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Abstract

This paper presents novel mathematical results in support of the probabilistic learning on manifolds (PLoM) recently
introduced by the authors. An initial dataset, constituted of a small number of points given in an Euclidean space,
is given. The points are independent realizations of a vector-valued random variable for which its non-Gaussian
probability measure is unknown but is, a priori, concentrated in an unknown subset of the Euclidean space. A learned
dataset, constituted of additional realizations, is constructed. A transport of the probability measure estimated with
the initial dataset is done through a linear transformation constructed using a reduced-order diffusion-maps basis.
It is proven that this transported measure is a marginal distribution of the invariant measure of a reduced-order Itd
stochastic differential equation. The concentration of the probability measure is preserved. This property is shown
by analyzing a distance between the random matrix constructed with the PLoM and the matrix representing the initial
dataset, as a function of the dimension of the basis. It is further proven that this distance has a minimum for a
dimension of the reduced-order diffusion-maps basis that is strictly smaller than the number of points in the initial
dataset.

Notations

The following notations are used:
x: lower-case Latin of Greek letters are deterministic real variables.
x: boldface lower-case Latin of Greek letters are deterministic vectors.
X: upper-case Latin or Greek letters are real-valued random variables.
X: boldface upper-case Latin or Greek letters are vector-valued random variables.
[x]: lower-case Latin of Greek letters between brackets are deterministic matrices.
[X]: boldface upper-case letters between brackets are matrix-valued random variables.
N, R: set of all the integers {0, 1,2, ...}, set of all the real numbers.
R": Euclidean vector space on R of dimension 7.
X = (xq,...,X,): point in R".
<X,y>= X1y¥| + ...+ XV, inner product in R”.
|Ix||: norm in R” such that ||x]|*? =<x, x>.
M, . set of all the (n x m) real matrices.
M,,: set of all the square (n X n) real matrices.
M0: set of all the positive symmetric (n X n) real matrices.
M*: set of all the positive-definite symmetric (n X n) real matrices.
O Kronecker’s symbol.
do, and 6y,  : Dirac measure at the origin of R” and of M,,y.
[1,]: identity matrix in MI,.
[x]7: transpose of matrix [x].
Tr {[x]}: trace of the square matrix [x].
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< [x], ] >F= Tr{[x]" [y]}, inner product of matrices [x] and [y] in M, ,,.
|lxll or || [x] ||: Frobenius norm of matrix [x] such that ||x|* =< [x], [x] >F.
E: mathematical expectation.

1: vector (1,...,1) e RV,

1. Introduction

In this paper, novel mathematical results are presented for justifying and clarifying the methodology of proba-
bilistic learning on manifolds (PLoM), initially introduced in [1]. The proposed PLoM, which can be viewed either
as a supervised or an unsupervised machine learning method, considers a given initial dataset constituted of N given
points i}, ..., i} in R”, which are interpreted as independent realizations of a R”-valued random variable H for which
its non-Gaussian probability measure py(n) dnp on R” is unknown but is, a priori, concentrated in an unknown subset
of R". In this paper, a quantity indexed by d means that this quantity is relative to the initial dataset and consequently,
is a given quantity. Denoting by pﬁv ) the nonparametric statistical estimation of py, the sequence of probability mea-
sures {p(}llv)(q) dniy on R” is convergent to pg(n)dn for N — +oco. In the PLoM, the number N of data points is
fixed and is presumed to be relatively small (case for which only small data are available in opposite to the big-data
case). Nevertheless, it is assumed that N is larger than some lower bound Ny needed for to be a sufficiently accurate
estimate of py(n) dn. Let us now define the random vector H® such that its probability measure is p(}IIV )(1]) dn. We
define the random matrix [HY] = [H'...H"] with values in M,,y, whose columns H',...,H" are N independent
copies of H™. The matrix [14] =[5} ...7)1 € M,y is then interpreted as one realization of random matrix [HV]. A
reduced-order diffusion-maps basis [g,,] € My, of order m < N is introduced by the authors for constructing a M, y-
valued reduced-order representation [H%] = [Z,,] [gm] of random matrix [HY]. A MCMC generator of the random
matrix [Z,,] with values M, is explicitly constructed as a reduced-order It stochastic differential equation (ISDE)
associated with a dissipative Hamiltonian dynamical system. We then consider the family {pmy;([7]) d[7]}1<m<ny Of
probability measures on M, y for which the reduced-order ISDE is the MCMC generator. We prove that there exists an
optimal value mq, < N such that the probability measure p[Hﬁom]([n]) d[n] allows for generating an arbitrary number
nvc > N of independent realizations of [H%ﬂp{] (the learned dataset) in preserving the concentration of the measure.
This property is shown by analyzing the function m — d12\,(m) =F {||[HZ] - [nd]||2} /E{||17d||2}, which is minimized for
m = mep and such that dlz\,(mopt) < dl%,(N). It should be noted that, for m = N, the value dlzv(N) represents the dis-
tance of the random matrix [H%] to the initial dataset [1,], for which the learned dataset would be generated without
using the PLoM and consequently, would involve a scattering of the generated realizations corresponding to a loss of
concentration.

In the formulation proposed and analyzed, N is fixed. There is a priori no sense in studying the convergence of
the distance for N going towards infinity, on the one hand because N has a limited value that is supposed to be rather
small and on the other hand because N also represents the number of columns of the random matrix [H"]. However,
for a fixed small value of N, the convergence of the probabilistic learning with respect to N can be considered by
introducing an ordered subset of integers Ny < N» < ... < Nj,, with Ny > 1 and N;,,, = N, and by studying the
convergence as a function of N; fori = 1,..., imax. If the convergence is reached for i < ijax, then the learning process
is successful; if not, this means that the value of N is too small and has to be increased, that is to say, by increasing
the number of points in the initial dataset. This question is outside the scope of this paper and we refer the reader to
the references given in the first paragraph of this introduction, references in which this question is dealt with.

1.1. Framework and objective of the PLoM

In the framework of supervised machine learning, a typical problem for the use of the PLoM is the following. Let
(w,u) — f(w,u) be any measurable mapping on R™ x R™ with values in R"™ representing a computational model
coming, for instance, from the discretization of a boundary value problem, in which n,, n,, and n, are any finite
integers. Let W and U be two independent (non-Gaussian) random variables defined on a probability space (®, 7, P)
with values in R™ and R™, for which the probability measures Pw(dw) = pw(w)dw and Py(du) = py(u)du are
defined by the probability density functions pw and py with respect to the Lebesgue measures dw and du on R™ and
R™. Random vector W is made up of a part of the random parameters of the computational model, which are used
for controlling the system, while random vector U is made up of the other part of these random parameters, which
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are not used for controlling the system. Let Q be the quantities of interest (Qol) that is a random variable defined on
(0,7 ,%) with values in R such that
Q=f(W,U). (H

Let us assume that N calculations have been performed with the computational model (the training) whose solution
is represented by Eq. (1), allowing N independent realizations {q/,j = 1,...,N} of Q to be computed such that
q/ = f(w/,u/), in which {w/,j = 1,...,N}and {uw/,j = 1,..., N} are N independent realizations of (W, U), which
have been generated using an adapted generator for pw and py. We then consider the random variable X with values
in R", such that

X=Q,W) , n=ng+n,. 2)

The probabilistic learning is performed for X. The unnormalized initial dataset Dy related to random vector X is
then made up of the N independent realizations {x/, j = 1,...,N} in which x/ = (¢/, w/) € R". In this paper, it is
assumed that the measurable mapping f is such that the non-Gaussian probability measure Px(dx) of X = (Q, W)
admits a density px(x) with respect to the Lebesgue measure dx on R". The probability measure of X is unknown
and is assumed to be concentrated in a subset of R” that is also unknown (this concentration property is due to
Egs. (1) and (2)). The objective of the PLoM proposed in [1] is to construct a probabilistic model of non-Gaussian
random vector X using only the unnormalized initial dataset Dy, which allows for generating v, > N additional
independent realizations {x!,...,x’m} in R” of random vector X, preserving the concentration of its probability
measure and without using the computational model. It can then be deduced v, additional realizations {(qﬁr, wﬁ,), =
1,...,v4n} that are such that (g%, w’) = x’. These additional realizations allow, for instance, a cost function J(w) =
E{J(Q, W)|W = w} to be evaluated, in which (q, w) — J(q, w) is a given measurable real-valued mapping on R"s xR~
as well as constraints related to a nonconvex optimization problem [2] and this, without calling the computational
model.

1.2. Organization of the paper and its what are the main results

In Section 2, we introduce the R”-valued random variable H resulting from the principal component analysis
(PCA) of the R"-valued random variable X with v < n. Section 3 is devoted to the nonparametric statistical estimate
pg\’) of the pdf py of H and we give Theorem 1 concerning the consistency of the sequence of estimators of py (1)
for all  fixed in R”. Section 4 deals with the definition of random matrix [H"] and Proposition 1 gives an explicit
expression of the pdf pjgv; of random matrix [H]. In Section 5, we present the construction of the reduced-order
diffusion-maps basis [g,] that is used by the PLoM method and we introduce the estimation of the optimal values g
and mqp, of the hyperparameter &, and of the reduced order m. In particular, we compare the hyperparameter &, and
the modified Silverman bandwidth s; we conclude that the invariant probability measure p® (i) of the Markov chain
allowing the diffusion-maps basis to be constructed is different from the probability measure p%v) () dn of random
vector H") that is considered by the PLoM. Section 6 is devoted to the construction of the probability measure
and its generator related to the probabilistic learning on manifolds. We introduce the reduced-order representation
[HY] = [Z,,] [gm]" of random matrix [H"]. In a first central Theorem 3, we prove that the transported probability
measure pz,1([z]) d[z] of random matrix [Z,,] is the marginal distribution of the invariant measure of the reduced-
order ISDE that is used as the MCMC generator of random matrix [Z,,]. We also prove in Proposition 2 that pz, ; has a
”Gaussian representation”, which is a linear combination of NV products of v Gaussian pdf on R". Consequently, the
use of Theorem 3 effectively allows realizations of random matrix [Z,,] to be generated, while a Gaussian generator
that would be based on the Gaussian representation is unthinkable for N > 10, for instance. Section 7 deals with
the square of the relative distance dlz\,(m) of random matrix [HnN1] to matrix [r7,] of the initial dataset. This distance
allows for quantifying, as a function of m, the concentration of the measure p[Hm([n]) d[n] in the subset of M, y where
the initial dataset (represented by [17,]) is located. We show that the usual MCMC generator of random matrix [H"]
corresponding to m = N, yields d%(N) = 2 (see Lemma 2), and induces a loss of concentration of the probability
measure. Under a “reasonable hypothesis”, the second central Theorem 4 proves that d,zv(mopt) < d%(N) in which
Mopy < N is the optimal value of m. This result demonstrates that the PLoM method is a better method than the
usual one because it keeps the concentration of the measure. In Section 8, we present a justification of the hypothesis
introduced in Theorem 4, based on the use of the maximum entropy principle from Information Theory. Section 9 is
devoted to a brief numerical application that illustrates the mathematical results. The conclusions follow in Section 10.



The novelty of the mathematical results presented are mainly those of Section 6.3 related to the explicit expression
of pdf piz, (Proposition 2) and its connection to the invariant measure of the reduced-order ISDE (Theorem 3), and
those of Section 7 related to the characterization of the concentration of the probability measure of random matrix
[Hf,\i] by introducing distance dy(m) (Propositions 3 and 4), and to the existence of a minimum of this distance for an
optimal value mqp < N of m (Theorem 4), which demonstrates that the PLoM method allows the concentration of the
measure to be kept.

2. De-correlation and normalization of random vector X by PCA

The first step of the PLoM consists in performing a principal component analysis (PCA) of X in order to obtain a
scaled random vector H through de-correlation and normalization. LetX € R" and [6 ] € M} be the classical empirical
estimates of the mean vector and the covariance matrix of X, constructed using Dy. Let [1] € M, be the diagonal
matrix of the first v eigenvalues gy > o > ... > i, > 0 of [C] and let [(D] € M, be the matrix of the assomated
orthonormal eigenvectors. For any & > 0 fixed, v < n is chosen such that errpe,(v) = 1 = (1 + ... + f1,)/(Tr [C]) <e.
This PCA allows for representing X by

X' =x+[0][@'?H , E{X-X"?) <esE(XP). A3)

Throughout this paper, it will be assumed that v < N. The N independent realizations {l]j, Jj =1,...,N} of the
second-order R”-valued random variable H defined on probability space (®, 7, P) are such that

my=[a"? e W -neR , j=1,...,N. @)

The initial dataset Dy related to random vector H is then defined as Dy = {n},, e, ng’ }.
Let [4] = [n}, . ..l]fjv ] € M,y be the matrix of the N realizations of H. The empirical estimates my € RY and
[Cn] € M of the mean vector and the covariance matrix of H, are such that

Ry 1
=52 Mi=0,  [Cnl= Dl lnal" =[L]. (5)
j=1

It can be seen that the Frobenius norm ||n,|| of matrix [r,] € M, y is such that
N .
Iall® = Tellnal” Inald = > I = v(N = 1). 6)
j=1

3. Nonparametric estimate of the pdf of H

As proposed in [1], the modification of the multidimensional Gaussian kernel-density estimation method [3, 4, 5,
6] is used for constructing the estimation ng) on R” of the pdf pg of random vector H, which is written, Vi € R, as

N ~
1 5 1 1
(N) J 2
== mN(=1; =), T, = ——— expl—-== , 7
pa (D)= ,-Ezl N T = 1) > v () (Nor 3y pl=o= I} @)
~ ( 4 ) 1/(v+4) E ~ s (8)
AN +2 T N-1~
(v+2) 2+

in which s is the usual Silverman bandwidth (since [Cy] = [1,]) (see for instance, [7]) and where s has been introduced
in order that [,, p(N )(n) dn = 0, and that [, n®n p(}llv)(n) dn = [I,], because, in the framework of the PLoM, we
need to preserve the centering and the orthogonality property. Finally, for fixed v,

if N— 400, then s—0, 5s—0, -1,

— 1. (&)

)
v |t
=N =)
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Theorem 1 (Sequence of estimators of py(n) [8]). Let us assume that py is continuous on R”. Forv ﬁxed and for
n given in R”, let {P™M (ip)}y be the sequence of estimators of pu(n) for which PN (1) = ¥ Z =1 7TVN( SHY - n)isa

positive-valued random variable where Hl, e HY are N independent copies of H. Thus, Y1) € R", the mean value
PN = E(PM) of PN(y) is such that limy_ .. PV () = pu(n) and the variance is such that Var{P™(n)}
= E{ (PN - PV )(I]))z} < N4+ g PN(), in which, for v fixed and for N — +oo, the positive constant 3,y
is such that B,y ~ (20) ™% (2 + v)14)"*"?.

PROOF. The proof, inspired from [8], is adapted to the modification 5 # s used for defining the estimator. Since

pu is assumed to be a conEinuous function, ¥n € R”, pu(n) = E{6,(H — n)}. Using the second Eq. (7), for all i
and 5 in R”, we have m,y(35 — ) dnp = (5/5) ( 27 5)” exp{— 252 ||1] - 7]||2}d~ Using Eq. (9) yields the following

equality in the space of the bounded measures on R”, limy_, ;e 7, Ne > —m)dn = 6,(n — 1n). Since H1 HN are
independent copies of H, we have PV (1) = {ﬂv,N(i H-n}= [ ﬂV’N(sl] 1) pu() dn. Using the two last above
equations yields the expression for the mean. Similarly, E{ (P(N)(n))z} = L E{ (ny,N(fH— 11))2} +(1-) (P™Map) 2
Consequently, Var( <N>(n) L E{(mnCH=-myig?} - & (PYV)” < & E{ (rnCH-1)"} < & (sup; mn (G-
q)) E{m, n( SH =y L( \/ﬂ 5~ PV )(n) From Eq. (8) and the last inequality yield the expression for the variance
in which B,y = m)™/2 {2 + )[4/ (1 = NP2 {1 + (4/@2 + )" IN20 (1~ 1)1} that is the
expression given in the theorem for N sufficiently large.

Remark 1 (Properties of the sequence of estimators of py(17)). Theorem 1 shows that estimator P™(n) is asymp-
totically unbiased. Since ¥n € R”, E{(P™(y) - pH(q))z} = Var{PM )} + (PN () - pH(q))z, we have limy_, +c0

E{(PNM@) - pH(n))z} = 0, which shows that estimator P*Y)(5) is consistent. This mean-square convergence implies
the convergence in probability.

4. Definition of the random matrix [H"] and its pdf

The introduction of a (v X N) random matrix [H"] will allow the initial dataset Dy to be represented using the
diffusion-maps basis.

Definition 1 (Matrices [7], [74], [74(j)], and set J ). Let [n] be any matrix in M, y that is written as

mM=In"..."1eMy ., 7'=@...0H)eR", (=1,...,N, (10)

and letd[n] = ®?’:1d7][ be the measure on M., y induced by the Lebesgue measures di}l ey dl]N onR”. Let [n,] € M, n
be the matrix constructed using the N points j/ € R” defined by Eq. (4),

Ml =[mh...nf1eMyn . m) =01}y ) R, j=1,...,N. (11)

Let j = (ji,...,jn) €T be the multi-index of dimension N with J ={1,2,...,N}¥¥ c NV, Forall j in J, the matrix
[74()] € M,y is defined by '
Ma@le =n ~ k=1....v , €=1....N. (12)

Finally, we will use the following notation, 3 ;. ; = Z“ - Z%:r

Note that matrix [r7,4] defined by Eq. (11) has to carefully be distinguished from matrix [1,(j)] defined by Eq. (12).
Nevertheless, it can be seen that for jo = (1,2,...,N) € J, we have [74(jo)] = [1n4]-

Definition 2 (Random matrix [H"]). Let H™ be the R”-valued random variable defined on (®,7,P) for which
the pdf is p\y’ defined by Egs. (1) and (8). We then define the random matrix [HY] with values in M,y such that
[HY] = [H'...H"] in which H',...,H" are N independent copies of H™). From Section 3, it can be seen that
EHM} =0, and that EH™ @ H™)} = [I,].

Note that in Definition 2, H', ..., H" are not taken as N independent copies of H whose pdf py is unknown, but are
taken as N independent copies of H"Y) whose pdf p(}]f’) is known.
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Proposition 1 (Probability density function of random matrix [HV1). The probability measure of random matrix
[HN] with values in M,y admits the following density [n] = pv|([17]) on M,y with respect to d[n],

N N

1 1 15
v =[S LKA 13
Pl ]([’7]) €:1{N = (\/ZTS‘)V exp{ 2§2|lsnd n || }} ( )

PROOF. Using Definition 2 yields, for all [5] in M, y, pyav([7]) = H?’zl p(}llv)(llf) and using Eq. (7) yields Eq. (13).

5. Construction of a reduced-order diffusion-maps basis

To identify the subset around which the initial data are concentrated, the PLoM method relies on the diffusion-
maps method [9, 10, 11, 12]. We use the Gaussian kernel such that, for all p and " in R”, k.,,, (17, ") = exp{—(4 Eom) !
llp — 7’II>} in which &, > 0. The matrices [K] and [b] are defined, for all i and j in {1,...,N}, by [K];j =
exp{—(4 &)~ I, — 4|7} and [b];; = 6;;b; with b; = S°5_ [Kl;p. It is assumed that [1] is such that [K] € M.
Hence, the diagonal matrix [b] belongs to M. Let P = [b]"'[K] € My be the non symmetric matrix with positive
entries such that > j[IP’],- ; = 1 for all i. Matrix [IP] is the transition matrix of a Markov chain that yields the probability
of transition in one step.

5.1. Diffusion-maps basis as a non orthogonal vector basis in RY

The eigenvalues A, ..., Ay and the associated eigenvectors ¥, ..., y" of the right-eigenvalue problem [P]y® =
A Y are such that 1 = A; > A, > ... > Ay and can be computed by solving the generalized eigenvalue problem
[K]1y® = A, [b] Y with the normalization < [b] lﬁa,l/l'g >= J,5. The eigenvector l//1 associated with 4; = lis a
constant vector that can be written as ¢! = N~"2|ly!||1 with1 =(1,...,1) e RV,

Definition 3 (Reduced-order diffusion-maps basis [g,,] of order m). For a given integer k > 0, the diffusion-maps
basis {g', ..., g% ...,g"} is a vector basis of RN defined by g* = AX ¢ such that < [b] g%, g’ >= 12 Oap- For a given
integer m with 2 < m < N, we define the reduced-order diffusion-maps basis of order m as the family {g', ..., g"} that
we represent by the matrix [g,,] = [g1 ...g" € My, withg® = (g{,...,8%) and [gmlce = 8.

Note that {g®}, is not orthogonal for the inner product < -,- >, but is orthogonal for the one defined by (u,v) —
< [b]lu,v > on RY x RV, It can also be seen that the construction of the reduced-order diffusion-maps basis [g,]
depends, a priori, on three parameters: the smoothing parameter €, the order m, and the integer «. Nevertheless, we
will see in Section 5.4 that « has not a role from a theoretical point of view in the proposed method, in contrary to the
one used in [9]. In the PLoM, its role is the one of an additional scaling; its value can therefore be fixed arbitrarily
(for instance, it can be set to 1 or even to 0; in the latter case, we have g* = ¥,). As a result, the only two parameters
that will be considered will be &, and m.

5.2. Estimation of the optimal values oy and mep; of &py and m

Hypothesis 1 (On the initial data represented by matrix [77,]). For a given matrix [r,], the eigenvalues 4, depend
on &py. It is assumed that there exist a value gqp; 0f &y and a value mgp > 2 of integer m such that 1 = Ay > Ay (&ept) 2
e 2 Ay (Eopt) 3> Amgpy+1(Eopt) = - .. = AN(Egpr) > 0.

Under Hypothesis 1, the following algorithm associated with the given initial dataset is proposed for estimating the
optimal value gqp; Of &y and an optimal value mqp of order m. Let gpy = m(epy) be the function from 10, +oo[ into
N such that

~ _ . Ao (Epm)
m(epy) = arg anllalg { (emn) < 0.1} . (14)

If function i is a decreasing (that is to say, nonincreasing) function of &y, then the optimal value Eopt Of &py can be
chosen as the smallest value of the integer r?z(sopt) such that
{f'\’l(sopt) < m(&py) , Y&ou €10, Sopl[ } N {fﬁ(gopt) = m(&pu) , Y&pu € ]sopta Emaxl } (15)
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in which &4 is an arbitrary value chosen sufficiently large in order that &,y +— (&) be a flat function on the interval
1€opt> Emax[. The corresponding optimal value m,p, of m is then given by mgp = ﬁa(eopt).

In fact, we are looking for the couple (gop, Mop) SO that we have 1 = A1 > Ap(gop) = ... = Amopl (gop) >
/lmopt+](80p[) > ... 2 An(&opt) > O (see the illustration shown in Fig. 1 (left)). Consequently, Hypothesis 1 is satisfied.
We have seen through all the performed numerical experiments that n,y is generally less that 1.5 gqp.

In practice, Hypothesis 1 is easy to verify. A value of ey, is fixed a priori. The interval ]0, ey« [ of the values of
&py 18 explored defining an ordered partition of it. For each value &, in this partition, the eigenvalues are computed
as explained in Section 5.1 and the criterion defined by Egs. (14) and (15) are examined. Note that this estimation has
been used with success for many applications (see for instance, [13, 2, 14, 15, 16, 17, 18, 19, 20]).

If function m is not a decreasing function of &y, then a general method based on Information Theory is proposed
in [21]. Alternatively, if data come from a mixture model, the method proposed in [22] could also be used.

5.3. On the relationship between hyperparameter &y and the modified Silverman bandwidth s

The invariant measure associated with transition matrix [[P] of the one-step Markov chain is p®™ (i) = b; (Z?’Zl b j)"
which is such that Zf\il p(jli) pPM(@i) = p®™(j) in which p(jli) = [P];;. Let us compare the measure p*™ (i) =
(Z?’:l by Z?,’:l exp{—(4 en)lIn, - ﬂgllz} with p\t”(17) dn in which p{y’ () is defined by Egs. (7) and (8), which is
written, for N sufficiently large (that is to say for §/s ~ 1 and § ~ s), as p\ (1) =~ N™'(V2rs)™ 2721 exp{—(2 s>)~ |-
qfi||2}. In general, for v sufficiently large (for instance, v ~ 10), the optimal value &,y defined by Egs. (14) and (15)
is such that g, > 1 while, since v < N, Eq. (8) shows that s%/2 < 1. Therefore, p®¥ (i) is very different from the
probability measure pgv )(n) dmn that corresponds to an observation of the initial dataset from inside it, that is to say, for

an observation at the smallest scale. In contrast, the probability measure p® (i) is the one for which the initial dataset
is observed from outside it, that is to say, for an observation at a larger scale.

5.4. Properties of the reduced-order diffusion-maps basis

Definition 4 (Matrices [a,,] and [G,,] ). For all fixed m, let [g,,] € M, be the matrix defined in Definition 3. Since
matrix [gn]” [gm] € M, is invertible, we define the matrix [a,] = [gm] ([gm]" [gm])’1 € My, and the matrix [G,,] =
[am] [gm]T = [gm] ([gm]T [gm])_1 [gm]T € IMIN-

It should be noted that, as announced at the end of Section 5.1, matrix [G,,] is independent of 1Y, ..., A}, and thus, is
independent of «.

Lemma 1 (Properties of [G,,]). For all m suchthat1 <m <N —1:

(i) rank{[G 1} = m, Te{[G ]} = m, [Gu]" = [Gw], and [G,,] € M.

(ii) for m = N, we have [Gy] = [Iy].

(iii) [Gi]? = [G ), thus [G,,] is idempotent and is a projection operator.

(iv) the eigenvalue problem [G,,] * = o @* is such that uy = ... = py, = 1 and 1 = ... = uy = 0. Matrix [G,,]
can be written as [G,,] = ZQI: | Ha@® ® 9% = > 0% ® 9 in which the eigenvectors are such that <@®, P >= 5,p.
(v) [IN] = [Gyn] € M.

PROOF. The proof is left to the reader.

6. Probabilistic learning on manifolds (PLoM): construction of the probability measure and its generator

The three main steps of the PLoM introduced in [1] are the following. 1) Construction of a MCMC generator for
random matrix [H"] defined in Definition 2, based on a nonlinear It6 stochastic differential equation (ISDE) that will
be introduced in Section 6.1, for which the probability measure pig~([7]) d[17] is a marginal probability distribution
of the unique invariant measure of this ISDE. 2) Definition of a reduced representation [HY] = [Z,,] [g,n]” of order
m < N for random matrix [H"] using the reduced-order diffusion-maps basis [g,,] and where [Z,,] is a random
matrix with values in M, for which its probability measure is pyz,1([z]) d[z]. 3) Construction of a reduced-order
ISDE for which p(z,;([z]) dlz] is a marginal probability distribution of its unique invariant measure. We will then



obtain a MCMC generator of random matrix [Z,,] and then of random matrix [H,’,\: ], which allows a learned dataset
{[nar] =1,...,nyc} to be generated with an arbitrary number nyc of realizations of [H ]

As already explalned the PLoM methodology has been developed for small values of N (small data) for which the
probability measure p )(1]) dn is not necessarily converged. Therefore additional realizations that would be generated
with this measure would not provide good realizations preserving the concentration. This is the reason why, the

measure pigv([77]) d[n] is improved by introducing the transported probability measure p[Z’”opl]([Z]) d[z] of random

matrix [Z,, . ]. It should be noted that the additional realizations of [Hf;’“pt] are not constructed using the projection

Mopt
of realizations of [H"] on the subspace spanned by the reduced-order diffusion-maps basis [gmopl] (that would not
be correct for a small value of N), but are constructed using the reduced-order ISDE associated with the transported

probability measure p Zo, l]([z]) d[z] allowing additional realizations of [Z,,,, ] to be generated and then deducing the

additional realizations of [HN 1= [Zingy ] [8mgpe ]

Mopt

6.1. MCMC generator for random matrix [HM]

The PLoM method begins with the construction of a MCMC generator for random matrix [H"] whose pdf ppn
is given by Eq. (13). It is based on a nonlinear ISDE, formulated for a dissipative Hamiltonian dynamical system [23]
for a diffusion stochastic process {([U(r)], [V(r)]), r > 0} with values in M, x X M, 5, which admits a unique invariant
measure for which the marginal probability distribution with respect to [U] is the probability measure pygv([77]) d[7].
This MCMC generator is adapted to perform its projection on the subspace spanned by the reduced-order diffusion-
maps basis and in addition, a dissipative term allows the transient part of the response to be rapidly killed. This
MCMC generator belongs to the class of Hamiltonian Monte Carlo methods [24, 25], which is an MCMC algorithm
[26, 27, 28].

Notation 1 (Matrix-valued Wiener process [W] and parameter f;). Letus introduce the stochastic process {[W(r)]
= [W'(r)...WN()],r > 0} defined on (®, 7", P), with values in M, y, independent of random matrix [H"], in which
the columns W', ..., W are N independent copies of the normalized Wiener stochastic process W = (W, ..., W,),
defined on (@, 7, P), indexed by R*, with values in R”, such that W(0) = 0, a.s., E{W(r)} = 0,, and E{W(r)Q@W(r')} =
min(r, ') [1,]. Let fo > 0 be a free parameter that will allow the dissipation term of the nonlinear ISDE (dissipative
Hamiltonian system) to be controlled.

Theorem 2 (ISDE as the MCMC generator of matrix [H"]). Using Notation 1, we consider the stochastic process
{((UM)], [V(M]), r = 0} with values in M,y x M, n, which verifies the following ISDE for r > 0, with the initial
conditions for r = 0,

d[U(n] = [V(n]dr, (16a)
1

diV(n] = [L(U(DIdr = 5 fo [Vl dr + Vo AW, (16b)

(UO)] = [n4] a.s. . [V(O)] = [vo] as., (16¢)

in which [n,4] is defined by Eq. (11) and where [vo] a given matrix in M, . Fork = 1,...,vand £ = 1,...,N,
and for uf = (u‘; ey uf) with u,f = [ulke, the matrix [L([u])] € M, y is defined, as a function of a potential V, by
[L([u)]ke = —S(V(u{)/o"'ui in which V(") = - log{ﬁ Z]jv:l exp{—ﬁ |I§1]£ —u!||?}}. The ISDE defined by Egs. (16a)
and (16b) admits the unique invariant measure, pygy vy ([0, [vV]) d[n] ® d[v] = (pavi([7]) d[n]) ® (pryv([v]) dIv]) on
M, y XM, y, in which ppy~y is the Gaussian density [v] = n)™"N2 exp{~|IV|I*/2} on M, 5 and where the pdf prav([17])
is defined by Eq. (13). Matrix [vo] is any realization of the Gaussian pdf pyy~y, independent of {{W(r)], r > 0O}.

PROOF. Since the columns H',...,H" of random matrix [H"] are independent copies of random vector H" (see
Definition 2), and since the pdf of random matrix [HV] is pav; defined by Eq. (13), Theorems 4, 6, and 7 in Pages
211 to 214 of [29] and the expression of the invariant measure given in Page 211 of the same reference, for which
the Hamiltonian is H(u, v) = ||v|[>/2 + V(u), prove that the invariant measure is the one given in Theorem 2 and is
unique.



6.2. Reduced representation [H,]Z] of random matrix [H"]

Definition 5 (Random matrix [H% 1. For given ey, m, and k, the random matrix [Hf,\: lon (®,7,P), with values in

M, v, is defined by [H%] = [Z,][gn]" with [gn] € My, defined in Definition 3 and where [Z,,] is a random matrix
with values in M, for which its probability measure admits a pdf p(z,([z]) with respect to d[z].

Notation 2 (Random vectors H* and Z¥). For k € {1,...,v}, let H* = (HE, ..., I-AI’;,) be the random vector in RY
such that Hj? = [H%]kj for j e {l,...,N} and let Zk = (Zk,. .. ,Zf;) be the random vector in R™ such that Zfi = [Zy]ka

- Zk g in which g is defined in Definition 3.

for @ € {1, ..., m}. Consequently, H = Z

Let £°(®, RY) be the vector space of alAl the random variables, defined on (®, 7", ), with values in RY. It can be seen
that each R"-valued random variable H* belongs to the subspace £°(0,&,,) ¢ L%(®,R") in which &,, ¢ R is the
subspace of RY spanned by {g',...g"}. Note that, contrarily to the PCA that is a reduction following the physical
coordinates axis, the representation constructed with the reduced-order diffusion-maps basis is a reduction following
the data axis.

Remark 2 (Relationship between [H%] and [H"]). Since [gy] is a vector basis of RY (see Definition 3), for m = N,
the random matrix [HY] is an independent copy of random matrix [H"] introduced in Definition 2, in which [H%] =
[Zx][gn]T is a representation of [HV] with [Zy] = [HV] [ay], where [ay] is given by Definition 4 for m = N.

6.3. Explicit expression of pdf pz,| and reduced-order ISDE

Theorem 3 (Reduced-order ISDE and pdf p(z,;). The notations introduced in Definition 4 and in Theorem 2 are
used. For given &y, m, and k, let {([Z(r)], [M(r)]), r = 0} be the stochastic process defined on (®,T ,P), with values
in M, X M, ,,, which verifies the following reduced-order ISDE for all r > 0, with the initial conditions for r = 0,

d[Z(n] = [Y(r)]dr, (17a)
1

diY (] = [LAZE)Ddr = 5 folY ()] dr + Vo AW [an], (17b)

[Z0)] = [nallam] a.s. ., [Y(O)] = [vol [am] a.s., (17¢)

in which, VY [z] € M, ,,, [L([z])] = [L([z] lgm] ] [an] € M, . Egs. (17a) and (17b) admit the unique invariant measure
on M, ,, Xx M,
Piz,1.1v.12], D dlz] @ dly] = (pz,.1([z]) dlz]) ® (pry, (YD dly]) (18)

in which pyy, is the Gaussian density [y] — Qm)~vm/2 exp{—||y||2/2} on M, and where the pdf [z] — pz,1([z]) on
M, ,, is written as

N N ~ m
1 s ;
Piza(2D) = e [ [ expl=sliom, = > 2t IPh. (19)
=1 j=1 a=1
The positive parameter c,,, is the constant of normalization, [7] = [z'...2"] € M, with z% = (z§,...,2)) € R” and

with z§ = [zlka, and g7 is given by Definition 3. The reduced-order ISDE with initial conditions, defined by Eqgs. (17a)
to (17¢), has a unique stochastic solution {([Z(r)], (M (r)]), r = 0} that is a second-order diffusion stochastic process,
which is asymptotic, for r — +oo, to a stationary and ergodic stochastic process {([ Zs(rs)], [Ms(rs)]), rse = O} for the
right-shift semi-group on R* = [0, +oo[. For all ry fixed in R*, the joint probability measure of the random matrices
[Zo(re)] and [Y (rs)] is the invariant measure defined by Eq. (18) and the pdf of random matrix [ Z(rs)] is defined
by Eq. (19). Consequently, Egs. (17a) to (17c) yield a MCMC generator of random matrix [Z,] and parameter f
allows for killing the transient regime induced by initial conditions, in order to reach the stationary solution more
quickly.

PROOF. We introduce the stochastic process {([Z(r)], [Y (r)]),r > 0} with values in M, ,, X M,,,, such that, for all
r >0, [UN] = [Z(P)][gm]" and [V(H)] = [Y ()] [gm]T in which [g,] € M, is given by Definition 3 and where
{(TU(M], [V(r)]), r = 0} is the stochastic process with values in M, y XM, v, introduced in Theorem 2. Considering this



change of stochastic processes, substituting them in Eqs. (16a) and (16b), and right multiplying these two equations
by matrix [a,,], yield Egs. (17a) and (17b). The initial conditions defined by Eq. (17c) are similarly obtained.

(i) Proof of Eq. (19). For m fixed, since the reduced representation of random matrix [HV] (for which its pdf Pavy is
given by Eq. (13)) is defined as the random matrix [H% 1 =[Z.,][gm]" (see Definition 5), the theorem of the image of
a measure by a measurable mapping allows for deducing Eq. (19) of the pdf p(z,; of random matrix [Z,,] with values
in M, .

(i1) Proof that piz, v, 1([z], [y]) dlz] ® d[y] defined by Eq. (18), with p(z,([z]) given by Eq. (19), is the invariant
measure of Egs. (17a) and (17b). For proving that, there are several possibilities. We chose to use an algebraic-
based demonstration, which allows for introducing notations that will be reused in Proposition 2. For simplifying the
writing, the It6 equation (17a)-(17b) is rewritten as the following second-order stochastic differential equation that
has to be read as an equality of generalized stochastic processes (see for instance, Chapter XI of [30]),

D}[Z]+ %fo D,[Z] - [LAZD] = v/fo DAW][an], (20
in which D,[W] is the generalized normalized Gaussian white process resulting from the generalized derivative with
respect to r of the M, y-valued Wiener stochastic process defined in Notation 1. Fork = 1,...,v,fore = 1,...,m,
and for £ = 1,...,N, we define z¥ = (z¢,...,z%) € RV and Z* = (&, ...,Z¥) € R" with ¢ =Z% = [z]},. Similarly, we
define the real functions (z', . ..,z") > ®(z!,...,2")on R"x. ..xR” and @', ...,2") = ®@',...,2") on R"x.. . xR™,
such that

N m
o@z',....2" =) V'), u'=) z"g, o@',....7)=0G',....7"). Q1)
=1 a=1

Eq. (20) can be rewritten as v coupled generalized stochastic equations on R,
~k 1 ~k ~ ~1 ~v ~
DIZ + 5 /D, Z + gl [gnl) ™ V2 O(Z ... Z) = V/folan] DWE,

with k € {1, ..., v} and where {Wk}a = [W]ie. Left multiplying this last equation by the invertible matrix (gl [gm] €
M, yields, for k € {1,..., v}, the following coupled equations,

~k 1 ~ -~ ~y .
(gnl” (gl D2Z" + 5 folgal (g D2 +Vu®(Z ... Z) = /o lgal DWF.

Using the mathematical results given in Chapter X of [29], it can be deduced that the ISDE corresponding to the
previous v coupled generalized stochastic equations admits a unique invariant measure on (IT;_ R™) x (IT;_ R™),
defined by the following density with respect to (®}]_,dZ") ® (®)_,dy*), which is

SN PN 1< — s A .
p@‘,...,z;y',...,y)=CzymeXp{—§E <[gnl" [gn¥". ¥ > —0@,...,7")}.
k=1

Consequently, the joint probability density function of the R”-valued random variables Z!, ..., Z™ with respect to

m
=14 12 5V USp MY B M A=t VT P

the pdf of random matrix [Z,,] with respect to d[z] is

N m
Piz,1([z]) = Cym exp{- Z (V(Z 2g%).

=1 a=1

Using the expression of V(u) defined in Theorem 2 and introducing ¢,,, = C,,/N", this pdf can be rewritten as
Eq. (19).

(iii) Proof of uniqueness of an asymptotic stationary and ergodic solution of Egs. (17a) to (17¢). The use of Theorem
9 in Page 216 of [29] yields the proof that Egs. (17a) to (17¢) has a unique solution {([Z(r)], [Y(r)]), r > 0} that is a
second-order diffusion stochastic process, which is asymptotic, for r — +oc0, to a unique stationary stochastic process
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([Zs], [V «]) having the properties given in Theorem 3. The ergodicity of the stationary solution is directly deduced
from [31] or from [32].

Proposition 2 (Explicit expression of the pdf p(z, of [Z,,]). (i) The pdf pz, of random matrix [Z,,] defined by
Eq. (19) can be rewritten, for all [7] in M,,,,,, as

Pizaa) =Y pim) [[ p2@d) . 2 =G 2) e R 2 = 2hia (22)

jeg k=1

in which for all j in  (see Definition 1),

pitm) = yi0m) (Y ypm) ™ > pmy =1, (23)
Vg i€g
1

¥im) = expl=z—5 < [Ix] =[Gl [MaGi)] >} (23b)

Matrix [G,,] € My (see Definition 4) and the matrix [M;(j)] € Mﬁ) is defined by

[Ma()] = na@T a@1 > Ma@lee =<mlf,mlf' >, 24)
in which [14(J)] € M,y is defined by Eq. (12). For all kin {1, ...,v}, p7.(:;J) is the Gaussian pdf, such that, for all zt
in R™,

_ 1
P @ i) =(n)" det[C,1) P exp { - 5 <ICal @ 7'0) . 2 Z'G) > (25)

in which [C,] = 52([gm]” [gm])™! € M, where Zk(j) = (5/s) [qm]T ﬁZ(j) € R™ with [a,,] € My, given by Definition 4,
and where ﬁ];(j) = (ﬁfl’](j), ... ,ﬁ’:u\,(j)) € RY with ﬁsy[(j) = r]flfk = [74(D]ke (see Eq. (12)).

(i) For all j in J and for all 1 < m < N — 1, we have aj(m)E < [Iy] = [Gul, [My()] >F = 0, 0 < yj(m) < 1,
0<pj(m)<1, and for m = N, aj(N) = 0, y;(N) = 1, and pj(N) = 1/NV.

PROOF. (i) Eq. (19) can be written as

- 1 5S4,
pzaleh = cm > [ [exp { - 5 I570) - ] 27}
jeg k=1

On the other hand, Vk € {1,...,v}, we have =2 )" |5/9) y() — [gn] 21 = —(1/2) <[C.1”' (Z*-Z'G)) , Z-Z"G) >
+2 ) N <IGuIToG) . T5G) > ~lIT5G)IP). Combining the previous equations allows pz, j([z]) to be rewritten as

i 1
p[Z,,,]([Z]) = Cym Z yj(m) H eXp { - 5 < [Cm]_1 (/z\k _/Z\k(.])) > ,Z\k_/ik(.])> } s

jeg k=1

in which y;(m) = ], _, exp{—%(llﬁs(j)ﬂz— <[GuliihG) . 75(i) >)), which can, finally, be rewritten as Eq. (23b) with
Eq. (24). The above expression of p(z,1([z]) is rewritten as

Pz, ([2D) = con@m)™2(det[C, 1) > yiom) [ [ Pz @)

j€g k=1
The constant c,,, of normalization is calculated by fM piz,1([z]) d[z] = 1. Since me pik(z\"; j)dz* = 1, it is deduced
that ¢,,, = {(27)"/?(det[C,,])"/? Eje 7 yj(m)}‘l. Eq. (22) can then be deduced in which p;(m) is given by Eq. (23a).
Finally, [M,())] = >, ﬁf,(j) ® ﬁl(f,(j) = [7a(D]” [174(j)], which shows that [M,(j)] € M because v < N (see
Section 2).
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(i1) From Lemma 1-(v), and using Eq. (24), it can be seen that a;j(7n) > 0. The end of the proof is easy to do.

Remark 3 (About the algebraic representation of pdf pz,; and its generator).

(i) Eq. (22) shows that pdf pz,; on M, is a linear combination of NV products of v Gaussian pdf on R". Conse-
quently, the use of the reduced-order ISDE given by Theorem 3 effectively allows realizations of random matrix [Z,,]
to be generated, while a Gaussian generator that would be based on the representation given by Eq. (22) is unthinkable.
(ii) The generation of nyc > 1 independent realizations {[z],£ = 1,...,nyc} of random matrix [Z,,] is performed
by using the MCMC generator defined by Theorem 3 in which the reduced-order stochastic Egs. (17a) to (17c) are
solved using the Stormer-Verlet scheme [33, 34], which is well adapted to stochastic Hamiltonian dynamical systems
and which is detailed in [1]. We can then deduce the learned dataset {[nfr], ¢ =1,...,nyc} of random matrix [H%]
such that [ ] = [z] [g]7, with an arbitrary value of realizations.

7. L2-distance of random matrix [HI,X] to matrix [7,4] of the initial dataset and its analysis

In this section, N, v, k, and &,y = &op are fixed. The optimal value of m associated with gqp 1S Moy as de-
fined in Section 5.2. Integer m varies in {1,...,N}. The measure of the concentration of the probability measure
pryi([17]) dln), which is informed by the initial dataset represented by matrix [77,], will be analyzed as a function of
m by using the square djzv(m) of the L*(®, M, y)-distance between random matrix [HfX ] and matrix [r4].

Definition 6 (Square of the relative distance d,z\,(m) of [HY] to [14]). For m fixed, the square of the relative distance
of random matrix [HY] with values in M, n to matrix [n4] € M, y is defined as dlz\,(m) = E{||[H%] - [nd]||2}/E{||[77d]||2}.

m

The following Lemma gives the value of d%(N), which corresponds to the value of the distance if the PLoM method
is not used (m = N). In this case, the MCMC generator of random matrix [HY] is given by Theorem 2.

Lemma 2 (Value of d3(m) for m = N). For m = N, the random matrix [HY], which is an independent copy of ran-
dom matrix [HV] (see Definition 2 and Remark 2) is such that E{[H’\N’]} = [0,n], Ell [H%] I’} = vN, and the value of
djzv(m)form =Nis dlzv(N) =1+ N/(N-1).

PROOF. Note that H!, ..., H" are independent copies of HY) (see Definition 2). (i) E{[HY]} = E{[H"]} = [E{H™)} ...
E{H™}], and since E{H™} = 0,, we have E{[HN]} = [O,y]. (i) E{|[[HN]I*} = E{I[H"]|*} = Zivzl E{|IH/|I*}
= N E{|[H™)|?}, therefore, E{||H™ |*} = Tr{[/,]} = v, and consequently, we have Ef||[HY]|*} = vN. (iii) Using
Definition 6 and Eq. (6) yields d2(N) = (v(N = 1))~ (E{I[HY1IP} - 2 < E{[HY1}, [4] ># +nalP). The result is
obtained using (i), (i), and Eq. (6).

It should be noted that the concentration is measured by the mean-square distance between the random matrix
[H%] and the deterministic matrix [7,]. For m = N, this distance would be zero only if the probability measure of
[H%] were the Dirac measure in the space M, y at point [17,] € M, 5, which is obviously not the case.

Proposition 3 (Expression of d5(m)). Let m be fixed. We have

EH1) = Y pym) 2[00 (Gl € My (26)
Jeg
2
E(IHNIPY =) pim) (v&m + % <Gl [IMa(]>F ) » (26b)
&g

in which pj(m) is given by Eq. (23a), [74(j)] is defined by Eq. (12), [G,,] by Definition 4, and [M,(j)] by Eq. (24), and
we have

ms? 1 .
dym =1+ 5+ s JZJ pim) <[Gul. [Ba()]>r . (27a)
/\2 o~
[B.(Gj)] = % [M,Gi)] - 2§ (741" (4] € My . (27b)
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The entries of [B4(j)] are [By(D]ee = (52/5%) <I]d s nd > —(25/5) <7]£[, 1]2' >

PROOF. Since [HY] = [Z,,] [g.]" (see Definition 5), it can be seen that E{[HY]} = [M (m)] [g,,]” and E{||[[HY]?*} =<
[M’z\'(m)] ,[gml” [gm]>F, in which, using Eq. (22) for piz, 1,

MY )] = pim) / / [Z'... 21" & {pp @) di'} € My,

&g

M (m)] = Zme)H {/ oz pzk(z*;pafz*} €M, .

k=1 jeJ

(i) Calculation of E{[HY]}. Using Eq. (25) and the expression of Zk(j) defined in Proposition 2 yield [MY(m)] =
Yjeg Pim) [ZG]" with [Z()] = Z'G)...Z2 ()] = (5/5) [an]” [1a)17. Since [an][gn]" = [Gn] (see Definition 4),
we obtain Eq. (26a).

(ii) Calculation of E{[[HY11?}. Eq. (25) shows that [, 297" p; (@"; j) dz* = [C,,]+Z ()&Z" (). Since [y, pz@*;j) dz* =
1 and that Y7, _, 2°(G) ® Z° () = [ZG)Z(D]. we have [MY(m)] = Yiq pi(m) (vICi] + ZDIEGDIT). It can
then be deduced that E{[[HN1*} = Y- pi(m) (v Z1(m) + T5(m,j)). Using [C] = 5 ([gm]" [gm])™" (see Proposi-
tion 2) and the expression of [G,,] given in Definition 4 yield T(m) =< [C),],[gn] [gm] >r= §* Tr{[G ]} = §* m.
On the other hand, 75(m,j) = IZ{]" [gn]"II* and since [Z({]" = (5/5) [7a()] [an], we have [z()]" [gn]" =
(5/5) ()1 [Gn]. Therefore, To(m,j) = (5*/sH)n4()] [Gull>. Since [G,]* = [G,,] (see Lemma 1-(iii)) and that
[Ms(D] = (721 [7a()] (see Eq. (24)), we obtain I»(m, j) = (5*/s*) <[Gn],[M,(j)]>F. By substitution, we obtain
Eq. (26b).

(iii) Calculation of d% (m). From Definition 6 of d(m), we have d%(m) = |lnalI> (E{IHNI*} - 2 <E{[HY1}, [n4]>F
+||nd||2). Using Eqgs. (26a) and (26b) allows for proving Eq. (27a) with Eq. (27b).

In order to apply Proposition 3 for the case m = N, we need the results given in the following lemma.

Lemma 3. Using Definition 1 and Egs. (24) and (27b), we have

= > @] = [0,x], (28a)
g
1 1
v 2 Ma@l = linal’ (1] (28b)
&g
o Z[Bdo)] = ——||nd||2 [In]. (28¢)
g

PROOF. (i) Proof of Eq. (28a): for all fixed £, we have
LD SUEED S SENED S
&g Ji Jn Je=1

taking into account Eq. (5). (ii) Proof of Eq. (28b): for £ = ¢’, it can be seen that

N> IMy()] =N NZ Znn I = 1Zun I

ISV Je=1
For ¢ # ¢’, due to Eq. (28a), it can bee seen that
NN IMg@I =N YT <N g NS gl >=0.

g J#ienje } Je=1 Je=1
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Grouping the two cases yields Eq. (28b). (iii) Proof of Eq. (28c): this result can easily be deduced from Eqgs. (27b),
(28a), and (28b).

Corollary 1 (Value of d%(N) as a corollary of Proposition 3). Taking m = N in Eq. (27a) yields the value d%(N) =
1+ N/(N - 1) given in Lemma 2.

PROOF. The proof is easy to obtain using Proposition 2-(ii), Lemma 1-(ii), Eqs. (27a) and (27b) with m = N, and
Eq. (8).

Definition 7 (Matrix [7}] and function &;). Let [1;] € M, y be the matrix defined by Eq. (11) and let [G,,] € My be
the matrix defined in Definition 4. For all m such that 1 < m < N, the matrix [n}}] € Mly is defined by

(73] = [na) [G] .- (29)
The function m v g,(m) with values in R* is defined by

] = [ng 1 = €a(m) lInall - (30)

Lemma 4 (Properties of m — &;(m) and expression of ||TIZ’||2)- (i) m — g4(m) is a decreasing function from {1, ..., N}
into [0, 1] and we have €4(1) = 1 and ;(N) = 0. (ii) For all m such that 1 < m < N, the square of the Frobenius
norm of matrix [11}] that is defined by Eq. (29), is written as

1% = (1 = ea(m)*) llnall* . @31

PRrROOF. (i) From Eq. (29) and Lemma 1-(ii), it can be seen that [nfjv 1 = [n4]. Therefore, Eq. (30) yields g4(N) = 0.
From Section 5.1, it can be seen that g' = N~'2|js'|| 1 and using Definition 4 yield [G;] = N"'1® 1. We have
4l = 117 = mad(Un] = [GIDIP =<[nad(Un] = [G1])  1a)(UUn] = [G1])>F= <[na]" [14] . IN] — [G1]>F because
(Un] = [G1])* = [Un] = 2[Gi] + [G1]* = [Iy] — [G\]. Hence, lI[nal = [nyll* = lnal® = N~ < [7a]" [nal , 1 ® 1 >F
and < [ng)” 4], 1@ 1>p= || Z?’:I 1)'£’1||2 = 0 (due to the first Eq. (5)), we deduce that ||[4] — [r]i,]H2 = ||17d||2, which
proves that £4(1) = 1. Since [G,,] = Y, 9% ® ¢® (see Lemma 1-(iv)), we have [I[74] — 721> = <[nal” [74], [In] -
Gl >F= ||r]0,||2 - Z:’:z 1 741 ¢°|?, which proves that m — &,4(m) is a decreasing function. (ii) Developing the left-
hand side of Eq. (30) yields Inal? =2 < [n4l, (771 >F +||7]f]||2 = g4(m)?|ln4ll*>. On the other hand, < [774], (771 >F=
<[n4l, [7a] [Gn] >F and since [G,,] = [G,y)* (see Lemma 1-(iii)), it can be deduced that, < [14], [1771>F= lI7%|*, and
then Eq. (31) holds.

In Hypothesis 1, based on the properties of {1,(&pu)}e, We have introduced the existence of optimal values &qp and
Mopt Of &py and m, respectively. In the following hypothesis, we introduce the connection between m — g4(m) and

{Ae(epm)}a-

Hypothesis 2 (Relative to m — &,(m)). Under Hypothesis 1, it is assumed that mqp is such that 1 = g4(1) > ... >
eq(mope — 1) > g4(mopy) > q(Mmop + 1) > ... > g4(N) = 0.

Remark 4 (Comments about hypotheses 1 and 2 related to m,,). Regarding Hypothesis 1 devoted to the existence
of the optimal values gop Of &py and mgy of m, Fig. 1 (left) displays the graph of function a + log(d.(gop)). The
graph of function m — g4(m) corresponding to Hypothesis 2 is shown in Fig. 1 (right). For m > mqy, we have
g4(m) < 1 while g4(1) = 1 and g4(N) = 0.

Proposition 4 (Adapted expression of dlz\,(m)). For all m such that 1 < m < N, d,zv(m) given by Eq. (27a) can be
written as

d}(m) = fa(m) + ha(m), (32a)
ms> )
Ja(m) = N_1 + &4(m)~, (32b)
| R
ha(m) = 3 pilm) —— I3 1 = [ DIIP (320)
P Tl s
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Figure 1: Left figure: for epm = &opt, distribution of the eigenvalues A, (gopt) in log scale as a function of rank @. Right figure: graph of function
m > gq(m).

in which, V' j € J, pj(m) is defined by Eq. (23a) as a function of y;(m) (defined by Eq. (23b)) that can be rewritten as

1
yi(m) =exp { - 571 - A (33)

where [7(j)] € M, y is defined by
(77 D] = Ma(D] (Gl , (34)

with [n,(§)] € M,y defined by Eq. (12).

PROOF. (i) From Eqs. (27b) and (24), it can be seen that < [G,,], [Ba()] > = (5/9)? < [Gnl, a1 [4G)] >F
=2(5/5) <[Gn] . [1a(D)" [na]>F. Since [G,,] = [G,]? (see Lemma 1-(iii)), we obtain <[G,,] , [Bs(D]>r= (5/9)*/I[74()]
[Gall? =2 (5/s) < 7«1 Gl [74] [Gin] > F, which can be rewritten, using Egs. (29) and (34), as <[G,,], [Bs()]>F=
||[r]f]]—(§/s) [ng(j)]Hz—Hn?Hz. By substitution into Eq. (27a), since Zjej pj(m) = 1, and using Eq. (31) yield Egs. (32a)
to (32b). (ii) We have ([Iy] = [Gw])* = [IN]1=2[Gul +[Gn]?* = [Iy] - [Gy]. Consequently, <[Iy]—[Gpul, [My(i)]1>F=
< (Un] = [GuD?, [N [1a()] >F= llIna@] (Un] — [GuDI*. Using Eq. (34) allows < [Iy] — [Gul, [Ma())] >F
= |lna()] — [77;?(j)]||2 to be written. By substitution into Eq. (23b) yields Eq. (33).

Lemma 5 (Rewriting function /). For all m such that 1 < m < N and for all j in J, let gj(m), g(m), y(m), and r(m)
be defined by ~
[IARRUAN 1 1
gi(m) = —H | e(m) =—= Y gim), y(m) =—= > ¥i(m), (33)
Il NV 2 NV

in which yij(m) is given by Eq. (33), and

r(m)dét ij(m) gJ(m) _ ZJEJ'}’J( )g]( ) (36)
‘ g(m) y(m) g(m)
g
in which pj(m) is defined by Eq. (23a). Using these definitions, we have
2 m ) G
g(m)=1+gﬁ—8d(m) , &m>0 S(N):1+?’ (37
in which g,4(m) is defined by Eq. (30), and
ym)>0 , yWN)=1 , rm)>0 , r(N)=1. (38)
Function m — hy(m) defined by Eq. (32¢) can be rewritten as
ha(m) = r(m) g(m). (39)
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PrROOF. Using Eq. (35) yields

g(m) = llnall ™ {N-N D ImgIP + G /NS g DIP = 267s) <t 1L, NN Y i@ >r } :
SV g g

It can be seen that |7 ()I1* =< [174()]1 (Gl , [74(D] [Gi] >F. Since [Gy]* = [G,u] (Lemma 1-(iii)) and [174()]” [74(D)] =
[M4()] (Eq. (24)), we have N’szej ||77y(j)||2 =<N7V ZjEJ[Md(j)] , [G,,] >F that can be rewritten, using Eq. (28b)
and Lemma 1-(i), as N’NZJ-EJHU?G)HZ = NmalP? Te{[Gnl} = (m/N)Ipall>. Substituting [|7I* given by Eq. (31) in
the above expression of g(m) and using Eq. (28a) yield Eq. (37). Due to Eq. (35), g(m) > 0 and since £4(N) = 0 (see
Lemma 4-(i)), the first Eq. (37) with m = N yields the third Eq. (37). Since [Gy] = [Iy] (see Lemma 1-(ii)) and using
the definition of y;(m) given by Eq. (23b) yield y;j(N) = 1. The other results of the lemma are easy to prove.

Lemma 6 (Property of function f;). For N and v fixed, let s be defined by Eq. (8). Function m +— f;(m) from
{1,...,N}into RY, defined by Eq. (32b), is such that f;(1) = 1 +5%/(N — 1) and fy(N) = N's*>/(N = 1). Let mqy, be the
value of m defined in Hypothesis 1. If

2 ‘/9\2
‘9d(mopt) < N

[ < Ealmop = 17, (40)
then function m — fq(m) has a unique local minimum that is a global minimum, which is reached for m = mepy,
Mo = arg min_fi(m). (41)

PROOF. The value of f;(1) and f;(N) are directly deduced from Eq. (32b) and also from the values g4(1) = 1
and g4(N) = 0 (see Lemma 4). (i) Let m be such that myyy < m < N —1, and let A}, = fy(m + 1) — fu(m) =
$2/(N=1)+&4(m+1)*—g4(m)*. Since &4 is a decreasing function (see Lemma 4), £,(m)* < &4(mop)*, and consequently,
A, > S /(N = 1)+ g4(m+ 1)* = g4(mop)?. Since g4(m + 1)> > 0 and since 52 /(N — 1) — g4(mop)* > 0 (due to Eq. (40)),
we have A}, > 0 and therefore, f; is an increasing function on {my, ..., N}. (ii) Let m be such that 1 < m < mgp,
and let A, = fy(m) — fu(m - 1) = $2/(N = 1) + g4(m)* — 4(m — 1)%. From Hypothesis 2, it can be deduced that
eq(m)? —ggsm—1)> < 0. Forall2 <m < Mopt, We have g4(m — 1)? > gq(Mop; — 1)? > z-:d(mopt)2 and Eq. (40) shows
that A, < 0. (iii) Since A;, < 0 for 1 < m < mgp and A}, > 0 for mgy < m < N yield Eq. (41).

Theorem 4 (Existence of a minimum of dlzv(m) for m < N). Let Moy = {mopt, Mope + 1,..., N} in which mep is de-
fined in Hypothesis 1.

If YVmeMy , rim <1, (42a)
then min dy(m) < min dy™(m) < dy(N), (42b)
meMopt meMopt

in which d,z\,’sup (m) is written as

Ay (m) =1+ (43)

N-1"
Egs. (42a) and (42b) shows that

. Mopt
lrllénAI/(I:pt dIZV(m) <i+ ﬁ < d12\/(N) ’ (44)

which means that, if hypothesis defined by Eq. (42a) holds, then the PLoM method is a better method than the usual
one corresponding to d3(N).

PrROOF. Egs. (32a) and (39) yield d,%,(m) = fa(m) + r(m) g(m). If r(m) < 1 for all m in Mopi, then
d(m) < dy®(m) , Yme Moy, (45)

in which djzv’sup(m) = fa(m) + g(m). From Egs. (32b) and (37), it can be seen that dlzv’sup(m) =1+ms*/(N-1)+
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(52/52)(m/N) that can be rewritten, using Eq. (8), as Eq. (43). For m = N, Eq. (43) and Lemma 2 yield dy*"*(N) =
dy(N) = 1+N/(N—1). From Egs. (43) and (45), it can then be deduced that min,ept,, d3(m) < Minyepy, dlz\,’sup(m) =
1 + mgp /(N — 1), and since d%(N) = 1+ N/(N - 1), we obtain Eq. (44).

Remark 5 (Concerning the hypothesis r(m) < 1,Vm € Moy). Form € {1,..., N}, r(m) defined by Eq. (36) does not
seem to be calculable either explicitly or numerically (since there are NV elements in set 7). This is the reason why
we have introduced the hypothesis defined by Eq. (42a) in order to formulate the theorem. Obviously, this hypothesis
has numerically been verified by a direct Monte Carlo simulation of d%(m) given in Definition 6 using Section 6.3 and
Remark 3. In Section 8, we give additional developments and comments about this hypothesis.

8. Justification of the hypothesis introduced in Theorem 4

This theorem holds if the hypothesis defined by Eq. (42a) is verified. As explained in Remark 5, r(m) defined by
Eq. (36) cannot explicitly be calculated for 1 <m < N — 1 (for m = N, we have r(N) = 1). The authors have not been
able to perform the exact calculation and therefore this question can be considered as an open problem. Consequently,
Section 8 has been developed to support the validation of this hypothesis. We then propose an estimation of r(m)
using the maximum entropy principle from Information Theory, and finally, we propose a rough approximation of
r(m). In Section 9, devoted to a numerical illustration, we will compare the two last estimations of d%(m) with the
“true” function d,%,(m) estimated as explained in Remark 5.

Remark 6 (Preliminary remark). Forall jin g and forallmin{l,..., N}, letaj(m) > O be defined in Proposition 2-
(ii). Therefore, y;(m), which is defined by Eq. (23b), can be rewritten as yj(m) = exp{—ﬁ aj(m)} and consequently,
pj(m) defined by Eq. (23a), can also be rewritten as

exp{——zlY2 aj(m)
.(m) = E m)=1. 46
pitm) > JeJexp{ 7aJ (m)} T Pim) (40)

The discrete random variable A(m) with values in {aj(m),j € J}, whose probability distribution {p;(m),j € J} is
defined by Eq. (46), is a Maxwell-Boltzmann distribution. Its mean value is a(m) = E{A(m)} = Zje g aj(m) pj(m),

and its entropy is written as S ({pj(m)}j) = - Zjej pj(m) log pj(m) = ﬁ a(m) + log (Zjej exp{—ﬁ aj(m)}). From
Eq. (36), we then have to calculate, for all m € {1,...,N — 1}, r(m) = Zjej (gj(m) /g(m)) pj(m), in which gj(m) is
defined by Eq. (35). As we have explained, such a calculation cannot be performed neither explicitly nor numerically
(there are NV elements in 7).

In the following, we construct an estimation of r(m) using the maximum entropy principle.

Definition 8 (Discrete random matrix [A]). Let [A] be the discrete random variable with values in {[n,()].j € J}
with [n4()] € M,y defined by Eq. (12), and for which the probability distribution is {p;,j € J} with p; = 1/N",

Piaj(dlal) =Y _ pj b, (lal = [na()]). (47)
g

Lemma 7 (Second-order moments of random matrix [A]).
1
E{[Al} = (0], E[AI [Al) = - lInal’ [n]. (48)
PROOF. It can be seen that E{[Al} = [y, [a]> ey Pj 0oy, , ([al = [1a()]) and E{[A][A]} = [y, [al" [a] Y ;e D)

Soy, , ([al=[1a())]) yielding E{[A]} = NN 3. s [na(j)] and E{[A]" [A]} = N7V 375 o [na()]" [na(i)]. Using Eqs. (28a)
and (24) with Eq. (28b) yield Eq. (48)
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Lemma 8 (Expression of r(m) as a function of random matrix [A]). Letm be fixedin{1,..., N}. Function hy(m) =
r(m) g(m) defined by Eq. (39) in which r(m) is defined by Eq. (36) can be rewritten as

r(m) g(m) = 1=g4(m)* + o T < f—i[h(m)] - 2§ [T10m)] [7a] . [G] > . (49a)
y(m) = E{exp (- ﬁ <[IN] - [Gn].[A]" [A]>F )}, (49b)
[T1(m)] = E{[A]" exp (- zisz <[n]-[Gul.[A]" [A]> )}, (49¢)
[T2(m)] = E{[A]"[A]exp (- L — <Un]1-[Gul.[A]" [A]>F ) }. (49d)

PROOF. For all j in 7, gj(m) (defined by Eq. (35)) can be rewritten, using the proof of Proposition 4 and Eq. (27b),
as follows,
gj(m) = lInall > IP+ < (/) Ma()] = 2(5/9) a1 [14) (Gl >} .

or using Eq. (31),
gi(m) = 1 — eam)* + Il (< >/ ) a1 1141 = 2579021 04l , (Gl >F} -

Substituting this expression of gj(m) into Eq. (36) and using Eq. (35) yield Eq. (49a) in which y(m) = ZJE 7 Pj exp(— ﬁ
<[In]- a1 [74(D1>F)}, where [T1(m)] = > ieq Pi )] exp(—5tx <[IN1=[Gwm], [naDI” [na()]>F)} and
[Tz(m)] = Zjej Pi a1 ma(l exp(=5 <[In] =[Gl [Ma(D1" [7a()] >F)}. Using Eq. (47) allows y(m), [T)(m)],
and [T»(m)] to rewritten as Egs. (49b), (49c), and (49d).

Below, an approximation [A€] of random matrix [A] is constructed using the maximum entropy principle [35, 36, 37,
38] under the available information defined by Eq. (48).

Definition 9 (Random matrix [A€]). Let [A°] be the random matrix with values in M, y whose probability measure
Piaq(dlal) is defined by a pdf [a] = paci([a]l) on M,y with respect to dla). This pdf is constructed as the unique
solution of the following maximum entropy (MaxEnt) problem,

Plac) = max S(p), (50)
PECad

in which the entropy is written as S(p) = — fMV,N p([a]) log(p([a])) dla] and where the admissible set is defined by
Cad = {lal & p(laD) : Myy — R*, fi,p(laDdlal = 1, [y [alp(laDdla]l = [O,n] [y [al” [a] p([a])d[a] =
(1/N)llmal® Un1}.

Proposition 5 (Explicit expression of pdf pja<; ). The optimization problem defined by Eq. (50) has a unique solu-
tion written, for all [a] in M, v, as

1 1
piaci(lal) = xp { - Sl ), o7 Tvllndll2 =1-—. (5D

(27T)VN /2 O-VN N
PROOF. The proof is left to the reader.

Remark 7 (Independence of the entries of random matrix [A°]). Eq. (51) shows that the real-valued random vari-
ables {[Alk;k = 1,...,v;€ = 1,..., N} are independent and, each one A{, = [A°]s, is a second-order, centered,
Gaussian random varlable for Wthh 1ts variance is 02,

1
Pag,(axe) = ﬁexp{ 5 2akf} E{AL} =0, E{(Ay)} =07, (52)

A simple calculation shows that [A€] satisfies the constraints defined by the available information, that is, E{[A¢]} =
[0,.n] and E{[A“]"[AC]} = (1/N) Inall* [n].
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Remark 8 (Comparison of the entropy of measures P5; and Pj5<)). Let us compare the entropy of P (d[a]) de-
fined by Eq. (47) with the entropy of Pacj(d[al) = pja<([a]) d[a] whose pdf is defined by Eq. (51). Since p; = 1/NN,
we have (Pa)) = — Zjej Dj log p; = Nlog N. On the other hand, we have S (P(a¢}) = — fMV,N praci([al) log piaa([al)
dla] = (vN/Z)(log(Zne) +log(1 — 1/N)). Consequently, S (Pjac))/S (Pa}) = v(2log N)~! (log(Zne) + log(1 — l/N)).
Clearly, the approximation will be optimal if S (Pjac)) ~ S (Pay), which, for v > 2, is reached if N ~ (2ne)’?. In
general, N < (2re)”/? and consequently, the level of uncertainties associated with probability measure Pjac(d[a]) is
larger than the one for the probability measure Pp). For instance, in Section 9 devoted to the numerical illustration,
we have v = 9 and N = 200, which yields S (P(ac])/S (Pja)) = 2.4.

Definition 10 (Approximation r(m) of r(m)). Forallmin{l,..., N}, the approximations r‘(m), y“(m), [T{(m)], and
[T5(m)] of r(m), y(m), [T\(m)], and [T2(m)] is obtained by replacing [A] by [A€] in Egs. (49a) to (49d),

g = e+ < f—i[T; m1=2 151 04). (Gl >+ (530)
¥om = E{exp (= 55 <Ui] = (Gl [AT [AT> )} (53b)
(i) = E{IAT exp (= 55 <Un] = (Gl [AT (AT ) (53¢)
[T5(m)] = E{[A°]"[ATexp ( - % <Un] =[Gl [AT [A]>F )} (53d)

Lemma 9 (Explicit calculation of y“(m), [T{(m)], and [T5(m)]). For all integer min{1,..., N}, we have

0'2 ) —v(N-m)/2

yim) = (1+ 7 , [T5m)] = [On,] , [T50m)] = ¥ (m) v [b,] ™! (54)

in which o is defined by the second Eq. (51) and where the matrix [b,,) is defined by [b,,] = s >([Iy]1—[Gn]) + 0 2[Iy]
and belongs to My, (and thus is invertible).

PROOF. Let f be a mapping on M, y such that the following quantity be defined, £L,(m)=E { F([A]D exp (— ﬁ <[y}
[Gn],[A]" [A°]>F) }. Using Eq. (51), it can be seen that L ;(m)= Qro?)~7 Jin,, f(Lal) exp (- 3<lal"[al,[bw]>F
)d[a]. From Lemma 1-(iv), [G,,] = Zg:]uago“ ® @® with < ¢, ¢ >= Oopy M1 = - = My = 1, and ppyy =
... = uy = 0. Since [Iy] = Zg;l ¢® ® ¢®, matrix [b,,] can be rewritten as [b,,] = 25:1 Lo(m) ® ® @® in which
Lo(m) = 1/0% if @ < m, and {,(m) = 1/s*> + 1/0% if @ > m. Since £,(m) > 0,Va, it can be seen that [b,,] € M.
Hence, [b,,]"! = Zle(l/ga(m)) ¢* ®¢® and consequently, det{[b,,]'} = (&1 (m)x ... x{y(m) ™' = N (1 + %;)’(N’m).
Hence, L;(m) can be rewritten as

Lim) = (1 +0?/sHN-m/2 / .. / f([a1") p@Hx...xp@")da'...da",
RN RV
where Yk € {1,...,v},a" € RV is such that V¢ € {1,..., N}, @ = {[a]” }x = [ali, and where
— 1 PURSN
p@") = ()" v/det{lbp] ) exp(—3 <[bnla", @ >)

is the pdf of a Gaussian centered second-order R"-valued random variable A¥ whose covariance matrix is (b1t ()
Taking f([a]) = 1, Eq. (53b) is written as y“(m) = (1 +02)s2)TYIN-m/2 szl{fRN p(ﬁk) dak} that gives the first Eq. (54).
(i) Taking f([a]) = [a]”, Eq. (53c) is written as

[Tf(m)]=(1+0‘2/s2)_V(N_m)/2/ / [@] p@")x...xp@")da'...da",
RN RN

which is equal to [Oy,] because AK is centered, and therefore, the second Eq. (54) is proven. (iii) Finally, taking
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f([a)) = [a]"[a], Eq. (53d) is written as

[T5(m)] = (1 + o2/ s>) "N/ /

RN

/[b\][a]Tp(ﬁl)X...Xp(ﬁ")cﬁl...Jﬁv
]RN

whose entries are
v
(TS(m)]ee = (1 + az/sz)*“N*m)/zZ/ / atal, p@Hx...xp@)da'...da",
RN RN
k=1

which shows that

[T50m)] = (1 + 07 /s V™2 " E(A* @ A1}
k=1
The third Eq. (54) is then directly deduced.

Proposition 6 (Expression of »“(m)). Forallmin{l,..., N}, we have
rem)y=1. (55)
PROOF. Substituting the second and the third Eq. (54) into Eq. (53a) yields
r(m) gm) = 1 = g4(m)* + (Y m)lInal>) ™' > /52y m) v<[b,] ", [G ] >F

Since [G,,] = Zgzl Uo @ ® ¢ and using the proof of Lemma 9, we have <[b,,]!, [G,]>F = Zgzl Zgzl(yﬁ/ga(m))
<@ ® 9", P RP>p= 3" 1/Lo(m) = ma?* = m|ingl*/(vN). Therefore, r“(m) g(m) = 1 — g4(m)* + (5*/s*)(m/N).
It can be seen that the right-hand side of this equation is g(m) defined by Eq. (37). Consequently, r“(m) = 1.

Remark 9 (MaxEnt approximation dﬁc(m) of dlzv(m) for all m > my,). Using Theorem 4 and Eq. (32a), the Max-
Ent approximation of djzv(m) is defined, for all m > mgp, as d,z\;”(m) = fa(m) + r°(m) g(m) in which f,(m) is defined
by Eq. (32b) and g(m) by the first Eq. (37). From Egs. (55), Theorem 4 and its proof, it can be deduced that for all

m > Moy, dy(m) = fa(m) + g(m) = dy™*(m), and consequently, using Eq. (43),

Vm > mop . di(m) =1+ N"j (56)

. N
[ AW =N =1+

Remark 10 (Rough approximation dlz\,‘app(m) of d3,(m) for all m > myy). In this remark, for m > mey, we define a
“rough approximation” rup,(m) of r(m) defined by Eq. (36). Let j, = (1,2,...,N) € J C NV, Eq. (12) shows
that [74(J,)] = [n«], and consequently, Eqs. (29) and (34) yield [177(,)] = [}]. Hence, Eq. (33) yields v; (m) =
exp(—(2s2)‘1||nd - nfi”||2), which can be rewritten, using Eq. (30), as y; (m) = exp(—(2s2)‘1sd(m)ler]de). Let us
assume that, for m > mep, y(m) = y(N) = 1 (due to Eq. (38)). Starting from Eq. (36), we define

-1
Fapp(m) = NN ( >~ 1, 0m) g5m)) (V) g(m)) = ;,m).
&g

Therefore, for all m > mop, rapp(m) = exp(—(2s*)~" e4(m)* Inall*). Since 4(N) = 0 (see Lemma 4) and since
7¥j,(N) = 1, it can be seen that r,p,(N) = r(N) = 1. Finally, using Eqgs. (32a) and (39), the corresponding approximation
d5™ (m) of d2(m) is written as

N N

a 1
Vm = moy 5 dyP(m) = falm) + g(m) exp (— 5.2 £am)? InalP) (57)

in which fy(m) is defined by Eq. (32b), g(m) by the first Eq. (37), and g,4(m) by Eq. (30). Since rypp(N) = 1, using
Lemma 6, the third Eq. (37), and Eq. (8) yield dlz\,’app(N) =d%(N)=1+N/(N - 1).
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9. Numerical illustration

The numerical illustration proposed is the application (AP1) of reference [36] (see the “Electronic supplementary
material” of the online version of this reference). For reasons of limitation of the paper length, we cannot reproduce
the description of this application and we refer the reader to this reference. The reader can find further illustrations
concerning the estimation of mg; and the preservation of the concentration of the probability measure in [39, 13, 2,
40, 14, 15, 17, 18, 19, 20].

With respect to the notation introduced in Section 1.1, we have n,, = 20, n, = 200, n = 220, and N = 200. For
the PCA (see Section 2) and for & = 107° in the second Eq. (3), we have v = 9. Consequently, errpe,(v) < 1070,
Concerning the nonparametric estimate (see Section 3), the values of the parameters defined by Eq. (8) are s = 0.615,
5 = 0.525, and 5/s = 0.853. The use of Egs. (14) and (15) yields o5 = 60 and mgp = 10. Parameter « has been
fixed to 1. The graph of function @ — log(4,(&spt)) (see Section 5.1) is displayed in Fig. 2 (left) and the graph of
function m — g,4(m) defined by Eq. (30) is shown in Fig. 2 (right). In order to better visualize these graphs, a zoom
has been done for the abscissa (& < 50 and m < 50 instead of the upper bound N = 200). It can be seen that these
graphs are similar to the ones shown in Fig. 1 and that Hypotheses 1 and 2 are well verified. The graph of function

10° T 5
\
107 “ 0.8
\
= ol
S 107 e —~ 08
< =
0 \ N
210 ‘\ 0.4
\\\\“
107 — 0.2
S
\‘”“\H
10° 0
0 10 20 30 40 50 0 10 20 30 40 50

« m

Figure 2: Left figure: distribution of the eigenvalues 1q(gopt) in log scale as a function of rank @ < 50 for epy = gopt = 60. Right figure: graph of
function m +— g4(m) for m < 50.

m — fu(m) defined by Eq. (32b) is displayed in Fig. 3 (left) and the graph of function m + g(m) defined by Eq. (37)
is shown in Fig. 2 (right). It can be seen that f; has a minimum for m = mey = 10. For all m such that 1 < m < N,

16
1.4

0.8 12

g(m)

fa(m)

0.8
0.4 0.6
0.4

0.2

0 50 100 150 200 0 50 100 150 200

m

Figure 3: Left figure: graph of function m — fy(m). Right figure: graph of function m > g(m).

the estimation dlz\;Si"'(m) = ||nd||’2ﬁ Sl (151 = [41l* of d%(m) defined in Definition 6 has been carried out using
the learned dataset {[nfr] L =1,..., ny} with nye = 320000 realizations of random matrix [H%], which have been
computed with the PLoM method presented in Section 6. It has been verified that the L>-convergence is obtained for
this value of ny.. Left Fig. 4 shows the graph of function m — djz\fim(m). It can be seen that the local minimum is a
global minimum obtained for m = my as expected and that dlz\,’Si'"(N ) = 2 (in agreement with Lemma 2). Right Fig. 4
shows three curves: again the graph of m +— dlz\;“"‘(m) in order to have a reference, and for m > mqp, the graph of
function m +— d,z\;c(m) computed with Eq. (5§6) and the graph of function m — d,zv’app(m) computed with Eq. (57). It can
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be seen that the graph of m — d,z\;”(m) is in coherence with Theorem 4 and that the graph of function m — d,zv’app(m)
has a minimum in m = mgp = 10 on Mo, as expected.

d3(m)

0.5 0.5

0 50 100 150 200 0 50 100 150 200
m m

Figure 4: Left figure: graph of function m dzz\;Sim (m). Right figure: graph of function m dzz\;Sim (m) (blue dashed line), and for m > mgpt, graphs
of m— dlzv’c(m) (dark thick straight line) and m +— di}app (m) (red thick curve line).

10. Conclusions

In this paper, we have presented novel mathematical results that justify, highlight, and better explain the proba-
bilistic learning on manifolds proposed in [1]. We have formulated and proven several results, which show that the
PLoM methodology is efficient for probabilistic learning as it has been demonstrated in the framework of applications
performed for complex engineering systems. The distance introduced for the mathematical analysis of the concen-
tration properties of the probability measure could be used to estimate the optimal dimension of the reduced-order
diffusion maps basis and thus to replace the algorithm previously introduced, which uses only the initial dataset. How-
ever, the criterion based on this distance would require to generate a large number of replicates of the learned dataset
and therefore would induce a larger numerical cost.
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