we invert (28) on Ran Py~ and use that |1 — (A + a)H&é + K| > 1% % to obtain (30)

for A € I§.
Finally, we prove inequality . Since PoyHy = HoPy and POPOl = 0, we have

PyHPy = PBWP;-, P HPy= Py Wh,.
These relations and definition yield
U\) = —RWRXNWH,. (31)
Combining and , we obtain (27)). O
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Ao + 370
flx)=a
Ao -
va(A)
N
Ao — 370 T T | I —
o — L0 Ao o + 170 Ao,1 Aoz Aoz AoaAos

FIGURE 1. (Left) Schematic illustration of the eigenvalues v;(\) of H(A) in the
neighborhood of Ag for the case of m = 3. (Right) Illustration of the spectrum of
Hj consisting of five eigenvalues A1 ..., Ao,5 of multiplicity mo1 = 1, mp2 = 2,
mo3 = 4, moa = 2, mps = 1 and the corresponding situation when zooming in
close to Ag = Ao;.

Remark 5. In addition, we have the estimate
AL
TN < 4%||P0WP0L||§{O,Q- (32)
Indeed, since HyPy = Ao Py, we have ||(Ho + (34)1/2P0||2 = Ao + a, which implies the estimate
[PoAR|| = (Ao + o) [| oA | o » (33)
which, together with estimate (27)), yields (32]).

Hence, under the conditions of Lemma [3| and for A € Iy the following Hamiltonian is well
defined

H(\):= PhHPy + U(\). (34)
Note that PyH Py = Ao Fy. Lemma |3| above implies

Corollary 7. The operator family H(X) is (i) self-adjoint for A\ € Iy and (ii) complex analytic
in A€ If.

In what follows, we label the eigenvalue families v;(\), i = 1,...,m, of H(\) in the order of
their increase and so that

vi(A) < ..o <vp(A). (35)

Note that the eigenvalue branches v;(\) can also be of higher multiplicity. On a subinterval
I; C Iy, we say that the branch v;(\) is isolated on I; if each other branch v;(\), with A € I,
either 1) coincides with v;(\) or ii) satisfies

i . — . > A .
min |;(A) —v;(A)] 2 7i > 0 (36)

Further, we have the following result.
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Proposition 5. Let a € R be such that Hy+a > 0 and let I; C Iy be such that the branch v;(X\)
is isolated on I;. For X\ € I;, (i) the eigenvalues v;i(\) of H(X) are continuously differentiable;
(ii) the derivative vi(\) is non-positive; (iii) the solutions to the equations v;(\) = X\ are unique
if A€ Ii; () if |[Wlla,, < %1—2, the derivatives V[(X), A € I := [Xo — 170, Ao + 170] N L;, are
bounded as

i) <

8 (Ao + )Xo
SO0t Do o i

0
where Ao := Ao + Y0 + Q.

Proof. Proof of (i) of a simple eigenvalue \g, i.e., m = 1. In such a case, Py is a rank-one
projector on the space spanned by the eigenvector ¢y of Hy corresponding to the eigenvalue Ag
and therefore Eq. implies that H(\) = v1(\) Py, with

vi(A) = (o, H(N)wo). (37)

This and Corollary m show that the eigenvalue v1(\) is analytic.
We now prove (i) in the general case. First, we claim the following well-known formula

vi(A) = (xi(A), U (M)xi(N), (38)
for A € I;, where x;(\) are well-chosen normalized eigenfunction of H(\) corresponding to the

eigenvalue v;(\), namely that they are differentiable in A. To this end, we observe that for each
p € I;, we can find a local neighborhood I, C I; of i such that

U 1A € L} 0 ) A€ 1} =0, (39)
J#i
due to the isolated branch property, i.e., 7; > 0 in (36]). Second, since H(\) is self-adjoint for
A € Iy and analytic (say, in the resolvent sense) in A € I§, the Riesz projection, corresponding
to the eigenvalue v;(A):
1

A= 2mi Di(p)

(H(\) — 2)"\dz, (40)
where I';(1) is a closed curve in the resolvent set of H(A) surrounding the eigenvalue branch
{vi(A) : A € 1.}, is also self-adjoint and analytic in A € Ij; and therefore in A € I§ (see [22} 15]),
condition guarantees that we can choose such a closed curve which contains no other points
of o(H(p)) on I, and that, combining all neighborhoods of u for 1 € I;, there holds that P;(\)
is analytic in I;. From [22] Theorem XII.12], there exists an analytic family of unitary operators
Vi(A\) such that Pi(A) = V;(A)P;(\o)[Vi(A)]™Y, Ao being possibly replaced by some arbitrary
w € I; if Ay does not belong to I;. We then define
Xi(A) = Vi(A)boi,

where 1), is an eigenvector of Hy corresponding to the eigenvalue )\g. Since V;j(\) is analytic,
Xi(A) is also analytic in I;, so in particular differentiable, and one can easily check that x;(\) is of

norm 1 and that P;(A)x;(A) = xi(A), which guarantees that y;(\) is a normalized eigenfunction
of H(\). Now, we use that

G, HA)xa (V) + Oa V), H)xG () = v (G (), xi(V) + (xa(A), x5 (V)
= (xi(N), xi(N)) =0
to obtain v/(A) = (xi(\), H'(A\)xi(\)), which gives (38). The differentiability of x;(\) and the
analyticity of H(\) then implies the differentiability of v; in each neighborhood of A.
In order to prove (ii), note that U’(\) < 0, as follows by the explicit formula

U'(N\) == —PWP(H+ —\)2PWP <0. (41)
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Hence, v/(A\) < 0 by (38). The monotonicity of v;()\) also implies the well-posedness of the
equations v;(A\) = A under the condition that A\ € I;, thus statement (iii).
We now aim to prove (iv). Starting from (38)), we estimate v/()\) with

Vi NI < I(Ho + )2 PP 1T (N 11,0 (42)
The first factor on the right hand side is exactly known as
I(Ho + )" 2 R[> = (Ao + ). (43)

To investigate the second factor on the r.h.s. of ([42)), we use the analyticity U(\) and the
estimate (27). Indeed, by the Cauchy integral formula, we have

1
U'(\ o< —— sup ||U @
0 Wloa < 75 sup 106,

lu—Al=R

where R is such that {y € C: |u — | < R} C I§. Taking R = 170 gives, under the conditions
of Lemma [3], the estimate

8 Ao
10" M0 < =5 1PoW By |1 F1g.0- (44)
TG
Combining equations (42)), (43) and (44]) shows (iv). O

Corollary 8. Let a € R be such that Hy+ « > 0 and let I; C Iy be such that the branch v;(X\)
1s isolated on I;. Under the condition that

8 ()\0 —f—Oz)

™ "}/0

I PW Py 0 < 1,

and that the unique solution \ of v;(\) = X satisfies X\ € I, the fized-point iteration A(e+1) —
v;(A®) converges to \ for initial values in I},

Now, we proceed directly to the proof of Theorem [6]

Proof of Theorem[f. For the estimate on the eigenvalues, we first remark that applying Propo-
sition [4| to the m eigenvalues corresponding to A\g for Hy provides the first inequality in .
The second one follows immediately from the condition ||[W g0 < 3 sota and thus y; € Io.
The fact that the operator H has exactly m eigenvalues (counting the multiplicities) in I
follows from Corollary [4] and Proposition [f(iii) and the fact that H()) is a m x m symmetric
matrix.
For the estimates on the eigenfunctions, recall from Theorem 3| that Qo(u;)v0; = i, where

wi = v;(H) and the operator Qy(\) is given by

Qo(\) :=1—R*\PW R, (45)
with R*()) defined in (29). This yields
Yoi — i = oi — Qoli)bo; = R(ui) Ps-W Potb. (46)

Then, for v € {0,1/2},
HH(’]Y’a(d}W - ¢Z)|| < HH&QRL(Mz)P&WP()H

1/2 1/2 1/2 1/2
< ||Hy o Ho o> P Hy 2 R* (112) Ho 2| P~ W Poll 1o, | PoHy L2 -

In the previous expression, we can use (30) to estimate HH&f Rt (ui)H, Jipgh 2H Then, we note that

1P W Poll 0.0 < Wl g,
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as well as
1/2
IPoHG | = (Mo + )2

Finally, in the case v =0

| How Pl < (o + )72,
and for v =1/2,

1/2
HHS oC/ Poiu <1
Combining the four bounds leads to | and (| . O
Remark 6. Note that by Theorem@ any solution u; to the equation v;(p;) = pi, fori=1,....m
and where the p; are in ascending order, is an eigenvalue of H. Under the condition
L 70

“=2XN+a’

Theorem@ guarantees that the eigenvalues \; satisfy i — Mol < % and thus p; € Iy.

On the contrary, the eigenvalues p; are the only m eigenvalues of H belonging to Iy if a
stmilar condition as , but for the next larger eigenvalue of Hy than Ay holds whereas such a
condition is automatically satisfied by for the preceding eigenvalue of Hy.

Wl Ho,a < (47)

4. PRELIMINARY RESULTS

We now derive a few preliminary results that will be useful for proving Theorem (I} For the
following proofs, we define the following quantities: h) := —A — A, VA}[ = PAL/[VPJ\%[, V]\f[v =
PY VPY.

Lemma 4. For A € C with Re A < %pM and pyr > 1, the following bounds hold
I 2V 2 < B PV 2 < oaf [V - (48)
Proof. First, we note that
1 2V B2 = P ik 2 P < (12
Then, we estimate for any s > 0, using the assumption Re A < % PM

lom + 1°

he  hT5PE|| <
[hZ 1Ry Pl < oar — AP =

<2° (14 py})° < 4%, (49)

This implies in particular that [|h, Y 2VLh Y 2” < 4||Vizllo- The result follows noting that
IVizllo < paf IV - O

Lemma 5. For A € C with Re A < min(%pM, kar) and par > 1, the following bound holds

1T (Ml < 4o,/ V7 Z aprr IV |1+ ] (50)
Moreover, if 4p3/ ||V |» <1,
— AlIVIZ
10Nl < par i (51)
M1 —dp VI
and in particular
4||V)|2
Wl < pif LV (52)

L—4pp/ IV
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Proof. By definition (§)), we can write U,(\) which is well-defined for A < k) as
K
k
U\ = = > PuVPyny /2 [ — PV R PR VP (53)

k=0
Using estimate , there holds

K

—r ko —1/24r/2 —1/2yp,—1/2 —1/241/2

1T < S (4007 IV 1) 1822 2P VR R 2 1Ry 2P VP 2.
k=0

and by (@), |hy PPYVPyh =2 2| < 20,72V, so that we obtain (50). The bound
is easily obtained from and taking K, N = oo in , we arrive at (52)). O

Lemma 6. For A < Sk, pu > 1 and if 4p3] |V |» < 1, the following bounds hold

1 _ 4|V
Ui, N, < r r___.
U (M| wlrar — 2/\)pM =2V

(54)

Proof. Since from Proposition [2fiv), Uy/(\) is complex analytic in A for ReA < kjy, by the
Cauchy integral formula, we have

1
UL\ < —————  su Unt ()]l
L R L
[p=Al=Rar ()
with Rys(\) = %/@M — A > 0. Using and noting that %/{M < %pM, we obtain . O

Lemma 7. For A\ < min(ka, 3pm), pn = pyv > 1 and if 4p37 |V < 1 and 4p5 |V +

—27
% < 1, the following bound holds
”UM<)\) - UO'()\)HT‘
477“‘/'2 47""/ 2 477“/2
- - oy | leap”nvn? 1+ 1_2\4&”&” 1—pz]1w‘“"!||‘|;|| [4p57 V)" (55)
L= 4oy VIl = 25 il e

Proof. We first write Ups(A\) — Uy (N) as
Un(A) = Up(A) = (Unr(A) = Uun (V) + (U (A) = Us (), (56)
where, using the notation Hﬁ = P%HP%
Unin () := — Pu VPN (Hiy — A) Py V Py
= — Py VP (=A + Vii = N) Py VP
Since Upr(A) = =Py VP (Hiy — A) 1Py VPar, with Hi; = Pi;HPy;, the first term Ups(\) —
Unvn(N) is estimated as follows.
Denoting by ’Hﬁ, = Pﬁ’HPﬁ, and the Schur complement
4 =Py (45— AP — PRV (i — )P VRY) P,
there holds, using a block matrix inversion
Paz(Maz — X" Pag =P (Hay — X)7'Phy + Py (May — \) 7P VAVPY (HiT — \) 7Py
— PN (Hay — NP VA — AVPY (Hy — \) TPy + A (57)
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Therefore, Upr(A) — Uprn(A) can be decomposed into four terms as
Uni(A) — Unn(A) = — Py VP (Hay — A) 7 Py VAVPY (Hay — A) Py VP,
+ Py VPY (HY — \)TIPY, VAV Py,
+ Py VAVPY (HY — N)7PY, V Py,
— Py VAVPy,.
Then, the r-norm can be estimated as
1/2—r/2 _ _ 1/2—r/2
10 () = U ) e < VI B3P (3 — X) TPV AV PR (3 — X~ PR
+[BYETERN (H — N TP VAR
+ BT AVeN (Y - TP
IR AR
Introducing appropriate hl_/ 12 /2 and h:i/ 24r/2 terms, we obtain
1T () — U Wl < IVIZ{IBYE2P (A — X PR 212 v 122 AR )
1/2—r/2 — 1/2—r/2 1/2—r/2 1/2—r/2
+ 2[R A — NIRRT RV TR AR
o ahad]
< BT AR TR v 2

2-1/2 _ —r/2 2
x|+ IRYET R Y = NIRRTV

We are therefore left with the estimation of ||hlf/127r/2F’]\N/l(?'-lﬁ—)\)_lPj\l\fl,hlf/f*r/2 || and thf/ffrﬂAhlf/ffr/QH.
First, noting from that

1/2 _ 1/2 ~1/2 ~1/2\_ 1
153 2PN (M = N PRI < I+ by VR T < s (58)
1-— 4/0M HVHT
and using that
RSP PR < 20, (59)
we obtain
1/2—r/2 - 1/2—r/2 dpor
IRYETPRR (Y — TR < P (60)
1- 4:0M HVHT
Second,

[0 AR = R [k — AP — PRVR (g — ) TR V] PR
Noting that
IR P < 203",
there holds
IR AR 2 < 4y 2R [k — AP — PVRY ity — N R VR Py
Factorizing h), we deduce

B2 P AR < ap ||+ by P Varh P = B PR VR (Hay — A) TP VPR, AT
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From (48) with N in place of M, we obtain
—-1/2 —-1/2 _r
In3 2V 2 < 4 [V

Moreover,

17

(61)

—1/2 _ —1/2 —1/2 —1/2 1/2 _ 1/2
1Ry 2P VPN (Hay — N PN VPR Y2 < Iny PR VPN R A2 Y PP (i — 2 TP Y,

which, from and , leads to

—1/2p Ly,pN (9L —1pN /pL—1/2 160, IV |2
Ay PNV Py (Har — A) " Py VPyhy 7| < ——F .
1- 4/0M HVH’I‘
Combining this last line with (61]), we obtain the bound
1/2—r/2 ,1/2—7/2 _ 1
||h—/1 T/ Ah—/l T/ H S 4IONT 16 —QTHVHZ :
14 IV, - Sl
N 1—4p IV

This leads to the following bound for the difference Ups(A) — Uprn(A)

4|V |12 oadlVlk_]°
1T (A) = Tuw (V- < oy ” Hrmp—%uvw [1 %} |
g _ 0Py VI M "
1 —4py HVHT 1=4p3 [ IV |

For the second term on the right handside of (56]), we write Up/n(A) — Uy (X) as

> k
Dun () = U = = > PuVPy 2| = PV 2 s R vy,

k=K+1

Using and , we obtain
(o ¢]

1T () = Ul <IVI2 IR0 2RI ST iy 2y 2k

k=K+1
_r > —r k
§4||VH72« Py Z [4PM ”VHr] )
k=K+1
from which we deduce that
4|VIz —r - K+1
[UMN(A) = UMy £ —— == par [4oa/ IVl ,
1_4pM’VHr M[ M ]

Combining and , we obtain .
Lemma 8. For A < p < min(kar, 5pum), pu > 1 and if 4p3[ ||V, < 1, there holds

Pr AV
Tk = 20) 1= Apy IV,

10 (1) = Ut (M)l < [ = Al
Proof of Lemma[8 Without loss of generality, we assume that A < p. Writing

m
Uhi (1) — Unr () = / Ul (s)ds,
A
yields

1T () = Unr (M)l < [ = Al max [|Uz; ()]
sE[A,u]

We conclude by applying of Lemma @

(62)

(64)

(65)
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5. PROOF OF THE MAIN RESULTS
The goal of this section is to provide the proof for Theorem

5.1. Proof of Theorem [1} We first prove the following technical lemmas which will be useful
later.

Lemma 9. For H,W such that H = —A + W, there holds for a > (2||W]|,)}/" such that
H+a>0
1Al <2[All-aa < 2277 Al

Proof. First, denoting again h_, := —A + «, note that
Al < IAll-a.allRYGH + )72
Let v be arbitrary and define v = (H + a)~'/2v. Note that
Il = {u, hea) = (u, (H + o = Wa) = [Jo]* = (u, Wu).
Further, there holds
(w, W) < [W]l-aalliul?,
and using the inequality |[W||-an < o 7||W|, we obtain that [|[W|_-aa < & for all a >

(2[|W]|,)*/", and that ||h1_/§(H + a)~12||2 < 2 yielding the first inequality.
The second inequality results from using, once again, the inequality ||Al|—a o < a7 "||A|,. O
Before starting the proof of Theorem [I we analyze the relation of the spectra of H and
Har(A).

Lemma 10. Let \; < A; be the i-th resp. j-the eigenvalue of H and let vpri(N\) denote the i-th
eigenvalue of the operator Hyr(X). Then, we have the following M -independent lower bound

Aj = Ai < min(vari () — vari(N), var (Ag) — vari(Ag))- (66)

Proof. Since \; = vpri(Ni) and Aj = varj(A;), we have A\j — A\ = varj(Nj) — vami(Ni). By
definition and Proposition 2| the family Hys(\) is monotonically decreasing with A. Hence
VMi()\j) S V}\/()\z) and VMj()\j) S I/Mj()\i), SO that )\j — /\i = VMj(/\j) — VMZ(A’L) implies . O

Corollary 9. Let A\; be an isolated eigenvalue of H. Then, the gap var; of \; to the rest of the
spectrum of Hpr(N;) is bounded below by the gap o of A; to the rest of the spectrum of H.

Lemma 11. Let be a > 0 such that
Har (M) +a > 0, and o> (2]|Unr(\) — Us(Doi) |7, (67)

M large enough such that A, \si < min(kar, 3om), py = 1 and 4py[ ||V, < %, and N > M.
Then, there holds

Sa "oy IVIIZ IV1I7
x) — Vo ANo1 a S oL T N\ . s 1y
I03(\) = U il < Pt = Ml s 3 L (o) (69
with, using the notation o = (N, M, K),
—r —r —r K+1
e(o,m,V) = pN + par [4e37 IVl )

Proof. Applying Lemma [J] to the present case, we obtain

100 (Ae) = Usr(Aoi) 1303, 0n),0 < 207" [Un (M) = Us (Agi) |-
Employing the triangle inequality, there holds

10 (M) = UsAoi) - < 100 (Ax) = Unt (Aoi) e + [1Unt (Agi) = Us (Mg |- (69)
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For the first term of the right handside, Lemma [§ yields
8pa V17
m(kpr — 2min( A, Ai))
Finally, we use Lemma [7|in order to bound the second term of , we conclude that
K+1
10v i) = Us ol < V2 (1895 + 6057 [4037 1V ]

Combining all estimates concludes the proof. O

U (Aoi) — Ut (M) llr < [Agi — A

Finally, we are now ready to prove Theorem

Proof of Theorem[1. Note that Ay = var;(As), Aoi = Voi(Aoi) Where vpy;(A) and vy () represents
the i-th eigenvalue of Hyr(A) and H, () respectively.
We choose a > 0 in order to satisfy the condition of Lemma By the expression
of Lemma (11| we can choose My € N such that
HUM()\*) - Ua’(>\0'7:)HHM(>\*),Oé < 1707
for any M > ]TJ/O and where 7y denotes the gap of A\, to the rest of the spectrum of H, which

is a lower bound of vys; by Corollary 9} and Ao = A\« + 70 + a. In consequence, we can apply
Theorem [6] with

Ho = Hpr (M), W =Us(Aoi) = Un(A), X0 = As, (70)
and thus H = H,(\y;), yielding
A = Aoil = [vmi(A) = Voi(Aoi) | < (A + ) 10U (M) = Us(Aoi) 340, () 0 (71)

6o VI
(ks — 2min(As, Aog))

It exists a My € N, with My > ]\70, such that

2
paalVE

< e+ ) [[Agi — A (o, V) (72)

_ 1 16 " py/ IVI? 1
! V r < o d )\* < a0 73
MVl < 3 o ( +a)7r(/<aM —2min(As, Agi)) ~ 2 (73)
for all M > My and thus
2
A — Aoil S (A + )”aH e(o,r, V). (74)

A similar development for the eigenfunctions based on the estimates . of Theorem |§| can
be applied. Indeed, we denote by ¢,; the i-th normalized eigenfunction of 7—[(,( i), thus, in terms
of the notation used in Theorem [6 we have ¥; = ¢,;. Then, the corresponding eigenfunction
in the span of all eigenfunctions corresponding to A, is given by @as; = Powess, where Pg is the
projector onto this span of all eigenfunctions of Hys(\,) corresponding to A,. Thus, ¢p; is an
eigenfunction of Hys () associated to the eigenvalue A.. Taking, again, Corollary@ into account
yields

Ao
o = @oill < 471U M) = U oiln 00) 0 (75)

Using the bounds of [|Uy(As) — Us(Aoi) iy (2),a €XPression of Lemma [11| and combining
with yields the auxiliary result (see (13)): for s > 0 and for all M > My,

AH H

=2+ 1) (oms = woll S phalionss = waill S 20 pye(o,m, V). (76)
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Now we define the eigenfunction ¢; := Qur(Ax)@ar; where Qur is defined by . Following
Corollary [5] ¢; is an eigenfunction of H associated to the eigenvalue A.. Note that

©i — Qo(Moi)Poi = i — Poi — [Sv (M )eri — So(Aai)@oil

with Spr(A) := P (Ha;—\) PV Pas, So(X) := Ry (A\)PY;V Py, Applying the triangle inequality
several times yields

i — Qo(Aoi)oill < (14 I1)llorrs — oill + 12 + I3, (77)
with
I =[Sy (Al I = [[Sp (M) = S (o)l I3 = [|Sp(Aoi) = So(Xoi) |-

For I, proceeding as in the proof of Lemma [5] writing
> k
SuN) = 3 Py [ = ny v VR v,
k=0

and under the assumptions A < min(3par, kar), pur > 2, 4p,3f |V l» < 3, using the estimates of

Lemma ||PAJ-4h;1/2|| < \@p;;/z, IParhs 4] < (par +1)° < (3par/2)* for s > 0, one obtains

—1/2 —1/2 —1/24r/2 1/2—r/2
1Sae (W < 2 [Pk 2 1Pk V2P VP h Ty 2 2 Pagn 2 (78)
< 2v2(3/2) > P o PIVIeyy T < 12057 |V v (79)

For I, we proceed as in Lemma |8 based on the results of Lemma |§| but substituting Ups(A) by
Sar(N) in order to obtain

‘)\* - )\cri|
m(kyr — 2min( A, Agi))
based upon the estimate || Sar(A)|| < 12p5/ ||V ||» from (78)—(79).

Finally for I3, we proceed as in the proof of Lemma Indeed, we apply, once again, the
triangle inequality to obtain I3 < I3 + I3 2 with

I3 1 = |Sv(Ai) — Sun(Aoi) || I3 o = ||Sun(Aoi) — So(Aei)]|-
with Syrn(A) := Py (HE — ) 7Py, V Py To estimate I3 1, we first note that

I < 203/ V[l (80)

1530 = Saw NI <A 2R IR 2 [Py (s — 2 7Py — PR Y — NPT P2
IRy vy |
Using that ||hj/2+r/2PJ\1\2H < p;/ﬂrﬂ and th/HT/QVPMH < |]V||rp}v/[27r/2, we obtain
18300 = Saw NI < VIR [P (g — APz — PR (3 — N 7'RRY | 2272

—2
16pN1THVH,%

Adapting the proof of (62)), and noting that 4py" ||V ||, — i [V
"1, Vs

obtain

< 1,and 4p,/ |V, < 1, we

Is1 S py V]| (81)
Finally, for I3 2, we proceed as in the derivation of , starting from a similar ansatz than

o
k
k=K+1
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yielding, together with |[PYh "2 < pi/? and |0y 2PNV Py < o3IV

—r o K+1
I3o = [|Sun(ei) = SoQai)ll S paf IV [4oa7 IV (82)
Starting from and combining 7, , , with the estimates (with s = 0),
(74)) and the bound concludes the proof. ]

Remark 7. Having now understood how to apply Theorem @ in this context, i.e. using (70,
and seen the abstract theory of Section [ we can now make a statement about the convergence
of the fized-point iteration schemes and : Following Corollary@ we note that if vy;i(\)
parametrizes an isolated branch on some interval I; containing As;, M > My and, using f
and , if e(o,r, V) is small enough, then, the fixed-point iterations converge for any
starting point in I;. Unfortunately, it is difficult to assess whether the isolated branch property
holds in practical application and this remains an abstract result.

6. NUMERICAL RESULTS

In this section, we test the theoretical estimates developed in this article. We consider a
one-dimensional test case with = (0,1) and a potential V; given by its Fourier coefficients:

~ - 5
To=-10,  Va=-r0

1
so that V; € Hf);? ““for any € > 0. We then consider the two different values t = 1 or t = 0,
see Figure [2| for a graphical illustration for the case t = 1, so that including the embedding
expressed under the constraints yields that ||V, < oo forr =1ift =1 and for all r < 1/2
if t =0.

Note that, to the best of our knowledge, the classical convergence analysis does not cover
such low regularities of the potentials. While the standard analysis can probably be extended to
potentials in L? and thus covering the case t = 1 (although we are not aware of any published
analysis in this case), it certainly does not hold without further developments for ¢ = 0.

In Figure |3 we illustrate the convergence of the discrete solutions with respect to K for
different values of M and ¢t = 1 and ¢ = 0, and for fixed N = 500. The error in the eigenvalue
and eigenvector are defined as

€rryal = ’)\* - )\O'i| and €rfyec = H(pl - QU()\Ui)(PO'iuv

where (Ax, ©nri), (Asis 90i) are the i-th solution to and @D respectively, using the compu-
tational Strategy 1 defined by targeting the smallest eigenvalue. The “exact” solution is
obtained by computing the variational approximation for N = 1000.

We observe that, in agreement with the theory for small enough K, M, the convergence rate
with respect to K for different value of M is the same for the eigenvalue and eigenvector error
and that the convergence rate improves with increased values of M. In this example, we observe
that the condition M > Mj is not restrictive and convergence can be observed for all values of
M. Tt is also noted, in particular for the higher values of M (but still very moderate), that the
number on the truncation order K can be kept very low to achieve a good accuracy. This, in
turn, means that the number of computations on the fine grid (essentially matrix-vector products
involving the fine grid for each matrix-vector product involving the coarse Hamiltonian H,(\))
can be kept to a minimum.

A similar behaviour is reported in Figure [5| for the third eigenvalue using the potential V;—;
and again N = 500.
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FiGURE 2. Ilustration of the potential V;—;.

M=1 M=2 M=3 M=4 M=5 M=6
K # scf K # scf K # scf K # scf K # scf K # scf
1 6 1 5 1 4 1 4 1 4 1 4
2 6 2 5 2 4 2 4 2 4 2 4
3 6 3 5 3 4 3 4 3 4 3 4
4 6 4 5 4 4 4 4 4 4 4 4

TABLE 1. The number of SCF-like iterations of the solution strategy to
reach an increment of 107'2 in the eigenvalue for the approximation of the first
eigenvalue with V;—; using N = 500.

The number of required SCF-iterations to converge to an increment in the eigenvalue
smaller than 10712, thus very tight, is stable and very moderate over all test cases as reported
in Tables [If and [2| (the case of ¢ = 0 behaves similarly and is not reported here).

Finally, Figure [ illustrates the error in the eigenvalue and eigenvector with respect to N for
different values of K and M for the first eigenvalue with V;—; and V;—y. We observe two regimes.
First, for small values of N, the error is limited by the small size of the fine grid Xy, i.e. by a
small N, and decreases with increasing N € [25,500]. Second, when N is large enough, the error
due to the moderate values of M, K is dominating and the error stagnates. As M or K increase,
the transition of the two regimes moves to lower accuracy. This agrees well with the theoretical
result presented in Theorem For the potential V;—;, we observe that the convergence rate
in N (for M, K large enough) is roughly 3 for the eigenvalue error and 2.5 for the eigenvector
error, which are the rates predicted by the standard analysis as outlined in Corollary [2l For the
less regular case Vi—g, and thus ||V, < oo for any r < 1/2, we observe a rate of roughly 1 in
both cases, eigenvalue and eigenvector L?-error, which is exactly as predicted by Theorem

7. CONCLUSION AND PERSPECTIVES

In this paper, we have proposed a new numerical method based on the Feshbach-Schur map
in combination with planewave discretizations for linear Schrédinger eigenvalue problems. The
method does not rely on the variational principle but reformulates the infinite-dimensional prob-
lem as an equivalent problem, non-linear in the spectral parameter, on a finite dimensional grid
whose unknowns are the exact eigenvalue and the best-approximation of the exact eigenfunctions
on the given grid. Such a problem can then be approximated by evaluating the Feshbach-Schur



THE FSM AND COMPUTATION OF EIGENVALUES. MAIN RESULT 23

01 0.1
i —— M=1 3 —— M=1
0.01F M=2 0.01 F M=2
g —#—— M=3 E ——— M=3
i ———— M=4 i
0.001 | — o M=5 0.001 F
0.0001 | 0.0001 |
0.00001 [ 0.00001
1108 1x10°C |
107 1x107
10 1108
1x10.97|‘.‘|.‘.| R 1 1X1D.97I.\.I..\I.\.I\\\I
0 2 4 6 8 0 2 4 6 8
K K
1E 1E
i —_— 0 M=1 F — 00— M=1
M=2 M=2
—4&—— M=3 — A M=3
01F ——— M=4 01F ——— M=4
F —F— M=5 F —— M=5
0.01 0.01
0.001 0.001
0.0001 0.0001 |
oooop1 o b 1 b L 1 gopoof e b L L e L
0 1 2 3 4 5 0 1 2 3 4 5
K K

F1cUuRE 3. The convergence of the eigenvalue error err,y (left) and the eigen-
vector error erryec (right) corresponding to the first eigenvalue with respect to K
for different values of M and for fixed N = 500. The top row corresponds to a
potential Vi—; whereas the bottom row corresponds to V;—g.

map on a second finer grid. The substantial contribution of this paper is an analysis in order to
provide error estimates of the proposed method in all discretization parameters.

For this, we developed in Section [3| a version of perturbation theory that relies on the notion
of form-boundedness with increased regularity, as stated by Assumption

Having established the method and its analysis, its full benefits shall be further analyzed in
future. At the present stage, it is worth to mention that, for the considered one-dimensional
problem, the contraction in the perturbation is rather small and the non-linear iteration converge
rapidly. Also, in view of more sophisticated non-linear eigenvalue problems, the artificial extra
non-linearity does not seem to be much of a burden.

The future developments include the extension of Section [3| to a more general family of
operators, including non-symmetric perturbations of self-adjoint operators as well as extending
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M=1 M =2 M =3 M=4 M=5 M=6
K # scf K # scf K # scf K 7 scf K # scf K 7 scf
1 6 1 4 1 4 1 4 1 3 1 3
2 6 2 4 2 4 2 4 2 3 2 3
3 6 3 4 3 4 3 4 3 3 3 3
4 6 4 4 4 4 4 4 4 3 4 3

TABLE 2. The number of SCF-like iterations of the solution strategy to
reach an increment of 107!2 in the eigenvalue for the approximation of the third
eigenvalue with V;—; using N = 500.

the numerical method and its analysis to cluster of eigenvalues using a density-matrix based
formulation.
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APPENDIX A. TECHNICAL RESULTS AND PROOFS

We present proofs of some technical statements made in the previous sections and some
additional technical results. In what follows, we denote ijf = P]#VP]#.
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FIGURE 5. The convergence of the eigenvalue error erry, (left) and the eigen-
vector error erryec (right) corresponding to the third eigenvalue with respect to
K for different values of M and for fixed N = 500 and with V;—;.

Lemma 12. Under Assumption (i) the norm ||V oo := [[(=A + ) 2V (=A 4 a)~1/2|| is
well-defined for a > 0 and ||V]jo,o — 0 when a — +oo and (ii) H is bounded below as

H=[1=[Vi]oal(-A+a)—a, (83)

Proof. The first statement is obvious and the second one follows from the identity
H=(-A+a) "’ [1+ (A +a) 2V (A +a) Y)(-A+ )2~ a (84)
and the fact that the expression in square braces is bounded below by 1 — ||V|¢,q- 0

Proof of Lemma(ll Proceeding as in , we obtain for any o € R large enough so that
Viglloa <1

~A+Vip 21— |[Vigllo.al(~A +a) — .

Using that —A > (2rM/L)? = pys on Ran Pj; and the estimate

IVitllo.a < II(1 = A)2(=A + ) 2P |P[1(1 = A)72Pap VP (1 — A) 712
pv+1
< Vi,
> pM+apM IV
we deduce
py+1
vz (1= 2 ) o ) -

>pm+a—(ppr + D)oy Ve — a,
> pm — (o + 1) p3f IV I

from which we obtain the result. O
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Now, we introduce the Sobolev spaces H}, of periodic real functions resp. distributions which

can be characterized in a simple way using Fourier series: for s € R, we have

Hier = {v = Z Vel

keR*

VkeR": i}\—k = a7 ||v||Hf>er < OO} 7 (85)

where the norm |[|v||ns,, is given by the HJ, inner product is defined by

Vu,v € Hyep,  (u,0)ns,, == Z (1 + |k ugvr.
keR*

Lemma 13. IfV € HS . for some s € R, then V satisfies Assumptionfor all v > 0 satisfying

per

s>r—1ands>—-2(1—r)+d/2 resp.

r<s+1 and T<1+§—

d
2 1

(86)
where d is the spatial dimension. Moreover,
VI < Crsl|V |1

per’

Proof. From [I3, Theorem 1.4.4.2], for any s1, so > t, such that s; + sg > ¢t 4 d/2, there exists
Cs,,s0,¢ > 0 such that for all u € H3L ,v € H32 ., then uv € Ht  and

per» per» per

vl < Coraellul ol -
Hence if V € Hy,, s > —2(1 —r) +d/2, and s > r — 1, then there exists C, s such that
HV#’HH*HT
V- = sup ——==— < Crs [V,

weH%,;T HzﬁHH})e—r’“
which implies the estimate in the lemma. ([l

Proof of Proposition [l For each X\ such that A\ < rps, Uy(N) can be written as the prod-
uct of five bounded operators: —Py/(—A + 1)1/277/2 (—A + 1)7V/2H72y (A 4 1)~ 1/247/2,
(—A+ D)V 2L (HL, — N TIPL (- A+ D)V272 (A + 1) VRV (A1) T2 (At
1)1/2=7/2Py;. Therefore, Ups () is a well-defined operator. O
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