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ABSTRACT. In this note we consider the 1-D cubic Schrédinger equation with data given
as small perturbations of a Dirac-6 function and some other related equations. We first
recall that although the problem for this type of data is ill-posed one can use the geometric
framework of the Schrodinger map to define the solution beyond the singularity time.
Then, we find some natural and well defined geometric quantities that are not regular at
time zero. Finally, we make a link between these results and some known phenomena in
fluid mechanics that inspired this note.

1. INTRODUCTION

1.1. Low regularity issues for the 1-D cubic Schrédinger equation. We consider
the 1-D cubic Schréodinger equation

¥(0) = vo.

The regularity threshold in Sobolev spaces for the Cauchy problem is L2. More precisely,
the equation is known to be well-posed in H#, for s > 0 [11}[4] and if s < 0 the equation is ill-
posed in H* [19,6]. Note however that the threshold obtained by the rescaled A)(\2t, Ax)

solutions is I772. Well-posedness was then proved to hold in [25] [14] for data whose Fourier
transform is in some LP spaces with p < co. From this point of view a natural space would
be to consider initial data with Fourier transform in L*°,

(2) o € L™,

as this space is scaling invariant. In [5] a result about the existence of a solution that
belongs to almost this class is proved. More recently, several papers have appeared on
uniform estimates in the Sobolev class, see [I8] and [20] (and also [21]).

These results miss the case d,—¢, critical for the scaling, which is an important example
for several reasons. One of them is that is also invariant under Galilean transformations,
property that turns out to be crucial when (/1)) is obtained from the equation of the binormal
flow (see ) thanks to the so-called Hasimoto transformation. By doing so, the gauge
invariance of the geometric PDE has to be considered in ([1). This amounts to study the
more general equation

W+ e+ (WP — A =0, A(t) €R,
®) { (0) = .

1
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At the level of Dirac measures as initial condition, we have an explicit ill-posedness result
of (3)) obtained first in [I] and then improved in [2] as follows. Let a > 0 be small and let
0<y< %, 0 < é, s € N. Consider the cubic Schrodinger equation

. 2 a? (0
First notice that the function
2
etar

Ya(t,x) =a i

is a solution with adg as initial data at time zero. We consider at time ¢t = 1 a perturbation
u(1) of ¥4(1), with 9%u(1) small in the space

() X7 = {£,1f 1z + 1EP F )l o (e2<1) < o0},

for all 0 < k <'s. Then, it is proved that with 1,(1) 4+ u(1) as initial data at ¢ = 1 has
a unique solution on (0, 1] that writes

(M)

;X
e’

7 (37);

3

(6) w(tv‘r) =

with d%u(1) small in the space

1
() Y= {g, sup (ngm ¥ t5\|£|%<t,s>\|mag>) < +oo} N LA(1,00) %),

for all 0 < k < s. Moreover, u(t) scatters, in the sense that there exists a final state
f+ € H* such that u(t) behaves for large time as e’ 108 Vigilt=DZ £ in [°((t, 00)H*)
norm. In particular we obtain, imposing moreover that u(1) belongs to weighted spaces,
that

2
eii—t eiia2 log \/ig

i/)(t,:v)*a\/if Ners f+<—f) < 1.

L2

2
T
et It

This shows that as ¢ goes to zero the perturbative solution v (t) behaves like a N that

[¥]

T

etat

goes to ad as t approaches zero, and moreover that there is no limit in L? for 1 (t) —a

<

1.2. Continuation after the singularity is formed using the geometric structure.
While at the Schrodinger level things are out of control at time zero as we have just seen,
there is a way of having a new insight thanks to the geometric structure of the equation.
In fact, the instability phenomena have been removed at the level of the Schrédinger map
in [3] and in the following sense.

Starting from 1 the solution of obtained above with the focusing non-linearity (i.e.
take the + sign in (4)), we construct a map T : (0,1] x R — S?, together with N :
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(0,1] x R — S2+iS? by imposing (T, RN, SN)(1,0) to be an orthonormal basis of R3, and
the space and time evolution laws to be

T.(t,x) = RYN(t,z),
N, (t,x) = —yT(t, x),
® T, = SU,N,
N, = —ip, T — i e N,

Then, it turns out that 7" satisfies for ¢ € (0, 1] the equation of the Schrédinger map onto
S?:

(9) Ty =T ATy
Moreover, as t goes to zero the vector T'(¢,x) has a pointwise limit:
37(0, ) = imT'(t, x),Vx # 0.
t—0

In the same way the modulated normal vector

(10) N(t,z) = N(t,2)e"*) | &(t,2) = a’ log @7

also has a pointwise limit as ¢ goes to zero

3N(0,z) = limN (t,z), Vz # 0.
t—0
So that at ¢t = 0 the limits 7°(0) and N(0) satisfy the following systems:

T,(0,2) = R (ﬁ (2) e—ia? log x| N(O’x)) ,
(11)

N (0,2) = —Fy (§) emietloglel 70, ),

for x € (0,£00), with the values of z = 0% given by a couple of vectors that depend on a
in a precise way .

Finally, we proved in [3] that there is a unique (in the sense that at the level of the
perturbations u live in the Y spaces) nontrivial way of continuing the solution 7" of @
after time ¢ = 0. More precisely, having in mind the time invariance of the Schrédinger
map @D, it is enough to construct solutions 1™ of @D for positive times, with initial data
T*(0,z) = =T(0,—z). It turns out that 7'(0,0") # T'(0,07), so that 7*(0) is not a stan-
dard initial data for the Schrédinger map @D The first step to overcome this difficulty is
to construct (T, N*) at time ¢ = 0 as solutions of . Then, from the function appearing
in this system to construct a new final state f7, and thanks to the existence of the wave
operators for the equation that u given in @ satisfies, to construct a new function u*(t)
on (1,00) with this final state, yielding for ¢ € (0, 1] a new solution ¢*(¢). Finally, via (8)
a frame (T*, N*) is obtained for ¢ € (0, 1], with T solution of ([9), a trace of it is obtained
at time zero, which by a rigidity argument it is shown to be exactly 77%(0).
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1.3. Lack of smoothness of some natural quantities associated to the geometric
solution. In this section we will exhibit some natural quantities associated to the solution
of the Schrédinger map, whose construction we sketched in the previous section, that are
non-smooth in time. More precisely, using the previous notations, we prove the following
result.

Theorem 1.1. In view of the equations and the natural space we consider the
quantities Ty (t) and N, (t). The following strict inequalities hold:

(12) It Tz > [T0) 2
and

1 inf ||, - >IN, .
(13) OgtlSIH 2Bz > | N (0)]| 1

1.4. Link with fluid mechanics phenomena. The present note was inspired from the
following problem. We consider the binormal flow equation

(14) Xt = Xz N Xz

where x(t) is a curve in R? parametrized by the arclength parameter x varying in R and
in [0, 27] for closed curves. This equation was derived by Da Rios in 1905 as a model for
the evolution of a vortex filament in a 3-D fluid governed by Euler equations ([9]). It is
the simplest and the most used model for this kind of dynamics. We refer to the recent
article [16] about the validity of this approximation.

Recent numerical simulations ([7],[L7]) done for the evolution taking polygons as
initial condition, suggest some striking similarities with some phenomena observed for non-
circular jets (see for instance Figure 6 of [12] and Figure 10 of [13]). At the qualitative
level two relevant facts are observed:

e axis switching phenomena occurs,
e symmetries that are a multiple of the starting symmetry appear.

Furthermore, in [7] the authors show that these phenomena also appear in (14]). More
precisely, if the initial data x(0) is a regular planar polygon with M sides, supposing that
a unique solution x(¢) exists, and integrating the Frenet system, it is proved that x(t) at
times

tpgq = (27r/M2)p/q,
is a skew-polygon with a number of sides that is either Mq or M¢/2. In particular in half
a period (i.e. t,, = m/M?) a regular planar M-polygon reappears with the axis switched
by an angle 27r/M. This effect is a non-linear version of the so-called Talbot effect, (see
[23], [10], and [26] for the Talbot effect in non-linear settings ).

Some more recent numerical simulations [8] show that the dynamics at time 0 of any of
the corners of the initial regular polygon is the one of the self-similar solution of that
is determined by the angle and location of the corner. As a consequence, the dynamics at
0" can be understood as the non-linear interaction of infinitely many filaments (as g goes
to infinity), one for each corner, that for infinitesimal times each resembles the one of the
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self-similar solution of studied in [I5]. We recall that the self-similar solutions of the
binormal flow form a family of solutions (Xa)ae(0,00) With a smooth profile at time
t =1, and a limit at time ¢ = 0 that is precisely a corner described by x(0,z) = zAF for
x € (0,400), with AT unitary vectors determined in terms of the parameter a.

Therefore, it seems rather natural to know up to what extent some quantities associated
to the solutions of behave in a non-linear way. In this paper we start this study in
the more accessible situation of the real line and more concretely we look at the solutions,
obtained in our previous work [3], that are small perturbations of the self-similar solutions.
We will mainly focus in the following aspects, related to fluid mechanics phenomena:

(i) Continuation after the singularity has been formed.
(ii) Behavior of some conservation laws.
(iii) Transfer of energy: Lack of continuity of some appropriate norm.

The first question was already answered in [3], and the continuation process has been
already described, at the level of the tangent vector, in

For the second question we start making a remark on the so-called fluid impulse. We
first recall, see [22] p. 24, that for a 3-D fluid governed by Euler equations, of vorticity w
regular and decaying at infinity, the fluid impulse

/ r Aw(t,z)dx
R3

is conserved in time. In the case of the self-similar solutions y, of , as the vorticity
is supposed to be concentrated along the curve y,(t), the corresponding quantity is the
so-called linear momentum [24]

/ Xa(ta x) A (Xa);c(t, x)dx
R

It is worth noting that explicit computations (see the Appendix) give

/R Xalt,) A (xa)a(t, 2)dz = [£](AF — A7),

In particular the linear momentum is not conserved, due of course to the behavior of the
filament at infinite, so that its modulus decays and eventually vanishes at the singularity
formation time, and then grows again instantaneously after passing ¢ = 0. This means that
close to a corner there is a neat transfer of linear momentum. This fact has been confirmed
in the numerical experiments done in [8] for regular polygons. Also, and due to the fact
that the number of corners depends on the rationality of the time, this local transfer of
momentum has a characteristic intermittent behavior.

For treating question (iii) we have to establish the functional spaces that are appropriate
for our purposes. Theorem is an answer in this direction.

2. PROOF OF THEOREM [I]]
Proof. We recall from §3.3 of [3] that the system for x € (0, £00), has initial data
(15) T(0,0%) = RAX | N(0,0%) = RB,
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for some rotation R and A, B are determined by the self-similar profiles of the binormal

flow . Therefore
T2(0,2) = R(A7 = AD)do + R (F1(5)e 511N (0,2))

and we have

T,(0,€) — R(A; — AY)

<C [1£:()ldw < Clfilmn.

Since from Theorem 1 of [15] we know that AF = (AT

£ VAT AL ) are unitary vectors with

2
I . = T b b -
Al =A,=e 2, Ay, =—A;,, A3, = —A3,, we obtain
2

Ay — AL = 41— (AF)%) = 401 — ™),

we get

T2(0,6)| — 2V/1 — e | < C|| f1 || -

As a2 > 1 — e ™ if || f1||pn is small enough, that in turn is obtained if u(1) is small
enough, we obtain

(16) 2y/ma > |[To(0)] o

We shall get the lower bound 2/7a for Hl/“\m(t) ||z by looking at large frequencies. From
(8) we have

To(t,€) = RON(L,€).

We recall now from [3] that the modulated vectors defined in have a limit at x large,
independent of time:

3 lim N(t,z) = N¥°, RNE® N> ¢ §2,

r—+00

By using also the link @ between 1 and u, we can then write

,\ . —i% 1 .
1) T = [erer | arn (35) et (7 - o) | do
with the function gy (t,z) defined by gn(t,z) := Nt* — N(t,z) satisfying
(18) gn(t) € L%, gn(t,z) "7 0.

The leading term in (17)) is the same one as for the self-similar solutions, with N+t
instead of B;, so computations on it go the same. Indeed, from Lemma iii) we prove
below we get

lim /e‘mgﬂ? gae_mZIOg%N'H’O dx — 2\/maR (eiﬁQt_i‘lQ log 2]¢] t_i%N‘*'oo) =0.

€] =00
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Then we notice the following orthogonality relation. By construction RN (¢,z) L SN (¢, x),
that writes ) 4 ) '
RN (t, z)e " *E2) | SN (t,z)e " PB)

and implies

From this together with it follows that
(19) RNT© 1L SN,
Using the orthogonality relation (19)) we have
’% (eigztﬂ'a? log2|£|\/ffi§N+oo)’ -

)

and therefore

lim e TR c ae~@0tE) Ntoo ) gl 9\ /ral = 0.
/ Vi vr

|§|—00

The three terms remaining to estimate in are

@2
—ix€ e " —ip(t,x) 1 E 1 E
/e \/17: € m(t,a:)dx, m(tax) S {U 0t ,gN(t,(I?),U, 1t gN(tax)}

From Lemma i)-ii) these integrals tend to zero as & goes to —oco. So we have obtainedm
lim |75 (¢, €)| = 2v/7a,
E——00
and in particular, in view of we obtained the first inequality of the Theorem:
[Tz ()]l e > [Tz (0)]| oo

Concerning the normal vectors, similar computations can be done as follows. From
system with initial data it yields that

Nol0,2) = R(B; = Bf)do — f+(5)e 18T (0, ),
so we have

[N.(0.6) ~ R(B; — B)

< [1£:()lds < Clfilm.

The intricate definition of the vectors B was given in formula (55) of [15]. However, here
we shall only need an expression for \B;fl\ which is easy to obtain as we shall see. Recalling
that by symmetry of the profile of the self-similar solutions of the first coordinate of
its normal and binormal vectors are odd, and that its second and third coordinates are

even, we have Bia = —Bi,, B;:a =By, B;:a = B3, 50

1B, — BJ| =2|B,,l,

Llthe same is valid with ¢ — 400 by working with N™°° in
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and we get

IN(0,)| = 21BL | < Cllf
From the system on the first coordinate we obtain the conservation law T} (t,z)% +
|N1(t,2)|> = 1, so we also have Ty (t,z)? + |Ni(t,7)|? = 1, and letting = go to +oc in the
case of x, we get that 4|BI1\2 =4(1— (AI1)2) = 4(1— e ™). As 4ma? > 4(1 — e ™), if
| f+|| g1 is small enough we obtain

(20) 2/7a > ||Na(0)] e

Again we shall get the lower bound 2/7a for HJ/\E(t)H oo by looking at large frequencies.
From we have

No(t,€) = 0T (t,€).
Recall from [3] that
3 lim T(t,z) =T+ e 2

r—+o00

We can then write

g2
—~ eta 1
21) R = - [ Earn) (1) (0 - gre0)
with the function gr(¢,z) defined by gr(t,x) := TT>° — T(t, ) satisfying

(22) gr(t) € L=, gp(t,z) "= 0.

Lemma 2.1l insures us that
2
lim / _mse\/i aT™dx — 2\fae25 =il = o,

|€]—o0

and that the three following terms tend to 0 as £ goes to —oo

2
. v 1 1
/e—wé 6\/‘; m(t,z)dx, m(t,z) € {@ <t7 ‘f) L gr(t,2), T (t, f) gr(t,z)}.
Therefore from we obtain

lim | N, (t,€)| = 2v/7a,
E——00

and in view of the inequality follows.
Summarizing, the proof of the theorem is achieved once Lemma is proved. [l

Lemma 2.1. Let t € (0,1). We estimate the oscillatory integrals

2 2

- e i —ia2log 12l = —i e i
I = /e [ vim(t,x)dr, I = [ e ™ ——m(t,z)dx,
Vi Vi



in the following cases.
i) If m(t) € H3 we have

23 lim Ie =0
(23) . le =0,
24 lim Ie =0
(24) m Ie =0,

Note that this assumption is satisfied by m(t,z) = u (t’ t) if u € H3.

it) The convergence is also valid for m(t,z) = gr(t,z) = N(t, ) — NT® that is
not in H', and also for m(t,xz) = u (t, t) gr(t,x). The convergence is also valid for
m(t,x) = gr(t,x) = T(t, x) =TT, and for m(t,z) = u (t, ;) gr(t, J:)

iit) If m(t,x) = 1, we have

(25) lim |l — 2¢€7te _w210g2|§|\/z/6_i52d5 =0.

E——00

=0, glim 'fg — 26i52t/e_i32d5
——00

Proof. Let us start with the integrals Ic. We shall first treat i) in a manner that will turn
out to be valid also to the cases ii), up to the estimate of a last oscillatory integral that
will be treated case by case. Finally we shall point out how the case iii) can be treated
similarly to the case 1).

First we get rid of the time by a change of variable:

g2
e . T
Ig — /e_ixg e\/gtezaQ log %m(t, Ji)dﬂf _ 2/6—1'2\/1?3/56—@'@,26_1@2 log2\y|m(t’ 2\/£y)dy

Now we notice that the part near the origin is negligible. More precisely, let x be a
smooth cuttoff such that x(s) = 0 for |s| <1 and x(s) =1 for |s| > 2. We split the integral
into two corresponding pieces. We re-split the first one into two regions:

Igp:=2 / e BV O8 MW (1, 2/1y) (1 — x(y))dy
lyl<g

+2/ <lyl<2 ¢ BV 108 2l 1, 20/1y) (1~ X(y))dy-
Y

On the first region we get convergence to zero as |{| — oo, with the rate of decay I?l\’
just by using the fact that m(t) € L. On the second region we integrate by parts from

e~ 2VE and the worse term gives us a rate of convergence to zero by %, provided that

m(t), m/(t) € L.

We are left with
Iep = 2657 / eIV a2l (¢ /by x (y)dy

= ¢’ / e~ emia? log 20—V, (4 9/1(s — £v/1))x(s — EVT)ds
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so we have to show by replacing —v/t¢ by 7 that

(26) lim J,:= lim e_isgf(s +n)ds =0,

N—r—+00 n—+00

for f(r) = e~ia* 1082/l (¢, 2\fr) (r) We shall use frequently the fact that for |s| < %‘ we

have, as by hypothesis m(t, z) =3 0, the decay
(27) im_f(s+ ) =0.

We split the integral .J, into two pieces, using again the localization x:

Iy = /eiszf(s +n)(1 = x(s))ds + /eiszf(s +n)x(s)ds = Jy1 + Jpa.

The convergence of J; 1 is insured by and by the fact that the support of 1 — x is
bounded. For the J, 2 we use integrations by parts:

Ta= [ s (s == [ p(s 4 m(e)ds

—i 2 Z —i 2 7/
b [ p e s+ [ s () = T+ TR+ IS

The first integral Iy 1 o restricted to 1 < |s| < m Satisﬁes the convergence to zero, by using
again On its remaining part |s| > | we get a | | decay just by using m(t) € L> and

1ntegrat1ng 8—2
The second integral ‘]5,2 is restricted on 1 < |s| < 2, so it converges again thanks to .
The third integral J32, which lives on |s| > 1,|s +n| > 1, can be upper-bounded by

‘/ =i L p1g 4 p)x(s)ds <C/’S+”)X( 2) ds+0/"‘/(s+8”)’<(s)

+1)
/ i (43, (s + ) (s + ()

ds

+C ds

For the first integral, on the region 1 < |s| < || — \/|n| we get a loelnl qecay, on the

Vil
region |n| —/|n| < |s| < |n| + \/|77 we get a ﬁ decay by using |s +n| > 1, and on the

region |n| + +/|n| < |s| we get a |  decay.

The second integral lives on 1 < |s 4+ 1| < 2 so in particular ‘?1| < WC\ and we obtain a

convergence with a ﬁ rate of decay.

So we are left with showing the convergence to zero of the third integral

o /eis2 o—ia® log 2ls+nlyy! (¢, 24/t(s 4+ 1)) x (s + 1) x(s) s
y = )

S
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Note that until now all estimates, except the one on I¢; that uses also m’ € L™, used
only the properties

m(t) € L®,m(t,z) “25° 0.
These conditions are satisfied also for the cases m(t,x) = gn(t,z) = N(t,z) — N°°, and

for m(t,z) = u (3, %) gn(t,z). Estimating I¢ 1 with gn(t,2) or with u (3, t) g(t,x) can be

1
done the same as above, and the same rate of convergence to zero by OIgTF‘ is recovered by

using the fact that gi(t) = N'(t) = (= (t)T(t) + %N)ei is integrable on 2 < |s| < 2.

In order to end the proof of i), we perform in K, an extra integration by parts, use
|s 4+ 71| > 1 and get as an upper-bound

[ (¢, 2v/t(s +m)| + [m" (£, 2Vt (s + n))|

2
|s|>1 S

|Kn| <C ds.

]

On 1< \3\ < ‘"l we use the decay hypothesis on m, and on 5 < |s| we get a convergence

of rate .
Inl

For estimating K, in the case m(t, z) = gn(t, x) of ii), since gi (t) = N'(t) = (—¢(t)T'(t)+
%N )e'® it is enough to estimate

ds

= (a+7) (3, 252 T(t, 2V +m)x(s + m)x(s)
and
X (s +m)x(s)

/ s(s +1)

The second term has been already treated. In the first term we perform an integration by
parts and get an ﬁ rate of convergence easily up to when the derivative falls on T', which

leads, as from we have T, = RN, to
1 / iy @2 a1 7) (4, Q(f}”)) RON (£, 2v/1(s +1))x(s +n)x(s)
- [e
n
eiin2 / o e—ia® log2\s+7l||a + u‘g (% (s+ ) N{(t, 2\/ (s+n)x(s+n)x(s)
2V
a2 —ia?log 2|s+n)| - (l
e i3n /ei(5+2n)2 e (a+7) (7,
2v/tn

For obtaining the convergence to zero in 7 for the first integral we redo an integration by
parts from the quadratic phase. We do the same for the second integral, after removing
first the region s + 21 ~ 0 that gives a decay of type bg"

ds.

ds

ds
s
n)

2(s+

) N (2 2vE(s +m)x(s + m)x(s)

S

ds.




12 V. BANICA AND L. VEGA

Estimating K, in the case m(t,z) = u (t, 2) gn(t, x) of ii) is a mix between the cases

m(t,z) = u ($,%) and m(t,z) = gn(t,z) that do not cause new issues.

The proof of of the case m = 1 in iii) goes the same as the proof of i) with J,
replaced by

/ e (F(s + 1) — F(n))ds,

and with replaced by:
5]

[f(s+n)—fn)| <C—~

nl’
Indeed, this last inequality is valid as for |s| < ‘"' we have the existence of |sg| < |77| such
that, by taking |n| > 4,
7o) = )] = sl x(s0 + 1) + X (oo + )] < O < ol
2[so + 1 |s0 + | |
Finally, the integrals 1:5 can be treated similarly as I¢.
d

3. APPENDIX: COMPUTATIONS ON THE LINEAR MOMENTUM

We consider here the family of self-similar solutions (Xa)ae(0,00) Of the binormal flow
described in [15]. They are determined by their profiles G, in the sense that

x
alt, ) = \/iGa )
Xa(t, ) (¢?
and their profiles satisfy the asymptotics
(28) lim G/ (z) = AF,

r—+oo

with AF unitary vectors determined in terms of the parameter a. From the binormal flow
the following ordinary equation is obtained for G,:

(29) Ga(s) — sGly(s) = Gly(s) A G(s).
Finally, this solution is extended to ¢t < 0 as
Xa(t,z) = Xa(—t,—2)  t<O.

Now for ¢ > 0 we compute:

/Xa(t x) (Xa)m t $ dx = /\[G /\G/(ji
By using (|29 we get
[ xalti) A ualta)de =t [(Glts) A Glls)) A Guls)ds =t [ Gils)ds,

)dx = t/Ga(s) A Gl (s)ds.
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as G, is parametrized by arclength and G/ (s) is orthogonal to G(s). Therefore (28) allows
us to conlude the identity for t > 0:

/mm@Mmme:%ﬂ—%)

Moreover, since x(0, ) = zAT for x € (0, +00), we obtain this identity also at time ¢ = 0:

/Xa(O,fU) A (Xa)z(0,z)dx = 0.

As a consequence we get:
(30) /mmwwwM»wmm=umﬁ—Am,teR

Remark 3.1. If is not obvious whether or not an identity similar to (30) remains true
for small perturbations of the self-similar solution x,. Already some conditions have to be
made for the initial datum in order the momentum

/X(t, x) A Xz (t, x)dx

to be well-defined. For instance, at initial time ty we could impose as datum a solution
X(to,x) of the equation

G(s) = sG'(s) = (1 + €(s))G'(s) A G"(5),

to be solved on [0,400) with same initial data G(0) € R3 and G'(0) € S2, for a small
reqular function € decaying to 0 at +o0o. Note that by taking the exterior product with G’
we get GAG' = (1+¢€)G”, so by taking the scalar product with G' we get the conservation
of |G'(s)|?. Then, proceeding as for the self-similar profiles Gy, see [15], one can compute
the curvature and torsion and to conclude that G"(s) has limits G* at +o0. In particular
we can compute as above

/X(to,x) A Xz (to, x)dx = /G(m) NG (z)dx = /(1 +€(2))(G'(s) NG"(s)) A G'(x)dx

_ / (1 + €(2)@" (2)dx = G+ — G~ — / ¢ (2)C (2)da,

which is a finite quantity if for instance €' is integrable. Another question is to see if the
momentum is still well-defined for t # to and behaves as in (30). We plan to address these
questions in the future.
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