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TRIVIAL MULTIPLE ZETA VALUES IN TATE ALGEBRAS

0. GEZMIS & F. PELLARIN

ABSTRACT. We study trivial multiple zeta values in Tate algebras. These are particular
examples of the multiple zeta values in Tate algebras introduced by the second author.
If the number of variables involved is 'not large’ in a way that is made precise in the
paper, we can endow the set of trivial multiple zeta values with a structure of module
over a non-commutative polynomial ring with coefficients in the rational fraction field
over F;. We determine the structure of this module in terms of generators and we show
how in many cases, this is sufficient for the detection of linear relations between Thakur’s
multiple zeta values.
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1. INTRODUCTION

Let p be a prime number, we set ¢ = p® with e € N* := N\ {0} = Z~(¢. We consider the
local field Ko = Fy((3)) with 6 an indeterminate. We denote by

"’3Koo_>R20

a non-trivial multiplicative valuation on K, (the image in Rxq is of the form ¢ for ¢ > 1).
The F,-subalgebra A := F,[f] of K, is discrete and cocompact. In particular, if » > 0 and
(n1,...,n,) € (N*)", the series

1) Gy = Y

n1
a o« e a
di>->dp >0 L "
a¢€A+,\ai|:\€di\,
Vi=1,...,r

converges in K., where A™ denotes the subset of A of monic polynomials in §. We denote
by Ca(ni,...,n,) its sum in K. These elements are often called multiple zeta values
of Thakur as they have been first considered by Thakur in [26]. They are the object of
increasingly intensive study by several authors (the present paper only cites a part of the
relevant articles in this topic). One of the main questions that push the research around
these series is to give a theoretic interpretation for the structure of the subalgebra Z(K)
of the K-algebra K, generated by (4(0) := 1 and all the elements (4(nq,...,n,), where
K = F4(¢). The K-algebra Z(K) exhibits similarities with the Q-sub-algebra Z(Q) of
R generated by 1 € R and Euler-Zagier’s multiple zeta values {(nq,...,n,) € Ryg (with
ny >2,ng,...,n, > 1).

For instance, Thakur proved in [2§] that the Fp-sub-algebra of K., generated by 1 € K
and all the elements in () is equal to the [F,-vector space generated by these same elements.
Furthermore, Chang proved in [6] that the K-algebra generated by 1 and the Thakur’s
multiple zeta values in (1)) is graded by the weights (see §2] for the definition of weight).
The analogous property for Z(Q) is a conjecture (Goncharov’s conjecture). The periods
of mixed Tate motives over Z are known to be polynomials with rational coefficients in
(2mv/—1)~! and ¢(w) where w corresponds to a Lyndon word (this is a striking consequence
of Brown’s [7]).

Similarly, Thakur formulated a very interesting hypothesis on a minimal set of generators
of the K-algebra of his multiple zeta values, see [29, Conjecture 8.2]. These series also occur
as periods of Anderson’s A-motives which are iterated extensions of tensor powers of "Carlitz
motives’ and may therefore be called 'mixed Carlitz-Tate motives’, see [2]. In more recent
literature various Anderson’s A-modules have been constructed to give Thakur’s multiple
zeta values an interpretation as entries of 'logarithms’ of certain special points (see for
example Anderson and Thakur, Chang and Mishiba, and even more recently, by Green and
Ngo Dag, in [2] [10} [IT], [16] and the references therein). Some of these works and others that
we do not mention have been crucial for example in important advances on transcendental
properties, as well as on B-adic variants (with B a place of K) that culminated with the
proof of an analogue of a conjecture of Furusho, see [I1].
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The study of Euler-Zagier multiple zeta values has gone deeper in the core of the struc-
ture of the Q-algebra Z(Q) in some sense as there are several conjectures available to help
predicting part of its algebraic structure. The existence of ’double shuffle relations’ illus-
trates this well. In [I7] Thara, Kaneko and Zagier highlight what we can call a ’folkloric
conjecture’ asserting that these relations, extended in a suitable way allowing divergent
sums and integrals in the definitions, generate all the non-trivial algebraic relations between
the multiple zeta values ((ni,...,n,) € R. This conjecture has in fact been addressed or
mentioned by several authors, more or less independently. We can mention Goncharov,
Kontsevich, Racinet, with the risk of missing others. Fortunately, the article [17] refers to
enough many works to virtually cover them all.

There is no such an analogue statement for Thakur’s multiple zeta values (4(nq,...,n,) €
K; in fact, there is no analogue of integral shuffle relations available, to built a theory
around double shuffle relations (but see Todd’s conjecture in [30], see also [29, Conjecture
8.3]). The aim of this paper is to introduce some kind of partial substitute of the 'double
shuffle relations’. The construction we propose differs in many points from the classical
setting and involves certain module structures over the non-commutative polynomial ring
with coefficients in the rational fraction field over F,. Here are the essential ingredients,
collected in such a way that what follows can be seen as a plan of the paper (note however,
that this is not a complete presentation of its content).

First ingredient. In [2I] the second author introduced a notion of deformation of multiple
zeta values (of Thakur) in Tate algebras, which are entire functions of several variables ¢;,
i € N*. The definition is reviewed in §3l Here is an example in the case of one variable ¢;
with j > 0, to help the reader to learn the notation and the objects that are used in the

paper:
CA<{{} o 0 )Z T a1 (t;) e Kt

-1 o gl g—-1 —1 k=1(g—1
g ¢ e aag a0

monic
lat]|>-->|ag|

Here, a(t;) € Fylt;] is the image of a by the unique injective Fy-algebra morphism A4 —

—

[Fy[t;] that sends 6 to t;. On the right of the above displayed formula, K [tj]”.” denotes

the standard Tate algebra in the variable ¢;, with coefficients in K, completion of Kt;]
for the Gauss norm || - ||. Note that this multiple zeta value is determined by a set of

{i'} q?l qkfl(?q—l)) in which the first line is a k-tuple of finite

subsets of the positive integers and the second line is a k-tuple of positive integers, like for
Thakur’s multiple zeta values that occur precisely when the first line is made of copies of
the empty set, so that we have, comparing the notations of (1) and ours:

CA<® ®> =Ca(ny,...,ng.).

nl “ e n/r

data ("composition array’) (

In ibid. it was proved that the F)-algebra and the F,-vector space they generate, are equal.
Let Z be this algebra. The corresponding product structure © on the free F)-vector space
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C' generated by these multiple zeta values in Tate algebras is called the harmonic product.
Thanks to Chang’s proof of the analogue of Goncharov’s conjecture Theorem (original
reference in [6]), the algebra Z is graded by a monoid S introduced in Definition 21 The
non-neutral elements of S are couples (n, ) (often displayed ‘vertically’ (i)) with n € N*
and ¥ : N* — N with finite support. We call them the degrees. We say that X is a finite
subset if ¥(x) € {0,1} for all x € N*. In all the following, we will therefore identify, by
abuse of notation, finite subsets of N* with their characteristic maps (See §2.1 for more
details). In the case of 3 = ) the constant zero map, the elements of Z which have degree
(n,0) are generated by Thakur’s multiple zeta values. This determines a unitary subalgebra
Zy of Z. Depending on the variables involved (i.e. depending on the choice of ), we have,
more generally, graded Zj-modules Zy; (see (I3) (E|)

Second ingredient. In parallel, we introduce in §l a variant of the multiple polylogarithms
considered by Chang in [0], functions of the variables X;, i € N*. Here is an example of
such series, in the variable X; with j fixed:

Gy oo 0 x g !
j ] — 1IN
AA( - >= e KX
monic
la1|>->]ay|

o —

where ()i denotes the F,-subspace of K[X j]”.” generated by the F,-linear formal series.

They generate an Fj-algebra £ which is also equal to the underlying IF,-vector space,
so that we have on the S-graded [Fp-vector space C, a multiplication product ®,. But
L(K), the K-algebra generated by our multiple polylogarithms, is not graded if we simply
transfer the S-grading of Z(K). We can still construct, similarly, graded Zj(K)-modules
Ls(K) and one of our results is the following (see Theorem [5.2)).

Theorem A. If Y is a finite subset of N* of cardinality < q, then there is an isomorphism
of graded Zy(K)-modules Fx, : Z5(K) — Lx(K).

If the reader knows the reference [5], he/she might not be very surprised by this result.
Similar constructions are performed there (the star action of a Tate algebra), with the
target space being inside certain Banach algebras By, notably with applications to class
number formulas and Anderson’s log-algebraic theorems (see also [5]). However, an impor-
tant difference with this reference is that the algebra L is tailored to also allow evaluation
at X; = 1, ¢ € N* operation which is not well defined in the algebra By, essentially because
1 is not in the topological adherence of Carlitz’s circle € := (—H)qflqu[[%]] C Cu if g # 2.
The proof uses a formula by Perkins (6] based on Lagrange’s interpolation, that can be
generalised to the case |X| > q.

To give an example of how Theorem A works and to allow the reader to have a first
impression of the interplay of the main objects of the paper, we choose ¥ = {j} a singleton

More precisely, graded modules over the graded algebra Zj.
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(E) Then, we have the element

¢ <{{}> - 1;[ <1 B @)4 € Klsly,

(completion for the Gauss valuation || - || extending |- |, trivial on [F4[t;]), the product being
indexed by the irreducible monic elements of A. We have (4 ({{}) € Zyj (it has degree

() and
f{‘y} <CA <{]}>> A<{i}> — Z a—lX;]dch(a) c ﬁ{j}
a€At

again of degree ({{}) (the sum runs over the set AT of the monic elements of A), see (29).
Also, with the explicit definition of Fy, given in §bl one sees easily that, for example,

Fiy <<A<{J} q& . qk—l((g_l)>>:)\A<{{} q?l B qk_l(%_1)>, k>l

However, it turns out that ]:{j}(C A (E]]k})) # A ({q];}) if £ > 0. We also observe that Theorem
A does not extend to the case |X| > ¢. See Remark §I.0.1] for more details.

Third ingredient. In the K-algebra Z(K) we entail the subalgebra Z"V(K) of trivial ele-
ments, see the definition in §6.41 which, at a very first approximation, are the elements of
Z(K) which have the property that, multiplied by certain products involving the function
of Anderson and Thakur

@ o) =07 ] 1 - 9’;)_1 ,

yield rational functions in the variables ¢;, j € N* (this will not be our operative definition).
As already mentioned, the elements of Z(K) and therefore also of Z"V(K) are entire func-
tions of several variables. The intersection of Z"1V(K) with Zx(K) gives rise to a graded
Zy(K)-module Z¥V(K). Note that Zi"™(K) = Zy(K). We also have finite dimensional

IF-vector spaces Zﬁfizv defined by selecting those [F)-linear combinations of our multiple zeta

values of weight n and type X that are trivial in the above sense. The elements of Zt“"
allow to construct non-trivial K-linear dependence relations in the space £ as the next
result highlights. Indeed, in §6.3] we are going to describe, under the assumption |X| < g,
an alternative definition & of the isomorphisms Fy; so that we have diagrams of K-linear
maps:

triv é» triv
Zn,E(K) LnZ(K)

—

by

2We also use the notation s for ¥ = {j} in the case of a singleton if we do not want to stress too much
on the choice of j.
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The two maps are equal, but are defined in different ways so that they naturally give rise
to different lifts Ex, and Fy on the free modules generated by the elements (4(C) and
Aa(C). Therefore, the difference maps Ex, — Fx have images in the kernel of A4 viewed
as an augmentation map, a construction that can be viewed as an analogue of the double
shuffle relations. The next result involves only one variable. See Theorem [Z.1] for a more
general and precise statement).

Theorem B. To any element [ € Z:Lri{‘;.} such that f(@qi) % 0 for some i > 0 we can
associate a non-trivial K -linear dependence relation in L(K).

Theorem B is obtained thanks to a complete investigation of the structure of the Zy(K)-
module Z¥V(K) in the case |X| < ¢. The main structural result is the following (see
Theorem and §6.5). We consider the non-commutative polynomial algebra K|[r] with
the commutation rule 7¢ = ¢i7, c € K.

Theorem C. Let X be subset of N* of cardinality < q. There is a structure of left K[t]-
module over Z&WY(K) compatible with the S-grading. We have an isomorphism of Zy(K)-

modules Z8V (K) = ®i€gZE%V(K) and for any i € X3, (4 ({i}) freely generates ZE‘;I}V(K) with
its left K[T]-module structure and the right Zy(K)-module structure given by the harmonic
product.

To give again examples, we point out that it is possible to show that for all & > 0,
Ca (%k}) € Zgl}"(K ). Now, for how the structure of K[r]-module of Theorem C is defined,
we have for k > 1 (Lemma [6.12]) the following example:

s (q}) = (t = 0)-+ (t; = 0" )Ca <{£> )

- L/ ngk k k—1 { J } 1] . 1]
=(-D¥OT —06)--- (67 — 61 )CA( a1 q’f—l(q—l))'
Still under the hypothesis |X| < ¢, the image of Z¥V(K) by Fx, equals Z4(K)[Aa ({{}) :
j € X" where the exponent (-)'™ means that we are considering all the formal series that
are [ -linear in each variable X; with ¢ € ¥ and the latter algebra inherits a structure of
K[7]-module thanks to Corollary 0.9 and Lemma Composing Fx, with the evaluation
X; =1 for i € ¥ we have thus a morphism of K|[r]-modules, compatible with the grading
structures:
ZUN(K) 2 2)(K),

where 7f = f9 for f € Zy(K). This morphism is studied in §6.5l It is not likely to be
surjective, however, we are led to the next (see Conjecture [G.I5l):

Conjecture D. Gy is injective.

Most likely, the above, to be proved, requires tools of diophantine nature. If true, it
implies that non-trivial K[r]-relations among elements of Z¥V(K) always transfer to non-
trivial K-linear relations among Thakur’s multiple zeta values. Examples are provided in
g7l We rediscover well known linear dependence relations (such as some by Lara Rodriguez
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and Thakur in [I8] or Todd in [30]) but we are also able to construct new families of
relations, examples of which are described in the text (see §7.1.3]). We are led to the
conclusion that the K[r]-module structure of Z&V(K) comes here into play as a substitute
of double shuffle relations. Note that Conjecture D, applied in conjonction with Theorem
B, allows to construct several non-trivial linear dependence relations in Z,,(K). Do we get
the full K-vector space they generate?

The paper contains several other conjectures that can be seen by the reader as challenges
for further researches. They do not influence our investigations except Conjecture D above.

1.0.1. Remark. The map Fx is not well defined and does not give rise to an isomorphism
between Zy; and Ly, when ¥ is a finite subset of N* such that |¥| > ¢. The obstruction does
not come from Perkins’ formula in [25, Proposition 2.17] that we stated for |X| < ¢, but
also holds for |X| < 2(¢—1). In fact, it is possible to extend this formula to the case of all 3
finite subset of N* (unpublished). The nature of the generalised formula allows to construct
Fs, for all ¥ finite set but only as a function Zx, — K[[X; : i € X]]"" and there are elements

— lin
f € Zx such that Fxn(f) & K[X;:i € 2]”,” (therefore a fortiori the image is not entirely

contained in Ly), see §6.2.11 Not only, but the resulting map Zy, — K[[X; : i € X]]" is no
longer injective if |X| > ¢. Also, the module Z8(K) can be defined for any finite subset
Y C N* regardless of its cardinality, and the map Fy, can be defined, also for |X| > ¢, as a
map Z8V(K) — Lx(K). However, it is easy to show that this restricted map is still not
injective. For example, if |X| = ¢ the element

CA(?) _ Z Hjezaa(tj)

acA
monic

is non-zero and belongs to the kernel of Fy. More work is required to analyse the case
of general ¥. Note that many statements of the paper do not extend without relevant
modification in their formulations outside the assumption |[3| < gq.

Acknowledgements. The authors are thankful to Hidekazu Furusho, Nathan Green and
Tuan Ngo Dac for fruitful remarks and useful suggestions.

1.1. General notation. The paper will adopt the following standard notations that we
recall here to ease the reading.

N =Z>, N* = Zo.

q = p°, p a prime number and e > 0.

F, C Fy, the finite fields with p and g elements respectively.

A =TF,[0], where 0 is an indeterminate over F,.

K =TF,(0).

Koo = Fy((3)).

oo = K2, completion of an algebraic closure of K, with multiplicative valuation
|

® expc, log respectively the Carlitz exponential and the Carlitz logarithm.

°
-
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o bi(t)=(t—0)---(t—07") e Alt).

ol =(0—0%---(—067)c A

e D= (07 —977")... (67 —9) € A.
Other notations are introduced and used, but the above are the most common. Addition-
ally, we adopt the convention that empty sums are zero and empty products are one.

2. MULTIPLE SUMS AFTER THAKUR

The first task is to introduce a monoid of weights for our multiple sums. In §2.21we define
multiple sums & la Thakur and prove standard facts about them in a wider generality than
needed in the rest of the paper. Theorem 23] describes the harmonic product of multiple
sums.

2.1. Monoid of degrees. A finite weighted subset 3. of N* is a map ¥ : N* — N such
that X(x) = 0 for all but finitely many = € N*. We denote by & the set of all finite
weighted subsets. It is countable and it naturally carries the structure of a semi-ring with
the multiplication - defined by the addition in the target set and the addition 4+ given by
the maximum in the target set. The neutral element for both the multiplication and the
addition in & is the map () which sends every element x € N* to 0. The cardinality |X| of
a finite weighted subset X as above is defined to be the integer

==Y S(n)

neN*

(note that the sum is finite). Also, if x € N* and ¥ € &, we say that x € ¥ if 3(z) # 0.

A finite weighted subset 3 of N* is a subset if ¥(x) € {0,1} for all x € N*. In this case,
we identify 3 with the subset of N* which it is the characteristic map and this will not
lead to confusion. Explicitly, if X is a finite subset of N*, we can describe it just by making
the explicit list of its elements ¥ = {iy,...,is}. For example, we denote with ) € & both
the empty set and the map sending N* to 0 identically. Note that in this case we are led
to the usual notion of cardinality.

Note that for subsets, the addition corresponds to the union U. If ¥,Y’ € & are such
that X + X' = X - Y/, then we say that they are disjoint and we write

YUy =2+y3=%.-%.

The support Spt(X) of X € & is the subset of all the elements z € N* such that 3(z) # 0.
If ¥ € & and Spt(X') = X, we say that X' is a thickening of 3. There is a partial order
on & which is induced by < on N. We write ¥ < ¥/ if ¥(z) < ¥'(z) for all x € N*. On
subsets of N*, this coincides with the inclusion C.

Definition 2.1. The monoid of degrees is the set

()
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with the structure of monoid induced by the semigroups (&,-) and (N*,+). The binary
operation of S is denoted multiplicatively, with the symbol . The neutral element for - is
(g) and is more simply denoted by O.

Note that we have adopted a ’vertical rendering’ for the elements of S. The monoid
S allows to define a grading structure on the F,-algebra of multiple zeta values in Tate
algebras as defined in §3l Note that (N, max,+) is a unitary semiring with 0 the neutral
element for both the binary operations so that S itself comes equipped with a structure of
unitary semiring but we will not use the additive operation in this paper. The elements of
S®" with 7 > 0 are also called admissible composition arrays and we adopt the convention
that 0 is the unique admissible composition array of depth 0 and S = {0}; see §2.1.1]
below.

2.1.1. Composition arrays. This subsection only contains definitions, notations and termi-
nology useful for the sequel. We consider n € Z and ¥ € &. A composition array of (2) is
a matrix of the form

(3) C:= <21 E") = (C1,...,C),

nl o e nr

with ¥y,...,%, € & and ny,...,n, € Z such that ¥;----- X, =YX and n = ), n;. We
can more simply speak about composition arrays without mentioning > and n. We call r
the depth of C, n =Y, n; its weight and ¥ = [[, X; € & its type. If n; > 0 for all 4, or if

C=0= (g), we say that C is admissible. In other words, an admissible composition array
C of X € S of depth 7 > 0 is an r-tuple (Cy,...,C) of (S\ {0})®" such that

Ci - Cr =X,

and, 0 = (g) is the unique admissible composition array of depth zero. It has weight 0 and
type (). If C is such that X is a finite subset of N* with the property that ¥ = L;%; (disjoint
union), we say that C is basic. Suppose that C is a basic composition array of (%) If ¥ is
a thickening of ¥ then we can write ¥/ = ¥} --- X/ = X} 4+ --- + X/ with X/ thickening of
>%; for all 4. The composition array

o (T %
nl .. nr
is then called the thickening of C along X'.

2.2. Multiple sums. We introduce the formalism of our multiple zeta sums, elaborated on
the model of Thakur’s multiple zeta values. Then, we proceed with the first few elementary
properties of our sums. We now follow the formalism of [22] §8] but we essentially make
use of the proofs contained in [2I]. Let B be a Banach Cy-algebra with norm || - ||. We
consider:

(i) Injective maps ¢; : A — B for i € N* such that for all ¢ the set §;(A) is bounded for
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(ii) An injective map v : A — B>, where B* is the group of invertible elements, such
that [|v(ad)| = [[v(a)[[[v(b)[| for all a,b € A and |[y(a)|| = oo as |a| — .

The map 7 — 9; for ¢ € N* extends in a unique way to a map
SN Maps(A, B)
by the rule
PO <A Sarr ] 6i(a)™ e B) :
1EN*
We denote by Jx; the image of 3 by . The image 75 of § has a structure of semi-ring with

unit the map 1: a1, for all a € A. Let C € S%" be an admissible composition array as
in ([B). We set:

(4) ey =¢° <n1 - z:r) _ Z S5, (a1) -+ os, (ay) -

n ny ... Ny
r weat y(a1) y(a)m

lai]|>]az|>>|ar|

Note indeed that the conditions (i) and (ii) imply the convergence of the series above.
This is the multiple zeta series associated to C and the datum (vy,0). We denote by Z;Z:g
the IF-subvector space of B generated by the series ¢ A’(S(C) with C admissible composition
array of (2) and we set (X’é (g) := 1. We also denote by Z7° the [F-vector space generated
by all the sets Z;Y}’f;. Let C be as in (3) and admissible, and let us consider d > 0. We set:

(5) S7°e) = 3 Iz, (a1) - - s, (ar)

ai,...,ar€AT /7((11)”1 T V(GT)nT ’

|0]9=[a1|>]az|>->ar|

(6) suie) = 3 w(éom.-. -3 s
ai,...,ar€EAT 0<j<d
16]4>[a1|>]az|>-->|ar|

Additionally we set Sg(g) =1, Sg(g) =0 for k£ > 0, Sio(g) = 0 and Sik(g) =1 for
k > 0. Note that
(7) ey =387 = = lim ST ).

d>0

Proposition 2.2. Let C; and Cy be two admissible composition arrays of (gi) and (g;)
The following properties hold.
(1) There exists a finite set I and elements f; € Fp,, i € I, such that 53’6(01)53’6(@) =
Y el fiS;Z’é(Di) for all d > 0, where fori € I, D; are admissible composition arrays
of (Ul'U2), independent of d.

ni1+n2
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(2) There exists a finite set J and elements g; € Fy, i € J, such that Sz’g(Cl)Sz’g(Cg) =
- giSﬁ”é &) for alld > 0, where fori € J, & are admissible composition arrays
1€J <d

of (Ul'U2), independent of d.

ni+n2

(3) There exists a finite set L and elements h; € Fp, i € L, such that for all d > 0
we have 53’5(61)51’3(02) =Y icL hiS;”é(]:i) where F; are admissible composition

arrays of (gll#fz), independent of d.

Moreover, all the coefficients f;, g;, h; do not depend on ~, §.

Proof. This follows easily from [22, Theorem 8.2] (see also |21, Theorem 2.5], where a
particular case is proved and note that the latter reference contains all the tools to prove
our result). The methods are also very similar to those involved in Thakur’s [28] and [29,
Theorem 5.1]. O

For w € Nand ¥ € & let C,, . be the free Fj,-vector space generated by indeterminates
denoted by [C] where C is an admissible composition array as in ([B]). We thus have the
[F,-vector space C := &, »Cy x and by using (7)) and Proposition we can endow C
with a natural structure of [Fj-algebra with product ®¢ and we have noticed that it does
not depend on «,d. This algebra can be realised as the quotient of the free F,-algebra
generated by the indeterminates [C], by the ideal generated by the quadratic polynomials
underlying the relations produced by Proposition We deduce that Z79 has a structure
of IFp-algebra and:

Theorem 2.3. For any v, the assignment defined by [C] — CA’J(C) defines an IF,-algebra
morphism

o
(C,+,0¢) 2= 270

. . . 7,0
which induces Fy-linear maps C, 5, — wa.

We call the product structures induced on C and Z7° the harmonic product. In the
present work, we only study the case in which v(a) = a € K C B (note that in [22] more
general maps 7 are considered). In our settings, as presented so far, we have stressed the
dependence on two classes of maps: 7,0. From now on, we set y(a) = a for all a (i.e. the
image of a € A C C, in B) for the C-algebra structure of B and we simplify our notation
by writing ¢4 (C) for Czd’&(C) and Z° for 2199 etc.

3. MULTIPLE ZETA VALUES IN TATE ALGEBRAS

We recall the foundations of the theory of multiple zeta values in Tate algebras of [21]
and we collect some basic properties. The main result is Corollary which states that
the K-algebra of multiple zeta values in Tate algebras is graded by the monoid S.

If R is a commutative ring with unit, we denote by R[t] the commutative R-algebra of
polynomials with coefficients in R in the indeterminates ¢; with i € N*. If ¥ € &, we
denote by R|[ty] the sub-algebra of polynomials in the indeterminates ¢; with ¢ € Spt(X).
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Now we restrict our attention to the case of R an IF,-algebra. More precisely, we consider
the case R = TF,[t]. A multiplicative semi-character x : A — Fy[t] is a map defined by

x(@) =TT xu(a),
1EN*

for integers j; € N such that j; = 0 for all but finitely many ¢ € N*. Note that any such map
is totally multiplicative. We denote by 7. the set of all the multiplicative semi-characters.
There is a natural bijection

Y=Yy ¢ Xxs=X
between weighted subsets of N* and multiplicative semi-characters inducing a structure of
semi-ring on 7. so that the multiplicative unit is 1, the trivial semi-character which maps
every a € A to 1 € Fy[t]. The bijection is induced by

S xy = (a = 1] Xti(a)z(i)> :

1EN*
This, together with the choice vy(a) = a for all a, leads to the definition of the [F,-algebra

of multiple zeta values Z. Explicitly, the multiple zeta value associated to an admissible C
as in ([B) and the choice (v, d) = (id, x) is the element of the standard Tate algebra

T5; = Cooltspr(m))y ) = Coolti 4 € SPEE)]
(the completion of the polynomial algebra Coo[tgyy (s for the Gauss valuation || - [|):

S - X X (1) - xs, (ar)
(8) <A<c>=<A<n T>=Z > S €Ty
1 Ny al cee Qe
d>0 d>di1>-->d->0
|ai|=10]%Vi=1,...;r
3.1. Basic properties. A simple Galois invariance argument allows to show that any
admissible multiple zeta value as in (8]) belongs to F[ts][[5]]. It has been further proved (see
[20, Proposition 4]) that the above series converges in fact to an entire function CZ — Co.
We can thus write (4(C) € Ey, where Ey, is the Cy.-subalgebra of Tyx; whose elements are
the entire functions in the variables ¢; with i € Spt(X).
Let n be in N* and ¥ € &. We consider the IF)-vector subspace Z, 5; of the C-algebra

En- == | J Ex
Xe6
generated by the multiple zeta values (8) with admissible composition array (3] of weight
n and type X. For such an admissible multiple zeta value, we say that r is the depth, Y . n;
is the weight, and X is the type. We also set (4 (g) := 1 (type 0, weight 0) and Z g := [,
We consider the F,-subvector space of Ey-:

Z=> Z.x.

n>0
2e6
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By Theorem 23] Z is an F)-algebra and we have the Fj-algebra morphism (4 : C — Z.
Let Cy be the subalgebra of C generated by [C] € C where C are admissible composition
arrays of trivial type. Then

Ca(Cy)=Zp=> Z,y
n>0
is the Fp-algebra of Thakur’s multiple zeta values. More explicitly, let n be in N*. Then,
every admissible composition array of (2) is of the form

0 - 0
ny -

and the associated multiple zeta value is given in (1) (see [26, Definition 5.10.1] (E))

If B is a subalgebra of the K-algebra K|[ty], then we also consider the B-submodules
Z,%(B) of Ey» generated by all the B-linear combinations of the (4(C)’s with C admissible
of type ¥ and weight n, and along with this, the B-subalgebra Z(B) of Ey+. We have the
next result with B = Kt].

Proposition 3.1. Let us fix a composition array C as in (3), not necessarily admissible.
Then CA(C) converges to an element of Z(K[t]). Moreover, we have the following properties.

(1) For every i € N* and k € N the evaluation map Coglt;] — Coo defined by t; — 69"
induces a K-algebra endomorphism Z(K]|t]) — Z(K][t]).

(2) The Fp[t]-linear automorphism p of Coo[t] defined by ¢ — ¢ for ¢ € Cs induces an
F,[t]-linear endomorphism of Z(K]|t]).

Proof. Observe that for all n < 0 and ¥ € &, Sy (E) = 0 for all but finitely many d € N.
This is elementary and easy to check. If C is a composition array as in (@) and if ny < 0,
there exists M > 0 such that for all d > M, S, (211) = 0. Then

CalC) =S«x(C), VE>M

and Ca(C) € K[t] C Z(K]t]). We now consider a non-admissible composition array C as in
@) with nq,...,n;-1 > 0 and n; < 0 so that (Cy,...,Cj—1) is admissible, and we study the
sequence (S<i(C))r>0. There exists M such that for all d > M, Sy (gj) = 0. Then,

)= Y Sy <21> -+ S, <§:>+

ni
M>dy>-->dr>0

by py
+ Z 5d1<ni>...5dr<nr>+...

d1>M>dg>-->dr>0
¥ >
S - S .
* Z . <n1> ar <nr>

di>>dj_1>M>d;>>dr>0

3We adopt in this case a specific notation which is closer to the notation introduced by Thakur.



14 0. GEZMIS & F. PELLARIN

If 1 <k <j—1 then we have

by Y
Z 5d1< 1)...5dr< >:
ny Ty
dy > dp>M>dy g >->dp >0
» D
=S<M< AR m) > Sa(Cr)-- - Sa (Ch)-

M+ dy>>dp>M
We note that
> 84,(C1) -S4 (C) = CalCu, .., Ch)—

d1>>dp>M
- > Say (C1) -+ Sa, (Cp) = -+ = Y. Sa(Ch) 84, (Cr).
dy1>>dp_1>M>dy M>dy>do>-->dy,
Inductively on k, we get
Y Su(C) 84, (Ch) € Z(K[L).
di>>d>M
Therefore (4(C) € Z(K|t]) and this proves the first property described in the proposition.
The properties (1) and (2) are easy and left to the reader. O

3.1.1. Grading structures. In [6], Chang proves the following result (analogue of a conjec-
ture of Goncharov):

Theorem 3.2 (Chang). The K-algebra Zy(K) is graded by the weights.

This result relying on a transcendence proof can be applied to deduce several statements
about our multiple zeta values in Tate algebras. One of them is the next:

Corollary 3.3. The Klt|-algebra Z(K][t]) is graded by weights and types, that is, by the
monoid S.

Proof. First of all we focus on a property of entire functions in En«. Let U be a non-empty
finite subset of N* and ¢ an element of U. Let us write U’ = U\ {i}. Let f be in E;. Then
f can be seen as an entire function

Co — Ey.
In other words, we can expand f in a series
Ft) =" futf,
k>0
where fj is an element of E for all £ > 0, with the property that for all valuations ||- ||, of
Coolty] (trivial over F,[t], which extend in a unique way to E), || fxlloR*¥ — 0 as k tends

to oo. We claim that if 7V (f);,—¢ = 0 for infinitely many N € N, then f = 0. Indeed, note
that

N

1 1
TN(f)tizﬁ:f<ti:9qN,tll—>thN :lGU’)q , N>0.
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Hence, 7V (f)s,—¢ = 0 if and only if f = 0 in Eyy and the claim follows from the fact
t; =049

that the set {Hf%’v : N > 0} is infinite.

To prove our result it suffices to show that if Z; € Z,, s, (K[ty]) \ {0} (j = 1,...,m)
are such that the set {(Ej) :j = 1,...,m} has m elements, then the Z;’s are linearly
independent over Klt;], where U € & is a subset such that Spt(X;) C U for all j. We
prove this property by induction over |U| € N. If |[U| = 0, then this is just Theorem

Now let us suppose that |U| > 0, let ¢ be in U as before, let us write U’ = U \ {i}. For all
j=1,...,m there exists 3; € N such that

ﬁ.
Xs; = Xt X3

where E;- < ¥;. Assume by contradiction that there exist ci,...,¢, € K[ty] such that
f=2>2;¢Z;=0. Then 7N (f)t,=6 = 0 for all N > 0. Now, for all but finitely many N, we
have TN(Cj)tizg #£0, anj — ;>0 and

™ (¢;jZi) =0 € Zanj_gj,Eg.(K[iU']) \ {0}.

If 41, j2 are distinct elements of {1,...,m} such that (%11) = (%22), then ¥ # X by our
hypothesis. If (%11) #* (%22), the sets {¢"V'ny — B1,¢V ny — B} are not singletons for all but
finitely many N. Hence for all but finitely many NV the set

P
(5 ) imtm)erxe,
J J

well defined, has exactly m elements and by the induction hypothesis we can find N such
that the non-zero elements 7V (Z;),—p € Zynn;—p; . (Ktr])\ {0} are linearly independent
g

over K [t;;/] which yields a contradiction with the non vanishing of the evaluations of 7V (c;).
O

We end this section with several remarks and questions.

3.1.2. Remark: a question on topological groups. Theorem [B.2limplies that Z;(K) is graded
by the monoid N while Corollary 4l implies, more generally, that Z(K[t]) is graded by the
monoid S. In his book [I5] §8], Goss describes the construction of a complete topological
group S (determined by the choice of a uniformiser of K,) together with embeddings
N — S, so that the image is discrete, hence allowing to extend the map N* — K, defined
by n — Ca(n) to a partial analogue of Riemann’s zeta function, the zeta function of Goss,
(A Soo — Cyx. Similar constructions lie above families of multiple zeta values of Thakur
of Zj that we will not discuss in the present paper. We do not know how to construct a
complete topological group S together with embeddings S — S with discrete images in
such a way that the zeta values (4(C) with C € S or more generally, families of multiple
zeta values (4(C), can be extended analogously.
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3.1.3. Remark: a problem of homogeneity. Note that the map p of Proposition B.Ilinduces
[, [ts;]-linear maps
Zn,E(K[EE]) - an,Z(K[ﬁz])-

If C is not admissible (4(C) needs not to be homogeneous for the grading

ZEK) = P ZusKL).

(w,X)eN*x &

Therefore, the evaluation map t; — ga" (for i € N* and k € N) does not respect the grading
by weights. Luckily this problem does not occur for the trivial elements defined in §6.4],
see Corollary [6.13]

3.1.4. Remark: the role of the Carlitz period. The so-called Euler-Carlitz relations imply
that if n € N* is such that ¢ — 1 | n, then (4(n) € 7" K* with

-1
7= 9A9H<1— 9.> € MK C Coo

qt
>0 0

1
(for a choice Ag = (—0)71 of root of —@). Then, 7" € Z, 4(K) for all n > 0 such that
q — 1| n. Note however that in general, we do not expect the relation 7" € Z, j.

4. MULTIPLE POLYLOGARITHMS

Let C be an admissible composition array of (g) as in ([3]). We define:

T oY(i d;
M@= Y Sa(na)---Sa () [] XZ.ZJ*1 i@a
dy>->dr>0 ieN-
where @
1
Sa(n) = Sd<n> = Z -
aeA
|a|=0]"

It is easy to see that A4(C) converges in the Tate algebra @]Il'll’

For n € N* and ¥ € 6, let £,, 5. be the Fp-vector space generated by A4(C) where C is a
composition array of (3), with the convention Lo g = FyAa (g) =IF,. Note that £, g = Z, ¢.
The series A4(C) can be interpreted as the case of the datum (v,0) in §2.2] determined by

(i degg (a)
(9) o (a) = T] X7
iEeN*
and « the identity map. By the harmonic product formulas of Proposition in the case

of trivial type, the multiple polylogarithms carry a variant of the harmonic product as well.
In particular, there exists an F,-linear map

)\A:C—>£= Z ﬁmz
(n,X2)eS
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and a structure of IF,-algebra over C with product ®y such that A4 induces an [F-algebra
morphism; to see this we use Proposition with ¥ = 0.

The products ®y and ©¢ (the latter introduced in §3.0)) agree on Zp = Ly = > Ly x
but are different otherwise. For instance, it is easy to see that, if C = ({i}), D= ({{}) with
i # j and q > 2 then:

el =[] @em= (U] [(F )]+ [(T )]
Proposition 4.1. For ¥,¥' € & and n,n’ € N* we have L, xLy 57 C Lypyn sy

Proof. 1t follows easily from the existence of the harmonic product of the powers sums
Sq(n) as first noticed by Thakur in [28] and the next result which is easy to check.

Lemma 4.2. If Cq,...,C, are composition arrays of (n@l), el (72) and if (Xq1,...,%,) €
G®", then the sum

T Y (i)g%
Z Sdl (Cl) .. Sdr(cr) H XZZJ—l 5 (i)q

dy>-->dr ieN*
belongs to Ly s, where n = . n; and ¥ =X;---X,.
O

An important feature is that since £ embeds in a filtered union of Tate algebras, the
evaluation map ev defined by sending X; to 1 for all ¢ € N* is a well defined F,-algebra

map £ = K. More precisely:

Lemma 4.3. The map ev defines an F,-algebra map L — Zy and surjective Fp-linear
maps Lpy — Zp, 0.

Proof. This follows immediately from the definition of multiple zeta values of Thakur as
series in multiple power sums Sy(n1,...,n,) with ny, ..., n, € N* (we simplify the notations
when the type is trivial). O

We can define the K-algebra £(K) in a way completely similar to that of Z(K). We
propose a conjecture:

Conjecture 4.4. For any n € N* and ¥ € &, the F,-linear maps (4 and Aa define
isomorphisms of vector spaces

Ca AA
ZH,E — Cn,E — ,sz.

Looking at the case of trivial type X = () the conjecture above reduces to a similar con-
jecture by Thakur [29] §6.3], stipulating that the only F,-linear relations among Thakur’s
multiple zeta values are the trivial ones. The map A4 does not seem to extend to an IFp-
algebra homomorphism. However, this does not rule out that the F,-algebras (C,+, ®¢)
and (C,+,®,) are possibly isomorphic.

The K-algebra L(K) is not graded by S. For example, the K-linear relations (40) are
not homogeneous. In the next subsection, we analyse what structures are respected by the
product ®j.
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4.1. Grading structures on L£(K). If C € §%" is a composition array, we denote by c
the element of G%* the s-tuple (for some s < r) resulting from the first line of C (in G%")
by removing the occurrences of §). If C is of trivial type, we set C> = (f)). The aim of this
subsection is to prove the next result.

Theorem 4.5. Let us consider admissible composition arrays Cq,...,Cy and let us sup-
pose that the functions Aa(C1),...,Aa(Ck) are K-linearly dependent. Then there exist two
distinct integers i,j € {1,...,k} such that C; and C; have the same weight and

C=(U1,....U), C=(Vi,....V;) € &%

for some r. Moreover, there exist integers ki,...,Kkr € Z such that U; = ¢"V; for i =
1,...,7r.
In particular, if the types of Cq,...,Ci are subsets of N*, then k1 = --- = k, = 0 and

C = CIJ’-. To prove this result we need some definitions and intermediary results.

Definition 4.6. A cluster of depth r > 0 is a subset of NY of the form [y, ..., q,] =
{a1q® + -+ + apq¥}, where oy, ...,q, are maps N* — N with finite support but not
constant equal to zero (almost everywhere zero but non-zero) and the r-tuples (dy, ..., d,) €
N" are such that d; > --- > d,. We define a partial ordering < on clusters by saying that

o= [041,---7%"]{@

if there exists a sequence (dq m,. .., drm)m>0 Which is good in the sense that d,,, — oo as
m — oo and d; ,, —d;41,m — 00 asm — 00, for all ¢ < r, such that arqhm e taqtm € B
for all m > 0. We define a relation of equivalence ~ between clusters by saying that

a = |ag,...,op] and B = [B1,..., 3] are equivalent, written as a ~ 3, if = [ and for all
i=1,...,r there exists k; € Z such that a; = ¢ j3;.

Lemma 4.7. If a = [a1,...,0;] and 8 = [p1,...,B)] are two clusters of rank r,l and
a < B, then r <1 and we can find an increasing sequence 0 = hyg < --- < h, =1 and
integers k; j € Z such that

(10) Qi = Bp,_ 41q " 4 By g, Yi=1,... T

Proof. We consider a sequence (dy ;- .., drm)m>0 Which is good as in Definition .6} such
that

r l
Z ;g = Z Biq=m,  ¥Vm >0,
i=1 j=1

where the sequence (€1, ..., €. m)m>0 satisfies ey, > --- > €, for all m. Dividing by
g% ™ we obtain

r—1 l
Qo _|_ Z aiqdi,m_dr,m — Z ﬁjqej,m_dr,m’ m 2 0
i=1 j=1
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the sum Z::_ll a;q%mi—dmr tends to zero in Z,, and setting f;, = €jm — dym for all j,m
we can write, in Z,:
l
o= i 3 oo
j=1

We deduce that {f;,,, m > 0} is bounded. Any infinite subsequence of a good sequence
(dims - - drm)m>0 is good so that, upon extraction, we can suppose that f; ,, = &, for all
m. If the sequence (fj—1m)m>0 is unbounded it contains an infinite subsequence growing
to oo and we deduce that o, = B;¢"t, which is an identity of the type ([I0). Otherwise it
is bounded and again upon restriction to an infinite subsequence, we can suppose that it
is constant. Since the sequence (di ;- .., drm)m>0 is good there exists h,_; > 0 such that
(fhy_1+1,m)m>0 is bounded and (fp, , m)m>0 is unbounded. This implies, by the same
arguments as above, that «, satisfies an identity like (I0). At this point, arguing with
clusters of depth » — 1 and [ — 1 and using induction, we conclude that » < [ and that
identities like ([I0) hold for all ¢ hence completing the proof of the lemma. O

We immediately deduce the next result.

Corollary 4.8. The relation < is transitive. Moreover, If a and 3 are clusters such that
a<fand B < a, then a ~ 3.

Proof of Theorem [{.3 For a formal power series f € C[[X;]] we define the support Spt(f)
to be the subset of N* whose elements are the i = (i; : j € ¥) such that the monomial

I1 jex X j] occurs in the series defining f with non-zero coefficient. Let us consider a non-
trivial linear dependence relation

k
ZCkAA(Ci):Ov Cla-"vckerv
1=1

where we can assume that all the coefficients ¢; are non-zero. Applying the map ev we see
that Zle ¢iCa(n;) = 0 where n; is the weight of C; for all i. By Chang’s Theorem [3.2]
we can therefore assume that Cy,...,Cy all have the same weight. Also, there is no loss of
generality to suppose that no one has trivial type. We note that for all i € {1,... k},

Spt(Aa(Ci)) < [ Spt(Aa(C))).
J#
For all ¢, Spt(Aa(C;)) contains the cluster a; = [ 1, ..., ;] Where a;1,...,q;,, are the
entries of the first row of C?. We deduce that for all 4,

a; C Ugj-

By the box principle, there is amap g : {1,...,k} — {1,..., k} such that for all 4, g(i) # 1,
with a; < ag, for all i. Applying Corollary [L.§ there exist i # j such that a; < a; and
a; < a; which implies @; ~ a;. This implies the theorem. ]
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4.1.1. X-degrees and the Hadamard product. We come back to the Fj-vector space C' and
consider the K-vector space C(K) it generates by extension of the scalars. We have the
algebras (C,+,®¢) and (C(K),+,®¢) that are both graded by the monoid S, where the

degree of C is (2) with X the type of C and n its weight. We recall that the product ®
over the above vector spaces is not compatible with this grading. In order to present the
following, we are now going to speak about (-degree and (-type for our usual degree and
type of a composition array.

We describe another grading structure over C' and C(K), again by using the monoid S.
Let C be an admissible composition array as in ([38). Then we can write:

e (0 0 =0 D Sy 0 -
npo Mgy MNL,0 M1t Mgy oo NEo Nkl Nkry /)
The way this matrix is written highlights the presence of the neutral element () of &

intertwined with elements of & \ {} in the first row. We define the A-type of C as the
element

1 Tk
> X1t ed.
Here, ¥" stands for ¥---¥ with n factors. Note that the relations (40) are K-linear
dependence relations among elements of £(K) of the form A4(C) with C of the same -

type 57 for k > 1, although different (-types, as previously noticed. The A-type naturally
induces a A-degree by just using the usual weight of a composition array. We may conjecture
the following property that will be studied in another work.

Conjecture 4.9. The \-degree defines a grading of the algebra L(K) by the monoid S.

The interest in introducing the A-type relies in the existence of another operation on
L(K), throughout the Hadamard product of formal series. Let F' be any field. The diagonal
of a formal series

feF[X1,..., X, Y1,.... Y]]
is defined in the following way. Write
f - Z filr'winvjl"“’an{l T X’ijlnyvl‘]l U Y?/-Zn, fi17"'7in7j17“'7jn G F'
U1 yeensln, 15 0dn
We introduce the operator
Avp(f) = D firyiminrmin X1t X € F[X1,. 00, X))
U1seein

This is the diagonal operator considered in [13]. Let f, g be formal series of F[[ X7, ..., X,]]
with F'. Their Hadamard product is the formal series

fOg:= A1/2(f(X17-~7Xn)g(Yla---aYn)) € Fl[Xy,..., Xy

We now suppose F' = C,,. Let £27E(K ) be the K-vector space generated by the functions
Aa(C) with C of \-degree (g) € S. We have:
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Lemma 4.10. The Hadamard product defines a bilinear map
L), 5 (K) % L 5(K) =2 L, 5(K).
Proof. This follows directly from Lemma and Part 1 of Proposition O
For example, we have A4 (i) € ﬁis = L1 and Ay ("rl’) s A4 (i) =g (;)

4.1.2. Remark. The formalism of the algebras Z and L can be unified. Indeed one can
construct, in the same manner, multiple polylogarithms having in the coefficients of the
monomials (@), twisted power sums as in ([]).

4.1.3. Remark. Assume that the composition array C has depth r. We note that to give an
interpretation of (4(C) as entries of logarithms of special points, the first author [14] used
a different type of multiple polylogarithms defined as functions on a certain subset of T%,
which can be seen as a higher depth generalization of the polylogarithms defined in [5]. In
the present paper, we instead focus on elements of the form A4 (C) € @]||_||, a variant
of Chang’s multiple polylogarithms in [6].

4.1.4. Remark. We end this section about multiple polylogarithms by pointing out that
one can also consider partial higher divided derivatives on the algebra L. In certain cases,
one can observe properties in a certain sense dual to part of the statement of Proposition
B (twisting and evaluating at ¢; = ga"i being assimilated to an integral operator on Z
versus partial higher divided derivatives). Since these properties will not be used in this
paper, we will omit the details.

5. ISOMORPHISMS BETWEEN THE SPACES Z, 5. AND L, .

Let X be a set in &. We recall that Ex. denotes the C.,-algebra of entire functions
(CEO — Co. We now construct a Cy-linear map

Fs 1 Ex — Coo[[X ]

If ¢ is a variable, we set by(t) := 1 and for any ¢ > 1 we define
bi(t) == (t—0)...(t—07 ) € AJt].
We also set for further use, for ¢ > 0,
boi(t) == [[(t—07")"" € KP*(#) N'T,

m=1
where KP° denotes the perfect closure of K in Coo. We write B;(X) =[] jex bi; (t;) with
i €Z* i=(ij:j€X). Noting that b;(t) | b;j(t) if j > i we have the well defined inverse
limit and the canonical C,,-algebra map

Coolts]

Coolts] — %n m’
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with i = (i; : j € X). We also set 07 = (Hqij :j € ¥). The evaluation map Clty] > f —
f(8%) € Cy extends in a unique way to the Co.-algebra Jm, Cwolts)]/Bi(X)Cx[ts].

Lemma 5.1. For every f € Ex, there exists a unique element

e o Coolts]
(11) o(f) = Z fiBi(%) € 1& Bi(x)@i [t5]’

with f; € Coo for all i € N*, such that @(f)(qu) = f(qu) for all i € N*.

Proof. Tt suffices to set

A

A
fi= ( ] ),
i<i Djli—;
where with j = (ji, : k € ¥) we write D;j = [[;ox5, Dj, and the other multi-index notations
are defined similarly, including j < i which means that : — j € N>, g
We set
(12) Fu(f) = fiX§ € CoolXy]™,

¢ _ q'
where X§ = [[;en X .

The IF)-vector space

(13) Zy =Y 2.5 C Z(Klty]) CEx
n>0

also has a structure of graded Zj-module, that is, a module over Thakur’s multiple zeta
values where the multiplication respects the grading induced by weights and types. A
similar construction holds for the spaces Ly and gives rise to the graded Zj-module Ly;
to see this, use the remark after the statement of Theorem The aim of this section is
to prove:

Theorem 5.2. If¥ € & is a set such that |X| < q then the map Fyx, induces an isomorphism
of graded Zy-modules

Ze I 1y

Throughout this section, we fix a subset ¥ of N* with |X| < ¢q. We recall that by
convention, empty sums are considered to be zero and empty products are equal to one.
For disjoint subsets Uy, ...,U, C ¥ such that U;U; = 3, we consider a basic admissible
composition array C of (2) We can write:

(11 c= (b ).
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We note that some of the U;’s are allowed to be empty. We say that C is of signature
sign(C) = N > 0 if

We define
siey= > Su(n)- HBd )€ Kts], d>0
d=dy>>d,1>0
where Bq(U) =[] ba(t;). Since X[ < g, the series
=>_Si(C)
>0

converges for the Gauss norm to an entire function of Ey; in the variables ty, (this property
is no longer guaranteed if |X| > ¢). The proof of Theorem [5.2]is based on the following.

Theorem 5.3. Assuming |X| < q, we can decompose
(15) ¢a(€) )+ aialC
el

where I is a finite set, the coefficients oy are in ), and where (C;)icr is a family of admissible
composition arrays of (2) such that sign(C;) < N.

Let ZT be the subvector space (over F,) of Ey; generated by the elements ( A( ).
Theorem |5:{| directly implies, by means of the property describing the signature:

Corollary 5.4. Assume that |X| < q. Then for all w > 0 we have Z:[U’E =Zyy.

In other words, with ® being defined as in (1), we have ®(Zx) C Ey, namely, for any
f € Zx the series defining ®(f) converges to f for any valuation of Cy[ty] extending to

a valuation of Ex, and for all w, Z:rv’z = ®(Z,,) in agreement with Corollary (.4l In
particular, we can define the graded Z-module Z; = EBWZLE and we have the equality
Z; = Zy.. The proof of Theorem (.3 will be given in §5.1] and

5.1. A formula for power sums. We start with a formula by Perkins (see [25 Proposi-
tion 2.17]): For any subset U C N such that |U| < ¢, we have

(16) > (T vw) B SIS

la|<|0|® €U ieU j=0

where Fy(2) = D;* [ja/<jgj2(z — @) is the d-th Carlitz polynomial satisfying:
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deg(a) ,
(17) Co(X)= D Ei(a)X?, a€A,
i=0

where C,(X) is the multiplication of X by a € A for the Carlitz’s A-module structure.

The formula (I6)) holds in K[t z]. Note that E; is F,-linear and Ey(a) = 0 if |a| < 6|2
by (I7) so that we can pull the factor E4(z —a) out of the sum in the left-hand side of (I6)
as a factor in the left.

Additionally, with D,, the partial divided derivative of order n in the variable z, we have
(18) Do(Eq) = D779, n=q¢ <d, 3i>0,

(2

and D, (E;) = 0 otherwise (D; denotes the i-th coefficient of the T-expansion of expy €
K{[[7]]). In particular, D (E;) = i. We therefore get

1 Di(Eg) 1
wWE;  E; Z

lal<0]4
Hence, we can rewrite (I6]) as follows, where oy(a) = [[;crr X, (@):

d—1

oyla 1
(19) 2 z—(a) - 2 P [I> bit)Ei2).
lal<0]4 |a|<|6]2 i€U j=0
We also set
d—1
() = D1 b0 € Klt)
j=m
Then we have the expansion
d—1 d—1
(20) bi()E;(2) = Y HD ()27
J=0 m=0
Since |U| < ¢, we have
d—1
D wtEi)] = > HPU)Zewd™

icU \ j=0 m=(m;); NV
m;<q%1VieU

with Hr(nj)(U ) = 1lLcr Hf(,fi) (t;). We use these formulas to rewrite the product

d—1

Iy(U) = | > % I 7= 000E(2) |,

z a ; -
la|<|6]4 €U j=0
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where the T;’s are elements of K[ty]. We get, expanding:

(U) =
= ( > i) [Iz+ > (—1)|V2|< 11 Tyl)( 11 di:lbj(tjz)Ej(Z))
la|<|0]¢ ieU leu/;;iEU Jj1eV: Jj2€Va j=0
ev= ([Ir)(X )+ X co¥([[n) X 29
ieU la|<|60]4 Vl\u/;;iEU J1EVL la|<|60]4

We have labelled the identity between I1;(U) with (2I). The last step is done using (19).
Let N be a non-negative integer. We apply (—1)¥ Dy to both the left- and the right-hand
sides of the above identity. In order to render our expressions in a more compact way we

introduce a few additional notation. For any natural number N > 0 and a non-empty
finite set V' C N* we define the set My (N):

My (N):={ m= (mj)jey € NV : N—quy‘ >0
jev

Furthermore, we set My(N) = (). We also write ¢ at the place of 3 jev ™. The left-hand
side of (ZI)) becomes, after application of (—1)¥Dy by using

(=) Dy <z i a> T (z- i)mv’

d—1
(TI% - b)) > ﬁ*
j=0

iev Jal <16
VYT HRW) Y (z_a)ﬁ

veu meMy (N) |al<|0]*

where we recall that Hg)(V) =[lev b765 (tj) (and we extend the notation setting it to 0

J
when m is not an element of My (¢(¢=DIVlY),
The right-hand side of ([2I]) becomes

) W [In+ > 0™ I z)ow@

la|<|6]% €U Vl‘u/v;iEU J1eV:
2
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We replace T; = tgl for all i € U and z = 6%. Note that for any i € U, we have

d—1

tf = bi(t:) E;(67) = ba(t:).

J=0

One way to prove this is to observe that Cya(w(t;)) = tdw(t;) = Z?:o E;(69)b;(t;)w(t;) and
74 (w(t;)) = by(t;)w(t;). On the other hand, we have the identity

[I7+ > )MVl (T] 75 )ovs (@) = o (67— a).
ieU ViuVe= J1EVT
Vadg

Therefore the identity (ZI]) becomes, after application of (—1)NDy:

(22) Sy <NZ 1) = Sq(N +1)Ba(U)+

D=V N Sy(N—gm+D)HD V), d=0,[U|<q.

veu meMy (N)

5.1.1. Ezamples. (a) If we set N =0 in ([22) the inner sum is empty and therefore

s()-5()

yielding that (4 (({) = CL (({) This is well known since the formulas

(24) 5d<§> — Hi%jd(mj 15| < q

and Sy(1) = i are themselves well known (see also [4, Rem. 5.13]). However, the advantage
of our approach is that we did not need to make any use of them. This is the crucial initial
remark.

(b) Suppose now |U| < N < q. We get the formula

U (d)
(25) sd(N . 1) (N . 1) > salv = vi+ ) T %)
vVeuU jev
(¢) Finally suppose U = {i} := s and N = ¢*. Then the formula yields:
(26) 5, (;) S + Y Salgh - T HO).
m<k

If k=0 we get S4(5) = ba(t;)S4(1) (the sum over m is empty by convention).
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5.2. The polynomials HY. In order to complete the proof of Theorem [£.3] we need

to show that the coefficients H,(ﬁ) involved in (25]) can be expressed as combinations of
twisted power sums; this is what we do in this subsection. To ease the notation, we

set H,(g) = H,(g) (t;) and use the variable t instead of ¢; any time we are focusing on
one variable only. We recall that H, (d)(V) is the coefficient of 2% in the polynomial

[Lcv Zd S b;(ti)Ej(z). We also recall the assumption that [V| < ¢. In this subsection we
prove formulas Whlch allow to interpret it as F,-combinations of partial sums of multiple
zeta values in Zy. We rewrite the |V|]-variable case of (1)) as:

5 laj<iols 2
(27) [13 b#E () = S5 e F6) ()it )
i€V j=0 la|<|0]¢ z2=a

We want to expand the right-hand side in ascending powers of z. We set F; := Z| al<|0]¢ %

In Fy(0)[ty][[2]] we have
— Vv
e "<y 14 )

Similarly, setting G4 = Z| al<|]4 ﬁ, we compute
1 _1)—
Gq = P sz(q D718 k(g — 1))
E>1

Expanding g—‘; we therefore find:

Fa k(g1 +[V] (@)
(28) a, = 2 A ey
k>0

can be expressed in the following way:

(@ _ v v v
Fi(g-1y+1v) = <d<k<q —1)+ |V|> *“’“S“((k: ~1)(g—1)+ |V|> * *“’“”“S“(l)’

where py, ,, independent of d, are polynomials with coefficients in F,, which are homoge-
meous of weight m evaluated in the terms S<4(h(g—1)) (assumed to be of weight h). Here
are some examples in the case V = s a singleton:

5
’igd) = S« <1>

kY = S <Z> +(8<alg — 1) S<a <i>

=ip1,1

0 = Sy, ") ol = 1) S () + (CSeat2la - 1) 5.

=21 =iH2,2

(d)
where Kh(g—1)+ V|




28 0. GEZMIS & F. PELLARIN

Coming back to (27) we see that /{gg_l)ﬂv‘ =0if k(¢—1)+|V] is not of the form ¢ (note

that this yields a collection of non-trivial identities). By using part (2) of Proposition
we get:

Lemma 5.5. Assuming that |V| < q, for all m € NV we can expand:
HOD(V)=> v;S«(C;), d>0
JjeJ
where J is a finite set, (vj)jes is a family of elements of F), independent of d and (C;)jcs

are admissible composition arrays of (q‘,/n) also independent of d.

See Lemma [6.17] for a much more refined version of the above statement.
We come back to the identity ([22]). Combining with Lemma and applying Part (3)
of Proposition 2.2 we obtain:

Lemma 5.6. If |U| < q, for N > 0, there exist a finite set J and, for j € J, elements
€; € F), and composition arrays &; of (N(il) of signature < N + 1 such that for all d >0

U N_gt( U S(E;
% <N+ 1) - Sd<N+ 1> +j€ZJ€JSd(5J)'

Proof of Theorem[5.3. By using Lemma and repeated application of Proposition
we see that

U U,
sicr = X8 (0 sl () satihen o + B ausato)
d=d;>->d, " k

with the coefficients ¢, € F,, independent of d and the composition arrays Hj, of (Z) also
independent of d and of smaller signature. O

Proof of Theorem [5.2. If the sequence f;B;(X) converges to the zero function uniformly
on every bounded subset of CZ, then Fx(f) € ']I'gn, the subset of the Tate algebra Ty in
the variables Xy, of the series which are F,-linear in each variable. This is precisely what
happens if

=),

where C is an admissible composition array of (i) with |¥| < ¢. Furthermore,
Fr(ch(€) = ra(0).
This defines an isomorphism of Zj-modules. n

For example, the formula (23] immediately implies:

(o)1)
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5.2.1. Remark. The map Fx, defined in (12 and restricted on polynomials agrees with
the formalism of the Carlitz action as in [5l, §3.4]. More precisely, if f € Cxlty], then
Fs(f) = f* Xy, with the x-action defined in ibid. (3.2). However, in contrast with the
above reference, we do not work in the completion of Cy[Xy,] with respect to the norm
|| - llc defined there; this is another path of investigation that will be developed elsewhere,
which however forbids evaluation at X; = 1, which we examine here, where we rather work
in the completion with respect to the Gauss norm || - ||.

6. ANALYTIC PROPERTIES OF MULTIPLE ZETA VALUES IN TATE ALGEBRAS

At the time being, we do not know if the functions Fx, extend to a unique map defined
over Z. Our next task in this paper is to give alternative definitions to the maps Fx
so that they can be extended to a larger space of functions allowing to investigate their
analytic properties. We will therefore introduce the maps &y, that turn out to coincide
with the Fy’s. Firstly, in §6.11 we recall a formula for twisted power sums that the second
author obtained in collaboration with Perkins. Then in §6.2] we introduce the algebra Ex
of entire functions in the variables ¢; with ¢ € ¥ and consider a (non-exhaustive) filtration

E[zo] C E[El} C ---. Finally in §6.3] we introduce the map £ which turns out to agree with
Fx. but can be defined analytically. Indeed what we have is that, at once, & is defined
over E[EO], and also, Zy, C E[EO] if |X| < g. In §6.41 we introduce our trivial multiple zeta

values in Tate algebras and we prove Theorem C of the introduction.

6.1. A formula for twisted power sums. Using the results of [24], we are able to relate
the twisted power sums to a family of polynomials introduced by the second author and
Perkins which we recall now. Let ¥ be a finite subset of N* such that |X| = m(q —1) + 1,
with m > 0. In [24, Thm. 1] it is proved that if d > m, then

by _
5<d<1> =10 [ bam () Hs(Y)y _pga—m -

1€X
We recall that in this formula, Hy, € A[Y][ty] is of degree
a1
=

in Y and of degree m — 1 in t; for all ¢ € ¥. Using [12, Thm. 3.3.6] we can prove the
following refinement of [24, Thm. 1] which removes the condition d > m.

Lemma 6.1. If ¥ is a subset of N* such that |X| = m(q — 1) + 1 with m > 0 then there
exists Hy, € A[Y][ts] of degree p = q;"_—11 —m inY and degree m—1 in each of the variables
ti, 1 € 3, such that

b _
(30) S<d<1> = ld_ll H bd_m(ti)HZ(Y)Y:lqu—m, d >0,
€D

and Hy. is uniquely determined by these properties.
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Proof. For the convenience of the reader we give all the details. The statement of the
lemma is true if d > m by [24, Thm. 1]. Hence we know that there exists Hy, unique,
with the above properties, such that the above identity holds for d > m and we need to
extend the identities to all d. We recall that in his Ph. D. Thesis [12], Demeslay proved,
by using a log-algebraic-type result, the following property (his result is more general but
we are going to describe only the aspect that is important to us): there exists a unique
Q € K?{(t5)[x] such that for all d > 0,

b)) _
(31) 5d<1> =177 (Q)a=p [ [ balts),
1€X
where x is a new indeterminate. This identity holds in fact for any 3, regardless of the
congruence condition imposed previously.
Let d be a non-negative integer. Note that for any d,m > 0, by_,(x) = bg(x)7%(b_p(z)).
Then,

() = son () =) -

= L (H Td(b‘”“””) [H“Z‘ — 07 ) H (0" — (0 - 0T Hs (07 )|
1€ 1€ 1€

m

the second identity being valid if d > m. Note that b_,,(t) € F,(1/67 ", t) and we can write
[Tics 70— (ts)) = 7U(f(07 ", t5)) € Fy(09 ", t5), for all d > 0, for some f € Fy(0,ty).
Similarly, we can write

<H<tz~ - eqd’”>> Hy (67 "") — (0 — 0" )Hs (0" ") = (g5 (3, t5))es,

1€

with gs; € Fy[09 "][z, 5], and where 7 is extended F[z, t5]-linearly. By uniqueness, for all
deZ,

Td(Q)x:G — H(tz _ 0qd777l)H2(9qd77rl+1

€Y

m

) — (0 — 67 ) Hy (87" ")

and therefore, @ = fgs. Replacing in (31]), summing and telescoping, we complete the
proof of the lemma. O

6.1.1. Remark: link with log-algebraic theorems. Lemma[6.1]is, in a certain sense, stronger
than certain instances of Anderson’s log-algebraicity theorem [I, Theorem 3]. To illustrate
this, we will use the formalism of Stark units as in the work of Angles, Ngo Dac, Tavares
Ribeiro and the second author [3], [5].

Let § be the degree in 6 of the polynomial Hy and denote by 7 the Fy[ty][Y]-linear
extension of the map ¢ +— ¢, ¢ € A, to Alts][Y]. We recall that Ex(a) =0 for all a € A
such that k > degy(a), where Ej is the k-th Carlitz’s polynomial. In particular, writing
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E, = E?:()D U v 7'9 we have E(Hy) = 0 for all £ > §. We compute:

= > DB (S G) ).

i+j=Fk
By using (B0) we note that
Ay = > DIUTBiE)T (B 1) (Hs)y gy
i+j=Fk
= Bk_m+1(E)Ek(HZ)Yzeqk—erl.
We see that Ay € Alty] for all £ > 0. For k& > m this is obvious. For 0 <k <m — 1, Ay
belongs to AP [ts] N Koo [ty] where AP = U;50A'/P". This intersection is easily seen to

be equal to Ats]. Additionally, note that Ay =0 for all k > 4.
Now consider the formal series

§0:9) = 45 ) € K[l
>0
The exponential function associated with the (non-uniformisable) Drinfeld module of rank
one ¢% defined by
¢y =0+ 2B (X)T
where z is a central variable, is
expyo = »_2'D; 'Bi(S)7
i>0

expgo (C§(12) =S4 S D7 B(R)r (S ()) A

k>0  itj=k k>0

We get

Hence exp¢<>(g“/<4>(1; Y))) € Alts][z] is a polynomial of degree < ¢ in z and this is known to
imply a particular statement of log-algebraicity (see [4]).

6.2. The spaces E[ZN ). Let 3 be a finite subset of N* of cardinality s. Recall that if
k= (kj:jeX)eN weset 07 = (097 : j € 0). If N € Z, we also set k + N =
(kj + N :j € X). We also write Dy in place of [[;cy Dy;. For N € N we denote by E[EN}
the subvector space of the Cy.-vector space Ex; generated by the functions f such that

k
];(fi ) 5 0as |k| — oo. We have E[ e E[ Tif N < N’. We denote by 7s. the Fg[ty]-linear
map

o= Bi(E)r =[] -0
JEX
We have:
Lemma 6.2. The following properties hold:

(1) For N >0, m(EL) c BLY,
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(2) IfUC X, Y =%\U andr € NY, then for any f GE[EN}, ftUZGqL € IE[EA,[].

_ N
(8) We have T N(E[EO]) C IE[E I,

Proof. Let f be an element of E[EN J. Note that if k + N has a vanishing entry, then

Tg(f)(QqMN) = 0. Observing that D; = (#4' — 0)DI_, for i > 0, we see that for all k € N*

such that £ 4+ N has no vanishing entry,

e e =0) (e H\"
Dg_14n

as |k| — co. The second property is obvious. For the third we observe that if f € E[EO} then

Dyyn 11 jez(eq’“j*” —0)

1

NHEEY) _ (f(qu)> A

D]i/qN DE
- g
as |k| — oco. Hence, % Y ]

The interest of the spaces E[EN I'is inscribed in the next result.

Proposition 6.3. Let f be an element of Zx.. The following properties hold.

. N
(1) There exists N > 0 such that f € E[E i}

. m 0
(2) There exists m € N such that 7(f) € IE[E].

(3) If C is an admissible composition array of type X' such that the second row is
(1,...,1), then 7™ 1(f) € IE[EO] with f = Ca(C) and m such that m(q — 1) > |¥/|.
(4) If |3 < q, 2o CEY.
Proof. The property (4) immediately follows from (3). We prove (3). We first focus on
certain estimates involving twisted power sums. By [24] Theorem 7] we see that

E/
Sd< 1 > = lngd—m-i-l(E/)H(Y)Yzeqd*””“*l7

where H is a polynomial in A[ts,][Y] of degree < m — 1 in each variable ¢; with i € ¥’ and
degree < L1

=1 — ™M in Y (this polynomial can be computed by taking the coefficient of
HieE\El tf-l with 3 2 ¥’ such that |X| =m(qg—1) +1).
We have:

Lemma 6.4. Let U be a subset of ¥/ and k € ZY with the property that k := min; k > 1—m.
Then we have:

(1) If there exists i € U such that k; € [0,d —m], Sd(zl/) =0.

k
ty;=09"
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(2) Otherwise let Uy ={i €U :k; >d—m+1} and U_ :={i € U : k; € [1 —m,0[},
so that U =U; LWU_. Then:

E/
()
1 ﬁU:Qq&

Y\U .
Hy := —¢d—m+1 (m — M) +d Z ¢ + Ky
q—1 :
JeUy

‘ < jo,

where

where k1 € Q does not depend on k and d.

Proof. Since the first property of the lemma is clear, we assume that for all i, k; € [1 —

q%—1

m,0[U[d — m + 1,00[. We have |lgl| =10 T and
| Bammr (), _yeell =
_ k- d—m+1_7 _, _ k.
= ||Bicmsr (Z\UL)|| - 1) 7mT) Lev, 7 g e U g (dmmA) Rew, 07
Moreover,

2

s - _ ) ki |~
Y:(qu—mJA tU:quH S ‘el(qqﬁ—m)qd m+1’9‘(m 1) Z]EU+Q J+R1

where ®1 € Q is independent of k£ and d. We note that

- —(mt A7) (m-1) Y iR
|ld1|HHY:€qd’m+1 tU:@q&H §|9| (m q71)‘1 (m )Z]EU+Q m’

for another rational number x; independent of k and d. The lemma. follows. O

Lemma 6.5. We consider ¥ 2 X/ D U subsets of N* with || =m(¢—1)+ 1 and m > 0.
Then, uniformly in d > m, we have

(i)

Dy,

k
ty=07"

—0

as |k| — oo.

Proof. Let k be an element of ([—1,00[NZ)V. By Lemma[6.4]if there exists i € U such that
k; € [0,d —m] then we have Sy (21’) & = 0. Otherwise, from Lemma 6.4l we deduce that

ﬁU:Q
Sa(T), _pt
(32) 1#7—@(1 < ’9‘H2
Dl/qm ! ’
k+m—1
where
YA\U , .
Hy = —¢* ! <m - %) + > ([d=kj—m+1)g" = > " (kj+m—1)+ry
JEUL jeu- T
>0 -

<0
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where k2 € Q does not depend on k and d. We deduce that the left-hand side of (32) tends
to 0 as |k| — oo uniformly in d (the leading term when max k # d —m + 1 corresponds to

the sum over U, otherwise it is the term with the factor (m — %)) Now we observe

the following identity, valid for f € Ex, r € ZY:
N

(), g | ( ; )
— = o L
D£ D;/q ty :qu—N
Hence, for k € [1 —m, oo[V:
m—1 ¥/ , qV
T (Sd(l))éU:Qqﬁ+m—l _ Sd(Xll)
D B - 1/qm71 ’
E‘l’m 1 Dﬁ—i-m—l zU:qufl\f

and the lemma follows. U

We can finish the proof of Proposition The previous lemma implies the property
(3) of Proposition For the property (2), we note that for any admissible composition
array C of type Y’ there exists a composition array D of type X with the second line equal
to (1,...,1), N >0 and r € NV where U = ¥\ ¥/, with maxr < N, such that

¢al€) = T(Ca(D)), _ger-

Therefore this property follows by using the second part of Lemma Finally, the prop-
erty (1) follows from the third part of Lemma O

6.2.1. Remark. For general X not all the elements of Zy, lie in E[EO]. We give here an explicit

example, where j € N*, s = {j} and t = t;. We recall from [20, Theorem 14] that

5 B 2q(q* 1 — 1)
(33) degy (CA <2>t=6qk) = (k— 1)qk - q—il’ k>1.

Now consider ¥ C N* finite, such that |X| = ¢? and set f = (4 (g) € Eyx.
Lemma 6.6. If g > 3 then f ¢ E[EO}.

k
Proof. Assuming the converse, we should have %Z) — 0. In particular, considering
k € N and setting k = (k,..., k) € N*, f(QqE) = Ca(5),_gqr+2 of degree in 6 equal to
2

iV} At once, we have Dy = Dg of degree kqg"t2. We deduce that,

(k + 1)qk+2 _ 2q(q
a* _ 9
deg@(f(ﬁ >> _ a3, 2

q—1
Dy, q—1 q—1

with this choice of k,
which does not tend to —oo as k — oo. O
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The case ¢ = 2 is different. Indeed in this case f = T(C A (?)) so that one sees easily
that f (Qq&) = 0 for all k£ € N* but finitely many elements.

6.3. The maps &s. Let X be a finite subset of N*. We have the map

Es 22 Cool[Xy]™
defined by
f(67)
Z H A4 <{J}>

iENZ D; jES

Lemma 6.7. & satisfies the functional equation:

(34) Ex(ms(f)) = Es(f)1, VfeEs.

Proof. A = (3 j € %) = (Aa() :j € ) and if we set A" i= [[; 0" with i = (i; ;
j € ), we have the following identities:

Es(s(f)) = Z [Bl(g);)(if)](gq_)éqi

€N -

_ Z BI(E)(Q‘?f(QQL )quz

1

ie(N*)=
_ Z f( 9q_ 1)
i€(N*)®
= &s(f).
And the lemma follows. O

We note that the particular choice of A above is superficial; we can well choose an

AT
arbitrary element \ € ((Coo[[i E]]hn) and get the same kind of identity.

6.3.1. An example. In this subsection we revisit the classical identity (36l below. We return
to the function f = (4 (i) with s the singleton {j}. It is easy to see that f € ELO}. In fact,

we have f(6) =1 and f(67") = 0 for all k > 0 as follows from simple properties of the values
of the Goss zeta function at negative integers. We have seen in ([29) that Fo(f) = Aa(})
and the above trivial zeroes together with the value f(f) = 1 also imply &(f) = Aa(}).
Now, let us apply the functional equation (B4]). By Part (1) of Proposition we see that

N(f) € ELO} for all N > 0 and we can apply &. We deduce:

&Y () = (j)qN, YN 2 0.



36 0. GEZMIS & F. PELLARIN
Now, we observe that

> e (D) =& | 5 o | = ewe (Ma(3) )-

N>0 N>0

From [19] we recall the functional identity

(35) G (i) B W—TW

with ¢t = t; such that s = {j} and w the function of Anderson and Thakur defined in ().
Recall also the formula

7"
W(t) = — )
NZE:O D N(HQN — t)
which is easily checked. Noting that:
7"

we see that, with X = X,

expe <AA (j)) —a (S DN(efi o | s =am =X

N>0

and we deduce the (in fact well known) identity
S
(36) A <1> ~ logo(X).

Corollary 6.8. The maps Es and Fx, agree as Coo-linear maps Ex, — Coo[[X ]|
Proof. This is an immediate consequence of (36). O

Corollary 6.9. If ¥ € S is a finite subset such that |X| < q the maps Fx, and Es; agree
on Zy,.

6.3.2. Alternative proof of Corollary [6.9. Let ¥ be a subset of N* such that |X| < ¢. By
the fourth part of Proposition 6.3l Zx, C E[EO}. Hence &y, well defined over E[EO], can be

defined over Zy. Note that if f € Clty], then

(37) es(h) =1+ (T %)

jex

in agreement with the s-action of [5, §3.2]. Since &x(Bi(X)) = X‘; for all 7 by (34),
&y = Fy.
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6.4. Trivial multiple zeta values. We set:
ZUY = (f € Z,x: f(87) =0, for all but finitely many i € N*}.

This is an IF,-vector space. We also set Zgiv = @anLfig, which is a Zj-submodule of Zy,

and we define ZUY(K) and Z¥V(K) in a similar way, so that the latter is a Zy(K)-module.
The aim of this subsection is to prove the next result.

Theorem 6.10. Assume that X is a subset of N* such that |X| < q. Then Z¥V(K), as a
Zy(K)-module, is generated by the elements &i(t;), j € X, with

gr 0 - 0 ) ,
t;) = 1), k>0, €.
In particular,
ZNE) = D Zoy, moE) ] = QZE(K),
nZZiGZ qki 1EX €D
where the product ® is of Zy(K)-modules. Moreover, for all n, we have F|ts]-linear maps

mn: ZEN(K) — Z00(K).

Before proving the theorem, we need two lemmas. The first one makes the statement of
Lemma completely explicit, with ¢ = t; and s = {j}.

Lemma 6.11. Let X be a subset of N* with |X| < q. The following formula holds:

_ pM ) 0 0
Dle§<S<d—k<1>>:(—1)k5<d<1 g—1 .- (q—l)qk_1>’ d>k>0.

In particular, for ¥ =s = {j} and t =t;,

HD(#) = (~1)" Sy <§ S (q_gqm_1>, dm > 0.

Proof. We recall that in [23, Proposition 4.8] it is proved that, in the non-commutative
polynomial ring K[7] (with ¢ = ¢i7, ¢ € K),

wEi=(1- -5 | [1- 5 ) -7,
ld—l ll

where &; is the unique element of K|[r]| such that E;(z) = £;(z) (evaluation at z of poly-
nomial in z and of operator in K[7]), where we recall that E4(z) is Carlitz’s polynomial
D;'T1,(# — a) (see ibid. Proposition 4.7). This implies a factorisation of the exponential
function exp, associated to the A-lattice A C C in the non-commutative ring of formal
series K[[7]]. By (24)), the coefficient of 7 in

d—1

! ; T T
I SR Bl (3 Kl (Sra3 [0
=0

j=0 7 j—1
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is (—1)™ Z?_é Bj(2)5<j(q —1,...,(g — 1)g™ ') and the latter sum is equal to the sum
0

) g—1 - (¢—1)q
is i
1 Bi(X)  Bp(®) b
1 J _ k
j=k ‘j—k
from which the first part of the lemma follows. For the second part we note that if
Y =s5={j} and t =, then Hy(,f)(t) is the coefficient of 7™ in Zd ! b;i(t)E; O

We deduce:
Lemma 6.12. The following identities hold:

&(t) = %rf <<A @) k>0

Proof of Theorem [6.10L By Lemmal6.12] gy (t) := (— 1)#&,(t) has the property that gk(eqi) =
1if i = k and g,(09') = 0 otherwise. Let f be an element of Z¥V(K). We have that

fr = f(Qq&) € Zy(K) for all but finitely many k € N*. Hence, with k = (k; : j € %),
Fo=7f- Z DE £ TT & (1) € Zn(K)

JEX

has the property that Ex(F) = 0. Since & = Fy is injective over E[zo] (due to the fact
that |X| < q), we have proved the first property of the theorem. The second property now
follows immediately as an application of Lemma [6.12] O

We deduce:

Corollary 6.13. Let f be an element of fog with |S| < q, let i be an element of N>,

Then either f(09) =0 ori=(i;:j€X), n> > ¢ and f(87) € Zn—Zj 4 0
6.5. K[7]-structures. All along this subsection we choose ¥ C N* finite with |¥| < ¢.

We introduce an indeterminate 7 and we consider the skew polynomial ring K|[r] with
the commutation rule 7¢ = ¢7, ¢ € K. By Theorem [6.10, the K-vector space Z4V(K)
carries a structure of left K[r]-module by 7 f := ms(f) for f € Z¥V(K). This structure is
compatible with the grading structure by the monoid S because 7y, : fog(K ) — Z;;‘VE (K),
injectively. Note that for this grading structure, multiplication by an element of K leaves
the degrees invariants, while the right multiplication by 7 multiplies the weights by gq.
Similarly, the K-vector space Zy(K) = ®p 2, ¢(K) carries a structure of left K[r]-module

Tf := f? again compatible with the grading, this time by N in a way similar to that
described above.

Lemma 6.14. The composition of the map Fx, : Z5(K) — Lx(K) followed by the evalua-
tion at X; =1 for all i € &, induces a morphism Gy, of K[7]-modules

Z0V(KY) 92 20 (K)
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which is compatible with the grading by N on the pre-image and on the target.

Proof. We have a well defined K-linear map Z,, »;(K) KN Ly, »(K) which is an isomorphism
of K-vector spaces (Corollary [6.8]). The evaluation map which sends an element of Coo[Xy;]
to the value at X; = 1 for i € ¥ induces amap L, 5(K) — 2, ¢(K) (in general not injective)
so we have a K-linear map Gy, : Z, »(K) — Z, ¢(K). Now, Fx agrees with £ and can be
therefore extended to a K [7]-linear map E[ZO} — Ty, by Lemma The lemma follows
easily from these properties and Theorem O

We do not know if the K[r]-linearity of Gs; extends to Zx(K). On the other hand, it
seems that the following hypothesis is plausible:

Conjecture 6.15. The above map Gy, is injective.

Let 6,5, be the dimension over K of fog(K) It is easy to see that 6, g = dimg (2, ¢(K))
and that if 3’ C X is such that ¥\ ¥' = {j} (singleton), then 6,5 = >_ k<, 6,,_gr v We
recall, from [30], the next rational function field analogue of Zagier’s dimension conjecture:
Conjecture 6.16 (Todd). We have:

2" ifl<n<q-1,
Onp = 2071 — 1 ifn=q,

If we assume Conjecture [6.16] we get conjectural formulas for the dimensions d, s with
|X| < g and for all n and X' C ¥ (with |X] < q), 05 > 5.

We consider the K-vector space Cx(K) = @,C,, »(K) which is freely generated by the
elements [C] with C admissible composition array of (2), with n € N*. The properties of the
harmonic product imply that Cx(K), together with the product ®¢, carries a structure of
right Cy(K)-module which is compatible with the grading structures. There is a K-linear
map Gy : C, »(K) — C,, 4(K) such that Gy o0 (4 = (4 0 G, determined by the proof of
Theorem We consider the subvector space of the K-vector space C, s (K):

CU(K) = G (28 ()
(ﬁ) We also consider
CEv(K) = @) CU(K)
n
which also carries, by the harmonic multiplication ®¢, a structure of right N-graded Cy(K)-
module so that Gy, becomes a morphism of graded Cy(K)-modules. Observe that there

are structures of K[r]-modules over C%V(K) and Cy(K) which are compatible with the
gradings and also with Gy, which is therefore equivariant. On Cy(K), we simply set

T[nl nr]:[nl nr] QCQC [nl nr]:[qnl an]

q times

“We could also consider an F,-vector space CZ{E defined similarly, but using only elements of Zfl“iﬂ but
we will be mainly concerned by the above space.
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We have reached the following diagram of morphisms of K[r]-modules compatible with the
grading structures, where the lines are short exact sequences and all the squares commute
(note that the center and the right vertical arrows are surjective by definition):

Ca

0 — Ker(¢4) NCUY(K) » CUYV(K) —"— ZUV(K) ———— 0

GZ GZ gE

0 —— Ker(¢4) NIm(Gyx) = Im(Gy) ——— Im(Gy) ——— 0.

A simple application of the snake lemma implies:

Lemma 6.17. We have that Gy, is injective if and only if Ker(Gyx) C Ker((a). Moreover,
if Gx; is injective then the left vertical arrow is surjective.

In particular, Conjecture implies that, in the K[r]-module Gx(Z¥V(K)), all the
K-linear relations, generated by homogeneous ones (for the grading by N), come from
homogeneous K [7]-linear relations in Z¥V(K). Of course the limit of our approach is that
the image gg(zf;g(K )) is in general smaller than the target Z, ¢(K) (it also depends on
the choice of ¥, but the larger X is, the smaller the image is). However, in all explicit
cases we analysed experimentally, this construction is sufficient to detect all the K-linear
dependence relations among Thakur’s multiple zeta values for small weight. In 7.2 we

give some experimental evidences of these phenomena.

6.5.1. Remark. Another way to view the above constructions is to consider M the K[7]-
module Z¥V(K) and N the K[r]-module Gx(Z¥V(K)) C Zy(K). If Conjecture 615 holds,
then M and N are isomorphic, and there exists an isomorphism which is compatible with
the graduations by N. Hence, if FM and FNN are free resolutions of M and N, they are
isomorphic up to K[r]-linear homotopy. One can therefore hope to recover several K-
linear relations between Thakur’s multiple zeta values by considering K[7]-linear relations
between elements of Z¥V(K). This is what seems to happen in small weights and |X| < ¢;

see 7.2

6.5.2. Remark. Assume that |X| < g. There is a structure of Zy(K)[ty, 7]-module over
ZUV(K) compatible with the grading. If the multiplication of this module structure is
denoted by *, for i € X, we set, with f € ZUV(K)

tix [ = Fg ' (E(tif)).
This is well defined thanks to Corollary [6.8] the identity logo(Cy(X)) = 0logo(X), and
the fact that Ex(Z8(K)) is equal to Zy(K)[loge(X;) : i € X) (the map Fy, as defined,
cannot be evaluated at the entire function ¢; f). In particular, we have Ex(t;f) = Ex(t; * f)
for all f € ZUVV(K) and we can give Zy(K)[logo(X;) : i € X]'" a structure of torsion
Zy(K)[ts, T]-module which is isomorphic to the Zy(K)[ty, 7]-module Z¥V(K) via €. Of
course, from this structure we recover the K |[r]-module structures previously described.
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7. APPLICATIONS TO LINEAR RELATIONS

In this section we discuss some consequences of our results on the isomorphism &, = Fx
over the K[r]-modules Zx(K), in the case |X| < ¢. The first result is a simple consequence
of Theorem [6.10] and asserts that we can associate to trivial multiple zeta values certain
relations between multiple polylogarithms. We suppose that X is a subset of N* such that
Xl <q.

Remember the A-degrees from §4.1.01 We write Ci‘hz for the free F)-vector space gen-
erated by the composition arrays of A-degree (2) and Cf‘LZ(K ) for the free K-vector
space generated by the same composition arrays. We also recall that Cﬁf‘g = Cgl(Zfog)
and we define C;{‘g(K ) similarly. The map Fy, : ZrtL“EV — L,y lifts to an injective K-
linear map FY, : C';Lr}g — C,x(K) so that Fx; 0 (4 = A4 o Fx. Similarly, the map
Es Zﬁfg — Ly (K) lifts to an injective K-linear map Fy : C‘;ffg — Cyx(K) (in various
ways) so that &, 0(4 = Mg 0 Fx. Let us fix two such maps so that we have a commutative
diagram of K-vector spaces with injective horizontal maps and surjective vertical maps:

. Ey;
Chy(K) Cx(K)
Fx,
Ca A
Ztriv (g Ls(K).
n,E( ) & = Fy E( )

Theorem 7.1. The difference map Ex, — Fy, defines a K-linear map
CI¥(K) — Cp o (K)
whose image is contained in the kernel of the map A4 : C;\L’E(K) — £;\L7E(K). Moreover,

Ker(Ey — Fx) N C’g}% s equal to C,ZI(Zn—\m HjeZ Ca ({{}))

In particular, if f is an element of Zﬁfg such that there exists i = (i; : j € X) € N* with

the property that f (qu) # 0, then there exists a non-trivial K-linear dependence relation
in E?L,Z(K ).

Proof of Theorem[7.1. Let f be an element of Zﬁfg(K ). By Theorem [5.2] we have that
Fu(f) € Lyxn(K) = E?U’E(K). We now look at

est) =3 18w,

where

A =T xa <{{}>qij,

JEX
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which agrees with Fx(f) by Corollary 6.9, By Corollary 6.13} the elements f (qu) are either
zero, or in Zn_z_qij @(K ) when n > Zj q*. The properties of the harmonic product of
J b}

power sums imply that for all 7 such that f (qu) £ 0,

JENT € L) s (K).
This suffices to show the first part of the Theorem, namely, that the image of Ey — Fx
is in Cf‘LZ(K) and is contained in the kernel of A4 : C;\@(K) — ﬁ;\L,z(K)- Now, let
us suppose that f is an element of fo‘g Then we have Fx(f) € L,y and for all i,
f (qu))\qi € £i‘b72 because by Corollary [6.13] the elements f (qu) are either zero, or in

Z S i when n > > ; ¢. Additionally, since the monomials Hj X;]lj are K-linearly
J b

n—
independent, with i € N>, so are the elements f(§9 )\ with f(8%) # 0. Hence, with i
not equal to the zero vector and f(69), in the equality Fx(f) = Ex(f), the right-hand side
can be written as the image by A4 of a non-trivial K-linear combination in C9 (K) with
at least one coefficient which is not in I, because the polynomials D; are all non-constant
if 4 is not the zero vector. As for the left-hand side, this is the image by A4 of a non-zero
Fp-linear combination in Ci‘@ so that the difference between the corresponding two linear
combinations in Ciz(K ) projects via A4 to a non-trivial K-linear dependence relation in
EQ,Z(K ). This means that the map induced by Fy, — Fx over the quotient of C’ﬁf}% by

Cgl(Zn_m [[jesnCa ({{})) is injective. O

To give the simplest example of application of this result, we consider f = (4(] q91 ). We
know that f € Z¥'}. Note that, with s = {j} and ¢ = t;, we have (with f = f (%)) F(07) =0
for all k # 1 and f(7) = —1 (see the proof of Theorem B.I0). Hence &(f) = =Dy Aa(5)".
On another hand one easily sees that F,(f) = Aa(} qﬂl) so that the identity Fs(f) = E(f)

implies the identity
51 s 0
_ q
)\A<1> (@ — 01\ (1 q 1>

which is equivalent to ([B9) for £ = 1 and which implies, by substitution X = 1 (with
X = Xj) k =1 a formula that was first discovered by Thakur in [27, Theorem 5 (case
m=1)]:

Calg) = (60— 09)Ca(l,q - 1).
In particular, Thakur’s identity lifts to an identity in E;‘,s(K ) (note that this is equivalent
to the collection of binary relations Sq(q) + D1Sq+1(1,q —1) =0, d > 0, following Todd in
[30]. In the next subsection we are going to generalise this; see Theorem and (40).

7.1. Some families of linear relations. In this subsection we give examples of how our
methods allow to construct infinite families of linear relations of multiple zeta values of
Thakur. We illustrate two examples. In the first one we recover a result of Lara Rodriguez
and Thakur (Theorem [7.2)). In the second one, we give a new family of relations (Theorem

7).
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7.1.1. A family of relations of weight ¢* by Lara Rodriguez and Thakur. The next result
has been originally obtained by Lara Rodriguez and Thakur in [I§]. The formula below in
the case k = 2 can be found in Todd’s paper [30, Theorem 4.7].

Theorem 7.2 (Lara Rodriguez-Thakur). We have, for all k > 0:

%‘]lf) = (—D*Ca(l,g—1,...,¢" (¢ —1)).
k

Proof. Using Lemma [6.11] and summing over d we reach the formula (for |X| < ¢):

(39) DikTé <<A <21:>> — (—1)k¢a (Zf . ? - qk_l(g B 1)> . k>0

In the case X = s, applying & = F; we deduce the identity

(0 () =t )

Note that this is a linear dependence relation between elements of £ that have different
(-types (but same A-types). The left-hand side has (-type s =g...5 € S, while the
right-hand side has (-type s. The result follows after evaluation X = 1. O

7.1.2. A family of relations of weight ¢*T™ — 1 by Chen. Note that if we replace ¢ = 6 in
B9), case ¥ = s, after having applied the operator 7%, then we recover Chen’s [9, Theorem

5.1]. More explicitly, we note that, for n,r > 0, after application of 7" to both sides of the
identity [B9) with » =k and ¥ = s:

oa( iee) = CUDEC (50 1) et

Both sides of this identity are entire functions and we can evaluate at t = #. We get:

n+r—1

(t_gq")...(t_gq

Theorem 7.3 (Chen). For all n,r > 0, the following identity holds:
O —07) - (0— 07" )@ —1) = (1) DL Calg" — 1,¢"(q —1),...,¢" " L(g - 1)).

In other words, the identities (B9]) unify the formulas of Lara Rodriguez and Chen in
the case X = 5. For more general 3 we deduce multiple parameter families of more general
identities, we omit the details. An advantage of our method is that we need only very little
computations to construct our linear relations.

7.1.3. A family of relations of weight ¢ + 1. We can produce a variety of families of
relations in the same vein as in Theorem We illustrate another (slightly less explicit)
example: a family of relations between Thakur’s multiple zeta values each one of weight
¢® + 1 where k varies in N.

Theorem 7.4. For all k > 0 there exists a non-trivial linear relation in Z k1 ¢(K) of the
form:

(_1)k+1

1.¢") +Z. =0
Dk CA()q)+k

(41) CA(LLq_lvvqk_l(q_l))—i_
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where Zy € Zk 1 g(K) is given by the series

k
_ 1 ) k—j . . _
=k = Dk E (_1)k+]D_;1 ’ E Sd(l)sd(qk ]7qk ](q_1)77qk 1((]_1))
=1 d>0

The fact that = € Z k4 ¢(K) as expressed in the series above follows from Lemma [4.10]
and Proposition Indeed, we have that the j-th term in the sum over j defining = is
K-proportional to the evaluation at X = 1 of the Hadamard product:

s 5 0 0

To prove Theorem [T.4] we need a preliminary lemma.

Lemma 7.5. Assume that |¥'| < q. For any 1 < j <k and d > j, we have

b (500 (7)) = C0p B (3 sy L pogn):

Proof. There are several ways to obtain these formulas. One of them uses the principle of
the remark in §4.1.2)if we assume that |X'| < ¢ — 1. Let h be an element of N*\ ¥ and set
¥ = X¥'U{h}. Then, from the computation of the image by Fys, of both sides of ([B39) we
obtain that for integers d > k > 0:

&, <Sd—k <21/>> = (=1)*DyS, <21/ q?l N qk_l(%_ 1)> _

This is the identity of the lemma in the case j = k. Another way to prove it, under the
assumption that |X'| < g, is to apply Lemma [6.11] directly on two consecutive d’s.
The general case follows easily observing that

El i E/
S (qk> =7 (S <qj ))
and using the identity bg(t) = by_;(t)75 9 (b;(t)). O

Proof of Theorem [7]. From Lemma [6.1T] we deduce, with |X| < ¢:

R ) B a e (O &

n qg-—1 q

- o B 5 (%) oy ()
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for all d > k. Let n be a positive integer. Multiplying both sides of ([@2) by Sz(n) we get

w s() 0 qk—lfé—n):(—“w’if st ﬁ)‘

B Z

By using Lemma [7.5], one can rewrite (43) as

0% 0 .. 0 e B®g (0>
Sd<n I ¢g—1 ... qk—l(Q—1)>+( S Dy, Sd(" qk>
E(—1) D7 By (%) 5 0 o 0
+ Z Dk Sa(n)Sq (qk—ﬂ' " qg-1) ... ¢ Hg— 1)> -

J=1

(44)

Summing over d > 0 yields the formula:

(45)
By (S
LTS B ¢ 2)
k 'fﬂDq "Bie_i(%) 5 0 0
+ ; Dk ;S‘l(n)s‘i <qk‘j ¢ q-1) ... ¢ a— 1)> =0

and we know that the series over d > 0 converges to an element of Z x_,, 5;,(K). We suppose
that ¥ = s and we apply F;s to both sides of ({@3]). Evaluating at X = 1 implies

(_1)k+1

(A(nqu_lv'-'aqk_l(q_ 1)) + Dk <A(n7qk)
(46) k ( )k—l—qu = _
+> 3" S4(n) ¢"(g-1),....d" (g-1) =0.
j=1 d>0
Now setting n = 1 yields (41]). O

For example, using (41l) with k = 1, we get

Ca(l,Lg=1)+ —CA (L,g)+ > Sa(1)S4(1)Scalg — 1) =

d>0

= Call1g— 1)+ D%@(Lq) a2 —1) =0,
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This is [30, (5.2)]. If we choose k = 2, some explicit calculations yield the identity

2
Qﬂ&ﬂ—lﬂ”—w—gﬂ%ﬁl—éfﬂq+Lf—q%—Q%—lﬁﬂlq—Lf—qF

1
~ e N =0,
where [k] = 67" — 6 for k € N.

7.2. Relations in small weights. Using the methods of 6.5 we can recover all the
relations in weight ¢,q + 1 and ¢ + 2 described by Todd in [30, Sec. 5.2-5.3]. One of the
patterns that seems to emerge is that the interplay between the harmonic product of the
algebra Z and the Hadamard product on £ via the maps £y = Fy, works as a substitute
of the double shuffle relations for Euler-Zagier multiple zeta values. In the following, we
are going to examine the case ¥ = s = {j} C N* and n = ¢,q + 1,q + 2. We denote by ¢
the variable ¢; and by X the variable X, for simplicity.

7.2.1. Relations in weight q. By TheoremB.I0a basis of Z{'}(K) (the dimension is denoted
by d4.) is given by the image through (4 of a family

(M Oc F i (F) a K-basis of zq_l,@(K)> | | <[i ) 0 1]) c CU (k).

Note that the element [3] also belongs to CZf;V(K ) but it is submitted to the [F,-linear

relation
5 s 0 s 0
R et R P B

which is trivial. By Theorem [6.10] we have the non-trivial element

T [ﬂ + Dy [i ¢ ? J € Ker(€a) N C’f;isv(K)

which can be identified with an element of K [7]®% (first syzygy K[r]-module). Applying
Gy, we get the element (note that we omit the first line of composition arrays of trivial

type)
T[1] 4+ D1[1,q — 1] € Ker(¢a) N C 4(K).

Since T[1] = [q], this yields Thakur’s relation
(47) Ca(q) + D1€a(l,g — 1) = 0.

It seems difficult to find non-trivial elements of K®%s determining non-trivial elements in
the above kernel. This goes in the same direction of Todd’s analogue of Zagier’s dimension
conjecture, which predicts that dimg (Z,(K)) = 2971 — 1.
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7.2.2. Relations in weight q + 1. The K-vector space Cgﬂi_"m(K) contains the elements

s s 1 0 .
[J ©¢ F where F € C ¢(K) and [1 g J O¢ [1] The next lemma describes two non-

trivial elements in Ker(C4) N Cfﬁ_"m(K ) which are sent, via G, to elements which generate
the K-linear relations among Thakur’s multiple zeta values of weight ¢ + 1.

Lemma 7.6. We have the following two non-zero elements of the K[t]-module Ker(¢4) N
O o (K):

I TR TR )
(49) |:q—5|-1:|+|:i 2}+(1+D1)B q?l]—[? Z]JrDlﬁ ? q?l].

Proof. The element ([49) is determined by the product of (4 (i) and the two sides of (47).

We now prove that the element (48] belongs to Ker(¢4) N Cflﬁirvl’s(K ); we will use the
Hadamard product of Lemma [.T0l Taking & = 1 in Theorem [7.2] we obtain:

57 s 0\ _
)\A<q> + D1y <1 q_1> = 0.

q

° ) ®s (+++) of both left- and right-hand

Now we compute the Hadamard product A4 <1

sides of the above identity:

(50) W <51q> ®s ()\A <5qq> + D1y G . ? 1)) = 0.

Equivalently, we have: 3 ;-4 Sa(1) (Sd(q)—l—DlSdH (1, q—l)) X" = 0. Observe on another
hand that for any d > 0, we have

Su(Dhasa(8) = (¢~ 0)7(0u(0) = (1~ 6)Szar (5).

where the last equality follows from the well-known identity (see e.g. [20, Lem. 8]):

(51) T(ba(t)) =g
In particular, if we set

5
Z:=Y Sap(l,q = 1)S<a <1> € 2441
>0

]-“5<(t—9)Z) :)\A<51q> Os A4 G q?1>'

we have
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Similarly, there exists a unique element W € Z,; s such that

]-"5<(t - e)W) =4 (‘f) ®s A <5qq>

and this element can be easily computed. Thus applying the map F, ! (an isomorphism)
to (B0) and dividing by t — 6 implies

el )l ) el 1,0t )=

Taking the term-wise difference between (52)) and ([@9) we find
s 0 s 0 s 0 0
(53) ¢Ca <1 q> + D1Ca (2 g— 1> + D1iCa <1 1 g— 1> -

—D1CA<01) i q?1>—DICA<? Z>=0-

By explicit versions of Proposition (see also [8, Rem. 3.2] and [2I, Thm. 3.1]) we get
Hence,

CAG)CA(l’q_l):CAG ? q?1>+CA<; q?1>'
(54)

Ao 1,0 el - moa- vl caman

which determines the element ([48]). O

Lemma 7.7. Assuming Conjecturel6. 10 for the weight g+1, the map G5 sends the elements

of Lemma to a basis of the K-subvector space of Ker({a) N Cgﬂvlw(K)

Proof. In fact, we recover exactly Todd’s relations in [30 Sec. 5.2]. By an explicit version
of ([22) and applying the map G5 to (48)), we get

(55) DICA(27q_ 1)+D1<A(1717q_1) +<A(17q) =0.

In other words, we have reached [30} (5.2)]. On the other hand, applying Gs to (49) and
subtracting (53] from the result, we obtain

CA(q + 1) + Dl{A(lv q) + DICA(L 19— 1) + DIC(L q—1, 1) + CA(qv 1) + CA(27q - 1) =0
which verifies the relation [30] (5.3)]. O
7.2.3. Relations in weight g+ 2. We determine five K |[7]-linearly independent elements in

Ker(C4) N C;ﬂir‘éﬁ (K) by using the methods of §7.2.T] and We do not give full details
of the computations.
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Lemma 7.8. We have the following five non-zero elements in the K[7]-module Ker({4) N
Clriy o(K):

s I 0 s 0 0 5 00 0
(56)[1 1 q]+D1 [1 g— ]_Dl [2 1 q—1]+M ©c D [1 1 g—1)"
0

s 0 0 s 0 s 0 s 0 0

_[1 g } [q 2]+D1[1 11 q—JJFDlL 1 g—1 1}

0 s 0 0 0 s 0 s 0 5 0 0]

(57) +Dq |:1 q 1:|—D1 |:1 g—1 2:|+D1 |:1 1 q:|—|—|:1:| Oc¢ |:(] 1_,
0 s 0 0 s 0 0 s 0 s 0 s

2D1[1 2 q—l}_[2 q]+D1L q—1 2}+[q 2]+D1[1 q—l—l}

ot ][ o e
& (o o)) el
Clenfe D)=y

An immediate consequence of Lemma [7.8 and some explicit computations is the follow-
ing:

Lemma 7.9. Assuming Conjecture [6.16 for the weight ¢ + 2 the map G5 sends the five

elements of Lemma[8 to a basis of the K -subvector space of Ker(C4) N C’Zﬂ‘r‘é o(K).

In fact, the above five elements are precisely sent to Todd’s relations in [30, Sec. 5.3]
and are therefore linearly independent.
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