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ABSTRACT

We propose an estimate for the effective elastic properties of a new imagined two-phase bi-continuous
composite material type with a so-called “pantographic-inspired” (P-I) architecture in the sense of a ma-
trix reinforcement which is a 3D fiber network capable of large, pantographic-like, deformations, owing
to particular properties carried by the fiber interconnections. Such fiber networks co-continuous with
the matrix are described from an assemblage of inter-penetrated planar alignments of parallel infinite,
identical and equally distant, rods or beams that we call fiber layers or FPAs for “fiber planar align-
ments”. Piece-wise linear deformation of such a structure is constrained, as 2D pantographs are, by the
specific relations that link the evolutions of the FPA misorientations, of the fiber inter distance and con-
centration within each FPA, and of the given characteristics to the through-layer interconnections. We
derive effective properties within a well defined first gradient elastic homogenization scheme for macro-
homogeneous composite structures, based on explicating the involved mean Green operator (mGO) for
the representative pattern of such a P-I networked reinforcement in an isotropic matrix. This mGO for
P-I composites is built in making use of previously derived and presented mGOs for rod and beam FPAs.
Comparisons with Young and shear modulus variations during numerical homogeneous extension simu-
lations show that the proposed modeling provides relevant effective property evolutions with the advan-
tage of being analytical. Comparing so estimated force-displacement curves with numerical ones for 2D
pantographs enables to identify ways to further account in the modeling for the specific strengthening
effects of the FPA interconnections in pantographs. This tends to prove such P-I composite structures, still
to be manufactured, to possibly also behave similarly to pantograph ones.

1. Introduction

2016, 2018; Cuomo et al., 2017; Placidi et al., 2018, 2019;
Barchiesi and Khakalo, 2019).

Pantographic structures which are capable of large elastic de-
formation at low energy expense are promising meta-materials
potentially of concern and interest in many domains, from func-
tional devices as actuators and sensors to geo-mechanical, bio-
mechanical or aerospace applications, for only mentioning a few.
Basically introduced in the 19th century as deployable 2D or 3D
structures (Wallace, 1836; Selling, 1887), they are nowadays also of
primary importance for fundamental purposes regarding the study
of generalized continua and, in the specific, of second gradient ma-
terials (Pideri and Seppecher, 1997; dell'lsola and Seppecher, 1997;
dell'lsola et al., 2015; Alibert et al., 2003; Seppecher et al., 2011;
Misra and Poorsolhjouy, 2015; Eremeyev, 2016; Eremeyev et al.,
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Here, restricting our attention to the homogeneous behav-
ior range of these structures, the concern is to determine ef-
fective elastic-like properties for two-phase materials that com-
prise an isotropic compliant matrix and a 3D fiber pantographic-
inspired (P-I) network co-continuous with the embedding ma-
trix. This phase assemblage with expectedly retained potentiali-
ties of large deformation at low energy cost is a newly imag-
ined type of bi-continuous composites or composites with inter-
penetrating phases, the variety of which is already quite large
since it non exhaustively assembles structures as different as
open cell foams (Roberts and Garboczi, 2002; Gong et al., 2005),
bones (Kinney et al., 2005), woven textiles (Udhayaraman and
Mulay, 2017), metal or polymer mixtures (Peng et al, 2001;
Veenstra et al, 2000; Clyne et al., 2005; Leclerc et al., 2016),
weakly compacted powders (Poquillon et al., 2002) or partially
melt alloys (Limodin et al.,, 2007). An example of such a new P-I
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Fig. 1. Drawing (left) and AM realization at Warsaw University of Technology (right) of a multilayer pantographic-inspired 3D fiber network (to be embedded in a matrix

not visible on the figure).

Table 1
Definitions of abbreviations and acronyms.

Abbreviations and acronisms  Definitions

FPA(s) fiber planar alignment(s)

P-1I pantographic-inspired

L-R, R-L Left-Right, Right-Left alternated piling of FPAs

GO(s), mGO(s) Green operator(s), mean Green operator(s)

C-fibers cylindrical fibers with circular cross section

SQ-beams beams with square cross section

RT, IRT Radon transform, Inverse Radon transform

PCW Ponte-Castaneda and Willis effective property estimates (1995)

Table 2
Definitions of main variables and notations.
Variable and notation  Definitions
Vi r A domain in the R? infinite medium; a point in V or in R?

EV(r):; EV or EV
V) tVortV
C, ClorcM
Yv(w,1); Yv()
wApattem(B) (w)

Vint (Apattern(s)) (@)
tApattern(B)

tint (Apattern(B))

CApattern(B)/D
ef fM ’ )
of A,B,D characteristics

XXX . TXXX
Tijkl ’ij

The Eshelby (rank 4 or rank 2) tensor at point r=(ry,r,r3) in V; the mean or the uniform Eshelby tensor over all r points of V
The GO (rank 4 or rank 2) at point r in V; the mean or the uniform GO over all r points of V

The elastic-like rank 4 property tensor for a homogeneous medium; for a homogeneous specific phase I or M

The shape function at point r in V; the mean shape function of V

The mean shape function for some included pattern in the infinite medium with A,B specified pattern characteristics

The interaction part of the mean shape function for some included pattern in the infinite medium with A,B pattern characteristics
The mGO for some included pattern in the infinite medium with A,B specified pattern characteristics

The interaction part of the mGO for some included pattern in the infinite medium with A,B specified pattern characteristics

The effective elastic property tensor from the M estimate model for an infinite medium reinforced with the second phase pattern

The components of TXX tensor/operator when of rank 4; of rank-2

internal composite structure (the matrix is made invisible) in that
diversity is shown in Fig. 1 (left as a drawing and right as a pic-
ture of additive manufacturing realization!), for the case when the
fiber network symmetry is orthogonal, what would in general cor-
respond to a reference undeformed situation. The Fig. 1 anticipates
on the fact that, in the main cases of this new composite type that
we examine here, one of the 3 (initially orthogonal) fiber fami-
lies differs (the z-oriented one as indicated) and is treated differ-
ently from the two other ones which keep identical (and identi-
cally evolving) characteristics, and in particular their two opposite
orientation angles + 6 with regard to some in-layer direction %, as
detailed in the following.

All the abbreviation and acronym definitions appearing along
this text are collected in Table 1; similarly, the definitions of the
main variables and notations can be found in Table 2. This fiber
structure, to be matrix-embedded for building a P-I composite, can
be seen as a particular sub-class among more general 3D fiber net-
worked structures where all three constitutive fiber families could
in principle have either different characteristics or identical ones
and could play either different or similar roles, in a sort of gen-
eral “triclinic” network in the sense, without any reference to crys-
tal structures, of being currently (that is possibly evolving under

T By courtesy of Prof. T. Lekszycki, Warsaw University of Technology.

deformation) characterized by a representative parallelepiped-like
volume with three unequal sides and three unequal angles. This is
tentatively represented in Fig. 2 by one (left) and 4 (middle) ele-
mentary volume element(s). The 3 thick bi-colored edges on this
representative volume, to be seen as unequal, figure the 3 inter
penetrating fiber families. Each family pair belongs to a same fam-
ily of parallel planes with alternated orientations (as the yellow-
blue and the yellow-red ones along v () and u (— 6’) directions,
with 0 < 6’ # 6, in the x-y plane), while the third (w say) fam-
ily goes through these layers. With some periodicity, some of the
fibers in each 3 family need be layer-inter-connecting (the thin
dashed lines) to ensure more or less continuity and cohesion to
the network. Hence, many such structures can be thought as ba-
sically made of three inter-penetrated and inter-connected assem-
blages of parallel fibers under the form of either fiber planar align-
ments (to be denoted FPAs for short) or 1D bundles which can also
possibly seen in turn as assemblages of coaxial FPAs. On the Fig. 2,
the connections between fibers of different orientations are sym-
bolized by “hinges” (black open circles) which hide the details of
the operating mechanism for deforming the network, a point not
to be entered here for it will be shown that only the geometri-
cal and related stiffness descriptors of these connections need be
specified for the formulation of P-I constitutive equations.

Going back to the specific P-I networks shown in Fig. 1 that
constitute the matrix-embedded phase in the examined P-I



Fig. 2. Left: a general triclinic 3D fiber network representative volume element; middle: a larger 4-cell volume showing parallel fibers pairs; right: the elementary represen-
tative volume corresponding to the structures of Fig. 1 shown as a particular case of the general one.

vit) X u(R)

Fig. 3. Representation of an alternated FPA pair constituting the typical pantographic-inspired bi-layer (no interconnections are visible).

composites (this embedding matrix is made invisible on most of
the Figures to come), only considering here fiber-like elements
which are either of circular (rods) or of square (beams) cross sec-
tions, we reduce the examined situations to cases when the FPA
assemblages are alternately L-R (for left and right) and symmet-
rically (& 0) oriented layers in one (x-y say) plane, with regard
to one (here x) direction. From such a structure symmetry as-
sumption, the element (fiber) inter-distance is kept identical for
the two FPA families which are parallel to the x-y plane and the
FPAs are assumed to remain planar and parallel (neither out-of-
plane twist nor flexion of the FPAs are considered). Thus, the unit
pantographic-like constitutive domain of the structure is an al-
ternated L-R (or R-L) pair of contiguous FPAs, as exemplified in
Fig. 2 right as a particular case of the general described family
which in the third (w or z) direction has only inter-connecting el-
ements and more simply in Fig. 3 in the orthogonal reference case
(0 =m/4), with a layer inter distance not necessarily equal to the
in-layer fiber inter distance. Thus, the all identical rod or beam
elements in the successive layers which are respectively oriented
along some u and v oppositely varying directions, are currently 26-
misoriented (note that for the same symmetry reason that makes
L-R and R-Lpilings equivalent, it is equivalent to alternate the lay-
ers downwards or upwards along the z normal to the x-y plane).
The inter connecting hinges are taken to be, in the average, aligned
along that third family of w-oriented fiber-like elements of the 3D
network which may a priori be inclined on the z axis. It is wor-
thy to keep from now in mind for the final discussion, that vari-
ations of the 26 misorientation angle between successive (LR, L,
...) parallel FPAs can also be related to torsion and bending (in
the sense of inclination) along the third interconnecting element
family, and hence related to some torsion and bending aptitude
for these swiveling interconnections. In a first step, these features
are disregarded. In contrast, the embedding compliant matrix will
be kept homogeneous that is local network-due distortions are ig-
nored.

We mainly consider the in-plane (x-y) homogeneous extension,
in direction x say, of a matrix reinforced by such a network, the
overall in-plane behavior of 2D pantographs during extension or
shear being known to be in first approximation piece-wise ho-
mogeneous extension (Placidi et al.,, 2016; Scerrato et al., 2016a;
dell'lsola et al., 2016, 2017; Turco et al., 2016a, 2017; Greco et al.,
2017; Barchiesi et al., 2018, 2019a; Placidi et al., 2017; Laudato
et al., 2018; De Angelo et al., 2019a), each homogeneous domain
possibly supporting additionally a specific body rotation with re-
gard to the main axis, as illustrated in Fig. 4 (where identically
colored fibers are those belonging to a same - L or R - FPA in any
contiguous pair). As shown in this Fig. 4, apart from the end do-
mains (as NMP, RTU) which in first approximation do not deform,
each sub-domain homogeneous straining corresponds to an equal
and opposite variation of angles — 0 =(x, u) and 0 =(x, v), which
are related to an evolution of a same element inter-distance in
the two FPA families. A shear x/y (or y/x) on such a pantographic
structure also corresponds to similar piece-wise homogeneous ex-
tensions of sub domains (as the central pantograph part PQRS in
Fig. 4 right), with the extension direction being additionally in-
plane rotated (from z to 2, as drawn). Lateral domains also de-
form by combining extension and rotation. Simple angular rela-
tions between sub-domains are collected in Appendix A for the
case of the “short” pantograph of Fig. 4, in both axial and shear
in-plane deformation. It is also noteworthy that specific end con-
ditions for clamping the fiber layers when applying axial extension
on the structure can suppress the end and lateral sub-domains and
yield an overall homogeneous extension.

The exemplified configuration in Figs. 3 and 4 keeps the
through-layers connecting third fiber bundle normal to the FPAs.
This corresponds to the one-placement-field assumption frequently
used for the strength of the layer interconnections (Boutin et al.,
2017; Barchiesi and Placidi, 2017; Placidi et al., 2016; Giorgio, 2016;
Yang et al, 2018; Giorgio et al., 2017; Turco et al, 2016b;
Scerrato et al., 2016b; Yang and Miiller, 2019), while inclinable
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Fig. 4. Scheme of axial extension (left) or transverse shear (right) for a 2D pantographic bilayer structure (central), with piece-wise homogeneous extension-like deformation
of sub-domains PQRS, MPQ = SRU, NPS = QRT, with rotations. Fiber colors indicate L or R planar alignments (PAs). Interconnecting pivots are normal to the FPAs.

interconnections would correspond to a two-placement-field as-
sumption as discussed in Spagnuolo et al. (2017) and more gen-
erally to a currently triclinic network structure as the one of
Fig. 2 left and middle. As is also observed on the simple 2D views
of Fig. 4, the homogeneously deformed sub-domains are in-plane
connected along more or less extended boundary zones where sec-
ond gradient effects are localized, the nature of which is related to
a local in-plane bending of the aligned fibers. These singularities
are disregarded in the present work.

Hence, the piece-wise homogeneously deformed P-I fiber net-
work of concern is assumed to be embedded in a compliant ma-
trix which is also assumed to deform piece-wise homogeneously
and with homogeneous sub-domains of the two phases being co-
incident. Consequently, the overall (effective) behavior of such a
composite structure can be approached, as far as attention is paid
to homogeneous applied deformation (that is at the scale of the
homogeneously deforming sub-domains in first approximation), in
using homogenization frameworks applicable to reinforced matri-
ces, with the two phase co-continuity deserving some particular
considerations as addressed in details in Franciosi (2012, 2013) and
Franciosi and Charles (2016). The embedded fiber network being
considered as substantially deformable, its representative pattern,
although taken to remain piece-wise homogeneous, is expected
to not remain invariant along any deformation path and so it is
as well then for the effective elastic properties of the composite
structure in each such homogeneous domain. If one further disre-
gards the damage features possibly related to debonding between
the fibers and the matrix, as well as to the matrix or fiber fracture,
the major issue to estimate the current effective properties of such
composites from a homogenization procedure is to well enough
describe the reinforcing networked fiber pattern in terms of its so
called mean Green operator (mGO) and to have an expression of
easy use to follow at the best the expectedly large variations of
this operator with the pattern structure evolution under possibly
large homogeneous extension.

In the case when the fibers are infinite cylinders with circu-
lar cross section of same radius R (called C-fibers), global mGOs
for C-fiber FPAs of n (up to infinite) parallel, identical and equally
distant, elements as exemplified in Fig. 5 were calculated in
Franciosi et al. (2019), for all fiber axis-to-axis inter distance values
2L from infinity to contact, with all fiber pair interaction accounted
for in the n-FPAs up to infinite n value, for the case of an embed-
ding medium with isotropic, elastic or dielectric, properties. These

mGOs for n-FPAs of C-fibers in an isotropic matrix were shown, as
a result of non trivial and tedious calculations, to have a simple
expression, with application examples given in the cited reference
for estimating variations of effective stiffness properties of 1D fiber
bundles when compressed or extended transversally with regard
to the fiber direction. Similar mGOs were calculated more easily in
Franciosi (2018) for n-FPAs of parallel beams with various polygo-
nal, and in particular rectangular (including square), cross sections,
for any fiber inter distance as well, the exact form of which being
not reducible to a simple one as for the C-fiber n-FPAs. A first new
result provided in the present work is an accurate approximation,
from graphical analysis, of easier use for the mGO of infinite FPAs
of SQ-beams, square cross sections being close to the frequently
rectangular ones realized in 3D printing elaboration as exemplified
in Fig. 1 right.

As for all inclusion patterns, the mGOs of FPAs share into a
main term and a global pair-interactions contribution. On the ge-
ometrical ground, the main term only depends on the individual
element shape(s) and the interaction part depends on the rela-
tive positions and distances for all element pairs in the pattern,
that is of the inter-distance(s) between parallel elements in FPAs.?
In having, in the cited references, considered FPAs up to an infi-
nite number of elements, it was shown that the critical inter dis-
tance above which a fiber or a beam can be considered as isolated
was typically (depending on the wished precision) ten to twenty
times the C-fiber radius or the SQ-beam side. This length defines
an influence zone around any element out of which the rest of the
alignment does not contribute much to the interaction and thus to
the pattern mGO. This limited influence zone conversely allows the
use of the mGO of infinite patterns as soon as the element num-
ber is large enough in a FPA, that is above ten fibers typically. The
knowledge of this mGO for infinite FPAs of C-fibers or of SQ-beams
was thus the very first necessary information to attempt perform-
ing the homogenization-based estimate of effective properties for
the two-phase P-I structure type here of concern. The present work
could not be realized without having first solved these FPA mGO
problems for circular cylinders and square beams in the two cited
references eventhough the previously achieved determinations of
these C-fiber and SQ-beam FPA mGOs also constituted results of

2 Interactions between not parallel fibers are localized “around” the shortest dis-
tance between the two fibers. They are disregarded in the modeling for sake of
simplifying, but their effect will be estimated from computational simulations.
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Fig. 5. Representation of a single FPA of C-fibers with radius R and axis to axis inter distance 2L.

own interest for varieties of applications. Only these obtained mGO
forms will be recalled here, with a brief summary of the calcula-
tion routes.

The second necessary information for the composite deforma-
tion to be “pantographic-inspired”, that is to be ruled by the P-I
network deformation characteristics, is to well enough describe the
through-layer interconnections for this description will be taken
to drive the in-layer fiber network behavior under straining and
hence the one of the P-I composite. This amounts in the one hand
to well enough accounting for the through-layer stiffness of the
FPA assemblage and on the other hand to describe the in-plane
relations between the fiber network extension, the fiber inter-
distances in the FPAs, the misorientation angle 20 between the al-
ternated FPAs, and the volume fraction changes for the fiber net-
work in the matrix. The chosen description must represent the
specific characteristics which are carried by the inter-connections
between the elements of the piled FPAs in the assemblage, called
pivots at the scale of each two consecutive L-Ror R-L layer pairs
as exemplified in Fig. 1 and which constitute in this multi-layered
network the fiber-like pivot arrays possibly described, in the aver-
age, as a 1D fiber bundle going through and somehow intercon-
necting the layers. This is one of the fully new results presented
in this work, which shows how these pantograph-like deformation
characteristics, called herein “geometrical descriptors” and which
are linked to the physical connections (the pivots) between fiber
layers, can be used to describe the corresponding behavior of the
P-I composite structure where no pivots are physically accounted
for. The other innovative development in this work is the proposed
homogenization-based description for a two-phase bi-continuous
P-I composite. In it, the reinforcing 3D fiber network needs be de-
scribed in such a way that a realistic enough mGO can be calcu-
lated with the request of an easy follow up of its evolutions as in-
duced by the high, pantographic-like, deformability properties that
such a composite type is supposed to retain.

Section 2 first recalls from earlier author and co-worker works
the Green-Fourier-Radon foundations of the used homogenization
procedure for estimating effective properties of a two-phase com-
posite and then presents the mGOs and the effective properties for
the FPAs which serve to express those for the P-I fiber network to
be embedded in a matrix. The Section 3, which contains the main
new results of this work apart from the mGO approximate for FPAs
of SQ-beams that appears in Section 2, presents the specific appli-
cation to building the P-I fiber network we are interested in from
a layered assemblage of FPAs with extension-evolving alternated
misorientations, in order to calculate a representative mGO for it
and then to estimate the current effective properties during defor-
mation of the P-I composite. Two forms for these effective stiffness
properties, obtained from two pretty close homogenization-based
modeling procedures, are examined and compared, with special
attention to well accounting in them for the properties of the
through-layer interconnections. Once having shown that the two
descriptions yield nearly same estimates for the examined struc-
ture under in-plane extension, the Section 4 reports some obtained
results from that modeling scheme for the defined P-I compos-
ite and some performed comparisons with numerical simulations

are presented and commented. At first are exemplified the effec-
tive (Young and shear) modulus evolutions with axial in-plane ex-
tension one arrives at for the P-I composite and the correspond-
ing force-displacement curve resulting from the evolving effective
axial Young modulus. These analytical results are then compared,
for validation, with numerical simulations of the effective modulus
evolutions during axial extension applied to a periodic structure
that mimics at the best the P-I composite type of concern. At last,
Section 4 compares the analytically obtained force-displacement
curves, which are a priori free of torsion effects as built, with typ-
ical numerical curves from an in-plane extended 2D pantographic
structure with appropriate end conditions for the overall behav-
ior to be homogeneous. This allows to examining the matching
possibilities between the respective models for these two struc-
tures (say the analytical modeling for two-phase P-I composite
and the numerical one for a 2D pantographic bi-layer). It is first
shown that pretty well adjusting a numerical curve on a given
analytical one, which is characterized by its matrix to fibers stiff-
ness ratio, is possible in adjusting the torsion modulus of the fiber
inter-connecting pivots in the pantograph mechanical behavior de-
scription. Conversely examining the allowed ways to account for
such pivot strengthening effects in the proposed analytical mod-
eling where the fiber interconnections are not physically present,
it is shown that: (i) for weak and moderate pivot strength ef-
fects, sufficient adjustment freedom is provided accounting for ex-
pectable (torsion-due) strengthening of the introduced through-
layer fiber bundle and/or possible (inclination-due) decrease of the
layer inter-distances, with the fiber misorientation changes during
extension; (ii) in the case of high pivot strength effects, a good an-
alytical match can still be obtained in assuming a possible increase
of the matrix stiffness with the extension-due fiber misorienta-
tion changes. This aptitude of the proposed P-I composite model-
ing, as shown here for an extension load, to analytically match the
behavior of 2D pantographs provided the account of some indi-
rect pivot strength effects, either through the fiber network or/and
through the embedding matrix, also makes for certain applications
the proposed P-I composite structure type a possible pantograph-
equivalent that deserves further investigation. Section 5 concludes.

2. Mean Green operator and effective properties of a planar
alignment of fibers

In many homogenization frameworks, the main role to estimate
effective properties of heterogeneous structures of the reinforced-
matrix type is carried by the Eshelby tensors (Eshelby, 1957) which
characterize how an infinite medium with given property C tensor
constrains embedded domains V in it which either have different
properties or a different behavior from the matrix. Here on, the
“properties” of concern will be only of the elastic type. In conse-
quence, unless stated differently, any tensor or operator not expli-
cated in component form is a rank-4 tensor. However, it is worth to
specify that the entire recalled framework as well as the new de-
velopments in this work can be transcribed for dielectric-like prop-
erties or for so-called “generalized-elastic” ones, the latter allowing
applications to coupled elastic-physical properties. In the former



case, as explained in Franciosi (2005, 2013), this mostly amounts
to substituting rank-4 tensors and operators with corresponding
rank-2 ones while in the latter case it amounts to extend the rank-
4 tensor (3,3,3,3) dimension to the appropriate one, according to
the notation of Barnett and Lothe (1975).

The domains V can be either inclusions which are shape-
representative of the different embedded “inhomogeneities” or
also domains whose shape represents a particular spatial distri-
bution or organization symmetry of them in the matrix medium,
as will be exemplified in the following. These widely used Es-
helby tensors since then, which are still the topic of advanced re-
search (Zhou et al,, 2013; Traxl and Lackner, 2018; Eremeyev and
Konopinska, 2019), were proved in the seminal work of Eshelby
(1957) to be uniform in the interior of isolated (single) domains
having an ellipsoidal shape. When a domain V does not repre-
sent a single inclusion but a pattern of them, the interaction Es-
helby tensors between all element pairs constituting the pattern
are also needed to fully obtain the global (non uniform) tensor
for V (Berveiller et al., 1987). While the interior Eshelby tensor
at r points of a V domain (say Eg(r), reV) is not easily at
hand for a general V shape even in the simplest cases of a ma-
trix with isotropic properties, the interaction tensor between do-
main pairs is generally much harder to access, even with compu-
tational help. In order to estimate effective properties of reinforced
matrices, it is often enough to consider, rather than the entire ten-
sor field E‘C’ (r) over V, a mean tensor form over V, say EY, which
can be computed in a simpler way: this mean global tensor com-
prises the appropriately weighted sum of all the mean interior ten-
sors for the pattern elements and of all the mean pair interaction
tensors between the elements. The product Eg (r) : C-! between
the Eshelby tensor and the compliance (inverse stiffness) tensor
C-! of the matrix in which V is embedded defines the so-called
modified Green operator integral, derived from the Green tensor, to
be denoted t!(r) and named “GO” (Willis, 1971; Zeller and Ded-
erich, 1973; Willis and Acton, 1976; Walpole, 1981; Kroner, 1958,
1990; Cheng et al., 1997; Pan and Tonon, 2000). If mean values
over V are to be considered, we have E/ : C-! = t{ and when uni-

form in V, one will note E!(r) = E{ = E{. (resp. t{(r) =t/ =t!),
Vr e V (in this latter case, V can be specified to be necessarily
ellipsoidal in writing V,;). The knowledge of tg (r) is quite equiv-
alent to the knowledge of Eg (r) with several advantages of the
former on the latter as positive definiteness and super symmetry
in the case of elastic-like properties (Hill, 1952; 1965; Ponte Cas-
taneda and Willis, 1995; Bornert et al., 1996; Buryachenko, 2001;
Buryachenko and Brun, 2012). Some other advantages of the GO
on the Eshelby tensor show up when making use of the Radon
transform (RT) method and inversion (IRT) formula to explicate it
(Gel'fand et al. , 1966; Helgason, 1980; Natterer, 1986; Ramm and
Katsevich, 1996), as its multiplicative dissociation into a geometric
contribution and a material property one, which results in easier
calculations as recalled next.

2.1. Introduction of the Green operator and of the Radon transform
and inverse formulae

This recall is a synthesis of the RT-IRT presentation for appli-
cation to inclusion problems from Franciosi and Lormand (2004),
Franciosi (2005) and Franciosi and EI Omri (2011), with adapted
focus for the here addressed new inclusion pattern and struc-
ture type. We consider that infinite homogeneous elastic medium
which is described by an elastic modulus tensor C. We express
the displacement field u(r) at point r due to a punctual force f{r’)
applied to a different point  of the medium, with u=(uq,us,us)
(resp. f), and r=(x1,x2,x3) (resp. ) as:

up(r) = Gpi(r — 1) f;(r') 1)

where Gy(r—1) is the Green strain tensor as defined in
Hill (1952) and Kroner (1958). The medium being infi-
nite, the Green tensor in Eq. (1) only depends on the dis-
tance r—r. Using Eq. (1) in the stress equilibrium rela-
tion 0 man(1) =00 mn(r)/0xn = (Cmnpg(Fp,g(r)), n =0, where
o(r) is the stress tensor, the property field C(r) is shared as
Cinnpq(1) = Cinnpg + ACmnpq(r), with C the reference medium prop-
erty tensor. Treating the non uniform part (AGuupg(F)upqe(r)), n
as a punctual force field fm(r)=38(r—1)8,,fi(r'), with §(r) the
Dirac delta function and § the Kronecker symbol, the twice
differentiated Green tensor is defined from the relation:

(Cm"Pquj.qn (r—r)+4@- r')(smj)fj(r') =0 (2)

In Eq. (2) the double derivative at r of the Green tensor
Gpi(r—r') is named the modified Green operator, which reads
(upon “super symmetrization” on index pairs (p,q),(j,n) and on
(p.a) vs (jn)):

02Gy(r—1')
0xq 0xy

(3)

Lpgjn(r—1") = —
(p.9).(j.n)

We next consider a domain V into the infinite medium. Inte-
grating the operator I',g,(r—1’) with regard to * over this do-
main, formally yields the modified Green operator integral at each
interior or exterior point r to V, as (the reference to the infinite
medium properties € is momentarily skipped):

tgan(r) = / LCpgjn(r — 1) dr'. (4)
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It is this operator in Eq. (4) which is frequently called the
“Green operator” for short that we here on note GO and mGO
its mean value over V. An explicit calculus of tV(r) over V
starts by Fourier transforming Eq. (2). With the wave vector
k=(kqy,ky,k3) in the Fourier space having modulus |k|=k and
unit vector® = (w1,w,,w3) such that k= (kwq,kw,,kws), the Fourier
transform? of Eq. (2) is:

ConpgGpj (K)kgkn = 81, (5)

and introducing spherical coordinates such that w; =siné cosg,
w, =sinf sing, w3 =cosH further yields:

Connpg@n@gk? G (K) = Minpk? G (K) = 81
= >12Gpi (k) = M, (@) (6)

Next replacing in Eq. (4) T'pgn(r—1') by the inverse transform
of its Fourier transform yields:

1 . ,
v - -1 —ik-(r—r") ,
") = e V/ </ M, (w)wqw”}mq),(j,n)e dk>dr

(7a)

Writing finally dk =k?dksin9dfdg = k*dkdw, and with Q the
unit sphere in R3, one obtains:

1 .
tqjn(T) = @/ ftﬁan(w) f k2e-kr—rdk de |dr'  (7b)

v Q k=0
where:
1 -1
tgan (@) = ij (@)wqwn = (CapeaWp@a) 5j Wqn. (7¢c)

3 Used definitions for the Fourier transform and inverse of G(r) and
8(r) are Gpj(k) = [ Gpj(ryexp™rdr;§ (k) = [ §(r) exp™r dr = 1; Gpj(r) =
2m)73 [ Gpj(kyexpikrdlk; §(r)= (27 )3 fexp ~ikrdk.



Eq. (7b) can be simply rearranged by permuting the V and €2 in-
tegrals and by introducing a shape (weight) function ¥y (®,r) such
as to finally write:

qun (r) - ./than(w)wv(w’ r)dw’ (8)
where:
1/fv (w, 1) =

1
ng (@,1), & (w.1)

/ / kze"kw")dk) dr (9a)

Vv =0

These calculations were presented with some more details in
Franciosi and Lormand (2004) where it is shown that Eq. (8) is the
IRT form of tgq]n (r). The first IRT powerfulness is to separate the
concerned operator in two parts: (i) the tgqm (w) elementary op-
erators, which identify to the uniform GOs of laminates with nor-
mal @, carry the C material property-orientation-dependent part
(for each material property case, a Table of them can be calcu-
lated once and for all). Characteristic details are summarized in
Appendix B which gives the non zero terms of t°(w) for the case
of isotropic elasticity; (ii) the shape function ¥ y(®,r) of a spe-
cific inclusion or pattern V is only defined by the geometry of V
and is valid regardless of the properties of the embedding matrix,
whether them be isotropic or not and whether them be elastic or
else. The function ¥ y(®,r) is the IRT of the characteristic (indica-
tor) function of V, which equals 1 (resp. 0) at all points r interior
(resp. exterior) to V. However, although both parts of the GO in
Eq. (8) are at analytical hand for quite many cases, the resolution
of these integrals (for the different pgjn operator terms) can re-
main quite complicated especially for general property anisotropy.
The Appendix B also shows the form of the individual double (6,
@)integrals over the unit sphere which need be calculated from
Eq. (8) to obtain the terms of the mGO tV for some V domain of
which the mean shape function v, (@) is available with indica-
tions for the calculation of the FPA mGOs here of use. Now on is
briefly recalled the calculation route of the &(w,r) function from
the RT-IRT method in order to obtain that shape function and then
its mean value Y (@) over V when V is the fiber network organi-
zation to be embedded in a matrix in order to realize the new P-I
composite type of concern in this work.

Let's consider a (x,y,z) frame with Oz /| k /| @, such that k -
r=ko.r =kz. This allows to rewrite £ (@,r) in Eq. (9a) under a form
which identifies the 1D k-integral with the inverse Fourier trans-
form of the second z-derivative of the delta function, say:

+oo . ,
&v(w,1) = —% (/ (it)2 exp~ it (z-7) dt) dr’
14 —00

_7 / 8" (z—7, ) dr, (9b)
"4

from which the function ¥ y(®,r) can be written, using for each
direction @ the decomposition dr’ =dsy(z',.@)dZ, as:

So@.r) _/V ) (w.(r—r))dr,

82
Z=Df () Vi
— _/ Y / dsy (7, ) M dz
=Dy @) \Jsy@.0) 8 m?
§)(z, @)
= Tgar (10)

In Eq. (10), the integral [ dsy(Z, w) = sy(z, ) is the planar

sy (Z,w)
section area of V when cut by the plane of equation z=w.r that
passes through the point r and is normal to the direction . Then,
still using @ =(sin fcos ¢, sin Bsin ¢, cos ) for the vectors over

the unit sphere €, §/(z. w) = sV (z, ) is the second z-derivative
of sy(zw), to be understood as mdlcated by the tilde, as a regular-
ized form of it if necessary, in the sense of distributions (Gelf'and
et al., 1966; Franciosi, 2010; 2018). This second z-derivative of
sy(zw) results from the definition of the p-derivatives §(P)(x) of
the delta function which fulfill ffix)§(P)(x — xq)dx=(— 1)PfP)(xy) for
any suitable (continuous, compactly supported, p-differentiable, ...)
function f(x) in some integration interval over a neighborhood of
point xq. Next setting dr = dsy(z,w)dz as having set dr’ = ds\(Z',w)dz’
in Eq. (10), the mean value of this V shape function reads, Vo € Q2
and with v the volume of V:

@ =-— ("o seed
Vw:—if (z,®) sy(z, w) dz
8 2y Dy (@) v

1 Dy (@) 2
= oo /D;(w) 5 @) dz . (11)

The interval [Dj,(@).D}(@)]=2Dy(w) corresponds to the
breadth of V in the ® direction (i.e. the distance between
the two opposite tangent planes to V, of w-normal), which
characterizes the support function of V when strictly convex
(Dy(w)=max, _ y(w.r)), or more generally, in particular when V is
a pattern of inclusions, of the convex hull of V. In the limit of infi-
nite V domains or patterns, the breadth of V becomes infinite.

This framework holds as well for inclusion patterns since it is
established (Berveiller et al., 1987) that similar calculation can be
applied to the case of a pair of inclusions V=V;uV,=, VinV, =®
with @ the empty set), and from an inclusion pair to any inclusion
number n in a pattern V = (Ji; V; up to infinite n-sets which can
be seen as multiply connected inclusions V (Franciosi, 2010, 2019;
Franciosi et al., 2015,2019). At any interior point r of such a V pat-
tern of n (possibly infinite) Vi inclusion number, the shape function
and the related GO comprises the interior term from Vi when r is
interior to Vi and all the exterior contributions from the other Vj
domains (j # i). At exterior points to V both the shape function
and the GO assemble the n exterior contributions from all the Vj
domains which constitute V. As far as the interior mGO of a gen-
eral V pattern is of concern here, the mean shape function for an
(up to infinite) number of inclusions then reads from Eq. (10):

_ 1 D; (@) "

Yy (w) = 7 /D;(w) (lz;sv,(z w)) (;sw(z, w)) dz,

with v = zn:u,-, (12a)
iz1

V(@) = Z @+ Y (*57) i@ (120)

i=1 j=i+1

From comparing Eq. (12a) with Eq. (11), it is immediate to see
that:

D) (§,(z @)

(@) = dz

e =[S

. inf (D}, (@) Dj(@)) §, (2. )3, (2. @)

Y@ = [ e
sup(D;i(w),D‘;j(w)> 8 (Uj+1/j)

The pattern mGO follows as:
n n n n
— Vi— Vi+Vi\ .
tv = Zigvi ( ! 1) ViVj h v= (12
T 3 () v 029
i=1 i=1 j=i+1 i=1
Infinite series in Eq. (12) formally provide the mean shape func-
tion and the related mGO for infinite inclusion patterns. The first
(simple sum) term corresponds to the interior parts from the in-
dividual pattern elements and reduces to a single term when all



Table 3

Non zero interior mGO terms for x2-oriented generic fibers, C-fibers, SQ-beams and x2-x1 laminates
in isotropic media (B=1/u,A=-B/2(1-v)), S® =1-C?(S®PC?)=C? - CHS® =1 202 +

@,
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elements are identical.* The second (double sum) term represents
the global interaction part in the pattern mGO. Only the interac-
tion term depends on the element inter-distances.

As far as the matrix phase is considered to have isotropic
elastic-like properties, all the non-vanishing components of the
mGO for any inclusion pattern only depend on and can be ex-
pressed from a limited set of independent functions which depend
on the relative positions of the inclusions in the pattern, through
the interaction terms in the shape function of Eq. (12b) and on
the pattern orientation in the chosen (x1,x2,x3) frame. In the FPA
cases, only two independent functions are enough, as C2 and C4
say,” the way these two functions appear in the double integrals
in Eq. (8) which explicate the mGO terms for any pattern V of
concern is recalled in Appendix B, with some details recalled for
obtaining the FPA mGO two functions. Thanks to these simpli-
fying characteristics, a first case of infinite pattern (say coaxial
alignments of non necessarily all size-identical oblate spheroids in-
cluding spheres) was explicated in Franciosi (2010) for isotropic
matrix properties, and prolate spheroids being treatable identi-
cally. The case of aligned coaxial finite cylinders with same radius
was next treated in Franciosi (2014) and Franciosi et al. (2015)
still for isotropic (elastic-like or dielectric-like) matrix properties.
In the case of inclusion patterns made of parallel equally distant
fibers in a plane, these two functions can be written as C2(x) and
C4(x), with “x” standing for a normalized characteristic of the el-
ement inter-distance in the FPAs, to be specialized for each fiber
type. According to Eq. (12), these two functions share into an x-
independent part ({24 which corresponds to the interior fiber
mGO term and into a global interaction part, the rest of it, between
all the pattern element pairs, Cy(x), C4(x). This interaction part is
the x-dependent part of the mGO, such that C2I(x)=C2) 4+ Cy(x),
=1, 2.

Now on, the reported work specializes to 3D structures made
from piling FPAs of n parallel fibers of same cross section shape
and size and equally inter-distant, with n being large enough to
be taken as infinite. The mGOs for such FPAs in isotropic elastic-
like matrices were previously solved in exact analytical form in
Franciosi (2018) for beams with rectangular cross sections and for
cylinders in Franciosi et al. (2019), the related effective properties
for both FPA types being also explicated. These calculations being
lengthy, they have deserved to be published in preliminary works.
Unnecessary details here must be found in the given references.
The Appendix B simply explains the few essential steps. The ex-
act mGO solution for cylindrical fibers of circular cross section (to
be denoted C-fibers) are recalled for comparison with an accu-
rately approximate analytical mGO form for infinitely many paral-
lel beams of same square cross section (SQ-beams), which is newly
introduced for being here used in easier way than the exact one
(fiber cross sections in pantographs are closer to square than to

4 They only need be all congruent what allows them to possibly have different
sizes.

5 Isotropic dielectric-like properties only call for a single, for example the C2(x),
function.

circular). The interior parts of the C2(x) and C4(x) functions for the
SQ-beam case read simply CS%)B =1/2 and Cs(é)s = (6-m)/8. The

Cs((zz)s interior function equals the C-fiber one, Cg?b =1/2 and the
Cs(g)B one does not differ much from Céﬁ?b = 3/8. The non zero com-

ponents of the interior mGO of x2-oriented infinite fibers resulting
from these two functions are reported in Table 3 in generic form
and for the C-fibers and SQ beams here of concern. The uniform
interior GO of laminates with ¥3 normal is also recalled.

2.2. Planar alignments of C-fibers and of SQ-beams and their
interaction mGOs

Applying Eq. (12c) to a nFPA of C-fibers (cylinders of radius R
and of axis inter-distance 2L, denoted ncyl) embedded in a medium
of isotropic elasticity tensor C yields the elastic mGO form ex-
plicated in Franciosi et al. (2019) for x2-oriented fibers and FPA
planes of normal x1:

n-1
nt¥+2% " (n— iyt
i1

tncyl _ 1
Po n

n-1 .
_ oyl (Tl - l) @ 2 ﬂ 4
=t72) o (Eee A
i=1
=9 +2(0;"vopd + 0, " Wo )
(13a)
with p, =R/L <1 being the x parameter in the functions Cy(x),
=1, 2.
The interior part of this mGO is the %' uniform GO of an in-

finite cylinder and the interaction mGO for any n element num-
ber is a two-terms polynomial in ,og and ,03, the coefficients of

=t + (v5" 0§ + Wi p3).

which are a series term time a tensor, denoted 202(")1/0 = v((]”) and

20Mwqy = w(()").

4
(2)

The two v, =v;” and wO:w(()Z) tensors are defined from

the C-fiber pair interaction (n=2, i=1, 2(72(2) =20}2) =1 and

tﬁgyl=tcyl+(v0p_§fwopg)_) and they represent the non zero
terms of the pair interaction mGO between two parallel cylin-

ders. For n — oo, the limit for the infinite series, X(q) = nlim Uq(”) =
—00

n—1 .
nlim > ("n")(ilq), is finite and corresponds to the Riemann Zeta

n-1
function Z(q) = nlim > (ilq), Vq > 1. Thus, at the limit of an in-
~® =1

finite C-fiber FPA (denoted oocyl) one obtains with Z(2)=m2/6,
Z(4)=m*/90, the mGO form:

£ =t (v5) 03 + Wi pf)
=tY +2(Z2)vop§ +Z(4)Wops5). (13b)

with the particular (not always the maximal) values when all the
cylinders are at contact (pg=1):

t°Y — 9 4 2(Z(2)vy + Z(4)Wy).

po=1 (13c)
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Fig. 7. Variation with fiber inter distance 1/x of the global mGO terms for an infinite FPA of x2-parallel infinite (left) C-fibers in plane of normal x; (from Franciosi et al.,
2019) and of (right) SQ-beams of square cross section in plane of normal x; (indices 1 and 3 are to be inverted) (from Franciosi, 2018).

More synthetically, the functions Cy(x) and C4(x) for the inter- Table 4 .
action part of the mGO for infinite FPAs of normal x1 and of x2- foefﬁcﬁlsnts_ ‘;if Gy(xfunctions, 1=1, 2,
oriented C-fibers that yield Eq. (13) can be exactly written, with or C-fiber infinite FPAs in Eq. (14).
the Q;, S; coefficient values given in Table 4, as the polynomial form G(x) Cy(x)
(x=po): Q ~ 01 ~ 005
CEM(x) = Qi + Sy, 1=1.2. (14) 5 o — oo

The Fig. 6, shows these C,(x) and C4(x) functions for the interac-
tion part of the mGO for FPAs of C-fibers, according to Eq. (14). The
variations of the non zero terms of the mGO with the C-fiber rela-
tive (normalized) inter distance (1/x =L/R) according to Eq. (13) are duces to its interior part. At fiber contact, the mGO interaction part
plotted in Fig. 7 left from Franciosi et al. (2019) for a Poisson ratio is optimal, but terms can either be positive or negative (the global
of 0.5. When the fiber inter-distance increases, the global mGO re- mGO is always positive definite).
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Table 5
coefficients of Cy(x) functions, =1, 2,
for SQ-beam infinite FPAs in Eq. (15a).

G(x) Ca(x)
R 0.786 0.162
Q - 1.330 - 0.376
S 1.043 0.656
o 0.162 0.049

The Fig. 7 right reports from Franciosi (2018), the correspond-
ing global mGO non zero term variations for nearly infinite® nFPAs
of SQ-beams with the normalized inter-distance (1/x).” Here Po =
x <1 is defined as B/(8+8’) with B the square beam half side and
B’ the half inter-space between beam pairs (equal zero at contact)
the axis inter distance being then 2(8+8’). As for the C-fiber align-
ments, this Figure shows that the influence zone for all the pair
interactions between SQ-beams in an infinite FPA is also ten to
twenty times the beam width, depending on the wished precision.
These variations of the mGO interaction part in the global mGO for
SQ-beams were obtained from using the exact although compli-
cated solution reported in the cited reference, not to be repeated
here. From a purely graphical analysis of the numerical plots re-
ported in Fig. 8 (from that exact solution for the mGO interaction
part of infinite SQ-beam in FPAs) a simplified form of easier use
is shown to write from two functions Cy(x) (I=1, 2) which can be
expressed as:

1

G0 = (R + Qo™+ Sar) sy
21 -

(15a)

where the involved coefficients are reported in Table 5.

For the reason that in pantographs the fiber inter distance
is generally at most of the order of ten times the fiber dimen-
sion, it is possible to consider here a further shortened form of
Eq. (15a), (without the o mostly long-range adjustment), say the
rank-2 polynomial form (I=1, 2):

CpBeam (x) ~ X% (Ryx ™2 + Qo' + Sy1) = Ry + Qux + Syx®  (15b)

The Table 6 reports the generic form (say holding for any com-
mon cross section shape given to the aligned fibers) of the inter-

6 The (finite) limit of this infinite series having no analytical closed form for SQ
beams, the series is truncated at n=50.

7 Indices 1 and 3 are inverted since the alignment is of normal x1 for C-fibers
and of normal x3 for SQ-beams.

action® mGO for an infinite FPA of x2-oriented fibers in the plane

of normal x3, denoted té’ﬁ(“FPA)O. This Table also specifies the par-
ticular mGOs for FPAs of C-fibers and of SQ-beams (the x2 axis is
now on always taken to correspond to the =0 angle for FPA ori-
entations as defined in Figs. 1-3 and 5, not to be confused with
the 6 angle of the spherical (6,¢) coordinates which define the di-
rections @ on the unit sphere 2 and the shape function terms.
Hence, the corresponding global mGO tgﬁf PA©®) for an infi-
nite (C-fiber or SQ-beam) FPA is the sum of the interaction part

tint(ooFPA)O
(4

tcc,&”f iber.X2 from Table 3, both specializing as explicated for C-fibers
or SQ-beams.

from Table 6 and of the corresponding interior one

2.3. Effective properties of the planar alignment of C-fibers and of
SQ-beams

As far as one considers a homogeneous medium embedding
one (or more) phase(s) under the form of inclusions or inclu-
sion patterns, in random manner, the use of the mean field two-
point statistics approximation from Ponte Castaneda and Willis
(1995) allows to estimating effective properties in accounting for
each phase volume fraction, properties and representative domain
shape as the well established (Hashin-Shtrikman, 1963) estimate
of which it is a generalization that additionally accounts for some
global anisotropy of the spatial distribution symmetry of these
phases. This here on called “PCW estimate” for n included phases
in matrix with properties C¥, that we do not reintroduce, send-
ing the readers to the PCW reference, was successfully applied
for example in Franciosi (2013), Franciosi and Charles (2016b) and
Franciosi et al. (2019) to various new inclusion and pattern rein-
forcements in the same spirit as in the present work, consider-
ing elastic properties or generalized elastic (say magneto-electro-
elastic) ones. For the following, it is enough to recall that it takes
the generic form for n different phases in a (n++1)th matrix one:

-1 -1
n
Vj/SDist _ ~M_
CeffPCW =C

(e -42))

|
j=1

(16a)
8 The difference with the generic form of the interior mGO in Table 1 comes from

the fact that the mean shape function integral over the unit sphere is always zero
for the interaction part and unity for the interior part.



Table 6

Generic non zero interaction mGO terms for FPAs of x2-oriented fibers in the x1-x2 plane in
isotropic media (B=1/uA=-B/2(1-v)), with S, = -(,,(S,C,) =C, - (.S, = -2C, +C,.
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tint(:x:FPA)O

o A(Cs-2G2)~BC,  A(G —Ca)

AC, + BG,  GBj4A  A(G—Cy) — GBJ4

where t‘c/nf, is formally the mGO of some representative domain Vj

for phase j having €% properties and fyj volume fraction, and tgfv’,"“
is the GO representing some spatial distribution for all these Vj
domains embedded in the matrix. This spatial distribution needing
be formally ellipsoidal to rigorously obtain Eq. (16a) according to
the cited PCW modeling, this tgﬁ"f operator is a uniform GO.° This
distribution symmetry operator can also be seen as the GO of the
representative (ellipsoidal) elementary matrix volume Vj; contain-
ing the representative volume elements of the embedded phases.
When the domains Vj are single inclusions of phase j (all in dilute
concentrations), the PC-W estimate statistically accounts for a part
of their interactions through their spatial distribution. But patterns
at non dilute concentrations cannot be single phased what makes
the general situation difficult to handle. The case of a single non
dilute phase (j) is simpler: the larger is the chosen representative
pattern Vj, the more the pair interactions can be accounted for pre-
cisely at the RVE scale, that is within the pattern mGO. And as far
as the considered patterns of inclusions of the same j phase are
finite sets, the estimate from Eq. (16a) still additionally accounts
for the pair interactions between any two patterns through their
spatial distribution. In consequence, interactions between pairs of
infinite patterns become a marginal extra contribution to effec-
tive property estimates when the element interactions in the pat-
tern are accounted for in the pattern mGO. Thus, Eq. (16a) will be
enough in the following with using infinite patterns to represent a
single embedded phase. The two-phase form of Eq. (16a) simplifies
to:

' 1 N1
CZ;;[PEICSJV _cM_ fv(((CM _CV) — t¥M> + fvtg’elst> )

In Eq. (16b), the single included phase has a representative
inclusion pattern V with th being its mGO, a volume fraction

fy=1—fyu and elastic properties €V, and these patterns are spa-
tially distributed according to some (ellipsoidal) symmetry repre-
sented by the £3Di* uniform GO. Assuming statistical homogene-
ity for the individual elements, regardless of the pattern details, f,
must also be the inclusion concentration in the pattern, say the
volume fraction of V in its elementary matrix volume V), (a differ-
ence would represent some inclusion clustering in the patterns, the
statistical homogeneity assumption applying at the pattern distri-
bution scale). When such a composite is deformed, both the char-
acteristic embedded inclusion pattern and their spatial distribution
evolve. In the particular case of infinite inclusion patterns it was
shown in Franciosi et al. (2019) that when the pattern evolution is
well accounted for, its distribution symmetry can be kept constant
and determined by the influence zone symmetry around each fiber
element as far as the symmetry and anisotropy characteristics of
the embedding matrix do not change.

In particular, applying Eq. (16b) to the effective property esti-
mate for matrix-embedded FPAs in planes of normal xj (whether
j is 1 or 3) with x2-oriented fibers (corresponding to 8 = 0 as

counted in the FPA plane), to be denoted C:}ff;é&?), the estimate is

(16b)

9 Spatial distributions of inclusions are unlikely ellipsoidal and are unlikely mul-
timodal at non dilute concentrations (Franciosi and Lebail, 2004). It is not proved
that Eq. (16a) does not hold for a non ellipsoidal distribution symmetry.

taken of the form:
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where the representative FPA mGO tgﬁ"F PA©) s either the C-fiber

one or the SQ-beam one as recalled in Section 2.2 and with tgf@j
the laminate (also called platelet) uniform GO referring to the ma-
trix phase M. Since in the following only infinite FPAs will be re-
ferred to in building pile ups, the symbol infinite will be skipped
unless a request of recalling it (and if finite FPAs need be men-
tioned, they will be noted as nFPAs).

If this FPA-reinforced matrix is deformed in such a way that the
interior characteristics of the FPA evolve (for example the global
orientation or the fiber inter distance in it) the Eq. (16¢) allows to
follow the changes of estimated properties due to the FPA evolu-
tion accounted for through the mGO. This is a simple example of
how the effective properties to be described next for the P-I com-
posite type under study will be followed when some applied defor-
mation mode (as extension) is expected to modify the embedded
fiber pattern geometry: this evolution will be carried by the one
of the fiber network mGO, driven by the so called “geometrical de-
scriptors” which evolve with the applied deformation as explained
in the following section.

3. Architecture, mGO and effective properties for the
pantographic-inspired composite

Thanks to the availability of mGOs for infinite FPAs of either
C-fibers or SQ-beams with any inter-distance value between ele-
ments, we can attempt to model the P-I composite type here of
concern from embedding in a soft matrix a layered fiber structure
whose representative pattern basically consists in such two paral-
lel FPAs with fibers currently oriented along two 26-misoriented
directions, this misorientation evolving under extension from ini-
tially orthogonal (26 =7 /2) to a minimal angle when the fibers in
each FPA get into contact (null inter distance). Two slightly differ-
ent routes can be followed for so doing, according to whether the
two types of FPA alternated L-R, R-L layers are individually or “si-
multaneously” embedded in the matrix phase.

In the first choice, a “classical” procedure to perform a
homogenization-based modeling of such a two-phase (fiber net-
work plus matrix) composite structure is similar to the one
for a laminate structure with alternated layers (Postma, 1955;
Christensen, 1979; El Omri et al, 2000). Owing to the hetero-
geneous structure of the individual layers, this procedure would
be a two-level homogenization route, estimating first the effective
properties for each layer type and then the effective properties of
the laminate structure built from such alternated layers. Effective
properties of laminated structures have an exact solution from the
used homogenization method when the phase (the layers) prop-
erties are exactly known, otherwise (say, if the layers have only
estimated properties), it is also an estimate. Yet, it is known that,
grossly speaking, effective properties of a laminate elastic struc-
ture are close to the Reuss lower bound for the properties normal
to the layers while they attain the Voigt upper bound within the
layers plane (Voigt, 1889; Reuss, 1929). As shown in the following,



the difference between the effective properties of two-phase lami-
nates and the Voigt upper bound, which only concerns the proper-
ties normal to the layers since the in-layer properties are Voigt-like
owing to the parallel arrangement of the phases, results from cross
coupling terms between the layers. But these terms do not repre-
sent any bundle-like stiffness through-layer (possibly inclination-
dependent) contribution to the overall stiffness of the composite
corresponding to the 3D networks of concern, since it is easily
verified that the layers will not remain connected if the embed-
ding matrix has vanishing stiffness. In the particular present case
of layers only differing by an in-plane orientation, the layer prop-
erties normally to the layers remain uniform and directly yield the
effective properties of the structure in that normal direction (said
differently, Voigt and Reuss bounds coincide for the properties nor-
mal to the layers).

A relevant modeling alternative (allowed by the fact that the
“embedded” phase is co-continuous with the matrix) consists in
substituting the laminate scheme on the two preliminary esti-
mated effective properties for each layer type with a simple arith-
metic averaging. In contrast with the laminate scheme, this simpler
estimate does not generate, owing to its construction, any through-
layer cross coupling terms. But since the network layers have uni-
form properties with regard to the normal direction to the layer
plane, the arithmetic average is in that normal direction just the
uniform normal properties of all layers. Consequently, both these
two modeling procedures identically give Voigt effective properties
within the layers and uniform ones normally to them, say normally
to the FPAs.

Attempting to “simultaneously” embed a pair of + 6 misori-
ented FPAs is only possible from the averaging route and amounts
to first constructing a global mGO for a pantographic (L-R or R-L)
bilayer from an arithmetic averaging of mGOs of the two constitu-
tive FPAs which are currently rotated by angles of + 0 and to then
estimating the effective properties of a two-phase (matrix plus P-I
fiber network) composite, the fiber pattern of which is represented
by this mGO average.

But none of these descriptions of FPA assemblages accounts for
more transversal stiffness than the matrix-due one, what calls for
additionally introducing in the structure a specific description of
through-layer interconnections. As commented in the beginning,
through-layer interconnections of the pantograph pivot type can
be mimicked by a sort of third 1D w-oriented fiber bundle going
through the layers, corresponding to the interconnecting pivot ar-
rays which are more or less fiber-like aligned “in the average”, even
if their arrays can become inclined and even if they are expected
to twist or/and bend alternately between layer pairs as commented
and illustrated later on. Of course, such through-layer interconnec-
tions between the fibers of each neighboring two layers in the ...
L-R-L-R... piling will also have determinant in-plane effects on the
behavior and on the evolution of the structure under external load-
ing or straining. Accounting for these in-plane effects consists in
considering the geometric constraints implied by such interconnec-
tions on these structural behavior and evolution. This description
of in-plane effects of the through layer interconnections is a funda-
mental point in the here proposed description: the interconnection
mechanics rules the structure deformation (extension or shear) in
simultaneously modifying the relative angles 20 of the alternated
layers and the in-layers fiber inter-distance (say the in-layer FPA
compactness as defined by the ratio R/L for C-fibers of radius R
or a/L for SQ-beams of side a), which in turns also prescribe the
strengthening (torsion-like and bending-like) contributions to be
accounted for according to the layer interconnection strength and
characteristics.

Note that owing to a generally non zero inter distance (h) be-
tween successive layers in a pile, the alternated FPAs could be
considered as separated by some fiber-free matrix layers through

which only the layer (1D fiber bundle-like) interconnectors would
cross. For sake of keeping simplicity in the description no third
layer type is added into the laminate description (otherwise spe-
cific Egs. (17c), (19) and related ones for two-phase structures
would not hold anymore) and these variable densities of the fiber
layers in the composite will be accounted for in varying the matrix
volume fraction that embeds each of the two + 6 fiber layer fam-
ilies, through the expression of the mean fiber density within the
structure, as described in the last part of this section. It is note-
worthy that this way to account for the layer inter distances in
terms of fiber volume fraction in the structure does not represent
any fiber pair interaction from layer to layer which are disregarded
here on the argument that interactions between misoriented FPAS
are expectedly low compared with cumulated interactions between
parallel fibers in FPAs. This may be questionable in situations when
the fiber in-layer inter distance is large while the layer piling is
dense, that is essentially at the beginning of a deformation process
applied to the structure, hence of no much expected consequence
if ignored. Comparisons with numerical simulations will show that
the neglect of these FPA interactions is indeed reasonable.

Hence, prior to considering additional through-layer inter-
connections and prior to describing the in-plane features of a
pantographic-like deformation mode, the two procedures here fi-
nally considered to formulate first effective properties for piled
FPAs in a matrix start as follows:

i. Considering first the composite as constituted by two misori-
ented FPA-reinforced matrix layers, each one having its effective
properties calculated first from the mGO of its C-fiber or SQ-
beam FPAs (using the appropriately rotated form of Eq. (16c))
and secondly applying the homogenization procedure for cal-
culating the effective properties of the equivalent homogeneous
materials to this biphasic laminate material, using Eq. (16b) also
in the appropriate form (the alternative of averaging the effec-
tive properties first obtained for the two FPA-reinforced matrix
at the place of using the laminate scheme is abandoned);

ii. Determining first, from the knowledge of the mGOs for FPAs of
C-fibers or SQ-beams reported in Section 2.2 (Egs. (13-15), the
mGO for the P-I fiber bi-layer alternated assemblage as a simple
arithmetic average of the two + 6 FPA mGOs, this average mGO
being taken as the one of the representative pattern for the P-I
fiber networked phase and then using directly this newly built
P-I fiber network mGO in the derivation of the P-I composite
effective properties, still using Eq. (16b) in appropriate manner.

Presentation of both procedure foundations have shown that
they coincide for the description of the P-I composites here of con-
cern which keep uniform properties normally to the FPA layers.
The common additional steps of introducing some through-layer
inter connections and the in-layer pantograph-like geometrical de-
scriptors are presented next.

3.1. Effective properties of P-I composites from a two-layer FPA-based
laminate scheme

In the laminate-based description, we still consider a compliant
matrix with stiffness tensor (¥ embedding, according to various
“networked” configurations, a single fiber phase with stiffness ten-
sor Cfand volume fraction fr. A simple laminate structure of these
two phases (say made of homogeneous layers of each one) with
w;-oriented normal has effective stiffness estimate that reads from
specializing Eq. (16b):

-1
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eff

with tg;j the uniform laminate (platelet) GO of normal direction
w; referring to the matrix phase M. This is exemplified in Fig. 9 for



Fig. 9. An elementary two-phase (M,F) laminate structure (alternated ...M,FM...
layers are not necessarily of same thickness, only the phase volume fraction matters
in Egs. (17).

the x3 axis as w; orientation with tgf given in Table 3 last line. All
phases playing equivalent roles in laminate structures, Eq. (17a) is
equivalent to referring to phase F as the matrix, fy;=1—ff, as:
-1

Ci;Tfn(wi) ch _ fM((CF _CM)71 _té’:oj +fMtngj) .

In Eq. (17), the laminate (uniform) GO appears twice, accord-
ing to the PCW estimate: the negative full occurrence stands for
the layers taken as embedded domains and the positive fractional
one stands for the “shape” (the symmetry) of the spatial distri-
bution of these layer-like inclusions. Both these shapes are homo-
thetic (and thus have the same operator) since distributing spa-
tially infinite parallel layers can only be done according to such a
laminated arrangement. Also, Eq. (17) identify to the two Hashin-
Shtrikman bounds (Hashin-Shtrikman, 1963) for the phases M and
F which only coincide for this case of a 1D laminate structure of
the phases (hence, all other relevant, necessarily in-between, esti-
mates also coincide for n-phase laminates, Vn > 2. The symmetric
form that clearly shows this identity for laminates, discussed first
in Franciosi et al. (2011) to the authors knowledge, reads:
=C+({c}—cM): t&“}” ;w(_{C} ) ’
=C— fufe(Ch —CM) i’ (CF - M)
with {C}=fyCF +fxCM and (C)=fzCF +fyCM (the Voigt average).
The key property of this symmetric form, which is at the origin
of the laminate (or platelet) system scheme of homogenization for
composites with co-continuous phases, is the reference third phase
of properties {C} which acts as a reference matrix of infinitesimal
volume fraction embedding both phases F and M and in which the
uniform laminate GO is defined.

For a bi-layered laminate structure based on associating two +
6-rotated FPA in the plane of normal x;, each layer family will have
effective properties obtained after rotation of Eq. (16c) as:

(17b)

CLam (o))

eff (17¢)

Cllren” = Rip(£0)Rjq (£0) Ry (£0)Rys (£6) ol (18)
1 0 0

where R(£6) = (0 cos(£f) —sin(+6)). Using these rotated
0 sin(+h) cos(+0)

stiffness tensors for both constitutive + 6 layer families of the lam-
inate structure, the effective properties of the P-I composite can be
written as those of a laminate made of FPA alternated layers ac-
cording to Eq. (17¢):

CXIPANT(6) _ (CxlFPA(:tG)>

effLam effPCW
1FPAGEDY . . X1FPA(6)
- f+9 f—9 (Acgfﬂ’CW ) . t{C)I(IFPA(iO)} . (ACEffPCW )
effPCW

(19)

with:

1FPA(£6) _ 1FPA(+0) 1FPA(-6)
<C:ffPCW >f o f+9cgffPCW + f*QC:ffPCW ; (20a)
+0/J-0

A" = (G~ Ciiron ™) (20b)
and:
[} = e + FaCfre (200)
fro/fg
Since (C;‘};l’:?‘;/*e)) fiolf e is nothing else than the Voigt es-

timate (arithmetic average) for this bi-layered structure as de-

fined, the deviation of the laminate estimate C:};’Z‘l’;’nf(ig) from

the Voigt upper bound is fully carried by the second part in
Eq. (19). This second part is only non-zero for terms related to

the non-zero terms of the laminate operator t{pcx)}wm( 20), defined
ef fPCW

X1FPA(+6)
CeffPCW }f+g/f,9‘ Note

that equal fractions of both layer types yield {C:}]fg?‘fje)} fig=05=
(CXIFPAC)

o FPCW )f,,=05 that is the stiffness tensor of the reference
matrix phase equals the Voigt stiffness estimate for the two-
phase structure, and that the layers are not orthotropic in a same
frame unless 26 =90°, what yields non zero skew-symmetric parts.
Writing CX1FPAEE) — €0®) £ ¢55@) to separate the symmetric (or-
thotropic “0”) and the skew-symmetric “SS” parts in these oppo-
sitely rotated tensors, the latter ones cancel each other by + 6

symmetry such that while {Cg};gé‘fvig)}o.sm_s = (C:};gé‘svig))o.s/o_s =

C9®) keeps orthotropic symmetry, one hasACj};lfé‘fviG) = +2C556)

in Eq. (20b) where the sign of ACj};ﬁ?‘f‘,ﬁg) does not matter for
only square terms of it appear in the formula of Egs. (19) or (17c).
It is not in the present scope to further examine the specificities
of such structures, yet it is easily verified, with helping details in
Appendix C, that owing to the property uniformity of the R and L
layers with regard to their normal direction the laminate normal
properties remain the common normal properties of both layer

types.

on the reference medium with properties {

3.2. Effective properties of P-I composites from the mGO for a
two-layer FPA pattern

In the stiffness averaging procedure, the effective property esti-
mate of the P-I composite from the construction of a global mGO
for the P-I 3D fiber network in it consists in:

i. Rotating the FPA mGO with generic form given Section 2.2 in
Table 6 at the two opposite angles of + 6 (from + 7 /4 to non
zero minimal + 6* values depending on the minimal distance
between fiber interconnections) using Eq. (18) on the mGOs;

ii. Calculating the mGO for the P-I network (to be denoted

tgf ant®) where xj indicates the normal direction to the layers

and O the misorientation characteristic angle) from arithmetic
averaging those of the two + 6 misoriented FPAs;

iii. Using this mGO for estimating effective properties in appropri-
ately using Eq. (16b) where this network mGO will stand for

the operator t,,, the relevant distribution tg,e,"“ GO still being

the uniform laminate tgﬂ’j,j GO from appropriately rotating last
line of Table 3.

The mGOs of the + 0 rotated FPAs around the direction x; are
of the form:

50D = R (£0)R g (£0) Ry (£0) Rys (202 ™, (21)

where R(+60) has been given and té,},,FPA(O) is the sum of the in-
teraction part from Table 6 and of the interior part from Table 3,
specializing the generic form for C-fibers or SQ-beams in using the
appropriate C2I(x) functions, =1, 2, from Section 2.2.



Fig. 10. Reinforcing the matrix by an w-oriented fiber 1D bundle prior to embedding the FPA layers in it.

This averaging description finally just amounts to writing the
mGO of the P-I embedded network as the arithmetic mean of the
two mGOs of the + 6 rotated FPAs:

1Pant (@) 1 Z
tgﬂ]ﬂPant(&) <tg’\1/’FPA(j:6)> 2<t2<A1AFPA(+0)+té’LFPA( 0)). (22)

As each FPA mGO, their mean value in Eq. (22
the fiber inter distance (d).
According to this scheme, after having obtained X7 the

effective properties of the composite can be simply evaluated by
using Eq. (16b) as:

—cM_ ffib(((CM _ Cfib)

) also varies with

x1Pant (0)
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The next section presents the chosen method that holds for
both descriptions for the introduction of through-layer intercon-
nections in this structure type. It is worth to stress that the
method choice among other methods which could have been fol-
lowed has been guided by the simplicity.

3.3. The through-layer inter connection description from a 1D bundle
of fiber-like pivot arrays

Seeing the pivot arrays that connect the fiber layers as being
“in the average” a one directional (1D) fiber bundle, possibly w-
inclined with regard to the normal to the FPAs, we first consider
this reinforcement of the matrix, which identically applies to both
descriptions presented in Sections 3.1 and 3.2 and keeps the valid-
ity of all presented equations provided a change of the reference
matrix phase C¥ to account for the characteristic in concern. In-
troducing the w-oriented bundle in the matrix as shown in Fig. 10
simply amounts to solving the previous equations with effective
properties for the bundle-reinforced matrix writing (again using
Eq. (16b) conveniently):

Cn—1 T -
Cx(fWB)—CM — Frivots ( ((CM _cPwots) _tgfundle) + fPivotstgxlcyl )
(24)

In Eq. (24), tWBundle stands for the mGO of a 1D bundle of paral-
lel fibers with dclrectlon w, going through the FPAs the distribution
symmetry for the bundle is taken represented by a cylindrical uni-
form GO tg’,\fyl with axis w, CPIVofs is the pivot property tensor and
frivots the density of pivots in a fiber layer. All these quantities are
expectedly evolving under extension-like of the structure.

Basically, the pivot density is given by the cross section area
ratio of a pivot and of a PQRS current zone according to Fig. 4. The

CPIvois properties are not necessarily those of the fiber material and
whether or not they initially (undeformed state) are, they are likely
to be modified by the deformation into some effective properties
as will be discussed in the next chapter.

A quite accurate form of the tg’,\f“"d’e mGO for such a fiber bun-
dle has been obtained in Franciosi et al. (2019) from also averag-
ing the mGOs of a minimal set (typically 4) of FPAs with same
fiber direction (coaxial FPAs). The shape evolution of the bundle
is carried by the angular changes of the FPA orientations around
their common fiber bundle. It is noteworthy that if any orienta-
tion change happens during deformation of this through-layers w-
oriented link between the planar alignments, it can be accounted
for provided that the evolution law for this orientation from ini-
tial x1 one is specified,’” in which case the cylindrical distribution
symmetry can evolve accordingly in varying elliptically the cylin-
der cross section shape and tz",\fy'. For a simplified first study of
the effects of such through layer inter-connections on the structure
behavior, one can resort to the interior Green operator of a single
fiber oriented along w (as given in Table 3 for cylindrical ones with
circular cross section), that is one can disregard the interactions
between the bundle elements as well as its shape changes and take
typundle — ¢ chl . Having so reinforced the matrix with a bundle-like
pivot array, the effective properties of Eq. (23a) are modified as:

x1Pant(6,h)
ceffPCW
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with the inter distance h between the fiber layers being addition-
ally mentioned to also participate to this property estimate, essen-
tially via the fiber volume fraction fg, in the composite.

Egs. (23a,b) are the estimates (respectively without and with a
1D fiber bundle reinforcement of the matrix) of the current effec-
tive elastic properties to be attributed to the P-I composite type
described in this work, making use of the P-I network mGO cal-
culated as detailed in Section 2.2 from the SQ beam FPA mGoOs,
in terms of the network geometrical characteristics which evolve
under deformation.

One next and finally examines these in-layer characteristics of
the network that must be accounted for in relation to those of the
through-layer interconnections which are considered. These geo-
metrical characteristics are essential in the given behavior to the
P-I composite since the co-continuity of the two phases allows to

10 Effects of fiber misalignments in 1D bundles have been investigated in Li et al.
(2016).



Fig. 11. Micrograph (left) and one-cell schematic (right) of current (top) and maximal (bottom) extension shape for a bi-layered interconnected beam network element.

equaling the extension of the fiber network with the composite
one and the fiber network evolution under extension totally fixes
the current effective properties of the P-I composite through the
evolution of its mGO.

3.4. Geometric descriptors of the constraints on the in-plane
pantographic-like deformation

One now describes the so called in-plane “geometrical de-
scriptors” for the behavior under extension of that two-phase bi-
continuous P-I composite structure type which are due to such
existing inter connections. As for the chosen description of the
through-layer interconnections, the description we use for these
in-plane geometrical descriptors is compatible with the two ex-
amined and compared (laminate-based and mGO averaging) pro-
cedures for estimating the properties of the composite of concern.
The Fig. 11 right which shows a top view of a RVE for the fiber
network into two extension positions, explicate how the geometric
descriptors are linked and drive the evolution of the network, such
as to rule the evolution of the effective elastic properties for the
P-I composite through the Eq. (23). We consider, as drawn accord-
ing to the micrographs of Fig. 11 left a pair of (¢1,¢0;) oppositely
oriented beam layers with regard to the horizontal axis, with all
beams of same rectangular cross section area a « b, where b is the
height and a the in-layer width, such that b=a for SQ-beams (this
discussion is valid also in case of cylindrical fibers with cross sec-
tion area wR? and radius R). Along each beam, regularly spaced
attachments (“pivots”) inter-connect at inter distance L the succes-
sive two (or more, above and below) alternated layers. The beams
are considered as undeformable such that g, b and L are kept con-
stant. The details of the pivot geometry are at first disregarded and
their height (h) - which is the inter-distance between the layers - is
just supposed to allow beam rotations without affecting the struc-
ture, although behavior differences are highly expectable whether
(h) is small (dense layer piling) or large (distant layers).

Thus, as viewed along the normal to the layers (“top view”),
the four interconnecting pivots of an elementary representative do-
main are firstly reduced to points (Fig. 11a,b), as the PQRS set from
Fig. 4, such that we a priori disregard possible deformation of the
pivots as bending (distortion from straight cylinders) or inclination
with regard to the z normal to x-y layers (say the w orientation
is kept parallel to z). In ideal symmetric and homogeneous exten-
sion along a line going through P and R (a priori neglecting also

beam distortions at the pivot level as well as between pivots along
beams), the main current characteristic of the elementary repre-
sentative cell PQRS is that the two diagonal segments PR and QS
remain orthogonal (Fig. 11a), with Ly =L, =L and ¢ = —¢, =6 (for
notation consistency with previous sections). If the two beam layer
types are initially orthogonal, the decrease of + 6 ranges from +%
to minimal & 0* angles. In terms of beam misorientations, the cur-
rent length of the network is given by PR=2Lcos 6, from +/2L and
the current structure extension is:

a:w:ﬂcosé—l. (25)
PRy

The current area of the PQRS “cell” is Apggs = %PR -QS =
2I2cos 6 sin 6 =L2sin20. Similarly, the area of the commonly
“free” interspace pqrs between the fibers of successive layers is
given by Apgrs = %pr~qs = (L—A)%sin 26, where A=a/sin20 is
the side length of the beam superposition area and is equal to a
initially.

Consequently, the inter-distance (d) between any two parallel
beams varies with 0 as:

d=(L-X)sin20 =Lsin26 —a, (26)

and when beams are at contact (Fig. 11b), Apgrs =0 and A =L such

that d=0 and the minimal misorientation is 6* = %sin’l%. The
maximal extension follows as:

o =+/2c0s6* — 1 =+/2cos (%sin”%) —1. (27)

The limit for the extension when a/L goes to 0 is v2 -1~
41,42% and it is still 41% when a/L ~ 0, 15 and 40% when a/L ~ 0,
28. As for the in-plane inter distance (d) between fibers, the inter
distance between layers is zero for layers at contact, in which case
the inter connecting pivots have a zero height (h). For a general
(h) value, an elementary volume element is Vpgrs = (h + b) Apggs =
(h+ b)L?sin 26. For compact layers (h=0), the void part equals
twice the interlayer spacing along a segment L:

b .
Vvoid(h:O) = Vyoidmin = Z(Ld) <2> = bL(L sin20 — a),

and for (h) being general:

Vyoid(hy = Vioidmin + hL? sin20 = (b + h)L? sin 26 — blLa. (28)



Thus, the void volume fraction, which also is the embedding
matrix volume fraction, reads:

(b+h)L*sin20 —bla ba
(h+b)I2sin20 (h+b)Lsin26’

' - LA
With fyaheo) = 1 - g = b2 =1- 24,

L
The fiber volume fraction which appears in Egs. (16c, 23) con-
versely has the form:

b a b
Frion) = <h+b>Lsin29 = <h+b>ff“’(°)' (30)

In the cases when the pivots between fiber layer are allowed to
bend (say to become inclined), there is no more equivalency be-
tween the pivot height and the layer inter-distance unless initially
(no extension yet): if the bending angle « is the one given by the
pivot orientation (w) and the normal (z) to the fiber layers, say
k =(w, z), the layer inter distance will decrease, possibly down to
a null value if that bending can drive the fiber layers to contact.
The relation of this bending angle « to the misorientation angle 0
is another geometric descriptor. This bending influence can be also
simply examined from considering different values of the layer in-
ter distance (h), as is done next. In the case of SQ-beams (as for
rectangular beams with same height b), the planar alignments at
maximal extension become compact laminate layers what corre-
sponds to Fig. 10, with two alternated layer types of all same thick-
ness, and with minimal misorientation 26* . The above described
geometric changes for a P-I beam or fiber structure explicates the
in-plane links between the structure extension, the layer misori-
entation, the in-plane fiber inter-distances (d) and the fiber layer
inter distance (h).

It is noteworthy that any description taking into account the
inter distance (h) between FPAs potentially allows to also account
for torsion of the pivots, the torsion being in first approximation
simply given by the ratio 26/h, for the layer inter distance (h) also
is the pivot height as long as no bending has occurred. This tor-
sion amount is also connected to the inter distance (d) between
the fibers of a layer through the 6 angle current value. This tor-
sion can be further related to a torsional stress contribution pro-
vided the knowledge of a torsion stiffness modulus for the piv-
ots which will depend on the pivot structure in real materials.
But it can also enter the characteristics of the 1D bundle intro-
duced in the P-I fiber network description, through a variation
of stiffness moduli (and especially of the shear modulus) related
to the pivot torsion. One can for example consider a stiffness in-
crease (in pure elastic regime without neither plasticity nor dam-
age) with torsion, as pg(@)/ug = x(0—m/4) > 1, with a function
x that may be determined from experimental and/or numerical
data. In comparison, the pivot bending effect which is the decrease
of the FPA inter distance (h) can be more easily considered in the
modeling, via the variation law for the fiber volume fraction as ex-
plained next on. The various relations synthesized in Egs. (25)-(30)
that we called “geometric descriptors”, are pantographic-inspired
in the sense that, as described, the interconnections between the
FPAs correspond to typical behavior of pantographic structures as
for example examined in Andreaus et al., 2018; De Angelo et al.,
2019b) among other ones. These relations correspond to the as-
sumption of “fixed pivot” type, already pointed to correspond to
a one-placement-field description as discussed in Spagnuolo et al.
(2017). Other types of pivots (or fiber layer interconnections) could
be considered, in which case other relations would hold between
the same geometric descriptors, in place or in addition to the here
presented ones. When the elements of the 1D fiber bundle that
goes through the FPAs are allowed to become w-inclined in the
extension direction with regard to the normal of the FPA plane,
in the pointed necessary alternated manner at the scale of suc-
cessive FPA pairs (to be illustrated in Section 4), this corresponds

Svoidny = (29)

as said already to the two-placement fields assumption examined
in Spagnuolo et al. (2017). In the present modeling attempt for
the deformation of a P-I composite as defined, an applied exten-
sion modifies the geometric descriptors according to the Egs. (25)-
((30), from which the effective properties given by Eq. (23b) (or
23a without bundle) can be reactualized to follow the evolutions
with extension.

Section 4 first presents the simple behavior description used
to explicate the P-I composite effective property variations with
an applied extension, through the variation of the fiber network.
It then exemplifies analytical results from the proposed extension
modeling and the validating with numerical comparisons of the
variation of the overall Young and shear moduli follows. At last,
comparisons with numerically obtained typical force-displacement
curves of 2D pantographs, where the so called pivot strength ef-
fects have a variable - from high to low - contribution, establish
that the proposed analytical model can integrate these observed
effects via several of the explicitly introduced geometric descrip-
tors and, when not enough (namely in case of high pivot strength
effects), via a possibly “pivot-strength-induced” variation of the
matrix stiffness itself with the FPA misorientation increase. A typ-
ical fitting variation law for the matrix shear modulus with the
misorientation angle is extracted, as example, from the performed
comparisons.

4. Effective property evolution and force-displacement relation
of stretched P-I composite

The exemplified analytical data result from the use of the
averaging procedure method to calculate the mGO for the
pantographic-like bi-layers taken as the representative elements of
the matrix-embedded P-I fiber network with using the mGOs of
FPAs made of SQ-beam that we previously characterized in the
details in (Franciosi, 2018) under the simplifying approximation
introduced in Eq. (15) as explained. The modified matrix prop-
erty form in Eq. (24) is used to account for the trans-layer effec-
tive or apparent stiffness of the P-I composite structure, which re-
sults from the fiber bundle-like pivot arrays that physically ensures
the FPA interconnections and preserves a non vanishing transverse
stiffness of the P-I composite.

A first consequence of the alternated R, L, R, .. FPA layering
in the considered P-I fiber network is the presence of alternated
torsions on successive pivots along each array. Although not eas-
ily evidenced, neither on numerical nor on experimental experi-
ments (pivots need be marked along their axis to follow that tor-
sion which can be stiff or not depending on the pivot type), this
alternated behavior is obvious as can be inferred from looking
at Fig. 1 and imagining a stretch of it in the considered exten-
sion symmetry conditions. On the contrary, there is a less obvi-
ous behavior of the pivots for the same reason of alternated lay-
ering, which finds immediate experimental evidence (to be exem-
plified in the following): the pivot arrays do not strictly remain
straightly normal to the FPAs but are alternately bent (become in-
clined) between successive R-L and L-Rlayer pairs such as to re-
main straightly normal to the layers “in the average”.

These pretty much homogeneous trans layer effects (the pivot
distribution remains discretely homogeneous during homogeneous
extension of the matrix embedded P-I fiber network) are always
present in pantographs, in complement to and independently from
the more heterogeneous in-layer features which are localized at
the interconnections between homogeneous zones and that we
disregarded here. Both these two (torsion-due and inclination-due)
through-layer features that also result from the in-plane deforma-
tion are likely to impact the effective stiffness of the bundle-like
pivot array and in turn the overall P-I composite behavior. What
means that considering some relevant evolution form for both the



10l E2(MPq

h_pg
12( a
em bops
a
10(
by
R k! a
i e - bog
% a
‘ ‘ — boqo
a

S8
LR IUUNE S s S sic A i S i S " ——— o—
20 40 6 0 29(°)

E,(MP ¢

h_o
a
+ fos
a
. 2=
a
-
o - bg
a
" 2210
& a
. . 4 .
— . * 2
e e —

).9 (2
Lvl)

10 20 30 40

Fig. 12. Variation (left) of axial Young modulus versus angle 26 for different, from contact (0) to distant (10), h/a values without matrix reinforcing bundle and (right) a

zoom of the left side.

40! E2 (MP. ,
h_o
a
+ b5
- a
h_q
. a
. h_g
an a
60
— 2210
49 * 2
20 " .
2 b s
R e i ———

>

n 20 10

[«2]

a3

) 80 219(°)

E,(MP:

1> o I> o 1> o I>
I i 1l I
o = o o
o

»
»
LS
n
—_
o

Fig. 13. Variation (left) of axial Young modulus versus angle 20 for different, from contact (0) to distant (10), h/a values, with matrix reinforcing bundle and (right) a zoom

of the left side.

effective stiffness and the geometry of this bundle-like pivot array
is a possible way to indirectly account for these important charac-
teristics of the P-I composite structure type, that we globally called
“the pivot strength effects” here. Both identified effects involve the
layer inter distance (h) which enters the proposed P-I composite
descriptions from the expression given to the mean volume frac-
tion of the fiber phase in Section 3.4.

4.1. Modulus evolutions and force-displacement plot for the
pantographic-inspired composite

In order to simply evaluate the proposed model for estimat-
ing effective properties of a P-I two-phase composite as defined,
we consider two isotropic and nearly incompressible phases having
relative shear moduli of 1 (matrix) and 50 (fibers) with respective
Poisson ratio of 0.49 and 0.499. The fiber-like bundle that repre-
sent the pivot array is considered to a priori have the same moduli
as the fibers, with considering a possible torsion-due increase of
the pivot shear modulus. The initial fiber inter distance (d) is taken
equal to 20 times the fiber width a.

From using the relations between the so-called geometric
descriptors from Section 3.4, giving successive extension states
e; = AL;/LO of the representative cell (PQRS) of the structure, allows
two simple calculations:

- It allows on the one hand the determining of the misorienta-
tion angles + 0(e;)=+6; and from them the fiber inter distance
d(e;)=d; in the layers, that is the two necessary terms allowing

to determine effective elastic properties C:};ggtm(ﬁ"’h) according to

the averaging description of Eq. (23) and comparing them for a
few different values for the h/a layer relative inter distance. This
calculation provides the effective axial Young modulus for the
extended structure Y(e;h) as well as all other effective moduli
at successive elastic extension steps, without more incremental
precision of the calculations owing to the many simplifying ap-
proximates assumed all along the performed analysis for that
complex network structure;

It allows on the other hand the similarly simple calculation of
the axial (logarithmic) strain in the PQRS cell g(e;)=In(1+e;),
from which an axial stress o(e;h) is evaluated as Y(e;h)e(e;)
which stands for a tensile force per unit cross section area of
the structure, say:

Fso_1(ei, h) = o (ei, h) = Y(e;, h).In(1 + e;). (31)

This force identifies in simplified manner the pantograph be-
havior to the homogeneous extension of its central zone as sim-
plified in Fig. 4 left (or right, up to a body rotation), what is
realizable provided appropriate loading boundary conditions. The
Fig. 12 shows the so stepwise estimated axial Young modulus vari-
ation with angle 26 at different values of h/a from 0 (layers at
contact) to 10 using Eq. (23a). The Fig. 13 similarly reports the
same axial Young modulus evolution with the additional effect of
through-layer fiber bundle reinforcement, according to Eq. (24),
that is using the effective property tensor of Eq. (23b). The current
volume fraction of fibers in the bundle (or pivots in the bilayers)
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Fig. 14. (a). Compared evolutions without and with bundle effect at h=0 (layer contact) of the normal (left) and the transverse (right) Young modulus with layer misorien-
tation angle 26. (b) Compared evolutions without and with bundle effect at h=0 (layer contact) of the lateral x1-x3 (top, left), the x1-x2 facial (top, right) and the in-plane

x2-x3 (bottom) shear modulus with layer misorientation angle 26.

is taken as a2/(L2sin Ocos #). The pivot elastic properties are those
of the fibers and no additional (torsion-like or inclination-like) ef-
fect is considered so far. Since in this example the a/d initial ra-
tio is taken equal to 1/20, the initial low fiber fraction of 25.10~4
increases to a/d=5.10"2 at compact contact and there is no no-
ticeable difference with or without that bundle on the axial Young
modulus, say in the extension direction, as expected.

The Fig. 14a,b show the corresponding maximal (i.e. at contact
h=0 inter distance) variations with 26, with and without bundle
effect, of the other effective Young and shear elastic moduli, which
are much less evolving, in extension, than the axial Young modu-
lus, but with a more pronounced effect especially on the two other
(normal and transverse) Young moduli, while none of the 3 shear
moduli (along and around the bundle fiber direction) appears af-
fected, as expected too.

The related axial force (per cross section area unit) evolutions,
obtained as explained in the beginning of that section from using
that axial Young modulus analytical estimate, have the form plot-
ted on Fig. 15 (respectively versus the 26 layer angle, left, and ver-
sus the normalized extension AL/ALmax, right), without and with
bundle effect at h=0, without appearing noticeable differences ei-
ther (the extension normalization for the analytical curves uses the
maximal extension /ALmax that corresponds to fiber contact in the
FPAs). The force-displacement curves of Fig. 15 right have the well
known qualitative form of the force-displacement curves of 2D
pantograph prior entering into any plastic or damaged stage. The
final sharp increase corresponds to the start of the elastic behav-
ior of the nearly aligned and fully compact FPA families at minimal
misorientation angle 6. The next subsection reports some compar-
isons with numerical validating results.
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Fig. 16. Initial (left) and x-extended (right) periodic cell for numerical estimates of
effective modulus evolutions.

4.2. Compared numerical and analytical elastic modulus evolutions
during extension

Comparisons with numerical simulations are performed from
using the cell shown in Fig. 16, in which the layer (relative) inter-
distance (h/a) is explicitly present. The elastic moduli given to the
two phases of that composite cell are the same as for the analyt-
ical calculations. There are physically no pivot inter connectors in
the cell.

The fiber initial inter distance (d) in the layers is taken to be
20 times the beam side length and the relative layer inter distance
h/a is varied from contact (0) to distant as in the analytical es-
timates. In order to remain close to the procedure used for the
analytical estimate changes with a change of the layer misorienta-
tion angle (that is with various extension steps and no distorsion
of the structure), the cell structure has been step-wise extended
in changing that misorientation angle and on each successive cell
with extended structure, 6 elementary strains are applied to eval-
uate the 3 Young moduli and the 3 shear ones. So doing, the cell
remains homogeneously deformed at each extension step, only the
fiber network structure being modified and no internal stresses are
stored. The first performed calculations are for the variation of the
effective axial Young modulus with respect to the FPA relative inter
distance h/a, from close to distant. These variations are reported in
Fig. 17a as a function of the FPA misorientation angle 26. The cor-
responding analytical estimates are also plotted for comparison. It
is seen that both calculations pretty well correspond for the h/a
values of (0, 1, 3) which cover the range of typical ratios in pan-
tographs. The Fig. 17b, c similarly report the numerically calculated
other (Young and shear) moduli using the same cells, for the case
h=0 only. These plots show how the tendencies well corresponds
with the analytical estimates which are also reported.

The final step of this exploratory work consists in examining
possible additional description, in the proposed analytical model-
ing, of torsion-like and inclination-like strengthening effects on the
total force-displacement curve from the pivot arrays, as is the case
during in-plane extension of 2D pantographs, that we call for short
“pivot strength effects”.

4.3. Compared numerical and analytical force-extension curves with
pivot strength effects

We compare a typical numerical force-displacement curve of
a 2D pantograph, which is homogeneously in-plane stretched
thanks to appropriately prescribed boundary conditions that sup-
press the heterogeneous second gradient effects, with the force-
displacement curves obtained from the presented analytical mod-
eling which is pivot-strength-free as built. The boundary descrip-
tions for these comparative numerical simulations are defined (see
Appendix D) such that the whole 2D pantograph is homogeneously
strained as the central zones in Fig. 4. So doing, compared with the
pure extension that is described in the analytical homogenization-
based model, the numerical one is only complemented with a dis-
cretely homogeneous pivot strength field coming from the specific
torsion or/and inclination features, using an elementary descrip-
tion. Depending on this pivot strength, the difference between the
total force-displacement curve of the pantograph and its extension
part can be either dominant or minor. This section stresses the two
following results:

i) It is possible to pretty well match an analytically obtained
F/AL curve from the proposed modeling, as the one shown
in Fig. 15, characterized by a low matrix to fibers stiffness
ratio and which is pivot-strength-free as built, in adjusting
the pivot strength part in the total pantograph F/AL extension
curve;

It is conversely possible to pretty well match a numerical pan-
tograph F/AL curve with low or moderate pivot strength con-
tribution in accounting in the analytical proposed modeling for
either a torsion-due stiffness increase of the bundle-like pivot
arrays or for an inclination-due decrease of the fiber layer inter
distance (h), or for both effects; when these two effects (each
remaining of limited influence) prove insufficient (say in case of
high pivot strength contribution), a good match is still acces-
sible with assuming the matrix stiffness to increase according
to some dependency on the fiber misorientation 26, the form
of which can be deduced from the analytical versus numerical
comparisons. These 3 influences are exemplified using elemen-
tary descriptions.
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Fig. 17. (a): Compared (left) numerical and analytical axial Young modulus estimated evolutions with FPA misorientation angle 26 at different (h/a) values and (right) a
zoom of the left side. (b). Compared numerical and analytical simulations of estimated evolutions with layer misorientation angle 26 of the normal (left) and the transverse
(right) Young modulus at h=0. (c): Compared numerical and analytical simulations of estimated evolutions with layer misorientation angle 26 of the lateral x1-x3 (top, left),
the x1-x2 facial (top, right) and the in-plane x2-x3 (bottom) shear modulus at h=0.



Table 7

Data for the plots of the force-displacement numerical curves in Fig. 18. hy,r, are the pivot heigth and radius, ¢ is

the inverse of the inter distance ¢ between pivots and k, =

wrry

Ty 7 (Spagnuolo et al., 2017).
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Fig. 18. Matching the analytical force-displacement curve for h=0 and pM = 1 (full
line) in lowering the torsion “modulus” from the 2D pantograph (upper crosses)
numerical reference curve to the “low torsion” one.

4.3.1. Numerically matching the analytical pivot-strength-free
reference curve

The Fig. 18 reports in full lines the force-displacement curve
from the analytical modeling that corresponds to the case (h=0,
UM = 1) plotted in Fig. 15 right, together with two numerical
curves that correspond to a 2D pantograph under in-plane exten-
sion, the parameters of which are collected in Table 7. The ana-
lytical curve is called the “pivot-strength-free reference” owing to
the quite high phase shear modulus contrast of 50 it results from
and although decreasing further the matrix shear modulus for an
increased contrast can still decrease the stiffness response of the
P-I composite. We call the stiffest of the two numerical curves,
the “reference numerical simulation” curve (the torsion “modulus”
of which is denoted “ref” in Table 5) and the second one, which
is the numerical adjustment on the analytical curve is called the
“low torsion numerical simulation” curve (“IT” in Table 7). The
pretty good adjustment is obtained from reducing the pantograph
(pivot) torsion modulus by a factor 3 from the value of the ref-
erence numerical curve. A lower analytical reference curve could
similarly be adjusted in lowering the pantograph torsion modu-
lus by a larger factor. For one discussion point to come next on,
it is worth to stress that adjusting analytical curves obtained with
a smaller pM matrix modulus (keeping same h value) would be
reasonably well obtained in decreasing similarly further the pan-
tograph torsion modulus in the numerical simulation, such that a
no torsion strength limit in the pantograph extension numerical
simulation expectedly calls for a vanishing matrix stiffness in the
proposed analytical modeling.

4.3.2. Analytically matching the numerical reference curve with
adding pivot strength effects

Considering first the pivot strength effects to be purely tor-
sional, a first possible input in the proposed modeling is on the
pivot effective stiffness that explicitly appears in the description
given to the bundle-like pivot array that reinforces the embedding
matrix according to Eq. (24). A pivot stiffness increase can be ac-
counted for in giving some evolution to their shear modulus with
the misorientation angle between fiber layers. A qualitative evi-

dence that alternated torsion of successive pivots along fiber-like
arrays is unavoidable, although hard to observed either experimen-
tally or numerically, can be inferred from imagining the extension
of the multi-layered P-I structures exemplified in Fig. 1. In order
to check this effect, we have considered an evolution law of the
bundle shear stiffness, under the simple form:

N
MB(@/h)=MB<1+c<‘Z—9‘hib>> (32)

where “c” and the exponent N are adjustable coefficients, while
the absolute value results from assumed equal stiffness increase
whether the 6 angle decreases or increases from the unstressed
7 [4 position.

In order to next examine a bending interpretation of the pivot
strength effects in the sense of an inclination with regard to the
normal to the FPAs, a simple possibility to introduce it in the an-
alytical modeling is to consider that the main pivot bending effect
is to reduce the distance (h) between the FPA layers, with at the
most, layers reaching contact if that bending goes to its geometri-
cal limit (without damage). In contrast with pivot torsion this al-
ternated bending of pivots along fiber-like arrays has established
existence as exemplified on Fig. 19 left, from some performed ex-
periments not to be commented in the present scope. It is also
observable that the assumption of this (not totally regular) alter-
nated bending to be null in the average over the layers is reason-
able in gross approximation and sufficient for a schematic descrip-
tion of the layer inter distance decrease as shown in Fig. 19 right.
The bending is assumed to remain in the plane made by the
extension direction and the pivot array initial orientation nor-
mal to the FPA layers (the drawing plane) although each fiber-
like pivot array connect fibers which are alternately 4+ 6 mis-
oriented on each side of it. The inclination angle can be esti-
mated from the projections of the FPA layers in that “bending
plane” as defined and drawn. A pivot bending of (mean) angle
+ k=( £ w, z), with £ w and z being respectively the pivot
(alternated) direction and the FPA normal, typically changes the
FPA inter distance from h to h(x)=(h+b).cos(x)—b. The limit
bending angle «;, at layer contact (h=0) may be restricted by
some minimal h,,;,, value corresponding to a kmqx angle smaller
than «;,, in which case h'(kmax)=(h+ b).cos(k max) — b= hy;; and
Kmax:arcos(hm;b). Note that in comparison with the possi-
bly significant decrease of h if approaching or reaching contact
(hmin =0, Kmax=Km), the pivot bending contribution to the struc-
ture in the extension direction is a negligible axial translation
of the left-oriented FPAs with regard to the right-oriented ones,
of value (hh+ b).sin(kmgx). The introduction in the modeling of
this pivot bending (inclination) effect on (h) can then pass by
Eq. (30) to increase faster the fiber volume fraction as:

b a b
Frivnae) = (h(/c) +b>Lsin29 - (h(/c) +b>ff"’<°>' (33)

The use of Eq. (33) needs to determine or to fix an evolution of
K [Kmax in terms of 0/60max or of any related “geometric descriptor”
as defined. For the present purpose, only variations of F/AL curve
with different constant h/a values have been compared.

These two pivot strength effects are exemplified in Fig. 20
left for the pivot stiffness (shear modulus) variation according to
Eq. (32) and in Fig. 20 right for the inclination stiffness effect from
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Fig. 19. A lateral (left) view of a stretched multilayered pantographic structure showing alternated pivot bending along arrays and (right) a schematic description with (top)
current and (bottom) limit positions (the intermediate third layer in the drawings is the extended position of the upper one, the lower layer being kept as fixed reference).
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Fig. 20. Amplitude and shape changes of the analytical force-displacement curve from (left) increasing the pivot shear modulus according to Eq. (32) (several sets of ¢,N

parameters) and (right) decreasing the h/a inter distance.

changing the (kept constant) value of the layer inter distance (h/a),
without using Eq. (33). It is noteworthy regarding the pivot height
changes due to bending that a division by two of h may be likely
corresponding to the transition amounts from 10 to 5 or from 1 to
0.5 which are exemplified in Fig. 20 right.

From these Figures, where both the pantograph reference nu-
merical curve and the low torsion one are plotted, the amount of
variation allowed on a force-displacement curve from these two
effects, either alone or together, both on the amplitude and on
the shape of the curve only appears convenient to adjust weak or
moderate pivot strength effects.

On the contrary, when the contribution of pivot strength effects
to the total curve is more important, as is the case for the nu-
merical reference curve in Figs. 18 and 20, these two effects are
not sufficient. In which case, a last possibility to indirectly con-
sider a pivot-due effect of torsion-type in the proposed analytical
modeling is through a dependency of the matrix stiffness with the

misorientation angle 26 between the fiber layers. The Fig. 21 left
reports again the pantograph reference numerical curve with a set
of analytical ones for different phase contrasts uM/uF at constant
uF value, starting from pM = 0.02 pF (which is the contrast with
UM = 1 used in most of the previous analytical plots) to end with
UM = 0,98 pF. Collecting the intersections of these analytical curves
with the reference numerical one yield a uM/uF versus displace-
ment AL/Lmax relation which in turn yields the pM/uF versus 260
angle variation law plotted in Fig. 21 right. This shows to finish
that using in the proposed homogenization-based modeling of P-
I composites a well parametrized analytical expression of such a
function (as the exemplified dotted curve, the empirical formula
of which is of no interest here) is capable to quite well restitute
analytically any pantograph representative numerical curve.

This last figure interestingly suggests that a pantographic-like
behavior of the considered P-I composite more likely correspond
to a matrix with increasing stiffness than to a constant one, with a
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phase contrast variation of course bounded by above at pF/uM = 1
(the lower bound being zero in reference to the matrix-free fiber
structure), an upper value that is not expected to be reached if
preserving the pantograph large deformation potential at low en-
ergy cost is one main objective of realizing such composites. The
marked stiffness contrast between the fiber network phase and the
matrix one in the sense of a “softer matrix” as was specified will
certainly remain an essential criterion for manufacturing such P-
I composites. Defining “bounds” narrower than 0 and 1 for this
M/F contrast would depend on other requests on the desired com-
posite behavior than limiting the necessary energy for deforming
the pantographic network, as in particular damage considerations
that we did not enter at all in this presentation. The comparison
of the role of the fiber layer connectors (the pivots) in the 2D pan-
tographs or in the multilayered ones (say when no matrix is em-
bedding) and of the role of the matrix in the proposed and ex-
amined P-I composite type (where no physical connectors are so
far integrated) is a major issue for further studies on this structure
type and on its potentialities. Whether the fiber layers need, within
the composite, that is within the matrix, be additionally physically
connected by pivot-like elements, the answer is likely positive for
if the matrix stiffness here seems to some extent play a role sim-
ilar to the role of the pivot strength (on the strengthening of the
structure when expending it), the pivots and the matrix are not
expected to be equivalent in all mechanical aspects.

It is noteworthy that these brief temporary conclusions on
so called pivot strength effects on the one hand and on ma-
trix strengthening effects on the other hand are based on several
guesses on how a real P-I composite of the here imagined type
would really behave under extension. The here reported conclu-
sive considerations do not relieve further investigations on such P-
I composites still needing be elaborated, with and without inter
connections between the pantographic-like alternated fiber layers
and with matrices of different behavior law for comparisons and
future developments.

5. Conclusion

In this work we have presented a description for two phase
bi-continuous composites made of a 3D continuous fiber network
embedded in a compliant matrix, the main characteristic of which
is to obey a pantographic-inspired (P-I) behavior owing to the
pantographic-like nature of the fiber network deformation poten-
tialities at low energy expenses. For such a P-I composite which
is described from considering the fiber network as an alternated
piling of fiber planar alignments (FPAs) whose elements are ei-

ther cylindrical rods or square beams, a homogenization-based
modeling is proposed for the elastic behavior, thanks to mean
Green operators (mGOs) for such FPAs made available in previous
works by authors and co-workers. A homogenization-based model-
ing amounts to estimating the effective (here elastic or elastic-like
but also possibly other) properties of a composite structure in ac-
counting as precisely as possible for its phase arrangements, espe-
cially if this arrangement evolves during deformation as is the case,
such as to follow the effective property evolutions during deforma-
tion and to estimate the strain and stress-related evolutions. The
characteristics of this P-I composite structure are defined from geo-
metric descriptors which link in a 2D pantograph, on the one hand
the fiber layer misorientation changes to their network extension
and to the fiber inter-distances in each constitutive layer, what
also modifies the fiber network volume fraction in a representa-
tive volume element of the composite. On the other hand, that
same fiber layer misorientation evolution is linked to the strength-
ening behavior of the pivots that inter-connect the fiber layers and
which constitutes a more or less important contribution to the to-
tal force-displacement curve for such fiber assemblages.

From comparisons with numerical estimates of the evolutions
of the effective elastic moduli obtained for such a P-I composite
structure from the proposed homogenization-based modeling, it is
shown that the modeling, which has the advantage of being an-
alytical provides, in spite of an over simplified behavior given to
the matrix phase, satisfying estimates of the effective Young and
shear modulus variations when such a composite is submitted, at
least piece wisely, to in-plane axial homogeneous extension. Com-
parisons with numerically obtained force-displacement curves of
an axially strained typical 2D pantograph have then shown that a
quite good match is obtained with an analytically obtained force-
displacement curve (from using the evolving effective axial Young
modulus estimate) provided the adjustment of the pivot-strength-
related contribution in the pantograph numerical extension sim-
ulation. Converse simulations have also shown that a quite good
match of a numerical pantograph force-displacement curve can be
obtained from the analytical modeling with accounting for (i) a
torsion-due stiffness increase of the fiber-bundle like pivot arrays
or/and (ii) a bending-due decrease of the fiber layers inter-distance
or/and (iii), for high pivot strength effects, with assuming the em-
bedding matrix of the composite to have a fiber misorientation-
due stiffness increase during straining. These matching possibil-
ities show that such pantographic-inspired composites can also
be, to some extent, pantograph-equivalent. However, the compar-
ison of the role of the fiber connectors (the pivots) in the 2D
pantographs or the multilayered ones (say when no matrix is em-



bedding) and of the role of the matrix in the proposed and ex-
amined pantographic-inspired composite type (where no physical
connectors are so far integrated) remains a major issue for further
studies on this structure type and on its potentialities. Whether
fiber layers need, within such a P-I composite, be physically con-
nected by pivot-like elements is likely for the pivots and the matrix
are far from equivalent in all mechanical aspects. A 3D fiber net-
work really co-continuous with an embedding matrix requires in-
ter connected fiber layers. Manufacturing such P-I two-phase com-
posites is the request for future developments and for studies of
real matrix behavior when embedding such a fiber network with
or without physical interconnections of the fiber layers and for the
pivot strength effects within a matrix phase. Owing to the first
summarized results, such P-I composites are believed promising
structures in a wide range of applications.
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Appendix A. angular relations for the Fig. 4 pantograph
deformed axial and transverse states

In the extension case, for a 6 angle in the central zone
given by the extension amount, identically the strained four
lateral zones correspond to a 6’ angle equal to 0.5(0-+m/4).
The in-plane bending angle of the two fiber families is sim-
ply B = m[4-0. In the shear case, corresponding to a D trans-
verse displacement of point P with regard to point R (and no
extension), one has y = D/Lsqrt(2) and the solid body rotation
is r = atan(y). The 6 angle for the central zone is given from
cosf = sqrt((14+y2)/2) = sqrt((1+tan3(r))/2). When y or r is zero,
there is no deformation and cosf = 1/sqrt(2) = cos /4. The two
types of lateral zones correspond to an angle 0.5(6+ /4) +/- r and
the two in-plane bending angles for the fiber families are 7 /4-0
+/- 1, that is in both case the extension values with adding or sub-
stracting the rigid body rotation. A more general in-plane defor-
mation combining extension and shear can be analyzed similarly.
Pantographs with more zones than a single central one between
two triangular ends and four lateral parts can be schematized in
similar yet more complicated manner.

Appendix B. The form of the elementary operators t¢ for
isotropic elasticity

This brief summary is extracted from Franciosi and Lormand
(2004) and Franciosi (2005).

Each t¢(w)=t°(0,¢) elementary operator in t'(r) from Eq. (8) is
an axi-symmetric operator, defined in reference to the parallel
planes of @ normal direction in some reference medium frame. For
general elasticity anisotropy, considering the (0, 0)-oriented t¢(0,0)
elementary operator for (6, ¢)=(0, 0), the only non zero terms
from Eq. (7c) correspond to @=(0, 0, 1) and the My, coefficients
identify to the Gy;3p3 elastic moduli of the infinite medium, for C
expressed in the operator axes frame as C(0, 0). In this frame, M
is a 3 x 3 symmetric sub-matrix of C(0, 0) and the t;3].3 (0,0) non
zero terms of the t°(0,0) operator expressed in the operator frame

Table B
Non zero iijj (top) and ijij (bottom) terms of the elementary operator t¢(0,¢),
with “cO” and “s@” for “cosf”and “sinf” (resp. ¢).

1 22 33

11 As*Oct¢ As*Ocpsip As20c20c2¢
Bs20c%¢ 0 0

22 As*0c2ps2p A s*0s%¢p As20c20s2¢
0 Bs20 s2¢ 0

33 As20c?0c ¢ As20c?0s2¢p Ac*o
0 0 Bc26

2323 3131 1212

As?0c?0s2¢p
B(s20s%¢+c?0)/4

A s20c%0 c2¢
B(s20c2¢p+c20)/4

A s*0c¢ s2¢
Bs26/4

make a symmetric 3 x 3 matrix as well, At say, such that t§3 =
Atp; = M—1pj. Appropriate tensor rotations give the C(6, ¢)tensors
and sub-parts as well as the related operators té(6,¢) as further
detailed in Franciosi and Lormand (2004).

For elastic isotropy, since in all frames (3333 =A+2 u =
21 (1-v)/(1-2v) and C;y313 =Ca323 = U4, the C frame identifica-
tion is made useless. The non zero terms of At are Aty =1/Cy313,

Afzz = 1/C2323, At33 = 1/C3333 and those of te(g,(f)) are [’((2_3)‘2_3)) =

1 _5B 1-2 1
tenem=zp =12 ad tss3= 5,555 =4 — 7pao) =B+A

for all V(6, ¢) = w. The t°(0,¢p)=t°(w) operator terms thus
rearrange as t¢ . (@) :Ar{}an (w) +Br§an(w) with rg‘an(w) =
wjwpwnwq and ‘L'l'fq].n(w) = (§jpwnwq)|(p,q).(jn)- They are given in
Table B from Franciosi (2005)

These non zero terms are defined by even trigonometric
functions of the form ft™(0)g")(¢h) = cos2!0 sin™Bcos? ¢ sin® ¢,
which are the non vanishing ones upon integration over the unit
sphere when multiplied by any positive and even function in (6, ¢)
as the shape function ¥(6,¢) is in Eq. (8). Owing to the five ((1,
0), (0, 1)) and ((2, 0), (1, 1), (0, 2)) possible values taken by both
the (I,m) and (r,s) exponent pairs, owing to the dependency rela-
tions between the trigonometric functions of concern, all terms can
be expressed in using only two of the five ft™)(9) functions, one in
each exponent pair set within brackets, and similarly two of the
five g"$)(¢) ones, such as for example (I, m)=(1, 0), (2, 0) and (r,
s)=(1, 0), (2, 0)which respectively correspond to the two functions
cos 2(¢) and cos (1) for each angle 1 =6, ¢. Thus from Eq. (8), the
mGO terms over some domain V read tgan =sf2t;q].n(w)wv (w)dw
and explicating the elementary (iotropic elastic) operator part in it,
the integrals which then need to be calculated are all of the form:

PR T 2r
v o= Yy (0. ¢)(cos?'0 sin®™0 cos™ ¢ sin*)sinfdodg
pgjn -0 Jp—0

(B1)

and for the selected ones, with [, =1, 2 and r=1, 2 (each corre-
sponding to some terms in Table B):

b4 21
/ / Uy (0. ¢)(cos?0 cos™p)sinddfde (B2)
0 0

=0 =

Depending on whether the two integrals are independent or
not and according to the pattern geometry description, that is de-
pending on the shape function characteristics, one of the two inte-
grals can be simplified such that only two remain to be calculated,
which can be generically denoted C2 and C4. In the particular cases
of patterns with infinite parallel fibers all oriented in the x2 direc-
tion, the shape function is only non zero “around” the fiber direc-
tion, which is the x1-x3 plane in which the angle ¢ is null such
that Eq. (B2) becomes a pair of 6 integral for [=1,2 times 27 from
the ¢ one as:

2 /9=0 Yy (0, 0)(cos?6 )sinfdf (B3)
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This introduces the two C2l functions for the mGO of C-fibers
and SQ-beams FPAs recalled in Section 2, with explicated further
details in Franciosi et al. (2019) and Franciosi (2018).

Appendix C. some details of a bi-layer effective properties from
the laminate description

As is shown in Table C, the non zero terms of AC:};I’:?‘%O) =
SS(0); X1FPA(+6) X1FPA(6)
+2C55®in Eqs. (19) and (20) are AGii a3+ Ao 23) »

ACKIFPAGD) = ACKIFPAGY) — Jnd the non zero terms of the lami-

x33,2,3) * 28x(1,2).01.3)
nate operator g =t"c",§g(ﬁ))vx1 read (with c=cos (6), s=sin (6),
_ ef fPCW

T = 1/T):

px1 _ 00) _ ~(0)

Loy = {Chnr = G- (C1a)
px1 _ o) _ 0) (0)

ticyiais = {Chizps = gz + 57 Mgy, (C1b)
px1 0(0) (0) (0)

ticyznz = (o = 2z + Clyypy (Clc)

In Egs. (C1), C@ =C:}Jf£?‘f‘9) represents the effective stiffness

property tensor chosen for the generic layer prior to a 4+ 6 rotation,

where Mfﬁ; stand for the shear moduli. The terms of C:}’;fémie)

CX1PANT (6)
eff15(1,2),(1,2)

XIFPA(£0) 2 1o px1
due to (AGy ;5 ;%)) >multiplied by tff).,,; and

X1PANT (+0) X1FPA(+6) 2
CeffLS(2,3).(2,3) due to (Acxn,(z.a) )% mul-

in Eq. (19) which have a non-zero second part are

CleANT(iO)
effLS(1,3),(1,3)’

t{p(.i(}]mz respectively, and
1

tiplied by tfcx}un'

It is seen that the alternated orientations of the fiber reinforce-
ments in the layers make the three effective shear moduli of the
laminate structure to differ from the Voigt estimate, with differ-
ences resulting from coupling effects: the additional term for the
in-layer plane shear component ((2,3),(2,3)) are induced by the
laminate operator term (1111) normal to the layers and the ad-
ditional term in the out-of-plane shear components ((1,2),(1,2))
(resp. ((1,3),(1,3))) resulting from the shear laminate operator term
((1,3),(1,3)) (resp. ((1,2),(1,2))).

The amplitude of the deviation from the Voigt estimate is max-
imum when the two fiber layers alternate orthogonally (6 =+ /4)
since all the skew-symmetric terms of (AC)? are proportional to
sin26cos 20 and it also varies with the anisotropy of C(®) since
ACXIFPAG) (resp. ACKIFPAGO) v cancels with /DO _ ccfib©)

and

X11,(2.3) X(1.2).(1,3) 11,22 11,33
- cfib(0) cfib(0)
(resp. with C(1,2),(1,2) — C(3,1),(3,1))'
Table C

Appendix D. Prescribed boundary condition for numerical
simulations on the cell of Fig. 16

For validating the presented analytical estimates of the elas-
tic moduli of the pantographic-inspired composite, FEM numerical
simulations have been performed by considering a 3D cell whose
sides are provided of periodic boundary conditions for allowing the
identification with the infinite case. The representative “volume”
element (RVE), shown in the reference and deformed configura-
tion in Fig. 16, consists of three squared beams alignments with an
initial relative misorientation of 90°. The three alignments are em-
bedded in a parallelepiped box form representing the matrix phase
and they are lying on three parallel planes whose inderdistance
represents the h parameter of the analytical model. Each deformed
shape corresponds to a specific value of the misorientation angle
29. The Meshing type is exemplified in Fig. D left. We derive the
numerical estimations of the Young E;, E; and E3 and shear Cy4,
Cs5 and Cge moduli.

Boundary conditions are given on the displacement vector u =
(u, v, w) € R3, according to the nomenclature of the cell sides de-
fined in Fig. D right. The displacements on side AB are called uAB=
(uAB, vAB) and similarly for the other sides. For computing the
Young moduli Eq, E; and E3, three infinitesimal compressions along
the three axes have been performed. The prescribed boundary con-

u®y) =-u®y)
ditions are {v(%]) = —v(&;)
wxd) =w(x3)

The three compressions need the same boundary conditions
to simulate an infinite-like structure. Appropriate boundary con-
ditions are needed for determining the shear moduli:

w(®) =w(%) w(&) = -w(%;)
for Cas { w(R]) = —w(Ry), forCss § w(%3) =w(%;) , for

w() = w(%) w(®) = w(%s)

v(R]) = -v (%))

CGG V(X\;) v(ﬁg)
V(%) = v(%;)
The requested moduli are numerically calculated via the analo-
gous of an experimental measure, imposing an external small dis-

placement ug to one of the sides and calculating the desired mod-
ulus as ratio between the computed stress and the global strain.

Non zero even (top) and odd (bottom) terms of the effective property tensor C and of the mean GO t for the
pantographic-inspired bilayer (“F” stands for C-fibers, SQ-beams and others).

Even terms G (0

1111 o )

ma o domeedn i,

na o edadd b

2222 Gy +4ESCoY) 5 +5°C5 + 26052 Cyy ¢339 +4L55) 05

22,33 52 Cyp) = 4CSCH5) o3+ CS2Caig) + (* + DGy, c2s2550) — 4CS*0Y) o)

3333 $'Cao +4CS°CY) o 5 + 5 +20°8°C0, $t530) + 4G 0 3)
(2.3),(2.3) 9 + (@ =) o) + 505 — 208Gy 523500 + (@ = SHUGS )
GG A 5+ ) o+ 1o
(1L.2)(1,2) G o+ a0 Ptanen + a2

0dd terms

11,(2,3) FscCy\%, + seCh ) Fsc 1O
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Fig. D. Numerical calculation mesh (left) and nomenclature for setting boundary conditions (right).
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