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RIEMANN’S NON-DIFFERENTIABLE FUNCTION
AND THE BINORMAL CURVATURE FLOW

VALERIA BANICA AND LUIS VEGA

ABSTRACT. We make a connection between a famous analytical object introduced in the
1860s by Riemann, as well as some variants of it, and a nonlinear geometric PDE, the
binormal curvature flow. As a consequence this analytical object has a non-obvious non-
linear geometric interpretation. We recall that the binormal flow is a standard model for
the evolution of vortex filaments. We prove the existence of solutions of the binormal
flow with smooth trajectories that are as close as desired to curves with a multifractal
behavior. Finally, we show that this behavior falls within the multifractal formalism of
Frisch and Parisi, which is conjectured to govern turbulent fluids.

1. INTRODUCTION

In this article we construct the graph of Riemann’s non-differentiable function, and
variants of it, by using the binormal curvature flow, a geometric flow of curves in three
dimensions that is related to the evolution of vortex filaments. We also make a rigorous
connection between the binormal flow and the multifractal formalism of Frisch and Parisi.

1.1. Riemann’s function and the multifractal formalism. A classical problem of
mathematical analysis is finding real variable functions that are continuous but not dif-
ferentiable at any point. Although it seems that the first example is due to Bolzano,
traditionally the reference names in this matter are Riemann and Weierstrass, the latter
attributing to Riemann the example

(1) PR(t) =) —5—
j=1
In fact Weierstrass, faced with the impossibility of proving that the previous function is not
differentiable at any point, proposes his own examples which are later known as Weierstrass’
functions. After fundamental contributions from Hardy in 1915 [30], the problem was not
solved until 1960 by Gerver, who proved in [26] and [27] that the function ¢g is not
differentiable except at times t,, = 7p/q, with p and ¢ odd numbers, in which case the
derivative is precisely —1/2. Later Duistermaat [20] studied the self-similarity properties
of the complex function, intimately associated with the Rieman’s function ¢g, defined as:
© itg?
(2) enlt) =Y —.
=1 "
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He drew attention to the apparent fractal properties of the graph generated by it. Finally,
Jaffard proved using the wavelet transform in [32] that in fact Riemann’s function g, and
analogously the complex version studied by Duistermaat ¢p is a multifractal function that
moreover satisfies what is known as the multifractal formalism of Frisch and Parisi. The
motivation of the latter notion has its roots in the theory developed by Frisch and Parisi
to explain certain data obtained in [I] by Antonia, Hopfinger, Gagne and Anselmet on
the velocity structure functions in turbulent shear flows, that exit the homogeneous and
isotropic framework of Kolmogorov 41’s theory of turbulence.

More concretely, Jaffard’s result in [32] is about the spectrum of singularities, that is
the function ds(f) which associates  with the Hausdorff dimension of the sets of points ¢
where f has pointwise Holder regularity of exponent 5. This Holder exponent is defined as
the supremum of {a : f € C*(tp)}. Here C*(tp) stands for the functions f for which there
exists a polynomial P of order at most « such that locally at tg

|f(t) = P(t —to)| < Clt —to|™.

For instance Weierstrass’ functions Wy p(x) = >, cn- @ cos(b"z) with a < 1 < ab are
nowhere differentiable, but have constant Holder exponent o = —loga/logb. Thus they
belong to the class of monofractal functions characterized by the fact that their spectrum
support are reduced to one point, encoding, despite of the fractal appearance of its graph,
a sort of disciplined irregularity. However, the points where the Holder exponent is reached
might be a fractal set, and actually this is the reason of the monofractal label. The devil’s
staircase is a famous example of monofractal function, as it has only one finite Holder
exponent, reached on the Cantor’s triadic set. In turn, multifractal functions are those
whose Holder exponent takes at least two finite values. The most complex such functions
are those with spectrum positive at least on a whole interval. This encodes the fact that
the regularity varies roughly between close points. For more details on these notions one
can consult [33]. In [32] it is proved that for 5 € [1/2,3/4],

3) d@R(B) =48 -2
It was also shown in [32] that (3)) fits with what Frisch and Parisi conjecture in [25]:
(4) dy(8) = inf(Bp —1s(p) + 1),

where 7)7(p) is defined in terms of Besov regularity:

(5) ns(p) =sup{s, f € BE’OO}.

We refer the reader to §8.5.3 of [24] and p.443 of [32] for the details on this multifractal
formalism. Also, it was proved recently in [9] that Riemann’s function is intermittent.
The results in [32] and [9] are analytical in nature, and no direct connection is established
between Riemann’s function and turbulence. The aim of this article is to make a connection
between Riemann’s function and the time evolution of vortex filaments.
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1.2. Vortex filaments: the binormal flow model and particular solutions. The
vortex filaments are present in 3-D fluids having vorticity concentrated along a curve, and
are a key element of quantum and classical fluid turbulent dynamics. This low regularity
framework is difficult to analyze through Euler and Navier-Stokes equation. It is however
at the heart of current investigations (see for instance [34],[12]). In this article we consider
the binormal flow equation (BF), a classical reduced model for vortex filament dynamics.
This model was formally derived by truncating the integral given by Biot-Savart’s law
([16],138],12],[13]). Recently a rigorous argument, but still under some strong assumptions,
has been given by Jerrard and Seis in [34]. If the vorticity concentrates along a curve
x(t, x), where t stands for the temporal variable and x is the arclength parameter, the BF
evolution is

(6) Ox = Oux A O2x.
Using the Frenet system is immediate to see that (6]) is also written as
(7) Orx = kb,

where  stands for the curvature of the curve and b for the binormal vector. By differenti-
ation with respect to x, the tangent vector T' of a BF solution solves the Schrodinger map
with values in the unit sphere S?, that is the classical continuous Heisenberg model used
in ferromagnetics

®) O = T N 2T
Finally, and thanks to the Hasimoto transformation:
¢(t, x) = Kl(t’ x)ei fox 7'(t7,S)ClS7

with 7 denoting the torsion of the curve, one gets that the function v (¢), called filament
function of x(t), satisfies the 1-D focusing cubic Schrédinger equation

(9) W+ Vs + 5 [V = A1) ¥ =0,

for some real function A(t) ([31]). Conversely, from a solution of the 1-D cubic Schrédinger
equation one can construct a solution of the binormal flow solving either the Frenet equa-
tions, or better through the construction of a parallel frame (T, e, e2)(t,x). This type
of frame fits better with our needs because it is not necessary to suppose that x > 0 (for
details on this construction see for instance §2 of [3]). It is important to note that with this

construction, the binormal flow solution obtained from (¢, z) solution of (9) is the same
. D(t)
as the one obtained from (¢, :L‘)@"Tt solution of (9) with A(t) replaced by A(t) — ®(t).

Thus one can always reduce to the usual cubic nonlinear Schrodinger equation, i.e., @
with A(t) = 0.
Simple examples that can be obtained by this construction are:
e the straight line; ¥ (t,2) = 0 and A(t) = 0;
e the circle; (¢, ) = ¢ > 0 and A(t) = ¢
e the helix; (¢, z) = cei®0 =] with ¢ > 0 and A(t) = ¢
2 2

e the self-similar solutions; ¥ (t,z) = %ei% with ¢ > 0 and A(t) = 5.
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After integrating the frame system one gets solutions of the non-linear equations and
@. For doing that one needs to know the trajectory in time of one point. This is rather
easy for the first three examples but is more delicate for the last one. As a matter of fact,
it is better to solve directly and @ to get the four examples mentioned above, instead
of using @D

For instance for the selfsimilar solutions it is enough to look for solutions of the type
x(t,z) = VtG(x/\/t). Then it is easy to get that G has to solve the non-linear ode

1 T v "
(10) G- 50 =G

From this is rather simple to conclude that G is determined by the fact that the curvature
has to be a constant ¢ and the torsion has to be 7(s) = s/2, see [11]. This means that x(t)
has curvature k(t,z) = % and torsion 7(t,r) = &, and that x(t) tends to two different
lines at = 4 co that are the same at all times. As a consequence x(t) is a smooth function
for t > 0 that becomes at t = 0 a polygonal line with one corner located at x = 0. These
selfsimiliar solutions were characterized in [29]. We will make a very strong use of this
characterization in this paper. In particular the angle 8 of the corner is related to ¢ by the
formula

(11) sing = e 5
2
Recall that if x¢ is a polygonal line with just one corner of angle 6 located at x = 0, then
its curvature is given by x(0,x) = (7 — 0)d(z). Nevertheless, for constructing the solution
of the binormal flow for that yo, one has to solve (9) with initial data 1(0,z) = cd(z) and
c as in (11). We will also need to know what is the relation between G(0) and the two
asymptotic lines of G at infinity and the plane that contains them, see [29]. Observe that
from ([L0) we get that the trajectory of the corner is

c
X(10) = ViG(0) = 2 5b(0),

with (7°(0),n(0),b(0)) the Frenet frame at = = 0 of the profile curve GG, which can be taken

any orthonormal matrix due to the rotation invariance of . In this paper we will follow

[29] and take (T'(0),n(0),b(0)) the canonical orthonormal basis of R3.

Similarly, the straight line, characterized by « = 0, is a trivial solution of @, and
the circle and the helix can be easily obtained by looking at traveling solutions of .
This immediately gives the dynamics of these solutions, and the particular fact that they
conserve their shapes. Indeed, the circle moves with a constant speed along the axis
perpendicular to the plane where it is contained, with direction depending on the initial
orientation given by the arclength parametrization. The helix evolves by screwing up or
down, also depending on the initial orientation. At this point it is important to recall
that vortex filaments with the shapes of straight lines, circles, and helices do exist, both
in experiments and as solutions of Euler equations. Also the selfsimilar solutions are very
reminiscent of the flow behind a delta wing jet and in the reconnection process of helium
superfluid. We refer the reader to [4] for the corresponding references.
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It is worth mentioning that the helix can be obtained from the circle using one of the
symmetries of the set of solutions of (9). These are the Galilean transformations: if ¢ (¢, z)
solves @D with a constant A(t), so does

Yoy (t, ) = emm*it”gw(t, x — 2wot)
for any wg € R.

1.3. Numerical evidence about the connection between Riemann’s function and
the line, circle, and helix filaments. In [I§] the Galilean transformations are used to
look for solutions of @ that are initially a planar regular polygon of M sides. The reason
is simply because, in view of the construction of self-similar solutions, it is natural to look
for solutions of the cubic Schrédinger equation with initial data

(12) (0, 2) _cMZ(sx_f CM%Z'eixMj’

21 4
JEL JEZ

with cpr > 0 related to the angle 65, = %ﬂ by the relation , and ¢ denoting Dirac’s
delta function. The last equality uses Poisson’s summation formula

(13) S 10 =Y fem) =Y [ i)

JEL JEZL JEZ
Then, it follows immediately from (12)) that the 15/(0,x) is invariant under the discrete

subgroup of the Galilean transformations given by wg € Z. As a consequence, if uniqueness
holds, it is proved in [18] that then

(14) Uil x) = Eur(t) Y e =MLY,

JEZ
with ép7(t) a real function which is determined by geometric means. Later on it was showed
in [5] the existence of a formal conservation law whose validity implies that ¢ps(t) should

indeed be a constant so
M2

- T
C?M (t) —477(_2 hl(COS M)
Notice that for all M we have

1 1) — ltj
e Y (AJZ’Agf EE: ¢
j=—00
and that limy;_,o ¢pr = 7=. Hence,
i 1) — zt]
(15) Jim am (- MQ, jzooe

which is the solution of the linear Schrédinger equation with periodic boundary conditions,

(16) $(0,2) = 305 8z — 275).
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Moreover, this solution describes the Talbot effect in Optics, see [7]. In [I8] the conse-
quences of this effect in @ with initial data given by regular polygons were considered, sug-
gesting a possible connection with the turbulent dynamics observed in non-circular jets (see
on this subject for instance [28]). Let us mention also that at a less singular level, the Tal-
bot effect for the linear and nonlinear Schrodinger equations on the torus with initial data
given by functions with bounded variation has been largely studied ([39],[42],[45],[22],[15]).
Let us mention also that the fractal behavior of one corner has been observed numerically
in the context of the architecture of aortic valve fibers in [41] and [43].

Immediately we obtain that fixing = at the origin and integrating in time the limit in

we obtainﬂ
' & —iT2 e 1
(17) /O Yoo dr =) ———— = R().

j=—00 JEZ t
In fact 1
R(t) = 2pp(t) +1+ Y =,
]
JEZ
where ¢p is the function defined in and studied by Duistermaat. It follows from
the same arguments given by Gerber that at the points where pp(¢) is differentiable the

derivative is precisely —1/2. Therefore at those points R'(¢t) = 0. It turns out that when
one looks at the trajectory in the complex plane of 2(t), see Figure|l] there is no tangent at

2

FIGURE 1. Graph of ®(t) = [; 32, € dr = 3,0, €t

JEL g2

those points due to the fact that the curve spirals around them. In fact, it has been recently

IThe term j = 0 is understood to be t.
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proved by Eceizabarrena in [21] that the trajectory, although continuous, and contrary to
what happens with Riemann’s function, does not have a tangent at any point.

Therefore, it was very natural to ask what is the trajectory in time of any of the corners
of the M-regular polygon. In Figure [2| we see the examples obtained in [I8] for M = 3

M=3 M=4
o 035
05\ 03 \
"V
[~ 025 e [ N
04 a3 & L " );; % .
), 02! LA ND 4
- o V8 Fn A
03 %@’ e
015 < i’)y‘ <~ 2?
a ) A ﬁ-,
02 P QG
_‘g\é ® - 01 $¢)€’9 — H"\}w,\ /:r”'
01 - 0.0! /4‘
0L

FIGURE 2. Trajectory that at time ¢ = 0 starts in a vertex of an equilateral
triangle (left) and of a square (right)

and M = 4. Similar pictures can be obtained for any M and it becomes evident after
looking at them, that they converge to the one of %R(¢) given in Figure [l After doing an
appropriate renormalization, this convergence is proved numerically in [I8]. Later on, it
is also proved numerically in [I9] the convergence of the Fourier coefficients of the time
derivative of the trajectory. These results have been extended in [17] to the case of helical
regular polygons that converge to either a helix or to straight line. In the case of the
helices, and depending on its pitch, different versions of R are obtainedﬂ The results in
this paper prove analytically the aforementioned convergence using an approximation by
non-closed polygonal lines.

1.4. Presentation of the results. Our main statement asserts the existence of various
families of solutions {xpn }nen of the binormal flow such that the trajectory of the corner
Xn(t,0) near t = 0 is governed by the modified version of Riemann’s function R as n goes
to infinity.

Theorem 1.1. Let n € N*, v €]0,1], I' > 0. There exist T > 0, independent of n, and
smooth solutions xn(t) of the binormal flow on (—=T,T') \ {0}, weak solutions on (=T,T),
that at time t = 0 become polygonal lines x,(0) with corners located at j € Z with |j| < n”,
of same torsion wg € 7Q and angles 0, such that

(18) lim n(r —6,) =T,

n—oo

2The sequence of the squares that appears in fR has to be changed into the squares of any arithmetic
progression with integer coefficients, see [17].
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and
+ . b On
(19> XTZ(O')O) = (07070)7 833Xn(070 ) = (Sln?,iCOS?,O).
For these solutions we have the following description of the trajectory of the corner
Xn(t,0):
(20) n(xn(t,0) = xa(0,0)) — (0, R(R(1)), I(R(1))) =30,

uniformly on (0,T). The function R is mutlifractal, its spectrum of singularities satisfies
~ 2
and the multifractal formalism formula . In the torsion-free case R(t) = B R t),

472
with R given in . The expressions for the cases with a non-trivial torsion are given in

and (7).

In the torsion-free case the polygonal lines in Theorem can be chosen to approach
the following special cases:

e the straight line; by taking v < 1. Indeed, the total variation angle of x,(0,x) as
x varies from —oo to oo is

n—oo I
2

ool = (= 0,)(2 "] +1) "R (2 [n"] + 1),

so if v < 1 we get convergence of 0/ to zero as n goes to infinity.

e a regular polygonal loop; by taking v = 1 and 6, = % Indeed, this means
that the shape of x,(0) is composed of a regular closed polygon with 2n 4+ 1 edges
of size 1, for |x| < n, and of two half-lines as |z| > n.

e a regular polygonal multi-loop; by increasing the number of corners of the regular
polygonal loop to x € {j € Z, |j| < mn”}, for m € N*. The proof of the conclusion
of Theorem goes the same, for times T}, of size %

To approach other natural special cases we recall that the binormal flow is invariant under

scaling: if x is a solution then Ax(%, %) is a solution also for A > 0. Thus from Theorem

[1.TI] we get for p € R solutions of the binormal flow
. 1
Xn(t,x) = mxn(nm‘t,n“x).
For times smaller than n% the convergence becomes
.t . - -
(21) nH“(Xn(W,U) — Xn(0,0)) — (0, RR(1)), S(R(1) =30,

uniformly on (0,7). This convergence is for instance valid for polygonal lines that tend to
two lines at infinity and that locally approach the following curves::

e a circular loop; by rescaling the regular polygonal loop above with y = 1. Indeed,

Xn(0) is composed by a regular closed polygon with 2n 4+ 1 edges of size %, thus
inscribed in a circle of radius ——t+— for |2| < n and two half-lines for |z| > n. In
2n-+1
2

particular the polygon, as n goes to infinity, converges to a circle of size =.
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e a circular multi-loop; by rescaling the regular polygonal multi-loop above with y =
1. This example confirms the numerical simulations of [17] that can be seen in the
video https://www.youtube.com/watch?v=bwbpKvqGk-o&feature=youtu.be.

e the self-similar solution; by proceeding in the following way. Denote by € the angle
of a self-similar solution, and choose 6,, = 7 — ﬁ and v = 1 so that glotel = ¢.
Then, the shape of x,,(0) is composed by a polygonal line with 2n + 1 corners with
the same angle and edges of size 1 that is inscribed in a circular sector of radius of
size 2n + 1 for |z| < n, and of two half-lines for |z| > n. By rescaling with p > 1,
we get that x,(0) is composed of a polygonal line with 2n + 1 corners with the
same angle 0,,, and edges of size n% inside a circular sector of radius of size nul,l for

|z| <1, and of two half-lines for |z| > 1. Moreover the angle between the half-lines

is precisely 6.

We note that in the above configurations the loops imply the existence of self-intersections,
something that can not happen in a vortex filament. Nevertheless, they are relevant from
a theoretical point of view as an analytical approximation to a real dynamics. Observe
that the number of loops, although fixed, can be arbitrary large.

In the non-trivial torsion case the above examples give families of helicoidal polygonal
lines. This way we have a non-planar approximation of the straight line, as well as, after
rescaling, an approximation of a helical shape with as many turns as desired.

In order to explain the proof of Theorem we have to recall some previous work
done in [4] regarding the evolution through the binormal flow of non-closed polygonal lines
Xo(z) that tend as x — 400 to two lines. These polygonal lines are characterized modulo a
translation and a rotation by the fact that the corners are located at the integers k € Z and
by the curvature angles 8, and torsion angles at the corners. For constructing the evolution
of xo according to the binormal flow, we define first a sequence of complex numbers {ay}
in terms of the curvature and torsion angles of xo. In particular, the identity has to
be satisfied. The identity involving the torsion angles is more complicated, and is detailed
in We impose that for s > 1/2 and p = 2, the sequence {a} has to belong to I7*, the
space of sequences of complex numbers which is determined by the condition

g =" lawlP(1 + |k])** < +oo.
kez

2
Then, we solve on ¢ > 0 the equation (9 with A(t) = W and with

(22) Ultw) = 30 e 0y 4 R(0)e"20(a — ),
kEZ

such that

1
(23) sup = [{Re()Hlizs + {0 Rk () Hli2e < C.
0<t<T


https://www.youtube.com/watch?v=bwbpKvqGk-o&feature=youtu.be
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Here T and C depend only on |[{ag}|/;2.s and v € (0,1). It is a remarkable fact that we
have the mass conservation

(24) D ok + Re(®) =) lowl’, VO <t<T.
keZ kezZ

Then from this solution ¢ we obtain in [4] a smooth solution x(t) of the binormal flow (6]
on (—=T,T) \ {0}, which is a weak solution on (—T7,7"), that at time ¢ = 0 becomes the
desired polygonal line xg.

Thus to construct the solutions y, in Theorem we consider for n € N* sequences

{an i }rez satisfying

(25) a { cne'™0, |k < n”,
n,k

0, |k|>n",

where ¢, > 0 is defined by the identity in terms of the angle 0,, from the statement of
Theorem [I.1l Note that we have

2 W-—@n n—o0 I
26 cp = \/ —— arccos ~ .
(26) " \/ T 2 2/7n
Then the above results proved in [4] insure us the existence of BF solutions that at time
t = 0 are polygonal lines with 2n° + 1 corners located at = € {—|n”],...,—1,0,1, ..., [n”]},
all of them with the same curvature angle 6,, and torsion wy. Having in mind that the
binormal flow is invariant under translations and rotations we can consider y,(0) such

that holds.

Concerning the first part of Theorem we have to observe that if we directly use the
results in [4] we obtain solutions of the Schrodinger equation (9)), constructed by a
Picard iteration procedure that is valid for times 7, that depend on the weighted norm
of |[{ank}i2s, s > 1/2. In particular, we obtain that T}, vanishes as n goes to infinity
for 6 = 1. In this article we shall improve the iteration procedure on {R,, j }rez by using
I'—based spaces. This allows us to consider times T that depend only on ||ay, k|| Ls SO
that in our case T can be chosen independent of n. Another important remark is that
the construction of the solution of the binormal flow @ done in [4], and that is based on
solutions of @, depends just on the I! norm of {a, x }rez and of { R, i }rez. Therefore, the
construction of the solutions of the binormal flow from the Schrédinger ones is assured by
the results in [4].

Regarding the second part of the statement of the theorem, we will prove it by splitting
the trajectory of the corner into three parts. One part will disappear in the limit due to
an improved decay in n that we obtained for R, in I and IM'. Another part will be
shown to be negligible by a fine analysis done in the construction of the parallel frame. It
will be based on repeated integration by parts on some oscillatory integrals that naturally
appear. They include some problematic resonant terms that eventually disappear thanks
to the specific value of A(t). Finally, the last part, and in the torsion-free case, includes
Riemann’s function that appears thanks to Poisson summation formula. For helicoidal
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polygonal lines, the proof goes the same except that we end up with some variants of R. In
this case we prove, following the approach of Chamizo and Ubis in [I4], that their spectrum
of singularities is the same as the one of Riemann’s function in . Also, we show that
the multifractal formalism of Frish and Parisi is satisfied, by using exponential sums
estimates.

The paper is organized as follows. The proof of the first part of Theorem is done
in The second part of Theorem in the torsion-free case is proved in §3| using
and two results related to the convergence of the normal vectors proved in 4] and §5] re-
spectively. In the last section we shall treat the nontrivial torsion cases of Theorem
This involves proving the results by Jaffard in [32] in the more general setting of the
squares of arithmetic progressions.

2. PROOF OF THE FIRST PART OF THEOREM [L.1]

In view of Proposition below, for each sequence {a, i }rez defined in we get a

2
solution of the Schrodinger equation @D with A(t) = Z’“EZQ%, of type , with time of
existence T independent of n. As mentioned above in the Introduction, the construction
of the corresponding BF solutions involves only the I* norms of {ay, x}rez and {Ry x trez,

so the first part of Theorem follows.

In the following Proposition we improve the fixed point argument on {R, ;(t)}recz in a
way it suits our purposes here.

Proposition 2.1. Letn € N, v € (0,1), ¢ > 1, C > 0 and {on k }rez a sequence such that
la k| < % for |[k| <n and oy, ) = 0 otherwise. There exist T € (0,1) depending only on
and q and a unique solution written as

>

keZ

lon

12 .
i OEVT (a1, + Ry ()20 (),

of the equation
2
ithe + e + 3 (Juf2 - Zofel) g — o,
with the property:

(27) sup [t R (®)ln < Oy,
te(0,T) n- g
1
sup ([t O Ry (t)llp < C(v,0),  sup (L0 R k(t)li < Clv,0)——,
7€(0,T) 7€(0,T) na
and
(28) sup |[[t77 Ry (8)]] ;20 < C(v,9) -
te(0,7) k n aq
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Proof. We follow the argument in [4], so that we have to find a fixed point for the application
D({R;}) = {®r({R;})} given by

29) URNO =i [ fr)ir+i [ oont Bulr)? = o) o + Rulr))dr

T
where
(30)
1 i Bkgydods o VT - Y
Bt =g D et e s 8V oy Ry (1) o, + Ry (D) (g Rjy (1))
(J1,32,53) EN Ry,
and

_ 222 9
Wk, j1,52,3 = An ) Alwmz,h_k —Ji+J2 — I3,

NRy, = {(j1,72,J3), 51 — J2 + J3 = k, Dk j, jo.js 7 0},

see for instance (24) in [4]; for simplicity we have ommited the n—subindex. We shall
perform the fixed point argument in the ball

X7 = {{ My} € Cl((O,T),ll) ﬂC((O,T),ll’l), I{ My }H| xv.am < 6},
where

_2 _ _1
I{M;} | xvam :=n*"a sup [[t7YRe(t)||p + sup n' "7 sup |t OuRy(t)||;a
te(0,1) 1<¢<q te(0,T)

_2
+n' 77 sup |77 Rug ()],
te(0,T)

and T € (0,1) will be specified later.

Let {R;} € X7%" We start with the estimates of || ®,({R;})(t)|[;:. To estimate the
first term in the expression we shall perform as in (36) in [4] an integration by parts
in time to get advantage of the non-resonant phase Ay ;, ;, ;, and to obtain integrability
in time:

(31)
¢ e_iw e~ Wk, j1,42.43 log v/t S —
Z/ fe(mydr=t > TN (o, + Ry (1)) (g + Rjy (1)) (ajs+Rjs (1))

0 (J1,52,33) EN Ry, k12,3

Ap i o s
N _j Zkad1,d2,33

e 4T e o -
— Y Sea Ol Y (a4 Ry, (1) (0, + R (7)) 0+ By (7))
0 (j17j27j3)€NRk Q k7j1’.729.]3
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We shall exploit the decay given by Ay, i, s = 2(j1 — Jj2)(J3 — j2) on NRy, yielding for
1 < g < oo the estimate
(32)

M; N, P; M: N P:
R e I B e e R YA L M
(j1,j2,j3)€NRk kv]h]QJS liz j2¢{j1,j3} -71 .72 j3 .]2
obtained by performing Holder estimates in the ji, jo variables. Similarly, we get also as
upper-bounds C||M;||za||Njl| ;2 || Pjllia and C||M;||;1]|Njla || Pjllza. Therefore

(33)
t
H/O fr(r)drlln < Ct+]lajlie) (lajlfllalln+ sup [R;(r)lln(laglfi+ sup (R (7))

7€(0,T) T€(0,T)
2 2
+Ct(llajllia + sup [[R;(7))llia) sup [[70-R;(7))l|pr-
7€(0,T 7€(0,
The second term in contains only cubic terms with at least a power of R so we
conclude that for all 1 < ¢ < oo, as 19 C [,

(34)
1@k ({R; ()]l < Ct(1+]agllie) (el lleglln+ sup R (7))l (loglli+ sup [[R;(7)II7))
7€(0,T) 7€(0,T)
+Ct(|lajll7 + sup |R;(T)[7A) sup [[79-R;(7))||n
7€(0,T) r€(0,T)
+Ct7 sup [TV R(T)) |l (layllfe + sup [|R;(7))]I7)-
7e(0,T) 7€(0,T)
In particular, as [|a;[; < €, [laj|lp < %, llajllie < %, we have
n q
1 ) 72742
35 0,L({R; <CT' 1
69 swp TR < (Gap * e+ o)
1 72752 5 1 72752
+OTH( )§+C

+ =+ :
aaen T PO e
So for T and § less than a constant depending only on v and g we have

1 )
P00 sup 7SR 1) ()0 < 5.
7e(0,T) 3

Now we shall get estimates on 0,®,({R;})(7). As we have for all 1 < ¢

Y MNPy <MY« AN} {P}(R) g < ClUM; [Nl | Pills.
(41.72,53) EN Ry, i
we get from

sp 170 @1 ({R;})(7)lia < Clley + Rj(7)I[7: ey + B;(7)ll1a
T€(0,
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+C|| R ) a(llollize + sup [|R;()]7)-

7€(0,T)
Hence for 1 < §, as 19 C I},
(36) 2752 7S vS 2 52
T 1 T T 1 T
0.3, ({R; ,<C( C - .
Tesg%)T)“T k({ ]})(T)Hl — ( +n4(1_%)) nl_% +n2(1_%))+ n2(1_%)(n2 +n4(1_%))

Therefore, again for T and ¢ less than a constant depending only on v and ¢ we have

_1 1)
sup n' "7 sup [0, @ ({R;})(7) ] < 3
1<¢<q 7€(0,T)

Finally, the control of the weighted norm |[{®x({R;})(7)||;1.1 is obtained similarly, by
using weighted estimates of type

Z M;, Ny, P, _ Z Z ]wj1]\7j2pj3]€

(j17j2,j3)€NRk »J15,J25]3 iR} k (jl,jQ,jS)eNRk 5J1,72573

< Z ‘MlejQPja(jl_jQ'i‘j?))
J2¢{j1.33}

(1 — J2)(Js — j2)
< ClM; 1ol Njllaa 1P lli2x + ClIM | ([N llzal| Pl

for all 1 < § < co. We get in the same way:

(37 sup ([T ({R; 1) (1)l < OT V(1 + eyl ) (el flewsllins + lleyg llaallevs 1

7€(0,T)
+ sup ([R;(m)lls + IR () ) (leyllf + sup [|R;())]17))
7€(0,T 7€(0,T
+OT (gl sup [[70-Ri(1) e + llejlliallaglly sup [178-R;(7))[In)
7€(0,T) 7€(0,T)
F(lagllpa +llaglln) sup R (7)l[in + lleglln sup [[R;(7))[l2) sup [|70-R;(7))lln
T€(0,T T7€(0,T T€(0,T
+(sup Ry + sup [[Ri(T)lln sup [[R;(7)[lina) sup (|70, R;(7))[|n
7€(0,T) 7€(0,T) 7€(0,T") 7€(0,T)
+C sup [[r T Ri(0)) [l (lleyllfe + sup [ Ry(7))[[7)-
7€(0,T) 7€(0,T)

Thus again for T and ¢ less than a constant depending only on v and ¢ we have

1—2 _ 1)
noe sup lT @R ({R;1)(7) s < 5
7€(0,T)
Summarizing, we have obtained the existence of T and ¢ less than a constant depending
only on v and ¢ such that the stability estimate holds : if {R;} € X7¢" then {®,({R;})} €
X7%™ Thus to end the fixed point argument we need only the contraction estimates, that

can be obtained in the same way.
O



RIEMANN’S NON-DIFFERENTIABLE FUNCTION AND THE BINORMAL FLOW 15

3. PROOF OF THE SECOND PART OF THEOREM [[L1] IN THE PLANAR CASE

Let us first recall from §4.3 in [4] that for constructing the solutions of BF using the
parallel frame (T, e1, e2) the following equations have to be solved:

(38) T, =Rue; +Suey = R(uN),
(39) N, =eiy +ieg, = —RuT —iSuT = —uT,
(40) Ty = —Sug e1 + Rug e2 = S(uy N),

2 2
(41) Ny = —iu, T+ Jul® _ Leplon” N,

2 2t
(42) xXt=TNT,=TARuN)=3TN).
Above we have taken
@=i)?

(43) u(t, ) = 37 e o Sner o8 Vi, 4 Ry (1) =

v

N = ej+ies, and we have omitted the n—subindices for simplicity. We note that the ansatz
(43) comes from the one given in Proposition applied to the sequence {\/éﬁan} instead
of {a,}, and thus the notation R; in comes from the remainder term in Proposition
divided by v/4mi. Thus the remainder term in (@3] enjoys the same decay properties

27)-[23).

In view of (42]) we can write the evolution of the corner located at z = 0 as

J

Xa(£,0) — xn(0,0) = /0 (@ Ny (r, 0)) dr

\/7_

By using Proposition the term involving R,, j(7) yields decay in n. Therefore

2

t
_3 / 3 eillonal’ =Sz len s o8 VT (o, TR, (7)) S Ny(7,0) dr.
0 -
J

J

t P
Xn(t,0) = x»(0,0) = g/ Z W,je\/i e~ Lk lon, k[ log ﬁNn(T, 0) d7 + (1),

=
O lil<ny

with

(44) |rn (8)] < ng_, vVt e (0,T).

Here 27 means any number smaller than 2, on which the constant depend.
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From Lemma 4.5 in [4] we get the existence of the limit
lim ¢! 2ire o, g

z—j|

Vi Ny(t,x)
t—0
Hence we can write

=: N,,(0,z) € S* +iS?

(45)

(1,0) = xu(0,0) = (e~ Zacizn 1515, 0,0) |

t e—ii—T
> g
0 .
-2
ik
(e Siiiz 1ogg/ S e ve " gn(7) d7) + (),
li]<n”
where

i®, < _ J J
(46) galt) = " ON, (£,0) — N,(0,0), (1) —memog‘w'z—cn S log L
jEz
function as follows. 7

1<]j|<n> \/i
As we are in the case a;, j = ¢, for |j| < n”, the first term makes appear the Riemann’s
Lemma 3.1.

.j2 .

t e tar e 'z

|/ Z d
0

R(4n’t)| < —
e \/,7_ 27Tﬁ ( ™ )| >
Jlsn”
uniformly on (0,7T)

Proof. We first replace the summation in j over the whole set of integers
integration by parts we have

r/Z

Indeed, by
f i \/*
idr/Te it 16+/Te E
Cai-||- ¥ / > <
li>n” lj|>n li>n”
Now we shall use Poisson’s summation formula Z jez | ( ) =2 ez F(2mj):
Z idm2tj? 2/ —i2mxj+idn2ta? dr 2/ —zy\/—s-zy d
Y
JEL JEZ Vam?t
1 3 7y
= —_— eZ (
2/t % t 2\F \/ Z
and the statement follows after integration in time O
In view of this result, of and we obtain, as 0 < v <1
n(XTl(tv 0) - X'rz(oa 0)) -

- T

e 1

NG R(4r’t))

(TLC e ich Do1<)j1<n 10g|j|]\~[ (0 0)
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ZC

-G (nege 7)dr) =30,

0 Jjl<ny
uniformly on (0,7). We use Proposition E 4.1 to get

s

. o~ 1
n(xn(t,0) = Xa(0,0)) = S (ney e~ stz VN, (0,0) = R(an?t)) "5 0.
T/ T

By using the convergence of ¢, and the convergence of Nn(O, 0) obtained in Proposition
BTk

. ~ 1—7 —1—1
we have
9%(4%275) n—00

and Theorem [I.1] follows.

4. A CONVERGENCE ESTIMATE FOR THE NORMAL VECTORS

Proposition 4.1. Let g, be as defined in . Then

/ Z \/» gn T)dr — =y — 0,

ljl<n”
uniformly on (0,T).
Proof. In view of and we have, by omitting the subindices n for simplicity, except

for ¢,
2
. o
/ ( iug T+ i <|“2| W)N-ﬁ-i@s]\f)
S

L k2

t e_i%r T vy 2 e'is .
= — i[n”]c log s T 1®(s)
/ E NG / e g (o + Ri(s)) 2575 kT(s,0)e dsdr

O ljl<n 0 k0

i / 5 T TS (o Rl R g Vs 04t

N
m<nv 0

O ljl<n O Jjl<n

+1

/ (Z(ak + Ri(s))(a_g + R_p(s))— + <1>S) N(s,0)e'*®) dsdr

O Jjl<n
(47) =1+ J+K.
We start with the second term J.

'®(s,0)dsdr
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Lemma 4.2.

k2 12

N(s,0)e®®dsdr =50

/Ozak+Rk: )(ar + Ris)) "

Proof. Let us first observe that when Rj(s) appears, it insures integration in s. Moreover
ther is also enough decay in n in view of . On the remaining term

0 1jl<ny

i’%{lz
=1 / akﬁle 5 N(s,0)e’®®dsdr,
0 |jl<nr 0 g2, |k| | <n¥ 5
we shall perform an integration by parts
k2 12
Z akal 72 527N (7,0)e’ () g7
m<nl’ k2412 |k, || <n¥
k22
_e' i®(s)
Z Z akalm(ZsN(s, 0)e*™\¥))sdsdr.
|]|<nV k2212 |kl <n¥
We also notice that
1
(48) \ Z m’ < C(logn")?,
k212 |k, |1 <n¥
and that in view of and of the definition of @,
(49) (25N (s, 0)e'® S>) l<cL.
\f

Therefore we have got integrability in s and 7. Then, we have convergence to zero as n goes
to infinity for the boundary term and for the integral term with 5 = 0. On the remaining
integral terms with j # 0 we shall perform an integration by parts in 7 to get summability
in 7 without loss in n:

[

k212

/ Z akal;il(QsN(s 0)e'®®)) dsdr
0

1<]j|<n> K212 |k, || <n¥
Zk2—l2
= Z i 475\[ akal;il(QsN(s 0)e’®)) ds
1<m<nv 0 k242, |k| | <nv
B2 =12
/ Z 4Tf/ Z ak@%(QsN(s, 0)e®@) ds | dr.
1<|J|<n” 0 k2412 ||, 1| <nv

T

Again by using and we get the convergence to zero as n goes to infinity.

We consider now the first term and last terms in the decomposition :
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Lemma 4.3.

K2

-2
t —id= T 2
I+Kﬁ:—/‘§:€z4 / ”MFI%SE(mﬁJﬁ@»;4 kT(s,0)e'®® dsdr
0 Sv/ S

=
| <nv 0 k#0

-2

t —i= 7

pu 1 i n—o

—i—i/ Z e\/j / (Z(ak + Ri(s))(a—x + R—k(S))? + <1>5> N(s,0)e"®®dsdr =5 0.
0 jlgnr VT Y0 k °

Proof. The terms involving { Rx(s)} in the first integral for j = 0 and in the second integral
converge all to zero as n goes to 0 by using with v > % On the remaining terms,
that involve {Rg(s)} and j # 0 in the first integral, we integrate by parts in 7 to get
summability in j. Eventually using again with v > % we get convergence to zero as n
goes to 0.

Thus we have to show

k2

50) f+4+K=- / lln i logs 5™ ak; T RT(s, 06O dsdr
0 |jl<nv 0 1<|k|<n¥ Vs
T 1 1 n o0
+2/ Z / > U — > ’%’2% N(s,0)e"*dsdr =3
ljl<nv O\ Jkj<nv |k|<nv

In the case o, = ¢, for |k| < n” we have oy, = o, and the term K vanishes. Otherwise
K will cancel with a piece of I, as we shall see later. The term I involves a bad power in
s for integration, so we need to integrate by parts in the s variable:

k242

t 1 —
I = —22’/ Z ozke ]: eiln”len lOgTT(T, O)em’(T)dT

0 jl<ny 1<kl <nv

/ Z ozke i ¥ )e nlogs /s (s,0)e' ) (dsdr.
0

O Jjl<ny 1< |k|<n¥

We first treat the boundary term. When j2 = k% we get a 10%" decay. When ;2 # k?
we perform an integration by parts and get decay in n for all terms except the one coming
from T’; by using the estimate

1 C
il <n¥ 1< |k|<nv 52 k2
We are left with the term involving 77
! ki
e’ 4 o |
Ib = —27,/ Ofp—5—5< ean JCn log-r% TN 7-70 elcb(T)TQdT
0 Z k(kQ 7172) ( - ( ))

[l71<n¥ 1<|k|<n¥,j2#k?
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22

_ _i/t 3 O T ilnv)clogr
k(k? — j2)

O |jl<nv 1<kl <nv j2£K2

. v —_— . 2 -
xS(i Y e I8 (o Ry(r))le ™' N(7,0))e (D /7dr.

l

In view of and we obtain the convergence to zero as n goes to infinity for the
term involving R;. So it remains to estimate the integral

2 .2
Pt

~ t (& 4T o2
L = —1¢ E i|n"]cs logT

O jl<n,1<]k|<n,j2#k2

2 .
S Y eI st N (r,0))e ) rdr
1<fij<n”

For 1?2 = £(k? — ) the summation in [ disappears and we get again by (1) a bg ™ decay.

For 12 # 4(k? — j2) we perform an integration by parts and for the worse term 1nvolving
the u,T in N, we use

|(ap + Rp(7)) Pl C
52 2 p < —
(52) o Z oy k(B2 = j2) (k2 = j2 £ 12)] = nl™”

l71<nv 1<k 1| <n¥ 2 #k2 12 #£ (k2 52),p

having in mind for the part concerning the R, terms.

Finally we treat the last remaining term, namely the integral term in I:

k2
2i / > o S (@l IR 08 [ T (5, 0)6)) s
) k
0 \jl<nr 1<[k|<n”
py / ppli / > ake T (I o /5 6900 (s, 006
il <n O 1<lkl<n”
kQ
+2i / S S eI T (5,0) e Cdsar,
) k
0 |jl<nv 1<|k|<n”

For the first integral we observe that

iln?|c2 log s 1D (s) < 1 i i
|(€ \/ge )s|_C(7’L\/§+\/§+TLS

decay. For the terms j # 0 we integrate by parts in 7 to
logn

).

log n

Then, if j = 0, we get
bound. Therefore we are left with the second

get summability in j, so that we get a
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integral

21

/ A I 8 5 (TN (5, 0)) s

|J|<n” 1<|k|<n¥

=1

/ Z g ' pi2ln¥ |2 log /5

|]|<n” 1<|k|I<n

2

o I B A
(e Z e i2nln” ey 108 v/5 (0 + Rl(s))fe_ZfTsN(s, 0)) ') dsdr.
10 5
For the R; terms we use . ) to get mtegrablhty in s and a —= — decay. We are left with

. i|n¥]|c2 log s

0 jl<ny 0 1<ikl<ny

N I 2 ;
x (4 Z eiln"lenlogs G~ eﬂiTsN(s, 0)) *®) dsdr
s

1<|l|<nv
I w221 .
* iz 0 1<|k\ li<ne ’
/ Z \f iln” el logs ak@lé@i%lmem(s)dsdr
il <nv 0 1<|k| 1| <nv 5

In the case a, = ¢, for |k| < n”, in the first integral the terms with k£ = [ and the terms
with k& = —[ cancel. Otherwise they cancel with K in . For all the remaining terms
we need to perform an integration by parts to settle the integration in s. The terms not
involving the u,T term of Ny are converging to zero as n goes to infinity since

| c
53 2 —_—— < —.
(53) DY k(K2 £ 12)] = n2
1< || |l|<nv k212
It goes the same by using for the Ry-part coming from the u,7T" term of Ns. Therefore
the last terms to treat are

l 22 iln¥|c2 logs )
/ akalapk(ipe s Skl T(s,0) e dsdr,
0

k2 —12) Vs

| |<n¥ 1<[K[, \ll lp|<n”
an

iln¥|c2 log s

Ip jE2+2—p? e iB(s
/ Z akalapk(k2 n l2) 1s T T(s,0)e () dsdr.

0 Jjl<ny L<|k], | lp|<n¥
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For 7 = 0 we get again by a n% decay. For j # 0 we perform a last integration

by parts in 7 to get summability in j without loss in n and use again to get a ——

decay.
In view of and the last two lemmas the Proposition is proved.

5. CONVERGENCE OF THE MODULATED NORMAL VECTORS AT (¢,z) = (0,0)

Proposition 5.1. The following convergence holds:
.- 1—i —=1—14
OO =005 e

Proof. Recall that from Lemma 4.5 in [4] we have

).

. 12 |lz—j] ~
lim ¢ Zoee 108 S Y () = R, (0,),

with
N 12100 l2—=dl ~ t 1
]ezzf o 51 log =7 Np(t,z) — Np(0,2)] < nCi, z e (0,-

x

; . Lil ~
‘62 Zj;éo ‘an,.7|210g \JﬁNn(t, 0) _ Nn(O, 0)| < TLC\/%
The growth in n comes from |[{c;}|;1.1. Moreover, Lemma 4.6 in [4] insures us that
- ~ 1
Nn(o,flfl) = Nn(O,CEQ), xr1,T2 € (O,Z)
We have for ¢ € (0,7) and z € (0, 1):

|5

[N, (0,0) — Npp(0,0)] < [Ny (0,0) — & Zazolanal*log 7 nr g 04

|3
I

N (£,0) = Niy(t, )| + e Zoro 0P E RS _ ) N (1, 2)|

|z—l

. 2 T . 12 ~
el oI G )N (8 )| [ 19T T N (8, ) — N(0,2)].

In view of the above estimates we get for ¢ € (0,T) and z = 4:

logn logt

(54) | Nu(0,0) — N, (0,01)]| < nCVE+C +C

n2 n2
Now for the last term, we use to write

+ | Nn(t,0) — Ny (t, z)].

e

Nu(t,0)=Nn(t, z) = /0 (—uT)(t,y)dy = — /0 S eilntlentost (o, i+ Ry 4 (1))
J

_w=0)?
4t

—

1
nl”

To(t,y)dy.
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By using Proposition we obtain that the term involving R, ; is controlled by . On

the remaining part we perform an integration by parts for j # 0:
)2

eiL””JC%IOgt T (=) o (?JTJ
Vi S e Tt y)dy = [l Y 0t Tt y)
0 1<jjl<n 1<pizne YT
2
anch lOth’L\/ Z aje %(Tn(tay))y dy.
0 1<)j|<ny y—J

As 0,T,, is upper-bounded by % we get that all this part is controlled by C l(’%. We are
left with the term for 7 = 0:

et [n¥]c2 logt rx 2

7 e 15 Ty (t,y)dy.
0

The integral on y € (0, /) is upper-bounded by % On the remaining region of integration
we perform an integration by parts

a0

2 x

giln” |c2 logt 42 i|n” et
R Tty = fape IR 2V S T (1)

a——————
Vit
vt Vit
—ag ez|_n |2 logt22\[/ t y))y dy.
Y
Again as 0,7, is upper-bounded by <. 7 e get that this part is controlled by C lngt.
Summarizing we have obtained that for ¢ € (0,7")

log n log t

(55) |N,,(0,0) — N,(0,01)] < nCVE+ C + 00—

By choosing ¢ small enough with respect to n we obtain that
N,(0,0) — N,(0,07) =30,
and the Proposition follows by using the next lemma.

Lemma 5.2. The following convergence holds:
1—7 —1— ’L)
) \/i ) \/5 *
Proof. We recall the results at hand of N,(0,0%): in view Lemma 4.4 and Lemma 4.7 of

[] there exist rotations ©,, ; such that

Ta(0,k%) = Ou(4f, ), Tul0.k7) = Ons(=4, ),

S, +) —
nl;rglo N,(0,07) = (0

N (0 ki) — o ik o, k| 10g\k‘—j|€*iarg(an,k)é ( ),
n ’ |an k|
and

0 0
T,,(0,0%) = (sin ?n, + cos —,

0
2)’
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to fit the directions of d,x,(0,0%) in (I9). T herefore with respect to the notations in
Lemma 4.4 and Lemma 4.7 of [4], the rotation O, is determined by its values

~ 0 6
@mO(Ai ) = (sin ?n, =+ cos ?n,

Cn

0).

In particular
~ AT NAL
(70") =(0,0,1).
|AS A AZ|
It follows that Nn(0,0i) is determined in terms of a,, A(jfn and Bi . More precisely, we
decompose

AL NAZ,
%( )_anlA +an2A, +an3ﬁa

(56) S(Bf) = b1 Ad + buoA; +bn3%

We have then

(57) N, (0,0%) = eicizlolln”]) g—iarg(ano) (@, ((R(B})) +i0,,0(S(BY)))
_ gic22log(|n”]!) ,—iarg(am,0)

.0 O, . . 0
X (((aml + ap,2)sin En’ (an1 — anz2) cos — 5 an 3) +i((bp1 + bp2)sin En’ (b1 — bp,2) cos En’ bn,g)) .
Now to conclude we have to check if N, (0,0%) has a limit. On one hand 6, converges to
7, and on the other hand we have arg(a, ) = 0. Thus for having a limit for N,,(0,07) it
is enough to show that a1 + a2, (an1 — an2) cos %”, an 3 are convergent, and similarly for
the b—coeflicients.

We recall that from Theorem 1 (iii)-(iv) in [29] we know that the unitary vectors
R(BE),S(BE), AL satisfy:
(58)  BE LA, (AF AL, AT )= (A7 —As g —An ), AL, —cF
and in particular
AL NAG (0,47 5 —AL )
AL NAGL T i—ema
We also have from formulas (55), (47), (48), (69) and (56) in [29]:

(60) Bf o (_cn\/z,—l,())—i-i(cn\/z,o,—l), AL e e*acn _Cn\/> \/»

First, by looking at the first two coordinates of the decomp081t1on we get

2

(A, ALY =2e7 7% — 1.

(59)

(61) (R(BE D1 = (an1 + an2)e 2,
and

AT 3
(62) (?R(Bc—:))g = (aml — an’g)A(—;’Q + an,3 cn

9
V1—e TR
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and similarly for b, using (BT ).
Secondly, from the orthogonality relation in (58| we have

0= (%(B;;), Ag_n> = CLn71 + an,2<AC_n7 A;'_n> = an,l + an,2(26—7rci _ 1)’
0= (3(BL), ALY = b1 + bno(As AL ) = by + bpa(2e ™0 — 1),

thus by using also ,

+3. 52
Gp,1 = Qn 2(1 - 26771'0%)’ an2 = %(Bcnze 22 ;
’ ’ ’ 2(1—e~™¢n)
(63) 2 S(BS,)eEen
bny = bna(l —2e77%),  bnp = T
Finally, by using we obtain
(64)
a ~N ———, a N N 2 N —.
ol Cp 2V 2T 2 Cn 2V 2T mwl Cn 2V 2T 2 Cp 2V 2T

Then, in view of and we get

1 1
(65) T L Ll
2 2
In particular
9n n—oo 1 9n n—00 1

(an1 — an,z2) cos 5 . E, (b1 — bn,2) cos

and from and we have
Qp,1 + an2 nj)o 0, bn,l + bn,g njf 0.

Then, from (57)), the convergence and the explicit limit of N, (0,0%) as n goes to infinity
follow.
]

0

6. PROOF OF THEOREM [L.1] IN THE NONTRIVIAL TORSION CASE

First we shall recall the construction of the solutions to the binormal flow which at an
initial time are given by non-planar polygonal lines. In [4] we showed that given a sequence
of the complex numbers {ay, }nez, with at least two non-trivial values, starting from the
Schrédinger solution in we obtain the BF evolution of a polygonal line x(0) fully
characterized modulo translation and rotation by the following description of its curvature
and torsion angles.

We denote ng,n; € Z two consecutive locations where the sequence is non-trivial: a,, #
0,an, # 0,ar =0,Vng < k < n;. We consider the ordered set of integers £ = {ny}rer
where the sequence does not vanish, containing in particular ng and nq, so L stand for
a finite or infinite set of consecutive integers including 0 and 1. Then L represents the
locations of the corners of the polygonal line x(0). At a corner located at ny € L, the
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curvature angle is the one of the selfsimilar BF solution Xlan, | that is 05 given by formula

([):
0

2
sin & = e~ zlonl?,
2

For k,k+1 € L,k > 0 the torsion is determined by the identities

(66)
Ty_1N\T; T NT;
‘Ti_i/\TZl . \Ti/\TzE\ = - COS(flank\ - flankH\ + ATg(ank) - Arg(ank+1))’
T _1NT7 T NT; .
|T271AT2| A ITiATiih = —sgn(sin(fja,, | — N 1 + Arg(am,,) — Arg(am, 1)) Tk,

where we denoted Ty, = 0,x(0,x) for x € (ng,ngs1), and f is a function described in [4]
that we will not explicit here as we will work with sequences {a, } ez of same modulus.For
negative subindices £ < 0 the torsion is defined in a similar way.

In particular, by considering the sequence of complex numbers in (25)) we obtain indeed
the BF evolution of the helicoidal polygonal lines x,,(0) in the statement of Theorem

The proof of Theorem in the nontrivial torsion case goes the same as for the planar
case treated in the previous subsections, except we get a modification of the term yielding
Riemann’s function in Lemma [3.I] More precisely, we obtain

(67) n(Xn(t,O) _Xn(0,0)) 2\1_‘/» ((0 1—1 —1 —z / Z i fT dT) — 0
|j]<nv

uniformly on (0,7"). We shall treat the integral as in the proof of Lemma First the
summation can be extended to the whole set of integers as by integrating by parts

[ X et o i<

|7]>nY

Thus we have to analyze

2 dr (J+2Two> dr
- 0= [ S B _ [
D DI A

JEZ JEL

Now we use again Poisson’s summation formula ZjeZ f@ ) = Zjez f(27rj) to get

§ :67127r]r i4m2t52 § :/ —i2mx(j+r) +147r2tx dx 2 2 :/ —zx\[-i-m
7'('

JEZL JEZ

J—r _il
27r\/z Vit 2f\/ze

By using this formula with r = 27wy we obtain

(69) I(t) =2y/me™" / ”“’OZe nTwo] 4TS qr = 9, e /Zem T(2j—20)? 4

JEL JEZ
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We recall now that wy is of rational type, wg = ¢, with a,b with no common divisors,
thus

92 B em2 b%(ijfa)2 1

t
1) =2vreE [ St iy S
0 ez /T ez i(2bj — a)

In view of — we obtain

(70) n(xn(t,0) = Xxn(0,0)) =S ((0,—i, =) Ty

The nontrivial torsion case of Theorem [L.1] with

(71) R(t) = T HHE) 1
JEZ im2(j = 55)*

follows from the following Propositions [6.1

Proposition 6.1. Let n € N;m € N*. The spectrum of singularities of the function

ei271't(mjfn)2 -1

(72) Rom (t) =
JEZ

(mj —mn)*
enjoys the same property of Riemann’s function:
13
dw, . (B) =48 -2, VB € [5, 1]

Proof. We first notice that Chamizo and Ubis prove in Theorem 2.3 of [I4] that the above
sum with denominator j2 instead of (mj—n)? has the same spectrum as Riemann’s function.

The proof we give below follows very closely their method and the one by Oskholkov and
Chakhkiev [40].

We start with finding asymptotics of R, ,, near rational points.

Lemma 6.2. Let p € N, q € N* with no common divisors. There exist a positive constants
C' such that we have the following estimate E|

20 T, .
(73) Fnn (4 1) = Ra() = LIV < Cnin(h]va, [hal*2),
where zg € C* and
q—1 2
. (mr—n)
T0 = 261271-%
r=0

For q odd 7 = \/q.

3/=1=¢'3.
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Proof. We decompose j = gl +r, with [ € Z and 0 < r < ¢ and write

i27r§(mj n)? 127r E(mr— n)? 1

mn’m(g)zze (m]—n ZZ m(ql + 1) —n)?’

JEZ r=0 leZ
Then, assuming for simplicity that h > 0,
-1 i2nh(m(ql+r)—n)? _ 1
R (L4 1) = Ry (D) = 7 gi2rilmr=m)? § € .
q ¢ = = (mlgl+r)—n)

We use Poisson’s summation formula ) ;. f(I) = >,z f(2xl) in the second summation:

[aary

P or( 227rh
mn,m(;+h)_mnm(q): pi2mE (mr—n) Z/

IEZ

Q

m(qz+r)—n)? _ 1

e—z?ﬂ'lwdx'

m(qx + 1) —n)?

%
Il
=)

By changing variable y = m(qxz +r) — n, and s = v/hy, we have

1
1 9 2 7,27th — 1 (m'r n)
R (2 4 1) — 9%, DL D e
q " dg
r=0 leZ
188 e 2 271 (=) 2ThYT ] o
:jzezﬂ(mr n) Zezﬂ' / . zﬂ'—dy
q r=0 IEZ Y
q—1 i
= @ eizwg(mr—nﬁzewwl% / 612“2— 1 —izml e ds
q r=0 leZ 5
q—1
= @ ei27r§(mr—n)2 Zeﬂwl%t]( 2ml ),
1. =7 Vhmg
where
6227rs -1 )
(74) J(x) = / e,

We note that J(0) # 0 is well-defined and by integrating by parts twice we get for |z| > 1,
see [40]

C
(75) @< S
Thus
q 1
%nm(g +h) — mnm _ Z 27Tl ez w8 (mr— n)2 2 mr=n)
’ q ’ mq lEZ TZO

vh Z 27Tl Th

ZGZ
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with .
2l N~ o Pmr=n)?42in
TT=e""ma e a
r=0
Now we recall that the classical bounds on Gauss sums yields || < /2¢q, with |7y| = /g

for ¢ qdd. Then by using the estimate ( on J( \}“l ) for all [ that gets summability

in [, we obtain the upper-bound |hq|3/2 in with zg = J(0). Moreover for vtq > we

upper-bound J(}”lq) by a constant for |l| < \Fq and the estimate ((75)) for the remaining

I’s. This yields the upper-bound |h|,/q in with zp = J(0), so the proof of the Lemma
is complete. U

Based on these estimates around rational points one can follow the proof of Theorem
2.3 in [I4] to get that the spectrum of singularities of R, ;,, is given by . For the sake
of completeness we give here shortly the argument, based on approximations by continued
fractions (a.b.c.f.). Consider for 2 < r < oo

1
A, = {x €[0,1] \ Q such that ]x—@ = W with 2% * the a.b.c.f of , limsuprg =r},
dk a;. dk

and A} the same set with the extra-condition that for a subsequence g, are odd numbers
and 7, converges to r. Concerning the Hausdorff dimensions of these sets one has from
Jarnik’s theorems ([23]):

2
(76) dimy A, = dimy A: = dimy Ug>,As = —
= r

For x € A, and a small h # 0 there exists k£ such that

1 1 _
o — 2| = 2 < Bl < oy = o — 25,
dk Qk qk,1 dk—1
As for a.b.c.f. |z — 2| < —L— we obtain
ax A dr+1

_1 B DI S
W77 < g < B
Then, combining with (73]), we have

(77) |%n,m(x +h) — 9{”7m($)| < |mn,m(x +h) — S)[{n,m(plg - %E r+h— %
k

+|mn,m(x)_mn,m(@)_ﬂﬁ o Dh) 2070 gy P00 [ PRy

Tk d qx qr d qk QMg Tk

Vh 1,1 1,1
< Chyq, +C——= < Ch? *=1 + Ch? 2%,
vk N

Finally we note that for ¢ odd, by taking in the value hy = = — q— so that |hg| = Tk
4y

we have, as rp > 2,
1 3 3 1 1

3+ +
Ry () — Ry (x — hi)| > Ch: > —Ch: ** > Ch? k.
) 5 k k k
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Then at x € Ay the function R, ;,, has local Holder exponent % + % and by we get

2
ot + 5) = dimag A7 = 2.
We obtain the converse inequality by noting that if the function R, ,, has local Holder ex-
ponent % + % at some x € [0, 1], then from the point x is either in Q or in Ug>,As, of
which Hausdorff dimension is given in . By varying r € [2, 00| we recover the spectrum
of R, to be the one given in .

O

Proposition 6.3. Let n € N;m € N*. The function
ei2nt(mj—n)* _ 1

(78) Rpm(t) =
JEZL
satisfies the multifractal formalism formula .

(mj —n)?

Proof. In view of Proposition and of the multifractal formalism formula we have to
compute

M8 () = SUD{5, R € BE }.
Recall that Riemann’s function ¢p is defined in (2). Jaffard proved in [32] the multifractal
formalism formula for ¢p using sharp bounds of the LP norms of the partial sums of
¢p from [47]. In the following we shall obtain similar bounds for 9, ,,,.

Up to rescaling the variable ¢ by % we are thus interested in LP norms of dyadic partial

sums of
Z eiQw(thft%j).
JEL
We shall need the following general lemma on partial sums of exponential sums. It
is a classical type of result, initially motivated by the study of Vinogradov’s mean value
conjecture. The short proof we give is based on the explicit expression at rational times
of the fundamental solution of the linear Schrodinger equation with periodic boundary

conditions given in . As it is well known this fundamental solution is intimately linked
to the Talbot effect.

Lemma 6.4. Let N € N and on(v) = o(%) where o is a smooth real positive function
with compact support. Let a,b,qg € N, 1 <a<qg<N, (a,q)=1and0<b<gq.
i) For q odd there exists 6 > 0, depending just on o, such that

N o - N
(79) C— < | on(j) e —m)| < C—,
i sl2 i
if
a ) b )
[t ——] < |z ——| <

N2’ ¢ = N



RIEMANN’S NON-DIFFERENTIABLE FUNCTION AND THE BINORMAL FLOW 31

it) We have the upper-bound

N
(80) ZUN 1271’ (t52 71])‘ <C ’
jez VAl + N/t —21)
if
q¢ N’

Remark 6.5. The bounds in can be found in the literature for q varying up to VN,
with § =1 (see Lemma 1 in page 56 of [46], or see for instance (2.46)-(2.47) in [10]). A
different proof of the upper-bound (80|) for ¢ < N can be found in Lemma 3.18 in [10].

Proof. We denote t = ﬁ For t = ﬁa + h, we see the (conjugated) sum as a linear
Schrédinger solution:
_idn2i aA
SN t, .f — ZO_N ian2tj2+i2rx _ zhA % ZO_ 7,27r] .I')
JEL JEZ
A A
:(@hAz (f UN *f Ze’LQﬂ'j :(zhAZ 262271'_]
JEZ JEZ
. -1 a . .
= (" (F M ow) =i (Y ) ()
JEZ

Now we use the fact that (for instance choosing M = 27 in formulas (37) combined with

(42) from [18]):
ei%%A(Z 2™ (g Z 7;6( ),

JEZ JEZ
with the coefficients 7; given in terms of Gauss sums. In particular |7;| = 7 if ¢ is odd
and |7;| < % Then we have
Sn(t,a) = (" mF 1))@) = S (A (F on)) - L)
JEZ q JEZL q
— Z / efi UN d§ N Z T / i I**)N& thzfzo_(g)dé
JEL JEZ
i(z—b4+2= J —ihN2¢2
= NSy [T NG g
JEZ

_ Ne, / eI ) dg

N7 / TN (€ dg =i 1y + I
J#b
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The first term I; gives the right growth and is not zero if ¢ is odd as |hN?| < § and
|x — g| < %. The last sum Is can be upper-bounded by two integrations by parts from the
&—linear phase, that insures summation in j and the upper-bound C %(%)2. Thus (79)

follows.
For getting the upper-bound we write:

n(tz) =N Z c]/ LyNe o ihN?€? o(&)de

Jj=qx

+N > DNE—IhNE (Ve = Ty + I
J#qx

In I, we use again integrations by parts yield the upper-bound C % for I,. For [t — 9\ < 3z

the upper-bound . ) follows by usmg the fact that the integrals in I is bounded by a
constant depending only on o . For 5 < [t — 9\ < v We get (80] . ) by using the dispersion
inequality on I; yielding the upper- bound ciL Vi \/7 (|

For N € N we consider the LP norm of the dyadic partial sum of 9, ,,

Iy, = / 1S o (j) 2D ey,

JEZ

with o a smooth real positive function valued 1 on 1 < |z| < 2 and vanishing on |z| < 1
and |z| > 4

First we get a lower bound by applying with =z = t%", a = ma,b = 2na, with ¢, N
large with respect to n, m, with (ma, ¢) = 1. Indeed then the condition on x is satisfied as
for these choices of parameters we have

Thus we get the following lower bound by integrating on one region |t — mTa‘ < 9 for
instance for ¢ = 2 by applying :

12 (ti 2_2n4)p p— 2
IN,pz/ ey | o) Pt > CN

N2 JEZ

that will suit our purposes for p > 4. For p = 4 we shall need to improve this lower bound
by integrating on the union of all the disjoint regions ma| < 2 for all ¢ < N. We
shall use rough estimates that are enough for our porposes:

< ma Q,q) = w1
I pZCNQZ #{1 _ma<Z,2(ma,q) 1} > ON? Z LmJQ

q<N g<N,q prime
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[log V]
1 1
ot Y lremwy oy !
g<N,q prime q J=1 2i-1<¢<2i,q prime q
[log V]
> C(m)N? ) 57,27 < q <27, q prime}.
j=1

We use now the law of distribution of prime numbers, i.e. that the number of prime
numbers less than a given number x grows as to get

T
log z
[log N |

Iny > C(m)N* Y

j=1

; > C(m)N?log(log N).

For the remaining case p < 4 we do the above calculation but just in the region N/2 < ¢ <
N. Thus we get the lower-bound:

NP=2 p>4,
(81) Iny>C N? lopg(logN), p=4,
NZ

Tog N’ 0<p<d.

Finally we shall get upper-bounds almost similar to the above lower-bound for Iy .
From Dirichlet principle we have the following covering of [0, 1]: for all ¢ € [0, 1], there is
a€N,qe€N* (a,q) =1,qg < N such that

t=2<
q
Then from ,

< C / ZUN 227r(t] —tQ—"j |pdt
JEZ

N 9= ! . . 2

S5 9 ) I DM AT L
q=1 a=0 a|<qN JEZL

NP— 2 1 1
< Chmp q / —dy | .
§: < : & 2<lyl<k lyl®

For the first term we have the followmg estimate
NP2 p>4,
Zq - <C’ N2logN, p=4,
q2 N5, 0<p<A4,

For the second term we use:

/ﬂwzlw

N

NP2 p>2
log %’ b= 2>

m, 0<p<2,
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that implies

N NP2 p>4,
E:g:/ N2log N, p=4,
=192 52 |y|< ‘y| Ng, 0<p<A4,

and thus the same upper-bounds for I ,. Combining with we have obtained
(82)

NP2 p>4, NP2 p>4,
c{ N?log(logN), p=4, g/ o Y e RDpat < ¢ N?logN, p=4,
12&21\77 0<p<4, JEL N2, 0<p<4.

Now we note that the function is m—periodic, with frequencies j(j — %”) As DF <

l7(j — 22)| < D*+1 implies C’n,m,DDg < 7] < C’mm,DD% we can use (82), where all the
powers of N in the equivalent are positive, to obtain for large D—adic blocs Ag:

k(p—2) k(p—2)

D 2> |, p>4, D 2>, p>4,
k 1 k _ 127rt]——
C< Dz2logzlogD", p=4, SHAkZ lor < C Dzlogsz p =4,
k
k —

_1 141
Therefore we get that %;m belongs to B, % for 0 < p<4andtoB,”® ” * for p >4,
and these are optimal, yielding

9%, (P) = sup{s, Rn,m € By 3?%’7 0<p<4

Then the relation () follows as for 8 € [3, 3] we have
inf(Bp — ot (p) + 1) — dow,, 1, (B)

= f({(5 ~ 5)(p— 40> 4} UL~ (5~ ), 0<p< 1)) =0,
([l

Remark 6.6. Riemann’s function is the integral of the Jacobi theta function of one
variable 9(t) = ez, e™3* and it follows from Jaffard’s resulrs in [32] that it is a multi-
fractal function satisfying the multifractal formalism of Frish and Parisi . From Propo-
sitions it follows that these properties are also valid for the integrals of the Jacobi

theta companions functions, for instance 9(t) = Zjez eimt(i+3)?,
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