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Thecuspidalization conjecture, which is a consequence of Grothendieck’ssection conjecture, asserts that for
any smooth hyperbolic curveX over a finitely generated fieldk of characteristic0 and any non empty Zariski
openU ⊂ X, every section ofπ1(X, x̄) → Galk lifts to a section ofπ1(U, x̄) → Galk. We consider in this
article the problem of lifting Galois sections to the intermediate quotientπcc

1 (U) introduced by Mochizuki [1].
We show that whenk = Q andD = X \ U is an union of torsion sub-packets every Galois section actually
lifts to πcc

1 (U). One of the main tools in the proof is the construction of torus torsorsFD andED overX and
the geometric interpretationπcc

1 (U) ≃ π1(FD).

Copyright line will be provided by the publisher

1 Introduction

Let k̄ be a fixed separable closure of an arbitrary fieldk, and letGalk = Gal(k̄/k) be the absolute Galois group
of k. For a varietyX/k, letXk̄ = X ×k k̄ be the base change ofX to k̄.

1.1 Section conjecture and cuspidalization conjecture

The étale fundamental groupπ1(X, x̄) of X with base point̄x fits into an exact sequence, denoted byπ1(X/k):

1→ π1(Xk̄, x̄)→ π1(X, x̄)→ Galk → 1. (1)

By functoriality, any rational pointx ∈ X(k) induces a sectionsX(x) : Galk → π1(X, x̄), well defined in the
setSπ1(X/k) of sections of (1) up to conjugation by an element ofπ1(Xk̄, x̄).

In his 1983 anabelian letter to Faltings (see [2]), Grothendieck formulated thesection conjecture, namely: if
k is a field of finite type overQ, andX is a smooth proper curve of genus at least2 overk, then the section map

sX : X(k)→ Sπ1(X/k)

is a bijective correspondence. He also explained how to deduce the fact thatsX is injective from the Mordell-Weil
theorem.

Grothendieck’s original vision also contains a version of the section conjecture for a nonempty open subset
U of X . It is however easy to see that the direct analogue fails: thesection mapsU : U(k) → Sπ1(U/k) is still
injective, but not surjective in general. Indeed for each rational pointx ∈ (X\U)(k) at infinity, one can consider
the local extensionπ1(Ux/k) associated to a punctured formal neighbourhoodUx = Spec(ÔX,x) \ {x} of x in
U . This gives rise to a non-empty packetSπ1(Ux/k) ⊂ Sπ1(U/k) of cuspidal sections. The generalized section
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2 N. Borne, M. Emsalem, and J. Stix: Lifting Galois sections

conjecture now asserts that ifU is a hyperbolic smooth curve over a fieldk of finite type overQ, then sections in
Sπ1(U/k) either come from rational points ofU , or are cuspidal.

The direct observation that the local extensionsπ1(Ux/k) split has the following striking consequence: if
the section conjecture holds forX , then the mapSπ1(U/k) → Sπ1(X/k) is surjective. This consequence of the
section conjecture we are fond of calling thecuspidalization conjecture.

Besides being a test for the section conjecture, the cuspidalization conjecture is also a significant part of
various strategies to prove the section conjecture itself.For example, by working with a fixed and very specific
open subsetU , namely the complement

U = X\X(k)

of the set of rational points ofX , the cuspidalization conjecture enables to reduce the section conjecture to
the statement: if a smooth curve has no rational points, every section is cuspidal. This version of the section
conjecture should be more tractable, considering the fact that cuspidal sections have been characterized among
all sections by Nakamura (see [3, 4]) as those sections that cyclotomically normalize an inertia subgroup. We
emphasize thatX(k) ⊆ X is a union of torsion sub-packets in the sense to be describedbelow.

1.2 Main result

Our main result concerns lifting of sections inSπ1(X/k) to thecuspidally central fundamental groupπcc
1 (U),

which is an intermediate quotient

π1(U) ։ πcc
1 (U) ։ π1(X)

introduced by Mochizuki (see [1], we recall the original profinite definition in §3.2. Saïdi consideredπcc
1 (U) in

the context of the cuspidalization conjecture, see [5]), and we will compare below how Saïdi’s approach relates
to ours.

The main novelty of this article is that one can relate the geometry of the complementD = X\U to this lifting
problem. Following Baker-Poonen (see [6]), we will say that a reduced divisorD is a torsion sub-packetif geo-
metrically the difference of any two points in the support ofD is torsion in the Picard group (see Definition2.3).
We can now state:

Theorem (Theorem5.10) Let X/Q be a smooth projective curve of positive genus, letD ⊂ X be a union
of torsion sub-packets, and setU = X\D. Then every Galois sections : GalQ → π1(X) lifts to a section
GalQ → πcc

1 (U).

We want to stress that Theorem5.10seems to be the firstunconditional result of lifting toπcc
1 (U): we make

no assumption on the section, in contrast to the setup in [5], which defines "good" sections and shows that these
are precisely the ones that can be lifted.

An unconditional but weaker result had been obtained by the first two authors in [7].
Let us now explain the main ideas of the proof of our result. The first step consists of introducing a torsor

FD overX under the torusTD = RD/k Gm whose étale fundamental groupπ1(FD) identifies withπcc
1 (U) (see

Proposition3.5).
The torsorFD is itself obtained as aGm-torsor over an intermediate torsorED overX under the torusSD =

TD/Gm. In §2, we prove thatD is a torsion sub-packet if and only ifED is torsion (see Proposition2.5), a fact
that will be crucial in the last step of the proof.

We then study the obstruction of lifting a Galois section along a general torsorE overX under a torusT .
We show in Proposition3.1 that, ifX hasπét

2 (X, x̄) = 0, the morphismE → X gives rise to a natural fibration
short exact sequence, denoted byπ1(E/X). The next step identifies the class of the extensionπ1(E/X) with the
arithmetic first Chern classc1(E) of E (see Proposition4.4).

Returning to the specific situation of Theorem5.10, and given a sections of X , the last and most delicate
step consists of killing the obstructions∗(c1(FD)). This is the aim of §5. Besides the fact that the torsorED is
torsion, we use crucially that the relative Brauer groupBr(X/k) = ker(Br(k)→ Br(X)) vanishes whenk = Q

in presence of a section, a statement proven by the third author in [8]. It is this result that limits the scope of
Theorem5.10to the base fieldk = Q, a limitation that may be seen as an indication that the section conjecture
could be more accessible for the base fieldQ (like many other results in arithmetic).
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1.3 Notation and conventions

The notationRS′/S(−) denotes Weil restriction of scalars along the finite flat mapS′ → S which is implicit in
the notation.

By XS′ we will denote the base changeX ×S S′ of anS schemeX by S′ → S. However, we would like to
direct the kind reader’s attention to the following exceptions. The notationSD, TD (resp.ED, FD) introduced in
Section §2 denote a certain torus (resp. torus torsor) associated to a divisorD.

When talking about torsors, one has to fix a topology in which the torsors trivialize locally. This will be the
étale topology always without further mention.

For a mapX → S, denote byPicX/S the relative Picard scheme. The isomorphism class of a line bundleL
will be denoted by[L].

Acknowledgments

The authors would like to thank Amaury Thuillier and Angelo Vistoli for discussions and the ENS Lyon for
hospitality during a visit of the third author. We would alsolike to thank the referees for their careful reading of
our text and their suggestions that helped to improve the exposition.

2 Torsors associated to a divisor on a curve

LetX be a smooth curve defined overS = Spec(k).

2.1 Definition of torsorsED and FD

Let ∆ : X → X ×S X be the diagonal embedding. This is a Cartier divisor, defining an invertible sheaf
OX×SX(∆). LetD be an effective, étale Cartier divisor onX . We will always assume thatD 6= 0.

Definition 2.1 We define torsors

FD = RD×SX/X

(
IsomD×SX(OX×SX(∆)|D×SX ,OD×SX)

)
→ X

under the torusTD = RD/S(Gm),

ED = FD/Gm → X

under the quotient torusSD = TD/Gm, the cokernel of the adjoint mapGm → RD/S Gm.

Remark 2.2 The torsorED can also be introduced in a natural way via Picard schemes. Namely, letXD be
the curve obtained fromX by pinchingD into a single rational point. One can check that the torsorED → X
is the pullback ofPicXD/k → PicX/k via the morphismX → PicX/k given by∆. The construction ofFD

is somewhat more subtle: one remarks that the morphismX → PicX/k (thus resp.ED → PicXD/k) factors
through the PicardstackPicX/k (resp. PicXD/k). Since the canonical rational point ofXD gives rise to a
morphismPicXD/k → BGm, one gets by composition a morphismED → BGm and one verifies easily that
the correspondingGm-torsor isFD → ED.

2.2 Torsion sub-packets and torsion criterion

Let k is a field of characteristic0, andX be a smooth, proper, geometrically connected curve overS = Spec(k).

Definition 2.3 A (reduced) effective divisorD is a torsion sub-packetif any degree0 divisor onXk̄ with
support inDk̄ is torsion. This means that in the sense of Baker and Poonen [6] the divisorDk̄ is contained in a
single torsion packet ofXk̄.

Remark 2.4 1. Any rational point defines a torsion sub-packet.

2. If D is a torsion sub-packet, then any degree0 divisor onX with support inD is torsion, because the map
PicX →֒ PicXk̄ is injective.

Copyright line will be provided by the publisher



4 N. Borne, M. Emsalem, and J. Stix: Lifting Galois sections

3. However, it is not true that if any degree0 divisor onX with support inD is torsion, thenD is a torsion
sub-packet. For instance, ifD is irreducible, then any degree0 divisor onX with support inD is even trivial.
But D does not need to be a torsion sub-packet. Indeed, according to [6], Corollary 3, if char k = 0 andX
is of genus at least2, the size of torsion packets is bounded. It is thus enough to chooseD of degree strictly
larger than this size, which is possible ifk has an infinite absolute Galois group, to get a counterexample.

Proposition 2.5 Let X be a smooth, proper, geometrically connected curve overS = Spec(k). The torsor
ED → X is torsion if and only if the étale divisorD ⊆ X is a torsion sub-packet.

P r o o f. The Hochschild-Serre spectral sequence gives the following exact sequence:

0→ H1(k, SD)→ H1(X,SD)→ H1(Xk̄, SD)Galk

Moreover, the first group is torsion by Lemma2.7below, thusED is torsion if and only if(ED)k̄ is torsion. As
the formation ofED also commutes with base change, we can assume thatk is algebraically closed. The group

of charactersHom(SD,Gm) of SD is the group
(
⊕D(k)Z

)∑=0
of divisorsδ of degree0 with support inD.

Since it is free of finite rank, it is enough to show that for such divisorδ, theGm-torsor obtained by reduction of
the structure group ofED is torsion. But thisGm-torsor is nothing else thanIsom(OX ,OX(δ)), and the result
follows.

Definition 2.6 (1) For anyk-schemeY , we define the relative Brauer groupBr(Y/k) as the kernel of the
natural morphismBr(k)→ Br(Y ).

(2) For anyk-schemeY of finite type, we define the index

ind(Y ) = gcd {deg(y) ; y is a closed point ofY } ,

wheredeg(y) = [κ(y) : k] is the degree of the residue field extension aty.

Lemma 2.7 We have

H1(k, SD) = Br(D/k),

and, in particular,H1(k, SD) is torsion and killed byind(D).

P r o o f. This follows from the Galois cohomology exact sequence associated to

0→ Gm → TD = RD/S(Gm)→ SD → 0, (2)

Shapiro’s Lemma and Hilbert’s Theorem 90. For an extensionk′/k andx ∈ D(k′), the pullback

x∗ :
(
RD/S(Gm)

)
k′
→ Gm,k′

splits (2) and so

Br(D/k) →֒ Br(k′/k)

which by a corestriction argument is killed by[k′ : k]. HenceBr(D/k) is killed by ind(D).

3 Extensions of fundamental groups associated to torsors

3.1 Extensions of fundamental groups associated to fibrations

Following [9] and [10] a noetherian schemeX with a geometric point̄x has étale homotopy groups

πét
i (X, x̄)

for i ≥ 0. If X is geometrically unibranch, thenπét
1 (X, x̄) = π1(X, x̄). It is well known that smooth geometri-

cally connected curvesX over any fieldk such thatXk 6≃ P1
k

are algebraicK(π, 1) spaces, which in particular
means thatπét

2 (X, x̄) = 0.

Copyright line will be provided by the publisher
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Proposition 3.1 Letk be a field of characteristic0. LetX/k be a geometrically connected and geometrically
unibranch variety, letT/k be a torus andE → X a torsor underT . Let ȳ be a geometric point ofE with image
x̄ ∈ X .

If πét
2 (X, x̄) = 0, then the sequence

1→ π1(Ex̄, ȳ)→ π1(E, ȳ)→ π1(X, x̄)→ 1 (3)

is exact.

P r o o f. Because of the exact sequence (1) for E andX , we may assume thatk is algebraically closed. Then
T ≃ Gr

m is a trivial torus, andE → X is Zariski locally isomorphic to the trivialGr
m-torsor. ThereforeE → X

is a geometric fibration in the sense of [10] Definition 11.4. By [10] Theorem 11.5 we have an exact homotopy
sequence

πét
2 (X, x̄)→ πét

1 (Ex̄, ȳ)→ πét
1 (E, ȳ)→ πét

1 (X, x̄)→ πét
0 (Ex̄, ȳ)

and the claim follows fromπét
2 (X, x̄) = 0 andπét

0 (Ex̄, ȳ) = 0.

Remark 3.2 The vanishing assumption forπét
2 (X, x̄) is indeed important. As an example, we consider an

algebraically closed field̄k, somen ≥ 1, and theGm-torsor

An+1
k̄
\ {0} → Pn

k̄

associated to the line bundleO(1). Then by Zariski-Nagata purity of the branch locus we haveπ1(A
n+1
k̄
\{0}) =

0 and the sequence

π1(Gm,k̄)→ π1(A
n+1
k̄
\ {0})→ π1(P

n
k̄ )→ 1

is not injective on the left. Indeed, the groupπét
2 (P

n
k̄
) 6= 0 does not vanish.

Remark 3.3 In the situation of Proposition3.1, the choice of̄y defines an isomorphismTx̄ ≃ Ex̄ by transla-
tion, and the group

π1(Tx̄, 1) ≃ π1(Ex̄, ȳ)

is the fundamental group of an algebraic group (in characteristic 0, see [4] §13.1) and hence abelian (so that
we can neglect base points). The conjugation action ofπ1(E, ȳ) on π1(Ex̄, ȳ) thus defines aπ1(X, x̄)-module
structure onπ1(Ex̄, ȳ).

Proposition 3.4 LetX be a geometrically connected and geometrically unibranch variety overS = Spec(k)
of characteristic0, and assume thatπét

2 (X, x̄) = 0. LetT/S be a torus andE → X a torsor underT . Then the
π1(X, x̄)-action onπ1(Ex̄, ȳ) factors over the projectionπ1(X, x̄)→ Galk and translation is an isomorphism

τ : T(T ) ≃ π1(Tk̄, 1) = π1(TX,x̄, 1) ≃ π1(Ex̄, ȳ)

whereT(T ) denotes the Tate module ofT .

P r o o f. Theπ1(X, x̄)-module structure onπ1(Tk̄, 1) = π1(TX,x̄, 1) associated toTX → X comes by
functoriality from the action associated toT → Spec(k). The action thus factors through the projection
π1(X, x̄) → Galk. The identificationT(T ) ≃ π1(Tk̄, 1) asGalk-modules is classical, see for example [4]
Section §13.1.

We consider the isomorphismΦ : TX ×X E → E×X E overX defined by multiplicationT ×X E → E and
second projectionT ×X E → E. By Proposition3.1, we obtain an isomorphism of extensions

0 // π1

(
(TX ×X E)x̄, (1, ȳ)

)

≃

��

// π1(TX ×X E, (1, ȳ))

π1(Φ)

��

// π1(X, x̄)

id

��

// 0

0 // π1

(
(E ×X E)x̄, (ȳ, ȳ)

)
// π1(E ×X E, (ȳ, ȳ)) // π1(X, x̄) // 0

Copyright line will be provided by the publisher



6 N. Borne, M. Emsalem, and J. Stix: Lifting Galois sections

SinceΦ is a map overE via second projection, we obtain an isomorphism ofπ1(X, x̄)-modules

π1(Tk̄, 1) = ker
(
π1

(
(TX ×X E)x̄, (1, ȳ)

) π1(pr2)−−−−−→ π1(Ex̄, ȳ)
)

≃ ker
(
π1

(
(E ×X E)x̄, (ȳ, ȳ)

) π1(pr2)−−−−−→ π1(Ex̄, ȳ)
)
= π1(Ex̄, ȳ)

induced byΦ. This completes the proof.

3.2 Comparison with the maximal cuspidally central quotient

The aim of this paragraph is to mention the following interpretation ofπ1(FD, ȳ). Let U = X \ D be the
complement of the support of the divisor and set

N = Ker(π1(U, x̄)→ π1(X, x̄)).

Recall the notion of the maximalcuspidally central quotientπcc
1 (U, x̄) due to Mochizuki [1] Definition 1.5(i):

the biggest quotientπcc
1 (U, x̄) = π1(U, x̄)/Ncc by a normal subgroupNcc ⊆ N such that one gets an exact

sequence
1→ N cc → πcc

1 (U, x̄)→ π1(X, x̄)→ 1

whereN cc = N/Ncc is abelian, and the action ofπ1(Xk̄, x̄) by conjugation onN cc is trivial.

Proposition 3.5 The canonical liftU → FD of the inclusionU ⊂ X induces an isomorphism

πcc
1 (U, x̄) ≃ π1(FD, x̄).

P r o o f. IfD is totally split, this follows from [1], Proposition 1.8 iii). Since the claim is of geometric nature,
the general case follows.

4 Obstructions to lifting Galois sections along torsors under tori

In this section, we fix a smooth, proper, geometrically connected curveX of genus at least1 over a fieldk of
characteristic0, andT/k a torus. LetE → X be a torsor under the torusT . ThenE is also geometrically
connected and therefore defines a fundamental exact sequence analogous to (1). The issue we want to address is:
does a given sections : Galk → π1(X, x̄) of (1) lift to a sectionGalk → π1(E, ȳ)?

4.1 Arithmetic first Chern class

We introduce in this paragraph the notion of arithmetic firstChern class of a torsor under a torus. The relevance of
this notion for anabelian issues has been pointed out by Mochizuki in the case of line bundles (see [11] Definition
0.3). Our definition is the straightforward generalization.

The most logical way to proceed is to use Jannsen’s cohomology (see [12]), that is, cohomology defined on
the category of inverse systems of étale sheaves of abelian groups on the small étale site of the base schemeX .
In this context, the Kummer short exact sequence takes the following form, for a pair of integers(m,n) such that
m|n:

0 // T [n]

n
m

·

��

// T

n
m

·

��

n·
// T

id

��

// 0

0 // T [m] // T
m·

// T // 0

(4)

Let us defineT(T ) (resp.(T, n
m ·)) as the inverse system given by the left (resp. middle) column of diagram (4).

Note that the Jannsen cohomology of the right column is the usual étale cohomology ofT .

Copyright line will be provided by the publisher
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Definition 4.1 Thefirst arithmetic Chern classof aT -torsorE → X is the image of its class by the cobound-
ary morphism

c1 : H1(X,T )→ H2(X,T(T ))

in the Jannsen cohomology long exact sequence associated tothe short exact sequence (4).

Proposition 4.2

1. The following morphism is an isomorphism:

H2(X,T(T ))→ lim
←−
n∈N

H2(X,T [n]).

2. For a torusT over a fieldk, the following sequence is exact:

0→ H1(k, T )
c1−→ H2 (k,T(T ))→ T

(
H2(k, T )

)
→ 0.

P r o o f. (1) The short exactlim
←−

-sequence (see [12], (3.1))

0→ lim
←−
n∈N

1 H1(X,T [n])→ H2 (X,T(T ))→ lim
←−
n∈N

H2(X,T [n])→ 0

reduces assertion (1) to the vanishing of thelim
←−

1-term. The Kummer sequence provides the exact sequence

0→ T (X)/nT (X)→ H1(X,T [n])→ H1(X,T )[n]→ 0,

which by Mittag–Leffler andlim
←−

2

n∈N
= 0 leads to an exact sequence

0 = lim
←−
n∈N

1 T (X)/nT (X)→ lim
←−
n∈N

1 H1(X,T [n])
∼
−→ lim
←−
n∈N

1 H1(X,T )[n]→ 0.

The restriction ton-torsion of the short exact sequence of low degree terms of the Hochschild–Serre spectral
sequence forX → Spec(k) and coefficientsT yields exactness of

0→ H1(k, T )[n]→ H1(X,T )[n]→ H1(Xk̄, T )[n]
Galk .

By Hilbert’s Theorem 90, the groupsH1(k, T )[n] have finite exponent with a bound for the exponent independent
of n. Thus the systemT(H1(k, T )) is Mittag–Leffler zero ( [12], 1.10). SinceTk̄

∼= Gd
m for d = dimT we find

non-canonically

H1(Xk̄, T )
∼= Pic(Xk̄)

d

which has finiten-torsion. Thus the projective system(H1(X,T )[n]) is an extension of a system of finite levels
(
im(H1(X,T )[n]→ H1(Xk̄, T )[n]

Galk
)

by a Mittag–Leffler zero system. Therefore itslim
←−

1

n∈N
vanishes and the proof is complete.

(2) The Kummer sequences forT induces exact sequences

0→ H1(k, T )/nH1(k, T )→ H2(k, T [n])→ H2(k, T )[n]→ 0.

Since by Hilbert’s Thereom 90 the groupH1(k, T ) has bounded exponent, we have

lim
←−
n∈N

H1(k, T )/nH1(k, T ) = H1(k, T )

lim
←−
n∈N

1 H1(k, T )/nH1(k, T ) = 0.

Therefore assertion (2) follows by passing to the limit and (1) for X = Spec(k).

Remark 4.3 Because the morphismH2(X,T(T ))→ lim
←−n∈N

H2(X,T [n]) is an isomorphism, it will be often
sufficient to consider only Chern classes modulon, denoted byc1(E)n, and defined as the image ofc1(E) by the
morphismH2(X,T(T ))→ H2(X,T [n]).
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8 N. Borne, M. Emsalem, and J. Stix: Lifting Galois sections

4.2 Class of the fibration

Let h : E → X be aT -torsor, and consider the exact sequence

1→ π1(Tk̄, 1)→ π1(E, ȳ)→ π1(X, x̄)→ 1 (5)

from Proposition3.1 where we use the isomorphismπ1(Tk̄, 1) ≃ π1(Ex̄, ȳ) of Proposition3.4. This yields an
abelian cohomology class

π1(E/X) ∈ H2(π1(X, x̄), π1(Tk̄, 1)).

The sections lifts to (a Galois section of)E if and only if s∗(π1(E/X)) = 0 in H2(Galk, π1(Tk̄, 1)). We are
therefore interested in an explicit description of the classπ1(E/X).

Proposition 4.4 Let X be a geometrically connected and geometrically unibranch variety over a fieldk of
characteristic0. Assume thatπét

2 (X, x̄) = 0.
Then the morphismH2(π1(X, x̄), π1(Tk̄, 1)) → H2(X,T(T )) is an isomorphism and sendsπ1(E/X) to

c1(E).

P r o o f. LetX̃ét be the universal covering of the étale homotopy typeXét with respect to the geometric point
x̄ ∈ X . Then for any locally constant constructible torsion sheafF we have isomorphisms

H0(X̃ét,F ) ≃ Fx̄,

H1(X̃ét,F ) = 0,

H2(X̃ét,F ) ≃ Hom(πét
2 (X, x̄),Fx̄).

The exact sequence of low degree terms for the Leray spectralsequence for̃Xét→ Xét yields

H1(π1(X, x̄),Fx̄) ≃ H1(X,F )

and the exact sequence

0→ H2(π1(X, x̄),Fx̄)→ H2(X,F )→ Homπ1(X,x̄)(π
ét
2 (X, x̄),Fx̄).

ForF = T [n], using the short exactlim
←−

-sequence (see [12], (3.1)) shows that

H2(π1(X, x̄), π1(Tk̄, 1)) ≃ H2(π1(X, x̄),T(T ))→ H2(X,T(T ))

is an isomorphism.
We now prove the second claim based on ideas by Mochizuki [13] Lemma 4.4+5. Denote byEt(X) the small

étale site ofX , and byFEt(X) the finite étale site ofX . The natural morphismγ : Et(X)→ FEt(X) induces
for each sheafF on FEt(X) and the corresponding locally constant sheafγ∗F on Et(X) and eachi ≥ 0 a
morphism

Hi(π1(X, x̄),Fx̄)→ Hi(X, γ∗
F )

via the usual identification of sheaves onFEt(X) and representations ofπ1(X, x̄). Note that this coincides with
the edge map of the spectral sequence used above.

Now the fibrationE → X gives rise to a commutative diagram of sites:

Et(E) //

��

FEt(E)

��

Et(X) // FEt(X)
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This diagram induces in turn a morphism of Leray-Serre spectral sequences associated to the sheafT(T ) corre-
sponding to theπ1(E)-representationπ1(Tk̄, 1) (we omit base points for readability sake):

Hp(π1(X),Hq(π1(Tk̄), π1(Tk̄))) //

��

Hp(X,Hq(Tk̄,T(T )))

��

Hp+q(π1(E), π1(Tk̄)) // Hp+q(E,T(T ))

The transgression morphismsd0,12 : E0,1
2 → E2,0

2 are thus compatible in the sense that the following diagram
commutes:

EndGalk(π1(Tk̄))
≃

//

d0,1
2

��

Endk(T(T ))

d0,1
2

��

H2(π1(X), π1(Tk̄)) // H2(X,T(T ))

The top arrow is induced byπ1(Tk̄) ≃ T(T ), in particular it sendsid to id. Now the profinite version of [14, III,
Theorem 4] implies that the left vertical map sendsid to−π1(E/X) and a similar argument with Cech cocycles
shows that the right vertical map sendsid to−c1(E).

4.3 Killing torsion obstructions

By Proposition4.4we associate to aT -torsorE → X and a sections : Galk → π1(X, x̄) a class

s∗(c1(E)) := s∗(π1(E/X)) ∈ H2(k,T(T )).

Lemma 4.5 s∗(c1(E)) = 0 if and only ifs lifts to π1(E, ȳ).

P r o o f. This follows from Proposition4.4.

We can make this obstruction more tractable thanks to the following lemma.

Lemma 4.6 The Tate moduleT(A) of an abelian groupA is torsion free.

P r o o f. This is clear from the expressionT(A) = Hom(Q/Z, A).

If E → X is torsion, so iss∗(c1(E)), and Proposition4.2together with Lemma4.6show that the obstruction
s∗(c1(E)) lives in fact inH1(k, T ).

5 Lifting to FD over the rationals

In this section,k will be a field of characteristic0 andX/k a smooth, projective, geometrically connected curve of
genus≥ 1. LetD ⊂ X be an effective reduced Cartier divisor andU = X\D. We consider the associated torsors
FD → X andED → X from Definition2.1and study the lifting obstruction for sectionss : Galk → π1(X, x̄)
to the fundamental group of the respective torsors.

5.1 Vanishing of Brauer obstructions

The short exact sequence of low degree terms of the Leray spectral sequence forX → Spec(k) andGm reads

0→ Pic(X)→ PicX/k(k)
b
−→ Br(k)→ Br(X). (6)

By definition the mapb is the Brauer obstruction map with values in the relative Brauer groupBr(X/k), see
Definition2.6, that measures the failure of a rational point of the Picard variety to describe an actual line bundle.
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Proposition 5.1 LetX/k be a smooth projective curve of positive genus such thatπ1(X/k) admits a section.
Then the following holds.

1. b(L) = 0 for all torsion pointsL ∈ PicX/k(k)tors.

2. If k/Qp is a finite extension, then#Br(X/k) is a power ofp.

3. If k = R, thenBr(X/k) = 0.

P r o o f. Assertion (1) is [8] Proposition 12, and (2) is proven in [8] Theorem 15. Assertion (3) follows
from the real section conjecture, see [4] §16.1. Indeed, any sections : GalR → π1(X, x̄) comes from a point
x ∈ X(R), and evaluation inx yields a retraction toBr(k)→ Br(X), showingBr(X/k) = 0.

Corollary 5.2 LetX/Q be a smooth projective curve of positive genus such thatπ1(X/Q) admits a section.
Then the relative Brauer groupBr(X/Q) vanishes.

P r o o f. The Hasse–Brauer–Noether theorem shows that

Br(X/Q) →֒ ker
(⊕

v

Br(X ×Q Qv/Qv)
∑

v
invv

−−−−−→ Q/Z
)

is injective, wherev ranges over all places ofQ. Base change of sections implies that for all placesv of Q the
extensionπ1(X×QQv/Qv) splits. By Proposition5.1thenBr(X×QR/R) = 0 andBr(X×QQp/Qp) is cyclic
of p-power order. This forcesBr(X/Q) = 0.

Remark 5.3 The proof of Corollary5.2 breaks down if one replacesQ by any number fieldk, because a
generalk has different places with the same residue characteristic.This is the point which limits Theorem5.10
to the case of curves overQ.

5.2 Divisibility of line bundles

Let us recall the definition of a neighbourhood of a section.

Definition 5.4 A neighbourhoodof a sections : Galk → π1(X, x̄) is a connected finite étale cover

h : X ′ → X

together with a lift

s′ : Galk → π1(X
′, x̄′) ⊆ π1(X, x̄)

of s. A short notation for a neighbourhood is(X ′, s′).

Neighbourhoods are geometrically connected overk, becauseπ1(X
′, x̄′)→ Galk is surjective.

Example 5.5 A wealth of neighbourhoods are constructed as follows. Letϕ : π1(Xk̄, x̄) ։ G be a charac-
teristic finite quotient. Thenker(ϕ) is a normal subgroup inπ1(X, x̄) and

π1(Xϕ, x̄) = 〈ker(ϕ), s(Galk)〉 = {γs(σ) ; ϕ(γ) = 1, σ ∈ Galk} ⊆ π1(X, x̄)

together with the obvious lift describes a neighbourhood ofs. Moreover, we haveπ1(Xϕ,k̄, x̄) = ker(ϕ), so that

deg(Xϕ → X) = #G.

Sinceπ1(Xk̄, x̄) is topologically finitely generated, the neighbourhoodsXϕ form a cofinal system in the system
Xs = (X ′) of all neighbourhoods.

Proposition 5.6 Let X/k be a smooth projective curve of positive genus. Lets : Galk → π1(X, x̄) be a
section and letL be a line bundle onX . Then the following holds.
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1. For everyn ≥ 1 there is a neighbourhood(X ′, s′) of s, such that there is aM ∈ PicX′(k) with

[L|X′ ] = M⊗n.

2. If, moreover, for every neighbourhood(X ′, s′) of s, the relative Brauer groupBr(X ′/k) vanishes, then for
everyn ≥ 1 there is a neighbourhood(X ′, s′) of s, such that there is a line bundleM onX ′ with

L|X′ ≃M⊗n.

Definition 5.7 If the conclusion (2) of Proposition5.6holds, then we say that theline bundle L is divisible
locally in neighbourhoods ofs.

Proof of Proposition5.6. Let Picn∗X/k denote the subgroup of the Picard variety of line bundles of degree
divisible byn. The boundary map to

0→ PicX/k[n]→ PicX/k → Picn∗X/k → 0,

namely

Picn∗X/k(k)→ H1(k,PicX/k[n]),

describes the obstruction to being divisible byn in the Picard variety for line bundles of degree divisible byn.
This obstruction is natural under pullback.

We first prove assertion (1). Sinceπ1(Xk̄, x̄) has finite quotients of order divisible byn, we find as in Exam-
ple5.5a neighbourhood(X1, s1) of s with n | deg(X1/X). Then[L|X1

] ∈ Picn∗X1/k(k) because

deg(L|X
1,k̄

) = deg(X1/X) · deg(L).

Let (X2, s2) be the neighbourhood ofs1 associated to the maximal abelian quotient of exponentn of the group
π1(X1,k̄, x̄1). Then the induced map

PicX1/k[n] = Hom
(
π1(X1,k̄, x̄1),Z/nZ(1)

)
→ Hom

(
π1(X2,k̄, x̄2),Z/nZ(1)

)
= PicX2/k[n]

is the zero map. Thus the obstruction for[L|X1
] to divisibility by n in the Picard variety vanishes after restriction

toX2. This proves (1).
Let M ∈ PicX2/k(k) be annth root of [L|X2

]. In order to prove (2) we have to investigate the Brauer
obstruction forM to come from an actual line bundle. But this is the classb(M) for the mapb in (6) for X2/k
andb vanishes by assumption. This concludes the proof of (2).

Proposition 5.8 Let X/k be a smooth projective curve of positive genus, lets : Galk → π1(X, x̄) be a
Galois section, and letL be a line bundle onX . ThenL is locally divisible in neighbourhoods ofs if and only if
s∗(c1(L)) = 0.

P r o o f. LetXs be the projective limit of the pro-system of all neighbourhoodsofs. ThenL is locally divisible
in neighbourhoods ofs if and only ifL|Xs

is divisible inPic(Xs).
The Kummer sequence onXs yields the exact sequence

Pic(Xs)
n·
−→ Pic(Xs)

c1()n
−−−→ H2(Xs,Z/nZ(1)),

so thatL|Xs
is divisible byn onXs if and only if c1(L|Xs

)n = 0.
Naturality of the first Chern class and the isomorphism

H2(Xs,Z/nZ(1)) = H2(π1(Xs, x̄),Z/nZ(1))
s∗
−→ H2(k,Z/nZ(1))

show thatc1(L|Xs
)n = 0 if and only if s∗(c1(L)n) = 0. Moreover,s∗(c1(L)n) = 0 for all n ≥ 1 if and only if

s∗(c1(L)) = 0, because by Proposition4.2(1) for T = Gm andX = Spec(k) we have

H2(k, Ẑ(1)) ≃ lim
←−
n∈N

H2(k,Z/nZ(1)).
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Proposition 5.9 LetX/k be a smooth projective curve of positive genus, and lets : Galk → π1(X, x̄) be a
Galois section. Consider the following assertions.

(a) All line bundlesL onX are locally divisible in neighbourhoods ofs.

(b) s∗ ◦ c1 : Pic(X)→ H2(k, Ẑ(1)) vanishes.

(c) The relative Brauer groupBr(X/k) vanishes.

(c’) The relative Brauer groupBr(X ′/k) vanishes for all neighbourhoodsX ′ of s.

Then the following implications hold:

(c′) =⇒ (a) ⇐⇒ (b) =⇒ (c).

P r o o f. (c’)=⇒ (a) was proven in Proposition5.6(2). The equivalence of (a) with (b) follows from Propo-
sition5.8.

For (a)=⇒ (c) we have to show thatb(L) = 0 for all L ∈ PicX/k(k). Sinceb(L) ∈ Br(X/k) is torsion,
there is ann ≥ 1 such thatL⊗n = [M] for a line bundleM onX . By assumption (a), there is a neighbourhood
(X ′, s′) of s such thatM|X′ admits annth root

M|X′ = L′⊗n

with a line bundleL′ on X ′. The difference∆ = L|X′ − [L′] is ann-torsion element inPicX′/k(k). By
Proposition5.1(1) we compute

b(L) = b(L|X′) = b(∆) + b([L′]) = 0,

and this proves (c).

5.3 Lifting to FD overQ

In this section we study the lifting problem over the fieldQ.

Theorem 5.10 LetX/Q be a smooth projective curve of positive genus, and letD ⊂ X be a union of torsion
sub-packets. Then every Galois sections : GalQ → π1(X, x̄) lifts to a sectionGalQ → π1(FD, ȳ).

P r o o f. LetD =
⋃n

i=1 Di be the decomposition into torsion sub-packetsDi ⊂ X . The torsorFD is the
product (overX) of theFDi

, and similarlyπ1(FD) is the fibre product (overπ1(X)) of theπ1(FDi
), so we can

assume thatD is a single torsion sub-packet.
The sections lifts if and only if s∗(c1(FD)) = 0. SinceTD is the restriction of scalars ofGm, Shapiro’s

Lemma and Hilbert’s Theorem 90 implyH1(k, TD) = 0. Using Proposition4.2 and Lemma4.6, we find that
s∗(c1(FD)) takes values in the torsion free group

H2(k,T(TD)) ≃ T
(
H2(k, TD)

)
.

Hence, we may replaceFD by a multiple. The result follows from a diagram chase in

H1(X,Gm) c1
//

i∗

vv♥♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥

H2(X, Ẑ(1))

ww♥♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥

s∗

��

H1(X,TD) c1
// H2(X,T(TD))

s∗

��

H2(k, Ẑ(1))

i∗

ww♥♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥

0 // H1(k, TD) = 0 // H2(k,T(TD)) // T(H2(k, TD))
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Namely, sinceD is a torsion sub-packet, we can apply Proposition2.5 and choose an integerN ≥ 1 so that
N · ED is trivial. ThenN · FD comes from aGm-torsor, and the result follows from Proposition5.9 and
Corollary5.2.

Corollary 5.11 Let X/Q be a smooth projective curve of positive genus, and letU = X \ X(Q) be the
complement of the set of allQ-rational points. Then every Galois sections : GalQ → π1(X, x̄) lifts to a section
GalQ → πcc

1 (U, x̄).

P r o o f. IfX(Q) is infinite (at most forX of genus1), then we understandπcc
1 (U, x̄) as the natural projective

limit of πcc
1 (X \D, x̄) with D ranging over all finite subsetsD ⊆ X(Q). We may therefore restrict to the case

of U = X \D andD ⊆ X(Q) a finite set.
The divisorD ⊂ X is a union of torsion sub-packets. Therefore the sections lifts to a sectionGalQ →

π1(FD, ȳ) by Theorem5.10, and sinceπcc
1 (U, x̄) ≃ π1(FD, ȳ) by Proposition3.5, this completes the proof.

Remark 5.12 Note that similar arguments enable to show over a local fieldk a prime top version of Theorem
5.10, with π1(FD, ȳ) replaced by its quotient by thep-part of the geometric fundamental groupπ1((TD)k̄).
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