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LOCAL WELL-POSEDNESS OF A HAMILTONIAN REGULARISATION
OF THE SAINT-VENANT SYSTEM WITH UNEVEN BOTTOM

BILLEL GUELMAME, DIDIER CLAMOND AND STEPHANE JUNCA

ABSTRACT. We prove in this note the local (in time) well-posedness of a broad class of 2 x 2
symmetrisable hyperbolic system involving additional non-local terms. The latest result
implies the local well-posedness of the non dispersive regularisation of the Saint-Venant
system with uneven bottom introduced by Clamond et al. [2]. We also prove that, as long
as the first derivatives are bounded, singularities cannot appear.

AMS Classification: 35Q35; 35L65; 37K05; 35B65; 76B15.
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1. INTRODUCTION AND MAIN RESULTS

Clamond and Dutykh [1] have proposed a non-dispersive Hamiltonian regularisation of the
Saint-Venant (rSV) system with a constant bottom; this regularisation has been mathemat-
ically studied in [11, 12]. Inspired by [l], similar regularisations have been proposed for the
inviscid Burgers equation [3], the scalar conservation laws [(] and the barotropic Euler sys-
tem [7]. A regularisation of the Saint-Venant equations with uneven bottom (rSVub) has also
been proposed by Clamond et al. [2]. The latter equations, for the conservation of mass and
momentum, can be written in the conservative form

he + [hul, = 0, (1a)
[hul, + [he® + Lgh® + e®] = cgh’ndes + ghda, (1b)
z 2h3u2 — hP [u + uug + gnel, — S9h7 (2 + 2m.dy). (1c)

Here, u = u(t,z) is the depth-averaged horizontal velocity, h = h(t,z) < n(t, z) + d(t, z)

denotes the total water depth, n being the surface elevation from rest and d being the water
depth for the unperturbed free surface. We can assume, without losing generality via a change
of frame of reference, that the spacial average of the depth d is constant in time. In that case,
the gravity acceleration g = g(t) may be a function of time. Introducing the Sturm-Liouville
operator

Ly € h = 0,10, (2)
if h > 0, the operator £, is invertible, then the system (1) can be written on the form
ht + [hu]x = O, (3&)

U + uty + gn, = 596}:1 {h2nzdm} — eLgl(?z {Zhgugc2 — %gh2 (%2“‘ 217xd33)}. (3b)
1
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Smooth solutions of (3) satisfy an equation for the conservation of energy
[3hu® + Lehu? + Sgn* + Segh®n?],
+ [(3hv® + ghn+ Jeb®ul + Legh®n) + eZ)u+ egh’naug |,
= 59 +eh®n?) — gndy — egh®n,du. (4)
Note that, injecting (3b) in (1c), one obtains the alternative definition of #
B = (14 eh®0, L, 0:) {20 u? — 2 gh® (2 +2mady)} — eh® 0, L5 {gh* nudes} -

The rSV and rSVub equations can be compared with the Serre-Green—Naghdi and the
two-component Camassa—Holm equations. The local well-posedness of those equations have
been studied in the literature (see, e.g., [9, 5]; see also [3] for higher-order Camassa—Holm
equations). Liu et al. [1 1] have proved the local well-posedness of the rSV equations introduced
in [1] for constant depth. Liu et al. [11] have constructed some small initial data, such that
the corresponding solutions blow-up in finite time. The goal of the present note is to prove
the local (in time) well-posedness of the rSVub equations. To this aim, we prove first the
local (in time) well-posedness of a general 2 x 2 symmetrisable hyperbolic system. Then,
using some estimates of the operator L,_Ll, we prove that the system (3) is locally well-posed
in H?® for any real number s > 2. We also prove that if the L°°-norm of the first derivatives
remain bounded, then the singularities cannot appear in finite time.

In order to state the main results of this note, let d be a smooth function of ¢ and z and

h o+ d, 4% lm dit,z) >0, and nf gdG2) >0 ()
|x|~)+00 (t,$)€R+XR

then

Theorem 1. Letm > s > 2,0 < g € CL([0, +oc[), d—d € C([0, +oc], H*TH)NCL([0, +oc], H?)
and let Wo = (no,uo)" € H® satisfying infper ho(z) = h* > 0, then there exist T > 0 and
a unique solution W = (n,u) € C([0,T], H*) N CY([0,T], H*Y) of (3) satisfying the non-
zero depth condition inf( ,yej0,7)xr h(t, ) > 0. Moreover, if the mazimal time of existence
Tmar < +00, then

t—1>1’11{,1””W”H3 = 40 or (t@)g[é%{‘mz[x]}{h(tx) = O (6)

Using the energy equation (4) and some estimates, the blow-up criteria (6) can be improved.

Theorem 2. For any interval [0,T] C [0, Trmaz| (Tmaz 5 the life span of the smooth solution),
there ezists C' > 0, such that ¥t € [0,T] we have

E(t) ae/ /R[;hu2+ TehPul + Lgn® + Legh®n?] dz < C. (7)

Moreover, if Tha < +00, then

lim ||[Wy|lpee = Ho0. (8)

t—Tmaz

Section 2 is devoted to prove the local well-posedness of a general 2 x 2 system. The proofs
of Theorems 1 and 2 are given in Section 3.



2. LOCAL WELL-POSEDNESS OF A GENERAL 2 X 2 SYSTEM

We prove here the local well-posedness of a class of systems with non-local operators in the
H? space with s > 3/2. Let d be a smooth function such that (5) holds. Let also N > 1 be a

natural number and G & (g1, ,gn) be a smooth function of ¢ and x, possibly depending

on d, such that
Joo(t) % g1(t,00) = lim ¢g1(t,x) > 0 and  ginr et inf  gi(t,z) > 0. (9)
|z|—o0 (t,x)eRT xR

Let f(d,h) be a positive function and let fi, fo be functions of d, h, u, 1, u, and G. Let also
a, b, ¢, f3, f4 be functions of d, h, © and G. We consider the symmetrisable hyperbolic system

e + a(d,h,u,G)ny + bld,hyu,G)u, = A1 f1 + As fs, (10a)
ug + g1 f(d,h)b(d, hyu,G)ny + c(d,hyu,G)uy, = s fo + Ay fa, (10b)

where the 21; are linear operators depending on h and u In order to obtain the well-posedness

of the system (10) in H* with s > 3/2, we define W < ( u)T, Gy & (oo, 0,---,0) and
Bw) = <91 FaR 0 G) ol GD
Fon) o (DR bl ) TGN
2 f2(d, hyu, ha ua, G) + Ay fald, hyu, G)
the system (10) can be written as
W, + BW)W, = F(W),  W(0,z) = Wo(z). (11)

We assume that:

(A1) For s < m € IN, we have
—d—d,g1 — g0, 92,93, - 9N € C(RT, H®) and d — d, g1 — goo € CH(RF, H*71);
—fe th”(]o, +00[?) and for all hy, he > 0 we have f(hy,hs) > 0;
= f1, 2 € C™F2(]0, +00[*xR?x]0, +00[ xRN 1);
—a,bc f3, fa € Cm+2(}0 +o0[? ><IR><]0 +oo[ xRN 1),
- fl(d d,0,0,0,Go) = f2(d,d,0,0,0,Go) = f3(d,d,0,Go) = f1(d,d,0,Go) = 0.
(A2) For all r € [3—1 s, if € H" and ¢ € H"™1, then

R dllar + [Rellar < Cls,r,d, [[War) (|9 -1,
1A Pllzr + Kol < Cls,ryd, [War) 1]z

(A3) If ¢, W,W € H® and ¢ € H*!, then
1@ (W) = (W) Pl st + [R2(W) = A2(W)) &l gsr < CIW = W[,
(A3 (W) = A3 (W) ¢llpga—r + [(Aa(W) = 04(W)) pllggsr < CIW = W s,
where ' = C (swl, W [gzs, (W 2z |l s IWJHHs—l)-

Note that if h is far from zero (i.e., inf A > 0), then g1 f(d, h) is positive and far from zero.
Then, the system (10) is symmetrisable and hyperbolic. The main result of this section is the
following theorem:
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Theorem 3. For s > 3/2 and under the assumptions (Al), (A2) and (A3), if Wy, € H®
satisfy the non-emptiness condition

inf A = inf
Jnf holz) = inf

then there exist T > 0 and a unique solution W € C([0,T], H*) N C1([0,T], H*~!) of the
system (11). Moreover, if the maximal existence time T},4, < 400, then

inf h(t,x) = 0  or lim ||W|gs = 4oc. (13)
(t,m)E[O,Tmaz[X]R t_>T'maz
Remarks: (i) Theorem 3 holds also for periodic domains; (ii) The right-hand side of (11)
can be replaced by a finite sum on the form

_ (M Az S Biki + Bsks
FW) = <912f2 + Ql4f4> * <%2k‘2 + %4k‘4> * ’ (14)

where the additional terms satisfy also the conditions (A1), (A2) and (A3); (iii) Under some
additional assumptions, the blow-up criteria (13) can be improved (see Theorem 2, for exam-
ple); (iv) If for some 2 < ¢ < N, the function g; appears only on f; and fo, then, due to (A2),
the assumption g; € C(R*, H®) can be replaced by g; € C(R*, H*71).

(no(x) + d(0,2)) = "> 0, (12)

In order to prove the local well-posedness of (11), we consider
oW+ BW") g, W = F(W™),  W™0,2) = (no(x),uo(2))",  (15)

where n > 0 and WO(t,2) = (no(z),uo(x))". The idea of the proof is to solve the linear
system (15), then, taking the limit n — oo, we obtain a solution of (11). Note that we have
assumed that ¢g; and f are positive, so g1 f > 0, then the system (15) is hyperbolic; it is an
important point to solve each iteration in (15). Note that a symmetriser of the matrix B(W)
is A(W) & (9 J(dh) 0)
0 1
Let (-, -) be the scalar product in L? and let the energy of (15) be defined as

EvTH ) € (AW AT ASWTY) Ve > 0.

If g1 f is bounded and far from 0, then E™(t) is equivalent to |[W"| gs. In order to prove
Theorem 3, the following results are needed.

Theorem 4. Let s > 3/2, h* > 0 and R > 0, then there exist K,T > 0 such that: if the
initial data (no, ho) € H® satisfy

1161]% ho(z) > 2h*, E"(0) < R, (16)
and W™ € C([0,T), H*) N C*([0,T], H*~1), satisfying for all t € [0,T)
" = h, W™h)ellgs— < K, E™(t) < R, (17)

then there exists a unique W1 € C([0,T], H*) N C*([0,T], H*~') a solution of (15) such
that

Rz W g < K, EMTNE) <R (18)
The proof of Theorem 4 is classic (it can be done following Guelmame et al. [7], Israwi
[9], Liu et al. [11] and using the following lemmas).

Let A be defined such that Af = (1 +£2)%f, and let [A, B] &' AB— BA be the commutator
of the operators A and B. We have the following lemma.



Lemma 1. (Kato and Ponce [10]) If r > 0, then
19l < [[fllzee gl + 1 f1[ar llglzes, (19)
A" 1 9llze S el llgllmr— + [[f e llgllze (20)

Lemma 2. Let k € N*, F' € C™2(RF) with F(0,---,0) = 0 and 0 < s < m, then there
exists a continuous function F, such that for all f = (f1,---, fo) € H* N WH* we have

IEzzs < E(1f lwioe) [1F Lz (21)

Proof. The case k = 1 has been proved in [1]. Here, we prove the inequality (21) by induction
(on s). Note that

fi
F(fla"'7fk:):F(07f27"'7fk7) + /0 Ffl(glaf2a"'afk)dgl
f1 f2
= F(anaf?n"' 7fk) +/O Ffl(glaf27”' ’fk)dgl +/0 Ff2(07927f37"' 7fk)d92 + -

f1 fr
:/ Ff1<gl,f2,--~,fk>dgl+---+/ Fr (0, ,0,01) dg.
0 0

This implies that

IECf - Sl S 12 (22)
which is (21) for s = 0. For s €]0, 1], let

IF(filz+y), - fulz+y) — F(fi(z), -, fu(2))]
< |F(fi(z y) S fe@+y) = F(fi@), fo(x+y), -, fulz + )]
+ [F(fi(z), falz +y), -, fulw+y) — F(fi(@), fa(), fs(z + ), , frlz + )|

+ 4 |F(fi(@), - oo (@), frle+ ) — F(fA), -, fe(2)))
k
< S Ufile+y) — fi@)] 1F -
=1

The last inequality, with the definition H® % { fel? [pfr %ﬂdx dy < +oo}
implies (21). For s > 1, the proof is done by induction. Using (19) and (22), we obtain

k :
IF(lme S |y PR e f| 4 1Pz S 1 + S50 1F5 (il Using the
induction and the last 1nequahty, we obtain (21) for all s > 0. O

Proof of Theorem 3. Using Theorem 4, one obtains that (IW") is uniformly bounded in
C([0,T), H*) N C1([0,T], H*~1) and satisfies h* > h*. Defining

Entl(t) = oo (As~E (Wt — ), AT AT (W — ) (23)
and using (15), one obtains
Ett =2 (AL (P - P 4 (BT - BMWE), ATASTE (W — W)
— 2 (AL, BY(WmH — W), AP ASTH W — W)
+ (A ((A"BM), (W — W)y, AT (W — )
+ (ASTE W — Wy, (AT AT (W — W) (24)
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With (A2), (A3), (19) and (21), one obtains

< VEr, (25)

~

IF™ = F" Mg + [(B"™ = B")0W" gt S W™ = W o
and using (20) and (21), we obtain

[AY B W™ =W S W =W g S VERHL (26)
From (19) and (21), it follows that
I(A" B (W™ = W) s S W = W e S VB (27)

Combining the estimates above, we obtain that Et"H < E™M 4 E™ and using that E™(0) = 0,
we obtain E"*! < (e“? — 1) E™. Taking 7 > 0 small enough, it follows that

WL — W er < EMTL < %E” < o E' (28)
Finally, taking the limit n — oo in the weak formulation of (15) and using (A3), we obtain a
solutions of the system (10). This completes the proof of Theorem 3. O

3. PROOF OF THEOREMS 1 AND 2

The system (3) is written in the form (10) by replacing the right-hand side of (10), asin (14),
taking N =4 and G(t,z) = (9,dy, dys, dt), a(d, hyu, g,dy, des,dr) = c(d, hyu, g,dy, dys, di) =
u, b(d7 ha u7gvdzada:a;7dt) = hu f(dv h) - h717 fl = f4 = kl = k3 = k4 = 07 f2(d> h, u, hzau;tvg7
dy, dyz, dt) = 2h3ux2 - %ghQ(%Q‘F?"?xdz), fB(da hyu, g, dy, dy, dt) = —di—udy, k2(d7 Py, Mgy g

9,dzy dyy, di) = ghzna:da::c; 2 =2Ay =B =Bz =By =0, A = _5'5]:183: and A3 = 1,
By = eﬁgl. Then, in order to prove Theorem 1, the following lemma is needed:

Lemma 3. (Liu et al. [11]) Let 0 < hine < h € WL then the operator Ly, is an isomorphism
from H? to L? and if0 < s<meN, then

1£5 Ul e + 1607 0¥l gpers < C Ml (L4 (2 = dlf ), (29)
where C' depends on s, €, hing, ||h — d|y1.0c and not on ||h — d| gs.

Proof of Theorem 1. In order to prove Theorem 1, it suffices to verify (A1)-(A3). The
assumption (A1) is obviously satisfied and (A2) follows from Lemma 3. In order to prove
(A3), let W, W, ¢ € H5. Using Lemma 3 and (19), we obtain

[t - )] = Jer? - o157
< [es - o0 55|

where the constants depend on s,d, ||W||gs, ||W || #s, ||| fys=—1. The same proof can be used
with the operator 2s. g

Proof of Theorem 2. Using the characteristics x(0,z) = = and x:(t,z) = u(t, x(t, z)),
the conservation of the mass (3a) becomes

Hs—1

S =il < -,
Hs—1

Hs—2 Hs—1

dh/dt + uyzh = 0, = ho(z) e el < p(t ) < ho(x) et lulie (30)
The energy equation (4) implies that
£ < (al/o+ 1) 60) + b [ (a7 + ntdd)da, (31)

since h is bounded, the inequality (7) follows by Gronwall lemma.
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In order to prove the blow-up criterion, we first suppose that |[W,| z~ is bounded and we
show that the scenario (6) is impossible. The equation (30) implies that h is bounded and
far from 0. Using ||W || < [|[W]|g S &(t), one obtains that ||[W||y1, is bounded on any
interval [0,7]. Using Lemma 3 and doing some classical energy estimates (see [7, 9, 11]), we
can prove that ||W/|| g is also bounded. This ends the proof of Theorem 2.
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