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Introduction

Recently, a great interest has been drawn to the control and diagnosis of multi-agent systems. This is partly due to the trend of exploiting a network of simple agents to fulfill a complicated task instead of using a complex and powerful one (see,e.g., [START_REF] Djaidja | Stochastic consensus of leader-following multi-agent systems under additive measurement noises and time-delays[END_REF][START_REF] Frasca | Distributed randomized algorithms for opinion formation, centrality computation and power systems estimation: A tutorial overview[END_REF][START_REF] Pham | Consensus of Multi-Agent Systems in Clustered Networks[END_REF][START_REF] Oh | A survey of multi-agent formation control[END_REF][START_REF] Wei Ren | A survey of consensus problems in multi-agent coordination[END_REF][START_REF] Zhang | Distributed Cooperative Optimal Control for Multiagent Systems on Directed Graphs: An Inverse Optimal Approach[END_REF][START_REF] Zhang | Homogenous polynomially parameter-dependent HâĹđ filter designs of discrete-time fuzzy systems[END_REF][START_REF] Zhang | Leader-based optimal coordination control for the consensus problem of multiagent differential games via fuzzy adaptive dynamic programming[END_REF]). Since a typical specification of multi-agent systems is information sharing, if a fault occurs, its effect can propagate. This may lead to severe impacts on the overall performance of the system and make it crash to malfunctions quickly. Therefore, various approaches have been proposed to detect, isolate, and estimate faults in multi-agent systems (see, e.g., [START_REF] Chadli | Distributed state estimation, fault detection and isolation filter design for heterogeneous multiagent linear parameter-varying systems[END_REF][START_REF] Davoodi | Distributed Fault Detection and Isolation Filter Design for a Network of Heterogeneous Multiagent Systems[END_REF][START_REF] Davoodi | Simultaneous fault detection and control design for a network of multi-agent systems[END_REF][START_REF] Hashimoto | Distributed 1 -state-and-fault estimation for Multi-agent systems[END_REF][START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF][START_REF] Li | Distributed Cooperative Fault Detection for Multi-agent Systems: A Mixed ∞ ∕ 2 Optimization Approach[END_REF][START_REF] Menon | Robust fault estimation using relative information in linear multi-agent networks[END_REF][START_REF] Nguyen | A distributed fault detection observer-based approach for a network of multi-agent systems with switching topologies[END_REF][START_REF] Sinafar | Distributed Fault Estimation for Multi-Agent Systems Using Relative Measurements-Distributed Adaptive Observer Approach[END_REF][START_REF] Xu | Distributed Fault Estimation Basing On A United Adaptive and Sliding-Mode Observer for Multi-Agent Systems[END_REF][START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF][START_REF] Zhang | Adjustable Parameter-Based Distributed Fault Estimation Observer Design for Multiagent Systems With Directed Graphs[END_REF]).

Different architectures of fault diagnosis problem in multi-agent systems have been proposed from centralized (see, e.g. [START_REF] Huang | Fault estimation of multi-agent systems with transient performance improvement[END_REF][START_REF] Meskin | Fault Detection and Isolation of discrete-time Markovian jump linear systems with application to a network of multi-agent systems having imperfect communication channels[END_REF]), decentralized (see, e.g. [START_REF] Arrichiello | Observer-Based Decentralized Fault Detection and Isolation Strategy for Networked Multirobot Systems[END_REF][START_REF] Boem | Decentralized fault diagnosis for heterogeneous multi-agent systems[END_REF]), to distributed (see, e.g., [START_REF] Chadli | Distributed state estimation, fault detection and isolation filter design for heterogeneous multiagent linear parameter-varying systems[END_REF][START_REF] Han | Robust fault estimation in the finite-frequency domain for multi-agent systems[END_REF][START_REF] Nguyen | A distributed fault detection observer-based approach for a network of multi-agent systems with switching topologies[END_REF]). In the earlier results, typical fault diagnosis schemes known as centralized schemes that require all the information related to the system available to a single agent executing the fault diagnosis algorithm. In comparison to the other architectures, the centralized scheme is less attractive in practical implementations due to the stringent use of computational resources, communication bandwidth limitations, and the poor scalability of the overall system. Solutions for these limitations have been given in later results, they are non-centralized schemes known as decentralized/distributed ones where the fault diagnosis task on an agent is fulfilled based on only the local information. Since all measurements may not be available in every agent, the decentralized/distributed approaches are seemed to have more potential applications (see, e.g. [START_REF] Martínez-Villegas | Review of two non-centralized observer-based diagnosis schemes for interconnected systems âĄŐ[END_REF] and the references therein). This is one of the reasons that motivate us to investigate the distributed approach.

Otherwise, the information graph is crucial for the behavior of a multi-agent system. Predominantly, there are two categories of information graph in the context of multi-agent systems: the fixed topology and the switching ones. Several interesting works (see, e.g., [START_REF] Menon | Robust fault estimation using relative information in linear multi-agent networks[END_REF][START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF][START_REF] Davoodi | Simultaneous fault detection and control design for a network of multi-agent systems[END_REF][START_REF] Chadli | Distributed state estimation, fault detection and isolation filter design for heterogeneous multiagent linear parameter-varying systems[END_REF][START_REF] Li | Distributed Cooperative Fault Detection for Multi-agent Systems: A Mixed ∞ ∕ 2 Optimization Approach[END_REF][START_REF] Han | Robust fault estimation in the finite-frequency domain for multi-agent systems[END_REF][START_REF] Zhang | Adaptive technique-based distributed fault estimation observer design for multi-Agent systems with directed graphs[END_REF]), have been done dealing with the problem of fault diagnosis in multi-agent systems with fixed topology when the communication graph does not change through all the progress of the system operation. Switching topologies is the case that the communication graph can switch from one topology to another [START_REF] Olfati-Saber | Consensus problems in networks of agents with switching topology and time-delays[END_REF]. Because of the practical factor such as environment changes or energy constraints, the problem of switching topologies is explicitly more realistic and more challenging to cope with in comparison to the issue of fixed topology. Up to now, just a few papers focus on the problem of fault detection and isolation (FDI) and fault estimation (FE) with switching topologies, such as [START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF] and [START_REF] Nguyen | A distributed fault detection observer-based approach for a network of multi-agent systems with switching topologies[END_REF]. In [START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF], an observer-based distributed fault estimation approach is proposed from an overall perspective, while the local fault estimation observers are presented for each agent and based on the relative output estimation error. In [START_REF] Nguyen | A distributed fault detection observer-based approach for a network of multi-agent systems with switching topologies[END_REF], we have proposed a distributed observer-based FD approach, in which, an agent can detect not only its own fault but also its neighbors' ones in spite of switching specifications. Actually, it is worth to note that in some works, to implement the scheme, a bank of observers whose dimension is equal to the dimension of the entire system is required at each node, which brings a computational burden on the node (see, e.g., [START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF]). This burden becomes heavier when the number of agents in the network increases. We have avoided this problem in [START_REF] Nguyen | A distributed fault detection observer-based approach for a network of multi-agent systems with switching topologies[END_REF], where the orders of detection observers are only equal to the sum of the order of each agent and its neighbors. In current work, we also aim to cope with the switching topologies issue because of its prospective practical implementation.

Generally, fault detection and isolation and fault estimation are effective solutions for enhancing system safety and reliability (see, e.g., [START_REF] Ding | Model-based Fault Diagnosis Techniques[END_REF]). The role of fault diagnosis in multi-agent systems becomes essential because the problem of FTC in this kind of system is even more complex and suffers from more difficult challenges in comparison to the one in classical single systems [START_REF] Patton | A generic strategy for fault-tolerance in control systems distributed over a network[END_REF]. The strongly and rapidly development of exploitation of multi-agent systems in practice urges researchers more intensely focusing on the problem of FDI/FE in multi-agent systems. The problem of FDI/FE is also significant when it is implemented in Fault-Tolerant Control (FTC) problems, where the more exact information of fault is known, the higher the control performance quality will be (see, e.g., [START_REF] Gao | A Survey of Fault Diagnosis and Fault -Tolerant Techniques Part I : Fault Diagnosis with Knowledge -Based and Signal-Based Approaches[END_REF][START_REF] Liu | Hierarchical-Structure-Based Fault Estimation and Fault-Tolerant Control for Multiagent Systems[END_REF]). In this work, FE will be pursued. While FDI is to set up alarms whenever there is a fault (fault detection) and after that indicate where the fault occurs (fault isolation), FE reconstructs the magnitude as well as the shape of the fault. With no doubt, FE is more useful and powerful.

In two past decades, FD for multi-agent systems has attracted attention from the community of researchers and become a very hot topic [START_REF] Qin | A survey of fault diagnosis for swarm systems[END_REF]. Compared with the research on FD, the published literature on FE for multi-agent systems is sparser, and most of the existing research is observer-based approaches. In classical single systems, faults can be reconstructed from the estimated states, estimated system outputs, or the difference between the estimated and actual system outputs which can be obtained by some known techniques (e.g., [START_REF] Ding | Model-based Fault Diagnosis Techniques[END_REF][START_REF] Bejarano | Switched observers for switched linear systems with unknown inputs[END_REF][START_REF] Messai | Fault Estimation for for a Class of of Switched Systems[END_REF][START_REF] Shi | Some novel approaches on state estimation of delayed neural networks[END_REF]). In addition, in multi-agent systems, estimate faults are also reproduced by using relative measured output, which should be available for the cooperation among agents. A robust FE method is given in [START_REF] Menon | Robust fault estimation using relative information in linear multi-agent networks[END_REF], which is based on sliding mode observers and uses only relative output. The authors proposed transformations and scalings to create observable subsystems from the unobservable initial systems using relative output. The FE observer design in [START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF] and [START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF] are also based on the relative measured output rather than the absolute one. In [START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF], the authors use an integral action in the fault estimator to enhance the estimation performance. In [START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF], a distributed FE observer is proposed for homogeneous multi-agent systems subject to switching topologies. Nevertheless, these mentioned design still rely on defining global vectors, and such constraint requires a high capacity of resources which may not be affordable by all agents. In [START_REF] Liu | Hierarchical-Structure-Based Fault Estimation and Fault-Tolerant Control for Multiagent Systems[END_REF], a decentralized FE algorithm is proposed, in which, the estimated fault is obtained by using only the information from the corresponding agent. It should mention to two recently interesting research on FE for multi-agent systems, [START_REF] Huang | Fault estimation of multi-agent systems with transient performance improvement[END_REF], and [START_REF] Han | Robust fault estimation in the finite-frequency domain for multi-agent systems[END_REF]. However, they are out of our purpose in this work. While [START_REF] Huang | Fault estimation of multi-agent systems with transient performance improvement[END_REF] focuses on the transient performance improvement with a centralized fault reconstruction, [START_REF] Han | Robust fault estimation in the finite-frequency domain for multi-agent systems[END_REF] solves the problem in the finite-frequency domain.

But most of these works only deal with the problem of FE for homogeneous multi-agent systems with fixed topology. As a result, they are no longer applicable in many practical scenarios where the task is fulfilled by non-homogeneous agents and/or the topology of the communication network is changed due to various factors such as external interference and hardware limitations. So, it can be said that the problem of FE for non-homogeneous/ heterogeneous multi-agent systems with switching topologies is still very challenging. To the best of our knowledge, there is no existing publication that deals with this problem.

Motivated by the desire to overcome the specified limitations mentioned above, our objective is to cope with the problem of distributed fault estimation for non-homogeneous multi-agent systems with switching topologies. An average dwell-time approach is employed to guarantee the stability of the distributed FE observers. It can be said that our approach is distributed in both design and implementation because the observer design for each agent does not need the information of the entire system. A model based on both, absolute and relative outputs, is associated with each agent with respect to its neighbors. The so-called virtual model is constructed with the assumption that the network has to switch among some known topologies. Each topology is considered as an operating mode of the system. Furthermore, the relation between the agents' states before and after the switching is taken into account by a transition matrix. As such, we consider the multi-agent system with switching topologies as an impulsive switched system. Model-based fault estimation observers are synthesized taking into account each agent's virtual model and the switching behavior. Then, a set of optimal gains are found for each known topology. When the system switches from one topology to another, these gains are updated by the appropriate pre-calculated optimal values.

The main contributions of this paper are:

(i) A new decoupling method that allows to decouple the fault of the agent and its neighbors under the switching topologies is proposed. This method is developed based on the previous works of our team [START_REF] Messai | Fault Estimation for for a Class of of Switched Systems[END_REF] for a class of switched linear systems.

(ii) A design of a distributed observer-based fault estimation for a class of non-homogeneous multi-agent system with switching topologies that allows each agent to estimate its faults and those of its neighbors is introduced. The proposed approach is distributed in both design and implementation because it does not need the information of the entire system, and therefore, this approach may help to reduce the burden of computations in comparison to the other research on FE in multi-agent system with switching topologies, for example [START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF].

Moreover, the proposed approach allows to estimate the faults that can occur in a large-scale multi-agent systems by using only a few number of agents. In other words, the diagnosis task is shared among a number of diagnosis agents [START_REF] Martínez-Villegas | Review of two non-centralized observer-based diagnosis schemes for interconnected systems âĄŐ[END_REF]. This scheme have prospective applications in the realistic world, where a group of agents may evolve into several subgroups (see,e.g., [START_REF] Pham | Consensus of Multi-Agent Systems in Clustered Networks[END_REF][START_REF] Peng | A novel optimal bipartite consensus control scheme for unknown multi-agent systems via model-free reinforcement learning[END_REF]). Then, a remarkable amount of computation is reduced when the fault diagnosis modules are set up on some specific agents in each cluster. Another advantage is the ability of our approach to handle nonhomogeneous multi-agent systems with switching topologies without needing the synthesis of estimators that have the same dimension of the whole system (i.e. the dimension of our estimator is related only to the number of neighbors of the monitoring agents)

The rest of this paper is organized as follows. After the introduction in Section 1, notations, preliminaries, and problem formulation are presented in Section 2 and Section 3. The main results are addressed in Section 4 and Section 5, in which three propositions, one theorem, their proofs, and remarks are presented. The proposition of fault estimator is given in Section 6. Before the conclusion in Section 8, the simulation results that supports and illustrates our proposed theoretical development is provided in Section 7.

Notation and preliminaries

The communication topology among the agents is represented by an undirected graph  = ( , ), consisting of the node set = {1, 2, ..., } and the edge set ⊆ × . As we consider switching topology, the communication topology is time-variant, or  = ( ). Let us denote the set of all topologies = {1, 2, ..., } and a right continuous function ( ) ∶ [ , ∞) → as the switching rule.

We adopt the following notations throughout this paper: ℝ denotes the set of all dimensional real column vectors; for a matrix , denotes its transpose; and denote the identity and zero matrices with appropriate dimensions, respectively;

denotes the ( × 1) column vector whose elements are all ones; the Kronecker product of matrices is denoted by ⊗; | | denotes the cardinality of a given set ; (.) + , (.) -denotes the right-limit and the left-limit operator.

For given matrices ( ) , 1 ( ) , ...,

| | ( )
, let us define the following augmented matrices:

( ) = ( ) ( ) (1) 
and

̄ ( ) = | |+1 ⊗ ( ) - ( ) , (2) 
where

( ) = 1 ( ) , ..., | | 
( ) . Moreover, since the practical implementation of our approach needs a slow switching between the topologies ( i.e., this is needed in order to estimate the evolution of the possible faults), average dwell time constraints are considered to deal with the observer synthesis [START_REF] Liberzon | Basic problems in stability and design of switched systems[END_REF], [START_REF] Hespanha | Stability of switched systems with average dwell-time[END_REF], [START_REF] Mahmoudi | On observer design for a class of impulsive switched systems[END_REF], and [START_REF] Lin | Stability and Stabilizability of Switched Linear Systems: A Survey of Recent Results[END_REF]. The definition of Average dwell time is recalled as follows:

Definition 1. (Average dwell-time) Let
( , 0 ) be the number of discontinuities of the switching signal ( ) on a given interval [ 0 , ). If there exist two positive numbers 0 and then ( ) has average dwell-time such that

( , 0 ) ≤ 0 + ( -0 )∕ , 0 ≤ 0 ≤ , ( 3 
)
where 0 is the chatter bound, 0 ≥ 0.

The switching signal is constrained by the following average dwell time given in:

> = ( )∕(-2 ), (4) 
where < 0 and > 1 are given constants.

Before presenting the problem formulation, the following lemmas [START_REF] Chilali | ∞ design with pole placement constraints: an LMI approach[END_REF] and [START_REF] Bernstein | Matrix mathematics[END_REF], which will be used in this sequel, are recalled.

Lemma 1. (LMI region) Let  be a subregion of the complex left-haft plane. The eigenvalues of a given matrix

∈ ℝ × belong to , is then called  -if and only if it exists a symmetric positive definite matrix ∈ ℝ × such that:

 ( , ) < 0, (5) 
where the block matrix characterizes for the LMI region , and

 = ⊗ + ⊗ ( ) + ⊗ ( ) < 0, (6) 
where the symmetric matrix ∈ ℝ × and the matrix ∈ ℝ × are defined corresponding the shape of .

Lemma 2. (Intersected LMI regions)

Given two LMI regions  1 and  2 , a matrix is both  1 -and  2if and only if there exists a symmetric positive definite matrix satifying Lemma 1 and:

 1 ∩ 2 =  1 0 0  2 < 0. ( 7 
)
Lemma 3. (Matrix inversion) Consider the matrices ∈ × , ∈ × and ∈ × with and are nonsingular matrices. Then:

-1 = -1 --1 -1 -1 (8) 

Problem formulation

System description

The multi-agent system studied here is considered as the interconnection of different dynamical systems that we call sub-systems or agents. Such agents, communicate together through a network, are supposed to be non-homogeneous in the meaning that they have different dynamics but the same number of states and outputs. From an agent viewpoint, each one of the agents with which it communicates is called a neighbor. Let us consider a group of agents described by the following state-space model [START_REF] Menon | Robust fault estimation using relative information in linear multi-agent networks[END_REF][START_REF] Zhang | Adjustable Parameter-Based Distributed Fault Estimation Observer Design for Multiagent Systems With Directed Graphs[END_REF][START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF][START_REF] Xu | Distributed Fault Estimation Basing On A United Adaptive and Sliding-Mode Observer for Multi-Agent Systems[END_REF]:

̇ ( ) = ( ) + ( ) + ( ) ( ) = ( ) (9) 
= 1, 2, ..., , ( ) ∈ ℝ , ( ) ∈ ℝ and ( ) ∈ ℝ are the state, the measured output and the control input of the system, respectively. ( ) ∈ ℝ represents an unknown time varying fault in the ℎ agent with > , i.e., ( ) = 0 there no fault in the ℎ agent, and ( ) ≠ 0 otherwise. , , , are constant matrices with appropriate dimensions.

We define the relative measured output between the ℎ agent and the ℎ neighbor as

( ) = ( ) -( ) for = 1, 2, ..., where ∈ = 1 , 2 , ..., | | ⊆ [1,
] denotes the set of agents that agent can sense. The synthesis of the estimator is based on the impulsive switched virtual model, introduced in the next section, for which some assumptions are necessary.

Assumption 1: The number of neighbors with respect to agent remains constant when the topology changes. Assumption 2: Each agent has access to the relative output of its neighbors.

The impulsive switched virtual model

Our objective in this work is to propose a distributed design of fault estimators for multi-agent systems with switching topologies, and moreover, the fault estimators can estimate both the faults affecting the agent for which it is designed and its neighbors. To deploy the idea, each one of the agents uses what is called a virtual model, which takes into account the number of its neighbors as well as their dynamics. Then, such system modeling is the basis for constructing the proposed fault estimator. Otherwise, as the multi-agent system's topology switches among different topologies, one can model such a multi-agent system as an impulsive switched system with modes of operation corresponding to the topologies. Consequently, taking into account both, virtual model and switching topologies, the following impulsive switched virtual model with respect to agent ℎ can be established as:

⎧ ⎪ ⎨ ⎪ ⎩ ̇ ( ) = ( ) ( ) + ( ) ( ) + ( ) ( ) ( ) = ̄ ( ) ( ) ( + ) = ( + ), ( -) ( -) (10) 
where

( ) = [( ) , ( 1 ) , ( 2 ) , ..., ( | | ) ] ∈ ℝ ̃ with ̃ = (| | + 1) × ,
includes states of agent and its neighbors. Notice that, by assumption 1, ( ) has a constant dimension when the topology switches. All the information that the ℎ agent can sense is collected in the vector state ( ) = [( ) , ( 1 ) , ( 2 ) , ...,

( | | ) ] , ( ) = [( ) , ( 1 ) , ( 2 ) , ..., ( | | ) ]
is the control input supposed to be known. When the topology switches, the ℎ agent's neighbors change, so the states of the system (10) may have a jump at the switching instant. Let ( + ), ( -) denotes the state transition matrix which shows relation between states before and after the switching instant. In the case of fixed topology ( + ), ( -) = . Notice that matrices, ( ) , ( ) , and ( ) , are constructed as defined in (1), while the matrices ̄ ( ) follow definition [START_REF] Bejarano | Unknown Input and State Estimation for Unobservable Systems[END_REF]. The upper index | | means the ℎ neighbor of the ℎ agent and the lower index denotes the active mode. Hereafter, let ( + ) = and ( -) = .

In other words, is the successor mode of mode .

For the sake of clarity, the superscript index and the time dependence will be omitted when there is no ambiguity. Readers should keep in mind that all the following developments are for agent and its neighbors.

Fault reconstruction methodology

This section describes the proposed fault estimation methodology which is depicted by figure 1. The process to obtain the fault estimation in our proposed approach can be divided into three main step. Step 1 includes two sub-steps, model representation and coordinate transformations. In the former, a virtual model of each agent is created by taking into account its neighbors, which is done at subsection 3.2. In the latter, some coordinate transformations are introduced in order to decouple a subset of state from the fault. Next, in step 2, a distributed observer is synthesized to estimate the subset ̃ 1 , which is decoupled from the fault. Once, the estimation ̂ 1 is obtained, the estimation of the subset which is affected by the fault, ̃ 2 , is calculated and they are merged together in order to obtain an estimate of the whole virtual model ̂ = ̂ 1 , ̂ 2 . To feasible step 3, a differentiator is used to calculate the derivative of the transformed output of the virtual model ̃ . Finally, the estimation of the fault ̂ is achieved by using the estimated state ̂ , the input of the system , as well as the trasnsformed output ̃ , and its derivative.

Coordinate transformations

The objective of this section is to fulfill the step of coordinate transformations in the fault reconstruction architecture described in Figure 1. This means that some coordinate transformations are introduced in order to obtain the vector state subset ̃ 1 , which is decoupled from faults and the state vector ̃ 2 which is affected by the faults. First, it will be assumed that the following properties are held:

Assumption 3:

( ̄ ) = (| | + 1) × = ̃ Assumption 4: ( ) = (| | + 1) × = ̃ Assumption 5: ( ̄ ) = (| | + 1) × = ̃ Assumption 6:
All the invariant zeros of the matrix triplets ( , ̄ , ) have negative real part. Assumption 3, 4 and 5 are necessary for the feasbiblity of the transformations presented below. Assumption 6 is refered to as the strong detectability condition ( [START_REF] Molinari | A Strong Controllability and Observatbility in Linear Multivariable Control[END_REF], [START_REF] Hautus | Strong detectability and observers[END_REF]), which is a necessary and sufficient requirement for asymptotic estimation of the state vector [START_REF] Bejarano | Unknown Input and State Estimation for Unobservable Systems[END_REF]. These assumptions are quite general and commonly used in the literature (see, e.g., [START_REF] Menon | Robust fault estimation using relative information in linear multi-agent networks[END_REF][START_REF] Laboudi | Simultaneous Estimation of the State and the Unknown Inputs for a Class of Switched Linear Systems[END_REF][START_REF] Li | Cooperative fault estimation for linear multi-agent systems with undirected graphs[END_REF][START_REF] Xu | Distributed Fault Estimation Basing On A United Adaptive and Sliding-Mode Observer for Multi-Agent Systems[END_REF]).

The main results of this section are as follows.

Proposition 1. Due to assumption 4, one can find the non singular matrix [START_REF] Djaidja | Stochastic consensus of leader-following multi-agent systems under additive measurement noises and time-delays[END_REF], then system [START_REF] Ding | Model-based Fault Diagnosis Techniques[END_REF] can be rewritten as (12a), (12b), and (12c). 

= ( , 1 , ..., | | ) ∈ ℝ ̃ × ̃ (11) ̇̃ ( ) = ̃ ̃ ( ) + ̃ ( ) + ̃ ( ) (12a) 
( ) = ̃ ̃ ( ) (12b) 
̃ ( + ) = ( ) -1 , ̃ ( -) (12c 
̃ = ( ) -1 = ( ̃ 1 ) , ( ̃ 2 ) , ( ̃ 1 1 ) , ( ̃ 1 2 ) , ..., ( ̃ | | 1 ) , ( ̃ | | 2 ) , ( 13 
)
with ̃ 1 ∈ ℝ -, ̃ 2 ∈ ℝ . The matrices ̃ , ̃ , ̃ , and ̃ are given as follows

̃ = ⎛ ⎜ ⎜ ⎝ ̃ ,11 ̃ ,12 ̃ ,21 ̃ ,22 , ̃ 1 ,11 ̃ 1 ,12 ̃ 1 ,21 ̃ 1 ,22
, ...,

⎡ ⎢ ⎢ ⎣ ̃ | | ,11 ̃ | | ,12 ̃ | | ,21 ̃ | | ,22 ⎤ ⎥ ⎥ ⎦ ⎞ ⎟ ⎟ ⎠ , ̃ = ⎛ ⎜ ⎜ ⎝ ̃ ,1 ̃ ,2 , ̃ 1 ,1 ̃ 1 ,2 , … , ⎡ ⎢ ⎢ ⎣ ̃ | | ,1 ̃ | | ,2 ⎤ ⎥ ⎥ ⎦ ⎞ ⎟ ⎟ ⎠ , ̃ = | |+1 ⊗ ̃ , ( 14 
)
̃ = | |+1 ⊗ - 1 1 1 1 , … , | | | | | | | | , where ̃ ,11 , … , ̃ | | ,11 ∈ ℝ ( -)×( -) , ̃ ,12 , … , ̃ | | ,12 ∈ ℝ ( -)× , ̃ ,21 , … , ̃ | | ,21 ∈ ℝ ×( -) , ̃ ,22 , … , ̃ | | ,22 ∈ ℝ × , ̃ ,1 , … , ̃ | | ,1 ∈ ℝ ( -)× , and ̃ ,2 , … , ̃ | | ,2 ∈ ℝ × .
PROOF. The proof of this proposition is obvious by pre-multiplying the first equation of ( 10) by ( ) -1 and using ̃ = ( ) -1 . Then, the matrices of (12a) and (12b) are given by

̃ = ( ) -1 , ̃ = ( ) -1 ̃ = ( ) -1 , ̃ = with ( ) -1 = ̃ ,11 ̃ ,12 ̃ ,21 ̃ ,22 , ( ) -1 = ̃ ,1 ̃ ,2
, ( ) -1 = 0 , = , and these other elements in ( 14) are obtained similarly.

Remark 1:

It should be noted that after the transformation in Propostion 1, the sub-states decoupled from faults

̃ 1 , ̃ 1 1 , ̃ 2 1 , … , ̃ | | 1
, and the rest denoted by

̃ 2 , ̃ 1 2 , ̃ 2 2 , … , ̃ | | 2
are interleaved, see equation [START_REF] Gao | A Survey of Fault Diagnosis and Fault -Tolerant Techniques Part I : Fault Diagnosis with Knowledge -Based and Signal-Based Approaches[END_REF]. The following transformation allows us to gather all the states decoupled from faults into one vector state

̃ 1 = [( ̃ 1 ) , ( ̃ 1 1 ) , ( ̃ 2 1 ) , ..., ( ̃ | | 1
) ] , and the rest into another

̃ 2 = [( ̃ 2 ) , ( ̃ 1 2 ) ,( ̃ 2 2 ) ,...,( ̃ | | 2 ) ] .
Proposition 2. The transformation matrix [START_REF] Hashimoto | Distributed 1 -state-and-fault estimation for Multi-agent systems[END_REF] permits to rearrange the component of the decoupled virtual model (12a), (12b), and (12c) and to rewrite them in the form (16a), (16b), and (16c).

= ⎡ ⎢ ⎢ ⎣ | |+1 ⊗ - ( -)× | |+1 ⊗ ×( -) ⎤ ⎥ ⎥ ⎦ (15 
)

̇̃ 1 = ̃ ,11 ̃ 1 + ̃ ,12 ̃ 2 + ̃ ,1 (16a) ̇̃ 2 = ̃ ,21 ̃ 1 + ̃ ,22 ̃ 2 + ̃ ,2 + (16b) ̃ 1 ( + ) = , ̃ ( -) (16c) 
where

̃ = ̃ with ̃ 1 = [( ̃ 1 ) , ( ̃ 1 1 ) , ( ̃ 2 1 ) , ..., ( ̃ | | 1 
) ] and 

̃ 2 = [( ̃ 2 ) , ( ̃ 1 2 ) , (
= ( ̃ ,1 , ̃ 1 ,1 , … , ̃ | | ,1 ) and ̃ ,2 = ( ̃ ,2 , ̃ 1 ,2 , … , ̃ | | ,2 ).
PROOF. The proof of (16a) and (16b) in the proposition is obvious by pre-multiplying both sides of (12a) by .

In addition, this coordinate transformation also makes the jump of system states change. From ̃ ( ) = ̃ ( ) and (12c), it implies to ̃ ( + ) = ( ) -1 , -1 ̃ ( -). This is equivalent to:

̃ 1 ( + ) ̃ 2 ( + ) = ̃ -̃ ̃ ( ) -1 , -1 ̃ ( -) By setting , = ̃ -̃ ( ) -1 , -1 = ,1 , ,2 , , (16c) 
is obtained.

Remark 2:

In comparison to the impulsive switched system before the coordinate transformations [START_REF] Ding | Model-based Fault Diagnosis Techniques[END_REF], the jump of states at the switching instant in (12c) changes due to the coordinate transformation.

Remark 3: The sub-state ̃ 1 in (16a) is decoupled from the faults , but its dynamics still have the presence of ̃ 2 . To solve this problem, the following proposition is introduced. Proposition 3. Under assumption 5, the non-singular matrix [START_REF] Hespanha | Stability of switched systems with average dwell-time[END_REF] decouples the substate ̃ 1 from the substate ̃ 2 , and the decoupled system [START_REF] Huang | Fault estimation of multi-agent systems with transient performance improvement[END_REF] is obtained.

= | |+1 ⊗ - 1 1 1 , … , | | | | | | (17) 
where , … , | | ∈ ℝ ×( -) are arbitrary matrices. Moreover, the decoupled system is given by:

⎧ ⎪ ⎨ ⎪ ⎩ ̇̃ 1 = ̃ ̃ 1 + ̃ ,1 + ̃ ,12 ̃ ,1 ̃ ̃ ,2 ̃ = ̃ ,2 ̃ 1 ̃ 1 ( + ) = , ̃ ( -) (18) 
where

̃ ,1 = ( ,1 , 1 ,1 , … , | | ,1 ), ̃ ,2 = ( ,2 , 1 ,2 , … , | | ,2 ), ̃ ,1 = ( 1 , 1 1 1 1 , … , | | 1 | | | | ), (19) 
̃ ,2 = ( 2 , 1 2 1 1 , … , | | 2 | | | | ), (̃ ) = [ , -1 , … , -| | ],
and

̃ = ̃ ,11 -̃ ,12 ̃ ,1 .
PROOF. Let us define

-1 = ,1 ,2 , ..., | | | | | | -1 = ⎡ ⎢ ⎢ ⎣ | | ,1 | | ,2 ⎤ ⎥ ⎥ ⎦ .
Then, by applying Lemma 3 (for more detail, see the Appendix 1), it yields the inverse matrix of in [START_REF] Hespanha | Stability of switched systems with average dwell-time[END_REF] as below:

( ) -1 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ ,1 … ,2 … 1 ,1 -1 ,1 … 1 ,2 -1 ,2 … ⋮ ⋮ … ⋮ | | ,1 … - | | ,1 | | ,2 … - | | ,2 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ (20) 
From ( 17) and ( 20), one obtains

( ) -1 = ⎛ ⎜ ⎜ ⎝ ,1 ,1 ,2 ,2 , 1 ,1 1 1 1 ,1 1 1 
,2

1 1 1 ,2 1 , ..., ⎡ ⎢ ⎢ ⎣ | | ,1 | | | | | | ,1 | | | | ,2 | | | | | | ,2 | | ⎤ ⎥ ⎥ ⎦ ⎞ ⎟ ⎟ ⎠ (21) 
We also certaintly have ( ) -1 = . This equality can be rewritten as

( ) -1 = ̃ ⊗ - .
Consequently, it straightforwardly implies that ,1

= ... = | | ,1 | | | | = (22) 
and ,2

= ... = | | ,2 | | | | = (23) 
Let pre-multiply both sides of (12b) by ( ) -1 , then we have

( ) -1 = ,1 ,1 ,2 ,2 , 1 ,1 1 1 1 ,1 1 1 1 ,2 1 1 1 ,2 1 1 , .. ..., ⎡ ⎢ ⎢ ⎣ | | ,1 | | | | | | ,1 | | | | | | ,2 | | | | | | ,2 | | | | ⎤ ⎥ ⎥ ⎦ ⎞ ⎟ ⎟ ⎠ ̃ ( 24 
)
with = [( ) , ( 1 ) , ( 2 ) , ...,

( | | ) ] and ̃ = ( ̃ 1 ) , ( ̃ 2 ) , ( ̃ 1 1 ) , ( ̃ 1 2 ) , ..., ( ̃ | | 1 ) , ( ̃ | |
2 ) . By substituting [START_REF] Li | Distributed Cooperative Fault Detection for Multi-agent Systems: A Mixed ∞ ∕ 2 Optimization Approach[END_REF] and ( 23) into [START_REF] Lin | Stability and Stabilizability of Switched Linear Systems: A Survey of Recent Results[END_REF], it yields

( ) -1 = ⎛ ⎜ ⎜ ⎝ ,1 ,2 , 1 ,1 1 1 1 ,2 1 1 , ..., ⎡ ⎢ ⎢ ⎣ | | ,1 | | | | | | ,2 | | | | ⎤ ⎥ ⎥ ⎦ ⎞ ⎟ ⎟ ⎠ ̃ ( 25 
)
) ] . This means that the Step 1 introduced in subsection 3.3 is completed, and the two next steps are carried out in the next section: an observer is designed for the agent in each mode in order to obtain the sub-state estimation ̂ 1 , calculate the entire state estimation ̂ , and then estimates the faults.

Switched observer design

To estimate the sub-state ̃ 1 we propose to design a switched observer by taking into account LMI region. Afterthat, the sub-state ̃ 2 is calculated. Then, a fault estimator based on the state estimation ̂ = [ ̂ 1 ; ̂ 2 ] and the sliding mode technique is introduced.

Let us consider the observer as follow:

⎧ ⎪ ⎨ ⎪ ⎩ ̇̂ 1 = ̃ ̂ 1 + ̃ ,1 + ̃ ,12 ̃ ,1 ̃ + ( ̃ ,2 ̃ -̃ ,2 ̂ 1 ) ̂ 1 = ̃ ,2 ̂ 1 ̂ 1 ( + ) = , ̂ ( -) (28) 
where denote the observer gains. By setting

̂ = ̃ - ̃ ,2 and using , = ,1 , ,2 , , (28) becomes: 
⎧ ⎪ ⎨ ⎪ ⎩ ̇̂ 1 = ̂ ̂ 1 + ( ̃ ,12 ̃ ,1 + ̃ ,2 )̃ + ̃ ,1 ̂ 1 = ̃ ,2 ̂ 1 ̂ 1 ( + ) = ,1 , ̂ 1 ( -) + ,2 , ̂ 2 ( -) (29) 
Once the estimation ̂ 1 is obtained and based on [START_REF] Meskin | Fault Detection and Isolation of discrete-time Markovian jump linear systems with application to a network of multi-agent systems having imperfect communication channels[END_REF], the estimated value of the sub-state ̃ 2 is calculated by [START_REF] Messai | Fault Estimation for for a Class of of Switched Systems[END_REF].

̂ 2 = ̃ ,1 ̃ -̃ ,1 ̂ 1 , ( 30 
)
and

̂ = [ ̂ 1 ; ̂ 2 ]
is the entire state estimation.

Let the estimation error for the sub-state ̂ 1 be defined as

1 = ̃ 1 -̂ 1 ( 31 
)
where ̃ 1 and ̂ 1 are recalled from the dynamics ( 18) and ( 28) as follows:

̇̃ 1 = ̃ ̃ 1 + ̃ ,1 + ̃ ,12 ̃ ,1 ̃ ̇̂ 1 = ̃ ̂ 1 + ̃ ,1 + ̃ ,12 ̃ ,1 ̃ + ̃ ,2 ̃ -̃ ,2 ̂ 1
Then, the derivative of the estimation error is taken as:

̇ 1 = ̇̃ 1 -̇̂ 1 = ̃ 1 - ̃ ,2 ̃ -̃ ,2 ̂ 1 (32) 
From (27b), we have ̃ ,2 ̃ = ̃ ,2 ̃ 1 , and then, let us substitude it into the above equation, one obtains:

̇ 1 = ̃ 1 - ̃ ,2 ̃ 1 -̃ ,2 ̂ 1 = ̃ - ̃ ,2 ̃ 1 -̂ 1 ( 33 
)
Finally, by using the notation ̂ = ̃ -̃ ,2 , we obtain the estimation error dynamic as follows:

̇ 1 = ̂ 1 1 ( + ) = ̂ , 1 ( -) (31) 
where

̂ , = ,1 , -,2 , ̃ ,1
. The problem now is to find the matrices in order to guarantee that the estimation error [START_REF] Molinari | A Strong Controllability and Observatbility in Linear Multivariable Control[END_REF] is stable. In the following theorem, the sufficient conditions for the design of a switched state estimation observer under the switching constraint satisfying average dwell time are given. Moreover, in order to enhance the performance of the observer, one can implement the pole locations approach mentioned in Lemma 1, in which the eigenvalues of the matrix ̂ should be in an LMI region. One can propose the region corresponding to the desired performance given in Figure 2. This region is an intersection of two regions 1 and 2 . 1 is defined as a vertical band with the center at = and 2 width. 2 is a horizontal band with the center at = 0 and 2 width. Then, one can find:

1 = -2 -2 -2 -2 , 1 = 0 1 1 0 , 2 = -2 0 0 -2 , 2 = 0 1 -1 0 . ( 32 
)
With the above description of the LMI region = 1 ∩ 2 , the following theorem is proposed.

Theorem 4. Consider the switched model [START_REF] Huang | Fault estimation of multi-agent systems with transient performance improvement[END_REF], the switched observer [START_REF] Meskin | Fault Detection and Isolation of discrete-time Markovian jump linear systems with application to a network of multi-agent systems having imperfect communication channels[END_REF] and let the three parameters > 0, > 0, and < 0 be chosen. If there exist symmetric matrices > 0, matrices , such that: 

( ̃ ) + ̃ -( ̃ ,2 ) -( ) ̃ ,2 -2 ≤ 0 (33) ̂ , ⋆ ≥ 0 ( 34 
)
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ -2 Φ ,1 0 0 ( * ) -2 0 0 0 0 -2 Φ ,2 0 0 -Φ ,2 -2 ⎤ ⎥ ⎥ ⎥ ⎥ ⎦ < 0 (35) 
, ∈ {1, 2, ..., }, ≠ where

Φ ,1 = -2 + ( ̃ ) + ̃ -( ̃ ,2 ) -( ) ̃ ,2 Φ ,2 = ( ̃ ) -̃ -( ̃ ,2 ) + ( ) ̃ ,2
Then, estimation error dynamic ( 31) is asymptotically stable with any switching signal verifying [START_REF] Bernstein | Matrix mathematics[END_REF]. Moreover, the observer gain is given by = ( ) -1 ( ) and the eigenvalues of the observer are inside the defined LMI regions .

PROOF. To study the convergence of the estimation error, let us define the following multiple Lyapunov function for any two successive modes " " and " ":

1 ( ) = ( 1 ( )) 1 ( ) ( 36 
) 1 ( ) = ( 1 ( )) 1 ( ) (37) 
To guarantee that the estimation error (31) converges exponentially to zero and satisfies the constraint of average dwell time (4) with given constants < 0 and > 1, the following conditions are given [START_REF] Mahmoudi | On observer design for a class of impulsive switched systems[END_REF]:

̇ 1 ( ) ≤ 2 1 ( ) (38) 
1 ( + ) ≤ 1 ( -) (39) 
The time derivative of the Lyapunov candidate function ( 36) is:

̇ ( 1 ( )) = ( ̇ 1 ( )) 1 ( ) + ( 1 ( )) ̇ 1 ( ) (40) 
Then, ( 38) is equivalent to:

( ̂ ) + ̂ -2 ≤ 0 (41) 
By setting = ( ) , one can obtain [START_REF] Oh | A survey of multi-agent formation control[END_REF]. Next, let us consider [START_REF] Shi | Some novel approaches on state estimation of delayed neural networks[END_REF], it leads to

( 1 ( + )) 1 ( + ) ≤ ( 1 ( -)) 1 ( -) (42) 
or

̂ , ̂ , - ≤ 0 (43) 
by using Schur complement, (34) is proved.

From Lemma 1, the matrix ̂ isif and only if there exists a symmetric matrix > 0 and a matrix such that:

( ̂ , ) < 0 (44) 
Implement the Lemma 2 with:

1 = 1 ⊗ + 1 ⊗ ̂ , + 1 ⊗ ̂ , < 0 (45) 
2 = 2 ⊗ + 2 ⊗ ̂ , + 2 ⊗ ̂ , < 0 (46) 
where 1 , 2 , 1 , and 2 are introduced in (32). After some manipulations, one can obtain the inequality [START_REF] Patton | A generic strategy for fault-tolerance in control systems distributed over a network[END_REF]. This ends the proof.

Remark 5: Condition ( 33) and ( 34) are used to guarantee exponential convergence of the global error dynamics (31) which also satifies the constraint for average dwell time.

Remark 6: Regional pole placement condition [START_REF] Patton | A generic strategy for fault-tolerance in control systems distributed over a network[END_REF] can enhance the stability performance of the switched system [START_REF] Molinari | A Strong Controllability and Observatbility in Linear Multivariable Control[END_REF]. The region is given in the left-half complex plane, this means that the parameters chosen must be > 0, > 0, and ( + ) < 0.

Remark 7: For each agent, matrices and can be obtained, if conditions of Theorem (4) are satisfied. Then the observer gain is given by = ( ) -1 ( ) .

Fault estimator

According to the fault reconstruction methodology described in subsection 3.3, until now, step 1 and step 2 have been already completed. The state estimation is obtained, but the problem of faults estimation has not been dealt with yet. From (16a) and (16b), it is straightforward to see that the estimation of the faults can be attained from the state estimation ̂ 1 and ̂ 2 . This can be formulated through the following proposition:

Proposition 4. Consider the system (12a), the reduced system [START_REF] Huang | Fault estimation of multi-agent systems with transient performance improvement[END_REF], and the observer gains obtained from theorem 4, then the following estimator ensures the asymptotic reconstruction of the faults:

̂ = ̃ ,1 ̇̃ + ,1 ̂ 1 + ,2 ̃ + ,3 (47) 
where

,1 = -̃ ,1 ̃ - ̃ ,2 -̃ ,21 -̃ ,22 ̃ ,1 , ,2 = -̃ ,1 ̃ ,12 ̃ ,1 + ̃ ,2 -̃ ,22 ̃ ,1 , ,3 = -̃ ,1 ̃ ,1 -̃ ,2 .
PROOF. Under the conditions ( 33), ( 34) and ( 35) of Theorem 4, and from (16b), the faults ( ) can be estimated from the values of ̂ 1 ( ) and ̂ 2 ( )as follow:

̂ = ̇̂ 2 -̃ ,21 ̂ 1 -̃ ,22 ̂ 2 -̃ ,2 (48) 
By using [START_REF] Messai | Fault Estimation for for a Class of of Switched Systems[END_REF] and its derivative, after some manipulations, ( 47) is proved.

To obtain the estimation of faults in [START_REF] Zhang | Distributed fault estimation observer design for multi-agent systems with switching topologies[END_REF], it is required to calculate the derivative of the output ̃ . This problem is handled by using a high-order robust exact differentiator based on sliding mode techniques [START_REF] Levant | Higher-order sliding modes, differentiation and output-feedback control[END_REF]. Let us introduce the following ℎ -order differentiator of which the signal ̃ is the input and the recoverd derivatives , = 0, 1, ..., are the outputs.

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ̇ 0 = 0 0 = -0 | | | 0 -̃ | | | ∕( +1) ( 1 -̃ ) + 1 1 = 1 1 = -1 | | | 1 -0 | | | ∕( +1) ( 1 -0 ) + 2 . . . ̇ -1 = -1 -1 = --1 | | | -1 --2 | | | 1∕2 ( ̇ -1 --2 ) + ̇ = - ( --1 ) (49) 
where are chosen differentiator parameters. The estimation ( 49) is initialized such that: 0 (0) = ̃ (0), (0) = -1 (0) = 0. For more detail about the used differentiator, the reader is invited to see [START_REF] Levant | Higher-order sliding modes, differentiation and output-feedback control[END_REF].

Numerical example

In this subsection, some simulation results are provided to verify the theoretical proposed approach.

Example 1

Let us consider a team of four aircraft dynamical systems borrowed from [START_REF] Zhang | Adaptive technique-based distributed fault estimation observer design for multi-Agent systems with directed graphs[END_REF] and [START_REF] Zhang | Observer-based fault estimation and accomodation for dynamic systems[END_REF]. These dynamics satisfy the assumptions 1 and 2. Without loss of generality, let us consider that agent 1 and agent 2 have the same dynamics, so do the agent 3 and agent 4. These linearized models are given by:

1 = ⎡ ⎢ ⎢ ⎢ ⎣
-0.0366 0.0271 0.0188 -0.4555 0.0480 -1.0100 0.0024 -4.0208 0.1002 0.3681 -0.7070 1.4200 0.0000 0.0000 1.0000 0.0000 

⎤ ⎥ ⎥ ⎥ ⎦ , 2 = 1 ,
⎤ ⎥ ⎥ ⎥ ⎦ , 2 = 1 3 = ⎡ ⎢ ⎢ ⎢ ⎣
-1.5539 0.0154 0.0000 1.3284 -0.0398 -0.0007 0.0000 0.0000

⎤ ⎥ ⎥ ⎥ ⎦ , 4 = 3 , 1 = ⎡ ⎢ ⎢ ⎣ 1 0 0 0 0 1 0 0 0 0 1 0 ⎤ ⎥ ⎥ ⎦ , 2 = 3 = 4 = 1 , 1 = ⎡ ⎢ ⎢ ⎣ 0 0 1 0 0 0 ⎤ ⎥ ⎥ ⎦ , 2 = 3 = 4 = 1 .
The system switches among three topologies according to the sequence depicted in Figure 4. Note here that the chosen communication topologies correspond to the case when an UAV keeps the connection with a neighbor that is still in its communication range and in the same time interacts with a new agent in its vicinity. So, for each agent, its virtual model has three transition matrices, and their virtual models satisfy the assumptions 3 to 6. For the simulation task, because the role of all agents in the system is equal, let consider the effectiveness of the fault estimation observer design on the agent 1. Assume that the transition matrices for the virtual model of agent 1 at the switching instants are as follows: With the given = 1.6 and = -0.17, this switching signal satisfies the constraint of average dwell time > = 1.6∕(2.0.17) = 1.384( ). The simulated switching signal respecting this constraint of average dwell-time is given in Figure 3. The meaning of Figure 3 is that when its values are 1, 2, and 3, the corresponding respectively information graph are topology I, II, and III in Figure 4. To illustrate the performance of the proposed methodology, multiple faults 1 ( ) and 4 ( ) ∈ ℝ 2 are assumed to occur in agent 1 and 4, respectively. These faults are shown in Figure 5, where the multi-shape signal is the second element of fault 1 ( ), and the signal 4 1 ( ) = 3 10 is the first element of fault occuring on agent 4.

Under the region with = 4, = -5, and = 8, by solving the LMI in Theorem 4, it yields the observer gains as follow: 

1 1 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ -34
⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ .
From the output ̃ , a five order differentiator is employed. The following parameters are used: { } 5 =0 = 30, 25, 20, 15, 10, 5.

The simulation results are shown in Fig. 6 -Fig. 8. The time evolution of the estimation error 1 1 = ̃ 1 1 -̂ 1 1 is presented in Fig. 6. Simulation results of fault estimation are shown in Fig. 7 and Fig. 8, where 1 ( ), ̂ 1 ( ) with = 1, 2, 3 are the faults affect on the system in the point of view of agent 1 and the faults estimated by agent 1, respectively. Even though there exist some chattering phenomena at the switching instants due to the change of the dynamics and transition matrices at these instants, Fig. 7 shows that the estimated fault converges to the actual ones in agent 1. Fig. 8 indicates that the fault on agent 4 is able to be estimated by the observer on agent 1 only when they are neighbors (mode 2 and mode 3).

The following example is presented o evaluate the effectiveness of our proposed approach in the scenario that the fault estimators are set up on several agents in a multi-agent system.

Example 2

We consider a leader-follower multi-agent system which is modified from the example used in [START_REF] Peng | A novel optimal bipartite consensus control scheme for unknown multi-agent systems via model-free reinforcement learning[END_REF] to illustrate to their proposed of bipartite consensus scheme. This muli-agent system has 1 leader and 7 followers and its communica- 

= -2 0 0 -4 , 2 = 5 = 7 = 1 , 4 = -5 0 0 -3 , 3 = 6 = 4 , 1 = 1 0 , 4 = 6 = 7 = 1 , 2 = 0.75 0.1 , 3 = 5 = 2 , 1 = 1 0 0.1 0.1 , 2 = 3 = 4 = 5 = 6 = 7 = 1 , 1 = 0 1 , 2 = 5 = 7 = 1 , 3 = 1 0.5 , 5 = 1 0 .
In this example, we consider the scenario that the followers are divided into two groups. Agent 1 and agent 4 are the monitor agents in their group. In order to estimate the faults occurring on the agents in each group, the fault estimation modules are set up on the monitor agents. In addition, there always exists one connection between the monitor agent of a group and an agent of the other group. The system alternately switches between two topologies and , which are depicted in Fig. 10. For each agent, it virtual models satisfy assumption 3 -6 and the transition matrices are chosen as follows: The other simulation parameters are 1 = 1.8, 1 = 0.15, 4 = 1.5, 4 = -0.12, LMI regions 1 , , = 4 , , = -5, 4, 8. The faults are assumed to occur in agent 1, agent 2, and agent 6 as depicted in Fig. 11 . Then, the observer gains obtained by solving the LMI in Theorem 4 are: 12 and the simulation results of fault estimation are epicted in Fig. 13 and Fig. 13. It is observered that the effectiveness of our proposed approach is still achieved in this example when the estimation errors converge to zero and the estimate faults converge to the actual fault. 

1 12 = ⎡ ⎢ ⎢ ⎣ 0 0 0 1.05 0 0 0 0.97 ⎤ ⎥ ⎥ ⎦ , 1 21 = ⎡ ⎢ ⎢ ⎣ 0 0 0 1.02 0 0 0 0.95 ⎤ ⎥ ⎥ ⎦ , 0 2 

Conclusions and Perspectives

This paper addresses the problem of fault estimation for a class of network of a non-homogeneous multi-agent system subject to switching topologies. By using the "virtual" model to represent the model of each agent, the information of their neighbors is included. Through some coordinate transformations and with some classical hypothesis, a sub-state of the system is decoupled from faults. An impulsive switched observer has been proposed to estimate the state and reconstruct the fault. Sufficient condition for the solvability of the observer design is obtained based on the LMI feasibility conditions. The average dwell-time-based design is introduced to guarantee the stability of the proposed observer approach.

Moreover, the LMI region approach was exploited to enhance the observer performances. Then, the fault estimations are obtained by simultaneously using state estimations and a robust exact differentiator. Finally, a numerical example has been presented to verify the efficiency of the proposed approach. It illustrates that the proposed method can be used successfully for the fault estimation problem in a network of a non-homogeneous multi-agent system.

This proposed approach can be prospectively implemented in multi-robot systems, a network of sensors, or a group of unmanned vehicles such as UAVs given in the example. In these implementations, the network switches among some known topologies and an agent can estimate not only its faults but also its neighbors' ones. This information can be useful for the problem of consensus with the presence of faults, which we will consider in the future.

A few challenges which restrict the implementation of our proposed approach in some cases in practice are also recognized. Therefore, in the future, we aim to relax some constraints which are expressed as the assumptions in this paper. For example, the problem of dimension changing which is corresponding to the case of changing the number of each agent's neighbors when the communication graph switches from topology to the others. We also desire to find the actual transition matrices which are pre-assigned in this paper, even though the chosen parameters of these matrices affect only the transient response of the system after each switching instant. Moreover, solving the problem of FDI and FE with heterogeneous multi-agent systems subjects to modeling error and disturbances are also the subject of our study.

Appendix 1

The matrix U in (17) can be rewritten as follow:

U = ⎡ ⎢ ⎢ ⎢ ⎢ ⎣ … -1 1 -1 … ⋮ ⋮ ⋮ ⋮ … ⋮ ⋮ … - | | | | - | | ⎤ ⎥ ⎥ ⎥ ⎥ ⎦ (A1.1)
In order to obtain (U ) -1 , let us use the following notations: = , 1 = -1 1 -1 ,..., and

= - | | | | - | |
. Then, the matrix U becomes:

U = ⎡ ⎢ ⎢ ⎢ ⎣ … 1 … ⋮ ⋮ … ⋮ … ⎤ ⎥ ⎥ ⎥ ⎦ (A1.2)
By using Lemma 3, we can have:

(U ) -1 = ⎡ ⎢ ⎢ ⎢ ⎣ -1 … --1 1 -1 -1 1 … ⋮ ⋮ … ⋮ --1 -1 -1 … -1 ⎤ ⎥ ⎥ ⎥ ⎦ = ⎡ ⎢ ⎢ ⎢ ⎣ -1 … --1 1 -1 1 … ⋮ ⋮ … ⋮ --1 … -1 ⎤ ⎥ ⎥ ⎥ ⎦ (A1.3) With -1 = ,1 ,2
, -1 1 = - 
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  retain (U ) -1 in[START_REF] Levant | Higher-order sliding modes, differentiation and output-feedback control[END_REF].

which is equivalent to:

By using the notations [START_REF] Laboudi | Simultaneous Estimation of the State and the Unknown Inputs for a Class of Switched Linear Systems[END_REF], the equation ( 26) can be represented in its compact form as follow:

Then, by substituting (27a) into (16a) and from (27b), (16c), the dynamics of sub-state ̃ 1 in ( 18) is obtained.

Remark 4: Finally, there is no more the presence of the sub-state ̃ 2 in the dynamics of the sub-state ̃ 1 , which is decoupled from faults. In the other words, the vector state = [( ) , ( 1 ) , ( 2 ) , ..., ( | | ) ] is decomposed into two transformed sub-states ̃ 1 = [( ̃ 1 ) , ( ̃ 1 1 ) , ( ̃ 2 1 ) , ..., ( ̃