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Abstract: In this paper we consider the Boussinesq system with homogeneous Dirichlet boun-
dary conditions and defined in a regular domain Q C RY for N = 2 and N = 3. The incompressi-
bility condition of the fluid is replaced by its approximation by penalization with a small parameter
€ > 0. We prove that our system is locally null controllable using a control with a restricted number
of components, defined in an open set w contained in §2 and whose cost is bounded uniformly when
€ — 0. The proof is based on a linearization argument and the null-controllability of the linearized
system is obtained by proving a new Carleman estimate for the adjoint system. This observability
inequality is obtained thanks to the coercivity of some second order differential operator involving

crossed derivatives.
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1 Introduction

1.1 Presentation of the system

For a given time 7' > 0, Q a sufficiently smooth bounded open set of RY (N = 2,3) and w a

nonempty open set contained in €2, we consider the controlled penalized Boussinesq system, which

is given by:
yt—Ay—i-(y-V)y—k%(v‘y)y—i-Vp:HeN—i-’Dlw in Q,
0 — A0 +y-VO+3(V-y)0=uvyi1l, in Q,
V.y=—ep in Q, (1.1)
y=0,0=0 on Y,
y(0) =y°, 0(0) = ¢° in Q,

where ey stands for the N-th vector of the canonical basis of RV, Q := (0,T) x Q, ¥ := (0, T) x 0.
In the controlled system (1.1), y = y(¢,z) represents the velocity of the particles of the fluid,
0 = 0(t,z) their temperature and v = (0,vn4+1) = (v1,...,0N,UN+1)(E, ) stands for the control

which acts on w.

System approximates the classical Boussinesq system, which is the same as withe =0
(which implies that 1 (V-y)y =0 and 3 (V -y) 0 = 0). The classical Boussinesq system has been
introduced by Joseph Boussinesq in 1877 and it models an incompressible fluid subjected to small
variations of temperature. In addition, this way of approximating the incompressibility condition
is called the penalty method and was introduced in [Tem68] in the Navier-Stokes case. As ex-
plained for instance in the survey [She97] and in the papers [Ber78] and [O.J84], this approximation

procedure is widely used for numerical purpose.

We are going to focus on the small-time null-controllability of the system (1.1]) with a reduced

number of controls. In particular, we seek controls v that satisfy:
v=0,if N=2, wvy=v3=0, if N=3. (1.2)

This choice matches with what is known about the controllability of the classical Boussinesq system
when the control satisfies ((1.2)) (see [Carl2]). From a modelling point of view in the two-dimensional
case, we want to control both the velocity and the temperature of the fluid by acting only in the
temperature equation. Similarly, in the three-dimensional case we want to control the velocity
by acting on both the temperature and the velocity, but with a scalar force acting on the second
component of the velocity. One of the main interest in studying the controllability of is that
the controls of converge to the controls of the Boussinesq system as € goes to 0. Thus, in order



to compute numerically the controls of the Boussinesq system, it suffices to compute the controls
of ([1.1)) for € > 0 small enough.

1.2 Main result

In this part, we precise mathematically the main result of the paper. For this purpose, we introduce

three different geometrical assumptions on {2 and w.

Hypothesis 1.1. For Q C R2?, let o1,...,05 be the arc-length parametrizations of the different
connected components of 9. We assume that for any ¢ € {1,...,k} and for any s € [0, 1] such
that (0%)'(s) = 0 or (03)(s) = 0, we have that x*(s) # 0 where x’(s) is the curvature of 9 at the
point ¢ (s).

Hypothesis 1.2. For Q C R3, we assume that there are Qg C R? satisfying Hypothesis 0>0
and H_, H; € C(Q; [, +00)) such that:

Q= {2 = (v1,19,73) €R®: (x1,20) € Qo and — H_(21,22) < 23 < Hy (21, 22)}.

Hypothesis 1.3. For  C R3, we assume that there are an interval I C R and a curve ¢ C R? such
that T' := I x € is a relative non-trivial open set of 9€2. In addition, we consider a control domain

w C £ such that I' N dw contains a relatively non-trivial open set.

Ezample 1.1. We recall that, as proved in [BP20a], Hypothesis is satisfied by Q any strictly
convex smooth domain and, if we allow rotations, by any regular domain. Moreover, we can easily
construct regular domains €2 satisfying Hypothesis by considering a cylinder and some cupolas.
Finally, Hypothesis is satisfied by any smooth domain {2 containing a cylindrical part on its

boundary.

We now present the main result of the paper:

Theorem 1.2. Let Q, w such that Hypothesis or [I.3 holds. Then, there exists g > 0
such that for every time T > 0 there exist 7 > 0 and Cp > 0 such that for every e € (0,eq)
and every initial data (y°,0°) € L2(Q)NT! satisfying H(yO,GO)HLQ(Q) < Op, there exist a control

v € L*(Qu)N™ satisfying (1.2),

vl z2(q.) < Cr, (1.3)
and a weak solution (y,0) of (1.1) verifying
(y,0)(T) = 0.
Here and in the whole paper we shorten the notation and denote || - ||y the norm || - ||y« for V' any

Banach space and k € N,. Indeed, the value of k is always easily deducible from the context.



In order to prove Theorem we use the classical approach of proving first the controllability of
the linearized system and then using a fixed-point theorem. In addition, we prove the controllability
of the linearized system by proving a Carleman inequality for the homogeneous adjoint system and
then using the approach of [LTT13]. The most difficult and original part is to prove the Carleman
inequality and in particular to prove the coercivity of some 2nd order differential operator involving
crossed derivatives. Before continuing, we make some comments on Theorem [1.2] its proof and

related bibliography:

e For the definition of a weak solution of (1.1]), one can adapt [Tem68| Section I.1.]. Remark
that the existence of a weak solution is guaranteed by an adaptation of [Tem68, Théoréeme

[.2.] but the uniqueness is only valid in the 2D case.

e Theorem is a null-controllability result, uniform with respect to the parameter ¢ > 0
because of the estimate ([1.3). So, by letting ¢ — 0 in (1.1}, we recover the results from

[Car12] for less regular initial data but for more restrictive assumptions on 2, w.

e We use the geometric hypothesis for proving the coercivity of a 2nd order differential operator
involving the crossed derivatives. For  C R?, the assumption we make on the geometry of
Q, i.e. Hypothesis has already been introduced in the recent paper [BP20al, dealing with
the null-controllability of the linear penalized 2-D Stokes system. This is crucial for proving
the null-controllability of such a system through one scalar control. Indeed, as shown in
[Zua96, Theorem 1.2] and [BP20a, Section 2.1] some geometric hypothesis is needed because
in the rhombus the linearised system around 0 cannot be controlled due to the fact that some

eigenfunctions of the elliptic operator are not observable.

e At the heuristic level, it seems natural to obtain the controllability of the whole Boussinesq
system by acting only with N — 1 scalar controls. Indeed, vyy1 directly controls the
component § by the last equation of , then 6 acts as an indirect control to control yy in
the N-th equation of 1. In addition, if N = 2 the penalized divergence condition implies
that for € small enough yo acts as an indirect control to control y;. Similarly, if N = 3,
y1 is directly controlled by vy and ys is indirectly controlled by y; and y3 by the penalized

divergence condition for £ small enough.

e To prove the Carleman inequality, with the objective of highlighting the main ideas, we
prioritize giving a clear proof, even at the expense of not getting the most optimal results.
With that spirit, some recurrent operations are stated as lemmas (see Lemmas and
below). These technical results can be useful for proving other Carleman inequalities in a

different context.



e The results presented in Theorem are original. Indeed, control problems with an approx-
imation by penalization have first been studied in [IPY(9, Section 4|, where the penalized
Stokes system was studied but without restriction on the control v. Next, the null controlla-
bility of the penalized Navier-Stokes system has been studied in [Bad11], but again without
restriction on the control v. Finally, the null-controllability of the penalized Stokes system
in the 2D-case with a scalar control has been established in [BP20a]. So, Theorem is the
first null-controllability result for a penalized system with a reduced number of controls in
the nonlinear setting, see Section [ for a similar result in the Navier-Stokes case. Moreover,

both the linear and nonlinear results in the 3D-case in this paper are new.

e Considering other systems, the study of controllability problems in which the control has a
reduced number of components has been an active topic of research recently. In particular, for
the Stokes and Navier-Stokes systems we can consult for instance the following documents:
ILZ96l, FCGIP06, [Gue0T7, [CG09, [CnG13| ICL14, [CnGG15, [GMI8, BP20b]. For more results
on the controllability of linear parabolic systems with a reduced number of controls, see the
survey [AKBGBAdTT11] and the references therein.

The rest of the paper is organized as follows: in Section [2| we prove the null controllability of the
linearized system, Section [3|is devoted to the proof of the local null controllability of (1.1 i.e. we

prove Theorem in Section [4] we make some remarks and present some open problems.

2 Null-controllability of the linearized system

In this section we prove the null controllability of the linearized system of (1.1)). We divide the

proof as follows.

e In Section we linearize the system (|1.1]) around 0, and we recall the equivalence between
the null-controllability of the linearized system and the observability of the corresponding

adjoint system.

e In Section we recall some previous results about parabolic systems, elliptic systems and

Carleman inequalities.

e In Sections [2.3| and we obtain some Carleman inequalities for the adjoint system, for the

2D case and the 3D case respectively.

e In Section [2.5] we use the source term method to get the null-controllability of the linearized

system and a source term, exponentially decreasing at t = T. This method has recently



been used for many other control systems (see, for instance, [DL19, MT18|, [FCLdM16, BM20,

Taki7, LBI8, HSLB19, [GZ19)).

We also introduce the notations Q,, := (0,7") X w, é;; is a constant that is 1 if ¢ = j and 0 otherwise,
f=(f,fnr1) = (fi,--, [, fny1) denotes the source term, H¥%2(Q) := H*(0,T;L*(92)) N

L2(0,T; H*2(Q)) and H*k2(X) := H*(0,T; L2(9Q)) N L2(0, T; H*2(89)) (for ki, ky € R*).

2.1 Linearization around 0, null-controllability results and observability esti-

mates
When we linearize (|1.1)) around 0, we obtain:

yr — Ay + Vp = f + ey + 01,
O — A0 = fni1+ovgle
V-y=—ep

y=0,0=0

y(0) =y°, 6(0) = ¢°

in @,
in @,
in Q,
on X,

in ,

(2.1)

for f € L2(Q)N*! decaying sufficiently fast (to be determined later on) at ¢t = T. The goal is to

obtain the following result:

Proposition 2.1. Let Q, w such that Hypothesis or[1.3 holds. Then, there exist ¢g > 0,
m > 1 and C > 0 such that for every T > 0, ¢ € (0,e0) and (y°,0°) € L2(Q)N+L, there erists a

control v € L*(Qu)N*! satisfying (1.2)), such that

ol r2g.) < KD 620

and
(y,0)(T) =0,

for
K(T) = Cexp (C)

Tm
and for (y,0) the solution of (2.1) with f = 0.

)»

(2.2)

In order to prove Proposition by the Hilbert Uniqueness Method (see, for instance, [Rus78],



[Lio88] and [Cor(7)), it is equivalent to establish an observability estimate for the adjoint system:

—or —Ap+Vr =0 in @,

—— AY = pN in Q,
V-p=—erm in Q, (2.3)
p=0,v=0 on X,

p(T) =", Y(T)=¢" mQ,
for (o7, 1) € L2(Q)NFL.

Proposition 2.2. Let Q, w such that Hypothesis or[1.3 holds. Then, there exist £g > 0,
m > 1 and C > 0 such that for every T > 0, € € (0,e0) and (o7, vT) € L2 Q)N+ the solution

(p,v) of satisfies:
(0. ey + 1900, ) ey < KCT) [ /Q Sowlor(t, D + (e, o) Pdede,  (2.4)
with K(T) as in (2.2).

To obtain the observability estimate (2.4), we will use Carleman estimates. More precisely,
Proposition [2.2] will be a direct consequence of the Propositions [2.8] [2.12] see below, and a

classical dissipation argument.

2.2 Toolbox of elliptic, parabolic estimates and Carleman estimates

In this part, we recall elliptic and parabolic regularity estimates. We also present the Carleman

estimates that will be useful in the sequel.

2.2.1 A parabolic and a elliptic result

Let us recall the regularity results of the Cauchy problem of the penalized Stokes system, which

is given by the equations:

'ut—Au—i-Vq:f in Q,
eq+V-u=0 in Q,
1 @ (2.5)
u=20 on X,
u(0) = u° in Q.

We have the following regularity estimate:



Lemma 2.3. Let k € N, and Q c RV, Then, there are ¢g > 0 and C > 0 such that if
T >0, e € (0,5), u’ e HF=Y QN and f € H V% 2Q)N such that (u°, f) satisfy all the
compatibility conditions that make sense, we have that the solution (u,q) of belongs to
HE2E(QYN x HE=12k=1(Q) with the estimate:

Hu||Hk,2k(Q) + ”qHkaszfl(Q) <C (HfHHk—l,Qk—Q(Q) + HUOHszq(Q)) . (2.6)

As explained in [BP20a, Lemma 2.5] (though it was done for the specific case u® = 0), the proof of
Lemma is mainly by induction. The initial case (i = 1) can be proved again by the Galerkin
method. As for the inductive case, we get the regularity in the time variable by considering that
u is a solution of with (f,u®) replaced by (f;, Au® + e~ 'V(V - u®) 4 £(0,-)) and using again
the Galerkin method. Moreover, we get the regularity in space by using the estimate for the steady

Stokes problem given in [Tem77, Proposition 1.2.2].

As for elliptic results, we recall the following result that is proved in [BP20a, Theorem 1.8]

(considering the symmetry between the first and second variable):

Proposition 2.4. Let Q) be a domain such that Hypothesis holds. Then, for ag > 0 small
enough, there is C > 0 such that for any function w € H*(Q) N HL(Q) and for any a € [0, ao] we
have that:

10z, wll oy < CllOn1aawll H2(0) + | Lawll 11 (00)) (2.7)

with:
Low = =0y, 2, W — A0zyz,W. (2.8)

Roughly, Proposition [2.4] states that the crossed derivative with some information on the second
derivative on the boundary is coercive in H*(2) N H} ().

2.2.2 Classical Carleman estimates

We consider the following weights defined in Q:

(t.2) e2Alnllee _ gAn(z) £(t.7) e (@)
a(t,z) = , t,x) = ———,
tm(T —t)™ tm(T —t)m (2.9)
a*(t) = sup alte), €)= inf £(ta),
z€(0,L) z€(0,L)
for m € R, A > 0 to be fixed later and for n a C? function satisfying:
n=0o0n0Q, n>0in(, inf |Vy >0 (2.10)
Q\wo



for some wp CC w. The existence of such a function 7 is proved in [FI96]. In fact, the weights (2.9))
are also taken from [FI96]. We recall that from (2.9)) and (2.10) we obtain on ¥ that:

a(t,z) = a*(t), &(t,z)=E"(t). (2.11)
We also recall that for all m > 0 and § > 0 there is C > 0 such that for all s > 0:
s(E+E +a+a¥) < e (2.12)
In addition, for all § > 0 there is C' > 0 such that if A > C we have that:

o < (1+46)a. (2.13)

The weights allow to prove very nice results when working with parabolic equations. For
instance, they allow to estimate a function in a quantitative way with its derivatives and with
a local term. From [CG09, Lemma 1], we can obtain the following result by an easy induction,
recalling that we can deal with the local terms by integrating by parts and leaving just the lower

and higher order terms:

Lemma 2.5. Let k € N, m > 1 and r € R. Then, there are C > 0 and Ao > 1 such that if T > 0,
A>Xg, s> CT?™ and uw € L?(0,T; H*1(Q)), we have:

k

282+r—2i)\3+r—2i // €—2sa§2+r—2i‘viu|2 < C<Sr—2k)\1+r—2k // e—2sa£r—2k’vk+1u’2
Q Q

i=0
+ S2+'r)\3+r // 6—2sa£2+r|u|2 + 52+r—2k>\3+r—2k // 6—2sa€2+r—2k|vku|2> ) (2.14)
w Qwo

0

To continue with, we recall the following Carleman estimate for the heat equation with nonho-

mogeneous boundary conditions.

Lemma 2.6. There is C > 0 such that for all u € C*(Q), a € (0,1], m > 1, r € R, A > C and
5 > CeCNT™ + T?™) we have the inequality:

83+r)\4+r // €—2sa£3+r|u|2+sl+r)\2+r // e—25a£1+r‘vu|2
Q Q

SCST)\T(// e—25a£r’g’2+83+r‘)\4+r // §3+r‘u’2+81+r)\1+7"// e—2so¢gl-ﬁ-7“‘anu2)7 (2.15)
Q Qup >

for g := auy — Au. In addition, if u =0 on X, one can drop the trace term in the right-hand side

of [2.15).



Lemma [2.6[ is well-known. We get the case + = 1, m > 1 and r € R by repeating all the steps in
[FCGBGP06, Theorem 1], where the authors prove the case (a,r,m) = (1,0,1). In addition, we
can get the uniformity in a following the steps of, for instance, [FI96] or [Badlll Lemma 4.1]. As
for the case with Dirichlet boundary condition, this is the classical Carleman estimate for the heat

equation, which is proved in [F196].

To finish with, we consider the following technical result:

Lemma 2.7. Let k € N, m >0, r € R and let us consider the weights given in (2.9). Then, there
is C' > 0 such that for all A > 1 and s > C(A)(T™ + T*™) we have the estimate:

Hsre—sa* (E*)TSDHHk’?k(Q) + ||Sre—sa* (f*)TWHH’“*L%*l(Q) < ||sr+k+k/m€—sa* (5*)r+k+k/m¢”L2(Q)’
(2.16)
for ¢ the solution of:
—ot—Ap+Vr =0 1inQ,
em+V-p=0 m Q,
4 @ (2.17)
0= on X,
o(T) = T in Q.

As far as we know, very similar versions of Lemma [2.7] have been used to deal with the trace
terms since [Ima0I] and it is widely known by the control community of Navier-Stokes like system.
However, this result has mainly been used for k =1 or £ = 2, and as far as we know, the proof of

the general case is not written. Thus, for completeness, we give the proof in Appendix [A]

2.3 Proof of the observability estimate in 2-D

In this section we prove the following Carleman inequality for the solution of the homogeneous 2-D
Boussinesq system ([2.3)):

Proposition 2.8. Let ) be such that Hypothesis holds, w C Q be a nonempty open set and
m > 8. Then, there aregg > 0, C > 0 and \g > 1 such that if T > 0, e € (0,e0), (¢T,%T) € L?(Q)3,
A > N, and s > eCNT™ + T?™), we have:

812)\13 //;2 6755a*(§*)15‘gp’2+83A4 //Q 6765a€3‘¢‘2 < C//Q ef4sa|w|2_ (218)

for the weights defined in (2.9)) and (p,1)) the solution of (2.3)).

10



First, we recall from [BP20a, Theorem 1.7] (considering that there is a symmetry between the
variable ¢ and ¢2 and replacing s by gs) the following Carleman estimate for the penalized Stokes

system with an observation only with the second component.

Proposition 2.9. Let Q,w,m as in Propositz'on wo CC w be an open set such that inf |Vn| >
0 and let m > 8. Then, there are g > 0, C > 0 and Ao > 1 such that if T > 0, € € (0,¢9),
©T € L2(Q)2, A > o, and s > eCNT™ + T?™), we have:

515)\16 //Q e—5sa*(§*)15|¢’2 < 0834)\35 //Q e—5sa£34|(p2|2’
wo

for the weights defined in (2.9)) and ¢ the solution of (2.17))-

Proof of Proposition[2.8 Considering Proposition 2.9 and Lemma [2.7) for £ = 1, » = 6 and replac-
ing s by 5s/2, we obtain the estimate:

812>\13/0 —bsa* ( )IQHSOHH +812>\13 // —bsa* 12|90 |2
< 0815)\16 // —5sa* 15‘¢’2 < 0834>\35 // —5504534|(P |2 (2 19)

Using the classical Carleman inequality of the heat equation on the 1 variable with homogeneous
Dirichlet boundary conditions, (by Lemma with 3s instead of s) we find for A > Ao and
s > eCNT™ + T?™) that:

34 //Q e~0sag3| 2 < C (//Q 65|y |2 4 s3 04 //Q e6sa§3‘w|2) . (2.20)

We deal with the local term in the right hand side of (2.19) as in [Carl2]. We consider a positive
function y supported in w such that y = 1 in wy. We have for all § > 0 by integrating by parts,

using Lemma |A.2] (2.12)), (2.13]) and Young’s inequality the following estimate:

53435 // 6753%34’@2’2 < g34)35 // 6755&)(534\902\2
Qu Qu

0

— 8 [ e maei Ao =08 [ wo- a)e et

Quw
<y f[[ i+ ([ @ g + [ @) 21
Qu
Thus, if we combine ([2.19)-(2.21]), by choosing § small enough we obtain ([2.18]). O

2.4 Proof of the observability estimate in 3-D

In this section we prove the following Carleman inequality, for the solution of the homogeneous 3-D

Boussinesq system assuming Hypothesis or

11



2.4.1 A Carleman inequality assuming Hypothesis

In this section we prove the following result:

Proposition 2.10. Let Q be such that Hypothesis[1.9 holds, w C § be a nonempty open set and let
m > 2. Then, there are g > 0, C > 0 and \g > 1 such that if T > 0, € € (0,£0), (7, %T) € L2(Q)4,
A > Ao, and s > eCNT™ + T?™), we have:

S [ cmt @ aont [ g <o [ eml e, )

for the weights defined in (2.9)) and (p,1)) the solution of (2.3)).

A geometrical result. First of all we prove the following geometrical result:

Proposition 2.11. Let Q be such that Hypothesis[I.3 holds. Then, for ag > 0 small enough, there
is C' > 0 such that for any function w € H*(Q) N H}(Q) and for any a € [0, a] we have that:

102, w20y < C (102120wl g2(0) + 1021250 2(0) + | Law]| 51 (060)) » (2.23)

with

Low = =0y, 2, W — A0z53,W — A0z42,W. (2.24)

Proof. We recall that by Hypothesisthere are a domain Qg C R?and H_, H, € C°(Qy, [6, +00))
such that Q = {z : —H_(21,22) < 3 < Hy(x1,22)}. Using Proposition we obtain that there
is C' > 0 and ag > 0 such that for all a € [0,a¢) and s € (=4, ) we have that:

”8361ch0 Qox{s}) > (Haa:wszH?(Qox{s}) + [ = Opyzyw — aaxzxszHl(aQox{s})) . (2.25)
(Q0x{ })

Considering that 0y,z,w = 0 on 99 x (=4, ) (because of Dirichlet boundary conditions) we have
that:
Low = =0y 2, W — a0yyp,w  on Qg X (=6,0). (2.26)

Thus, if we integrate (2.25)) squared on (—d,d) and consider (2.26]), we obtain that:

102, w7200 (—5.5)) < C (||3x1x2w||i12(90x(75,5)) + HLaw”?{l(agox(f&a))) : (2.27)

Finally, considering that for all z = (z1,z2,23) € Q and s € (=4, ) we have that:
Opyw(x1, 2, x3) = Op,w (w1, T2, S / OpyzsW(T1, T2, S s')ds'. (2.28)

By integrating , using and remarking that Qg x (—4,40) C 2, we easily obtain .

Proof of Proposition[2.10. Because the proof is quite technical, we divide it into twelve steps.

12



e Step 1: We first use the coercivity estimate given in Proposition for 1.
e Step 2: We add terms involving 9 and @3 in both sides of the previous estimate.

e Step 3: We get rid of the terms involving ¢ in the right-hand side of the previous estimate
thanks to the equations satisfied by s and 3.

e Step 4: We choose from this step forward to treat only one term in the right-hand side of
the estimate to simplify. It will be 0y,44¢2, all the other terms can be treated in a similar

way. In this step we use Lemma [2.5

e Step 5: We begin with a Carleman estimate for the derivatives of 0,42, this Carleman

estimate comes from Lemma 2.6

e Step 6: The previous inequality leads to a global term involving the pressure. This is why

we use also a Carleman estimate for the derivatives of 0y,p50,7.

e Step 7: We then get rid of the trace terms of O0y,z,2 and Oyyz42,7™ by using the regularity
result stated in Lemma

e Step 8: We eliminate the local term in pressure i.e. O0y,z44,7 by the second equation of the

system.
o Step 9: We gather Steps 4, 5, 6, 7 and 8.

e Step 10: We first estimate the local term in the derivatives of 0p,z,¢2 by a local term in
Oryzs02 by using standard integration by parts. We then estimate the local term of 0,42

in function of a local term in 3.

e Step 11: We apply the standard Carleman estimate in the equation satisfied by the tempe-

rature.

e Step 12: We estimate the local term in @3 by the equation satisfied by the temperature.

First, let us fix three nonempty open sets w1, ws,ws such that wy CC w; CC wy CC w3 CC w.

Step 1: The equation on the boundary of ¢; is given by
€ € 1
1+e 1+e 1+e
Thus, using Proposition and Poincaré inequality we have for every t € [0,T):

8331961 Y1 — 8332902901 - 83335133901 = (856112 w2 + 8961333903) . (2'29)

o1t 2 < C<‘8$1$2¢1(t7 Mez@) + 10212501 (s ) 12 ()

F 102125 p2(E, ) r2(02) + (102125 03(, ')||H2(Q)>- (2.30)

13



Thus, we have that:

2
851)\52 //Q 6_28a*(f*)51|@1|2 < C<851)\522//Q 6_250‘*(5*)51(|V’0x1$2g@1!2+ ‘Vzaxlmgﬂplp)
i=0

2
+57IA2 ) / / e (€N (|ViOh,ay 02 + |Viax1xgso32>, (2.31)
i=0 7 /Q
for o and &* defined in ([2.9).

Step 2: We deduce from ([2.31)) the following estimate
2
851)\52 //Q 6—2504*(5*)51“0‘2 < C<551)‘522//Q e—2sa*(g*)51(|vzamlx2<p1|2 + |vzaxlm3901|2)
i=0

2
+ 52y / /Q €20 (€ (V' Dy 0y ] + | V'O g3 + 02 + \@32). (2.32)
1=0

Step 3: We consider the equations satisfied by (2 and 3, which are

%4_5815802 - 1%,_583:1@@2 - 81‘21‘2@2 - %_5633313@2 - %_‘_5 (81‘11‘2@1 + 8:E2$3S03) = 07 (233)
%JFE&%O?» - ﬁamlfl Y3 — %4»581‘212(703 - aﬂ?swg‘pi’) - Tig (8901903901 + 6362963502) =0.

So we easily deduce that
2 . .
Y [[ €T s+ V01
1=0
2 . . . . .
<O //Q e (e (lwamm|2+|vzam|2+|v13msog|2+|vzamm|2+|V%azgm3soz|2
=0

+ | ViOrguspal® + [ViOrp3|* + | ViOsyay 031° + |ViDipun 3l + \viamap3|2>. (2.34)

Now we remember that vs, 3 satisfy two heat equations with a source term involving the pressure
Vi € {2,3}, Orpi — Ap; = —0y,min Q, ¢; =0 on X. (2.35)

Therefore, we can actually replace the partial derivative in time of ¢9 and 3 by 0,7 and 0,7 in
(2.34). That is to say, we obtain

2
SN / /Q 20 (€Y (|V ey 0y 01 * + [V Oy g1 )
1=0
<OSARY / / e (g7)7! (W’axmsog|2+|VZax2w|2+rvzamlw2|2+|vzamm\2+|vzax3xgsoz|2
=07 7/Q

+ ’viarzxs‘/?ﬂz + |Vi8x37r]2 + ‘Viaz1m1903|2 + |Viaxzw2903‘2 + ‘Viar3r3‘)03|2>- (2.36)

14



We now gather (2.36]) with (2.31) to deduce that
351)\52 // 6725a*(€*)51|¢‘2 < C<851)\52 // 672301*(5*)51 (‘¢2‘2+ ‘¢3‘2+ ‘viamﬂ_P + ]Vif)mﬂ\?
Q Q

2
+Z Z % x1$2¢j‘2+‘v2 $2$3¢j‘2+‘v2 $1I1¢j‘2+‘v2 $2I2¢j‘2+‘v2 90350390]”2>>' (2.37)
i—0 j=2,3

Step 4: As we have said before, we focus on the estimation of 0,,,,92. We apply Lemma [2.5

t0 Ogouy¢p2, this leads to

855)\56 // 6_28(1{55‘8332173@2’24—853)\54 // 6_25a§53‘vax2x3902’2+351)\52 // e—2$a€5lyv28$2$3(p2‘2
Q @ ¢
4+ o4 37)\8 // 672sa§7’v248x2333902‘2
Q

< C<S5)\6 // €f2sa€5|v258x2x3902|2 + 855)\56 // 672$a§55|8z2x3¢2|2
Q Qu

0
b sTAS / /Q 6—25ag7|v24ax2x3¢22>. (2.38)
wo

Step 5: We now apply the Carleman estimate given by Lemma to the equation satisfied
by V250,,.,, we obtain the following inequality

e e s N
Q Q

< C(SQ)\Q // e—250¢|v256$2m38x2ﬂ_‘2+85)\6 // 6—25a55|v258w2x3¢2|2
Q w

0

+ 5323 / /E e28a§3|anv25ax2x3¢22>. (2.39)

Step 6: In order to estimate the global term involving the pressure in the right-hand side of
(2.39), we also employ a Carleman estimate for the pressure. Indeed, by taking the divergence in

(2.3), we can easily see that:
eoym — (1 —e)Amr =0,

so in particular

Vie (2,3}, —

——01(05,7) — A(Dsm) = 0.

Consequently, from Lemma [2.6| we obtain that:

82/\3 // e—2sa£2|v258x2x36x27r|2+)\// e—23a|v268x2x38x2ﬂ_|2
Q Q

< C<32>\3 / / R S VAT N, N LR / / e—zsag—lyanv%ammaxzw2). (2.40)
Quyg b))

15



Step 7: We now gather the estimates (2.39) and (2.40]) and take A, s sufficiently large to get

85)\6 // 6_2saf5|v258x23;3(,02|2+83)\4 // 6_28a€3’v268x2x3902‘2
Q Q
52)\3 // e‘25a£2|V258x2x38m27r|2+)\// e—Qsa’v266m2xsax2ﬂ_|2
Q Q
<o [ ST bl 4 [[ 0,50,

Quo >

+ 52A3 / / eI, Opy 2+ 5T IATH / / eraglyanv25ax2xBax2w2>. (2.41)

w, %

Quo

From (2.11)) and the regularity result stated in Lemma we deduce that for m > 2,

%7275 (€7)3 2l oo ) + IIs*/ 26" (€7)2 x| asn
< ||83/2+16+16/m€—5a* (g*)3/2+16+16/m(p”L2(Q) < ||851/2e—3a* (5*)51/2@HL2(Q)' (2‘42)

Then, we obtain that

83)\3 // 6—25a§3|6nv26812m3902‘2 + 8_1)\_1 // 6_250‘5_1|8nV253x2x36127r|2
b)) p)
< )\3551 // 6—2sa*(§*)51’(’0|2. (243)
Q

So by taking A sufficiently large, the trace terms of the right hand side of (2.41]) can be absorbed
by the left-hand side of ([2.32)).

Step 8: From (2.35) and (2.42)), by integration by parts and cut-off arguments, we have that

there exist r, 7/ > 0 such that
82)\3 // 672sa§2|v258x2x3 ax27r|2 — —S2>\3 // 672504 [v25ax2x38x277] [(8t - A)V%&@% (,02]
Qwo Q“’O
< Hsl/?e—sa* (5*)1/271_”?{15‘31(Q) + Sr)\r’ //Q 6_45a+28a*fr|v256352x3§02‘2
w1

< 851 // 6—2304*(&*)51‘%0’2_’_081”)\7“’ // e—4sa+2sa*gr‘v258z2$3(p2|2. (2.44)
Q w

1

This proves that for A\ sufficiently large, the local term of the pressure in the right hand side of
(2.41)) can be absorbed by the left-hand side of (2.32]).
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Step 9: By using (2.38), (2.41)), (2.43)) and (2.44)), we have

SN // 6_28a§55|8$2w3 P2 ’2+853)\54 // 6_28a§53|vawzw3 2 ’2+851)\52 // 6_28a§51 |V28m213 (P2|2
Q Q ?
4o 85A6 // e—25a€5‘v258$2$3(p2‘2 + 83)\4 // 6_250‘§3IV263332$3Q02]2
Q Q

< C(}\SSSl //Q 6725a*(§*)51|<‘0‘2+8r>\r’ // 6745a+2sa*€r|v258$2x3(p2|2

1

* AT // 6_28a€55|8x2x3902|2 + sTX° // 6_2sa£7|v2481’213902|2

Quy Qug

+ s2°\8 //
Q

Step 10: We now estimate the local term in @9, we proceed by standard integrations by parts,
as in [BP20al Section 5, Step 3], to obtain

N [ bt 8+ 70 [0l
Qun

Qug

+ 85)\6 // e—280¢§3’v25ax2x3802‘2

Quo

< 5<S55/\56 // 6725(1555‘6x2m3ﬁp2|2+853/\54 // 67250‘553\Vam2m3<ﬁ2|2+851)\52 // 67250‘551\V28$2x3g0212
Q Q Q

4t 83)\4 //Q 628a§3|v268x2x3902’2)
+ C5ST)\T/ // 6—4sa+23a*£r|8x2x3(p2|2’ (246)
Quy

for some other parameters r,7’ > 0. By taking ¢ sufficiently small in (2.46]), we deduce from ({2.45))

the following estimate

555)\56 // 6728a€55|ax2$3802’2+853)\54 // 6728a€53|v8x2x3s02’2+S51)\52 // 6725a551|v2ax2x3(p2|2
Q Q Q
4. +S5>\6 // 6_280‘§5|V2581213g02|2 Jr83)\4 // 6_25’1§3|V268x2x3902|2
Q Q

< O)\3851 //Q e—2sa* (5*)51|¢|2 + CS’!‘)\T, //Q e—4so¢+25a*£7’|ax2x3<p2|2' (247)
w2

By doing integration by parts in the same spirit as before, we have

555)\56 // 6_2$a£55|ax2x3802|2+553)\54 // 6—2$a£53|vax2x3902’2+551>\52 // 6_2$a§51|v281213g02|2
Q Q Q
+eoet 55)\6 // 6_28a55|v2581223902|2 + 33)‘4 // 6_2sa£3|v260x2$3902|2
Q Q

SC)\SSM //626_25a*(§*)51‘<p’2—|—CSTXJ //Q e—4sa+25a*§r’@2|2’ (2.48)
w3

STl ). (2:5)

“o
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for other parameters 7,7’ > 0.

By using (2.37)), (2.42)), (2.48]) and performing the same strategy from Step 5 to Step 10 for all
the terms appearing in the right-hand side of (2.37)), we obtain that there exist r,7’ > 0 such that

851/\52 //Q e—2sa*(§*>51’¢’2 < Csr)\r’ // e—4so¢+2so¢*£r(’(p2’2 + ’(,03’2)- (2.49)

3

Step 11: Now, we apply the classical Carleman estimate for the heat equation with homogenous

Dirichlet boundary condition satisfied by 1, i.e. we use Lemma [2.6

83)\4// 6_38a£3|¢|2+8)\2// e—380¢£‘v¢|2
Q Q
SC(// 6_3sa‘(p3‘2+83)\4// 6—35a§3’¢2>. (2.50)
Q Qug
By using (2.13)), we sum (2.49) and (2.50|) to get
851)\52 //Qe—Qsa*(g*)Blhp‘Q+83/\4//Q 6_38a53|2/)|2—|—8)\2 //Q 6_3SQE|V1,/)|2

< C (87")\7«’ // 6_4sa+28a*€r(|§02‘2 + |¢3|2) +83)\4 // 6—38&53’¢‘2) . (251)
ng Qu

Step 12: To eliminate the local term in @3 in the right-hand side of (2.51), we proceed
exactly as in the proof of Proposition [2.8]in Section Therefore, we obtain the desired estimate
(12.22]). O

0

2.4.2 A Carleman inequality assuming Hypothesis

The goal of this part is to prove the following result:

Proposition 2.12. Let Q,w be such that Hypothesis holds and let m > 12. Then, there
are gg > 0, C > 0 and A\g > 1 such that if T > 0, ¢ € (0,e0), T € (L3(Q))%, A > Xo, and
s > eCNT™ + T?™), we have:

—2sa* (¢ —20L 54 —sa*
SN [[[ er@ysigp st [[ e tiegiup <o [[ e it vimP),  (@5)
Q Q Qu
for the weights defined in (2.9) and for (p,) the solution of (2.3)).

To prove Proposition we follow the strategy of [FCGIPO06], which consists in getting a
Carleman estimate with some local terms and then using that the observation domain touches the
boundary. The fact that the coupling of the system is of order 2 is an additional difficulty with
respect to the systems treated in [FCGIPO06].
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Proof of Proposition[2.19 First of all, we consider that, by taking a smaller control domain if
necessary, we can suppose that there are v € (eg, e3) and I C T a relatively open set such that

w={z+M:xel, Ae(0,1)}. In addition, we consider
wii={z+M:zel, Xe(0,1/2)}, (2.53)

for T a relatively open set contained in I'. Finally, we consider wy a non-empty open set compactly

contained in w;y.

In order to prove the Carleman inequality (2.52)), we first remark that 0;, ¢1 satisfies the equation:

€ 1
(1 T Eat - A) 81:1 Y1 = 174‘5 (8$1x1z2§02 + 81:1$1ac3§03 + azlacgarg Y1+ a;vlzg,xg@l) . (254)

To continue with, using Poincaré’s inequality for ¢; and Lemma for 0y, 1 with £ = 1, we
obtain that:

816>\17// 6_280*(5*)16“01‘2+816)\17// 6_28afl6’6m1(p1‘2+314)\15// e—28a&-14’v8m1(p1‘2
Q Q Q@
sc(s%“’ / / 2272, 17 + 510N / / £15(0,, 012
Q Qug

+ sMAL / /Q 514|vam¢12>. (2.55)
wo

In particular, by using (2.54)) and the Carleman estimate coming from Lemma for the terms of
Vzﬁzlgpl we obtain that:

512)\13 // 6728a€12|v2ax1(p1|2 S C<59)\9 // 672sa§9|v29’2+812)\13 // 512’v28x1901|2
Q Q Qug
+810>\10 // 6_28a£10|611v28x18012>7 (256)
¥

for g := Oryzy2292 + Ory212503 + Ozy20my 1 + OzyzsasP1-

To continue with, we find from Poincaré’s inequality and Lemma with £ = 0 that:
817)\18 // 6_28(1*(5*)17(’(,02’2 + ’@3’2) + 817)\18 // 6_25(1{17(’8351902‘2 + ‘6$1S03’2)
Q Q
<o [[ 2o (Vo + (Vo)
Q

womas [ 2o, pup 4 \3x1¢3|2)>- (2.57)

Quo
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Next, we remark that we can follow the steps 3-11 of Section and by using the estimates
on the weights (2.12), (2.13), Lemmas and and (2.55)), (2.56)), (2.57), we deduce that:

16)\17// —2sa* 15|g0\2+s3)\4// e foosa£3|¢|2 < C<// (1) + |p2?)
[[ o oo [[ oo, ) (25%)
Qu

1

Remark 2.13. It helps us to have only derivatives of 0,,¢2 and 0,,¢2 in the right-hand side of
because we eventually do a Carleman inequality for V0., ¢ as in [BP20al, Section 5], so the
local term that we get is of the form V?0,,¢. If instead of having 0, ¢ and 8, w2 we had Vo and
Vs, after applying the Carleman estimate to V¢ we would get a local term which have 8;2%
and a;3<p1 terms from which we do not know how to get a Carleman inequality with a local term

that only depends on ¢ and .

Let us now treat the boundary term of ¢; as in Section [2.4.1] By interpolation and Lemma [2.7]

we have:

310)\10 // ef2sa§10’anv28xlsol ‘2
2

—sa™ * 1/2 —sa* * 3/2
< C||S23/4)\23/4€ (5 )23/4@||L/2(07T~H4 ||819/4)\19/4€ (5 )19/4¢||L/2(0’T;H6(Q))

< C||831/4+2/m)\23/4e—sa* (5*)23/4()0”1/2 ||831/4+3/m)\19/4e—sa* (f*)31/4+3/m ”3/22(Q)

So, if m > 12, we have that the trace term in the right-hand side of (2.58)) can be absorbed by the
left-hand side of (2.58)), then we obtain:

R R G R N I R <c(/ / (2 + [l
+//Q a*|a$1g012>. (2.59)

Let us now estimate the third right-hand side term of (2.59)). From ([2.53)), recalling that e;
is tangent to every point of T' by Hypothesis Oz, 01 = 0 in dw; N 0N, and from Poincaré’s

inequality we obtain that:

/ /Q O < C / / (Onyes 21 + 10sar01]%): (2.60)

Consequently, by using the equations (2 , we can estimate the local terms in the right-hand side
of (2.60) in function of local terms of 92 and 3. By putting this in (2.59)), we bound the local

term in 0y, ¢1 by local terms in 9 and ¢3. In addition, we can deal with the local term of ¢3 by

w1

using the equation satisfied by v as before. Hence, by straightforward computations, we obtain the

expected estimate (2.52]). O
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2.5 Source term method

In this section we adapt the source term method of [LTT13] to our case. More precisely, from
Proposition we have an estimate for the control cost in L? of system (2.1)). We now fix M > 0
such that K (T) < MeM/T™ | with K(T) defined as in ([2.2). In addition, we fix the values:

qe (1, %2), p>Fm/2-M), (2.61)
and the weights:
_ Mp
t):= M Pexp <— ) ) 2.62
pr(t) = M~ Pexp <— (L+p)g" M ) . (2.63)
(¢—1)m™(T —t)"
In addition, we define associated spaces for the source term, the state and the control:

F = {f e LX QN - RS L2(Q)N+1}, (2.64)

PF

2 N+1 (y,0) 2/ \N+1

Y:=1(y,0) € (L*(Q)) S € LY(Q) ; (2.65)
V= {v e L2(Q)NT! 2 e L*(Qu)N ™! and v satisfies lj . (2.66)

Po

From the proof of [LTT13], Proposition 2.3], we deduce the null controllability of (2.1)):

Proposition 2.14. Let Q, w be such that Hypothesis[1.1], or[I.3 holds. Then, there exist ey > 0,
m > 1 and C > 0 such that for every T > 0, ¢ € (0,20), f € F, (°,0°) € L2(Q)NHL, there exists a
controlv € V such that the solution (y,0) of (2.1)) belongs to Y and we have the following estimate:

1(,9)/ pollcoryzzy) + Iv/poll 2.y < C (1W°, )2 + 1 /o7l 12q) - (2.67)

In particular, (y,0)(T) = 0.

The next proposition gives more information on the regularity of the controlled trajectory
obtained in Proposition We consider the weight:

Mp L (L4 p)g®m
t—exp(— ),Wlth<5<p.
- CE RO 2
We remark that p(7") = 0 and that p satisfies the inequalities:
po < Cp, pr < Cp, |p'lpo < Cp?, p* < Cpr. (2.68)
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Proposition 2.15. Let Q, w be such that Hypothesis[1.]], or[I.3 holds. Then, there exist ey > 0,
m > 1 and C > 0 such that for every T > 0, € € (0,2¢), f € F, (y*,0°) € HY(Q)NHL, there exists
a control v € V such that the solution (y,0) of (2.1)) satisfies:

1y, 0)/pll L2 (0,12 () m (0,122 (02)) + v/ Poll 2@y < C <||(3/0,90)||H01(Q) + Hf/Pf||L2(Q)) . (2.69)

In particular, (y,0)(T) = 0.

The proof of Proposition is a straightforward adaptation of the proof of [LTT13, Proposition
2.8] by using a regularity estimate of the penalized Stokes system (see Lemma and of the heat

equation.

Remark 2.16. For each f € F and (y°,0°) € H}(Q)N*+L) by classical arguments (see [LTTT13,
Proposition 2.9]), we can fix a control v € V such that (y,6) and v satisfy (2.69) by choosing
among those the unique minimizer of the functional v — ||(y, 9)/pH%2(0 T H2(Q))NH (0,T312(9)) T

HU/POH%%QM)-

3 Local null-controllability of the nonlinear Boussinesq system

In this section we conclude the proof of Theorem In particular, it is organised as follows:

e In Section we use a fixed-point argument to get the local null-controllability of the non-
linear system (L.1)) for initial data in HE(Q)NV+L.

e In Section [3.2] we use a regularization argument to deduce the local null-controllability of
(T.1) for initial data in L2(Q)V+1,
3.1 Fixed-point argument

In this section, we give the proof of Theorem for initial data in H}(Q)N*!. In this part, C
denotes a positive constant that depends on 2, w and T but independent of ¢ and varying from

line to line. In addition, we denote:

Fr={feF : |f/prlle2 <7} (3.1)

for » > 0 a small enough parameter independent of ¢ that will be determined later.

We now fix (y°,0°) € HE(Q)N+! such that:
1%, 0 3 ) < 7 (3.2)
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It follows that we can define an operator A/ acting on F,. by:
1 1
N(f) = (—(y V)y — §(V Yy, —y - Vo= (V- y)9> , (3-3)

where (y,0) is the corresponding trajectory of ( associated to the initial values (y°,8°), the
force f and the control v given by Proposition [2 and Remark 2.16]

To conclude the proof of Theorem [I.2] for regular initial data it suffices to check that, for » > 0
small enough not depending on &, A is a contractive mapping from J, into itself and then apply
the Banach fixed-point theorem.

Step 1: F, is invariant for N provided that r is small enough. By using (2.68)); and the
Sobolev embeddings H'(Q2) < L*(Q) and H?(Q) — Wh*(Q) because N < 3, we have for almost
every t € (0,7):

p? y-Vy V-y)y
rad L !(H 20] g [T
L2(Q) p L2(Q)
0] S 0)
L2(Q) p? 12(Q)
Yy Vy Yy Vo
<o[to] [T 2o [To
P ol P LA(Q) PollLy Il P LA(Q)
0
| 50],)
L VAN (o) R L P AY(9)
Yy Yy Yy 4
<20] 0 [0 * 159, 50
qm@o) 1P a2 P gy 1Pl H2(0)
50 i [50] )
H2(Q) H(Q)

Then, by integrating in the interval time ¢ € (0,7") and by using (2.69)), (3.2) and (3.1]), we have:

i I
LQ(Q) C((0,T):Hg () L2(0,T;H?(2))

wl; H
c([0,T);HE (2

F
+ —
p

L2(0,T;H2(R))

L2(0,T;H2())
< C (I 6%) 2130y + I1F /0732 )
< Cr?.

So, for r > 0 small enough, A stabilises F,.
Step 2: N is contracting provided that r is small enough. Using the same kind of

arguments, it is not difficult to obtain that:
HN N(f?) fr=r

PF

2Q) 12@Q)
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Consequently, by taking r sufficiently small, A is a contracting mapping on the closed ball F,.
Therefore, by the Banach fixed point theorem, N has a unique fixed-point f. By denoting (y, 6, v)
the associated trajectory to f, we find that (y,0,v) satisfies the system and (y,0)(T) = 0.
Remark that r does not depend on €, so the control is bounded uniformly when e goes to 0. This

concludes the proof.

3.2 Smoothing effect of the nonlinear Boussinesq system

In this section, we give the proof of Theorem for data in L?(Q)V*!. This type of arguments
have already been used in [CMS20] and [CSFCB™20]. The key remark is the following regularity

lemma.

Lemma 3.1. Let T > 0. There exists a positive constant Cp > 0 such that for every € > 0, any
(y0,00) € L2(Q)NT! and any weak solution of (T.1]) with control v =0,

Fto € 0,71, [y, 0)(to, )l 1 () < Cr 140, 60) |l 20 -

Proof. We multiply (1.1)); by y and (1.1]), by 6, then integrate in €2, we find

(g5 fve2)+ [ueor+2 [0 pe? = [ oo
(i/ﬂe(t,ﬁ) —i—/Q|V9(t

We sum, use Young’s inequality and Gronwall’s lemma to obtain that there exists C' > 0 such that
for all ¢t € [0,T):

15, 0)(t, )20 / 19,605, M2y ds < C 113 00) 2200

In particular, this gives us the existence of a time ty € [0, 7] such that
1€y, ) (to, M) <\ 7 || Y0, 60) [l L2 (o)
This concludes the proof with Cr = /C/T. O
We now have all the tools to end the proof of Theorem

Proof of Theorem[1.2. We can control the initial data with the following three steps:

Step 1: regularization of the data. By setting v = 0 and by using Lemma we deduce
that there exists o € (0,7/2) such that ||(y,6)(to, )l g1 () < Cry2 1(%0,00) [l 12(0)
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Step 2: local null-controllability result in time 7/2. By taking (yo,6) € L*(Q)V*!
such that Cr/z [(y0,60)|12(q) < d7/2, Where d7y is the radius of local null-controllability of (L.1)
for initial data in H3(Q)N*+!) we obtain that there exists a control v € L2((to,to + T/2) x w)N+!

satisfying ([1.2)) such that (y,8)(to +7/2,-) = 0.

Step 3: do nothing at the end of the interval time. We set v =0 in (to +7/2,T) X w,
50 (yv 9)(T’ ) =0. [

4 Remarks and open problems

In this section, we make some remarks and formulate some open problems concerning the null-
controllability of the penalized Boussinesq system (|1.1]).

e If N = 3 by symmetry and by adapting Hypotheses or we can construct controls
which satisfy:
AU+ Aovg =v3 =0
for any A1, Ao € R. Indeed, all the proofs in this paper can be adapted to these situations by

a simple change of coordinates.

e We can prove analogue controllability results assuming Hypothesis or for the

penalized Navier-Stokes system, which we recall is given by:

;

w—Ay+ @y -Vy+3(V-y)y+Vp=ovl, inQ,
V-y=—¢ in Q,
Y p Q (4.1)
y =0, on X,
y(0) =", in Q.

\

Indeed, by following the strategy of this paper and by omitting the steps related with the
heat equation satisfied by 6, we can prove that is locally null-controllable uniformly
on ¢ with a control v with one null component. Obtaining the local null-controllability of
(4.1)) with a control with two null-components in 3-D is an interesting open problem. A good

strategy seems to employ the return method in the spirit of [CLI14].

e The exponents of s, A\ and ¢ and the constant m stated in Propositions and are
a bit arbitrary. In particular, by combining Lemmas and a sufficient number of times
we can get an analogous result for any m > 1 by choosing the exponent of s, A and £ large
enough. This implies that the cost of the null controllability of the linearised system without

a source term is less than Ce®T™ ™ for all m > 1.
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e Removing the geometrical hypothesis on {2 is an interesting open problem.

e There are still plenty of systems with penalizations which approximate the incompressibility

condition (see [She97]) whose null controllability properties have not been studied yet.

A Proof of Lemma

Let us prove Lemma The proof consists in two steps: first we use parabolic regularity

estimates and then we estimate the weights.

As a first step, we prove the following result:
Lemma A.1. Let k € N and h € H}(0,T). Then, there is C > 0 such that for all o7 € L*(Q):
1hp ]l gz () + 1A || gr-r.26-1 () Lkt < ClIEY | L2, (A.1)

for (p,m) the solution of (2.17)).

Proof of Lemma[A.1 The proof of Lemma[A-]is done by induction. The base case, k = 0, is trivial.
Let us now prove the inductive case. By hypothesis we have (A.1]) for any function h € H¥(0,T)

and we have to prove the estimate:
1hpll gris1.20000 gy + 1A | grrans gy < ClIRF Vel 1), (A.2)

for any function h € HET(0,T). We have that (he, hr) satisfies:

(—(h)e — Alhg) + V(hr) =y in Q,
eht +V - (hg) =0 in Q,
hp =0 on X,
(h)(T, ) = 0 in Q.

Thus, since h and its derivatives get null on t = T', Lemma implies that:

thOHHkH,z(kH)(Q) + ||h7THHk,2k+1(Q) < CHh/(PHHk,Qk(Q). (A.3)

As W' € HE(0,T) we can now use the inductive hypothesis (A.1]) and obtain (A.2) from (A.3). O

Using Lemma with h = s7e ™5 (£*)" we find that:

*

I87¢™" (€Yl manigy + 156> (€ Tl posansg) < 0K (€ )gllzgy  (A4)
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To conclude, we have to estimate the time derivative of the weights. We first recall the following

result, which is classical, whose proof is sketched for completeness:

Lemma A.2. Let k € N,. Then, for all s > C(N\)T™ we have the following estimate:
|OF ™| + [0F | < s*m (g R, (A.5)

Sketch of the proof of Lemma[A.g . It is easy to prove by induction that:

q(t,T)
(KT —t))m+k’

o _a(t, T)(elle —1)
oFa* = T Dy (A.6)

¢t =

for ¢ a homogeneous polynomial of degree k. Thus, considering that t < T < (C(\))"'s!/™ as

s > C(N)T™, we easily obtain (A.5)) from (A.6]. O

Finally, (A.5) and s£* > 1 imply the estimate:

o(se @)y <os” Y [T sorar | e g, [(€)]

i1+ tigr1=k \j=L,....k:i;7#0

< Sr—i—k—}—k/m(g*)r—l—k—i—k/me—sa*‘ (A?)

Indeed, we get the maximum exponent for s and £* in (A.7)) by picking j1,...,jx = 1 and jx11 = 0.
Consequently, we obtain the desired estimate (2.16) from (A.4]) and (A.7]).
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