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The precision of experimental data and analysis techniques is a key feature of any discovery attempt. A
striking example is the proton radius puzzle where the accuracy of the spectroscopy of muonic atoms
challenges traditional electron scattering measurements. The present work proposes a novel method for
the determination of spatial moments from densities expressed in the momentum space. This method
provides a direct access to even, odd, and more generally any real, negative and positive moment with

order larger than —3. As an illustration, the application of this method to the electric form factor of the

proton is discussed in detail.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The determination of the proton charge radius rg from the pro-
ton electric form factor measured experimentally through the elas-
tic scattering of electrons off protons is the subject of an intense
scientific activity (see Ref. [1,2] for recent reviews). According to
the definition

dGg(k?)
dk2 k2=0 ’

the experimental method to determine rg in subatomic physics
consists in the evaluation of the derivative of the electric form
factor of the proton Gg(k?) at zero-momentum transfer. Conse-
quently, the method strongly relies on the zero-momentum extrap-
olation of the k?-dependency of the electric form factor measured
in elastic lepton scattering off protons. The so-called proton radius
puzzle [3], that originated from the disagreement between elec-
tron scattering [4] and muonic spectroscopy [5] measurements, has
laid much critique on the method suggesting that the extrapola-
tion procedure of experimental data to zero-momentum transfer
suffers from limited accuracy. The derivative method is very sen-
sitive to the functional used to perform the extrapolation and to
the upper limit of the k> momentum domain considered for this
purpose [6]. The significant difference that was observed between
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the proton charge radius obtained from electron elastic scatter-
ing (0.879(8) fm [4]) and that obtained from the spectroscopy
of muonic hydrogen (0.84184(67) fm [5]) implies such a small
difference in the electric form factor values at very low momen-
tum transfers that it puts unbearable constraints on the system-
atics of lepton scattering experiments [7]. As a matter of fact,
the precision of the highest quality electron scattering measure-
ments (0.879(8) fm [4] and 0.831(14) fm [8]) on that issue remains
~10 times worse than that of muonic atom measurements [9,10].
Improving the precision of the so-called derivative method to such
a competitive level does not appear reachable with current knowl-
edge and technologies [11]. While the recent PRad result [8] and
the recommended CODATA [12] and PDG [13] values of rg have
reduced the tension with muonic atom measurements, improv-
ing the precision of scattering experiments remains a high priority
in light of the numerous discussions about the sensitivity of the
derivative method (see Ref. [14] for new developments).

Within a non-relativistic description of the internal structure
of the proton (see Ref. [15] for a recent discussion of relativistic
effects), Eq. (1) can be recovered from the MacLaurin expansion of
the electric form factor expressed as the Fourier transform of the
proton charge density pg(r),

Cr () = / Pre ™  pp(r), @)
]R3

namely
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where k is the Euclidian norm of k. Here

yj @it D! d/GE (k%)

2jy _
=1 ]! d(k2)i

(4)

k=0

relates the electric form factor to the even moments (r%/) of the
charge density pg(r)

2y = (%, pg) = / B2l pp (o). (5)
IR3

Consequently, the non-relativistic charge radius of the proton may
be expressed as

re=4/(r2). (6)

The discrepancies between the latest scattering measurements of
the proton radius [4,8,16] clearly indicate the experimental diffi-
culty in measuring the first derivative of the form factor. Addition-
ally, moments of the charge density beyond the second order are
also of interest as they carry complementary information on the
charge distribution inside the proton. However, beyond the limited
precision of the experimental determination of the jth derivative
of the form factor, the derivative method accesses only even mo-
ments of the density.

The purpose of the current work is to propose a new and intrin-
sically more accurate method for the determination of the spatial
moments of a density from momentum space experimental ob-
servables, assuming that only the Fourier transform of the proba-
bility density function is known. This method allows access to both
odd and even, positive and negative, moments of the distribution
and it overcomes the limitations of the derivative technique. Its ad-
vantage lies in the more precise determination of spatial moments
through integral forms of the Fourier transform of the distribution.
These are expected to be less dependent on point-to-point sys-
tematics and hence more precise. The validity of this approach is
demonstrated on the basis of generic densities, and its importance
in the experimental determination of physics quantities is further
discussed. The method for a generic probability distribution is de-
scribed in Sec. 2, presenting two different regularization schemes
for the Fourier transform yielding the spatial moments. The appli-
cability of the method to a specific physical problem is discussed
in Sec. 3. The possible applications of the method to experimental
data are outlined in Sec. 4, and conclusions are drawn in Sec. 5.

2. Spatial moments

Let f(r) be a fastly decreasing function in the 3-dimensional
space. Without any loss of generality for the present discussion
(see Appendix A), f(r) = f(r) is assumed to be a pure radial func-
tion normalized to the constant fo

fd3rf(r):4n/drr2f(r):f0. (7)

]R3

Its Fourier transform

f)=Fo)= / dre T (r) (8)
IR3

exists for any values of k. When f(k) is integrable over R>, the
inverse Fourier transform exists and is defined by

fo=fn=

/ ke f (k). (9)

]R3

@2n)?

The moments (r*
fined by [17]

, f) of the operator r for the function f are de-

rk,f):/d%rkf(ry (10)
]R3

Replacing f(r) with the inverse Fourier transform of f(l() (Eq. (9))
and switching the integration order, Eq. (10) becomes

)= o )3 /d3kf(k)/d3re"k"r’\. (11)
|R3

R3

The left-hand side of Eq. (11), the moment (*, f), is a finite quan-
tity which represents a physics observable. However, the right-
hand side of Eq. (11) contains the integral

g)\(k)Egk(k)=/d3re”"rrk, (12)
]R3

that can be interpreted as the Fourier transform of the tempered
distribution r*. This integral does not exist in a strict sense for
A > —1 but can still be treated as a distribution; the finiteness
of the left-hand side ensures the physical representativity of this
expression as well as the convergence of the 6-fold integral. For
instance, Eq. (12) corresponds to the Dirac §-distribution for A = 0.
Considering a real positive value t, the definition of g, (k) provides
the property

1
g (tk) = mgx(k), (13)

which is satisfied only by g, (k) functions proportional to 1/k**3
[17,18]. Eq. (11) can then be written as

k
=N /d/ [,ffﬁ] (14)

where N, is the normalization coefficient defined for A # 0, 2, 4...
as

2)»+2 F( A3 )

M= TE e

in terms of the I' function [19], with A > —3. The integral in
Eq. (14) is taken in the sense of distributions, i.e. the principal
value of the integral defined from the regularization of the diverg-
ing integrand at zero-momentum

(15)

f(k 1 (- o
[,{f—ﬁ}zm f(k)—Zfzjkz’ (16)
with
-1 difl
2i=5 @y | a7

Here, n+ 1 is the number of counterterms in the MacLaurin devel-
opment of f(k), where n = [A/2] is the integer part of A/2 (with
A#0,2,4...). It is because ]‘(k) originates from a pure radial func-
tion that this development is an even function of k.

The right-hand side of Eq. (14) is a convergent quantity as a
whole, i.e. divergences that may appear in the normalization coeffi-
cient are compensated by the integral. The integral exists for every
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Table 1
Counterterms expansion of the moments of first orders.

m km—n+1 n Yo fajk?

-2 k=11 -2 -

-1 k=" -1 -

0 k' -1 -

1 K21 0 Jo

2 K31 0 fo

3 k4 1 [o + jfzkz

4 k>—n 1 [0 + [2]{2 B

5 (Sl 2 fo+ fak? + fak?
6 k71 2

fo+ Fal?® + fak?

A in the domain n < 1/2 <n+ 1 [17,18], which ensures the con-
vergence of the integrand both when k — 0% and when k — co.
While the integrand diverges for even A, even moments still ac-
cept a finite limit. Denoting for convenience A =m — n with m
integer, the moments ("™~ ", f) write

[ Fk) =Y fay ke
(™, ) = Nin—y / dk kmzjnf] & (18)
0

where n = [(m — 1)/2] with 0 <1 < 1 for even values of m, and
0 <n <1 for odd values of m. Even (odd) moments are obtained
taking the limit n» — 0™ (setting n = 0). Respectively,

@™, f)y= lim ™77, f) m even (19)
n—>0*
@™ =" Ply=o modd. (20)

The counterterms expansion of Eq. (18) is given in Table 1 for the
first order moments.

The regularization procedure ensures the convergence of the in-
tegrand in Eq. (18) over the integration domain. For values of m
close to even integers, the logarithmic divergence of the integral is
balanced by the vanishing A/, to give a finite quantity. More pre-
cisely, considering (™", f) for even m = 2p, the normalization
coefficient AV>p_y in the vicinity of 7 =0% can be written as

Napn = (=) 2p+ D' 7. (21)

Introducing an intermediate momentum Q, the integral of Eq. (18)
can be separated into a contribution dominated by the zero-
momentum behaviour of the integrand and another depending
on its infinite momentum behaviour. In the vicinity of zero-
momentum, the integrand behaves as fzp/l<1"7 leading, after k-
integration, to the contribution fsz” /7. At large momentum, the
k-dependence of the integrand ensures a finite I value for the
infinite momentum integral. Then, even moments can be recast as

rr, f)= ling -DP2p+D!n (%Q”HQ)
n—0+

=(=1DP2p+D!fap. (22)

For instance, we have (%, f) = fo, (2, f) = —6f2, (% f) =
120f4... as expected from the MacLaurin development of the
Fourier transform ]‘(k).

The regularization of the Fourier transform g, (k) of the tem-
pered distribution r* is not unique. For instance, g; (k) can also be
given as a weak limit of the convergent integral

g, (k) = lim /d3rr)‘e’“e“"": lim 7, (k, €) (23)
-0t €e—071
]R3

where the term e ¢ ensures the convergence of the integral
Z,(k,€). This is a standard technique used, for example, to regu-
larize the Fourier transform of the Coulomb potential [20,21]. The
integration of Eq. (23) is analytical and yields for any A > —3 and
A#E =2

4w T'(L + 2) sin[(A + 2)Arctan (k/€)]
k(k? + €2)5+1

which accepts the limit (4 /k)Arctan (k/€) at A = —2. The mo-
ments defined in Eq. (11) can then be written as
2

™, f)= —T(+2) % (25)

Ik, €) = (24)

ksin[(A + 2)Arctan (k/€)]
(k2 + 62)A/2+1

o0
lim | dk f k)
e—0t
0

for any A > —3 and A # —2 value. For integer values of A, the sine
function in Eq. (25) can be developed in terms of a k/€ polynomial,
such that Eq. (25) can be recast for A =m as

(rm,f)zg(m—l—l)! X (26)
b4
lim e™*? / dk f (k) ————— P (k/€)
€0t (k% + e2ym+2
0
with
m+2 . i
. . (T (m+2)! k\’

The formulations of Eq. (18) and Eq. (25) allow us to determine
the moments of a given operator directly in the momentum space,
for both integer and non-integer values of A. For a given f (k) func-
tional form, the moments are numerically computed from these
expressions and can also be obtained analytically for specific cases.
The generalization of Eq. (18) and Eq. (25) to a D-dimensional
charge density are further presented in Appendix D offering the
possibility, for example, to address the relativistic nature of the
nucleon structure [15].

3. Applicability and benefit of the integral method

The momentum integral determination of the moments out-
lined in the previous section is a general approach that can be
applied to any relevant physics quantity. Without any restriction
on the applicability of the method, the specific case of the elec-
tromagnetic form factors of the proton is considered hereafter. A
typical function example is the radial density

3

A —Ar
rH=—e 28
fp(@) e (28)
leading to the well-known dipole parameterization
r 3. —ik At
K= | Ire ™ fpr)= —5——-— 29
Foto = [ Fo®) = sz (29)

]R3
where A represents the dipole mass parameter. The moments can
be determined directly in the configuration space, as

re+3) 1

(r*,fn)=fd3rr*fn(r)= CERCE

R3

(30)

Considering integer A = m values, Eq. (26) can be written as
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Fig. 1. 1-order moments of the proton electric form factor, determined from the in-
tegral method for the dipole (A2 = 16.1 fm™2) and the Kelly's polynomial ratio [22]
parameterizations (top panel), and ratio between the two parameterizations (bot-
tom panel).

2i(m+2) 1 ~
T @ &

™, fp) =

with € = €/A, and from Eq. (26) with the integral variable change
z=k/e

12 iz m+2)!
5= - Ngin (1B Mt 32
Im(© €m§51n<2>1!(m+2—j)! * 52)
o .
/dz i1 o om+2
(1+&22)2(1+22)mt2 4 (1+€)3°
0

Evaluating the limit in Eq. (31), the momentum integral expression
of the moments becomes
m 2i(m+2)r(m+2) TI'(m+3) 1
", fo)= = —
T A™ 4 2 A™M
i.e. identical to the result of Eq. (30) obtained from the config-
uration space integral. The same result is obtained for any real
(integer and non-integer) A value from the numerical evaluation
of the integrals in Eq. (18) and Eq. (25). The method has been
tested for different mathematical realizations of the radial func-
tion f(r) and several A: the exponential form of Eq. (28), and a
Yukawa-like form (see Appendix B) corresponding to the parame-
terization of the proton electromagnetic form factors in terms of a
k?-polynomial ratio, the Kelly’s parameterization [22]. In each case,
the numerical evaluation of Eq. (18) and Eq. (25) provides with a
very high accuracy the same results as the configuration space in-
tegrals.

Fig. 1 shows the variation of the moments over a selected A-
range for two parameterizations of the electric form factor of the
proton and both prescriptions of the integral method: the principal
value regularization of Eq. (18) denoted IM;, and the exponen-
tial regularization of Eq. (25) denoted IM,. Particularly, the two
different numerical evaluations are shown to deliver, as expected,
exactly the same results (top panel of Fig. 1). Because of a simi-
lar functional form, the polynomial ratio moments do not strongly
differ from the dipole moments. Nevertheless, sizeable differences
can be observed for negative A’s and high moment orders (bot-
tom panel of Fig. 1). Negative orders are relevant for the study of
the high-momentum dependence of the form factor (i.e. the central
part of the corresponding density), and are of interest to probe its
asymptotic behaviour, whereas the high positive order moments
probe the low-momentum behaviour of the form factor (namely
the density close to the nucleon’s surface).

(33)

4. Application to experimental data

The integral method described previously relies on integrals of
Fourier transforms i.e. form factors for the present discussion. Un-
like the derivative method, the integral method is less sensitive to
a very small variation of the form factor at low momentum, and
a more stable behaviour with respect to the functional form can
be expected. However, the evaluation of moments via this method
requires an experimentally defined asymptotic limit which may be
hardly obtained considering the momentum coverage of actual ex-
perimental data. The momentum dependence of the integrands of
Eq. (18) and Eq. (25) provides the solution to this issue. The de-
nominator of the integrands scales at large momentum like k**1,
meaning that the integrals are most likely to saturate at a momen-
tum value well below infinity.

Truncated moments, defined from Eq. (18) and Eq. (25) by re-
placing the infinite integral boundary by a cut-off Q, allow us to
understand the saturation behaviour of the moments. Considering
for sake of simplicity the case of integer A =m values, they can be
written from Eq. (26)

2
(rm,f)Q=;(m+1)! lir51+Rm(Q,e) (34)
with

k O (k/€)

CETER )

Q
Rm(Q. €) =€e™t? fdkf(k)
0

The integral is performed before taking the e-limit, and obviously
lim (™, =" f). 36
Jim @™ g = ", f) (36)

For the typical example of the dipole parameterization of Eq. (29),
the integral for even and odd moments can be expressed as

Rop(Q,€) =€uxp(Q, €)+ € vyp(e) Arctan (%)
+ wap (€) Arctan <%> (37)
Q
Rop+1(Q, €) =up41(Q, €) + vopy1(€) Arctan (X)

+ € wapy1(€) Arctan <%> . (38)

The functions u;’s, v;'s, and w;’s have finite limits when € — 0¥,
as well as when Q — oo for the u;’s. Moreover, the v;’s and w;’s
are independent of Q. The structure of Eq. (37) and Eq. (38) ex-
hibits three contributions with different Q -dependences: the first
term (with u;'s) corresponds to a ratio of Q-polynomials and
vanishes as 1/Q at infinite cut-off; the second term (with v;'s)
varies as Arctan(Q /A) and is related to the kg = +iA complex
pole of the fD (k) function; the last term (with w;’s) saturates as
Arctan(Q /¢) and is associated to the kg = +ie complex pole of
the function that samples fD (k). The Q -convergence of the two
last terms is determined by the same asymptotic behaviour

T 1 1 1
lim Arctan(x)=——-+-—+0(—<=). 39
x—+00 @) A ¢ + 3x3 * <X5) (39)
The € factor in front of these contributions distinguishes the sat-
uration behaviour of even and odd moments. Particularly, in the
limit € — 0T, the even truncated moments write
Cp+2)! 1

(r*, fp)g = @p + D! wsp(0") = =——= (40)
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and are independent of Q, while the odd truncated moments
2p+1 2
(r ,fD)Q=;(2p+2)! X (41)

|:“2p+1 (Q,0%) +v2p41(07) Arctan (%)]

are still depending on the cut-off. Indeed, Eq. (37) can be seen
as a different realization of Eq. (22), similarly leading to the Q-
independence of even moments. The u;’s coefficients behave like
1/Q functions at large cut-off, and consequently vanish for infi-
nite Q. For example, the first odd coefficients write

uuQJwv=zztiji%2)Qﬁw (42)
v1(0h) = % (43)
no)= LEL o g
v3(0h) = 2% . (45)

Only the v;’s remain in the infinite Q -limit, leading to the expres-
sion of Eq. (33). Similar features are derived in Appendix C for the
Kelly’s parameterization.

The Q -convergence of truncated moments is shown in Fig. 2 for
selected moment orders, as determined for the two prescriptions
of the integral method (IM; and IM;) where the Q cut-off re-
places the infinite boundary of the integrals. The Q -independence
feature of even truncated moments is reproduced by each prescrip-
tion (Fig. 2(a)). This is a general feature independent of the specific
form factor, as expressed by Eq. (22). In other words, the integral
method for even moments recovers formally the same quantities
as the derivative method. In the ideal world of perfect experiments,
adjusting experimental data with the same function over a small
or large k*-domain affects only the precision on the parameters
of the function. In the context of the limited quality of real data,
the integral method provides the mathematical support required
to consider the full k2-unlimited domain of existing data, leading
therefore to a more accurate determination of the moments. The
practical constraint is to obtain an appropriate description of the
data over a large k?-domain.

Fig. 2(b) shows the Q-convergence of selected odd moment,
comparing the integral method prescriptions. The different regu-
larizations of the g, (k) integral lead to different saturation be-
haviours. While the principal value regularization (IM7) asks for
large Q -values, the exponential regularization (IM;) rapidly satu-
rates about 6 fm~!, i.e. in a momentum region well covered by
proton electromagnetic form factors data [23].

Fig. 2(c) shows the Q -convergence of selected moments with
negative non-integer orders. For such orders, there are no coun-
terterms for the principal value regularization (Table 1), and the
effect of the exponential regularization term in Eq. (23) is strongly
suppressed since the integrand converges at infinity (for —3 < A <
—1). Indeed, there is no need of regularization for negative orders
and all prescriptions of the integral method should be identical.
This is verified on Fig. 2 where the numerical evaluation of each
prescription is shown to provide the same result: IM; = IM; for
—3<A<0.

It is the essential benefit of the integral method to allow us
to determine odd and real positive and negative spatial moments
directly from experimental data in the momentum space.

We define the saturation momentum Qs for each moment
order as the squared momentum transfer at which the truncated

(a) Even Truncated Moments

4p
K’E\ 35 E
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(b) Odd Truncated Moments
2p
s\ | [ IM, - A=1 — IM, - A=1
oteE | | IM, - A=3 — IM, - =3
~4E < IM,-A=5 — IM,-A=5
_o12F
= E
==
{<L E /s, X -..‘.‘.‘.‘-‘.‘.......‘..-.-.-.'.'.‘.'\'\'\'\'\'\"“'
~ 0 8 :_ ------ 3 \'\' \'\'\'\'\‘-.'\'\'\.“‘.‘.“‘.‘.“‘.“‘." I
06
04
02
0:':". Lo v by v b b b by o by g by v 0 by
0o 2 4 6 8 10 12 14 16 18 20
Q (1/fm)
(c) Negative Truncated Moments
:—to 1:_ Lo @ O-(; llllll ° o O Ry R O
K\L/ C (S} ‘.-'Q ““““ et &t B B
N 081~ @ a o
o [ ‘.E""
:00.6 S 6 o)
= Lo
oaly 5 T IM,-1=-0.5 © IM,-A=-0.5
E S~ N R IM,-A=-15 ¢ IM,-A=-1.5
02 S S L IM,-1=25 O IM,-A=25
F S|
0093""2I T S S S VR P VU R )
Q (1/fm)

Fig. 2. Convergence of truncated moments of the proton electric form factor for
selected orders within the dipole parameterization: (a) positive even, (b) positive
odd, and (c) negative non-integer. IM; and IM; denote the principal value and the
exponential regularizations, respectively.

moment is some «-fraction of the true moment value obtained in
the limit Q — oo (Eq. (36)), that is

(r)t’ f)Q at.
N (46)
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(a) IM1 Positive Moments Saturation at 98%
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Fig. 3. Saturation momentum of the principal value (IM;) and exponential (IM;)
regularizations of the integral method, for the dipole (solid line) and Kelly [22] (cir-
cle and dashed line) parameterizations of the electric form factor of the proton:
(a) 98% saturation of positive moments within the IM; prescription, (b) 99.5% sat-
uration of positive moments within the IM, prescription, and (c) 98% saturation of
negative moments. The latter is independent of the integral method prescription.

The variation of the saturation momentum as a function of the
moment order is shown on Fig. 3 for both prescriptions of the inte-
gral method and two parameterizations of the electric form factor
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of the proton. The 98% saturation (o = 0.98) of IM; (Fig. 3(a)) is
compared to the 99.5% saturation of IM, (Fig. 3(b)), with respect to
positive moments. The principal value regularization appears less
performant than the exponential regularization. The differences
between the integrands of each prescription is responsible for this
behaviour. At a maximum squared momentum transfer of 2 GeV?,
the IM; prescription permits the determination of any positive mo-
ments, while the IM; prescription is of very limited success, even
when considering a less demanding saturation and the full exten-
sion of the k*-domain of existing data up to ~10 GeV2. Noticeably,
the saturation momentum appears weakly dependent on the form
factor model (Fig. 3(a) and (b)).

Negative moments are more difficult to obtain very accu-
rately but can still be determined with a few percents precision
(Fig. 3(c)). The sensitivity to the form factor parameterization is
particularly remarkable. As noted previously in Sec. 3, negative mo-
ments are sensitive to the high-momentum behaviour of the form
factor which is only partly covered by actual data. Here, the differ-
ence of interest between the parameterizations is the sign change
of Gg(k?) predicted at k3 = 14.7 GeV? in Kelly’s. This results in
a maximum ratio value at k? such that Rﬁo > 1, and provides a
saturation momentum Qsg. < ko (Qsqr. > ko) when Rﬁo <2-«

(Rﬁ0 > 2 — o). These two regimes are responsible for the disconti-
nuity occurring about A = —2.4 in Fig. 3(c). Note that the moment
order corresponding to the discontinuity is not a constant but de-
pends on the « saturation level. Negative moments clearly magnify
the impact of the change of the sign of the form factor, and may
be used to discriminate different form factor models.

A closer look at the form factor parameterizations explains fur-
ther Fig. 3 behaviours. The k?-dependences of the electric form fac-
tor of the proton within the Kelly and the dipole parameterizations
are compared in Fig. 4 for two different dipole masses. Up to the
momentum saturation of 2 GeV2, the differences between the pa-
rameterizations are small (~10% at most), which leads to the very
similar saturation momentum behaviour observed for moments of
positive orders (Fig. 3). More precisely, the Kelly’s moments dif-
fer from the dipole ones (Fig. 1) but both kinds converge similarly
towards the asymptotic limit. Differences only show up for the
lowest order moments (Fig. 3(b)) which succeed to catch changes
in the k*-dependences above ~1 GeV?2. In the region between the
saturation momentum and the zero-crossing momentum, the pa-
rameterizations strongly differ in magnitudes and k?-dependences
(Fig. 4). This leads to the very different saturation momentum
trends observed in the moment region —2.4 < A <0 in Fig. 3(c).
When the moment order is large enough (—3 < A < —2.4) to sam-
ple the high-k? region of the form factor where the parameteriza-
tions have identical k*-dependences (Fig. 4), the behaviours of the
saturation momentum become similar (Fig. 3(c)).

These features remain model-dependent in the sense that the
high-momentum behaviour of the form factors is deduced from
predicted scaling laws [24] which, because of the limited exper-
imental knowledge, are not confirmed by existing data. However,
the momentum range spanned by actual data, especially for the
proton, is large enough to sufficiently constrain any physical or
phenomenological parameterization. Therefore a momentum satu-
ration quasi-independent of the functional realization of the proton
form factor can be determined for positive moments. Major dif-
ferences attached to the high-momentum region are specifically
showing up for negative moments.

5. Conclusions

The present work proposes a new method to determine the
spatial moments of densities expressed in the momentum space,
i.e. form factors. The method provides a direct access to real mo-
ments, both positive and negative, for any form factor functional.
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Fig. 4. Kelly parameterization of the electric form factor of the proton normalized
by the dipole parameterization for different dipole masses: the mass used in the
present work (solid line), and the historical parameterization mass (dashed line).
The saturation momentum at 2 GeV2 (vertical dotted line) and the zero-crossing
momentum (vertical dash-dotted line) are also shown.

Particularly, it represents the only opportunity to access spatial
moments when the Fourier transform of a parameterization can-
not be performed. In addition, unlike the derivative method which
is restricted to even moments, the so-called integral method gives
access to any moment order, especially odd moments and more
generally any real moment with A > —3. Furthermore, it provides
the formal support to take into account the full range of existing
data for the determination of even moments, allowing us to im-
prove their accuracy as compared to the derivative method.

The integral method involves the regularization of integrals
treated as distributions. Two regularization schemes were studied:
the first one based on the principal value regularization, similar
to the technique used to determine Zemach moments [25,26]; the
second one involving an exponential regularization, similar to the
technique used to regularize the Fourier transform of the Coulomb
potential [20]. These techniques have been tested with respect to
the dipole and Kelly parameterizations of the electromagnetic form
factor of the proton. The exponential regularization provides the
most performant approach allowing us to determine accurately
positive moments considering a squared saturation four momen-
tum transfer of 2 GeV2. Negative moments require larger satura-
tion momenta but remain quite accessible with reduced accuracy
(a few percents) in the proton case.

The integral method is not specific of the proton, and can also
be applied to the neutron and nuclei electromagnetic form factors.
These applications will be presented elsewhere.
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Appendix A. Partial waves expansion of radial moments

This appendix demonstrates that only the spherical components
of the form factor f(r) contribute to the radial moments defined
in Eq. (10).

Consider any real number A and any function f(r) of the three-
dimensional variable r, and further assume that the integral de-
fined as

I, = / f@rd’r (A1)
IR3

is finite. Any function f(r) can be expanded in partial waves as
follows

[e'9) ¢
FO=>"3" BV ®

(A.2)
£=0m=—¢
with
Bem(r) = / f@®Ym®)dr, (A3)
such that
00 12
L= > / Bm (> Y (®)didr . (A4)
(=0m=—¢
Using
/ Y (®)dt = VA1 800 Smo (A.5)
we obtain
oo ¢
L= lm=[lloo (A.6)
£=0m=—¢
where
[T5.]oo Z/ﬂoo(r)TZH dr. (A7)
0

Therefore, I, vanishes for any £ # 0, i.e. only the partial wave £ =0
contributes to the integral. Consequently, any pure radial function
or any function whose partial wave expansion have a spherical
(¢ =0) term lead to a non-vanishing I,. Moreover, the Fourier
transform of this spherical part will be induced only by the jq(kr)
spherical Bessel function.

Appendix B. Moments of a polynomial ratio form factor

This appendix discusses the determination in the configuration
space of the moments of a function having Fourier transform in
momentum space expressed as a polynomial ratio. These results
serve the comparison with the moments obtained in Sec. 3 from
the momentum integral method.

Considering the polynomial ratio function ]’K(k) expressed in
momentum space as

- ~ 1+ ak?

k) = k) = , B.1
fr®) = fr (k) T D1k% 1+ byl £ k8 (B.1)
its inverse Fourier transform writes

1 1 T
Fe@ = et =55+ [ dikfiedo sinier. (2)

0
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Table B.2

Coefficients of the partial fraction expansion for Kelly’s parameterization [22]. Note
the unit change of the polynomial coefficients as compared to Kelly’s polynomial:
ay = (h/2M)%aq, by = (h/2M)?b1, by = (h/2M)*by, b3 = (h/2M)®b3, where M is the
proton mass.

i Gg Gm, /Mp

ki (fm~1) A; (fm~2) ki (fm~1) A; (fm~2)

Re Im NRe Jm Ne Jm Ne Im
1 0 3.02 512 0 0 3.18 6.38 0
2 441 6.43 —2.56 0.97 0 13.86 172 0
3 —4.41 6.43 —2.56 -0.97 0 7.62 -8.10 0

fK(k) is assumed to represent a regular physics quantity, for in-
stance the electromagnetic form factors of the nucleon [22], such
that the denominator never vanishes for real k and the function
accepts only complex poles. The product ka(k) can then be ex-
panded in partial fractions as

3 —_—
- Aj Aj
kfxy =) [k_k, + I{_E} (B.3)

i=1

where the k;’s (with Im[k;] > 0) are the poles of ]‘(k), and

i (14ark)k; 3 B
A= " 2bs T[k,]/ . H (ki —kj) (ki —kj), (B.4)
JjEF)=1

are the residues of the function ka(k) at k = k;. The numerical
values of the Aj's and k;’s corresponding to the parameterization

of Ref. [22] for the electric and magnetic proton form factors are
listed in Table B.2. After integration, the radial function writes

3
Z —3Imlk;]r (B.5)

[me[A,«] cos (Re[ki]r) — Im[A;]sin (me[ki]r)] .

fx@ =

= | =

1
2

The absence of odd powers of k in the denominator of fK(l() leads
to the relationships

3 3

D 9elAil =) 9elki] =0 (B.6)
i=1 i=1
which ensure a finite value of fx(r) at r = 0. The moments, de-

termined from the configuration space integral of Eq. (10), can be
expressed as

(r*,f,()zzr(x+2) x (B.7)
Z Ne[Aj] cos(b;) — Im[A;]sin(b,)
P |ki|)n+2
with A > —2 and
= (A +2) Arctan ( Nelkil ) (B.8)
Im(ki]

Appendix C. Truncated moments of a polynomial ratio form
factor

Analytical expressions for truncated integer moments are de-
rived hereafter for_the polynomial ratio parameterization of the
Fourier transform fk (k) of Eq. (B.1), within the exponential reg-
ularization approach of Eq. (23).

Following the discussion of Sec. 4, truncated integer moments
are defined for the cut-off Q by Eq. (34) and Eq. (35). The integral
is performed before taking the e-limit and takes the generic form

Rop(Q.€) =€uzp(Q.€)+€ Z’Vzp(e)ArCtan<|l(<ll>

i=1
+ wpp(€) Arctan <%> (C1)

3
Rap+1(Q, €) =uzp11(Q, 6)+Z’v2p+1(6)ArCtan<|lQ|>

i=1

+ € wapi1(€) Arctan <%) , (C.2)

for even and odd truncated moments. Similarly to the dipole pa-
rameterization, the u;'s, jv;’s, and wj’s coefficients accept finite
limits when € — 0. The u;’s are the only coefficients depending
on the cut-off, and they vanish for infinite Q. The full expression
of these functions is too cumbersome to be reported here, but gets
simplified when € tends to zero.

The e-dependence in Eq. (C.1) and Eq. (C.2) distinguishes the
Q -saturation behaviour. In the € — 0% limit, the even truncated
moments become

(P, f) = 2p + 1) wop(0T) (C3)

independent of Q, while the odd truncated moments write

2
P fr) = —@p+2)! x (C4)

3
|:U2p+1(Q 0" + szzp+1(0+)AFCtan<|;2|)i|

i=1

still depending on the cut-off. For instance, the first even moments
can be expressed as

. fi)=1 (€5)
(?, fk) =3! (b1 —ar)
@, fx) =>5! (b% —aiby — bz)

and the recurrence relation

P, fx) = 2p+ 1! x (C8)
[b (r?p—2 i (r2p—47f1<) (fZP_G,fK)]
p—1! 2 @p-3)! > @ep-5']’

with p > 2, provides all the higher orders. The integrals corre-
sponding to the first odd moments write

1 Aq Q
R1(Q,0M) = Q —2i k—BArctan<|ll|) (C9)
—2i A—Arctan( Q )—2 A—Arctan( Q )
k3 lka| k3 lks|
Ra(Q.0h =0 L (C.10)
I TOE '

—|—21A Arctan< Q )—1— lA Arctan( Q )
k3 lk1] k3 k2]
A3 Q

+2i —Arctan
k3 <|’3|>
— (11b1 — bz

b1 —aq 1
+y — 1 _
Rs(Q,07) = ) 303 505

(C11)
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A A
—2i —;Arctan <£> —2i —72Arctan <£>
ki |k1] ks [k |

A
— 2i —3Arctan <£) .
k} k3]

The specific structure of fK(l() as a ratio of polynomials of even
power of k with no poles on the real k-axis, leads either to pure
imaginary poles or to relationship between A;’s and k;’s. For in-
stance, in addition to the general properties of Eq. (B.6) we have
for the proton electric form factor (Table B.2)

k2| = k3| = |A2| =|A3]
N

(C12)
(C13)

such that Rz,11(Q,0%) are pure real quantities. In the limit Q —
o0, Eq. (C.9)~(C.11) provide

(A1 Ay As ]
ol foy=—2i21| 2+ 224 2 (C14)
i Kook k3 ]
(A1 Ay As ]
@ fo= 24| 5+ 2+ (C15)
|k k3 k3
(A1 Ay As ]
(I, fr) = —2i6! | 0+ 24 2 (C16)
k1 k5 ks
and generally
3 A:
P fo = (P21 2p+2) Y kzl’,” : (€17)
i=1 "

Appendix D. D-dimensional generalization of the integral
method

The generalization of the principal value regularization method
IM; to a D-dimensional space manifests mainly in the change of
the normalization coefficient N, (Eq. (15)). In D dimensions, N;.p
writes

w1 _ L (5P)
Nypp=2M+T —2 2 7 D.1
) o
and Eq. (18) can be generalized as
o0 ~ ~ .
foty =Yg 2.0k
(™, fp) =Nip / dk IZ;HO d (D.2)
k
0

where fD is the D-dimensional Fourier transform of the D-
dimensional charge density fp

Fol = / dPre T £ ) (D.3)
]RD

with

. 1 dfpk)

f2j;D=ﬁ W (D.4)

k=0

The weak limit regularization method IM;, as defined in Eq. (23),
can be generalized to a D-dimensional space as

A Dy, 7
r, = d"k f(k) g,.p(k D.5
" f0) = g [ 4K F 00 81000 (035)
]RD
where
grp(k) = lim Z,.p(k, €) (D.6)
€e—>071
with
IMD(k,e):/dDrr*e*“e"k'f. (D.7)
IRD
For D > 2, this integral can be expressed as
DmP/2 I'(D+A)
Typk, €)= (D.8)

(2 + e3P+ T (D 4 1)

p D+x x+1 D Kk
% _ D,
L U R R R R

where F; is the hypergeometric function [27]. For instance, this
expression can be used for the case D =2 of relevance for the
relativistic approach of the nucleon structure proposed in Ref. [15].
For the case D =3, Eq. (24) is recovered.

References

[1] CE. Carlson, Prog. Part. Nucl. Phys. 82 (2015) 59.
[2] RJ. Hill, EP] Web Conf. 137 (2017) 01023.
[3] J.C. Bernauer, R. Pohl, Sci. Am. 310 (2014) 32.
[4] A1 Collaboration, J.C. Bernauer, et al., Phys. Rev. Lett. 105 (2010) 242001.
[5] CREMA Collaboration, R. Pohl, et al., Nature 466 (2010) 213.
[6] G. Lee, J.R. Arrington, RJ. Hill, Phys. Rev. D 92 (2015) 013013.
[7] L Sick, D. Trautmann, Phys. Rev. C 95 (2017) 012501.
[8] PRad Collaboration, W. Xiong, et al., Nature 575 (2019) 147.
[9] CREMA Collaboration, A. Antognini, et al., Science 339 (2013) 417.
[10] CREMA Collaboration, R. Pohl, et al., Science 353 (2016) 669.
[11] M. Hoballah, et al., Eur. Phys. J. A 55 (2019) 112.
[12] https://physics.nist.gov/cgi-bin/cuu/Value?rp.
[13] Particle Data Group, PA. Zyla, et al., Prog. Theor. Exp. Phys. (2020) 083C01, in
press.
[14] Scott K. Barcus, Douglas W. Higinbotham, Randall E. McClellan, Phys. Rev. C 102
(2020) 015205.
[15] G.A. Miller, Phys. Rev. C 99 (2019) 035202.
[16] M. Mihovilovig, et al., Phys. Lett. B 771 (2017) 194, arXiv:1905.11182, 2019.
[17] LLM. Guelfand, G.E. Chilov, Les Distributions, Dunod, Paris, 1962.
[18] L. Schwartz, Méthodes Mathématiques Pour les Sciences Physiques, Hermann,
Paris, 1965.
[19] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental
Functions (Vol. I), McGraw-Hill Inc., New York, 1953.
[20] L. Fetter, J.D. Walecka, Quantum Theory of Many-Particles Systems, McGraw-
Hill Inc., New York, 1980.
[21] A. Altland, ]. von Delft, Mathematics for Physicists, Cambridge University Press,
Cambridge, 2019.
[22] JJ. Kelly, Phys. Rev. C 70 (2004) 068202.
[23] V. Punjabi, C.F. Perdrisat, M.K. Jones, E.J. Brash, C.E. Carlson, Eur. Phys. ]J. A 51
(2015) 79.
[24] S.J. Brodsky, G.R. Farrar, Phys. Rev. Lett. 31 (1973) 1153.
[25] A.C. Zemach, Phys. Rev. 104 (1956) 1771.
[26] M.O. Distler, ].C. Bernauer, T. Walcher, Phys. Lett. B 696 (2011) 4.
[27] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions, Dover Pub-
lications, New York, 1972.


http://refhub.elsevier.com/S0370-2693(20)30472-X/bibC30F501D130C2F593F3F85F7296F771As1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib3DCF9C44E61776EF26BAC227F41741A8s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibCE342B1362794593FE08E57C90603FD1s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibA49C2ABD2F69F79D0359031BE953D8C5s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib942275E64F32DB44FD8B91C3B7DEE2B0s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibF0FE18C69950AD537323BFEEA2A13644s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibC88DDA9755299FF7753E209A8A8225D6s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibE86478EB82A1960B0A351CA3991AD6BEs1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib4A05CF7620F6631C402AF038D45BA096s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib0228AEDA8E22987536B2ED996F2A4BA1s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibFC166128B58F454951E80F273FB904CAs1
https://physics.nist.gov/cgi-bin/cuu/Value?rp
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibFB6A716AFCE664BD6832E77A40D0F89Es1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibFB6A716AFCE664BD6832E77A40D0F89Es1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib2B252B4E5927B090A395A489EB969E33s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib2B252B4E5927B090A395A489EB969E33s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib32A17CE04BCEDA7D712B75DF83576CA6s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib83101F7770B0F7328A6FC66DB6430C4Ds1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibE3EA286D3339A65633FF8CAA2FD1C8FDs1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibBEEAA6AFD5C175B6377A1501CC808239s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibBEEAA6AFD5C175B6377A1501CC808239s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibC0176B356E5C85EE55BFFBE41C3E354As1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibC0176B356E5C85EE55BFFBE41C3E354As1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibDC444D76C1DCBE65B5AFAA74B55C5F1As1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibDC444D76C1DCBE65B5AFAA74B55C5F1As1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib2147D536813E379C60AAAD8AFA9696F7s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib2147D536813E379C60AAAD8AFA9696F7s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bibFFDD689EF772A4BE4430BB944B4DA18Es1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib241D3E40A129D1040812DABD7A41E754s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib241D3E40A129D1040812DABD7A41E754s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib005B48A3C16CECB6CA8016BD9ED63AA9s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib72C1D3F3E609815E911C683E0AC65AA6s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib3B61A1140EF6E9A458154D2815761C07s1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib398E3BEC710AD1747160329471EAD0ACs1
http://refhub.elsevier.com/S0370-2693(20)30472-X/bib398E3BEC710AD1747160329471EAD0ACs1

	Connecting spatial moments and momentum densities
	1 Introduction
	2 Spatial moments
	3 Applicability and benefit of the integral method
	4 Application to experimental data
	5 Conclusions
	Declaration of competing interest
	Acknowledgements
	Appendix A Partial waves expansion of radial moments
	Appendix B Moments of a polynomial ratio form factor
	Appendix C Truncated moments of a polynomial ratio form factor
	Appendix D D-dimensional generalization of the integral method
	References


