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CONVEXITY PROPERTIES OF THE DIFFERENCE OVER THE REAL
AXIS BETWEEN THE STEKLOV ZETA FUNCTIONS OF A SMOOTH
PLANAR DOMAIN WITH 27 PERIMETER AND OF THE UNIT DISK

ALEXANDRE JOLLIVET

ABSTRACT. We consider the zeta function (g for the Dirichlet-to-Neumann operator of
a simply connected planar domain €2 bounded by a smooth closed curve of perimeter 2.
We prove that ¢(}(0) > ¢ (0) with equality if and only if  is a disk where D denotes the
closed unit disk. We also provide an elementary proof that for a fixed real s satisfying
s < —1 the estimate ({j(s) > ¢fj(s) holds with equality if and only if Q is a disk. We
then bring examples of domains €2 close to the unit disk where this estimate fails to be
extended to the interval (0,2). Other computations related to previous works are also
detailed in the remaining part of the text.

1. INTRODUCTION

Let €2 be a simply connected planar domain bounded by a C*°-smooth closed curve 0f2.
The Dirichlet-to-Neumann operator of the domain

Ag 1 C(09) = C(99)

is defined by Aq f = % ‘ oo Where v is the outward unit normal to 02 and u is the solution
to the Dirichlet problem

Au=0 in Q, ulgg=7F.
The Dirichlet-to-Neumann operator is a first order pseudodifferential operator. Moreover,
it is a non-negative self-adjoint operator with respect to the L2-product

@w_/mm

o0

where ds is the Euclidean arc length of the curve 0€). In particular, the operator Ag has
a non-negative discrete eigenvalue spectrum

Sp(Q) = {0 = Ao(Q) < M(Q) < Ma(Q) < ...},

where each eigenvalue is repeated according to its multiplicity. The spectrum is called
the Steklov spectrum of the domain €2. Steklov eigenvalues depend on the size of €2 in the
obvious manner: A\ (cQ) = ¢ '\, (Q) for ¢ > 0. Therefore it suffices to consider domains
satisfying the normalization condition

Length(0Q2) = 2. (1.1)

Let S = 0D = {e?} C C be the unit circle. The Dirichlet-to-Neumann operator of the
unit disk D = {(x,y) | 22 +y* < 1} will be denoted by A : C*(S) — C>(S), i.e., A = Ap.
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The alternative definition of the operator is given by the formula Ae™® = |n|e™ for an
integer n. Then the Steklov eigenvalues of the disk are given by

k+1
)\k<D) = \‘%J 7]€ € Na
where |z] stands for the integer part of z € R.
Under condition (1.1), Steklov eigenvalues of the domain €2 have the following asymp-

totics [2, Theorem 1]:
() = (D) +O(k™) as k — oo, (1.2)

Due to the asymptotics, the zeta function of the domain €2
Cals) = T[AgT =D (W)
k=1

is well defined for Rs > 1. Then (g extends to a meromorphic function on C with the
unique simple pole at s = 1. The zeta function (p of the unit disk is equal to 2(g, where
Cr(s) = > o2, n~* is the classical Riemann zeta function

Moreover, the difference (o(s) — (p(s) is an entire function [2]. Observe also that (o(s)
is real for a real s.

The main result of the present paper is the following

Theorem 1.1. For a smooth simply connected bounded planar domain §2 of perimeter
2w, the inequality

> [mow? = (|55 ])7] = (G- o)) 20 (13)

k=1

holds. Moreover equality in (1.3) holds if and only if Q is a round disk.

Inequality (1.3) is a straighforward consequence of the identity (q(0) = (p(0) and of
the estimate ((o — (p) > 0 on the real axis R [6, Theorem 1.1]. Equality in (1.3) trivially
holds if  is a round disk (in that case (o = (p). Hence the only statement that remains
to be proved is the “only if” part. The proof relies on the same deformation argument we
used to prove [6, Theorem 1.1].

The above result proves the strict convexity of (o — (p around 0 when the planar domain
2 is not a disk. It is in fact easier to prove convexity of (g — (p on (—oo, —1]. We have
the following result.

Proposition 1.2. Let Q) be a smooth simply connected bounded domain with 2 perimeter.
Let s € (—o0, —1]. We have

(Ca = C)"(s) = 0,
and there is equality if and only if ) is a round disk.

Convexity near +oo is also granted by Weinstock’s inequality [8] and we have the
following result.

Proposition 1.3. Let Q) be a smooth simply connected bounded domain with 27 perimeter.
Assume that €2 is not a round disk. Then there exists a positive real sq so that for any
s € [sq, +00) the inequality

(Ca—)"(s) >0 (1.4)
holds.
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It is then questionable whether one can extend the statement to the whole real axis.
We exhibit counterexamples in the following Proposition.

Proposition 1.4. There exist a smooth simply connected bounded planar domain 2 of
perimeter 2w and a real number s € (0,2) so that

(Ca — ¢p)"(s) <0.

Now, we discuss an alternative approach to the same results which are of a more
analytical character.

For a function b € C*=(S), we write b(f) instead of b(e) and use the same letter b for
the operator b : C*°(S) — C'*(S) of multiplication by the function b.

Given a positive function a € C*°(S), the operator A, = a'/?Aa'/? has the non-negative
discrete eigenvalue spectrum

Sp(Aa> = {O = )\0(&) < )\1(&) < )\2(@) <.. }

which is called the Steklov spectrum of the function a (or of the operator A,).

Two kinds of the Steklov spectrum are related as follows. Given a smooth simply
connected planar domain €2, choose a biholomorphism ® : D — 2 and define the function
0 < ae C®S) by a(@) = |®(?)|. Let ¢ : S — IO be the restriction of ® to S.
Then A, = a /2¢*Aq ¢*'a'/? and Sp(A,) = Sp(Q). Two latter equalities make sense
for an arbitrary positive function a € C*(S) if we involve multi-sheet domains into our
consideration. See [4, Section 3] for details. Theorem 1.1 is true for multi-sheet domains
as well. The normalization condition (1.1) is written in terms of the function a as follows:

27
1 do
27 ) a(0)
0

=1. (1.5)

The biholomorphism & of the previous paragraph is defined up to a conformal transfor-
mation of the disk D, this provides examples of functions with the same Steklov spectrum.
Two functions a,b € C*(S) are said to be conformally equivalent, if there exists a confor-
mal or anticonformal transformation ¥ of the disk D such that b = |dy/df| a0, where
the function () is defined by () = W(e?) (¥ is anticonformal if ¥ is conformal). If
two positive functions a,b € C*°(S) are conformally equivalent, then Sp(a) = Sp(b).

Under condition (1.5), Steklov eigenvalues Ag(a) have the same asymptotics (1.2). The
zeta function of a is defined by

Gl) = TH{AT] = Y (@) ™ (16)
k=1
for R(s) > 1. It again extends to a meromorphic function on C with the unique simple
pole at s = 1 such that (,(s) —2(r(s) is an entire function. Here the Steklov zeta function
(1 of the constant function 1 (= the constant function identically equal to 1) is equal to
(n(= 2Cr).

The analytical versions of Theorem 1.1, Propositions 1.2, 1.3 and 1.4 sound as follows:

Theorem 1.5. For a positive function a € C*(S) satisfying the normalization condition
(1.5), the inequality

(¢a —2¢R)"(0) >0 (1.7)
holds. Moreover equality in (1.7) holds if and only if a is conformally equivalent to the
constant function 1.
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Proposition 1.6. Let s € (—oo, —1]. For a positive function a € C*(S) satisfying the
normalization condition (1.5), the inequality

(Ca = 2¢r)"(s) 2 0 (1.8)

holds. Moreover equality in (1.8) holds if and only if a is conformally equivalent to the
constant function 1.

Proposition 1.7. Let a be a positive function a € C*(S) satisfying the normalization
condition (1.5). Assume that a is not conformally equivalent to 1. Then there exists a
positive real s, so that for any s € [s,, +00) the inequality

(Ca —2¢r)"(s) > 0 (1.9)
holds.

Proposition 1.8. Let U be an open neighborhood of 1 in C*°(S). There exist a smooth
positive function a € U satisfying the normalization condition (1.5) and a real number
s € (0,2) so that

(Ca — 2¢r)"(s) < 0.

Actually Proposition 1.8 is a strengthened version of Proposition 1.4.

The paper is organized as follows. We prove Propositions 1.6 and 1.7 in Section 2.
We prove Theorem 1.5 in Section 3. We prove Proposition 1.8 in Section 4. The last
Sections 5, 6 and 7 are apart from the convexity questions. We expand the quantities
(In(Ay + Py)¢n, ) in a C™ neighborhood of the constant function 1. Here the Hilbert
space L%(S) is considered with the scalar product

(u,v) = / u(6)0(8)db,

and (¢, )nez is the orthonormal basis defined by

bn(0) = SN i o« g e 0,27), n € Z, (1.10)
2ma(0)
and Fy is the orthogonal projection onto the kernel of A,. In particular we prove that
the identity (In(A, + Fy)dn, én) = In(|n]), n # 0, does not hold in general, which was the
impetus for the deformation argument that leads to [6, Theorem 1.1], see the concluding
remarks given in [6, Section 7).

2. STRICT CONVEXITY ON (—00,—1] AND NEAR +00: PROOF OF PROPOSITIONS 1.6
AND 1.7

In this Section we first recall some notations and properties and we then prove Propo-
sitions 1.6 and 1.7.

2.1. Notations, powers and logarithm of operators. We use the derivative

D = ~izs: C™(S) = C().

Operators D and A have the same one-dimensional null-space consisting of constant func-
tions.
We define the first order differential operator D, : C*°(S) — C*(S) by

D, = a'?Da’?.



CONVEXITY PROPERTIES OF THE DIFFERENCE (o — (p 5

The orthonormal basis (¢, )nez defined by (1.10) is an eigenbasis for Dj,:
D,¢p, = ne,, n € Z. (2.1)

1

We will denote |D,| = (D?)2. And we denote P, the orthogonal projection of L?(S) onto
the one-dimensional space spanned by the function ¢y.

Let f be a function from (0,+00) to R with at most a polynomial growth at +oo:
|f(z)] = O(z") as © — +oo for some integer N. Let A be a positive pseudodifferential
operator of order one with a discrete eigenvalue spectrum: If {1y }ren is an orthonormal
basis of L?(S) consisting of eigenvectors of A with associated eigenvalues Az > 0, then

F(A =" F(A) (u, i)y, for w € C(S).

keN

The operator f(A) : C*(S) — C*°(S) defines a (possibly unbounded) selfadjoint operator
in L*(S). In this paper we consider only the case when A = A, + Py or A = |D,| + P,
and f(z) = 2°In"(z) for s € R and m =0, 1, 2.

For instance equality (2.1) implies

f(IDa| + Po)¢n = f(max(|n|,1))¢, n € Z. (2.2)
When f is convex then we recall that
(f(Au,v) = f((Au,v)) (2.3)

for (u,v) € C*(S)? so that (u,v) = 1 and (u, ) (g, v) > 0 for every k € N (see for
instance the proof of [6, Lemma 5.2]).
Let s € R and m € N. The difference

(Aa + Py)~° lnm(Aa + Ry) — (’Da| + Py)~" lnm(|Da| + PO)

is a smoothing operator and

(_1)mdm(Ca - 2CR)

o (s) = Tr[(Aa + Po) " In"(Ay + Py) — (| D] + Po)~*In™(|Da| + Po)],

(2.4)
is taken at 7 = 0 and z = s.

)

see [6, Lemmas 3.4 and 3.5] where the operator “H(r, z)’

2.2. Proof of Proposition 1.6. First we use (2.4) when m = 2:
(G2 = 2Cp)(=s) = Tr((Ag + Po)* In(Aq + By)* — (|Da| + Po)*In(| Dol + Fo)?)),
and we expand the trace with respect to the basis (¢,)nez
(C=2R)" (=) = 3 ({(Aa+ Po) W¥(Aq + Po)n, &) = [nl* n(Inf)?).  (25)
nez\{0}
Let n € Z\{0}. By Cauchy-Bunyakovsky-Schwarz inequality we have
(<<Aa + PO)S ln(Aa + PO)Qbm ¢n>)2 - (((Aa + PO)% ln(Aa + P0)¢na (Aa + P0)3¢n>)2
S <(Aa + P0)8¢n7 ¢n><(Aa + PO)S IHQ(Aa + PO)¢m ¢n> (26)

for s € R. Now set s > 1. We recall the estimate [5, Lemmas 2.1 and 2.4]

(Ao + Bo)*n, bn) > |n|* > 1. (2.7)
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We divide both sides of the inequality (2.6) by (A, + Py)*¢n, ¢n) and we obtain

o (At P In(Aa + Po)6n, 60)°
- (At Po) 0, 00)

o i ((f(Aa + PO)S)¢H7 ¢n>)2
g2 (Mg + Po)sn, dn) 29

where f is the convex function f(z) = xIn(x), > 0. We used the identity In(A, + ) =
s 'In((Aq + P)*). Then we use (2.3):

<f((Aa + PO>S)¢n7 (bn) > f(<<Aa + PO)s(bm ¢n>) > 0. (2'9)

The nonnegativity in (2.9) follows from (2.7). Then we combine (2.8) and (2.9) and we
obtain

(Ao + Po)* In*(Ag + Po)pn, dn)

1 f(((Aa + P0)8¢n7 ¢n>))2

s? (Mo + Po)*bn, Pu)

= L+ B om0 (A + R)'0n6))
> [l In((n])” (2.10)

<(Aa + P(J)S 1n2(Aa + PO)(bn? ¢n>

v

We used (2.7) at the last line.

Inequality (1.8) follows from (2.5) and (2.10). Equality in (1.8) implies that each
summand in (2.5) is zero: ((Ag+ Pp)* In*(Ag+ Py)én, ¢n) = |n|* In(|n|)? for n € Z\{0}. In
particular it implies equalities in (2.10). Therefore ((Ay+FPo)*¢n, ¢n) = |n|® for n € Z\{0}.
The identity for n = 1 is enough to conclude that @ is conformally equivalent to 1 [5,
Lemma 2.5]. O

2.3. Proof of Proposition 1.7. Assume that a is not conformally equivalent to the
constant function 1. Weinstock’s inequality [8] tells us that

)\1(&) < 1.
And by definition
Guls) ~ 26ale) = 3 el — (5520)7],
G () —2Cx(s) = Ai(a )_51 (M (@))? + Aa(a)~* In(Aa(a))®
+z D) mOw(@)? — (155D m (1554,

Hence the leading order as s — o0 in the above sum is A;(a)™*In(A(a))?. The
asymptotics makes obvious the existence of s, € [0,4+00) so that

Ca(s) = 2Cg(s) > 0,5 > sa. (2.11)
0

3. THE SECOND DERIVATIVE (¢, AT 0: PROOF OF THEOREM 1.5

The proof of Theorem 1.5 relies on the same deformation argument used to prove [6,
Theorem 1.1]. We start this Section by recalling some definition of a variation of a function
a. We give a proof of Theorem 1.5 at the end.
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3.1. Deformation of a function a and the Hilbert transform H. Let [ = 0 or
| = oo and let £ > 0. A real function a € C'([0,e),C*(S)) is called a C'-deformation
(or Cl-variation) of a positive function a € C*(S) when it satisfies the 3 conditions:
a(0,0) = a(f); For any 7 € [0,¢) the function a, = a(r,:) € C*(S) is positive and it
satisfies the normalization condition

/aTl(G)dH = 2m. (3.1)

The entire function (. has the following smoothness along the deformation « [6, Lemma
3.5]
Car — 2Cr € C'([0, )5, F(C)). (3.2)

Here F(C) denotes the space of entire functions on the complex plane.
The Hilbert transform H is the linear operator on L?(S) defined by

H(1) =0, He™ =sgn(n)e™ for an integer n # 0.
We will use the identities

D =HA=AH, Dy = Aja *Hal/? (3.3)
3.2. Preliminary Lemma.

Lemma 3.1. Let a € C®(S) be positive and satisfy the normalization condition (1.5).
Then
Tr(In(Aq + Po)(Ay + Py) H(A2 — D2)) >0 (3.4)
with equality if and only if a is conformally equivalent to the constant function 1.
The operator inside the trace in (3.4) is trace class. Indeed it is the product of the

bounded operator In(A, + Py)(As + Py)~! and of the smoothing operator A2 — D? (see
Section 2.1).

Proof of Lemma 3.1. We expand the trace with respect to the orthonormal basis (¢, ):
Tr(In(Aq + Po)(Aa + Po) (A7 = D7)
- Z ((AaIn(Ag + Po) g, @) — n*(In(Ag + Po) (Ao + Po) ' dny ). (3.5)
nez\{0}

We used the identity (A, +Py) 'A% = A, and we used (2.1). We prove that the summands
are nonnegative.
Let n € N\{0}. First we use (2.9) for s = 1:

(AaIn(Ay 4+ Po)bny On) = (Ao, dn) (Ao, &0))- (3.6)
In addition we use (2.1) and (3.3) and the identity (A, + Py)"*A, = I — By where I is the
identity operator and we obtain

TL(hl(Aa + PO)(Aa + PO)_1¢H7 ¢n> - <1n(Aa + PO)(Aa + PO)_IDa¢n7 ¢n>
= (m(Ae+ Ro)a™ *Ha' P, 6). (37)
Let

On = 0" (Nan, ), u=05,"a"*Ha ¢, v = .
We apply (2.3) when f(z) = —In(z) and A = A, + Py (see details for the sign of
(u, ) (g, v) in [6, Section 5, part 5]) and we obtain

(In(A, + Po)d, a2 Ha g, ,) < In ((AuS, a*Ha' ¢, ¢,)) =In (6,'n).  (3.8)
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We combine (3.7) and (3.8) and we obtain

n2

n* Ao+ Fo) (Ao + P0) ™, 6n) < 0y In (8,11) = (Radn, dn) In (7——3)

< (Ao, dn) In(n) < (Ao, ) In((Aatpn, On)). (3.9)

We used the growth of the logarithm and we used the estimates

<Aa¢m (bn) >n, 671 > 17
see (2.7) for s = 1. We combine (3.6) and (3.9) and we obtain

<Aa ln(Aa + P())gbn, ¢n> Z 7L2<111(Aa + PO)(Aa + PO)_lgbm ¢n>7 n e N\{O}

We obtain the same estimates for negative integers n by complex conjugation invariance.
Then we use again (3.5) and we obtain (3.4).
Now equality in (3.4) means equalities in the last line of (3.9). Hence

<Aa¢n7 an) =n, nc N\{O}'

The identity for n = 1 is enough to conclude that a is conformally equivalent to 1 [5,
Lemma 2.5]. O

3.3. Proof of Theorem 1.5. The inequality

(Ca—2C¢r)(s) 20, s €R,

holds by [6, Theorem 1.1]. Since (¢, — 2(g)(0) = 0 we obtain the inequality (1.7). In
addition ¢, = 2(g when a is conformally equivalent to the constant function 1.

Hence we only have to prove that ({, — 2(z)"(0) = 0 implies that a is conformally
equivalent to a constant function.

Consider the deformation a € C*([0, 00),, C*°(S)) introduced in [6, Theorem 1.3]. It
satisfies the evolution equation

(9aaT = —a,Ao, + Ha,Da,, 7 > 0, (3.10)
-
with initial condition ay = @, and by [6, Theorem 4.1]
ore(5) = STH((Aa, + Po) (A2, D), (3.11)
-

for s € R and 7 € [0,00). Here Fy, is the orthogonal projection of L*(S) onto the
one-dimensional space spanned by the function (27ra;)~%/2.

In addition o, — 1 as 7 — oo in C*°-topology.

Let s € R. Set N = |s| + 1. The operator (Aa, + Py ;) (A2 — D2 ) is a smoothing
operator, see Section 2.1, while (A,, + Py,) " '~V is a family of bounded operators in
L*(S) that is smooth with respect to o in a neighborhood of s. Hence we can intertwin the
trace on the right hand side of (3.11) and any derivative with respect to the s-variable.
We derive (3.11) with respect to s and we denote " or d% the derivative with respect to
the real variable s and we have

9Ga,

W(s) = Tr((Aa, + Po,) " (AL —D2))

«

d
+5Tr(£(AaT + Por) (Ao, + Po,r)_l(AiT - DiT))

= Tr((Aa, + Por) " (AL, = D2))
—sTr(In(A., + Po-) (Ao, + PO,’T)_S_I(A2T - DiT))

[0
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We derive once more in s and we obtain

8 "
a—:_*(s) = —2Tr(In(Aa, + Por)(Aa, + Pos)* (A2 —D2))

+sTr(In(Aa, + Por)*(Aa, + Pos) 5 (A2 — D2).

Qr

Therefore

i

a—j(O) = —2Tr(In(Aq, + Pos)(Aa, + Po-) " (A2 — D2 ). (3.12)

We apply Lemma 3.1 to obtain that
(o (0) is nonincreasing in 7. (3.13)

Moreover since a; — 1 as 7 — oo in C'*°-topology, we obtain that
Ca (0) = 2C(0), as T — oo. (3.14)

Indeed we consider the continuous path 5 € C([0,00)., C*(S)) defined by
Bo=1, B. = a1 for e > 0.

Then (3.2) yields

@’ (s, deCR

G € C([0,00)., CF(C\{1})) and —2=(0) = 2—

(0) as e — 07

for any j € N. Hence we proved statement (3.14).
Now assume that ¢//(0) = 2¢%(0). Then we obtain by (3.13) and (3.14) (s, —2(g)"(0) =
0 for any 7 and
19¢7,
2 or

Therefore we apply again Lemma 3.1 and we obtain that «a, is conformally equivalent to
a constant valued function for any 7. In particular, a is conformally equivalent to 1. [J

Tr(In(Au, + Por)(Aa, + Poy) N(A2 — D2 ) =

ar ar

(0) = 0.

4. THE DIFFERENCE (, — 2(g MAY NOT BE CONVEX EVERYWHERE ON THE REAL
AXIS: PROOF OF PROPOSITION 1.8

We recall the following result [6, Proposition 3.8].

Proposition 4.1 (see [6]). Let a, be a C®-variation of the function a = 1. Then, for
every z € C,

9(Ca, (2))
67_ - 07 (41)
7=0
0’ (Ca-r (Z)) nc—-p- 512 2 —21h 12
87'2 o - 42 ( 2)%;2 p2 _ TL2 pn |Bp+n| + 22 ; n |B2n| ) (42)

p>0, n>0, p#n

where 3(0) = 8aafT(6)‘ (and ag =1).
T7=0

The proof of Proposition 1.8 relies on the analysis of the right hand side of (4.2). From
now on we consider only C'*°-variation «, of the function a = 1 so that

B(e?) = 2cos((2r +1)0), 6 € R, (4.3)
for some large integer r. Take for instance the smooth variation

ar(e”) = (1 — 27 cos((2r + 1)«9))71, 7€ (-1/2,1/2), 0 € R. (4.4)
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The right hand side of (4.2) becomes
82 CaT (S) p_ —n
( ) —4s Z P2 — n2 pn,

or?
7=0 (n,p)EN?
p>0, n>0, p+n=2r+1

for a real s (we used BQTH =1). Hence

02 (<a7<5>) — _8s Z p]_j2 — n; n.

or?
=0 n>0, p>n, p+n=2r+1

We derive with respect to s:

9 (Ca, (3))
or?

2r
_ 8 p(2r+1—p) (4.5)
e 2r+1 vt 2p —2r — 1

X(p ¥ (=14+sln(p)) — 2r+1—p)*(=1+ sln(2r + 1 —p))).

(We substitued n by 2r +1 — p.)
Let us make an asymptotic analysis as r — 00, 0 < s < 2.

- M(ﬁ’s(—l +sln(p)) — (2r +1—p)~* (=1 +sln(2r + 1 —p)))

] 2p—2r—1
p
_ 1—s 27“+1 2r+1)< P N-si p
= (2r+1) p;l P — (2r—|—1) ( 1+sln(2r+1))

-(- 27}11)78(_ Lt (1 2 I-)H)>

—?) <(2rﬁ— ) -0 27"]:— 1)_S>'

+s(2r + 1) In(2r + 1 Z 27““
p=r+1 2r+1

Therefore

2L p(2r 41— p)

2y 2y —1 P (FlAsn(p) = @r+1=p) (=14 sn(2r +1 - p)))

p=r+1

= (2r+1** [/1/2 %(x_s(—l + sln(z))

—(1—2)*(=1 4 sIn(l — 2)))dz + o<1)]

+5(2r + 1) In(2r + 1) [/1 )

B = AR VEND (46)

as r — +00. We used the following elementary statement for the singularity near z = 1,
see for instance [1, Section 2.12.7]: For a continuous function n € C((0,1),R) so that
n(x)=0(x"),n1l—xz)=0(x"")asz — 0%, 0 < p <1, then

N-1

! 1 i
= 5 Yt

i=1
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Then the leading order is given by (2r +1)**In(2r+ 1) as 7 — +oo and the coefficient
in front of it is X
z(l—2x), _ _
— (7 - (1 - *)dxr <0 4.7
s (e (4.7
sincex >1—zand x7° < (1 —x)~* for x € (1/2,1) and s € (0,2).
Now we combine (4.5), (4.6) and (4.7) and we obtain that at fixed s € (0, 2) there exists
a large integer rg so that
0 (G4, ()

9. <0 (4.8)

T7=0
for any integer r > ry (let us remind that the path «, is defined by the integer r).
From (4.1) it also follows that

9(Ca, ()

o — 0. (4.9)

=0

At 7 =0, (, (s) = 2 (s)-
Therefore we make a Taylor expansion of (), (s) with respect to 7 in a neighborhood of
0 and we obtain that there exists 7

Car (8) < 2C(s)

for any integer r > ry and any 7 € (0, 7).

Now we are ready to conclude the proof of Proposition 1.8. Take ¢/ any neighborhood
of 1in C*(S). Let s € (0,2). Then define the integer r, and the positive real number T,
as above and choose 7 € (0, 7) small enough so that

a, €U.
Such an o plays the role of a in the statement of Proposition 1.8. Indeed (], (s) < 2(x(s).
Since ¢}, (0) = 2¢%(0) (see [3, 6]) the function (., — 2(g is not convex in (0, 2). O

We can go beyond the interval (0,2). Now let s > 2

(¢, (5)) 8 = p2r+1-p)

2 o
or . 2r + 1p:'r+1 2p —2r —1

X(p~¥(=1+sln(p)) — 2r+1—p)*(=1+sln2r+1—p)))

S BB sy i)

2r+1 = 2p —2r — 1
(We make a change of variable “p”= 2r + 1 — p at the last line.) Then
S (2r+1-p) 4

—p (-1 1
22]9—2r—1p (=1 + sln(p))
p=1
2r

s p?~*(1 — sIn(p))

= In(

2 71— shlp Z 2p o — 1
p=1 p=1

= 2ZTpI‘S(l — sIn(p)) — 22 p* (1= sin(p)) _ % P = sn(p)
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We conclude using the elementary facts: Note that
2r
Zplfs(l —sln(p)) = Cr(s — 1) + sCr(s — 1) as r — oo,
p=1

(here the series is absolutely convergent) and

2r — 542 2r
p 1—s/2 1
E —— (1 — sl < 1 In(2 E _—
’ B 2p_27,,_1( S n(p))‘ _71 ( +‘$’ n( T)) B ’2p_27,_1‘
p=vr]+1 p=vr]+1

< 2r'72(1 4 |s|In(2r))(1 + /QT %) = 2r'72(1 + |s[In(2r)) (1 + In(2r)) — 0,

X (1 - sIn(p)) )
Y o S el Y s ) (410)

Jr Va
—_— 1=5(1 1 411
QTH_Q\/;;p (1+[s|In(p)) =0,  (4.11)

as r — +o0o. Hence we finally obtain that

2 +1 0 (C(;T(s))
8 or?

— Cr(s— 1)+ sCr(s— 1) as r — co. (4.12)

=0
We recall the formula [7, Chapter 2, Section 2.1]:

Cr(z) = : _Z/1 uu_lgddu.

z—1

There is a single pole at z = 1 and there exists sy € (2, 00) so that
Cr(s — 1)+ sCr(s—1) <0, s€(2s0).

Note that sy < 400 since (g(z) — 1 and (z + 1)(R(z) — 0 as Rz — +o0.
Let s € (2,s) and for r large enough we again obtain (4.8). Repeating the proof of
Proposition 1.8 we obtained the following result.

Proposition 4.2. Let U be an open neighborhood of 1 in C*(S) and let s € (2, sy). There
exists a smooth positive function a € U so that

(Ca = 2CR)(s) < 0.

5. ADDENDA: COMMENTS

We proved in [6] that
(Ca —2¢r)(s) 2 0

for any s € R and any smooth positive function a € C*°(S) satisfying the normalizing
condition (1.5). We used a path of deformaton «, (see Section 2). The estimate ({, —
2¢r)(s) > 0 was actually proved in an easier way when |s| > 1 in [5]: The proof relied on
the estimates

(Aa + Bo)’n, n) > |n|® for (n,s) € Z x (—oo, —1] U [1, +00).

In this Section we focus on the loss of these estimates for s in a neighborhood of 0.
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5.1. Main result. Let a, € C®(S), 7 € [0,¢), be a C*®-variation of 1. We denote
Py, the orthogonal projection of L*(S) onto the one-dimensional space spanned by the
function (27, )~'/2. We recall that the operator In(A,, + Py,) — In(|D,,| + Po,) is a
smoothing operator at each 7, see Section 2.1. Actually it defines a family of smoothing
operators which is smooth with respect to 7:

In(Aa, + Po,) —In(|Da, | + Por) € C([0,€),, LIHY(S), H'(S))), (5.1)

for any nonnegative real [, I’ where L(H'(S), H"(S)) denotes the Banach space of bounded
operators from the Sobolev space H!(S) of order [ to the one of order I, see [6, Lemma
3.4] (“In(Aw, + Py,) — In(|Da,| + Por) = —2L(7,0)” there).

T 0z
For each 7 we consider the orthornomal basis (¢, - )mez of eigenvectors of |D,,_|:
1 . _
O (0) = ————emli o7 (s c 7 9 R
2ma, ()

We remind that In(|D,, | + Fo.-)¢m = In|m|¢,,. By (5.1)

<ln(AaT + PO,T)¢m,T; ¢m,7‘> € COO([Oy 5)7’7 R)

for m € Z\{0}.
We expand (In(An, + For)Pm.rs @mr) at order 2 in a neighborhood of 7 = 0.

Theorem 5.1. Let m be a positive integer. We have

d
_7_<1n(Aa-r + PO,T>¢m,T7 ¢m,7>|7':0 = 0; (52)
1 d? R )
Zwan(/\m + o7 )Omrs Qe ) jr=0 = Z (2, M) Bt (5.3)
p>0, p£m

where
pm (2 In(p/m)mp + (p + m)(m — p))
(m —p)(m + p)*
for (p,m) € (N\{0})?, p # m. Therefore the following Taylor exzpansion at 0 holds

(Ao, + Por)bm e Omr) =Inm+272 % 0 y(p,m)|Byl* +0(r%), 7= 0%, (5.4)

p>0, p#m

v(p,m) =

5.2. Examples of smooth variations «a,.. Let m be a positive integer. The sign of m
is not relevant since (In(Aa, + Po.r)®m.r, Pm.r) has the same value when m is replaced by
its opposite.
When
o, =(1-27 Cos(r@))f1

for a positive integer r > m then (5.3) gives

1 d?
ZPGH(AO‘T + Por)bmrs Gmr)jr=0 = Y(r—m,m)
(r = m)m (2 (52 ym(r — m) + r(2m — 7))
- (2m — r)2r?
and

1 d?

ZWGH(AQT + PO,T)¢r7m,T7 ¢r7m,7>|7—:0 == "Y(m, r — m) = —"}/(1" —m, m)
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We consider the asymptotic regime when » — oco. In that case we have
Y(r —m,m) = —r"'m+o(r ') as r — +o0.
Therefore for r large enough with respect to m
d2
dr Y <1n<AaT + PO 7)¢m T Qbm T>\7— 0 < 0

and
2

dr 2<ln(AaT + POT)¢7’ mT7¢T‘ m‘r>|7‘ 0> O
Then the expansion (5.4) implies that for small enough positive 7
<ln(Aoz7— + PO,T)¢m,Ta ¢m,7‘> < lnm, <ln(Ao¢7— + PO,T)¢T—7TL,T7 ¢r—m,7’> > h’l(?" - m)

Hence for small enough positive real s and small enough positive 7
<<AaT + PO,T)S¢m,T7 ¢m,‘r> < msy <(Aa7 + PO,T>7S¢T7WL,7'7 ¢rfm,r> < (7” - m>78~

5.3. Consequence. We collect the example of deformations of the previous subsection
and we obtain the following result. In the statement given below m is the integer r — m
of the previous subsection.

Corollary 5.2. Let U be an open neighborhood of 1 in C®(S) and let m be a positive
integer. There exists a smooth positive function a € U that satisfies the normalizing
condition (1.5) and there exist s,,, € (0,1) and a positive integer m so that

(Ao + Bo)*Om, o) <m®, (Mo + Bo) "0, o) <°
for any s € (0, s,,).

Section 6 is devoted to preliminary Lemmas for the proof of Theorem 5.1. We conclude
the proof of Theorem 5.1 in Section 7. Both Sections 6 and 7 consist mainly in elementary
and technical computations.

6. PRELIMINARY LEMMAS FOR THE PROOF OF THEOREM 5.1

Let o, 7 € [0,¢), be a C*-variation of 1 for some € > 0. We recall the definition of the
smooth functions ¢,, , € C*°(S) and the definition of the operators I, A,, : C(S) —
C*(S) that depend smoothly on 7:

¢m77(€i0) _ La—l/Z szo a7 (e )ds, meZ,

Vor T

Py =a; “12p o720, :ai/ZAozi/Q.

€T

and

Here P,, is the orthogonal projection onto the line spanned by ey = (27) /2,
Straightforward computations yield the following Lemma.

Lemma 6.1. Let m € Z. We have

d 4 .
(Egbm,r)h_:o = (2#)_1/2(1f+im/ f)em?, (6.1)

(dd—;cbm,f)h_o = (2m)” 1/2 f+zm/ —I— F——f —I—zm/ me, (6.2)

o2

where f(0) = Doz (0) = —p(0) and F(0) = o _o(0). In addition

ot |t=0 or? |t

(Aaq—)|7’=0 = Av (PO,T)|T:O - Peo7 (63)
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d 1 d 1
(EAQT)VF:O = _é(fA + Af)v (%PO,T)‘TZO = §(fpeo + Peof)? (64)
2
(%A%)EZO = —% (FA + AF) + i(i%fQA +2fAf +3Af?), (6.5)
2
(%PO,T)V0 = %(FPGO + PeOF) + %(—fQPeO +2f Py f — Pey ). (6.6)

Next we consider the operator In(A,, + Fy;) : C®(S) — C*°(S) that depends smoothly
on 7, see Section 5.1. Smoothness in 7 is understood here as In(A,, + Py ;)¢ € C*([0, €), X
S) for any ¢ € C*°(S). We compute the first and second derivatives of In(A,, + Py ;) at
7 = 0. We introduce the function p : Z* x (0, 4+00) — [0, +00) defined by

p(n,p, s) = / max(|nl, 1) max(p|, 1)*"dt, (n,p,s) € Z2 x (0, +50).
0

In other words
p(n,p,s) = smax(|p[,1)* when max(|n|, 1) = max(|p|, 1)

and

max(\n\, 1)8 _ max(\p|, 1)5
In(max(|n|,1)) — In(max(|p|, 1))
We also introduce the function h : N\{0} x Z — [0, +0c0) defined by

p(n,p,s) = otherwise. (6.7)

1
h(mvp) = 2_771/2 when max(|p|, 1) =m,

and
1 -1 1 1
h(m,p) = n(m) n(max(|p|,2 ) _ otherwise. (6.8)
(m —max([p|, 1)) m(m — max(|p[, 1))
Lemma 6.2. Let (n,p) € Z* and let m be a positive integer. We have
1,0 i in 1 - ;
%(E In(Aa, + Por)jr=o0€ e 9> = §P(nap7 D™=l = Ipl + 0n + 8p) fap, (6.9)
1 82 . . 3m 1 o 1 -
— (= Aa PT imf im0 — 1|:_/ 2 - o 2 - m2
1 .
2 ) (] L] — 8,71y P(6.10)

PEL

Here ¢,, is the Kronecker symbol: 6,, = 1 when n =0 and 6,, = 0 otherwise.

Proof of Lemma 6.2. We recall that the operator (An. + Py ) — (| Do, |+ Fo.-)" is a smooth-
ing operator at each 7 and t € R [6, Lemma 3.4]. Now we take into account that

(|Dar| + PO,T)t¢ - Z(max<|”7 1))t<¢7 ¢l,7>¢l,r S COO([O75)T X Rt X S, C)?
leZ
and it follows that (A, + Po.)'¢ € C([0,e); x R, x S,C) for any ¢ € C=(S). In
this Section any operator is considered as a linear operator from C*(S) to C*°(S) and
smoothness with respect to either the t-variable or 7-variable refers to the pointwise
smoothness, i.e. when the operator is applied to any ¢ € C*°(S).
Moreover 5

&(Aa-,— + PO,T)t = (Aa-r + PO,T)t 1n<Aa.,— + PO,T)7
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and

0,0 0

Oln(A,. + Py.»
_(_(Am— + PO,T)t) = (_<Aoz7— + PO,T)t) ln(AaT + PO,T) + (Aa-r + PO,T)t n( - i 0 )

ot ot or or
Hence
dr,0 t 1-t]| _ taln(AaT + PO,T) 1-t
E [(E(AOZT + PO,T) )(AaT + PO,T) ] - (AaT + PO,T) 87’ (AOZT + PO,T) .
We integrate over t € [0, 1]
! 0 0
/ (Ae, + Por)'—In(Aw, + Py )(Aw, + Po ) ldt = — (Ao, + Poy), (6.11)
0 87- 87—
for 7 € [0,¢).
Note that

(Ao, + PO,T)]sT:(Jeiw = max(1, |l|>seile

for any [ € Z and any s € R by (6.3). Therefore we set 7 = 0 on the left hand side of (6.11)
and we apply it to the vector (27)~1/2¢? and we take the scalar product with (27)~1/2¢™?
and we obtain by linearity of the integral over ¢ and selfadjointness of (A,, + Po.,)"

1
0 o
(27T)_1</0 [(AO‘T + Poﬂ')t] |[7=0 [E 1n(AaT + PO,T):| |[7=0 [(AaT + PO,T)l_t] ‘T:Odte”’e, 6m0>

1
9 o
_ (2n)! / max(L, o) (Ao, + Por)T, Ly [ (A, + Po)], e e™)
0

1
_ — 8 0 mn
~ () /0 max(1, o) ([ o= (A, + Po)],_ye™, (Ao, + Por)'e™ )it

1
= (2n)! / (max(1, |n|)" max(1, |p|))1_tdt(% (Ao, + Por)jr=oe™, e™?). (6.12)
0

Now set 7 = 0 on the right hand side of (6.11) and apply it to the vector (27)~'/2e™’ and
take the scalar product with (27)~/2e™ and use (6.4) to obtain

L, 0 A 1 . 1. 1.
(27) (= (B + Pormoe™, €)= =10l + p) facp + 500 a+ 500 S 5 (613)

We equate (6.12) and (6.13) and this gives (6.9).
We prove (6.10). First we replace the operator A, + Py, by the operator (A,, + Py ;)"
in (6.11) and we obtain that

0 ! 0
— (Ao, + Pt = Ao +Py) ' —In(Ay. + Py ) (A, + Po.)"dr.
S a+ Por)t = [ (Rt P om0, + Por) (b, + P

We repeat the same reasoning as in (6.12) and we obtain

0 , A 0 . A
(o= (o, + Poo)locoe™, €)= p(n,p,0){5= (Ao, + Pog)e™, e™)

1 p(n,p,t)

2p(n,p, 1) (=In| = Ip| + 6n + 6p) fr—p.  (6.14)
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Now we derive (6.11) with respect to 7 and we obtain

2

1
/ (Ao, + P0,7>t@8_ In(Aa, + PO,T)(AaT + PO,T)I_tdt
0 T2

02 o o
= ar 5 (AaT -+ PO T / a AaT -+ PO 7-) E ln(AaT + PO,T)(AQT —+ PO,T) tdt
! 0 0
— /0 (Aa,- + P()’.,-)ta ln(AaT + PO’T)E(AOCT + P(),T)l_tdt. (615)

Set 7 = 0 on the left hand side of (6.15) and apply it to the vector (27)~/2ei™ and
take the scalar product with e™™?:

2

(27?)—1</0 [(Aa, + Por) } [(‘987'2 n(Aa, + PoT)L (A, + PO,T)l—tLT:OdteimG’ez‘m0>

82 “m m
= m{[55m(Aa, + B)] e ). (6.16)
Then we consider the first term on the right hand side of (6.15). We use (6.5) and (6.6)

and we use the identity (Fe'™? ¢™) = [ F = [872 O‘_l]\T:o = 0 by the normalizing

condition (1.5), and we obtain
2

(2m) (5

R + Py )jpeoe™®, oy — 1 3m/f2+22|p||fm o) 2l Fnl?. (6.17)

(We also used that P.,e™? = 0 for the positive integer m.)
Now we consider the second and third terms on the right hand side of (6.15). Set 7 =0
in the second term and use (6.9) and (6.14)

g 9 o
(2m)( /0 [ + o) o[ (A, + Po)] (A + o) e, em0)

or
= (2m)” Z/ AaT + Py, )]l _ePe 9)([5111(/&&7 + Por)] B 0 ¢irf)qy
PEZL
1
m _ A _
= S+ bl = 87 sl [ oty
PEZL 0
m p~ m,p £
L L R SRT (6.18)

<= PA(m,p,1)

Here we introduced the function p: N\{0} x Z — [0, 400) defined by
1
pmp) = [ plm.pysym-ds, m e N\{0), peZ
0
From (6.7) it follows that

1
p(m,p) = 5 when max(|p|,1) = m,

and

S o) — 1 max(|p[, 1) —m
AU P) = 1) — Tn(max(p, 1) T m(in(m) — n(max(lpl, 1))

otherwise.
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From (6.8) it follows that
pm.p) _ (
p*(m,p, 1)
We similarly deal with the third term and we obtain

m,p), p € L.

— ! a a — im im
(2m)~ /0 (Ao + Por)'] L[5 (o, + Por)] o [5- (Mo, + o)) ydte 0 eimd)

= > hmp)(|ml + [pl = )21 o (6.19)

PEZ

We collect (6.15)—(6.19) and we use (6.7) and (6.8) and we obtain (6.10).

7. PROOF OF THEOREM 5.1

First we write
108, + P mr) = (e (A, + Por)) s )
dr ar 0,7 )¥Pm,7s Pm,r - dr ar 0,7 m,7s Pm,T
d
+2§R<1H(AOAT + PO,T)E(bmJ'? ¢m,‘r>-

And we set 7 = 0, and we use (6.1) and (6.9) and we use the identities ¢,, o = (27)~1/2e"™?,
o fo = OQW f = 0 and we obtain (5.2). (The imaginary term im foe f on the right hand
side of (6.9) is disregarded when we take the real part.)

Now we prove (5.3). We derive once more in 7 the above formula and we obtain

2

d
d <ln(AaT + PO T)¢m T?¢m T>

d d
<(_ ln(AaT + PO,T))¢m,T7 ¢m,7’> + 4§R<E 1n<Aa7 + PO,T)%gbm,T; qu,T) (71)

d? d d
+2§R<1n(Aa7 + PO,T)ngm,T? ¢m,7’> + 2§R<1n<Aa7 + PO,T>%¢m,T7 Equ,'r)

Let us compute the three last terms of the right hand side of (7.1) at 7 = 0. We use
(6.1) for the fourth term and we obtain

d d ipl 2
[0, + Por) 0, e 0u)] o = (21)7 3 I(max((pl, D)™, w62
pEZ
/6\ 2
= % wllbfyhentim( [ 1) [ @2)
0 _
pezZ\{0} pmm

We use (6.2) for the third term and we obtain
d> d> ,
R, + Por) b )] = (20 I (m)R((g ) e )
271'
(27) 1ln|m|§)‘ﬁ/ f—l—zm/ F——f2—|—zm/ d@
= (2m)7 ' 2 *|de. 7.3
n ) [ [ bt m ([ )] (7.3

0
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(We used that [ f = [ F' = 0). We use (6.1) and (6.9) for the second term and we obtain

d

d
§R<% IH(AQT —+ PO,T)E(bm,‘ra (,bm,7>|7':0

0
= (2 )1§R((—ln(A +Pos)) 1f+z'm/ f)etmo im0y

-1 |p|+5) imb@ _ipf
= (4r)"R fmp f—Hm fre™ e*?)
D |
5) 1 o
= @)%Z |p‘+) )(%|fm_p|2+¢mfm_p(/o f)i ). (7.4)

The first term on the right hand side of (7.1) is given by (6.10) at 7 = 0.
We collect (7.1), (7.2), (7.3), (7.4) and (6.10) and we obtain

2

[dd—<ln(AaT + Por) O ¢m7>] |7=0

= [ [ 52 5 Sl Al = 5 3 hm )+ 1 = )

pEZ
1. T 2 27 1 0
+2 1I1(|p|) _fp—m + Zm( f) +7! ln(m) — _f2 _ mQ( f)2 do
pe;\;()} ‘2 /0 Pm‘ /0 [ 4 /0 }
— Il +5) 1, T
m% B (Sl e i [ n o) 75)

From now on every computations intend to simplify the above formula. We introduce the
function G

6
_/ f. fu=ikGy, k € Z.
0

Then (7.5) becomes

2

[dTQ
- Sm 1 R
= [ [ Sl = PIGonyF)  mlGof]

(In(Aa, + Pm%, O]

|7=0

5 S hm,p)m o] — 5, (m — p)?ICr,

PEZL

1 ~ 27 1
+§ Z (p+ m)2 1n(|p|)|Gp—m|2 + a7t In(m) / [ _ Zf2 _ szQ] a0
0

peZ\{0}

m+ |p| =4, 2
+y ) " P)(m + p) |Gyl
PEZL
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Next we change p in —p and we use the identities [ f* = 2w,/ (m + 9)?|Gnsp)? and
[sGP =213 |Gt p|? and we obtain
d?
[d_ (Aa-,— + PO T)¢m T>¢m T>:|

|[7=0

{1
3 1 9 9
Z =45 lpl) 4 UGyl + 5l
EZ

5 S hm,p)m + o] — 8,2 (m + 5 Gy

PEZL
1 . 1 .
3 > (m=p’*In(|p)|Gmipl* —21n(m) > ((m +p)° +m?) |G|
PEZ\{0} peL
S k) G P (76)
= plm,p,1)
The contribution over negative integers p is
1
S Gral? [ = 5p) (m 4+ )2 = Sh(om, ) — p)(m + )
p<0

1 9 1 2 2 (m—p)Q(anp)
+m = p)In(lpl) = 3 Inm) (5m” + 2mp + p7) + TS

We sustitute the values for p and h (6.7), (6.8). The contribution over the negative
integers p becomes

S Conis?[ (5 5p)m -+ 9)* = m — p)(m I )
b (m — p)2(m 4 p) + 5 (m — ) n((pl) — 5 In(m) (5m? + 2mp + ?)

+(m = p)*(nm —In |p])|
= 2m(=In(m) + 1) 3 (m -+ p)| Gy (7.7)

p<0
Then we note that ) )
0= / (G?) = fG
2 Jo 0
which is written in Fourier series as
m|Gonl? + D (m 4 PGt l* + D (m 4 )| G| = 0. (7.8)
p<0 p>0
Hence we combine (7.7) and (7.8) and the contribution in (7.6) over the negative integers
is given by
2m®(In(m) — 1)|Gpl* + 2m(In(m) — 1) > " (m + p)[ Gyl (7.9)
p>0

Now let us look at the contribution when p = 0 in (7.6). We split this case in two:
When m =1 and when m > 1. First when (m,p) = (1,0) the contribution in (7.6) is

. .3 1 R

Gil*(5 +5) = 26" (7.10)
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Next when p = 0 and m > 1 the contribution of p in (7.6) is given by

G [ m +;m—;h(m,0)( —1)’m —gln( )m2—|—m2p(7:;—_011>].

We sustitute the value for h(m, 0) = 22, iy and p(m, 0,1) = =5 ) see (6.7)—(6.8),

(m—1)2 m(m

and the contribution becomes
1
|G [ m* 4+ ~m — 5 In(m)m? + =m(m — 1) — gln(m)m2 + m® In(m)]
= 2m3(1 —In(m))|G,n|* (7.11)

Then setting m = 1 in (7.11) yields the same contribution as (7.10).
Next we substitute (7.9), (7.11) into (7.6) and we obtain
2

[dTZ <1n<Ao¢T + PO ‘r)¢m T ¢m T>:| Ir=0
= 2m(In(m) — 1) Y _(m + p)|Gmyl’ (7.12)
p=1
1

+Z\Gm+p\ )(m+p) - §h(m,p)(m+p)4
1 2 1 2 2 (m +p)®
—(m —p)°1 —21 — ——(m —p)|.

g (m = p)"(p) = 2n(m) (g(m +p)* +m) + 0= s (m = )]

Let us look at the contribution of the m-th summand (when p = m): This is given by

. 1

|G |* (4m*(In(m) — 1) + (g + 5)4m2 — 8h(m, m)m* — 4In(m)m?)
. 1

|G |* (4m*(In(m) — 1) + (g + 5)4m2 — 4m® — 41In(m)m?) = 0.

Therefore we rewrite (7.12) as
2

[de <1H(Aa7_ + PD T)Qbm T Cbm T>:| Ir=0
- Z |G| [2m(In(m) — 1)(m + p) + (g + %p)(m +p)?
pGN p>0,p#m
S h(m.p)m + )" + £ (m —~ p)? In(p)
—21n(m)(jl(m+p) +m?) + ;(m p )1>(m —p)].

Then we replace p and h by their definitions (6.7) and (6.8) and we obtain

d?

|:d 2<1n<AaT + PO T)(bm 7'7¢m T>:||T:0

_ > Gl [2m(In(m) — 1)(m + p)
peEN, p>0,p#£m

3 1 o 1,nm—Inp 1

BRI il e e s

by (m = p)In(p) — 2In(m) (§

>)(m+p)

(m + p)? —|—m2) + (Inm —Inp)(m —l—p)z}.



22 ALEXANDRE JOLLIVET

We regroup the 2 lonely terms in In(m) and we obtain
2

[d—<ln(AaT + Por) s ¢m7‘>i|

dr? |r=0
A 2 3 1 2
-~ > GusP[ = 2m(m +p) + (5 + 5 —p)(m +p)
m

peEN, p>0,p#£m

1 Inm—Inp 1 4
—= - m-+p

Q(Un—m2 7Mm—pﬂ( )

L m = p(0(p) = In(m) + (1 m = Inp) o + ).

Further elementary computations give (5.3). In particular we regroup the terms in
In(p) — In(m) and we easily obtain that the coefficient in front of this difference is given
by

8p*m?
m —p)?(m +p)

8p2m2 . ) 8p2m2
(m —p) (m —p)*(m +p)
Regrouping the others terms yields

2|fm+p‘2 = ( 2|Bm+p|2'

m +p’ém+p’2 — 4pm (m+p)(m _p)

m—p 0n—@%m+pVWWM?

dpm
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