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We investigate exotic supergravity theories in 6D with maximal (4,0) and (3,1) supersymmetry, which
were conjectured by Hull to exist and to describe strong coupling limits of A/ = 8 theories in 5D. These
theories involve exotic gauge fields with nonstandard Young tableaux representations, subject to (self-)
duality constraints. We give novel actions in a 5 + 1 split of coordinates whose field equations reproduce
those of the free bosonic (4,0) and (3,1) theory, respectively, including the (self-)duality relations. Evidence
is presented for a master exceptional field theory formulation with an extended section constraint that,
depending on the solution, produces the (4,0), (3,1) or the conventional (2,2) theory. We comment on the
possible construction of a fully nonlinear master exceptional field theory.

DOI: 10.1103/PhysRevD.103.046002

I. INTRODUCTION

Among the surprising features of string/M-theory is
the possible existence of exotic superconformal field and
gravity theories in six dimensions, which display general-
izations of electric-magnetic duality. Specifically, the
supermultiplets of these theories are such that the corre-
sponding fields must be subject to (self-)duality constraints,
some of which involve exotic Young tableaux representa-
tions. In this paper our focus will be on a conjecture by Hull
[1,2] according to which there are strong coupling limits
of N' =8 theories in five dimensions that are given by
six-dimensional theories with chiral N' = (4,0) and N' =
(3, 1) supersymmetry, respectively. Such theories must be
exotic or nongeometric since they feature mixed symmetry

tensors of Young tableaux type H:J and Bﬂ respectively,

instead of a conventional graviton, hence suggesting the
need for a generalized notion of spacetime and diffeo-
morphism invariance. They are set to play a distinguished
role among the maximally supersymmetric theories [3-5].

A possible window into these somewhat mysterious
structures is offered by a Kaluza-Klein perspective from
five dimensions. The supermultiplets of five-dimensional
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(5D) theories with maximal supersymmetry (32 real super-
charges) were classified by Strathdee [6] and further
clarified by Hull in [7]. The 5D superalgebra reads
{04, 0} = Q(I#C) 4Py + Cop(Z0 + QK),  (1.1)
where , 3, ... = 1, ..., 4 are the space-time spinor indices
and a,b,...=1,...,8 are USp(8) R-symmetry indices.
This superalgebra features 27 central charges Z%, satisfy-
ing Z¢0 = —7b¢, Qab7 ., =0, and a singlet central charge
K. The short (or BPS after Bogomol nyi-Prasad-
Sommerfield) multiplets of this superalgebra describe the
possible Kaluza-Klein towers that any six-dimensional
(6D) theory with maximal supersymmetry displays when
compactified on a circle. For the conventional maximal 6D
supergravity, which features A/ = (2,2) supersymmetry,
the massive Kaluza-Klein states do not carry the singlet
central charge K. Instead, they carry a particular central
charge Z% transforming as a singlet under the six-dimen-
sional R-symmetry group USp(4) x USp(4). In contrast,
the massive multiplets of the exotic theories carry non-
vanishing singlet charge K [together with nonvanishing
7% singlet under USp(4) x USp(4) in the case of the N/ =
(3, 1) multiplets] [7]. This points to a unifying framework
in the spirit of exceptional field theories [8§—11] which we
will elaborate on in this paper.

Exceptional field theory (ExFT) provides in particular a
formulation of 11-dimensional (11D) and type IIB super-
gravity in a form that is covariant under the global
symmetry group Egg) of 5D maximal supergravity, thanks
to extended coordinates in the 27 representation of this
group, which are added to the five coordinates of 5D

Published by the American Physical Society
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supergravity. The resulting theory is thus based on a
(5 4+ 27)-dimensional spacetime split, in which the 27
coordinates are subject to an Egg) covariant “section
constraint” restricting them to a suitable physical subspace,
from which the complete (untruncated) 11D supergravity
can be reconstructed, albeit in a Kaluza-Klein type formu-
lation with a 5 + 6 split of coordinates. (Equivalently, one
may think of this as coupling the infinite towers of massive
Kaluza-Klein multiplets to 5D supergravity, which recon-
structs the complete 11D supergravity.) A different physical
section reproduces the IIB theory [10,12]. From a higher-
dimensional perspective, the extra coordinates can be
thought of as accounting for the possible brane windings,
which in turn are related to the 27 central charges of the
supersymmetry algebra (1.1). The structure of the exotic
supermultiplets then suggests an inclusion of their cou-
plings within a suitable extension of this framework.

In this paper we will present actions for (the bosonic
sectors of) the free exotic 6D theories that generalize the
(linearized) Eq ) exceptional field theory [10,11] by adding
one more “exotic” coordinate to the 27, as suggested by the
singlet central charge in (1.1). As one of the most enticing
outcomes of our investigation we find evidence for a master
exceptional field theory formulation in which the conven-
tional N' = (2,2) theory as well as the N' = (4,0) and
N = (3, 1) theory are obtained through different solutions
of an extended section constraint of the form

KDy @ O =AM (O @ 0.+, @ D) =0

(1.2)

where M,N =1, ...,27, are fundamental E¢ ) indices,
d"™K denotes the Eg invariant fully symmetric tensor,
and 0. is the derivative dual to the exotic coordinate.
Moreover, AMN denotes the (constant) background part of
the generalized metric MMV encoding all scalar fields. The
first term in Eq. (1.2) defines the section constraint of E¢g)
exceptional field theory, whose solutions restrict to the
standard D =11 and IIB sections. The second term
encodes the extension of the constraint allowing for
two more solutions corresponding to A = (4,0) and
N = (3, 1), respectively. More precisely, we recover the
N = (4,0) exotic theory by dropping all dependence on
the 27 standard coordinates, and keeping only the depend-
ence on the exotic coordinate. The N = (3,1) model in
turn is recovered by superposing this coordinate with the
F4(4) singlet under 27 — 26 + 1 among the 27 coordinates
of ExFT. While we give several independent pieces of
evidence for the existence of this master formulation (some
of which entail highly nontrivial numerical agreement), we
also point out some gaps of the master formulation as
understood so far. This implies that the complete nonlinear
theory requires new ingredients, not the least of which is a

section constraint that makes sense for the nonlinear theory
and that reduces to (1.2) in the appropriate limit.

As a technical result, we present novel actions for the
bosonic sectors of the N = (3,1) and the N = (4,0)
model that are based on a 5 + 1 split of the six-dimensional
space-time, sacrificing manifest 6D Poincaré invariance. In
the spirit of ExFT, these are two-derivative actions which
upon dimensional reduction to five dimensions reduce to
the same action of linearized maximal 5D supergravity. All
dual fields, in particular the entire dual graviton sector, only
appear under derivative along the sixth dimension. The full
field equations obtained by variation combine the second-
order Fierz-Pauli equations with first-order duality equa-
tions defining the dual graviton sector. Actions for self-dual
fields based on a 5 + 1 split of spacetime date back to [13]
with the description of self-dual 6D tensor fields. More
recently, actions for the V' = (3, 1) and A/ = (4,0) models
have been constructed in [14—16], based on the prepotential
formalism developed in [17] in the context of linearized
gravity. Introduction of prepotentials for the gauge fields
adapted to their self-duality properties allows for the
construction of an action of fourth order in spatial deriv-
atives. Our construction is closer in spirit to the original
construction of [13], albeit dual in a sense discussed in
more detail in the Appendix A. It provides a novel
mechanism for describing self-dual exotic tensor fields.

The rest of this paper is organized as follows. In Sec. I we
review the bosonic sector of the A" = (2,2), N/ = (3, 1) and
N = (4,0) theories at the level of the equations motion,
which are manifestly 6D Lorentz invariant. In order to find
actions for these theories we abandon manifest Lorentz
invariance by performing a 5 4 1 split of coordinates in
Sec. III for each of these models. In Sec. IV we then present,
as one of our main technical results, actions whose second-
order Euler-Lagrange equations can be integrated in order to
reproduce the correct dynamics of the three theories. In
Sec. V we present the master formulation as currently
understood, highlight its successes, which strike us as
significant, but also discuss the structural problems that
remain. We close with a brief outlook.

II. REVIEW OF 6D MODELS

We study six-dimensional field theories in Minkowski
space with flat metric
Nyp = diag{—1,1,1,1,1,1}, a,v=0,..,5. (2.1)
The Poincaré algebra in six dimensions admits chiral
(N, N_) supersymmetric extensions where A/, count
the cumber of right- and left-handed supercharges, res-
pectively [6]. In particular, maximal supersymmetry
(32 real supercharges) allows for the three possibilities
(N4 N2) =(2.2), N3 N_)=(3.1),and (V. N_) =
(4,0). The corresponding lowest-dimensional massless
supermultiplets have the field content [6]

046002-2



TOWARD EXOTIC 6D SUPERGRAVITIES

PHYS. REV. D 103, 046002 (2021)

(2,2): (3.3:1,1) + (2.2:4,4) + (1,3:5,1) + (3.1, 1, 5)
+(1,1:5,5) + (2,3:4.1) + (3.2;1,4)

+(2,1;4,5) + (1,2;5,4), (2.2a)

(3.1): (4,2;1,1) + (2,214, 1) + (3,1:6,2) + (1,1; 14/, 2)
+(4,1;1,2) 4 (3.2;6,1) 4 (2,1;14,2)

+(1,2;14',1), (2.2b)
(4,0): (5,151) 4+ (3,1;27) + (1,1;42) + (4, 1;8)
+(2,1;48), (2:2¢)
organized into representations of the little group
Gy = SU(2) x SU(2) x USp(2N ) x USp(2N_). (2.3)

In this section, we briefly review the six-dimensional free
theories associated to these multiplets.

A. The N =(2,2) model

Let us start from the N = (2, 2) multiplet corresponding
to maximal supergravity in six dimensions. Its bosonic field
content comprises a metric, 25 scalar fields, 16 vectors, and
5 two-forms. The full nonlinear theory has been con-
structed in [18] with the scalar fields parametrizing an
SO(5,5)/(SO(5) x SO(5)) coset space. For the purpose of
this paper, we will only consider the linearized (free) theory
with no couplings among the different types of matter.

The linearized spin-2 sector carries the symmetric
Pauli-Fierz field h;;. With the linearized Riemann tensor
given by

Ry -5 = —aﬁawhg]g + 398[ﬁh;, (24)

s
linearization of the Einstein-Hilbert Lagrangian gives rise
to the massless Fierz-Pauli Lagrangian

i

1 R .1 N o1 U
‘Ch = —E&h’”@ahﬁ” +§3ﬁhp”8f)h;;” —Zaﬁhpaaﬂh’;,[,

1 S

1

Zgﬁaﬁggﬁﬁ +QﬁQﬁa

1 ...
=-7 FOPQy ;5 + (2.5)
with Q;;, = 0j3h;),. The vector fields Aﬁi couple with a
standard Maxwell term

L, = —lFM"F/”",

2 Fao i=1,..,16,

(2.6)

for Fj;' = 20;A;", while scalar couplings take the form

1 N
Ly = —Eaﬁqsaauqaa, a=1,...,25.  (2.7)
The couplings (2.6) and (2.7) break the global SO(5,5)
symmetry of the nonlinear theory down to its compact part

SO(5) x SO(5), as expected for the free theory. Finally, the
two-forms B;;” couple with a standard kinetic term

Ly=——Hy dHIP9, g =1,...5  (2.8)

Al =

for H;;,7 = 30;B; ;7. For the following it will be con-
venient to combine these fields together with their magnetic
duals into a set of 10 two-forms B¢, satisfying first-order

(anti-)self-duality field equations

6abHA b o mcxlb’

nop :gguv/)alcﬁrlab (1:1,...,10,

(2.9)

with the SO(5,5) invariant constant tensor 7.
Equations (2.9) amount to a description of these degrees
of freedom in terms of 5 self-dual and 5 anti-self-dual
two-forms.

B. The A/ =(3,1) model

Let us now turn to the free field equations associated
with the A/ = (3, 1) multiplet (2.2b). This multiplet does
not carry a standard graviton field, but an exotic three-index
tensor field of mixed-symmetry type [19]

H ¢ Cavp=—Cipp Cluop =0.

1 .
Spopat = gEnopariS’ ot (2.11)

in terms of its second-order curvature
SALA/[A,‘;,-% = 38&amcpﬁ]% - 38,28[];6‘3/3].5-. (212)

Counting reveals that the field equation (2.11) captures the
8 degrees of freedom as counted in the multiplet (2.2b).
Moreover, curvature and field equation are invariant under
the gauge symmetries

0Chpp = 28[;,&;,]/3 + @,ﬁ;,,; - 8V,ﬁﬁ,;], (2.13)
with parameters @;; = agp) and f; = f;). An action
principle for the field equations (2.11) has been constructed
in [16] based on the prepotential formalism introduced in
[17] in the context of linearized gravity.

In addition to the exotic tensor field, the bosonic field
content of the N = (3,1) multiplet (2.2b) contains 14
vectors, 12 self-dual two-forms and 28 scalar fields. The
dynamics of vector and scalar fields can be captured by
standard Lagrangians (2.6) and (2.7) (with different range
of internal indices). The self-dual two-forms B;;“ obey a
self-duality equation similar to (2.9)
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1 o
H:n@ = _g. ... Hmcﬂa,

00" = g Euvpari a=1,...,12, (2.14)

contrary to (2.9), no indefinite tensor 7, appears in this
equation, and all forms are self-dual.’ As a consequence
there is no standard action principle for these field
equations; they can however be derived from an action
with nonmanifest Lorentz invariance [13] or upon coupling
to an auxiliary scalar field [20].2

The free N = (3,1) theory is invariant under the
R-symmetry group USp(6) x USp(2). The (yet elusive)
interacting theory is conjectured to exhibit a global Fy)
symmetry with in particular the 28 scalars parametrizing
the coset space Fy4)/(USp(6) x USp(2)) [1].

C. The N =(4,0) model

The N = (4,0) multiplet carries an exotic four-index
tensor field with the symmetries of the Riemann tensor

HH ¢ Taops = Tpopo = —Toppo s Tanple =0
(2.15)

Its field equation is given by a self-duality equation [1]

(2.16)

1
Gisipst :g%aw[}y pét
in terms of its second-order curvature

(2.17)

Counting confirms that this field equation describes the
5 degrees of freedom as counted in the multiplet (2.2c¢).
Moreover, curvature and field equation are invariant under
the gauge symmetries

(2.18)

with the (2,1) gauge parameter 4,5 = 4; 55 Ajpps) = O
An action principle for (2.16) has been constructed in
[14,15] based on the prepotential formalism of [17].
The bosonic part of the N = (4,0) multiplet (2.2¢)
combines the exotic tensor field 7;;,; with 42 scalars
and 27 self-dual two-forms. Their dynamics is described by
a free Lagrangian (2.7) and self-duality equations (2.14),

respectively.

'For uniformity, we use the same indices a, b, to label two-
forms in all three models, despite the fact that the range of these
indices differs among the different models according to the
number of two-form fields. This should not be a source of
confusion.

For more recent constructions, see also [21,22].

The free N = (4,0) theory is invariant under the
R-symmetry group USp(8). The (yet elusive) interacting
theory is conjectured to exhibit a global Eg) symmetry
with in particular the 42 scalars parametrizing the coset
space Eq()/USp(8) [1].

III. 5+1 SPLIT

Upon dimensional reduction to D = 5 dimensions, the
three models discussed in the previous section all reduce to
the same theory: the free limit of maximal D =5 super-
gravity [1,2]. The bosonic sector of this theory carries a
spin-2 field and 27 vector fields together with 42 scalar
fields. In particular, the exotic tensor fields of the N' =
(3,1) and the N = (4,0) model after dimensional reduc-
tion carry the D =35 dual graviton and double dual
graviton, respectively. Within the free theory, these fields
can be dualized into the standard Pauli-Fierz field
[1,23,24], and do not represent independent degrees of
freedom. In order to make the equivalence explicit, the
fields of D = 5 supergravity (together with their on-shell
duals) have to be properly identified among the various
components of the D = 6 fields.

In this section, we discuss for every of the three models
the reorganization of the D = 6 fields which allows their
identification after reduction to five dimensions. However,
throughout this section (and this paper) we keep the full
dependence of all fields on six space-time coordinates.
More precisely, we break six-dimensional Poincaré invari-
ance down to 5 + 1 and perform a standard Kaluza-Klein
decomposition on the six-dimensional fields without drop-
ping the dependence on the sixth coordinate. We then
rearrange the equations such that they take the form of
the five-dimensional (free) supergravity equations how-
ever sourced by derivatives of matter fields along the
sixth direction. The resulting reformulation of the six-
dimensional models casts their dynamics into a common
framework—which ultimately allows us to construct uni-
form actions for the three models.

For the purpose of this paper, we choose the 5+ 1
coordinate split

{x'} = {3}, (3.1)

by singling out one of the spatial coordinates. Of course, an
analogous construction can be performed with a split along
the timelike coordinate which may be of interest for
example in a Hamiltonian context.

uw=20,...,4,

A. The N =(2,2) model

With the coordinate split (3.1), we parametrize the
graviton of the N = (2,2) theory as

hoo — <h;w_§’7;w¢ Au)

o A 4 (3.2)
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which is the linearized form of the standard Kaluza-Klein reduction ansatz. Recall that all fields still depend on six
coordinates. Working out the Lagrangian (2.5) in this parametrization gives rise to its expression

1 1 1 1
Ln — Lo = =500 + 5 0 dphe* = 2,10 hyy + 7 by hy

1 1 2
= O Oy + O DAy = Byha® 0 Ay - L OyhoT Oy, — 2 4o 0,0

(3.3)

1 1 4 5
1 FME,, — 3 M pou + 3 0y A' 0,0 + 9 OyPOyd

up to total derivatives. As an illustration of the above discussion let us note the explicit form of the equations for the five-

dimensional spin-2 field

1 1 2
G = — 3 0,0yhy,, + 5 a0y Oy — §’7ﬂvaya)'¢’

in terms of the linearized Einstein tensor

(3.4)

1 1 1 1
g,,,, = —8PD(/,hU)/, + Eaprhlw + za(ﬂDu)hPP + Ei’]’,wapD hpa - inwapDﬂh,, ,

2
with covariant derivatives D, h,, = 0,h,, — 3 OyA, 1y,

The form of (3.4) shows that upon dimensional reduction
to D =15 dimensions, these equations reproduce the
(linearized) five-dimensional Einstein field equations. In
contrast, the coordinate dependence along the sixth coor-
dinate induces a nontrivial gauge structure via covariant
derivatives (3.5) and nonvanishing source terms in (3.4).
This is very much in the spirit of the reformulation of

|

1

(3.5)

[
higher-dimensional supergravities as exceptional field the-
ories. Indeed, Eq. (3.4) can be equivalently obtained upon
linearizing the corresponding Eg) EXFT [10,11] upon
proper identification of the coordinate y among the 27
internal coordinates on which this EXFT is based.

Let us also note that the Lagrangian (3.3) can be put to
the more compact form

1 1
Lo=-— 1 QP + 3 QP + 4, — 3 (0" —20,A")(0ud — 20,A,)

1
4

with the linearized (and covariantized) anholonomity
objects

2
Qup = Ophujy =3, Q="

The remaining part of the six-dimensional degrees
of freedom described by (3.6) are captured by a (modified)
five-dimensional Maxwell and Klein-Gordon equation
for A, and ¢, respectively, obtained by varying (3.6).
It is useful to note the symmetries of the Lagrangian
(3.6) descending from six-dimensional spin-2 gauge
transformations

5 2 1 1 (3.6)
- —F"F,, + 9 Oy POy — 3 Oyho” Oy + 1 Oyhe? Oyh,’ — 1 Oyht” Oy
2
Shyy = 20,6y + g'lﬂvay’t
0A, = 814/1 + 8,\'5/4’
o = 20,4, (3.8)

upon decomposition of the six-dimensional gauge param-

eter as {&'} = {&, A},
In a similar way, the six-dimensional Maxwell and
Klein-Gordon Lagrangians (2.6) and (2.7) take the form

1 . | . i i i
[:A _ _ZF;th’wt _ E (aﬂ¢l _ 8yAM1)(aﬂ¢l — ayAﬂl)’

1 1
Ly=- 3 Pp*0,p" — 3 0,9 0,9°, (3.9)
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respectlvely, after splitting {4,y ={A,/. ¢}, and with
Abelian F,,' = 20;,A,)', giving rise to modified Maxwell
and Klein—Gordon equations for their components. The
rewriting of the tensor field sector is slightly less straightfor-
ward: rather than evaluating the Lagrangian (2.8), we choose
to evaluate the first-order field equations (2. 9) after splitting
the 6D tensor fields into {B;,*} = {B,,*.B,s" =A,"}

|

1 17 17
Lg= 2 (Fu® + 0yBu*) (F** + 0,B" ) —

Again, this Lagrangian can be deduced from the linearized
version of exceptional field theory. We discuss this mecha-
nism in more detail in Appendix A 2. As we will see in
the following, this form of the Lagrangian allows for the
most uniform treatment of the different six-dimensional
models. After dimensional reduction to D = 5 dimensions,
it simply reduces to a collection of Maxwell terms, such
that all degrees of freedom of (2.8) are described as
massless vector fields in five dimensions. In the presence
of the sixth dimension, the Lagrangian (3.11) gives rise to
modified Maxwell equations while variation with respect
to the tensor fields B,,“ induces Egs. (3.10) (under 0,
derivative) as duality equations relating vector and tensor
fields.

In summary, the D=6 N = (2,2), model can be
equivalently reformulated in terms of a Lagrangian given
by the sum of (3.6), (3.9), and (3.11). Upon dimensional
reduction to five dimensions, i.e., setting av — 0, and
rescaling of the scalar fields, this Lagrangian reduces to

] o uvp ° o uvp ° ou o
£5Df—ZQ Q,M,—i—ZQ Q,, +QQ,
_18}4¢A8 ¢A F;wMF M
2
M=1,..27, A:l,...,42, (3.12)

with Q,wp = a[ﬂ ,» and where we have combined the
various vector and scalar fields into joint objects
{AMyM=1,..27, {p"},A=1,...,42.  (3.13)
The Lagrangian (3.12) is the free limit of D = 5 maximal
supergravity [25]. In the interacting theory, the fields (3.13)
transform in the fundamental and a nonlinear representation
of its global symmetry group Eg ).

B. The A'=(3,1

We now turn to the A" = (3, 1) model. Its most char-
acteristic element is the mixed-symmetry tensor field Cj; ,
whose field equation (2.11) cannot be derived from a

) model

nuhH;wpb = Egyyﬂldéab(Fkib + ayBKM})v (310)
where we use conventions & ppms €upei» and Abelian
field strengths H,," =30},B,,", and F,*=20,A,°,

respectively. These equations can be integrated to a
Lagrangian

1
_4 chpoT Nab ayBuua HpUTb (3.11)

|

standard action principle. We thus perform the Kaluza-
Klein reorganization of the model on the level of the field
equations. To this end, we again split coordinates as (3.1)
and parametrize the mixed-symmetry tensor as

{Cﬁf/.ﬁ} = {Cﬁw,/} - 2ALu’7u]/); CMS.L/ = h/w + B/w; CﬂS,S = 2A/4}’
(3.14)
with symmetric h,, = h,,, antisymmetric B,, = —B,,,, and

a (2,1) tensor C,, ,. After dimensional reduction to five
dimensions, the fields £, and A, satisfy the linearized
Einstein and Maxwell equa’uons Whlle the fields C,, , and

B,, describe their on-shell duals, together accounting for
the 8 degrees of freedom of the six-dimensional tensor
field. Explicitly, in the parametrization (3.14), the six-
dimensional self-duality equations (2.11) split into two
equations

1
a/J <F/,w + geme'Hﬁm—>

1 1
= 0,0 hy), + 4 Euiz Oy O CMP + 58},6}, Cuvp = Oy0yA My,
— e Oy F T+ 0,08, = 0,0,B,.. (3.15)
and

1 1
R;w,/m = 5 8/) <H;u/o' - 5 guvo'K/lFKi>

1 1
) 80 (HMI//J - E guvptolFKl) ) 8;41/10118 8[;; Ch
1

+ 28)8,,C”M —anﬁ wp = Oy0,A LMy

+ ayé?gAwy]p, (316)
with Abelian field strengths F,, =20,A,), H,,,=30,B,,,
and the linearized Riemann tensor R defined as in (2.4)

Hv,po
however for the field £,,. Contraction of (3.16) gives rise to

an equation
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1 1 1
glw = —anaf)cﬂ(ﬂ_y) — ana( c ),, "+ = nyya o Cpaor’

(3.17)

where G, denotes the linearized Einstein tensor defined as
in (3.5), however with covariant derivatives now given by
D,h,, =0,h,, — 0,A,n,,, (3.18)
i.e., with a different value of the coupling constant
(which could be absorbed into rescaling the vector field).
Equation (3.17) confirms that upon reduction to five
dimensions (9, — 0), the field h,, satisfies the linearized
Einstein equations. As in the AN = (2,2) model, the
coordinate dependence along the sixth coordinate induces
a nontrivial gauge structure (3.18) together with non-
vanishing source terms in (3.17)—which differ from those
of (3.4) illustrating the inequivalence of the A" = (2,2) and
the /' = (3, 1) model before dimensional reduction.
The full field equation (3.16) takes the form of a
vanishing curl (in [po]) and can locally be integrated into
the first-order equation

1 1 1
8[”}1,,],, + 18/”,,(/1,[8 C'}L p) + 5 (H/ll//) - 58}“//"01}7 l)
1
-l-anCm,p OVAM,, = Opltyy, (3.19)

with an antisymmetric tensor u,, = —u,,. Combining this
equation with the field equation (3.15) implies that

1
0 <F,w +— G i Y + = 8yB,w - ayu,w> =0, (3.20)

which can be further integrated into another first-order
duality equation

HK27+ (9B

F + yPu

- Oyu,, =0, (3.21)

6 8/41//(/11

up to a function f,,(y) that can be absorbed into u,,.
Eventually, we can use (3.21) to bring (3.19) into the form

OKC’“ —0,u

Z 8/41/1017 pYuv

1
= Zé'/wmday <MK/1 -

To sum up, we have cast the original second-order field
equations (2.11) of the six-dimensional mixed-symmetry

Auhugp+

3
2B"’1> aycw +0yApmy, (3.22)

*Here, and in the following we work locally and ignore
potential subtleties that may arise from a nontrivial topology.
We refer to [26] for a discussion of such issues in the context of
chiral p-forms.

tensor field into the form of two first-order duality
equations (3.21) and (3.22), upon parametrizing the six-
dimensional fields in terms of its components (3.14) and
introduction of an additional field u,,. Upon reduction to
five dimensions, these equations constitute the duality
equations relating the vector-tensor fields, and the grav-
iton-dual graviton fields, respectively.

It is instructive to work out the gauge symmetries of
these equations which originate from the D = 6 gauge
transformations (2.13). Parametrizing the six-dimensional
gauge parameters as

Y ( Nah  5(E + 3A,,)>
: L, +3A,) 21 ’

AA:( ﬂuu %(éﬂ_[\ﬂ)>
’ %<Aﬂ_§ﬂ) 0 ’

their action on the various components of (3.14) is
derived as

(3.23)

=

1
0A, = 0,4 +§8y(§" -3A,).

1
5B/w = 28[,4/\,/] +—8yﬂw,
ohy, =204, +1,0,A—0ya

yPuv»
6Ch.p = 20y + OpPBy = OlpPu) + 0y (Eut)p = 3ApM,))-

(3.24)

With the field u,, defined by Eq. (3.19), its gauge variation
is found by integrating up the variation of (3.19) and takes
the form

1 1
=+ 8 ‘Syvparapﬂ 7T+ 5 8\“8 yv

For later use, let us note that contraction of (3.22) with
the fully antisymmetric e-tensor yields

1 1 3
a C;w P += a[,ucy]p 6 ;w/)(ﬂa/ u- = an <u;w - ZBMD) )

while contraction gives rise to

O, — Dbt + 0,C 0 + 4D,A, = 200,

. (3.27)

This gives rise to an equivalent rewriting of (3.22) as
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Ouhatp + Oshynyp + Mpp0iyhs”

1
- Zgywdrak(chp + 8/11(1/}6uaﬂ’7p0) - 38)A[;477u]/)
1 3 1
+ Zeﬂbp,d@y (u’d - EBK/1> - an uv.p -0 Cz)‘[/4 l’[y]
(3.28)

Let us further note that taking the divergence of (3.21)
yields the Maxwell type equation

1 1 1
O Fpy = 50,0,h0 =5 0,0, + 59,0,C,

- gaya"Bw +20,0,A,, (3.29)
where we have used (3.27) in order to eliminate the
divergence of u,,.

For the remaining fields of the A" = (3,1) model, the
5 + 1 Kaluza-Klein split is achieved just as for the N =
(2,2) model discussed above. The six-dimensional field
equations of the 14 vector fields and 28 scalar fields take
the form obtained from variation of Lagrangians of the
form (3.9), respectively. The field equations of the 12 self-
dual forms take the form

1
H,," = §€ﬂypx/1(FKM + 5‘yB"’1“), (3.30)
after splitting the two-forms according to {B;;"} =
{B,,",B,s“ =A,"}. The equations may be integrated up
to an action in precise analogy with (3.11), cf. the dis-

cussion in Appendix A 2.

C. The N =(

In this model, the exotic graviton is given by the rank-
four tensor (2.15) whose dynamics is defined by the self-
duality equations (2.16) for its second-order curvature.
According to the split of coordinates (3.1), we parametrize
the various components of this field as

4,0) model

{Tﬁ vp fr} = {T/w./m’; T;w,/)S = C;w./); T/lS,l/S = hﬂl/}’ (331)

After dimensional reduction to five dimensions, these fields
describe the graviton, dual graviton and double dual
graviton, respectively. Explicitly, in this parametrization

the six-dimensional field equations (2.16) split into two
equations

1

0,0,C o —

Ry po = 5 yYu

1 1
3 0,0,Cppy + 0 0,0,Chp

1
aacy,,+

3 6'”,/,(/118[/)8 C}LT

1
+ = € Oy O TH , + = 8 o,T (3.32)

4 2 y=y*s pv,po»

Euapy 0“0y T o «

= —ZGI,GL,,CM],D + 28,,8[/)(?51]# - 28y8[pTM}W, (333)

with the linearized Riemann tensor R,, ,, defined as in
(2.4) for the field h,,. The second equation (3.33) has the
form of a curl in [po7] and can be integrated up into

aaT‘"ﬂV + aﬂ Cm’,v - 81/Car./4 + 8y Tar,yv = 28[0”

5 Euvapy 7w
(3.34)
up to a tensor v, ,, = —v,,,, determined by this equation

up to the gauge freedom 6v, ,, = 9,{,,. Combining (3.34)
with the first field equation (3.32), we find

1
R,uy,/m = ) aya/)c;wa - a 0 Cﬂl/ P +5 D) Suwdfa[/)akcho']
+ 0,01 0] - (3.35)

which in turn is a curl in [po] and can be integrated up into

1
a[ﬂh + - €”Dim.8/1cm- + 5‘ pr 58},11/,’,” = 8[)1/!”1/,

(3.36)

up to an antisymmetric field u,, = —u,,. As for the N =
(3, 1) model, we have obtained an equivalent reformulation
of the dynamics in terms of two first-order equations (3.34)
and (3.36) from which the original second-order field
equations (3.32), (3.33), can be obtained by derivation.
After reduction to five dimensions, Eqs. (3.34) and (3.36)
describe the duality relations between graviton and dual
graviton and between dual graviton and double dual
graviton, respectively. In particular, Eq. (3.36) differs from
Eq. (3.22) in the N' = (3, 1) model only if fields depend on
the sixth coordinate.

It is instructive to work out the gauge symmetries of
these equations which originate from the D = 6 gauge
transformations (2.18). Parametrizing the six-dimensional
gauge parameters as

2
{Af),fu?} = {lp./w;/lﬂ,uS = za/w - gﬂuu;AS,ﬂS = 25;4}’

(3.37)

with symmetric a,,, and antisymmetric f,,, their action on
the various components of (3.31) is derived as

5h/“, = 28<”§,,) - 26},6!”1,,
1
§C;w,/1 = 28[;4(11/]/) + a/)ﬂ/,w a[pﬂm/ - 2 }/1/) ozl

5Tﬂl/7/’6 = a[ﬂ/ly]’pg + 8[}016]’”,1 (338)
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Gauge variations of the two new fields v, ,, and u,, are
obtained by integrating up the variation of (3.34) and
(3.36), respectively, giving rise to

1 1 1
6”;41/ = a[yfu] + geuwlm'aiﬂm + § ayﬂ;w + 5 ayz.:;un
1 2
51}/]#” = Zeﬂmga"/lp’l" + 28[”(11,]!) + gﬁwﬁ,,]p
1
+ 0,8 + 3 Oy s (3.39)

where the antisymmetric gauge parameter ¢, = —(,,, has
been introduced after (3.34).

Let us finally note that from (3.32) and (3.35), we may
obtain the modified Einstein equations

. 1 1 1
gm = — 3 8y6”Cp(W) ) 8ya(/4 Cy” + ) 8yap”(ﬂwv)p

1 1 1
) 9,031, + E’Uvayapcpaa - E”uvayaﬂvaap’

(3.40)
with the linearized Einstein tensor éﬂy defined as
G = Dby 20,0 h 20,0, 0
g/w__ (u v)p+§p /w+§/40ﬂ
1 1
-+ Enﬂyapa"hpa - Efywﬁpaphg”, (341)

which differs from the previous models by the absence of
covariant derivatives, cf. (3.5).

1
Lg=—

after a Kaluza-Klein (54 1) decomposition {Bj;} =
{B,,.B,s =A,} of the six-dimensional tensor field. After
dimensional reduction to five dimensions, the 3 degrees of
freedom of the self-dual tensor field are described as a
massless vector with the standard Maxwell Lagrangian to
which (4.1) reduces at 9, — 0. In the presence of the sixth
dimension, variation of the Lagrangian (4.1) with respect to
the vector field gives rise to modified Maxwell equations
while variation with respect to the tensor field yields the
duality equation relating A, and B, , which is of first order in
the derivatives 9, and appears under a global 0, derivative.
Combining these two equations one may infer the full

|

1

1
(Euw + 0yBuy) (FM 4 0,BM") — 21 eMPoT 0y By Hpor

For the remaining fields of the A" = (4,0) model, the
5 4 1 Kaluza-Klein split is achieved just as for the previous
models discussed above. The field equations of the 42
scalar fields are obtained from variation of a Lagrangian of
the form L, in (3.9). The field equations of the 27 self-dual
forms take the form of (3.30) above, again after splitting the

two-forms according to {B;;*} = {B,,*.B,s" =A,"}.

IV. ACTIONS FOR (FREE) EXOTIC
GRAVITON FIELDS

In the above, we have reformulated the dynamics of
the six-dimensional exotic tensor fields in terms of first-
order differential equations upon breaking six-dimensional
Poincaré invariance according to the split (3.1), and intro-
ducing some additional tensor fields. As a key property of
the resulting equations, we have put the dynamics of the
different models into a form which reduces to the same
equations after dimensional reduction 9, — 0. For example,
all three models feature linearized Einstein equations for
the field h,,, given by (3.4), (3.17), and (3.40), respectively.
The three equations only differ by terms carrying explicit
derivatives along the sixth dimension. We will use this as a
guiding principle to construct uniform Lagrangians for the
N =(3,1) and the N' = (4,0) model which after setting
0y — 0 both reduce to the Lagrangian (3.12) of linearized
D = 5 maximal supergravity.

This construction follows the toy model of D = 6 self-
dual tensor fields whose dynamics can be described by a
Lagrangian (3.11)

(4.1)

|

six-dimensional self-duality equation. Details are spelled
out in Appendix A 2. The Lagrangians for exotic gravitons
are constructed in analogy to (4.1) with the role of A, and B,
now taken by the graviton £, and its duals, respectively.

A. Action for the A/ =(3,1) model

The main result of this subsection is the following: the
first-order field equations (3.21) and (3.22), which describe
the dynamics of the six-dimensional exotic graviton field

C;p, in the N = (3,1) model, can be derived from the

Lagrangian

~ A 1~ - ~ A 1 ~ ~
Lp=-— 1 QP + B QP + Q) — G s“”p‘”éyCW,Aangm

(4.2)

3 vV 9 vV 3 7 ~
= 1 F" Fu = 159" 3y BudpBor = 16 " 3B 8yChar

046002-9



BERTRAND, HOHENEGGER, HOHM, and SAMTLEBEN

PHYS. REV. D 103, 046002 (2021)

with

~

1 ~
Q/w/) = a[uhy]/) - ayA[yny]/) + ancmx,/)’

— oT
uvp = C/u/,p + Epvpor s

)

3
.Fm = Za[ﬂAD] + anB}w. (4.3)
The Lagrangian (4.2) is invariant under the gauge
transformations (3.24), (3.25). After reduction to five
dimensions, i.e., at 8}, — 0, this Lagrangian reduces to
the Fierz-Pauli Lagrangian for h,, together with a free
J

Maxwell Lagrangian for A,; the dual fields E‘W,p and B,
drop out in this limit. In the presence of the sixth
dimension, variation of the Lagrangian (4.2) with respect
to the dual fields yields the first-order duality equa-
tions (3.21) and (3.22), however under an overall deriva-
tive 5‘y. Together, one recovers the full six-dimensional
dynamics. Details of the equivalence are presented in
Appendix B 1.

The bosonic Lagrangian for the full A" = (3, 1) model is
then given by combining (4.2) with the Lagrangians of the
type (3.9) and (4.1) for the remaining matter fields of the
theory. Putting everything together, we obtain

1 , , , 1 1
Ly = Lp =5 (040" = 0,4"7) (040" — 0yA,") — 5 0"6%0ud” — 5 0,00y 6"

1

1 )l szjz _

with indices ranging along

i=1,...,14, (4.5)
After dimensional reduction to five dimensions (and
rescaling of the vector field A,), this Lagrangian coin-
cides with the Lagrangian (3.12) of linearized maximal
supergravity. The Lagrangian (4.4) describes the full
six-dimensional theory, with the field content of five-
dimensional maximal supergravity enhanced by the field
|

1
Z (F“Va _|_ ayBuyll) (F}Ll/a + ayB;wa) _

: (4.4)
ﬂ chvpoT ayB/J,ya Hpm—a ,

[
6;41/, »- D =6 Poincaré€ invariance is no longer manifest
although it can still be realized on the equations of motion.

B. Action for the N =(4,0) model

The main result of this subsection is the following: the
first-order field equations (3.34) and (3.36), which describe
the dynamics of the six-dimensional exotic graviton field
T45,6 in the N = (4,0) model, can be derived from the

Avpe
Lagrangian

1 A woas | NP PPN 1 ~ ~
Ly = 1 Py + 9 P, gy + QFQY, — g SnvarA HC, 0,CNP

1

1 1
+ 55 Ewonr "6, 0y C M — 5 O Cory T + 20y C er s ORTAT,

(4.6)

1 1 1
+ 5 G T 7 = 2 0y C ot 7T = Spagy 0T, P o, "

1
32

with

1
~0,%

Qup = a[ﬂhl/]l) + aycm«ﬂ ) Hv.ps

a J— oT
Cuvp = Cuvp + Euportt™,

uv.p
%ﬂv,p = C;w./) — Vpu + 31}[/),;41/] + 26;41//)(77”67' (47)

After reduction to five dimensions, i.e., at 8}, — 0, this
Lagrangian reduces to the Fierz-Pauli Lagrangian for £,,;

64

1 1
Oy T 0T 4 2 0y T 0T r = 55 0Ty 0, Tr "

the dual fields C,,, €., and T, ,, drop out in this limit.
In the presence of the sixth dimension, variation of the
Lagrangian (4.6) with respect to the dual fields yields the
first-order duality equations (3.34) and (3.36), however
under an overall derivative J,. Together, one recovers the
full six-dimensional dynamics. The computation works in
close analogy with the derivation for the A" = (3, 1) model,
and is presented in detail in Appendix B 2.

Let us spell out the gauge transformations (3.38), (3.39)
in terms of the fields (4.7)

046002-10



TOWARD EXOTIC 6D SUPERGRAVITIES

PHYS. REV. D 103, 046002 (2021)

SQMW) = apaLugy]

~ 1 3 1
6C/4u./) = 28[}4au]/) - 28U4ﬂzx]p + g/w/m‘ra 5 + g‘g;wpmay (ﬁ + Eé > - iavlp,yw

o€

0 £T 8 2 0T 3 oT 1 K oT
wp = 2Eupor 078" — ga[ﬂﬂv]p +20p8y, + §8ﬂvpdfay <ﬁ + EC ) + 5 Exorpu 4™ = Oy s

2 1
- 3 8},6L,,ﬁb],, — 6‘},8“,4’,,],, + 1 8y8"/1w”78,,]m/,,

: (4.8)

which allows us to confirm gauge invariance of the Lagrangian (4.6).
The bosonic Lagrangian for the full N” = (4,0) model is finally given by combining (4.6) with the Lagrangians of the
type (3.9) and (4.1) for the remaining matter fields of the theory. Putting everything together, we obtain

1 M M v M v M 1 vpoT M M
5(470) = EEH — Z (FMV + (}yBMV ) (F’u + (}yB'u ) — ﬁ ghvp ayBMV HpUT

1 1
— 5 06700 — 5 000" |

with indices ranging along

M=1,..727, A=1,..,42 (4.10)
After dimensional reduction to five dimensions, this La-
grangian coincides with the Lagrangian (3.12) of linearized
maximal supergravity. The Lagrangian (4.9) describes the
full six-dimensional theory, with the field content of five-
dimensional maximal supergravity enhanced by the fields

Cuvps ‘gm.p,. and T, ;- D': 6 Poipcaré invaFiance is no
longer manifest although it can still be realized on the

equations of motion.

V. PROGRESS TOWARD AN EXCEPTIONAL
MASTER ACTION

In the previous sections, we have constructed Lagrangians
(3.6), (4.4), and (4.9), for the three six-dimensional
models which share a number of universal features and
structures. In particular, after dimensional reduction to
five dimensions they all reduce to the same Lagrangian
(3.12) corresponding to linearized maximal supergravity
in five dimensions. The three distinct six-dimensional
theories are then described as different extensions of this
Lagrangian by terms carrying derivatives along the sixth
dimension. In the various matter sectors, these terms
ensure covariantization under nontrivial gauge structures
and provide sources to the field equations of five-dimen-
sional supergravity.

This reformulation within a common framework is very
much in the spirit of exceptional field theories. In that
framework, higher-dimensional supergravity theories are
reformulated in terms of the field content of a lower-
dimensional supergravity keeping the dependence on all
coordinates. More precisely, their formulation is based on a
split of coordinates into D external and n internal

(4.9)

|
coordinates of which the latter are formally embedded into
a fundamental representation R, of the global symmetry
group Eji_p (11-p) of D-dimensional maximal supergrav-
ity. Different embeddings of the internal coordinates into
R, then correspond to different higher-dimensional ori-
gins. Here, we will discuss a similar uniform description of
the six-dimensional models based on D =35 external
dimensions which encompasses the three different models
upon proper identification of the sixth coordinate within the
internal coordinates. As discussed in the Introduction this
will require an enhancement of the internal coordinates of
exceptional field theory by an additional exotic coordinate
related to the singlet central charge in the D =5 super-
symmetry algebra.

A. Linearized EXFT and embedding
of the A =(2,2) model

The theory relevant for our discussion is Eg) excep-
tional field theory [10,11]. Its bosonic field content is given
by a graviton g, together with 27 vector fields A,” and
their dual tensors B, together with 42 scalars para-
metrizing the internal metric M,y = (WVVT),,y with V a
representative of the coset space Egi)/USp(8). Fields
depend on 5 external and 27 internal coordinates with
the latter transforming in the fundamental 27 of E) and

with internal coordinate dependence of the fields restricted
by the section constraint [9]

dfMNY, @ Oy =0, (5.1)
with the two differential operators acting on any couple of
fields and gauge parameters of the theory. The tensor XMV
denotes the cubic totally symmetric Eq ) invariant tensor,

which we normalize as d”""dyyo = 6,7, The section
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condition (5.1) admits two inequivalent solutions [10]
which reduce the internal coordinate dependence of all
fields to the 6 internal coordinates from D = 11 super-
gravity, or 5 internal coordinates from IIB supergravity,
respectively. For details of the EXFT Lagrangian we refer to
[10,11]. Here, we spell out its “free” limit, obtained by
linearizing the full theory according to

G = My + s Muyy = Ayn + dun- (5.2)
around the constant background given by the Minkowski
metric 7,, and the identity matrix Ayy. The scalar
fluctuations ¢,y are further constrained by the coset

2
Qup = by, = gaM‘ADtM”v]P’ Q

.FIWM = 28[,,AD]M + IOdMNKaNBﬂDK,

properties of M,,y. To quadratic order in the fluctuations,
the ExFT Lagrangian then yields

1 1
LExFT free = — 2 YrQ,,, + 3 QrQ,,, +Q'Q,

1
_Z]:”DM]:/WNAMN

5
- Z \/EgyupardMNKaﬂ Bzsz aN BGTK

1
- ﬁDyﬂbMND” dun + Lpots

with indices M, N raised and lowered by A, and its
inverse, and with the various elements of (5.3) given by

(5.3)

=Q v

uy o

2
DM = 9, M +20x A,MAVK 4 20 AKAMY = 200 A, dpygd™ M AVT,

1 1 1
Lo = =5 AMNOy X Ongr, + 5 AN Oy KL Ok — 5 Oprhy,* O™

24 2

1 1
+ g ANy R Oy = ANO B Ol

The Lagrangian we have presented above for the six-
dimensional A = (2,2) model naturally fits into this
framework. This does not come as a surprise since the
six-dimensional model is nothing but linearized maximal
supergravity known to be described by Eg) EXFT upon
proper selection of the sixth coordinate among the internal
Oy - This choice is uniquely fixed by the requirement that
the resulting theory exhibits the global SO(5, 5) symmetry
group of maximal six-dimensional supergravity, thus
breaking

Eg) = SO(5.5), 27— 1@16@ 10,

{0m} = {90, 0;, 04}, (5.5)

1
6(2’2) - - ZQ”W)Q

yPu

(5.4)

|
and keeping only coordinate-dependence along the
SO(5,5) singlet. In this split, the Eq () invariant symmetric
tensor d¥VX has the nonvanishing components

1 - 1 .
ab __ ab’ 44 = )i,
T 2\6( )

in terms of SO(5, 5) " matrices and its invariant tensor ? of
signature (5,5), showing that the section constraint (5.1) is
trivially satisfied as 9; = 0 = 0,,. Putting this together with
the linearized ExFT Lagrangian (5.3), and splitting fields as

(5.6)

{AﬂM} = {A”’A”i’A’ua}’ etC., (57)

we arrive at

1 1 | B
ywp +§Q" PQy + Q1 _ZF” F. _ZF# F,

1 1 1
—Z(FW/ + 3 B )(F” + 8},3" ) _ﬂgﬂ » }’]abame/ Hpg.tb —§8M¢ 6/4¢

1 8 8 1 . . ) .

1 5 2 1 1
— 5080, + 20,00, = S0, 0y + L Oh Dy, = LD,y (5.8)
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which precisely produces the sum of Lagrangians (3.6),
(3.9), (3.11), after proper rescaling of the singlet scalar field
¢. The nontrivial checks of this coincidence include all the
coefficients in the various connection terms, as well as in the
Stiickelberg-type couplings between vector and tensor fields,
and the coefficients in front of the various d,¢d,¢ terms in
the last line. Again, this is not a surprise but a consequence of
the proven equivalence of ExXFT with higher-dimensional
maximal supergravity. Note that although the free theory
only exhibits acompact USp(4) x USp(4) global symmetry,
the couplings exhibited in (5.8) are far more constrained than
allowed by this symmetry and witness the underlying Eg g,
structure broken to SO(5, 5) according to (5.5), (5.6).

The ExFT Lagrangian is to a large extent determined by
invariance under generalized internal diffeomorphisms
acting with a gauge parameter AM in the fundamental
27. After linearization (5.2) these diffeomorphisms act as

2
6¢MN - 2AK<M6N)AK + gaKAKAMN
= 20d" R dgy (1 An)pOx AL,

2
SAM = 9,AM, oh,, = gaMAMnﬂy, (5.9)
and one can show invariance of the linearized Lagrangian
(5.8), provided the section constraint (5.1) is satisfied.

B. Beyond standard ExFT: Embedding
of the N'=(3,1) and (4,0) couplings

As we have discussed in the Introduction, the charges
carried by the massive BPS multiplets in the reduction of
the N =(3,1) and the N = (4,0) model, respectively,
suggest that an inclusion of these models into the frame-
work of ExFT necessitates an extension of the space of
27 internal coordinates by an additional exotic coordinate
corresponding to the singlet central charge [7]. Denoting
derivatives along this coordinate by J., this would amount
to a relaxation of the standard section constraint (5.1) to a
constraint of the form

dfMNOy, ® Oy _\/Ll_OAKM<aM ® 0.+ 0. ® dy) =0,
(5.10)

which at the present stage only makes sense in the
linearized theory where AXM is a constant background
tensor. Apart from the standard ExFT solutions

d*MNoy ® Oy =0,

8.=0,  (5.11)

of this constraint, which allow the embedding of the N =
(2,2) model as described above, the extended section
constraint also allows for two exotic solutions

2
V3

with the Fy4) singlet 9y C 0y,
4,0): M = —a., 9y =0,

3.1): oY = =9, = —20.,

(5.12)

corresponding to the two exotic six-dimensional models in
precise correspondence with the central charges carried by
the corresponding BPS multiplets [7]. While the (4,0)
solution trivially solves the constraint (5.10), the N =
(3, 1) solution is based on the decomposition

27 - 1 & 26,
{Om} = {90, 04}

under which the symmetric d-tensor decomposes into

E6(6) = Fa),
(5.13)

400 — _ 2 JOAB — LY

V30 V30~

with the Fy4) invariant symmetric tensor B of signature
(14,12), and the symmetric invariant tensor d45¢ satisfying

d*BC,  (5.14)

14
dppcd*BP = Z5cP.
ABC 15 C

dABCT]BC = O, (515)
This shows explicitly how the (3,1) assignment of (5.12)
also provides a solution to the extended section con-
straint (5.10).

It is intriguing to study the fate of diffeomorphism
invariance of the ExFT Lagrangian (5.3) if the original
section constraint is relaxed to (5.10). Except for the last
term in (5.3), the Lagrangian remains manifestly invariant
without any use of the section constraint. Explicit variation
of the potential term L, under linearized diffeomorphisms

(5.9) on the other hand yields (up to total derivatives)

SALpor = (5A,5dMMN kPO — 10AMN AKL G, 0 dRPO)
X AsapaQanz’)NK

— 10k, AMK dy; pd®PC0y 0pd o AL, (5.16)
which consistently vanishes modulo the standard section
constraint (5.1). For the weaker constraint (5.10), this
variation no longer vanishes and may be recast in the
following form:

6A£p0[ — AKMAN6.8.8M¢NK - 4hyya.a.aNAN, (517)
after repeated use of (5.10) and further manipulation of the
expressions. In order to compensate for this variation let us
first note that there is no possible covariant extension of the
transformation rules (5.10) by terms carrying 9.A, such
that invariance can only be restored by extending the
potential. A possible such extension is given by
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1 3
‘Cpot" = Lpot - ﬁ 8°¢MN8’¢MN - Z 80]1066']1/7/)

+ %a.hwa.h (5.18)

Hvs
and it is straightforward to verify that the variation of the
additional terms in (5.18) precisely cancels the contribu-
tions in (5.17), such that

57 Lpor. = 0. (5.19)

For the exotic solutions of the section constraint, the
O.pyn0.0MYN terms in (5.18) give rise to additional contri-
butions of the type 0,¢0,¢ in the Lagrangian. Collecting all
such terms in (5.18) for the two exotic solutions (5.12) yields

1
(3.1) = =30,4" 0,4 a=1.....28,

1
(4,0) - —angbf‘ayqb*‘, A=1,...,42 (5.20)
These are precisely the terms found in our explicit construc-
tion of actions (4.4) and (4.9) above. In other words, the

1
Sa, D™ =10 <§ AMN§,C - AOM 5 N)

1
-2V10 (5 AMNGLQ 4 5,(MAN)Q _ 10AL<MdN>QRdRPL> APKORON 0.

relaxation (5.10) of the section constraint together with
generalized diffeomorphism invariance precisely implies
the correct scalar couplings in the Lagrangians of the exotic
models. In addition, the d.h0.h terms in (5.18) cancel the
corresponding terms in L,y (5.4) upon selecting the (3,1)
solution of the section constraint (5.12), just as required in
order to reproduce the correct Lagrangian of the N' = (3, 1)
model (4.2).*

We may continue the symmetry analysis for the tensor
gauge transformations given by a gauge parameter A, in
standard EXFT. For these transformations there is a natural
extension of the standard ExFT transformation rules in the
presence of the exotic coordinate and exotic fields as

Sy, AM = —10a"VEO A — VI0AMKOA, .

6A#B/4DM - ZBU‘A,,]M (521)
Computing the action of these transformations on the

connection featuring in the covariant scalar derivatives

D,¢"N in (5.4), we obtain after some manipulation’

- 10AS<MdN>QRdRSP> dPELOROL A0

(5.22)

The resulting expression precisely vanishes with the modified section constraint (5.10). This shows the necessity of the
0., terms in (5.21) in order to maintain gauge invariance of the kinetic term D”ngN D*¢yyy in presence of the relaxed
section constraint. It is straightforward to verify that these additional terms in the transformation induce a modification of
the gauge invariant vector field strengths to

.7-"WM = 28W4,,]M + IOdMNKaNBWK + Vv IOAMK(?.BWK, (5.23)

as well an extension of the topological term, such that the combined vector-tensor couplings take the form
Lo = =S Ay PN _2 g B (VTOdNK DB, + MK, 5.24
vte — _Z MN 174 _Ze " upM( N m:K+ . o‘rK)v ( . )

and are invariant under these gauge transformations. Let us work out the effect of these modifications for the exotic
solutions of the section constraint. With the kinetic scalar term unchanged, the resulting couplings are directly inferred from
evaluating the covariant derivatives (5.4) for the d-symbol (5.14), giving rise to

(3.1) — =5 (6~ 0,40, ~ O,A,) 3PP 047, i=1...1Aa=1,..28

1
(4.0) — =S¢ Op". A=1...42 (5.25)

*In contrast, these terms appear in conflict with embedding the spin-2 sector of the N" = (4, 0) model as they survive under the (4,0)
solution in (5.12) but should be absent in the final Lagrangian (4.6). We come back to this in Sec. V C.

’A useful identity for this computation is given by
1 1 1 1
dPLQdPSRdKMRaKaL — l—o(s?dLQMaKaL + %ég’ldQKLaKaL + 2—065Q~dMKLaKaL - EdQMRdRSPdPKLaKaL,
generalizing Egs. (2.12), (2.13) of [11].
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This precisely reproduces the vector-scalar couplings found in the explicit Lagrangians (4.4), (4.9) above. As for the vector-
tensor couplings, evaluating the Lagrangian (5.24) with (5.14) for the solutions (5.12) gives rise to the explicit couplings

G.1)——;

4
1 F/wiF i 3 mwpot) B H
- Z uwo 16 <€ yPuwttpor

1
(4’ O) - _Z (F/wM + ayB;wM

with indices in range i=1,...,14, a=1,...,12,
M =1,...,27, as above. Again, this precisely reproduces
the couplings found above (after proper rescaling of the
vector field A,).

To summarize, in the scalar, vector, and tensor sector, we
have constructed an extension of the EXFT Lagrangian (at
the linearized level), given by

1
L=- EDuquNDﬂd’MN + Ly + Lot

(5.27)
which is invariant under the gauge transformations (5.9),
(5.21) modulo the relaxed section constraint (5.10). The
weaker section constraint necessitates a number of addi-
tional contributions to the Lagrangian (and transformation
rules) which precisely reproduce the explicit couplings
found in the Lagrangians of the exotic models (4.4), (4.9)
constructed above. It is remarkable that this match confirms
the couplings that have been determined from an under-
lying noncompact Eg) and Fyy) structure, respectively,
|

1~

1
L=—20"Q,, +-Q0"Q,, +Q0'Q, +

4 wp T o vpp

3

1 1 )
~ OB DT 206, T

1
32

; N
2 AN By O C e

with

Hvp Hvp*

(5.29)

vp T 7 aMA[y My)p

By construction, this reproduces the A" = (2,2) and the
N = (4,0) models upon choosing the corresponding
solutions of the section constraint. It remains unclear
however, how the spin-2 sector of the NV = (3, 1) model

(F,w + 3\/_8VBW> (F”” 3\/_5‘ B””) —%(F +0,B

1
— — ghvrot B “H
248 0,

)(F;wM + o B;wM) _

1
- 8.TGT.”Z/8.TI41/,0'T + g a.Tgﬂ’yﬂa.TUT,yT _

) (F;wa + ayB/,wa)

yPuw

pm’ ’

1
52" 0,B, M H (5.26)

/mr ’

[
despite the fact that the free theory only exhibits invariance
under the compact R-symmetry subgroup USp(2N ) x
USp (2N _) which might in principle allow for much more
general couplings. We take this as evidence for the
conjectured Eg) and Fyy) invariance of the putative
interacting theories [1].

C. The spin-2 sector

The above findings have revealed a very intriguing
common structure of the couplings in the scalar, vector,
and tensor sectors of the different models which can be
consistently embedded into an extension of (linearized)
exceptional field theory. For the spin-2 sector carrying the
Pauli-Fierz field and its duals on the other hand the picture
appears not yet complete. Extrapolation of the Lagrangian
of the N = (4,0) model (4.6) suggests an extension of the
standard ExFT Lagrangian by couplings carrying .
derivatives and the dual graviton fields as

1 Vo KA, D
Sgﬂmaﬂc 0.C**+

1
— 25 o6 DG a.%m,yaﬂ T — Lo, ocTios,

1
6_45'””(1/}]/8&]’01/3}’8.]‘#0,61

1
—0.T,"0.T,, "
3277 H

(5.28)

can find its place in this construction. In particular, the
appearance of the extra fields Cg/w ,and T, ,; appearing in
(5.28), whose couplings remain present upon selecting the
(3,1) solution (5.12) of the section constraint, poses a
challenge for recovering the Lagrangian (4.4) of the N' =
(3, 1) model. The structure of the gauge transformations of
@ as extrapolated from (4.8) appears to suggest a gauge
fixing of the {,, and 4, ,, gauge symmetries—absent in the
N = (3,1) model—in order to remove this field. Another
apparent problem in the spin-2 sector is the lacking

046002-15



BERTRAND, HOHENEGGER, HOHM, and SAMTLEBEN

PHYS. REV. D 103, 046002 (2021)

reconciliation between the 0.h0.h terms from (5.18) and
the 0.70.T terms of (5.28) which mutually violate the
correct limits to the exotic models. Resolution of this
problem may require to implement algebraic relations
between the Pauli-Fierz h,, field and the double dual
graviton [2] (see also [27]).

VI. CONCLUSIONS AND OUTLOOK

In this paper we have taken the first step in constructing
action principles for exotic supergravity theories in 6D by
giving such actions for the free bosonic part. These actions
show already intriguing new features such as the simulta-
neous appearance of (linearized) diffeomorphisms and
dual diffeomorphisms, which are realized on exotic Young
tableaux fields as well as more conventional gravity fields.
Our formulation abandons manifest 6D Lorentz invariance,
as expected to be necessary on general grounds, by being
based on a 5 + 1 split of coordinates. Remarkably, the field
equations implied by our actions can be integrated to
reconstruct the correct dynamics of these exotic super-
gravites. Moreover, we have seen the first glimpses of an
exceptional field theory master formulation, in which the
conventional A = (2, 2), as well as the exotic N' = (3, 1)
and N = (4,0) models all emerge through different
solutions of an extended section constraint, but clearly
much more needs to be done. We close with a brief
discussion of possible future developments.

First, it remains to exhibit the (maximal) supersymme-
tries in these nonstandard formulations, even just at the free
level. We have no doubt that this can be achieved as in
exceptional field theory where different supersymmetries
(such as type IIB versus type IIA) are realized within a
single master formulation. Second, it would be interesting
to study possible embeddings into exceptional field theo-
ries of higher rank, such as for U-duality groups E;(;) and
Eg(g), which may illuminate some issues and which can
also be done already at linearized level. Finally, the most
important outstanding problem is clearly the question
whether our formulation can be extended to the nonlinear
interacting theory. We would like to emphasize that the
present formulations seem quite promising in this regard
since they feature not only the exotic fields but also the
more conventional gravity fields, which come with an
action that allows a natural embedding into the full non-
linear Einstein-Hilbert action. In turn this suggests that all
these fields might become part of a tensor hierarchy that
extends to the gravity sector. If so this could quite naturally
lend itself to a formulation of nonlinear dynamics in terms
of a hierarchy of duality relations as in [28].

ACKNOWLEDGMENTS

We wish to thank X. Bekaert, M. Henneaux, C. Hull, and
V. Lekeu for enlightening discussions. The work of O. H. is

supported by the ERC Consolidator Grant “Symmetries &
Cosmology.”

Note added—While finalizing the present paper, [29]
appeared, which also investigates exotic theories in 6D.

APPENDIX A: ACTIONS FOR SELF-DUAL
TENSOR FIELDS

It is well known that the first-order field equations for
D = 6 self-dual tensor fields

1 U
_ LLJOKA
Hyy)p —68ﬁapamH ;

do not integrate to a standard action principle, yet various
mechanisms with different characteristics have been
devised such as to provide a Lagrangian description of
these equations [13,20-22]. In this Appendix, we briefly
review the construction of Henneaux and Teitelboim [13]
which is somewhat closest in spirit to the construction
employed in this paper, together with its dual formulation
that is naturally embedded within exceptional field theory.

Both formulations are based on a coordinate split (3.1)

{x"} > {x. y},

and sacrifice manifest D = 6 Poincaré invariance.® With
the corresponding split {B;;} = {B,,,B,s =A,} of the
six-dimensional tensor field, the self-duality equations (A1)
take the form

(A2)

1
Fuw+

- HPot =0,
c e

wwpot for 7, =F,, +0,B

w = yPuv- (A3)
In particular, the divergence and curl of this equation give
rise to

PF,, =0,

T H e — 60, HH = 0, (A4)

respectively.

1. Henneaux-Teitelboim Lagrangian

The Lagrangian proposed by Henneaux and Teitelboim
[13] for the description of the self-dual tensors takes the
form

L H  FHhwe

12 Hep (AS)

1
L= S e H e

®The original construction of [13] defines the 5 + 1 split by
singling out the time coordinate, but the method obviously
applies equally well for the split based on a spatial distinguished
dimension.
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when applied to Eq. (A3), i.e., evaluated for spacelike split
and flat background. As a first observation, this Lagrangian
depends on the vector field A, only via total derivatives,
such that it does not show up in the field equations

EuporOyHP7" = 60’ H (A6)

pps
reproducing the second equation of (A4). This equation
now serves as an integrability equation in order to locally
define the vector field A, via the equation

20,A,) = -0,B Her,

yPu

(A7)

8 8/41//)0‘[

Indeed, the curl of the right-hand side vanishes by virtue of
(A6). Defining the vector field A, by (A7), we precisely
recover the equations of motion (A3).

2. ExFT type Lagrangian

Exceptional field theory typically yields formulations of
higher-dimensional supergravity theories based on the field
content of lower-dimensional theories. In particular, it
offers actions for theories that do not admit actions in
terms of their original variables, such as IIB supergravity,
cf. [12]. In the context of (anti-)self-dual tensor fields
appearing in six dimensions, an exceptional field theory
formulation based on a split (A2) gives rise to an action

1 1
—f/wfﬂ _ﬂgﬂﬂ 6‘3

£=-3

,upraT’ (AS)

carrying the fields of Eq. (A3). The field equations are now
given by
(A9)

0= F,, = F,, +0,0B,,,

1
0=20, (.7:”,, + 68,,V,,(,TH/”’T) . (A10)

In particular, Eq. (A10) implies the original field
equations (A3) up to some function that does not depend
on y:

1
Fﬂy+6€

0T __
;wpaer = Xuw»

dxw =0.  (All)

Comparing the divergence of this equation to (A9), we find
that locally the field y,, can be integrated to

aﬂ)(/w =0= Xw = eyvpmapbmv (A12)
in terms of a function b,, such that the field
equations (Al1) can be rewritten as

- 1 -
(Fﬂv + ayBlw) + 68MD/)6138/)BM = 0’ (A13)
with the modified two-form
B,, =B, —2b,,. (A14)

In terms of the fields A,, B,,, we thus recover the desired
original field equations (A3). Note finally, that the
Lagrangian (AS8) precisely comes with a gauge freedom
of the type (A14) which allows one to absorb b, into B,,.

We thus arrive at two complementary Lagrangians (AS),
(A8), which both describe the six-dimensional self-dual
tensor field upon sacrificing manifest D = 6 Poincaré
invariance. They are dual to each other in the sense that
upon dimensional reduction to D = 5 dimensions, i.e., upon
setting 0, — 0, the Lagrangian (A8) describes the 3 degrees
of freedom in terms of a free Maxwell field whereas (A5)
describes them in terms of the dual massless tensor field B, .
Similarly, the two Lagrangians (A5) and (A8) can be dualized
into each other in presence of the sixth dimension.

APPENDIX B: 6D FIELD EQUATIONS FROM
THE NEW LAGRANGIANS

In this Appendix, we present in detail how the second-
order field equations obtained by variation of the
Lagrangians (4.2) and (4.6) can be integrated to the
first-order field equations which in turn imply the original
6D second-order self-duality equations of the N' = (3, 1)
model and the N = (4,0) model, respectively.

1. The A =(3,1) model

Here, we show how the second-order field equations
obtained by variation of the Lagrangian (4.2) for the N' =
(3,1) model can be integrated to the first-order field
equations (3.21) and (3.22) which in turn imply the original
6D second-order self-duality equations (2.11).

a. Field equations

Let us first spell out the field equations obtained from
variation of the Lagrangian (4.2).
Variation with respect to A,:

3
F'Fy+30,0'B,,

1 ~
=5 0,0y, = D, = ,C,0 +40,4,) = 0. (BI)

which is exactly (3.29).
Variation with respect to B,

3 | 1 o
dy <F;w + anBuv + Egyu/mapBM + anguv/mcp > =0,

(B2)
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which is the 9, derivative of Eq. (3.21).
Variation with respect to 4,

! C C ~ o
gﬂl/ =+ an(apcp(ﬂ,y) + a(ﬂcy)/)p —_ rlﬂuapcp(; ) —_ 0’ (BB)

with the linearized FEinstein tensor as it appears in
(3.17); this variation thus exactly reproduces the Einstein
equation (3.17).

Variation with respect to C,, ,:

~ ~

1 ~ o 1 ~
dy <8whv]ﬂ + 0 hoputly)p = pOuhe” + Zgﬂwlvfaic p T Zay(cﬂv,p = Copu = Cpu)

C o 3 oT
— M0y Cyls” + 30y Aty + §%me ) =0,

which we can further project onto its (2,1) part and totally antisymmetric part

9y (%hv]p + 0% holutly)y = NplOy o

1 =~ =~ =~ =~ ~ o
+ Zay(cﬂv,p = Copp = Cpuo + C[/w,p]> - ”p[vaycﬂ]d + 38}”4[#'71/]#) =0,

1 PO D 3 .
8y <Z 8101[/,:1/816‘ pl 4—18},CU,,,.,,] +§8y8ﬂvpm’B ) =0.

We now show how to recover the full 6D system (3.19)
and (3.21) from the equations derived above. Let us first
rewrite these equations in terms of the original fields of the
(3,1) model and integrate all the equations under 0, by
introducing three functions y,, (x*), w,,,(x*) and @, ,(x*)
which are respectively antisymmetric, antisymmetric and of
(2,1) type, and do not depend on the sixth coordinate:

3
PFuy+50,0'B,,

1
- an(a”h/w - 6vh,/' - ayCW” + 48yAD) =0, <B7)
3 1 ) pot
Fuy + anBfw — Oyuy, + ngﬂﬂa B =y,,. (B8)
81 0T oT 3 oT
Epoeluw D C7" ) = 40 Uy) = OyEpypor | U7 — EB = Wps

(B9)
1
gﬂb + zﬁy(af’C,}(ﬂ,b) + 8(,, C,/)pp — Hﬂyapcpa‘T) =0, (BlO)

1
a[yhu]/) + ao—hrr[,ur]b]/) - ’7,)[1/8,4] h(ia + Z‘E‘;w)m'ﬂ:a}L Cm—/)
1 1
2 e,m[ﬂyf)’lcmp] + 5 OyCpp = Np0yCio” +30,Apm,,

- apu;u/ + 8[/)“;41/] - 280”0[}4’71/]/} = Puvp- (Bl 1)

(B4)
1 ~otT 1 ~oT
Zg;wim'a/lc P Zgimbwaic Pl
(B5)
(B6)

b. A-B duality
Combining (B7) and (B8) gives

1
0,01, = 50y Iy, = Dy = 0,Cp +40,A,) = D

(B12)

while the trace of (B11) in (up) gives

Mtu,, =

Hv

1
(0"hy, — O b — 0,C )t +40,A,) + = @,,0.

3

N[ =

(B13)

Together, these two equations imply that locally, we can
define a two-form b such that

1
X = 3 Eper 0’ DT (XH). (B14)

This two-form can be absorbed in B (following exactly the
same process as in Sec. A 2) such that Eq. (B8) repro-
duces (3.21).

c. h-C duality

Contracting (B11) with 0¥, we can extract both sym-
metric and antisymmetric parts:

1
(l/p) : gvp + 5 ay(aﬂ C/l(l/,/}) - nU/;a”C;mO— + a(/)cy)(r”)

= 0Py (B15)
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1
[Up]! — gé’lmwaﬂa}“cm” —+ 8),(3”(?”[1,7/,] + 8[/,Cl,]o_6 — 38[[,AD]) —+ Zaﬂa[ﬂuw,] = 26”(/)”[”,/,]. (B16)

Using (B10) we can conclude that
8“(pﬂ(w) =0. (B17)
The divergence of (B9) reads

3

1 1
—geﬂmﬂy@”a"C“ﬂp + 28/)8[/)14”1,] + 58),6”,,/)(,/38” <I/£aﬂ - EBaﬂ> = —58”1//”1,/,, (Blg)

and combining it with (B16) and (B8), we eventually get

200015 = —%8”1//”,,/,. (B19)

Together with (B17), one has
o <2<p,w,,, + %8”%,,) =0, (B20)
such that locally there exist 5D tensors ¢, , and a,,,,, where ¢ is of (2,1) type and a is completely antisymmetric, such that

1 1
20, + E(?”l//”yp = Eeﬂmﬂyaa(cﬂr,) + aﬁyp). (B21)
Consequently
Pt = ieﬂmﬂyaaaﬁﬂ‘, (B22)
1 1

Puvp =3 gﬂmﬁraa(cﬁyp + aﬁyp) 2 saﬂr[/waa(cﬂyp] + aﬂyp])’ (B23)

Wip = Eapyn 0 (P ) + a7 ). (B24)

Plugging the expression for ¢ and its trace back into (B11), one has

1 1
28[14}1,/]‘0 + Egyularycgrp - Ee,lmwa’lcmp} + ayCWp
1

1 1 :
- Eeﬂvaﬂyaa(cﬂyp +a",) - nglﬁrwvaa(cﬁyﬂ] + aﬁyﬂ]) + 3 Eaprolu aaaﬂmm]p‘ (B25)

- 28~VA[14171,]/, - 28pu,w —l— 28b,u”,,]

Then, using the following two Schouten identities
gwu(lﬁyaaa/f}’/)] =0= _gaﬂy [}wa/’] Aapy + 3a(l£{lﬁy [y a/’]ﬂ?’ (B26)
e[aﬂaﬁy(?“aﬁ}’"m]p =0= 28aﬂ},g[ﬂaaaﬁ7"ny}p - apeﬂwﬂyaﬂ}’” + 380,/3””3“@/3”/), (B27)

one obtains

20,h,), +

1 1
Eeuwlmal(c p—C7p) + (H/wﬂ - EgﬂwaﬂF ﬂ) + 0y(Cup = 2A11,)p)

1
-20, <um/ + Egﬂwlﬁyaaﬂy> =0. (B28)

We recover the 6D equation (3.19) after the following redefinitions
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1 '
Uy = Uy + Egﬂva/fraaﬂ/’
B, = B, —b,, Cuwp=Cup—Cu,  (B29)

One can check that these redefinitions are consistent with
the expression of y in (B9). Finally, the derivatives of
(3.19) and (3.21) give rise to the original 6D equations of
motion (2.11) as discussed in Sec. III B above.

2. The N =(4,0) model

Here, we show how the second-order field equations
obtained by variation of the Lagrangian (4.6) for the
|

1

1
2 Eaprw 0" C ) = O\pyu) + 5 0yVp ) = Xyup:

N = (4,0) model can be integrated to the first-order field
equations (3.34) and (3.36) which in turn imply the original
6D second-order self-duality equations (2.16).

a. Field equations

Let us first spell out the field equations obtained from
variation of the Lagrangian (4.6). Apart from the Einstein
equations (3.40) obtained by variation with respect to 4,,,
all other field equations appear under total derivative d, and
can be integrated into first-order equations up to functions
that only depend on the five coordinates x*. Explicitly, we
may put them to the form

1 1
Ouhatp + O happ — Mo Oy he” + Zgumﬂra Cﬂyﬂ - Z‘Saﬂr[ﬂva Cﬂyﬂ] — Opltyy, + Ol

1
- 26&“(1[}4’111]/) + an(cﬂu./) + Vpuw — U[/),ﬂv]) - 8y’1/1[v(cy](la + Ua;t]a) = QPup

104 a 1 104 1 14
Oty + 0 haiultylp = My Oyiha + g Epapy 0" C y = 2 Eapn 0" CY ) = Oyt + Oyt

1

2

+20(,(Clu).o) = Vo)) = 20%(Cp,u —
= 20%(Copup = V(o Jau Moy = 20*(Cau s

- an(yau) (sza -

1 1 1
C 0 7
- Z gaﬂy[m/aav/)]/}y - Z alTap,m/ + 5 abl Tp]a,/) 4+ E ”/)[vaaT/,t]/i,a/ -

| i
5 € T po + 5 Eapypo 0T = Eapn T po) + 20u(Clao) = 04 o)

+ ay(zTMv,pd - 4’10(L/T/4)a,pa - 47]/)(1/T/4)a~o'a + Znﬂ(pnzf)vTaﬂaﬂ>

(B30)
1 o Py 1 gy Py 1
ggaﬁrbwa 7+ Zgaﬂr[/wa v = Oty + anv[ﬂ,;w] = Yuwp: (B31)
(B32)
o 1 a a 1 @,y Py
= 20%uqputy), + an(cll”ﬁ + Upur = Vi) = Ot (Cge” + v%0) + Zglwaﬂra Vp
1 b
Zr]p[yay] Ta[)’ = H;w,/)’ (B33)
Viulap))o = 20%(Cac.(u = ViuJac )p
= VpJa oy = 2o(uDu) (Cpa® = %pa)
Uao‘(x) - 277;4(;766)(Cuaa - Uaua) - 277u(p86)(clma - va/m)
(B34)

+ 477/4(p770)u6a(caﬁﬂ - Uﬂaﬂ) = ¢;w,pa'

Here, the functions y,,, and y,,,, are totally antisymmetric,
while ¢, , and 6, , are of (2,1) type, and ¢, ,, is (2,2). All
of these functions do not depend on the sixth coordinate.

b. h-C duality

Using (3.40), one can show that the derivatives of (B30)
and (B32) imply

1
By 8y (gupaﬂy (){a[)’y - l//a/}y )) =0.

5 (B35)

M Pup + Xup) =

[

This implies that locally, we can define a totally antisym-
metric a,,, and a ¢, , of (2,1) type, such that

1
Puvp + Xy = Zg,,mﬂyaa(aﬂyp + 7). (B36)
Moreover
)z 1 Pru
(puz/ = Zg,uya[}ya ’ (B37)
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thus

by, + O°CPr, — 8,1, + = a(c +v

2 Envapy Uy wo t Vup)

2
= Pup +Z;wp +3 (pa[uar]y]p

1

— Zeﬂmﬂy(?”c + 8 &

12°° ﬂmﬂy

(B38)

We thus recover the 6D equation (3.36) after redefining

Cup = Cup—Cuyp (B39)
1 afy
Uy = Uy + Esﬂmﬂya (B40)

c. C-T duality

Having established equation (3.36), we can hit it with
another derivative to obtain the (modified) Curtright
equation

3818[Tc;w]p _ 3apa[TCMV]T
1
— Egﬂwday(arcld.ﬂ =+ 8111,,_,(,1

- a/J UT,K&) . (B41)

It remains to recover the duality equation (3.34). From
(B30)—(B34), we obtain

gﬂu,pa = Q/w,pa (x) ’ (B42)
where
Eppo= §£aﬁ7ﬂvaa T 6+ 201 Clpol 1) =201V} v+ Oy Ty o

(B43)

and €, ,, is a combination of 6,,, ,

we parametrize this field as

and ¢, ,,. For later use,

A 4 )
Qw,, =Q",  + §5U‘[/,Q o] (B44)
with traceless Q””/,(, and the trace part given by
Q= QH 15/‘ Qv B45
pv P + 5 pRE v ( )
Equation (3.34) amounts to showing that
Epwpe =0 (B46)

(after potential re-definition of 7, ,, and v, ). To begin
with, using the field equations that are already established,
we can show that the particular combination of derivatives

30, 5 = 3010),C " — 3070, Cp — 30,0, Ty
B 3040,C = 30°0,C
pK ayvll,wc)

(B47)

1
- 5 ”"’1/’”8},(8”(7,(,1” + 6/11)”

vanishes. In particular, contraction of this equation shows
that

20,7, —0,2%, =0 = 0,,-§,Q,)=0.

(B48)

This can be integrated to

1
Q » —5”/,ny :(9/1601;‘/ <> Qﬂ/) :(9,10)’1”/,—15”,,310)'1",(

(B49)

Next, we observe that (B47) gives rise to the second-
order differential equation

0= 0,0, " (B50)

Using the parametrization (B44) and the relation (B48), this
equation reduces to

0 = 8,0,Q" o). (B51)

for the traceless part of Q. Dualizing the first two indices on
Q, defines the object

A

Q o, (B52)

apy.po = 7 Eapruw

corresponding to an irreducible Young tableau EEI Using

the generalized Poincaré Lemma [30] for this object then
allows to integrate up equation (B51) into

A 1 v v 4 U vk
Qﬂ o _ 58” ﬂyaatﬁy,po‘ + 28[psﬂ O'] —+ gé[plb 8Ks ] ‘o‘]y
(B53)

in terms of two gauge parameters ? and s, ,. The first
one corresponds to an irreducible Young tableau Bﬂ, while
the parameter s, , is antisymmetric in its first two indices

and traceless S’ = ,—such that its dual 3§

Hv.po

afyp —
3 Eapyus’”, corresponds to an irreducible Young tableau
. The last term in (B53) implements the projection onto

the traceless part.

Putting together (B53) and (B49), we arrive at

v 1 va, v 4 VK
Oy = 5P Daty o+ 2015 o) + 38, Des ™

4 1
—géw[ﬂa,c(l) ] |o] —55” pgﬁxa)’l P (B54)
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We can plug this back into (B47) to arrive at

4 4
0= 38[”9’“ po] = gﬁﬂﬁ[psﬂ o] —gﬁﬂapw" o]
1
+ 56[(,”8,,]8,1@“,(, (B55)

which in turn is a curl in [ps] and can be integrated into

1
0ysty — 0,0 5 + 160”8,150’1’(,( = 0,&". (B56)

This further reduces the result (B54) and allows to put it
into the form

1 2
e, = et P8 ts, 0o +20), <s"”(,] +30 [;431) . (B57)

Using this result in (B42), we finally arrive at
& =0, (B58)

Hv.po

upon shifting

2
Tivpoe = Tuwpo T tuwpor Vpyw = Vpgw + S p + §’7P[M§V]‘
(B59)

We have thus shown that also the Eq. (3.34) follows from
the Lagrangian (4.6). Finally, derivatives of (3.34) and
(3.36) give rise to the original 6D equations of motion
(2.16) as discussed in Sec. III C above.
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