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Abstract The purpose of this note is to provide an approximation
for the generalized bootstrapped empirical process achieving the rate
in [38]. The proof is based on the same arguments used in [36]. As
a consequence, we establish an approximation of the bootstrapped
kernel distribution estimation. Furthermore, our results are applied
to two-sample testing procedures as well as to change-point problems.
We end with establishing strong approximations of the bootstrapped
empirical process when the parameters are estimated.

1. Introduction and Main Results

Let X1, Xo,... be a sequence of independent, identically distributed [i.i.d.] random
variables with common distribution function F(t) = P(X; < t). The empirical
distribution function of Xy,..., X, is

1 T
(1.1) Fo(t) == D X, =t r=oa < tem,

t=i

where 1[{A} stands for the indicator function of the event A. Given the sample
X1,..., Xn, let X§,...,X} be conditionally independent random variables with
common distribution function F;,(-). Let

1 m
(1.2) Fnn(t) = — Y om{X; <t}, —oco<t<oo,
i=1

denote the classical Efron (or multinomial) bootstrap (see, e.g. [29] and [30] for more
details). Define the bootstrapped empirical process, Qimn(-), by

(1.3) ()= B () — o)) 1 =005 4 5. 00,

Classification AMS (2000) : Primary 62G30, 62G20, 60F17; secondary 62F03, 62F12, 60F15
Mots—clefs : General bootstrap, Brownian bridge, Best approximation, kernel density estimator,
Two-sample problem, Hypothesis testing, Goodness-of-fit, Change-point.
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Among many other things, [12] established weak convergence of the process in (1.3),
which enabled them to deduce the asymptotic validity of the bootstrap method in
forming confidence bounds for F(-). [46, Section 23.1] provied a simple proof of weak
convergence of the process in (1.3). The Bickel and Freedman result for ay, ,(+) has
been subsequently generalized for empirical processes based on observations in R,
d > 1, as well as in very general sample spaces and for various set and function-
indexed random objects [see, for example [8], [9], [10], [31], [39]]. This line of research
found its “final results” in the work of [33, 34] and [26].

By now, the bootstrap is a widely used tool and, therefore, the properties of a, ()
are of great interest in applied as well as in theoretical statistics. In fact, several
procedures can actually be described in terms of the empirical process a,(-), the
limit distributions being functionals of B(F(-)), where B(-) is a Brownian bridge.
The fact that the limits may depend on the unknown distribution F(-) makes it
important that good approximations of these limiting distributions be found and
that is where the bootstrap proved to be a very effective tool. There is a huge
literature on the application of the bootstrap methodology to nonparametric kernel
density and regression estimation, among other statistical procedures, and it is not
the purpose of this paper to survey this extensive literature. This being said, it
is worthwhile mentioning that the bootstrap as per Efron’s original formulation
(see [29]) presents some drawbacks. Namely, some observations may be used more
than once while others are not sampled at all. To overcome this difficulty, a more
general formulation of the bootstrap has been devised: the weighted (or smooth)
bootstrap, which has also been shown to be computationally more efficient in several
applications. For a survey of further results on weighted bootstrap the reader is
referred to [7]. Exactly as for Efron’s bootstrap, the question of rates of convergence
is an important one (both in probability and in statistics) and has occupied a great
number of authors (see [25], [38], [36] and the references therein).

In this paper, we will consider a version of the Mason-Newton bootstrap (see [40],
and the references therein). As will be clear, this approach to bootstrap is very
general and allows for a great deal of flexibility in applications. Let (X,),>1 be a
sequence of i.i.d. random variables defined on a probability space (£2, A, P). We ex-
tend (€2, A, P) to obtain a probability space (2™, A(™ P). The latter will carry the
independent sequences (X, ),>1 and (Z,)n>1 (defined below) and will be considered
rich enough as to allow the definition of another sequence (B};) of Brownian bridges,
independent of all the preceding sequences. The possibility of such an extension is
discussed in detail in literature; the reader is referred, e.g., to [25], [38] and [11]. In
the sequel, whenever an almost sure property is stated, it will be tacitly assumed
that it holds with respect to the p.m. P defined on the extended space. We extend
and complement, in a non trivial way, the applications and the results in [3] and
[5] to the setting of weighed bootstrap of empirical process, we provide also some
new results. Even the list of applications is by no means exhaustive, it is sufficient
to point out how to apply our results in concrete situations that they stand as
archetypes for a variety statistical tests that can be investigated in a similar way.
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Define a sequence (Z,)n>1 of i.i.d. replicee of a strictly positive random variable Z
with distribution function G(-), independent of the X,,’s. In the sequel, the following
assumptions on the Z,,’s will prevail:

(Al) E(Z)=1; E(Z?) =2 (or, equivalently, Var(Z) = 1).
(A2) There exists an € > 0, such that E (e!?) < oo for all [t| <e.

Foralln > 1, let T, = Z; + - - - + Z,, and define the random weights,

(1.4) W, = %, =il
The quantity
(1.5) Xty = Z Wi {X,; <t}, for —oc0o<t<o0.

i=1

will be called generalized (or weighted) bootstrapped empirical distribution function.
Analogously, recalling the empirical process based on Xj, ..., X,

(1.6) o (t) = n'/2(F,(t) — F(t)), —00 <t < 00,
define the corresponding generalized (or weighted) bootstrapped empirical process by
(1.7) at(t) = n'2(FX(t) — Fu(t)), —o0 < t < 0.

The system of weights defined in (1.4) appears in [40], p.1617, where it is shown
that it satisfies assumptions (#7), (#11) and (#711) on p.1612 of the same reference,
so that all the results therein hold for the objects to be treated in this note. In
particular, weak convergence for the process o} () to a Brownian bridge is proved.
For more results concerning this version of the the weighted boostrapped empirical
process, we refer the reader to [27]. Note that, as a special case of the system of
weights we are considering, one can obtain the one used for Bayesian bootstrap (see
[45)).

The paper is organized as follows: in Section 2, we state and discuss our main
strong approximation results of the Mason-Newton bootstrapped empirical process.
The main tools used to obtain such results are contained in [36]. In Section 3, we
state a strong approximation of a bootstrapped version of kernel-type distribution
estimators. Sections 4 and 5 are devoted to the two-sample and to change-point
problems, respectively. Finally, in Section 6, we deal with the strong approximation
of the integrated empirical process when parameters are estimated. In section 7,
we discuss some possible extensions. To prevent from interrupting the flow of the
presentation, all proofs are gathered in Section 8.
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2. Approximations for general bootstrap of empirical processes

In what follows, we obtain a KMT rate of convergence for the process {a(t) : t €
R} in sup norm. More precisely, we consider deviations between the generalized
bootstrapped empirical process {a;(t) : t € R} and a sequence of approximating
Brownian bridges {By(F(t)) : t € R} on R. Our main result goes as follows.

Theorem 1. Let assumptions (A1) and (A2) hold. Then, it is possible to define a
sequence of Brownian bridges {B}(y) : 0 < y < 1} such that, for z > 0, for n large
enough, we have

(2P ( sup |afi(t) — BL(F@®)| > n~Y2(K; logn+:c)) < Kyexp (—Ksz),

—oo<t<oo
where K, Ky and K3 are positive universal constants.

The proof of Theorem 1 is given in Section 8.
Remark 1 Theorem 1 implies the following approximation of the weighted boot-
strap:

22 wp_los(t) - B(F0)] =0 (257 ).

—00<t<00

Corollary 2. Let assumptions (A1) and (A2) hold. If ®(-) is a Lipschitz functional
defined on D0, 400) such that the r.v. ®(Bj(F(+))) admits a bounded density func-
tion, then, as n — oo,

logn
(23)  sup|P{@(an()) <o} - P{R(BL(F() < o}| = 0(%)-

For more comments on this kind of results, we may refer the reader to [23],
Corollary 1.1 and p. 2459.

Theorem 3. Let assumptions (A1) and (A2) hold. There is a Kiefer process { K (t;z) :
0<t<1;0<z< o0} such that

(2.4) max sup |kag(t) — K(F(t), k)| 2 O(n'/*(logn)'/?).

1<k<n —oo<t<oo
The proof of Theorem 3 is also given in Section 8. Theorem 3, together with the law
of the iterated logarithm for Gaussian sequences, gives, with probability 1, that
: SuPyeg |as (t)] " SUPyer ‘K (F(t),n)|
lim sup ———= = limsup
n—soo  V0oglogn n—0oo vnloglogn

= sup \/2 Var(K(F(t),1)) = sup 4/2Var(K(u,1)).
teR u€[0,1]

Plainly, Var(K(u,1)) = u(1 — u) and sup,¢(gqju(l — u) = 1/4, so that (??) readily
implies the following Corollary:




229

Corollary 4. Let assumptions (A1) and (A2) hold. With probability 1, we have that

supeg |of(t)] _ 1
2.5 limsup —— = —.
& iy Vioglogn 21/2
Here is an immediate applications of our results to gooduess of fit. Consider the
problem of testing the null hypothesis
=

Combining (2.2) and (2.5), it turns out that one could use the bootstrapped Kolmogorot
Smirnov statistic and the bootstrapped Cramér-von Mises statistic defined, respec-
tively, by

A B ) and T f ((F2(8) = Fa(t))? dFa(t).
teR R
In fact, the following is in order.

Corollary 5. Let assumptions (A1) and (A2) hold. Under Hy, we have that, with
probability 1, as n — oo,

2 logn
26) s, - sup| ;7000 | = 053
(27) T.- | [B:(Fo(t))deo(t)‘ = 0(\/ et logn).

Let consider the average absolute deviation from the sample mean

o L il e s
Gu(Xs) = }IZ Xi—EZXj =EZ|XE-—XR|.
1=1 j=1

pe=])

As in [43], the first approximation is to replace X, by the population mean, y,
which suggests that G, (X,) should be close to an average of independent random
variables | X; — u|. An interesting functional in this setting, see [43], is given by

1 n
Glt) =~ 1Xi— 1.
7=

At each fixed ¢, the law of large numbers implies that G, (t) is eventually close to

G(t) = / |z — t|dF(z).

The bootstrapped version is given by

Galt) =) Wim X —t].
i=1
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By using similar arguments as those used by Csorgé and Horvath in the discussion
of the paper by [43], we have

G3(0) = n/2(G5(t) = Galt) = |0~ tidal (o),
may be approximated by
50 = (o~ tlaBi(F ().

By imposing the condition that E(X?), by flowing the proof of Csérgd and Horvéth
in the cited paper, we have

sup |Gy, (t) — I3 ()] = op(L).
teR

We can write
Xn = | zdEy(z), and Y:;zfa:dF:(:r).

By similar arguments to those used in the preceding result, we have

=op(1).

V2K, - XL) - f 2dB(F(2))

3. An application to kernel distribution estimation

Let Xj,..., X, be independent random replica of a real-valued random variable
with distribution function F(-). We assume that the distribution function F(-) has a
density f(-) (with respect to the Lebesgue measure on R). First of all, we introduce
a kernel density estimator of f(-). To this end, let K(-) be a measurable function
fulfilling the following condition.

(K1) K(u) >0 and [ K(u)du = 1.

Now, define the Akaike-Parzen-Rosenblatt kernel density estimator of f(-) (see [2],
[41] and [44]) as follows: for all z € R, estimate f(z) by

n

(3.1) P e % YK (:c - Xi) ’
n i n

where {h,, : n > 1} is a sequence of positive constants satisfying the conditions

hnd0 and nh,too, as n— oo.

Secondly, we define the bootstrapped version of f, ,(-) by setting for all h,, > 0
and x € R,

(32) Fom(®) = = 3 HinK ( ;RX*') |
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where #;., is defined in (1.4). Let us define the smoothed empirical distribution and
its bootstrap by

Fopale ] fura(®)dt, and B2, (2) = / fon ()t

We will provide an approximation rate for the process 7}, defined by

—~

(33) (@) = Vi (B, (@) = Fapal@)), =00 << cx.
The following theorem, proved in Section 8, shows that a single bootstrap suffices
to obtain the desired approximation for {7(z) : z € R}.

Theorem 6. Let conditions (A1), (A2), (K1) prevail. Then we can define Brownian
bridges { Bj:(y) : 0 <y < 1} such that almost surely along X1, X, ..., as n tends to

infinity, we have
o) - [ 5 (520) Brrenas| o (52,

If, moreover, we suppose boundedness of the unknown density, f, i.e., if we suppose
the existence of M > 0 such that sup_ ., f(x) < M, then, almost surely along
X1, X9,..., as n tends to infinity,

(3.4) sup

—00<T<00

(35) sup  i(z) - By(F(@)] = Op (‘jl’“ + oy log h;f) .

—00<T<00

4. The two-sample problem

This section is devoted to a two-sample problem. Let m,n € N*, and suppose
Xi,..., X and Y7,. .., Y, are independent random samples from continuous d.f.’s
F and G, respectively. Denote by F}, and G7,, the bootstrapped empirical d.f. asso-
ciated with F' and G, respectively. As it turns out, tests for the null hypothesis

ol =G

can be based on the integrated two-sample empirical process defined, for each m,n €
N*, by

gm n {F*(t G* ) fOI' t = R.

We can use the following statistics for testing H: the integrated two-sample Kolmogorc

Smirnov statistic as well as the integrated two-sample Cramér-von Mises statistic,
defined, respectively, by

S0 = auplE A o] and) (T, 1 ] Emnl(t)? dFu(2).
teR ‘ R
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Set, for any m,n € N*,

log1 log1
O — max(\/ —og;gm logm, E51961 logn).
n

The following results are consequences of Theorem 1.

and

Corollary 7. Let assumptions (A1) and (A2) hold. On a suitable probability space, it
is possible to define {Em‘n :m,n € N*}, jointly with a sequence of Gaussian processes
{B;, . : m,n € N*}, such that, under Hy, with probability 1, as min(m,n) — oo,

Sllp [gm n(t mn(t)| = O((p(mn)),

Bn®) = PO (| B0 - | [ B0 ) ),

the processes {Bm : m € N*} and {]Bn : n € N*} consisting of two independent
sequences of Brownian bridges constructed as in Theorem 1.

Corollary 8. Let assumptz’ons (A1) and (A2) hold. We have, under Hy, with prob-
ability 1, as min(m,n) — oo,

where

Smn — sup B, |‘ p(m,n)), and ‘van - / B, .(t)° dF(t)‘ = O(¢(m,n)
teR R

As in [1], [16], consider the following modified two-sample empirical process, for a
fixed positive integer g,

(@) Ty se il o ® reva s A% i
£ (t)n o (Frt)—=Gr(t)?) for teR.

Reasonable statistics for testing H{, would be the modified Kolmogorov-Smirnov
statistic and the modified Cramér-von Mises statistic

S0, = sup[€0(0)] and T, = [ €002 dR0).
‘ teR! ; R

We extend Corollary 7 and 8 as follows.

Corollary 9. Let assumptions (A1) and (A2) hold. On a suitable probability space, it
is possible to define {55,‘{2,1 :m,n € N* }, jointly with a sequence of Gaussian processes
{]B;S?,)l :m,n € N*}, such that, under H{, with probability 1, as min(m,n) — oo,

sup [&60, (1) ~ BHE()| = O((m,m),
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where

B0 = s PO ([ B0) - [,

Corollary 10. Let assumptions (A1) and (A2) hold. Under Hy, with probability 1,
as min(m,n) — oo, we have

S, —sup m:&al(tn‘ = O(p(m,n)) and \ng?n - [ B{0)()? dF(t)\ = O(¢(m,n)).
teRk ‘ R

Remark 11. The family of statistics indexed by q may be used to mazimize the
power of the statistical test for a specific alternative hypothesis as argued in [1].

The proofs of the results of this section are similar to those in [16], [5] and [15].

5. The change-point problem

Here and elsewhere, |¢| denotes the largest integer not exceeding t. In many prac-
tical applications, we assume the structural stability of statistical models and this
fundamental assumption needs to be tested before it can be applied. This is called
the analysis of structural breaks, or change-points, which has led to the develop-
ment of a variety of theoretical and practical results. For good sources of references
to research literature in this area along with statistical applications, the reader may
wish to consult [17], [22] and [20] and the beautiful [37] . For recent references on
the subject we may refer, among many others, to [13], [4] and [14].

In this section, we deal with testing changes in d.f.’s for a sequence of independent
real-valued r.v.’s X1,. .., X,,. The corresponding null hypothesis that we want to test
is

U KoisicisXn have d b B

As frequently done, the behavior of the derived tests will be investigated under the
alternative hypothesis of a single change-point

H{:3k* €{l,...,n—1} suchthat X;,...,Xp+ havedf F

and Xget1,...,Xn havedf G.

The d.f.’s F and G are assumed to be continuous. Since the critical integer k* where
the structural break occurs can always be written as [ns*| for a certain s* € [0,1),
one is convinced that it is only natural to test the null hypothesis H{ basing on
functionals of the following (sequence of) process(es): set, for each n € N*,

(5.1) @alt,s) :=%Lfi‘iﬂ( ;nsj(t)—mgwj(t)) for se[0,1],teR,
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where I, is the bootstrapped empirical d.f. based upon the k first observations and
F'_, is that based upon the (n — k) last ones. In (5.1), we adopt the convention
that, for k = 0, Fy = F§ =0, so that &@,(t,s) =0 if s € (0, 1/n).

Now, it is possible to define the random variables

X1, Wi;\ﬂs]a S, 7X|_nsj ) WLTLSJ:[RSJ and X[ns]+1’%;n—LnsJ: ooy X, y//n—[nsjgn—Lnsj

on the same probability space where two Kiefer processes {K;(u,s) : s € R,u €
[0,1]} and {Ks(u,s) : s € R,u € [0,1]}, are defined in such a manner that the “re-
stricted” processes {Ki(u,s) : s € [1,n/2],u € (0,1]} and {Ka(u, s) : s € [n/2,n],u €
[0, 1]} are independent. It turns out that a natural approximation of {En ‘n € N*} is
given by the sequence of Gaussian processes {Kn(s, F(t)) : s € [0,1],t € R,n € N*}
defined by

ﬁ [Ka(u, [ns]) — s(Ki(u, [n/2]) + Ka(u, [n/2]))]
for s € [0, %],u € [0,1]
(Al 8=

== Ki(y, [n(1 = 8)]) + (1 - 8)(Ka(u, [n/2]) + Ka(u, [n/2)))]
for s € [%,1],11 € [0,1].

More precisely, we have the following result.

Theorem 12. On a suitable probability space, it is possible to define {&n in € N*},
together with a sequence of Gaussian processes {K,, : n € N*} as above, such that,
under H{j, with probability 1, as n — oo,

i3 2 logzn)
sup sup |an(t, s) — K, (F(t),s)| = O y
s eup 3 (,5) - Ba(F0), )| = O 25

According to [24], a way to test change-point is to use the following statistics:

(5.2) Tn = U sup|aalt sil.
s€[0,1] teR

The corollary below, which is a consequence of Theorem 12, deals with the weak
convergnece of 7,,, under Hj.

Corollary 13. If H{ holds true, then we have the convergence in distribution, as
N 00, T — SUDg ue(0,1] [K(u,s)|, where K = {K(u,s) : s,u € [0,1]} is a
Gaussian process with mean zero and covariance function E (K(u, s)K(s',u/)) =
(unu' —uu)(sAs —ss).

In fact, straightforward algebra yields, for any s,t¢,u,v € [0,1],

E(ﬁ%n(u, 5) ﬁ%n(t,v)) ” 7—11 (u A v — uv) Pt 5)
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with
i |n(s At)| — s|nt| —t|ns| + 2|n/2]st for s,t € [0,1/2],

[n(1—sVit)] = (1-s)[n(l-1)]
Ynlt, s) = < —(1-t)n(l—s)]+2[n/2)(1-s)(1—1t) fors,te[l/2,1],

siln(l—1¢)] + (1 —t)|ns] —2|n/2]s(1—¢t) forse0,1/2],t€[1/2,1
| (1 —s)|nt] +t|n(l—s)] —2|n/2|(1-s)t forse(l/2,1],t€[0,1/2

We immediately see that lim, % tn(t,s) = s At — st, so that

lim ]E(I[i(n(t,v)ﬂzn(u,s)) =(sAt—st) (uAv—uv) = E(H()ﬁ(t, U)H‘){(u, s))

n—rod

where K is the tied-down Kiefer process on [0, 1]x[0, 1]. This proves the convergence

of Gaussian processes in distribution, as n — oo, K, £ 2 K, which in turn, to-
gether with Theorem 12, entails Corollary 13. Actually, according to [22], the most
appropriate way to test change-point is to use the following weighted statistic:

an(t,
(5.3) T — BUP supM,
s€[0,1] teR W (Lns]/n)

where w(-) is a positive function defined on (0, 1), increasing in a neighborhood of
zero and decreasing in a neighborhood of one, satisfying the condition

T ew?(s) ds
fwe):= [ ow (‘su—s)) 7 i

for some constant € > 0. For a history and further applications of I(w,€), we refer
to [21], Chapter 4. An example of such a function is given e.g. in [47]:

1/2
w(t) == (t(l —t)loglog ﬁ) for te (0,1).

Using similar techniques to those which are developed in [22], one is able to show
that, as n — oo,

c IK(t,s)|
Taw — BUp i
s5,t€[0,1] w(s)
For more details, we refer to [4]. One can use the maximally selected Cramér-von
Mises statistic

Tnio = SUD /aﬁ(t, 8)dFy(t),
s€[0,1] /R
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and the analogue of the Kuiper statistic

[ns](n — [ns))
Gy — ) IS e
: s€[0,1] o2

x { (sup Fi 0 -F (t)) ~ inf (Fp,, () -F_,, (t))} :

teR

One can show that

Tns2 et sup /Ki(F{t),s)dF(t),
s€[0,1] /R

and

Tn;3 i) sup {SUDKH(F(t)aS) j- lann(F(t)us)} C
' s€0,1] LteR teR

In a similar way as in Section 2.3 of [22], under Hy, we have the following immediate
consequences of Theorem 12, for fixed tp € R and 0 < 55 < 1, as n — og,

/O:O /01 {&n(t,s)}z dsdt 5 ]:: ./01 {K(F(t),b’)}zdsdt,

Caolll = en) 202 {sup Fs SO)J} & cup[B(F(D)],
teR teR

I

sup [B(s)|,

s€[0,1] 5€[0,1]

(F(to)(1 - F(fo)))_l/z{ sup lﬁn(to,SN}
00 1 A3 : 7
12 f_ . fo [Balt, sl ded. 5 (0,10,

1
(W%ﬁﬁ)ﬂ {@nlto,8)}ds 5 N(0,1),
(ﬁ) /_00 {@n(t,s0)}dz 5 N(0,1).

Remark 14. As already noted in [{8], the statistic given by (5.2) should be more
powerful for detecting changes that occur in the middle, i.e., near n/2, where k/n(1—
k/n) reaches its maximum, than for the ones occurring near the end points. The
advantage of using the weighted statistic defined in (5.3) is the detection of changes
that occur near the end points, while retaining the sensitivity to possible changes in
the middle as well.

6. Strong approximation of the bootstrapped empirical process when
parameters are estimated

In this section, we are interested in the strong approximation of the integrated
empirical process when parameters are estimated. Our approach is in the same
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spirit of [19]. Let us introduce, for each n € N*, the estimated bootstrapped empirical
Process Qi

(6.1) & (t) = vn (F;:(t) & F(t,’e‘n)) for teR,

where {@n imE N*} is a sequence of estimators of a parameter 6 from a family of
d.t’s {F(t,0) : t € R, 8 € ®} (O heing a parametric family, i.e. a s subset of R
and d a fixed positive integer) related to a sequence of i.i.d. r.v.’s {X; : i € N*}. Let
us mention that a general study of the weak convergence of the estimated empirical
process was carried out by [28]. For a more recent reference, we may refer to [32]
where the authors investigated the empirical processes with estimated parameters
under auxiliary information and provided some results concerning the bootstrap in
order to evaluate the limiting laws.

Let us introduce some notation.

(6.1) The transpose of a vector V of R? will be denoted by V.

(6.2) The norm || - || on R? is defined by [|(y1, ..., va)| := maxi<i<q 4.

(6.3) For a function (¢,8) + g(t,0) where 8 = (61,...,0;) € R% Vag(t,00) denotes
the vector in R? of partial derivatives ((3g/061)(t,0), ..., (0g/804)(t,0))) eval-
uated at 8 = 8, and V%g(t, #) denotes the d x d matrix of second order partial
derivatives ((8%g/96;00;)(t, 9)})1<i.j<d.

(6.4) For a vector V = (v,...,vq) of real-valued functions, |V denotes the vector

(Jors s Jea).

Next, we write out the set of all conditions (those of [19]) which will be used in
the sequel.

(i) The estimator 6,, admits the following form: for each n € N*,
s
\/ﬁ i=1

where 0 is the theoretical true value of 8, [(-, 8y) is a measurable d-dimensional
vector-valued function, and &,, converges to zero as n — oo in a manner to be
specified later on. Notice that

% Zl(Xi,BO) = \/’f_lft1 I(s,80) dFn(s).

(i) The mean value of [(X;, 8¢) vanishes: E(I(X;, 8¢)) = 0.

(iif) The matrix M(6p) := E(Z(Xi,BD)Tl(Xi,BU)) is a finite nonnegative definite
d x d matrix.

(iv) The vector-valued function (t,8) — VgF(t,8) is uniformly continuous int € R
and @ € V, where V is the closure of a given neighborhood of 8j.
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(v) Each component of the vector-valued function ¢ ++ I(t, ) is of bounded vari-
ation in ¢ on each finite interval of R.
(vi) The vector-valued function t — VgF(t,8y) is uniformly bounded in t € R, and
the vector-valued function (t,8) — V2F(t,0) is uniformly bounded in ¢ € R
and @ € V.
(vil) Set £(s,8p) := I(F_I(S,Ho),f)g) for s € (0,1), where F~!(s,0y) = inf{t €
R : F(t,0p) > s}. The limiting relations below hold:

li\lt"% sloglog(1/s) ||£(s,60)| =0,

and

lim /(1= 5)Tog Tog[1/ (1 — )] (s, )| = O

(viil) Set £(s,89) := a—ﬁ(s,ﬂo) for s € (0,1). The partial derivative £,(s,8) exist
for every s € (0,1) and the bounds below hold: there is a positive constant
C such that s[|€;(s,80)|| < C foralls € (0,3) and (1 — s)[|€,(s,80)|| <
C forallse (%,1).

The next result is an analogous of Theorem 3.1 in [19]. For each n € N*, let G, =
{Gy(t) : t € R} be the process defined by

Onit) = % (K (E(t,80),n) - ( /R I(s,80) ds K (F (s, 90),?1)) VeF(t,Gg)T)
= % (K (F(t,60),n) — W(n)VgF(t, ao)T) for teR,

where we set
Wilsji= f l(s,00) dsK(F(s,60),7) for 72>0.
R

The process {W(7) : 7 > 0} is a d-dimensional Brownian motion with a covariance
matrix of rank equal to that of M(6g). The estimated empirical process given by a7
defined by (6.1) will be approximated in the sequence of processes G, = {Gy(t) :
t € R}. Set &, := supcg |} (t) — Ga(t)}

Theorem 15. Suppose that the sequence of estimators {§n Sne N*} satisfies
Conditions (1), (i) and (iii). Then, as n — oo,

(a) &, il if Conditions (iv), (v) hold and €, - 0;

(b) En =3 0 if Conditions (vi)—(viii) hold and &, < 0;

(c) & = O(max(h(n),n™c)) for some ¢ > 0 if Conditions (vi)—(viii) hold and
en = O(h(n)) for some function h satisfying h(n) > 0 and h(n) — 0.

The proof of this theorem is very similar to that of [15], [5] and [6] hence will be
omitted. The main idea is to rehearse the proof of Theorem 3.1 of [19] by replacing
the strong approximations of the empirical process by their analogous obtained in
Theorem 1.
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Remark 16. It is well known that Theorem 1 can be used easily through rou-
tine bootstrap sampling, which we descmbe briefly as follows. Let N be a large
integer. Let Wrsk) = (Wl(i), R10 ,m) for k =1,...,N, be vectors weights sat-
isfying the preceding condz’tz’ons, and bemg zndependent of Xi,...,X,. Moreover,
for any k = 1,..., N, let us define the weighted bootstrapped empirical process by
0B(0) = n2(Fs (1) Fa(t)), —o0 <t < o0, where (1) = T, 4P M{X; <
t}, for —oo <t < o0, is the generalized weighted bootstrapped empirical distri-
bution function. Now, according to Theorem 1, we readily obtain the convergence

of (an(-), @20, ..., 0t () to (B ()B*“)(),...,B;(N)(-)) where BLY(),...,

B:;(N)(-) are independent copies of By(-). In order to approzimate the limiting dis-
tribution of a,(-), one can use the empirical distribution of az(l)(-),...,aZ(N)(-),

for N large enough. If we are interested to perform a statistical test based on a
smooth functional S, := ¢(ay,), with the convention that large values of S, lead to
the rejection of the null hypothesis, Ho say, under some regularity conditions, a valid
approximation to the P-value for the test based on Sy, for N large enough, is given

by & L 1S > Sy}, where ST i= ¢ (1)

7. Possible extensions
7.1. The multivariate case

Let Xi = (X1k, ..., Xak), k = 1,...,n, beiid. random vectors with a d-dimensional
continuous df F(- ) The joint emplrlca,l df s is given, by F,(u) = 1 =Y ey Xy <
Uy, ..., Xak < uq}. The empirical process 3,(-) associated with IF‘( ), is defined, for
u € [0, 1]%, respectively, by

(7.1) Bn(u) = vn(Fn(u) — F(u)).

Let us introduce the bootstrapped empirical distribution, F},(u) = Y7 | #, I{ X7 <
Ui, ..., Xk < uq}. We define the bootstrapped empirical process by, for u € [0, 1]¢,
B (u) = \/n(F}(u) — Fp(u)). Assume that the following conditions, as in [18], are
satisfied.

(B.1) The sequences {X;:1 <k < oo} and {Z; : 1 <k < oo} are independent.

(B.2) The {X} : 1 < k < oo} are i.i.d. random vectors with values in [0,1]¢ and
with distribution function F(-).

(B.3) The {Zj : 1 < k < oo} are i.i.d. random variables with E(Z;) = 0, EZZ = 1.

(B.4) The Z have a finite moment generating function in an open interval con-
taining the origin.

Theorem 17. Under conditions (B.1)-(B.2)-(B.3)-(B.4), one can construct pro-
cesses {B%(u) : u € [0,1]9} and {B) g(u) :u €0, 1%} on some probability space,
such that, almost surely as n — oo,

(7.2) sup_|63(w) — By p(w)| = O (/%4 Viogn),
uel0,1]¢
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where {B;, z(u) : u € [0, 1]9} is sequence of Brownian bridges fulfilling
(7.3)
E(B;p(u)) =0, E(B;g(uB;#(v)) =FuAv)-FuF(v), for uvel0,1]".

Theorem 18. Under conditions (B.1)-(B.2)-(B.3)-(B.4), one can construct pro-
cesses {B5(u) : u € [0,1]%} and {T}(u,n) : u € [0,1]?} on some probability, space
such that, almost surely as n — oo,

(7.4) sup |vnB;(u) — Th(u,n)| = O(n!/2~ /4 (1og n)3/?),
uel0,1]¢

where {Tg(u,n) : u € [0,1)4} is the Kiefer process that fulfills
E(T§(u,2)) =0 and E(Tg(u,2)T5(v,t) = (2 A1) {F(uAv) - F)F(v)},
foru,v €[0,1]¢ and s, t > 0.

The results of this section may be proved by the techniques developed in the present
paper in connection with the results of [18].

8. Proofs

This section is devoted to the detailed proofs of our results. The previously displayed
notation continue to be used in the sequel.

Proof of Theorem 1.

In the sequel, we will write || - || to indicate sup_, 4.4 | - |- We have that

llos, (&) = BR(FO)Il = [IVn(F; () — Fu(t)) — BR(F(#))]-

Now, it is easily seen that

B VRE0 - F) = (1) [}Z (zt- . %sz) (X < )
2 i=1 j=1

Notice that

P (llaz () = BA(F@)| > n™ /(K logn + )
=P ( i) - S,?)(t)” > n"Y2(K logn + m)) 5

(?) K}Z (zt__zz) X, <t}) ~Bi(F (t))}

(- )] - sl

where

llon () = Ba(E ()l
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We will show that, for z > 0,

(8.2) P (HS,(II)(t)” > n~V2(Kylogn + a:)) < Ksexp (—Kgz) ,
and
(8.3) P( S,r(f)(t)” > n~V2(Kylogn + :1:)) < Kgexp (—Kyz),

where K;, i = 1,...,9 are positive universal constants. First, we show that (8.3)
holds, for all 0 < z < n. We note that there is a constant Kjg such that

(8.4) P (nB;u > mlfﬂ) < Kipexp(—2/2).

Recall that under conditions (A1) and (A2), there are constants K7q,...Kis such
that such that (see [42] Theorem 2.6., p. 55)

(8.5) P(izi—n

i=1
for all 0 < z < Kj3n, and

(8.6) P (

iZi—n
g

> (l‘ﬂ)l’/g) < Ky exp(—Kyaz),

> w) < Kysexp(—Kisz),

[38] have proved that there exists a standard Wiener process {W(s) : 0 < s < oo}
so that for all z > 0 and integers n > 1, we have

(87) i UTn = = W(n)| > Kis logn i $) < K exp{le—,rm)
where K;, i = 15,...,17 are positive universal constants. By using (8.7), we have
P(Th,-n<-n/2) = P(T,—n—W(n)+W(n) < -n/2)

P(ITu—n—W(n)| = n/4)+ P (WD) = n?/4)
Kigexp(—Kin) < K6 exp(—Kirz).

A

(538)

IA

Making use of (8.5) in connection with (8.8), we have

P(|&-1|2em ) = P2 1|2 @@ 2 pum <n)
G
< PV T, —n)= 5 + P (T, —n < —n/f2)
(8.9) < Knpexp(-z)+ P (T, —n< -n/2).
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By combining (8.4) and (8.9) we obtain, for all 0 < z < Kj3n,
= f0) R (”S,?Nt)“ > n"V2(Kglogn + a:)) < Kyrexp (—Kisz).

where K;, ¢ = 16,...,18 are positive universal constants. For Kijsn < z < oo, by
applying (8.6) and using similar arguments as in (8.9), we infer that

n
ey

(8.11) P( =

n

> (m/n)) < Kygexp(—Kaz),

Note that we have with probability 1 ||Bz|| = O((logn)'/?). This when combined
with (8.11) gives, for Ki3n < x < oo, the following

812) P (”S,(f)(t)H > = Y2(Ky logn + x)) < Ko exp (—Knz),

where K;, i = 21,...,23 are positive universal constants. This completes the proof
of (8.3). The proof of (8.2), we have

P (IlS,gl)(t)" = n'1/2(K4 logn + m))

n 1 n, 1 = «
SUER ( (T—n = 1) (7’5; (Zi = E;Zj) H{Xz’ < t}) i Bn(F(t)):| H

(8.13) >n~Y2(Kyslogn + :c)) + Kos exp (—Kogz) .

where K;, i = 24,...,26 are positive universal constants. For 0 < z < Kj3n, we

-‘ln \/_— c - 7 1 1

> n 12(K, log‘n i x))
( (n-T) (% ; (-1 mxs t}) +|(7-1) Bar)|

> n~Y2(Kylogn + a;))
(- -3l Aol
>n" Y2 (Kylogn + z)

sa0P (| (7~ 1) Bar)

IA
o

IA
o

g =

‘ > n—}./2(K410gn+q;)) < Knexp(—KISI)a




289

For Ki3n < z < oo, by combining the fact that

'%ila—%ia)M&gﬂ—mwm

logn
-o(3%)

and equation (8.11), we readily infer that

“ 1 n 1 n .
p( (ﬁ _1) Kﬁg (Zi—-ﬁjglzj) I{X; < t}) = B,(F(1))

> ﬂ_1/2(K19 logn + w)) < K27 exp (_KQSE) )

where K;, i = 27,28 are positive universal constants. Making use of (8.13), (8.14)
and (8.15), we infer that

P (”Sﬁll)(t)H >n"Y2(Klogn + ﬂf)) < Ksexp (—Kgz) -

Hence the proof is complete. O

Proof of Theorem 3.

The proof is largely inspired from [36]. By Theorem 2.2 in [35] there is a two-time
parameter Wiener process {W (t,z),0 < t,z < oo} such that

S ZI{X < 1) - W(E(@),n)

=

(8.15) sup
—0o<t<00

L O(n'/*(logn)'/2).

By the preceding proof we have

n'20%(t) - (Zn: ZA{X; <t} - F(t) Xn: Zi)

i=1 =1

(8.16)  sup
—oo<t<oo

(8.17) “ O(logn).
and therefore (8.15) implies

sup ‘n1/2a;(t) = (W(F(t},n) — F(t)W(l,n)) a.s. O(n1/4(]0gn)1/2)_

—oo<i<oo

Observing that K (t,z) = W(t, z)—tW (1, z) is a Kiefer process, the proof of Theorem
3 is achieved. O
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Proof of Corollary 2.

The proof follows the same lines of the of those in [5] and [6] that is included here
ini odder to make our presentation more self-contained. The functional ® being
Lipschitz, there exists a positive constant L such that, for any functions u, v,

|®(u) — ®(v)| < Lflelig lu(t) — w(t)],

inequality that we will use in the form

(8.18) ®(v) — Lsup |u(t) — v(t)] < ®(u) < ®(v) + Lsup [u(t) — v(t)|.
teR teR

Let us choose for u,v the processes U, := a(-) and V,, := B:(F(-)). Applying
the elementary inequality |[P(A) — P(B)| < P(A\B) + P(B\A) to the events A =
{®(Uy) < 2} and B = {®(V,) < z} provides, for any z € R and any n € N¥,

|P{¢(Un) <z} - P{®(Vn) < $}|
< P{®(U,) <z < ®(V,)} + P{2(V,) <z < @(Uy)}

By (8.18), we see that
P{(I)(Un) Spis (I'(Vn)} = P{(I)(Vn) — i SuPiUn(t) = Vn(t)l e (I)(Vﬂ)}:
teR

P{®(V,) <z < ®(U,)} < P{tIJ(Vn) <z<®(V,)+L su]§|Un(t) - Vn(t)|},
te

from which we deduce, by addition, that
(8.19)

PLo(U:) <2}~ P{a() < )] < P{18() - | < L U(0) - V(0]

On the other hand, by choosing = = ¢ logn for a suitable constant ¢ in (2.1) that
will be specified below and putting €, := (A + ¢) logn/y/n, we obtain the estimate
below valid for large enough n:

P<esup |Uy(t) — Viu(t)| = en <—:,.
{tellR?l ® 0l } ne
By choosing ¢ > 1/(2C), we have

(8.20) P{§3£|Un(t) V() > } 1 (%)
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Now, by (8.19), we write
|[P{2(Un) < 2} - P{2(Va) <z}

4 P{sup (U e) = VaE)] < o B0V — 2] 2 L st |Uft) = vn{tn}
teR teR

+P{sup [Unlt) = Val®)] > en, 19(Va) — 2] < Lsup|Un(t) - vn(tn}
teR teR

(821) < P{|@(Vn)—w[5Len}+P{supUn(t)vvnanzen}.
teR

Noticing that the distribution of B} does not depend on n, which entails the equality
P{|®(V,) — z| < Le, } = P{|®(V) — x| < Le,}, where V := B(F(-)), and recalling
the assumption that the r.v. (V) admits a density function bounded by M say, we
get that, for any = € R and any n € N*,

(8.22) P{|®(V,) — z| € Len} < 2LMe,.

Finally, putting (8.20) and (8.22) into (8.21) leads to (2.3), which completes the
proof of Corollary 2. O

Proof of Theorem 6.

We start by proving (3.4). We have for z € R

VAR (B pa) = Foa @) = [ K (0= 5)/ha) a3 (s)ds

Now, Theorem 1 together with condition (K1) give

s f o — Shi Y (0t — f BY(F(x — tha)K () dt
— 0000
logn
8.23 < : B:(F Hit)dr= :
(§28) = Sl ) lf Y ( «/ﬁ)
thus proving (3.4).
Once (3.4) is at hand, to prove (3.5), it suffices to bound
l/B* (z — thy))dK (t) — B (F(z) f}B* (F(z — thy)) — Br(F(z))| K (t)dt

in probability. By condition (K1), and provided the unknown density f is bounded
(by a strictly positive constant, say M), for n large enough,

(824)  [By(F(z —thn)) — By(F(z))| < sup |By(u) — By (v)|

[u—v|<dn
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where d,, = Mh,,. Now, it is always possible to define a Brownian Bridge, {B*(y) :
0 <y < 1}, on the same probability space carrying the sequence of Brownian Bridges
{By(y) : 0 <y < 1},>1, such that for all n, and all £ > 0

lu—v|<h he[0,0,]

P ({26”, logd;'}"2 sup  sup |B(u)— Bi(v)|>1+ e)

P ({20"n logd-1}"Y2 sup sup |B*(u)— B*(v)| > 1+ E‘) 5

|u—v|<h he[0,6,]
Since §,, = 0, by Theorem 1.4.1 in [25], we have with probability one

(8.25) Tim {20, 1og6;'} /% sup sup |B*(u) - B*(v)| = 1.
[u—v|<h he[0,0,]

Thus, as n — oo,

P {20,10g8;'} 2 sup sup |Bi(uw)— Bi(w)|>14¢]| 0,
|u—v|<h he[0,6,]

giving
(8.26) sup sup |Bp(u)— B,(v)|=0p (\/25,1 log 5;1) '

[u—v|<h he[0,6n]
Put (8.24), (8.24) and (8.26) together to obtain

4 logn %
sup (o) = B(F@)| = Or (252 + hoylogha?)
—00< T <00 \/—

thus completing the proof of Theorem. O
Proof of Theorem 12.
In the computations below, the superscript “—” in the quantities F,, F and o

refers to the first k observations while the superscript “+” refers to the last n — k
observations. We have the following representation for @y, (t, s): with probability 1,
forn € N*, t € R and s € (0,1),

aar,) = 2Ol (o ) F) - L0 - F)

- 2 (w0 £w)

L Upele = |nsl) (F:LLMJ( o Fn(t)))

n3/2
(827) = LHSJ?E;; LnSJ)aL_nsJ (t} - nSJ ‘T:;"fz_ ns n—LnsJ (t)
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Notice that

sup
—oo<i<oo

V2 (t) (zﬂ: Z;I{X; <t} - F(t) Xn: Zi) {%}

i=1

Making use of (8.16), we have

el -

|ns] |ns]
n—|ns
2 ns—tn (ZZH{X =l B[ Zz) + O(logn/n~1/?),

=1 1=1

|ns|4/n— |ns] o

na/z s \ns| (t)

?%%( i Zill{X; <t} - F(t) z": Zi) + O(logn/n~'12).

i=|ns|+1 i=|ns|+1

With probability 1, as n — oo, uniformly in s and ¢,

(8.28) Gnlt, s) = 6(F (1), ) +0(1‘:§T_?).

Now, observe that

|ns| |ns
(8.29) 6,(F(t),s) = ( (Zzn{x = Zz)
i (Z ZA{X; <t} - F(t) Z Zi) )
=1 1=1

1

o (”_nﬂ (g;ziu{xi <t} - F(t) iz)

i=1
( Y, ZI{X;<t}-F(t) ). z))
i=|ns|+1 i=|ns]+1

By Theorem 2.2 in [35], we have almost surely, as n — oo,

ns| |ns]
sup sup (ZZH{X <t}-F(t ZZ) — Ka(F(t), [ns])

s€[0,1/2] teR

(8.30) = 0((logn)?),

sup sup ( Z ZiI{X; <t} - F(t) Z ) F(t),|ns))

s€[1/2,1] teR =|ns|+1 i=|ns|+1
(8.31) = 0((logn)?).
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Notice that we have the following decomposition

[n/2] ln/2]

ZZ]I{X <t} - F(t Zn: = ZZ,-H{Xigt}+F(t)ZZi
4 Z ZEX, <W—F Z Z.

i=|n/2]+1 i=|n/2]+1
Hence, by adding (8.30) and (8.31), we readily infer that, almost surely, as n — oo,

n

sup ZZH{X <t} - F() ) Zi~ (Ki(F(t), [n/2]) + Ka(F(2), Lﬂ/QD)l O((logn)?).

teR -

As a byproduct, from (8.29)-(8.32) and recalling the definition of K, given just
before Theorem 12, we deduce that, almost surely, as n — oo,

. e CfleEn)
(8.32) Sz%a]i,lelgién(lf(t),s) Kn(F(t),s)'ﬁO( o )

We finally conclude from (8.28) and (8.32) by using the triangle inequality: almost
surely, as n — oo,

sup suplan t,s) — {F(t},s)‘ <  sup sup|an (t,8) — dn( 3)|
s€[0,1] teR s€(0,1] teR
+ sup sup |5 (F(t),s) — n(F(t),s)l
s€(0,1] ueo,1]
L flogp)?
L o( £il).
This completes the proof of Theorem 12. O
Acknowledgement

The authors are indebted to the referee for his very valuable comments and careful
reading of the article which led to an improvement of the manuscript. We would like
to thank the Guest Managing Editor Prof. D. Blanke for including our paper in this
dedicated issue in honour of Professor D. Bosg.

References

[1] AnmAD, I. A. AND DoREA, C. C. Y. (2001). A note on goodness-of-fit statistics with asymp-
totically normal distributions. J. Nonparametr. Statist., 13(4), 485-500.

[2] AKAIKE, H. (1954). An approximation to the density function. Ann. Inst. Statist. Math., Tokyo,
6, 127-132.

[3] ALVAREZ-ANDRADE, S. AND BOUZEBDA, S. (2013). Strong approximations for weighted boot-
strap of empirical and quantile processes with applications. Stat. Methodol. 11 (2013), 36-52.



245

[4] ALVAREZ-ANDRADE, S. AND BOUZEBDA, S. (2014). Some nonparametric tests for change-point
detection based on the P-P and Q-Q plot processes. Sequential Anal., 33(3), 360-399.

[5] ALVAREZ-ANDRADE, S. AND BOUZEBDA, S. AND LACHAL, A. (2017). Some asymptotic results
for the integrated empirical processes with applications to the statistical tests. Comm. Statist.
Theory Methods, 46(7), 3365-3392.

[6] Alvarez-Andrade, S., Bouzebda, S., and Lachal, A. (2018). Strong approximations for the p-fold
integrated empirical process with applications to statistical tests. TEST, 27(4), 826-849.

[7] BARBE, P. AND BERTAIL, P. (1995). The weighted bootstrap, Lecture Notes in Statistics, 98.
Springer-Verlag, New York.

[8] BERAN, R. (1984). Bootstrap methods in statistics. Jahresber. Deutsch. Math.- Verein., 86(1),
14-30.

[9] BERAN, R. AND MiLLAR, P. W. (1986). Confidence sets for a multivariate distribution. Ann.
Statist., 14(2), 431-443.

[10] BERAN, R. J., LE CaM, L., AND MILLAR, P. W. (1987). Convergence of stochastic empirical
measures. J. Multivariate Anal., 23(1), 159-168.

[11] BERKES, . AND PHILIPP, W. (1977). An almost sure invariance principle for the empirical dis-
tribution function of mixing random variables. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete,
41(2), 115-137.

[12] Bicker, P. J. aND FREEDMAN, D. A. (1981). Some asymptotic theory for the bootstrap.
Ann. Statist., 9(6), 1196-1217.

[13] BouzeBpaA, S. (2012). On the strong approximation of bootstrapped empirical copula processes
with applications. Math. Methods Statist., 21(3), 153-188.

[14] BouzeBpa, S. (2014). Asymptotic properties of pseudo maximum likelihood estimators and
test in semi-parametric copula models with multiple change points. Math. Methods Statist.,
23(1), 38-65.

[15] BouzeBpA, S. (2016). Some Applications of the Strong Approximation of the Integrated
Empirical Copula Processes. Math. Methods Statist., 25(4), 281-303.

[16] BouzeBDpA, S. AND EL Faouzi, N.-E. (2012). New two-sample tests based on the integrated
empirical copula processes. Statistics, 46(3), 313-324.

[17] Brobpsky, B. E. AND DARKHOVSKY, B. S. (1993). Nonparametric methods in change-point
problems, Vol. 243 of Mathematics and its Applications. Kluwer Academic Publishers Group,
Dordrecht.

[18] BURkKE, M. D. (2010). Approximations for a multivariate hybrid process with applications to
change-point detection. Math. Methods Statist., 19(2), 121-135.

[19] Burkg, M. D., CsOrcd, M., CsOrRGO, S. AND REvEsz, P. (1979). Approximations of the
empirical process when parameters are estimated. Ann. Probab., 7(5), 790-810.

[20] CHEN, J. AND GupTA, A. K. (2000). Parametric statistical change point analysis. Birkhauser
Boston, Inc., Boston, MA.

[21] CsOred, M. AND HORVATH, L. (1993). Weighted approzimations in probability and statistics.
Wiley Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics.
John Wiley & Sons, Ltd., Chichester.

[22] CsOreO, M. AND HoORVATH, L. (1997). Limit theorems in change-point analysis. Wiley Series
in Probability and Statistics. John Wiley & Sons, Ltd., Chichester.

[23] CsorGO, M., HorvATH, L. AND Kokoszka, P. (2000). Approximation for bootstrapped
empirical processes. Proc. Amer. Math. Soc., 128(8), 2457-2464.

[24] CsorcO, M., HorvATH, L. AND Szyszkowicz, B. (1997). Integral tests for suprema of Kiefer
processes with application. Statist. Decisions, 15(4), 365-377.

[25] CsOrGO, M. AND REvisz, P. (1981). Strong approzimations in probability and statistics.
Probability and Mathematical Statistics. Academic Press Inc. [Harcourt Brace Jovanovich Pub-
lishers|, New York.

[26] CsOrcO, S. AND MasoNn, D. M. (1989). Bootstrapping empirical functions. Ann. Statist.,
17(4), 1447-1471.

[27] DEnEUVELS, P. AND DERZKO, G. (2008). Asymptotic certainty bands for kernel density esti-



246

mators based upon a bootstrap resampling scheme. Statistical Models and Methods for Biomedical
and Techwical Systems, ITI, 171-186.

[28] DursN, J. (1973). Weak convergence of the sample distribution function when parameters
are estimated. Ann. Statist., 1, 279-290.

[29] Erron, B. (1979). Bootstrap methods: another look at the jackknife. Ann. Statist., 7(1),
1-26.

[30] EFron, B. anD TIBSHIRANI, R. J. (1993). An introduction to the bootstrap, Monographs on
Statistics and Applied Probability, 57. Chapman and Hall, New York.

[31] GAENSSLER, P. (1992). Confidence bands for probability distributions on Vapnik-Chervonenkis
classes of sets in arbitrary sample spaces using the bootstrap. In Bootstrapping and related tech-
niques (Trier, 1990), Lecture Notes in Econom. and Math. Systems, 376, pages 57-61. Springer,
Berlin.

[32] Genz, M. AND HAEUSLER, E. (2006). Empirical processes with estimated parameters under
auxiliary information. J. Comput. Appl. Math., 186(1), 191-216.

[33] GINE, E. AND ZINN, J. (1989). Necessary conditions for the bootstrap of the mean. Ann.
Statist., 17(2), 684-691.

[34] GiNE, E. AND ZINN, J. (1990). Bootstrapping general empirical measures. Ann. Probab.,
18(2), 851-869.

[35] HorvATH, L. (2000). Approximations for hybrids of empirical and partial sums processes. J.
Statist. Plann. Inference, 88(1), 1-18.

[36] HorvAtH, L., Kokoszka, P., AND STEINEBACH, J. (2000). Approximations for weighted
bootstrap processes with an application. Statist. Probab. Lett., 48(1), 59-70.

[37] HorvATH, L. AND SHAO, Q-M. (2007). Limit theorems for permutations of empirical processes
with applications to change point analysis. Stochastic Processes and their Applications 117,
1870-1888

[38] KomLos, J., MAJOR, P., AND TUSNADY, G. (1975). An approximation of partial sums of
independent RV's and the sample DF. 1. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 32,
111-131.

[39] Lonse, K. (1987). Consistency of the bootstrap. Statist. Decisions, 5(3-4), 353-366.

[40] Mason, D. M. AND NEWTON, M. A. (1992). A rank statistics approach to the consistency of
a general bootstrap. Ann. Statist., 20(3), 1611-1624.

[41] ParzeN, E. (1962). On estimation of a probability density function and mode. Ann. Math.
Statist., 33, 1065-1076.

[42] PETROV, V. V. (1995). Limit theorems of probability theory, Sequences of independent random
variables, volume 4 of Ozford Studies in Probability. The Clarendon Press Oxford University
Press, New York. Oxford Science Publications.

[43] Porrarp, D. (1989). Asymptotics via empirical processes. Statist. Sci., 4(4), 341-366. With
comments and a rejoinder by the author.

[44] RoseNBLATT, M. (1956). Remarks on some nonparametric estimates of a density function.
Ann. Math. Statist., 27, 832-837.

[45] RuBin, D. B. (1981). The Bayesian bootstrap. Ann. Statist., 9(1), 130-134.

[46] SHORACK, G. R. AND WELLNER, J. A. (1986). Empirical processes with applications to statis-
ties. Wiley Series in Probability and Mathematical Statistics: Probability and Mathematical
Statistics. John Wiley & Sons Inc., New York.

[47] Szyszkowicz, B. (1992). Asymptotic distribution of weighted pontograms under contiguous
alternatives. Math. Proc. Camb. Phil. Soc., 112, 431-447.

[48] Szyszkowicz, B. (1994). Weak convergence of weighted empirical type processes under con-
tiguous and changepoint alternatives. Stoch. Proc. Appl., 55, 281-313.

LABORATOIRE DE MATHEMATIQUES APPLIQUEES DE COMPIEGNE, UNIVERSITE DE TECHNOLOGIE DE COMPIEG
EquipE MODAL’X, UNIVERSITE PARIS OUEST NANTERRE LA DEFENSE
E-MAIL: salim.bouzebda@utc.fr

omar.eldakkak@gmail.com





