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Non-Lipschitz uniform domain shape optimization in
linear acoustics

Michael Hinz* Anna Rozanova-Pierrat! Alexander Teplyatevi

Abstract

We introduce new parametrized classes of shape admissible domains in R", n > 2, and
prove that they are compact with respect to the convergence in the sense of character-
istic functions, the Hausdorff sense, the sense of compacts and the weak convergence
of their boundary volumes. The domains in these classes are bounded (g, c0)-domains
with possibly fractal boundaries that can have parts of any non-uniform Hausdorff di-
mension greater or equal to n — 1 and less than n. We prove the existence of optimal
shapes in such classes for maximum energy dissipation in the framework of linear acous-
tics. A by-product of our proof is the result that the class of bounded (g, c0)-domains
with fixed ¢ is stable under Hausdorff convergence. An additional and related result is
the Mosco convergence of Robin-type energy functionals on converging domains.

Keywords: shape optimization, uniform domains, fractal boundaries, traces, exten-
sions, mixed boundary value problem, Mosco convergence, variational convergence

1 Introduction

he first step towards the solution of a shape optimization problem for a given functional
is to prove the existence of a shape which is optimal in a certain class of shapes in the
sense that it minimizes the functional. In the context of a boundary value problem for a
partial differential equation the functional typically is an energy of the respective solution,
and the class of shapes in which an optimal one sought for is a class of domains. Examples
for such classes of domains are the collections of all Lipschitz domains contained in a given
bounded open set D and satisfying the e-cone condition for the same & > 0, see [30, Section
2.4]. One specific feature of these classes of domains is their compactness with respect to the
convergence in the Hausdorff sense, in the sense of compacts and in the sense of characteristic
functions, [30, Theorem 2.4.10]. This is significant because suitable compactness properties
are a prerequisite needed to prove the existence of an optimal shape, [18,26,30]. A second
specific feature of these classes is that their elements ) are Sobolev extension domains,

,18,31,51], and moreover, that the linear extension operators extending an element of
W¥P(Q) to an element of W#P(R") have a norm bound depending only on n, €, p and k,
and therefore valid uniformly for all domains €2 in the fixed class. A third specific feature,
particularly useful to discuss boundary value problems in variational formulation, is that
for domains 2 from these classes there are bounded linear trace and extension operators
between W12(£2) and suitable function spaces on the boundary 952, and that their operator
norms, too, are uniformly bounded for all domains in the class.

We are motivated by recent results on the existence of optimal shapes realizing the in-
fimum of the acoustical energy for a frequency boundary absorption problem over a class
of Lipschitz domains [42]. There the optimal shapes themselves were not necessarily ele-
ments of the same class, so that the infimum cannot be claimed to be a minimum. We are
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also motivated by corresponding numerical experiments [43, Section 5] in which a multiscale
behaviour of the optimal shapes was observed. This multiscale behavior is needed to have
almost optimal shapes on a fixed bounded range of frequencies [43, Section 5.2]. As the num-
ber of geometrical scales grows with the considered frequency range (with sizes converging
to 0), this leads to fractal type shapes [11] on an unbounded frequency range.

Here we address shape optimization problems for certain classes of domains more general
than Lipschitz domains. Well-established results on extension operators [31,48], and classical
results on their geometric structure [44, 50], suggest to look at classes of bounded (e, 00)-
domains, also referred to as bounded uniform domains for fixed € > 0. These classes contain
Lipschitz domains, but also domains with rough non-Lipschitz boundary such as snowflake
domains [58]. Since we are particularly interested in the existence of optimal shapes for
certain mixed boundary value problems, also trace and extension results for the boundaries of
such domains matter. Classical snowflake domains have boundaries that are d-sets, for which
properties of trace and extension operators are relatively well-known [35,54]|. By definition
d-sets are, roughly speaking, everywhere of a fixed Hausdorff dimension n — 1 < d < n,
see Remark 3 below. Using more general trace results as in [, Chapter 7| and [7] or [32]
we can also permit (bounded) (g, c0)-domains whose boundaries may have parts of different
Hausdorff dimensions. This seems particularly adequate for shape optimization problems
in which parts of the boundary may vary, but other (and possibly more regular) parts are
kept fixed. To satisfy the respective hypothesis of these trace results the boundaries have to
carry measures satisfying specific scaling properties, see section 3. To discuss the existence of
optimal shapes in a certain class of domains, we have to discuss the convergence of measures
on the boundaries and to guarantee the stability of the specified class of domains under
this convergence. This can be done because the mentioned scaling conditions behave well
under weak convergence of measures, as observed in Proposition 2 and Proposition 3. This
fact is in line with the observation made in [12] that weak limits of (n — 1)-dimensional
Hausdorff measures on Lipschitz boundaries may not exactly be Hausdorff measures again,
but measures equivalent to Hausdorff measures.

We implement the mentioned ideas in Definition 2, where we define parametrized classes
of bounded (g, 00)-domains Q in R™, n > 2, with fixed € > 0, that are all contained in a fixed
bounded open set D C R™ and all contain a fixed non-empty open set Dy (to prevent them
from collapsing to the empty set under Hausdorff convergence) and whose boundaries 92
are the supports of Borel measures satisfying Alfohrs regularity type conditions with fixed
exponents and constants, we call them boundary volumes. Since these parametrized classes
of domains are well suited to shape optimization problems, we refer to their elements as shape
admissible domains. The boundaries of shape admissible domains may have pieces that are
smooth or Lipschitz, self-similar fractals or d-sets, and in general they may have multifractal
structure. Our main result on shape admissible domains is Theorem 3. It asserts that each
parametrized classe of shape admissible domains is compact with respect to the convergence
in the Hausdorff sense, in the sense of compacts, in the sense of characteristic functions and
in the sense of weak convergence of the boundary volumes. It also concludes that the weak
convergence of the boundary measures entails the other convergences just mentioned. One
ingredient for this result is Theorem 1, which may be of independent interest. It states that
the class of bounded (e, 00)-domains with fixed £ > 0 and contained in a fixed bounded open
set D C R™ (with n > 2) is stable under convergence in the Hausdorff sense. To connect these
results with applications to partial differential equations we review the trace and extension
results from [1,7,32] and from [31,48] and collect some consequences in Theorem 7 and
subsequent corollaries. To extend functions from closed sets to the whole space we can
use harmonic extension operators, which in the case of an L?-framework are linear. These
trace and extension results are formulated for a wider class of domains, which (roughly
following [3,20,49]) we call W12-admissible domains, Definition 4. As a first application to
boundary value problems we show the Mosco convergence of energy functionals associated
with Robin problems on a sequence of suitably convergent domains, Theorem 8. We then
turn to linear acoustics and state the well-posedness of a mixed boundary valued problem for



the Helmholtz equation on W12-admissible domains, Theorem 9. This is a generalization
of an analogous result in [12] for d-set boundaries. On a fixed class of shape admissible
domains the (weak) solutions of the Helmholtz problems admit a uniform bound. This
allows to conclude the existence of an optimal shape minimizing the acoustical energy by
absorption, Theorem 10. In [12] an analogous existence result had been proved in the
framework of Lipschitz boundaries.

Related results on linear wave propagation problems with an irregular boundary can be
found in [12,16,17]. Shape optimization problems in the context of fluid dynamics had been
solved in [26] for domains with uniform thick boundaries, a class suitable to study problems
with homogeneous Dirichlet boundary conditions. Further results on compact classes of
admissible domains developed for problems with homogeneous Dirichlet boundary condition
can be found in [52] (dimension two) and [10] (higher dimensions). A free discontinuity
approach to a class of shape optimization problems involving a Robin condition on a free
boundary had been studied in [9].

The paper is organized as follows. In section 2 we prove the stability of bounded (e, 00)-
domains under Hausdorff convergence, Theorem 1. In section 3 we recall the scaling prop-
erties for measures, including those specified in [32], and verify their stability under weak
convergence. In section 4 we recall several different notions of convergence for domains and
prove compactness results, Theorem 2. We then define parametrized classes of shape admis-
sible domains, Definition 2, and finally prove Theorem 3 on compactness and convergence.
In section 5 we introduce the functional framework needed for the well-posedness of various
problems, including the Helmholtz problem and for the shape optimization problem and
collect properties of the trace and extension operators acting on W'2-admissible domains,
Theorem 7. The Mosco convergence result, Theorem 8, is proved in section 6. In section 7
discuss the well-posedness of a mixed boundary valued problem for the Helmholtz equation,
Theorem 9, and solve the existence problem for an optimal shape in a fixed class of shape
admissible domains in Theorem 10.

By B(xz,r) we denote the open ball in R™ centered at « and of radius r. We write A" for
the n-dimensional Lebesgue measure. We assume n > 2 throughout the paper.

2 Bounded uniform domains and their Hausdorff conver-
gence stability

For the class of bounded Lipschitz domains satisfying the cone condition with the same
parameter the stability under Hausdorff convergence is proved in [30, Theorem 2.4.10]. We
aim at a larger class based on the following classical definition, [5,31,35,44,56,58]. Recall
that a domain in R™ is a connected open subset of R™.

Definition 1. Let e > 0. A bounded domain Q C R™ is called an (g, 00)-uniform domain
if for all x,y € Q there is a rectifiable curve v C Q with length £(v) joining x to y and
satisfying

(i) £(~) < 224 gnd

S

(i1) d(z,00) > |z — 2| |y7z|| for z € 7.

lz—y

Remark 1. Condition (ii) is equivalent to saying that, in the terminology of [50, 2.1 and
2.4/, the %—cigar

Clv,e) == | B(z.eA(2)), where A(z) = |z — 2| LZ - Z'I 2 e, (1)
zEey

is contained in Q. See also [/, 2.1 and 2.12].



Let D C R™ be a bounded open set. A sequence (€,,),, of open sets ,, C D is said to
converge to an open set ) C D in the Hausdorff sense if

d*(D\Q,,,D\Q) -0 as m — oo,
[30, Definition 2.2.8], which does not depend on the choice of D, [30, Remark 2.2.11].

Theorem 1. Let D C R™ be a bounded open set and let € > 0. Any sequence (p)m
of (e,00)-domains contained in D has a subsequence which converges to an (&, 00)-domain
Q C D in the Hausdorff sense.

This implies in particular that the limit Q C D in the Hausdorff sense of a convergent
sequence (2,)m of (g, 00)-domains €, € D is an (g, co)-domain.

Our proof of Theorem 1 is based on Remark 1. Recall that the Frechét distance between
two curves 71,72 C R™ is defined as

d"(y1,72) := inf max d(g1(t), g2(1)),
(91,92) t€[0,1]
where the infimum is taken over all pairs (g1, g2) of parametrizations g; : [0,1] — R™ of 4,
i = 1,2, [2, Section I.1.4]. A sequence (Vi,)m of curves v, C R™ is said to converge to a
curve v C R™ in the Frechét sense if d¥' (v,,,7) — 0 as m — oo.

Lemma 1. Let D C R™, n > 2, be a bounded open set and € > 0. Suppose that (Ym)m is
a sequence of rectifiable curves v, with distinct end points x,, and y, in D, respectively,
such that £(vm) < @ and C(Ym,€) C D for allm. If x and y are distinct points in D
such that x,, — x and y, — y then there are a sequence of indexes (my), and a rectifiable
curve v connecting x and y with () < @ and C(v,e) C D.

Proof. Since D is compact, we can find a sequence of indexes (my); and a rectifiable curve
7 of length £(7) < limy, £(7y,, ) such that 7,,, — v in D in the Frechét sense as k — oo, [2,
Theorems 2.1.5 and 2.1.2]. To save notation we relabel and denote this convergent sequence
again by (7, )m. One can find suitable parametrizations g : [0,1] — D and g,, : [0,1] — D
for v and ~,, such that lim,, g,, = ¢ uniformly on [0, 1], [2, Lemma 1.4.1]. This implies in
particular that, without loss of generality, v(0) = = and (1) = y. Given a > 0, consider
the open inner a-parallel set

{y € C(v,e) 1 d(y,0C(v,€)) > a} = U B(g(t),eA(g(t)) — ) (2)
te[0,1]:eX(g(t)) >
of C(v,¢). For any sufficiently large m we have
||:I:m — Y|t =2 — y|_1| < a(2e) " (diam(D)) "2 A (a/2)

and

sup |g(t) — gm(t)| < alz — y|(8c diam(D)) ™! A (a/2).
t€[0,1]

Writing A, for the function defined as A in (1) but with x,,, y,, and v, in place of z, y and
v, respectively, we observe that for any such m we have

elA(g() = Am(gm (1))
<ellam = yml ™ = o =y |zm — gm(Olym — g (t)]
+elz = ylllzm = gm@)llym = gm ()] = [ = g(®)lly — 9(B)]] < @
for any ¢ € [0,1]. Consequently B(g(t),eA(g(t)) — &) C B(gm(t),eAm(gm(t)) for all ¢ with
A(g(t)) > a, hence the set in (2) is contained in

C(VYm,e) = U B(gm(t), eAm(gm(t))-

t€(0,1]



In a similar fashion we see that for such m the set {y € C(ym,e) : d(y,0C(ym,€)) >
a} is contained in C(v,e). Together this shows that D\ C(ym,e) C (D \ C(v,€))a and
D\ C(y,e) C (D\C(Vm,¢))a for large m, what shows that C (v, ) — C(7,¢) in Hausdorff
sense as m — 00. O

Proof of Theorem 1. If (,)m is & sequence of (g, 00)-domains contained in D then by [30,
Corollary 2.2.26] we can find a sequence of indexes (my); and an open set 8 C D so that
Qp,,. — 0 in the Hausdorff sense as k — oo. To save notation, we relabel and denote this
sequence again by (Q,)m. If 2 and y are two different points in  then by [30, Proposition
2.2.17] both z and y belong to 2, for any large enough m. For each such m let v, C Q,,
be a rectifiable curve of length ¢(7,,) < ‘IEJ connecting x and y and let C(yy,,€) be as in
(1) but with ~,, in place of v. An application of Lemma 1 with z,, = 2 and y,, = y for all
m shows the existence of a sequence of indexes (my ) and a rectifiable curve 7 connecting
x and y such that the sets C(ym,,e) converge to C(v,¢e) in the Hausdorff sense. Since
C(Ym,€) C Qy, for each m, it follows that C(v,¢) C Q, [30, (2.16) in 2.2.3.2]. O

3 Measures on closed subsets of R"”, scaling and stability

We consider Borel measures on closed subsets of R™ having specific scaling properties. In
later sections we will study boundary value problems, when the closed subsets under con-
sideration can be the boundaries of the respective domains, and the measures can replace
the surface measure.

3.1 Stability of lower and upper Ahlfors scaling conditions

For a Borel measure p with K := supp p, exponents 0 < s < n, 0 < d < n, and constants
¢ >0 and 09 > 0 we recall the local lower and upper Ahlfors regularity conditions

w(B(z,r)>crs, 2K, 0<r<l, (3)

which implies dimy K < s, where dimy K denotes the Hausdorfl dimension of K, [24,45],
and
w(B(z, 7)) <cyrl, zeK, 0<r<l, (4)

which implies dimpy K > d. If u satisfies both (3) and (4) then d < s.

Remark 2. Obviously Borel measure satisfying (4) is locally finite. Note also that any Borel
measure on R™ is regular by [50, Theorem 2.18].

We also introduce a weaker local lower Ahlfors regularity condition
w(B(z,r) > s, zeK, 0<r<l. (5)
Proposition 1. If0 < s < n in (5) then K has empty interior, \*(K) =0, and dimyg K <
s.

For any closed set K C R™ and o > 0 we write (K), := {z € R" : d(z, K) < a} for its
closed (outer) a-parallel set. Recall that the Hausdorff distance between two compact sets
K1, Ky C R" is defined as

d? (K1, Ky) :=inf{a > 0: K; C (Ks)y and Ky C (K1)a}-

A sequence (K ), of compact sets K,,, C R™ is said to converge to a compact set K C R™
in the Hausdorff sense if lim,, oo d™ (K, K) = 0.

As usual we say that a sequence () of Borel measures pu,, converges weakly to a
Borel measure p if

m—r o0

im [ fdun= [ fdu feCyR").
Rn R™

The following convenient stability result is relatively well known.



Proposition 2. Suppose that D C R" is a bounded open set, u., are Borel measure with
supp pm C D for all m and that p, — p weakly.

(i) If pm, satisfy (4), then the limit measure p also satisfies (4).
(ii) If pm satisfy (5), then the limit p also satisfies (5) and
SUpp Ly, — SUPP i for m — 400
in the Hausdorff sense.

Proof. Denote K,, := supp im,. By [30, Theorem 2.2.25] we can find a subsequence of
(Km)m with limit K’ in the Hausdorff sense. As can be seen from the proof, the choice of the
subsequence does not matter, so we write again (K, ), for this subsequence and p,, for the
measure with support K,,,. By weak convergence it is clear that K C K’. Let z € K’. Then
there is a sequence (&, ) of points z,, € K, such that lim,, z,, = z, see [30, Proposition
2.2.27]. Given 0 < ¢ < r, we have B(zy,,r — ) C B(x,r) C B(xm,r + J), and with the
Portmanteau theorem it follows that p(B(x,r)) < lim i, (B(z,7)) < limy, pm (B(2m, r +
§)) and p(B(z,7)) > limy, pm(B(z,r)) > lim,, fy,(B(2m, 7 — 6)). The existence of some
z € K'\ K would contradict (5) and the last conclusion, thus K’ = K. O

3.2 Refined scaling conditions and their stability

In [32] more refined scaling properties were key assumptions for trace and extension results
for Besov spaces on closed subsets of R”. The conditions and results in [32] allow to treat
measures having non-integer Hausdorfl dimensions, [16], and consisting of various parts
having different Hausdorff dimensions. Global versions of (6) were studied in detail in [57],
motivated by [4,21]. Condition (7) seems to have been introduced by Jonsson for the first
time, see also [11,40].

A Borel measure p on R™ with support K := supp u satisfies the Dg-condition for an
exponent 0 < s < n if there is a constant ¢s > 0 such that

w(B(x, kr)) < csk’u(B(z,r)), z€K, r>0, k>1, 0<kr<I1. (6)

It is said to satisfy the Lq-condition for an exponent 0 < d < n if for some constant c¢g > 0
we have

w(B(z, kr)) > cak®u(B(x,7)), z€K, r>0 k>1, 0<kr<I1. (7)
Apart from (6) and (7) we will also consider the condition
1 < u(B(z,1)) <co, z€K, (8)
where ¢; > 0 and ¢; > 0 are constants independent of x.

Remark 3. Combining (6) and (8) one can find a constant c2* > 0 such that (3) holds.
Similarly (7) and (8) yield a constant ¢} > 0 such that (4) holds. Moreover, (6) implies
the doubling condition pu(B(x,2r)) < cu(B(z,r)), x € K, 0 < r < 1/2, where ¢ > 0 is a
suitable constant, [52, Section 1]. If a Borel measure p with support K satisfies (3) and
(4) with s = d for some 0 < d < n, then u is called a d-measure and K is called a d-set,
see for instance [35, 50,5/, 58]. The boundary of a Lipschitz domain, endowed with the
(n — 1)-dimensional Hausdorff measure H" ™1, is an (n — 1)-set.

Remark 4.

(i) If the closed set K is the union of two closed sets K1 and Ks supporting measures
w1 and po that meet conditions (6), (7) and (8), possibly with different constants and
exponents, then the measure i = py+po on K satisfies (6), (7) and (8) with readjusted
constants, see [32, Example 2].



(i) If uw is a Borel measure on R™ whose support K = suppu is compact, then we
can always find a constant ¢; > 0 so that the lower bound in (8) is satisfied: By
Fatou’s lemma the function x — u(B(z,1)) is lower semicontinous on K, hence
¢1 = mingeg u(B(x,1)) is attained at some xo € K. But this minimum must be
strictly positive, otherwise u(B(xo,1)) =0, a contradiction.

For the next lemma we need to introduce estimates

¢ < u(B(z,1)) and wu(B(z,1))<cy, =xe€K. (9)

Remark 5. It is easy to see that (6) implies p(B(x,r)) < csu(B(z,r)), x € K, r > 0.
Therefore, if a Borel measure p satisfies (6) and the first inequality in (9), then it satisfies
the lower bound in (8) with €1 /cs in place of c;.

Proposition 3. Suppose that D C R™ is a bounded open set and pi, are Borel measure with
Supp pm C D and satisfying (6), (7) and (9). If pm — p weakly then supp i, — supp i in
the Hausdorff sense, and u satisfies (6), (7) and (9).

Proof. Since by Remark 3 we have (3), the convergence of supports follows from Proposi-
tion 2 (ii). By the Portmanteau theorem

sup 0 pi(Blz,r —6)) < p(B(z,r)) < m p(B(r,7)) (10)

5e(0,r) M m—00

holds for any € R™ and 0 < § < r. If « € supp u then there is a sequence (., )., of points
Ty € SUPD Ly, such that lim,, z,, = z. Given 0 < § < r we have B(z, kr) C B(xm, k(r +9))
for any sufficiently large m and therefore, using (10) and applying (6) with k(r + §) =

(k(r+0)/(r = 8))(r =),

w(B(w,kr)) < m pi (B(zm, k(r +0)))

m—r oo

<o (M) b (B -8 < e (D) e,

r—29 mMm—s 0o r—2a

which proves (6) because ¢ can be arbitrarily small. Estimate (7) follows similarly using
(10) and k(r — 6) = (k(r — &)/(r +9))(r 4+ 0), note that

w(B(w,kr)) > m py (B(zm, k(r —0)))

m—0o0
k(r—6)\" . k(r—6)\°
> _ 7 1 > S )
= ¢ < T+5 ) m%ooum(B(xm’r—i_é)) = ¢ ( T‘i’(s M<B($7T))
The estimates (9) and follows as in Proposition 2. O

4 Convergence of sequences of domains, stability and
compactness

We consider convergence properties of certain classes of bounded domains. A first com-
pactness result is Theorem 2 (i), which concludes the existence of subsequential limits in
the sense of weak convergence of measures on the boundary, in the Hausdorff sense and in
the characteristic function sense for domains confined to a bounded open set. Similarly as
in [30] the assumption of convergence in the sense of compacts can prevent the limit mea-
sure from having a support larger than the boundary of the (subsequential) limit domain,
Theorem 2 (ii). It allows a refined compactness result, including convergence in the sense
of compacts, Theorem 3, for certain classes of domains with fixed quantitative specifica-
tions, Definition 2.



4.1 Sequences of domains and boundaries

A sequence (€,,,)m, of open sets 2 C R™ is said to converge to an open € in the sense of
characteristic functions if
mli_r)noo 1, =1q in L} (R") for all p € [1,00),

[30, Definition 2.2.3]. A sequence (€, ), of open sets Q,, C R™ is said to converge to an
open set ) C R”™ in the sense of compacts if for any compact L C  we have L C €, for
all sufficiently large m and for any compact L' C R™ \ Q we have L' C R" \ Q,, for all
sufficiently large m.

To a finite Borel measure p whose support is the boundary 0f2 of a bounded domain €2,
supp p = 052, we refer as a boundary volume for 2. Note that since the topological dimension
of 90 (defined without ambiguity in this situation) is n — 1 and the Hausdorff dominates
it, we have n — 1 < dimg 99 < n. Therefore, if a boundary volume satisfies (3) then with
exponent n —1 < s < n.

Theorem 2. Let D C R™ be bounded and open and n —1 < s < n. Suppose that (Qp,)m is
a sequence of domains Q,, C D and (fm)m 8 a sequence of boundary volumes ., for the
domains Q,,, respectively, which satisfy (5) with supp fiy, = 0, .

(i) If sup,, pim(D) < +oo then there are a sequence (my)y of indexes and an open set
O C D such that the sequence (fm, )i converges weakly to a Borel measure u satisfying
(5) with K = suppu, and we have 00 C K C D\ Q. The sequences (O, )r and
(D \ Q)i converge to Q and D\ (QU K), respectively, in the Hausdorff sense and
the sense of characteristic functions.

(ii) If (m)m converges to Q in the Hausdorff sense and in the sense of compacts and
(tbm)m converges weakly to a Borel measure p then supp p = 02 and p satisfies (5).

Proof. We use the notation dg () := d(z, K) for closed K C R™. To see the subequential
Hausdorff convergence of domains we follow [30, Theorem 2.2.25 and Corollary 2.2.26].
The f = (f0, ) : D = R, x Ry, defined by fo,(z) = (dp\q,, (%), dg, (2)), form an
equibounded sequence (fi;)m, and since

[dp\q,, (1) = dp\q, (W) <d(z,y) and  |dg (z)—dg (y)| <d(z,y) (11)

for all 2,y € D, it is also equicontinous. By Arzela-Ascoli we can find a sequence (my)x so
that (fm, )r converges to a continuous function f = (fV), f?)): D — R, x R;. We claim
that writing Q := {f) > 0} and Q" := {f® > 0} we have f = (dp\q-dp\o)- To see
this, note first that D\ Q = {f!) = 0} and taking limits in (11) yields f) < dp,,. Given
z € D let ,,, € D\ Q,, be such that dp\q,, (€) = d(z, z). By the compactness of D (and
passing to further subsequences if needed) we can find a sequence x,,, with limit y € D so
that f)(z) = limy, f,(nl,z (z) = limy d(z, 2, ) = d(2,y). Since fM(y) < limg d(y, zm,) = 0
we have y € D\ Q and therefore, and since x was arbitrary, f ® > dﬁ\Q. Similarly we
can see that f(2) = B\~ Now it follows from [30, Proposition 2.2.27] that Q,, — €

and D\ Q,,, — Q' in the Hausdorff sense. Since K := limy_, o, 9, equals {f = 0} and
{fM >0, 2 >0} =0, it follows that Q' = D\ (QU K).

By the Banach-Alaoglu theorem we may, passing to a further subsequence, assume that
the boundary volumes converge weakly to a Borel measure . By Proposition 2 its support
K = supp p is the limit in the Hausdorff sense of the boundaries 9., , and u satisfies (5).
By [30, Proposition 2.2.16 and the remarks following it] we have 92 C K. By definition the
open sets D\ 09Q,,, converge in the Hausdorff sense to D\ K, and clearly Q,,, C D\ 0,
for all k. According to [30, (2.16) in 2.2.3.2] it follows that Q C D\ K, hence K C D\ Q.

For simplicity we relabel and denote the chosen subsequence again by (,)m, and by
Banach-Alaoglu we may assume that (1q, ), converges weakly* in L>°(D) to a function .



Clearly x < 1p A*-a.e. and [30, Proposition 2.2.23] yields 1o < x A"-a.e. To show that
also x < 1q A™-a.e. suppose that § > 0. For sufficiently small a > 0 we have A\"((K),) < §
by Proposition 1, and in particular, |, (@) \0 xdzr < §. We claim that if y € D has distance

d(y,Q) > a from Q then for any ball B(y,r) with r < /2 we have

/ xdz = 0. (12)
B(y,r)ND

If this is true then covering the closure of A, := {z € D : d(z,9) > a} by finitely many
such balls we can deduce that y = 0 A\"-a.e. on A,. Since A"(992) < A"(K) = 0 by the
preceding and Proposition 1, we obtain

/ dez/ Xdac—i—/ de—|—/ xdz < 4,
Qe o0 @)\ A

a

and since § was arbitrary, y = 0 A™-a.e. on Q°. This shows that x = 1, so that by [30,
Proposition 2.2.1] we have Q,, — Q in the sense of characteristic functions. To verify (12)
let y and r be as there and suppose there exists some v > 0 such that fB(y NAD xdx > 2.

Choose 5 > 0 so that A"((K)2s) < 7. By the weak* convergence in L>°(D) we have

lim )\”(B(y,r) n Qm) = / 1B(y7r)lgmdx = / lB(y,r)de,
m D D

hence X" (B(y, ) N Q) > 7 for all large enough m. Since D\ Q,, — D\ Q in the Hausdorft
sense, it holds that D N B(y,r) C (D \ Qm)p for all large enough m, hence B(y,r) N Qy, C
{z € Qy, : d(z, D\ Q) < 8} and therefore, since 0€,, — K,

AM(B(y,7) N Q) <A (0n)5) < A" ((K)2p) <

for all large enough m, what contradicts the preceding. Consequently (12) holds. The
convergence D\ Q,, — D\ (QU K) in the sense of characteristic functions is an immediate
consequence, and this completes the proof of (i).

To see (ii) note that since by [30, Proposition 2.2.16 and the remarks following it] we
have Q2 C K, it suffices to prove K C 9. Suppose that there is a point z € K \ 5.
Then z must be in Q or in D \ Q, and in either case we could find a small ball B, around
x whose closure B, is contained in Q or in R™ \ Q. By [30, Proposition 2.2.17] and by the
convergence in the sense of compacts, this implies B, C ,, for all sufficiently large m in
the first case and B, C R" \ﬁm in the second. Both cases contradict the fact that x is the
limit of a sequence of points x,, € 0Q,,. O

4.2 Shape admissible domains and compactness

We prove a compactness result for suitable classes of domains with a quantitative control of
the geometry of the domain and its boundary. This generalizes [30, Theorem 2.4.10] and in
part follows its ideas. Recall that we assume n > 2 throughout.

Definition 2. Let Dy C D C R™ be non-empty bounded Lipschitz domains. A pair (2, p) is
called a shape admissible domain with parameters D, Dy, e >0, n—1<s<n,0<d<s,
el >0, cg‘ > 0 4f Q is an (g,00)-domain such that Dy C Q C D and p is a boundary volume
for Q satisfying (4) and (5) with 9 in place of K. The set of such domains is denoted by
Uad(D, Do, ¢, s,d,e2, c4).

Note that a pair (€2, 1) can be called a Jonsson shape admissible domain with parameters
D, Dy, e, s, d, cs, cq, ¢1, c2 if Dg C Q C D is a bounded (g, 00)-domain and p is a boundary
volume for € satisfying (6), (7) and (9) with 99 in place of K. The set of such domains
is denoted by U(;]d(D7 Dy, e,s,d,cs,cq,C1,c2). Tt is clear that this set is a closed, and hence

compact, subset of U,q(D, Do, ¢, s,d, %, cfl‘) in the sense of the following theorem.



Theorem 3. Suppose that the parameters are fized in Definition 2.

(i) The class Uya(D, Do, e,s,d,e2,c4) of admissible domains is compact in the Hausdorff

sense, in the sense of characteristic functions, in the sense of compacts, and in the
sense of weak converges of the boundary volumes.

(i) If for a sequence Q,, of shape admissible domains the boundary volumes converge
weakly, then ., converge in the Hausdorff sense, in the sense of characteristic func-
tions, and in the sense of compacts.

Proof. By (4) the measures are uniformly bounded, so that by Theorem 2 (i) we can find a
subsequence (my)g, an open set  to which the domains €, converge in the Hausdorff sense
and in the sense of characteristic functions and a Borel measure p with support K = supp p
satisfying (4) and (5) and such that p,,, — p weakly. By Theorem 1 the open set 2 is a
bounded (g, 00)-domain. Since Dy is a subset of all ,,,,’s, it is a subset of 2, which therefore
is seen to be non-empty.

It remains to show convergence in the sense of compacts. If L is a compact subset of
Q then by [30, Proposition 2.2.17] L is contained in €2, for any large enough m. Now
suppose that L C R™ \ Q, we may assume that L has non-empty interior. Suppose that
there is a subsequence (Q,,, ) such that L N Q,,, # 0 for all k. If (for some subsequence)
we have L C Q,,, then \"(Q,,, \ Q) > A"(L) > 0, what contradicts the convergence in the
sense of characteristic functions. If this is not the case, then we must have L N 9Q,,, # 0
(for some subsequence). However, this also leads to a contradiction: Write v := d(L, ().
Consider a sequence of points x,,, C L N 0}, converging to a point z € L. For large
enough k we have z,,, € B(x,v/2). Since xp, € 0y, we can find y,,, € Qn, such that
[T, — Ym,,| < 27%, and passing to a subsequence if necessary, we may assume the ¥,
converge to a point y € B(z,v/2). Fix a point z € . Then we have z € Q,,, for all
sufficiently large k by [30, Proposition 2.2.17], and for each such k we can find a rectifiable
curve 7y joining z and y,, such that C(vyg, &) C Q,,. Passing to another subsequence if
necessary we may, by Lemma 1, assume that the curves 4 converge to a rectifiable curve ~y
joining z and y and that the sets C(+k, ) converge to C(v,¢) in the Hausdorff sense. Since
C(v,e) C Q by [30, (2.16) in 2.2.3.2] and y € C(v,e) C Q this implies that d(z,Q) < v/2,
what contradicts the fact that € L. Consequently we have L C R™\ €, for all sufficiently
large m, and can conclude that €, — Q in the sense of compacts. From Theorem 2 (ii) it
now follows that K = 9. This proves (i).

To see (ii), note that by Proposition 2 or Proposition 3, respectively, u satisfies the
desired scaling conditions. By (i) and Theorem 1 ,, has subsequence convergent in the
Hausdorff sense, in the sense of characteristic functions and in the sense of compacts to some
Q C D which is an (g, 00)-domain contained in D and such that supp u = 9. Since the
limit domain of any such subsequences of domains must have this boundary but at the same
time be bounded, (2 is the limit of the sequence. O

Remark 6. Theorem 2 and Theorem 3 rely on (5) in a crucial way. For d = 0 in Defini-
tion 2 estimate (4) reduces to a uniform bound for the total masses, but this already suffices
to have Theorem 2 and Theorem 3.

5 'Trace and extension operators

We review known trace and extension methods that combine well with our setup and record
some consequences.

5.1 Traces and extensions for closed subsets of R"

For any 3 > 0 the symbol H?(R™) denotes the Bessel-potential space of order 3, [1,53,54],
that is, the space of all f € L?(R") such that (1+|£|?)%/2f € L?(R"), where f — f denotes
the Fourier transform. It is a Hilbert space with norm || || zrsmny := [[(1 4 [£]2)%/% fl| L2 (n)-
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We are interested in the trace of functions f € H”(R™) to a closed set K C R™. For
B > n/2 we have H?(R") C C(R"), see e.g. [73, 2.8.1], and one can use the pointwise
restriction f|x. However, for our purposes the case 0 < 8 < n/2 is relevant. It is well
known that for any f € H?(R") the limit

1

flz) = }E%A,Z(B(W/B(m)f(y)dy (13)

exists at H?(R™)-quasi every 2 € R™ and that f defines a H?(R™)-quasi continuous version
of f, [I, Theorem 6.2.1]. If u is a Borel measure with support K = supp i and satisfying
(4) for sufficiently large d, then it charges no set of zero H?(R™)-capacity and consequently
the limit in (13) does exist for all x € K\ N, where N C K is a p-null set. Under these
circumstances one can define a p-class Trg f on K by setting

Tri f(z) = f(z) if € K\ N and 0 otherwise. (14)

We state a direct consequence of |1, Theorems 7.2.2 and 7.3.2, together with Propositions
5.1.2 and 5.1.4].

Theorem 4. Let 0 < d < n, (n—d)/2 < B < n/2 and 2 < ¢ < 2d/(n — 28) (with
1/0 := +00). Suppose that K = supp p with a Borel measure p satisfying (4). Then Trg
is a compact linear operator from HP(R™) into LI(K,p), and we have ||Trg Fllpay <

CTy ||f||HB(Rn); f € HP(R™), with a constant c, > 0 depending only on 8, d, n, ¢4, q.

In the situation of this theorem we have H?(R") = H?(R"\ K)® Mk, where H?(R™\ K)
is the closure of C°(R™ \ K) in H?(R") and Hf denotes its orthogonal complement, [27,
Corollary 2.3.1 and Lemma 2.3.4]. Given ¢ € Trx(H?(R")) we say that g € H?(R") is a
weak solution to the Dirichlet problem

(1-A)Pg=0 onR"\K Trgg=¢ onkK (15)

if <g,v>Hg(Rn) =0,v € ﬁB(R” \ K), and Trxg = ¢ p-a.e. on K. The following is folklore,
see for instance [25,54].

Corollary 1. Let the hypotheses of Theorem /J be in force.

(i) For any ¢ € Tri (HP(R™)) there is a unique weak solution He to (15).

(it) The map o = |@|lry . (pre(rny) = e s ®n) o=Trg 9]l s gny is @ norm that makes
Try (HP(R™)) a Hilbert space.

(i) The map Hy : Tr (HP(R™)) — HP(R™), o+ Hgp, is a linear extension operator of
norm one, and Trx (Hxp) = ¢, ¢ € Tr(HP(R™)).

To the linear operator Hy one also refers as harmonic extension operator.

Proof. If p = Trx f with f € H?(R™) then the orthogonal projection Hx¢ of f onto Hy
has the desired properties, [27, Section 2.3]. The rest follows. O

Remark 7. A description of the space Tri (HP(R™)) in terms of an atomic decomposition is
provided in [33]. Note that for orders p of integrability other than 2 the harmonic extension
1s generally no longer linear.

For later use we record the following convergence result for integrals of traces.

Theorem 5. Let D C R™ be a bounded open set, 0 < d <n and (n—d)/2 <3 <n/2. Let
(thm)m be a sequence of finite Borel measures with supports K,, = supp i, contained in D
and such that (4) holds for all m with the same constant. Suppose that (fm)m converges
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weakly to a Borel measure . If (v,,)m C HP(R™) is a sequence that converges to some v in
HP(R™), then

lim |Tervm|2dum:/ |Tr v |2dps,
K

m—0o0 Km
where K := supp p.

Proof. By Proposition 3 also u satisfies (4) and Theorem 4 applies. Since C°(R™) is dense
in H?(R™), we can find a sequence (¢;)jen C C2°(R™) converging to v in H?(R"). Following
[15], we observe that

‘/ |Tr g, Urn | dptm —/ TrKv|2d,u‘
K, K
it P~ [ 0P|+ [ o = [ o

e| [ vt = [ 1o +

[ tesban [ o o)
K

To estimate the first term on the right hand side of (16) we control it using the Cauchy-

Schwarz inequality and the reverse triangle inequality,

\/|ﬂmwﬂwm—/|ﬁmwww\
Ko K,

< | Trk,, (vm = 0) L2y (ITrk,, vmll L2k, + 1Tk, 0l L2 (k) -

<

Km

Since 3, d, n and cé‘ are kept fixed and sup,,, pm (D) < +00 by weak convergence, Theorem 4
and Holder’s inequality ensure the existence of a constant ¢, > 0 independent of m such
that | Trx,, (vm —v)l|L2(k,.) < Crllvm — [l s (®n), What goes to zero as m — oo. Since also

max{sup ||TerUmHL2(Km)7 sup HTerU”LQ(Km)} < C'/Tr sup ”Uman*(R")a
m m m

the first term in (16) is seen to converge to 0 as m — 4oo. For the second term in (16)
we can use sup,, || Trx,, (v — @)l 22(k,.) < rllv — @)l e rny to see it converges to zero as
j — 00, and the same with K in place of K, yield the convergence to zero of the last term.
The third term converges to zero as m — oo by weak convergence. O

If refined scaling properties of u as in subsection 3.2 are known, one can introduce Besov
spaces on K with explicit norms, see [32-34]. We recall the definition originally given in [32].

Definition 3. Let0<d<n,d<s<mn,s>0and (n—d)/2 < B <1+ (n—s)/2. Suppose
p is a Borel measure on R™ with support supp pp = K satisfying (6), (7), (8). The Besov
spaces 32’2([(, w) on K is defined as the space of p-classes of real-valued functions f on K
such that the norm

”f”Bj?(K,#) =

e e - = o

is finite.

1/2

The spaces B?f(K , i) are Hilbert spaces. If p; and po are two different measures satis-
fying the hypotheses of Definition 3 and with the same support K, then Theorem 6 below
implies that the resulting spaces 32’2 (K, p1) and BZ’Q (K, pu2) are equivalent Hilbert spaces,

see [32, Section 3.5]. We therefore simply write 32’2(1() for B?f (K, p1). The following result
is a special case of [32, Theorem 1].

12



Theorem 6. Let 0 <d<n,d<s<n,s>0and (n—d)/2 < <1+ (n—s)/2. Suppose
K C R"™ is a closed set which is the support of a Borel measure p satisfying (6), (7), (8).
Then

(i) Trx is a continuous linear operator from H®(R™) onto 32’2(1{), and there is a constant
ety > 0 depending only on 8, s, d, n, cs, cq, ¢1 and ¢y such that | Trg fHBZ'Q(K) <

CTr Hf||Hﬁ(Rn)7 fe Hﬁ(R").
(ii) There is a continuous linear extension operator Ex : 3272([() — HA(R") such that
Trx(Exf) = f. f € BF*(K).

The independence of the constant ¢, of all except the stated quantities follows from |
Lemma 3 and its proof].

)

5.2 Wh2-admissible domains

We define a class of domains well adapted to boundary value problems and prove basic facts
about associated trace and extension operators. We assume that n > 2.

Recall that the Sobolev space W*P(Q) with k € N and p € [1,00) is defined as the space
of all f € LP(Q) for which we have DY f € LP(Q) in the distributional sense for any multi-
index v satisfying |y| < k. It is well known and easy to see that for nonnegative integers k
the space H*(R™) coincides with the Sobolev space W*2(R") in the sense of equivalently
normed vector spaces.

Given k = 1,2,... and 1 < p < oo a domain © C R" is called a W*P -extension
domain if there exists a bounded linear extension operator E : W*P(Q) — WkP(R"), [29,
p. 1218]. Every Lipschitz domain is a W*? -extension domain for any & = 1,2,... and
1 < p < oo, see [13,51]. It was shown in [31] that any (g,d)-domain Q C R™, i.e., any
(possibly unbounded) domain  C R™ satisfying the conditions (i) and (ii) in Definition 1
for all z,y € Q with |z — y| < § for some fixed § > 0, is a W¥P-extension domain for any
k=1,2,...and 1 < p < o0, see also [5,48]. In particular, we have the following.

Corollary 2. Every (e, 00)-domain is a W*P-extension domain for any k = 1,2, ... and
1 < p < o0, and therefore also every shape admissible domain in the sense of Definition 2.

Any Lipschitz domain is an (g,0)-domain for some ¢ and §, [31], and any bounded
Lipschitz domain is an (g, 00)-domain for some suitable ¢ > 0. For n > 3 examples of
WhP_extension domains are known which are no (e, d)-domains, [31].

We quote an extension result for Bessel-potential spaces on domains 2. For g > 0
we write H?(Q) = {f € D'(Q) : f = g|q for some g € H?(R")}. Endowed with the norm
defined by [|Jul| 5oy = infyems®n), r=glq 19/l s rn) it becomes a Hilbert space. It follows
from this definition that for W2-extension domains 2 C R™ the spaces H!(Q) and W12(Q)
agree as equivalently normed Hilbert spaces, see [53, 4.2.1 and 4.2.4] for a more classical
case. The following will be used in the next section.

Proposition 4. Let Q C R™ be a bounded (e,00)-domain. Then there is a linear extension
operator f +— Extq f such that for any 0 < B < 1 we have Extq : H?(Q) — HA(R™) with
[Exto fll gony < cxe | fll oy, £ € HP(Q), with a constant crx > 0 depending only on
n, € and .

Proof. As in [14, Theorem 5.8] this proposition follows from [48, Theorem 8| and the fact
that H?(Q) by interpolation from L?(£2) and H*(2), to see this one can follow the arguments
used to prove [55, Theorem 2.13]. O

Remark 8. For a bounded (e,00)-domain Q the existence of a bounded linear extension
operator from W12(Q2) to WH2(R™) with norm bound depending only on € and n follows
from [31, Theorem 1]. However, [/8, Theorem 8] allows to use one and the same extension
operator for different spaces W*P, what allows interpolation.
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We have the following partial generalization of results from [3,49] and [25] on embeddings
and trace and extension operators and their compactness.

Theorem 7. Let Q be a Wh2-extension domain.

i) The space W2(Q) is compactly embedded in L2 _(Q) (or in L?(Q) if Q is bounded).
loc

The linear operator Trq : WH2(R™) — WH2(Q), Traf = f|Q, is bounded and has a
linear bounded right inverse Eq : W12(Q2) — WH2(R").

(ii) Let pu be a Borel measure with compact support suppu = I' C Q which satisfies (4)
with some n — 2 < d < n. Then the operator Trr : WH2(R"™) — L?(T, i), defined by
(14), is compact. The operator

Tror := Trro Eq : WH2(Q) — L*(T, )

is well defined in the sense that if u,v € WL2(R") are such that u = v \*-a.e. in
Q, then Trru = Trrv p-a.e. on I', and it is compact. The image Trqr(W12(Q)) =
Trp (WH2(R™)) is dense in L*(T, p). The map

— oy = inf n
¥ ”WHTrF(Wl’z(]R ) g€W112(]§I}L)’LP:,I‘ng||g||W1v2(]R )
defines a Hilbert norm on Trp(W12(R™)) with respect to which both operators have
linear bounded right inverses Hr : Trp(WH2(R™)) — WH2(R™) respectively

Hr g := Trq o Hp : Trp(WH2(R™)) — WH2(Q).

(15i) Suppose that O is compact and p is a Borel measure with supp p = 0Q which satisfies
(4) with some n —2 < d <n. For all u € W2(Q) with Au € L*(Q) we can define a
bounded linear functional g—;‘l € (Trao(WH23(R"™))) by

0

(0
<87n,T‘I‘Q7aQU>(Tra“(Wll(Rn)))l”I‘rau(Wl,Q(Rn)) = / vAudx—i—/ Vu - Vudx, (17)
Q Q

v e WhH2(Q). Similarly, for any u € W12(Q) and 1 <i < n, we can define a bounded
linear functional u - n; € (Trao(WLH2(R™)))" by

ou Ov
<u SN, TI”Q’QQ’U>(Traﬂ(Wl,z(Rn)))/7Tran(W1,2(Rn)) = / 9 vdzx + / ua—dx, (18)
Q 0% Q 0%

ve Wh23(Q).
Remark 9. The distribution % in (17) is a generalized normal derivative.

Remark 10. FEven if Of) is Lipschitz it can make sense to endow it with a measure u that
satisfies (4) with mazimal possible exponent n —2 < d < n —1, in this one allows p to have
parts singular w.r.t. H* L.

Remark 11. Ifn —2 < d < s <n and p satisfies (6), (7) and (8), then by Theorem 6 the
space Trp(WH2(R™)) and the operator Hy in Theorem 7 (ii) can be replaced by B*(I) and
Er. Under these more restrictive hypotheses Theorem 7 (iii) holds with Bf’Q((?Q) in place
of Traa(WH2(R™) and the same replacement can be made in Colorraly 3 and Colorraly 4
below.

Proof. Statement (i) is a special case of Theorem 2.12 point 2 in [3], which generalizes the
classical Rellich-Kondrachov theorem. Note that since © is W!2-extension domain, € is
an n-set and W} (Q) = C3(Q), see |29, Theorem 5|, and this is sufficient to conclude the
mentioned result in [3]. The first statement (ii) follows from 4 and the finiteness of p.
That Tror : WH2(Q) — L2(T',u) in (ii) is well defined in the stated sense can be seen as
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in [58, Theorem 1] or [7, Theorem 6.1]. Its compactness follows from [7, Corollary 7.4] (see
also [19, Proposition 3]). The space {v|sq : v € C°(R™)}, is uniformly dense in C'(9€) by
the Stone-Weierstrass theorem, and C°(R") is dense in W12(R"), hence Trp(W12(R") is
dense in L?(T, ). The last statements follow using Colorraly 1. For (iii) one can follow the
arguments of [3, Proposition 1] (originally due to [37, Theorem. 4.15]), the correctness of the
definition can be concluded using [27, formula (2.3.7) in Section 2.3]. In a similar manner
one can obtain (18), see [28, Theorem 2.5 and formula (2.17)] for the Lipschitz case. O

Theorem 7 (iii) and [3, Definition 7] motivate to define a class of domains suitable to
discuss different types of boundary value problems (see also [20,49]).

Definition 4. A W'2-admissible domain in R" is a pair (Q, ) consisting of a W3-
extension domain Q@ C R™ and a Borel measure p with supp p = 9Q which satisfies (4) with
somen —2 < d<n. We call a WY2-admissible domain (2, ) bounded if Q) is bounded.

Examples of W!2-admissible domains are C*-regular domains (k € N*), Lipschitz do-
mains and domains with a d-set boundary (n — 2 < d < n) or a boundary composed of
different d-sets such as the cylindrical von Koch domains in [38,39].

To discuss boundary value problems on W!2-admissible domains (£, u) it is useful to
consider Traq(W12(R™)) with equivalent scalar products. For any ¢ € Traq(W12(R")) the
function Hpq,o(p) € W2(Q) is the unique minimizer for the Dirichlet energy [, |[Vo[*dz in
the class of all v € W12(Q) with Trg gov = ¢ p-a.e. on €. By Iy ey (W12 )y We denote
the scalar product on Traq(W12(R™)) associated with the Hilbert norm in Theorem 7 (ii)
with I' = 09.

Corollary 3. Let (Q,u) be a bounded W'2-admissible domain in R™ and let v be a non-
negative and bounded Borel function on OS2 which is positive on a subset positive p-measure.
Then the bilinear form

() Trpe (W2 )y = /Q V Hoa.0(e)V Hoq.o(P)dx + /8 Qwﬂdu (19)

is an equivalent scalar product on Traq(W12(R™)). There is a constant ¢ > 0 depending only
on d, n, c;, the total mass of p and ~y such that ||<,0\|Trm(VVLZ(]RTL)),,Y < 0||50||Tr69(wl,2(Rn)),

p e TI'aQ(Wl’Q(Rn)).

Proof. Well known arguments, see [59, Theorem 21A and Step 3 in its proof on p. 247/248],
together with Theorem 4 show that the bilinear form

<w7v>W1,2(QM = / VwV7 dz +/ v Trg o0 wTrg g vdy, v,w € VVLQ(Q)7
Q o0
is an equivalent scalar product on W12(Q), and with another application of Theorem 4 this

implies the result. O

We complement Theorem 7 by results involving a Dirichlet boundary condition, they
will be used in section 7. Suppose that (€2, 1) be a bounded W' 2-admissible domain and
I'piy C OS2 is a set of positive u-measure. then

V(Q,Tpi) := {w e WH(Q) : Trooow =0 p-a.e. on I'p;} (20)

is a closed subspace of W12(Q). Accordingly, the image Trq ga(V (2, I'pir)) of this space
under Trq gq is the closed subspace of Trao(W1?(R™)) consisting of all elements that are
zero p-a.e. on I'piy.

Corollary 4. Let (2, i) be a bounded W2 _admissible domain in R™ and let I'p;, be a Borel
subset of OQ with p(Tpi) > 0.
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(i) The Poincaré inequality
[ Pds < Co@.pTon) [ [VuPde. e V(T (21)
Q Q

holds with a constant Cp(§2, 1, T'pir) > 0.

(ii) For all u € V(Q,Tpi) with Au € L*(Q) we can define a bounded linear functional
g—z € (Tra.00(V(Q,T'pir))) by a counterpart of (17) when testing with functions v €
V(Q,Tpir)-

(11i) Suppose v is a nonnegative and bounded Borel function on O which is positive on
a set of positive u-measure. Then for any ¢ € Trao(W12(R™)) there is a function
0.1 € Troo(WH2(R™)) such that

(pry,1,Tra 00 U>Trm(wl,z(w)m =0, veV(QTI'py),

and ¢~ | = ¢ p-a.e. on I'pi.. Here notation is as in (19).

Proof. The proof of (21) is standard, see for instance [22, Proposition 7.1], the second state-

ment follows like (17), and in the third we can take ¢, | to be the orthogonal projection in

(Trao(WH2(R™)), (s ) ypg (w2 (rn) ) O1tO the orthogonal complement of Tro,a0(V (€2, T'ir))-
O

6 Mosco convergence of energy functionals

We consider energy functionals and prove their Mosco convergence, [47], along a convergent
sequence of domains. As aways, we assume n > 2.

Suppose that A, B and C' are positive constants, D C R"™ is a bounded Lipschitz domain,
Q an (e,00)-domain contained in D and p is a finite Borel measure with I' = suppu C Q
and satisfying (4) with n —2 < d < n. We define an energy functional J(Q, 1) on L?(D) by

A [|w]Pdz + B [ |Vo]2dz + C [ | Trar v|?duy, vl € WH2(Q),
Jme) = { o : i (22)

+oo, g ¢ Wl’Q(Q).

Remark 12. IfT° C 9Q then (17) implies that J(2, 1) is minimized by the weak solutions v,
in the sense of testing with elements of W12(Q), of the Robin problem BAv = Av in Q and
B% +C1r Trg pqv =0 on 9Q, cf. [59, Section 22.2g]. In the next section we will discuss a
mized boundary value problem for the Helmholtz equation. In the case of zero Dirichlet and
Robin data the (acoustic) energy (35) of the solution to this problem is of a form somewhat
similar to (22).

Recall that a sequence (I,,)., of quadratic functionals I,,, : L?(D) — [0, +00] converges
to a quadratic functional I : L?(D) — [0, +00] in the sense of Mosco if

1. we have lim , , I, (uy) > I(u) for every seqence (U, )men~ converging weakly to u

in L?(D),

2. for every u € L?(D) there exists a sequence (uy,)men converging strongly in L?(D)
such that lim,,—eo I (tm) < I(u),

see [47, Definition 2.1.1].

Remark 13. The convergence of a sequence of quadratic functionals in the sense of Mosco,
[ 7], implies their Gamma-convergence, [5]. Originally convergence in the sense of Mosco
was formulated for real Hilbert spaces, [/7], but the extension to extended real-valued func-
tionals on complex Hilbert spaces is straightforward.
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The main result of this section is the following.

Theorem 8. Let D C R" be a bounded Lipschitz domain and € > 0. Let Q,, C D be
uniformly bounded (g, 00)-domains and p,, finite Borel measures with T, = supp fim C
all satisfying (4) with n — 1 < d < n and the same constant. For each m, let J(Q, o) be
as in (22) but with Qp, wm 0 place of Q, p.

If lim,,, Q,, = Q in the Hausdorff sense and in the sense of characteristic functions and
lim,, b, = @ weakly then we have

i T (s ) = T 1) (23)

in the sense of Mosco.

Remark 14. For admissible domains, Definition 2, this can be combined with Theorem 3
Proof of Theorem 8. Note that J(, u) is well-defined: By Theorem 1 Q@ C D is an (g, 00)-
domain, and T := supp p is contained in the Hausdorff limit lim,, T';,, which by [30, 2.2.3.2
and Theorem 2.2.25| is a subset of Q.

Let (tm)m C L?(D) be a sequence converging to u weakly in L?(D) and (um, )k C (Um)m
such that Um . J(Qn, o) () = limg J(Qny s oy, ) (U, ). We will show that

G J (s pomy ) (g, ) 2 J (2, 1) (w), (24)

what then implies the first condition in the definition of Mosco convergence.

We may assume the left hand side of (24) is finite, hence we can find a subsequence,
which for simplicity we still denote by (um, )k, such that u,, € WH2(Q,,,) for all k& and
supy, [[um, (w12, ) < +oo. Since 1, — 1g in L?(D) as m — oo we may assume that
lg,, — lg A"-ae. on D as k — oo. Since all €2, are bounded (¢, 00)-domains with the
same ¢, Proposition 4 and Remark 8 ensure the existence of a constant cg,; > 0 independent
of k such that

| Exta,,, tm, w12y < cextllum, [lwi2(@,,)- (25)

We endow L?(D) x L?(D,R") with the Hilbert space norm

(v, w) 1> (A/D|v|2dx—|—B/D|w|2dx>l/2. (26)

Then [[v|[y1.2(py, 4,5 = (v, V) is an equivalent Hilbert space norm on W12(D). Since by
(25) the sequence
((Exta,,, wm,,VExto, tm,))k

is seen to be bounded in L?(D) x L?(D,R") with respect to (26), we may, passing to
further subsequences if necessary, assume that (Extg, =~ wm,, )i converges to some u* weakly

mp

in WH2(D) w.r.t. ||[lyr2(py a5 and that (Extq,, tm,,V Extg,, tm,) converges to some
(v*,w*) weakly in L?(D) x L?(D,R") w.r.t. (26). Banach-Saks type arguments show that
u* =u and (v*,w*) = (u, Vu). Using dominated convergence, we see that

lilgn (152mk EXtka Upny, IQMkVEXtka umk) = (lgu, IQVU)

weakly in L?(D) x L?(D,R") w.r.t. (26), and as a consequence,

lim{A/ |umk|2da:+B/ |Vumk|2dx} zA/ |u|2da:—|—B/ Vulde.  (27)
k Q 2 Q Q

- Qy
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Let £ < 3 < 1. There is a linear extension operator Extp : H?(D) — HP?(R™) such that
with vy, := EX‘Eka_ U, We have

| Extp v, — Extp ull gs@ny < cuxe,pllve — ullgspy, (28)

with a constant cgyxy,p > 0, as follows from Proposition 4. Since the embedding of HY(D) =
Wb2(D) in H?(D) is compact, see for instance [55, Theorem 2.7|, this goes to zero as
k — oo.

For the remaining proof we write v to denote the W1:2(R")-quasi-continuous modification
¥ (defined as in (13)) of a function v € W12(R"). Since n — 1 < d we may apply Lemma 5,
(28) and the fact that I',, C Q,, and I' C Q to obtain

lim / |V |2 Apn, = / | Exto u|®du, (29)
ko Jrm, r

and combining (27) and (29) we obtain (24).
To prove the second condition we may assume, without loss of generality, that u €
Wh2(Q). We claim that it follows with w,, = Extg u for all m that

lim J(Q, o) (BExtg u) = J(9, p) (Extg u).

m—r 00

By dominated convergence we have

lim{A/ | Extg u|2d9:—|—B/ |V Extq u|2dx}
m Qi Q

m

:A/ |ExtQu|2dx—|—B/ |V Extq ul*dz.
Q Q

For the last term let w € C°°(D) be such that || Extou — wl|y1.2(q) < . Then

/ | Exto ul?dpy, — /|Extgu\ du’ ’/ | Exto ul dum—/ |w] d,um’
FWL

[t = [luPa] + | [ ol - [ extauban).
T

estimates similar as in the proof of Lemma 5 show that the first and the third summand on
the right hand side are smaller than a constant times ¢, and for large m the second summand
is small by weak convergence. O

+

Remark 15. Following the same arguments one can obtain versions of Theorem 8 if in
(22) the space W12(Q) is replaced by a suitable subspace of W12(Q). For instance, one can
consider V(Q, I'pyy), defined as in (20).

7 Shape optimization for the Helmholtz boundary valued
problem

We consider a mixed boundary valued problem for the Helmholtz equation. In [42] this
problem was studied for domains with Lipschitz or d-set boundaries. Here we first estab-
lish the well-posedness of the problem for W' 2-admissible domains €2 and then verify the
existence of optimal shapes in a class of shape admissible domains.

The domain €2 models a tunnel or chamber whose walls may contain noise sources and
reflective obstacles for the propagating waves. More precisely, we assume that the boundary
09 of  has different parts on which Dirichlet, Neumann or Robin boundary conditions are
prescribed. Dirichlet conditions model noise sources, and homogeneous Neumann boundary
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conditions model reflecting walls. The Robin boundary condition involves a fixed complex
coefficient @ = a(w), [42, Theorem 4|, and models partial reflection and absorption at an
acoustically absorbent wall made of porous material. As in the most commonly known shape
optimization problems, the Dirichlet and Neumann parts of the boundary are kept fixed.
The question is what shape the absorbent wall must have in order to minimize the total
acoustical energy for a fixed source and a fixed frequency w > 0.

To formalize the model, suppose that (Q, ) is a Wh2-admissible domain in R™, n > 2,
whose boundary 02 = supp p is divided into three disjoint parts,

0 = I'pir UT'Neu U T, (30)

each a Borel set and of positive measure p. Here I'p;, and I'yey denote the fixed Dirichlet
and Neumann parts, respectively, and I' denotes the Robin part which may vary, [12]. See
Fig. 1, page 20, for an example. We consider the formal problem

ou ou (31)

Au+w?u=f, onQ,
=0 on I'neu, 8—+a(w)Tru:Trh on T,
n

Tru=g¢9 onIpy, —
on
where w > 0, o is a complex-valued function continuous on Q with a strictly positive real
part Re(a) > 0, corresponding to the reflection at T, and a strictly negative imaginary part
Im(a) < 0, corresponding to the absorption at ', f is a function on €, ¢ is a function on
I'pir and h a function on Q with well-defined trace Tr h on I'. Equation (31) is a frequency
version of a time-dependent wave propagation problem. The case ¢ = 0 was originally
studied in [6]. See [12, Section 2| for a discussion about how (31) models the absorption of
acoustical energy by a porous wall.

To formulate problem (31) rigorously, suppose that (Q, 1) is a bounded W!2-admissible
domain in R™ and that u|r,, satisfies the hypotheses of Theorem 6 with I'p;, in place of
K. Given f € Ly(Q), g € B?’é(I‘Dir) and h € W12(Q), we call u € WH2(Q) a weak solution
of (31) on (2, w) if Trg pou = g p-a.e. on I'p; and

/V’LLVT)dSC*&P/ 'U/(_)dl"i’/OZTrQ’aQUTI'Q’aQ'l_/d‘LL
Q Q T
:7/ fz_)dx+/TrgythTrQ’3m7du (32)
Q T

for all v € V(Q,T'pi). Note that % € (B>%(00))' for a weak solution u of (31) by (17),
and by (32) and Colorraly 4 we have % = 1p(Trg soh — aTrg sou), seen as an identity in
(Tra,00(V(Q,T'piy)))’, what encodes both the Neumann condition on I'yey and the Robin
condition on I' in (31).

The following well-posedness result generalizes [412, Theorem 2.1].

Theorem 9. Let Q C R™ be a bounded W'2-admissible domain with O = supp u being the
disjoint union (30) of three Borel subsets I'pir, I'neu and T’ of positive u-measure. Suppose
that T'pie s compact and plry,, satisfies (6) and (7) with I'pye in place of K, that T has
nonempty open interior in 082 and that it has positive distance to I'py,. Let w > 0 and let
a € C(Q) be such that Re(a) > 0 and Im(a) < 0.

Then for any f € L*(Q), g € BY*(I'py) and h € WH2(Q) there is a unique weak solution
u of the Helmholtz problem (31) on (Q, u). Moreover, there is a constant C > 0, depending
only on a, w and on Cp(Q, p,Tpiy) from Colorraly 4, such that

lllws 20y < € (1 2@ + 9l p22 0y + Il 2@ ) - (33)

In the case g = 0 the operator B : La(Q2) x V(,T'pir) = V(Q,Tpir), B(f,h) = u, where u
is the weak solution of (31), is a compact linear operator.

19



Remark 16. The compactness of T'pix and (6), (7) for plry,, can be dropped if B>*(Tpy,) is
replaced by the orthogonal complement in Traa(WH2(R™)) of the closed subspace Trq o0 (V (2, I'pir)),
endowed with the minimal energy norm.

Theorem 9 follows in the same way as [42, Theorem 2.1]: If g = 0 then, using the Poincaré
inequality, Theorem 7, the Riesz representation theorem and the Fredholm alternative, one
obtains unique weak solutions for A = 0 and f = 0, respectively, and their sum is the
unique weak solution for notrivial f and h. This method uses the Cauchy uniqueness shown
in [19, Theorem 1.2] for Lipschitz boundaries, thanks to Remark 4 (i) and (18) the proof
carries over. The case g # 0 we can deal with by linear superposition: If § g is the unique
element of W12(Q) such that Ag = 0 in €, Trg s0§ = g p-a.e. on I‘Dm 52 =0 on I'vey
and 9 + Re(a)Trg,p0g = 0 on T, then u satisfies (32) with given f and & if and only if
u— g € V(Q,I'p;,) satisfies (32) with

f—w?§ and h—ilm(a)g. (34)

Note that we can always assume h or h — i Im(a)§ to be zero on I'py, otherwise we can
multiply with a smooth cut-off function. The function § can be obtained using Colorraly 4
(iii): If § is an arbitrary extension of g to an element of Traq(W12(R")) and v := 1rRe()
then § := Haq,a(g~,1) is as stated.

Remark 17. As a corollary of Theorem 9, the operator —A associated with the boundary
conditions of problem (31) does not have real eigenvalues.

The acoustic energy associated with the Helmholtz problem (31) with zero Dirichlet and
Robin boundary data g = 0 and h = 0, is £(Q, p, u(Q, ) := [, |ul*dz, where u is the
unique weak solution, and for f = 0 identity (32) allows to rewrite this as

1
£ 1w 1) = 5 (IVel2a0zm + |VR(@ T 000l ). (39)

We discuss the shape optimization problem for functionals similar to those introduced
n (22), evaluated for the weak solution of (31) with suitable given data. This is more specific
than (35) in the sense that a has to be constant, but more general in the sense that it can
have an additional term.

FNeu I

Porous

1—‘Neu

Figure 1: Example of a domain © in R2, shown in blue, with three types of boundaries:
I'pir and I'yey are fixed and I' can be changed in the restricted area D,:=D \ Dy. Here D
is the large rectangle, which is the union of Q filled with the air and of the domain D \
with the porous material.
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To define a physically realistic situation, let D, Dy, D; C R™ be fixed bounded Lipschitz
domains, such that D = Dy U Dy, Dy N D; = @. Moreover, we assume that the triple
intersection 0DNODyNID; is a (n—2)-dimensional Lipschitz sub-manifold of each respective
boundary. As before we assume that Dy C 2 C D, and also that I'p;, € 9D NADy is a
compact non-empty Lipschitz (n — 1)-dimensional surface disjoint from D1, see Fig. 1. In
this set-up we define

I':=00nN El, T'neu := 092 \ (F U FDir) = (8D n 8D0) \FDir- (36)

For fixed e >0, n—1 < s <nandn—2 < d < s we write Uaq for the class of all
(Q, 1) € Uua(D, Dy, e,5,d,¢2,c7}), where Q is as just outlined and j is the sum of the
(n — 1)-dimensional Hausdorf{f measure H" ! on I'pi; UT'new and a more general measure pur
on I'. In Theorem 10 below we allow (£2, i) to vary over Uaa, and by the above assumptions
this means that we allow I' and ur to vary.

Let A>0, B>0and C > 0. Suppose that (Q,u) € Upg, w >0, o € C(D;) and we are

given data f € L2(D), g € B}*(I'py,) and h € Wh2(D;) and

T, 11, u( 1)) ::A/ |u|2dac+B/ |Vu|2da:+C’/ ITro.rul?dp, (37)
Q Q T

where u = u(, 1) denotes the unique weak solution of (32) on (Q, u) with f, g, h.

Remark 18. To compare to the general form of functionals mentioned in [50, p. 144], we
point out that one can theoretically consider any objective functional of form

J(Qa Hy U(Q7 M)) = / jl (LU, U, Vu)dx + / j2 (.’13, T‘I'Q,F u)d,uv
Q o0

where j1 : D x Cx C™ — R is measurable, continuous in (y,p) for almost every x and such
that with a constant C > 0 we have |j1(z,y,p)| < C(1 + |y|> + |p|*), z € D, y € C, p € C",
and jo : 02 X C — R is u-measurable, continuous in y for almost every x and such that
2(z, )] < C(1+ [yf*), z € 0Q, y € C.

We have the following result on the existence of an optimal shape that minimizes
J(Q, p,u(2, 1)) in the class of domains Uyg.

Theorem 10. Let w > 0 and a € C(D). For any f € L2(D), g € BY*(I'pix) and h €
W12(D) there exists an optimal shape (Qopt, Hopt) € U,a which minimizes the functional
J(9, p, u(@, 1)) defined in (37),

J(Qopt, tropt, W(Qopts popt)) = min_ (€, p, u(§2, p)). (38)
(Qa.U‘)EUad

Moreover, (Qopt, topt) s the limit of a minimizing sequence (i, tim)m C Usaa in the Haus-
dorff sense, the sense of compacts, the sense of characteristic functions and the sense of
weak convergence on D of the boundary volumes, and the limit u* = lim,, Extq,, w(Qy, tm)
exists weakly in W2(D) and satisfies u*|q,,, = w(Qopt, topt)-

Theorem 10 follows similarly as [42, Theorem 3.2] by a variational convergence argument:
Theorem 3 for the domains and Banach-Alaoglu and Proposition 3 for the measures pr imply
the existence of a subsequential limit (., p.) € Uyq for a minimizing sequence (., fim )m C
Uaa- The simultaneous validity of Poincaré inequalities with the same constant for all €,
(which follows as in [20, Theorem 6] or, alternatively, by modification of the standard proof
as in [22, Proposition 7.1] or [23, Section 5.8] together with the convergence the sense of
characteristic functions) implies that the extensions Extg, u,;, of the unique solutions wu,,
on the ), are uniformly bounded in W2(D) and therefore have a subsequential weak limit
u*. Using a variational convergence argument based on (32) and an application of Lemma 5
similarly as in the proof of Theorem 8 one can identify u*|q, as the unique weak solution on
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(2, p+). Using superposition as in (34), Colorraly 3 and Theorem 4 one can see that similar
statements are true for the solutions of the corresponding equations with ¢ = 0 and shifted
data f and h, and one can then use (32) for these solutions together with the convergence
in the sense of characteristic functions, Rellich-Kondrachov for D and Lemma 5 to conclude
that limy, J(Qm, i, Um) = J(Q, s, u*), what shows that Qope = Qi and fiope == ps
satisfy (38).
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A Brief remarks on linear superposition

By linearity (32) allows to use a superposition principle, and this can be implemented in
many different ways.

The option we commented on after Theorem 9 is to consider the unique weak solution ¢
of the problem

Ag=0 onf,
TI‘Q =g on 1_\Dilrv

% =0 on I'yeu, % +Re(a)Trg=0 onT,

in the sense that § — g € V(D,'ps;) and

(39)

/ VgVo dx + / Re(a)Tl"anggTrgyaQU d/J, =0, ve V(D, FDir)~
Q r

As mentioned, this solution is § = Hao,0(g,1), where g, | is the orthogonal projection, de-
fined as in Colorraly 4 (iii) with v = Re(a)1r, of an arbitrary extension § € Traq(W2(R"))
of g € Bf’Q(FDir) to 990.

It is then easy to see that (32) has a unique weak solution u if and only if

Az+w?z=f—w?§ onQ,
0z 0z . .
Trz=0 onIpiy, — =0o0nI'new, =— +aTrz="Tr(h—ilm(a)g) on T,
on on
has a unique weak solution z € V (D, I'p;,), and in this case u = z + g§.

Alternatively, one could for instance also consider the unique weak solution § of the
problem

0g 40
(97791:0 on GQ\FDir. ( )

Then (32) is seen to have a unique weak solution v if and only if

Ag=0, onf{,
Trg=g onI'pi,

0z

an

Az +w?z=f—w?j onQ,
Trz=0 on I'py,

=0 on I'Ney, 9z +aTrz=Tr(h—ag) onT,
on
has a unique weak solution z € V (D, I'p;,), and in this case u = z + g.

From the point of view of our problem the two options differ only by the way how
the function « is split up. The use of problem (39) involves slightly longer formulas, but if
Re(a) > 0 and u(I") > 0, one can easily solve it using Colorraly 3 and Colorraly 4 (iii), which
rely on the relatively simple [59, Theorem 21A and its proof]. Problem (40) is a Zaremba
problem, [59, Section 22.2h], and it is solved using different, slightly more sophisticated
tools, see for instance [60, Definition 25.31, Theorem 25.1 and Remark 25.32]. On the other
hand, it has the advantage that it allows shorter formulas in the substitution above.

B Proof of Theorem 9 on well-posedness

For the convenience of the reader we provide a proof of Theorem 9, the method follows [?,
Theorem 2.1].

Proof. Assume first that ¢ = 0. By linear superposition we have v = uf + u”, where u/ is
the unique weak solution of the Helmholtz problem with the given function f but Trh =0
on I' and u” is the unique weak solution of the Helmholtz problem with the given function
h but f=0.
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The function «/ is the unique element of V' (Q, I'p;;) such that

2 .
<uf, U>W1»2(Q),’y —w <uf, U>L2(Q) +1 <Imoz Tro o0 uf, Tro 00 v>L2(F’N)
= - <f7v>L2(Q) ) v € V(Qa I—‘Dir)7

where (-, )y1.2(q) - IS the equivalent scalar product on W12(Q) defined as in the proof of
Colorraly 3 and with the specific choice v = 1rRe(a). In the sequel we consider also the
subspace V (€, 'p;;) with this scalar product and the associated Hilbert norm.

By the Riesz representation theorem there is a bounded linear operator A : Lo(§2) —
V(Q,Tpir) such that for w € Ly()

(w, U>L2(Q) = <A’U)7 U>W1~2(Q),7 , UVE V(Q, I-‘Dir)a (41)
and combined with Poincaré’s inequality (21),

| Aw|lw12(0),y = sup \ <w,v>L2(Q) |
UGV(erDiT):HUHWLQ(Q),W:l

< Cp(Q, 1, I'pir) sup Wl Lo @llvllwrz) .~
veV(Q,Ipu):|lvllyy1,2(qy,,=1

ensuring the bound ||A|| < Cp(€, i, 'pir) for the operator norm ||A|| of A.
Similarly, and again by the Riesz representation Theorem, we can find a linear bounded
operator A : Lo(T', u) — V(Q,T'piy) such that for ¢ € Lo(T, ) we have

<<p, TI'Q,QQ U>L2(F,;L) = <Ag0, U>W1*2(Q),“r’ Ve V(Q, FDir),

since the functional v — (p, Trq aq v>L2(F 0 is linear and continuous on V (€, I'pj,).

For the operator norm of A we observe ||A|| < ¢ since

[ Aglwnay = sup [ Traon ) zaen |
veV(QTpur):lvllw1,2(q),,=1

<c sup Iellzsmllvlw.2 ).,
yEV(Q,FDir):HU”W1=2(Q)7"V:1

here ¢ < min{cy,infr @}. By the Poincaré inequality (21) the compact embedding S of
V(Q, I'piy) into L2 (£2) has norm bound [|S|| < Cp(Q, y, I'pir), and the variational formulation
(32) can be rewritten as

<(Id7w2AOS+iImo&AOTrQ7aQ)uf,U>W172(Q),’Y = (=Af,vV)w12), vEV(QTDy). (42)

Since the operator Trg sq : V(Q,I'piy) = L2(99Q) is compact, [3], also the operator T' =
Ao S — ih;lf‘/i oTraoa @ V(Q,I'py) — V(Q,I'py) is compact, because it is a sum of
compositions of continuous and compact operators. By the Fredholm alternative it now
suffices to prove that if (h, f) = (0,0) then the unique weak solution is the zero function,
and this will allow us to conclude to the well-posedness of (42). Setting f = 0 in (42),
choosing v = u/ and separating real and imaginary parts of the equality, we first obtain that
Traaqu! = 0 p-a.e. on I' (since [Ima| > 0). By the Robin boundary condition on T, we
then obtain that g—z =0 on I' (in the sense of a continuous linear functional on V (€, I'p;)).
Then, u/ = 0 in  follows by the uniqueness of the solution to the Cauchy problem for
A+w?Id in the connected domain  with Cauchy data on T' (see for example [19, Theorems
1.1 and 1.2|, which by Remark 4 (i) and Theorem 7) can easily be adapted to the case of a
W2.admissible domain ). Consequently the operator (Id — w?T)~! is well defined as a
continuous linear operator by the Fredholm alternative theorem. Thus, we obtain

[ llw2@) < ITd = *T)THI AN fllzo(2) < Clw, @, Cp(, 1 Tio)) [ fll 2 -
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In the case that f = 0 the unique weak solution u”" € V (£, I'p;,) satisfies

<(Id —w?A oS+ ilmad o Trg g0)u’, v> = <A o Tro a0 h, U>

w2(Q),y W2(Q),y
for all v € V(Q,'pi;), and similarly as before we deduce that
[u”lw20). < [(Td = *T) M Al Tro,o0 Allw 2@
< C(C7 CTr, W, &, CP(Qa H 1—‘Dir)) Hh”Wl’Q(Q),'y' (43)

Since || - [[wr2),, < (14 en)| - lwiz@ on WH2(Q), and on the subspace V (€2, 'pi)
also || - [[w12() < (1 + Cp(Q, i1, I'pi)|| - [[wr2(0),y, We have proved the well-posedness and
estimate (33) with constants as stated for g = 0. Using linear superposition as described in
(34), or using the alternative variant described in section A, we to then obtain the result
with g # 0.

To prove that the regularity of the boundary improves the regularity of the solution, we
follow the classical approach, [23] Theorem 5 p. 323. The linearity and the continuity of B
are evident and equivalent to (33). We prove that for any fixed w > 0, B is also compact (see
Ref. [3] for the real Robin boundary condition). Suppose that lim;(f;,h;) = (f, h) weakly
in Ly(22) x V(Q,I'pir) with respect to the scalar product (-,-)72q) + (- )y12(q)- Writing
uj = B(f;,h;) for all j and u = B(f, h), we observe that lim; u; = u weakly in V(Q, I'pi,)
by the linearity and the continuity of B. By Rellich-Kondrachov and the compactness of
the trace operator we have lim; u; = u in Lo(€Q) and lim; Trg g0 u; = Trg go v in Lo(T', p).
Choosing v = u; in the variational formulation (32) we find

||uj||%/[/1’2(§2),'y = ("')2Huj||%2(ﬂ) - Z'/Flmfﬂ Tro00 Uj\zdu

7/ fjﬂjd$+/TrQ,aQ hj Tro a0 wjdp,
Q r

and taking the limits of the right hand side as j — oo, we arrive at

w2||u||%2(9) —’L./FIIHCY|TI'Q,8QU|2dM—/Qfﬂdx-i-/FTrQ#?Q ]’LT‘I‘Qi}Qﬂle

= Hu”%/[/lv?(ﬂ),'y'

Having both lim; u; = u weakly in V(€, I'pi;) and lim; |lu;|lw1.2(q) — [|ullw12(q),4 implies
that lim; u; = u (strongly) in V(Q,I'pi), a priori with respect to [|[|yy1.2() ., and by the
norm bound mentioned above also with respect to ||-[|y1.2(q)- O

C Proof of Theorem 10 on the existence of an optimal
shape
Suppose the hypotheses of the theorem are in force. Given (2, i) € U,q we define a bilinear
form F(Q,u): WH2(D) x V(D,T'ps;) — C by
F(Q, p)(w,v) == (Vuw, vU>L2(Q,]R") - w? (w, v>L2(Q)
+ (@ Troo0w, Trao0 V) pap 0 + (F10) 2(q) = (Tra00 b Trao v) o,y (44)
w e WD), v € V(D,I'pj).

Lemma 2. Suppose that ((Qm, thm))m C Uaq converges to a shape admissible domain
(Q,u) € U,q in the sense of characteristic functions and in the sense of weak convergence
of boundary volumes. Then, if (Wy)m C WH2(D) converges weakly in W12(D) to some w,
we have

lim F(Qu, pom) (Wi, v) = F(Q, p)(w,v), veV(D,I'py). (45)

m—r 00
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Proof. Let (wp)m and w as stated. Then for any v € V(D, 'p;;) we have

| E (s pom ) (Wi s v) — F(Q2, p)(w,v))]
< [(Vwm, 1, V) 2(py — (V, 10V0) 12 ) | + w?| (Wi, 10,,9) p2(p) — (W, 1) 12 p) |

m

wonm) (0 Tr0.00 0, Tr0.00. V) pa(r )

+1(f, 10, 0) r2py — {f,12)V) 12(py |

+ | <Tr89m,89m h7 TrBQm,(?Qm U>L2(Fm,,um) - <TI'Q,8Q h; TI'Q,BQ ’U>L2(F”u) |

+ (@ Traq,, 00, Wm; Tro0,,,00., V) 12(r

Clearly limp, (f, 1q,,v)2p) = (f,10V)12(p) by the convergence of the characteristic func-
tions, and since the compact embedding W'2?(D) C L?(D) implies lim,, w,, = w in L*(D),
also limy, (Wi, 1,,0) r2py = (W, 1ov) 2 py. Using the convergence in L?(D) just estab-
lished and the orthogonal Helmholtz decomposition of elements in L?(D,R™) into gradients

and divergence free fields we see that lim,, Vw,, = Vw weakly in L?(D,R"), and since also
lim,, 1o, Vv = 1qVv in L?(D,R"), we obtain

liﬁln (Vwim, 10,,VV) 2(p pny = (YW, 10V0) 12 p g -
Similarly as in the proof of Theorem 8 we can fix some % < B < 1 and use the compactness of
the embedding W2(D) C H?(D) together with Proposition 4 to see that lim,,, Extp w,, =
Extpw in H?(R™). Using (36) and the fact that I' N T'xeu has zero measure 1, together with
Lemma 5 as in the proof of Theorem 8 and polarization, we therefore obtain

hnr@n (Traq,,.00,, I, Traq,, 00, V) 2 = (Tra,00 h, Tro,00 V) p2p ) -

mkm)
Since by Tietze extension and uniform smooth approximation in a neighborhood of D we
may assume that « is bounded and C, so that in particular, av € V(D,I'p;;), the same
argument also yields

lim (@ Troq,,,090,, Wms 00,00 V) 12(0,, i)

= hrgl <Tr8f2m,89m Wy, O TrBQm,an U>L2(Fm,um)

= (Traopow,aTro00v) 2,y = (@Tro00w, Tra,.000) 12 (p ) -
O

Proof of Theorem 10. Let (Qp, thm)m C U,q be a minimizing sequence for the functional
(Q, p) — J(Q, u,u(Q, 1)), which exists because J(€2, p, u(2, 1)) > 0. By Theorem 3 there
are a shape admissible domain (Q., ) € Usa(D, Dy, ¢, s,d, Ef,cf) and a subsequence
(s oy, )i converging to (2, py) in the Hausdorff sense, the sense of compacts, the sense
of characteristic functions and the sense of weak convergence of boundary volumes. We
relabel and denote this convergent sequence by (€, ttmm). From the definition of Usq it
follows that (Q, u«) € Usa.

Let (4 )m be the sequence of weak solutions u,, of the Helmholtz problems (31) on the
admissible domains (0, tm), with the given data, respectively. By Proposition 4 there
exists cgyxt > 0 independent of m such that

| Exte,, umllwi2p) < cuxtllumllwizc,,)- (46)

We now observe the following uniform variant of (33): There is a single constant C' > 0 such
that for all m we have

lumllwzo,y < C (Il + 191 52200, + IRllwiz,,)) - (47)
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The validity of (47) follows from the proof of Theorem 9, provided that there is a single
constant C'p > 0 such that for all m and all v,,, € V(Q,,,'piy) we have

/ |vm\2dx§0p/ |V, |%dz. (48)
Qp

We can invoke [?, Theorem 6] to see this family of Poincaré inequalities holds with a uniform
constant C'p > 0. This cited result is based on the fact that, since all ,,, are bounded (&, 00)-
domains contained in the bounded Lipschitz domain D and I'p;, is a stated, there exists a
constant Cg > 0 depending only on n, € and D so that [|[VEq,,vm| 12&e < CE[[VUm|12(q,,)
for all m and v, € V(Q,,'pir), where the Eq  are suitable extension operators, see [31,
Theorem 2 and Section 5| resp. [18, p. 662]. An alternative proof of (48) follows from a
slight modification of the standard proof as in [22, Proposition 7.1] or [23, Section 5.8| using
the fact that Q,, — Q in the sense of characteristic functions. Combining (46) and (47), we
obtain the uniform bound

sup || Exto,, umllwi2(p) < cpxtC <||f||L2(D) + ||9||va2(rDir) + ||hHW1,2(D)) :

Consequently there exists u* € W12(D) such that, after passing to a subsequence and
relabeling, lim,, Extq,, u,, = u* weakly in W12(D). Since Extg,, uy,, —g € V(D,'p;,) for
each m and V (D, T'p;,) is a closed subspace of W12(D), we have u* —g € V(D, 'py;). From
Lemma 2 it follows that

F(Qu, o) (™, v) = lim F(Q, ) (Exta,, Um,v) =0, v € V(D,Ipy).
By extension and by the definition of F(Q., ) then also F(Q, u.)(u*,v) = 0 for all v €
V(Q4, pir), which by (32) implies that u* = u in W12(€),), where u is the unique weak

solution of (31) on (€., u.) with the prescribed data.
It remains to show that

Hm J(Q, fom, U ) = T (e e, 10). (49)
m

If this is true, then Q¢ 1= Qy and pop: = ps are seen to satisfy (38). We have lim,,, Extq,, ty, =
u* in L?(D) by Rellich-Kondrachov for D. Lemma 5 and (36), applied similarly as before
in the proof of Lemma 2, yield

11111/ |TTQ7,L7anUm\2de=/ [ Tro,00u*[dj,
m Frn F*

where T, := 0Q, N D;. In view of (37) it would therefore be enough to have
lim |1,V Exto,, wnl L2(pge) = 1o VU™l L2 (p gn) (50)

to arrive at (49). To prove this we digress and show a statement analogous to (50) for the
corresponding solutions with shifted data in the case ¢ = 0. They can be tested against
themselves in (32), and this helps to prove the desired fact. Let g.,, | denote the function
obtained from an (arbitrary) extension §,, € Traq, (W12(R™)) of g by an application of
Colorraly 4 (iii) to Q,, and with ~,, = 1r, Re(a) and write §p, := Hoaq,, 0., (Gy..,1). Let
g~,1 with v = 1p_Re(a) be defined similarly and set § := Haq, 0. (g~,1). Then

Zm = Um — Gm € V(Qm,Ipir) and  z:=u—§ € V(Q, I'pir)

are the unique weak solutions of the Helmholtz problems with zero on I'p;, and with the
shifted data f,, := f — w? Extq, §m and hy, := h — i Extg, Im(a)gm, respectively with f,
and h, defined similarly using §. Since

2 2
||Zm||wl-,2(9m) <(1+Cp) ||vzm||L2(Qm,1Rn)
2 2
<1+ CP)(||um||W1=2(Qm) + ||gmee(0‘),J-HB?’Z(BQ),V)

2 o 12
< (14 Co)(lum 32,y + 1901322 00.)
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for any m, Colorraly 3, Theorem 6 and (25) allow to conclude that (Extq,, zm)m is bounded
in W12(D). Passing to a subsequence, we may assume this sequence converges weakly in
Wh2(D) to a function z*, which then must satisfy z*|o, = z by similar reasoning as before.
We claim that

lim 110,V Exto,, 2mllL2(p ey = 11aVZ [l 2(p poy - (51)

By Rellich-Kondrachov for D we have lim,, Extq, 2, = 2* in L?(D). Applying Lemma 5
and (36) once again,

lim/ |Ter’agmzm|2d,um = / |Trgyagz|2d,u*.
mJr, I.
It is not difficult to see that
[ 116, Bxta, fu— 10, Bxta, £.Pds < cla, 1ol loll 2oy
D

with a constant ¢ > 0 that by Colorraly 3 is independent of m. The convergence in the sense
of characteristic functions therefore implies that

lim (1, fm, Exta,, 2m) 12 (p) = (10, fe, 2°) 2 (D) -
By the preceding the functions h,, = h—i Extq,, Im()(um,—2m) converge weakly in W12(D)

to hy = h —i Im(a)(2* — u*). Therefore we can use a compact embedding, Lemma 5, (36)
and polarization as in the proof of Lemma 2 to see that

1im/ Tro,,.00., bm Trq,, 00, Zmdim = / Tro, o0, h Tra, aq, Zdu.
LA I,

Combining this with (32), applied to the functions Extq , z,, tested against themselves, we
obtain

i (e, ¥ Bt 2oy + | Re()Toa, on, 50 P
I

m

m

— (e, fm: Exta,, 2m)r2(py + /r Tra,. 00, hm Tra,, o0, Zmdum>
= 10,2 ) i [ Tm(e)| Tra, on,, s d

— (La. fe, 2%) p2(p) +/F Tro, a0, h« Tra, a0, Zdu
= [10.V2*|[72(pzn) +/F Re(a)|Tra, o0, 2" *dp.

This implies (51) by Lemma 5 and (36). Using the convergence in the sense of characteristic
functions together with

/ 1,V Exta,, gm — 1.V Exto, l°de < c|1q,, — 1ol 2p) 9] 522 (rp) -
D

we now arrive at (50). O
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