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CENTRAL LIMIT THEOREM AND PRECISE LARGE
DEVIATIONS FOR BRANCHING RANDOM WALKS WITH
PRODUCTS OF RANDOM MATRICES

THI THUY BUI, ION GRAMA, AND QUANSHENG LIU

ABSTRACT. We consider a branching random walk where particles give
birth to children as a Galton-Watson process, which moves in R? with
positions determined by the action of independent and identically dis-
tributed random matrices on the position of the parent. We are inter-
ested in asymptotic properties of the counting measure Z;; which counts
the number of particles of generation n situated in a given region, when
the process starts with one initial particle located at . We establish
a central limit theorem and a large deviation asymptotic expansion of
Bahadur-Rao type for Z;; with suitable norming. An integral version of
the large deviation result is also established. One of the key points in the
proofs is the study of the fundamental martingale related to the spectral
gap theory for products of random matrices. As a by-product, we obtain
a sufficient and necessary condition for the non-degeneracy of the limit
of the fundamental martingale, which extends the Kesten-Stigum type
theorem of Biggins.

1. INTRODUCTION

Branching random walk is a system of particles, in which each particle
gives birth to new particles of the next generation, whose children move on
R or R¢ according to some probability law. For early fundamental results on
this model, see for example [2, 3, 8, 10, 11]. In recent years, this topic has
attracted the attention of many authors, see for example, [1, 33, 23, 6, 19, 35,
42]. The model is closely related to various applied probability settings, such
as Mandelbrot’s cascades (cf. e.g. [36, 44, 5, 16, 49]), perpetuities (see e.g.
[51, 15, 34]) and branching Brownian motion (cf. e.g. [37, 18, 7, 48]). For
extensions to random environments in space and time, see e.g. [30, 21] and
[12, 39, 46, 26, 27]. For other related works and many references, see e.g. the
recent books [51, 15, 34]. In the classical branching random walk, a particle
whose parent is at position y, moves to position y + [ with independent and
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identically distributed (i.i.d.) increments I’s for different particles, so that the
moving is a simple random translation. The classical model does not cover
the interesting cases occurring in many applications where the movements
are determined by linear transformations such as rotations, dilations, shears,
reflections, projections etc. In this paper, we deal with the case where
the position of a particle is obtained by the action of a matrix A on the
position of its parent, where the matrices A’s corresponding to different
particles are i.i.d. In other words, the positions of particles are obtained
by the action of products of random matrices on the position of one initial
particle. This permits us to extend significantly the domains of applications
of the theory of branching random walks. However, the study of this model
becomes much more involved. One of the fundamental problems in the
theory of branching random walks is to give a precise description of the
configuration of the process at time n. We will consider this problem by
giving precise asymptotics of the counting measure ZF which counts the
number of particles of generation n situated in a given region, when the
process begins with one initial particle situated at x. More precisely, for the
model that we introduce here, we will establish a central limit theorem and
a large deviation asymptotic expansion of Bahadur-Rao type for Z* with
suitable norming.

To introduce the model we need some notation. Let N = {0,1,2,...} and
N* = {1,2,...}. Set U := U (N*)", where by convention (N*)° = {(}.
A particle of generation n will be denoted by a sequence u = uy---u, =
(ui, -+ ,up) € (N*)" of length n; the initial particle will be denoted by
the null sequence ). Assume that on a probability space (2, F,P) we are
given a set of independent identically distributed random variables (IV,,)yecu
of the same law p = {py : k¥ € N}, and a set of independent identically
distributed d x d random matrices (A, )ycyu of the same law p on the set of
d x d matrices M (d,R), where d > 1. The two families (N, )yev and (Ay)uecv
are also assumed to be independent.

A branching random walk with products of random matrices is defined as
follows. At time 0, there is one initial particle () of generation 0, with initial
position Yy := x € R?\ {0}. At time 1, the initial particle () is replaced by
N = Ny new particles ¢ = ()i of generation 1, located at Y; = A;Yp, 1 < i <
N. In general, at time n + 1, each particle v = uy ... u, of generation n,
located at Y, € RY, is replaced by N, new particles ui of generation n + 1,
located at Y,; = AwYy,1 < i < Ny. Namely, the position of the particle
ui is obtained from the position Y, of u by the action of the matrix A,;,
so that the position Y, of a particle v in generation n > 1 is given by the
action of products of random matrices on the initial position x:

Y, =Guz, where G, =A4Ay u, - Au- (1.1)
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Denote by T the genealogical tree associated to the elements {N,, : u € U}.
It is defined by the following properties: 1) ) € T; 2) when u € T, then for
i1 € Ny wi € Tif and only if 1 <i < Ny; 3) ui € T implies u € T. Let

T,={ueT:|u =n}

be the set of particles of generation n, where |u| denotes the length of the
sequence u and represents the number of generation to which u belongs; by
convention || = 0.

The space R? is equipped with the Euclidean norm |-|. The position G,z
of the particle u is completely described by two components: its norm |G,z
and its projection on the unit sphere S*1 := {y € R, |y| = 1} denoted by

G,z
Xt .= 4
" |Guzl

Accordingly, we consider the following counting measure of particles of gen-
eration n which describes the configuration of the branching random walk
at time n: for measurable sets B C S%~! and C C R,

Z?f(Bac) = Z 1{X$€B,log|G’ua;|EC}7 (1'2)
uGTn

where for a set D, 1p denotes its indicator function. In particular when
B = S9! the measure (1.2) reduces to

Zﬁ(Sdil,C) = Z ﬂ{log|Gux|€C}' (13)
ueTy,

The measure C + ZZ(S%!,C) counts the number of particles of gener-
ation n with a given distance to the origin; the distributional function
Z%(S%1 (o0, y]) counts the number of particles of generation n situated
in the ball centered at 0 with radius e¥. This information may be impor-
tant for example when we consider a model describing the infection by a
certain transmittable disease (an infected individual at time n leads to a
random number of infected individuals at time n+ 1 who move according to
random linear transformations in R? or R3), where we would like to know
at time n how many infected individuals there are in a region with a given
distance from the origin. The measure (B,C) — ZZX(B,(C) gives more in-
formation. For example, when d = 2 and B = {e? : 0 € [0y,65]} is an arc,
Z* (B, (—00,y]) counts the number of particles of generation n situated in
the region {re® : 0 € [0y, 0], € [0,¢Y]}.

When d = 1, z = 1 and A, # 0 for all u € T, the measure defined
by (1.3) is exactly the counting measure considered in the classical model
of branching random walk on R starting from the origin 0 € R, where
the position S, of a particle v = wuy---u, is given by Sy = Ly, +--- +
Ly, .., , with L, = log|A,|. So our model in the one dimensional case d = 1



4 THI THUY BUI, ION GRAMA, AND QUANSHENG LIU

reduces essentially to the classical (additive) branching random walk. For
this reason, in the following we will focus on the case d > 2.

The present work aims to establish asymptotic properties of the counting
measure Zp when it is suitably normalized, with |x| = 1 and d > 2. We
will consider two cases: when the matrices A, are nonnegative, and when
the matrices A, are invertible. Our first result is a central limit theorem
for the counting measure Z! (see Theorem 2.1). It states that for any
fixed B ¢ S%! and some constants 7,c defined explicitly, the counting
measure C' — Z¥(B,ny + 04/nC) on R with a suitable norming converges
to the standard normal law. This result extends the corresponding one of
Asmussen and Kaplan [3, Theorem 1] on the one dimensional case, which was
first conjectured by Harris [31]. Our second result is a precise large deviation
result of Kesten-Stugum type (see Theorem 2.6), namely we give an exact
asymptotic for ZZ (B, [na, +00)) for fixed B C S~ and a in a natural range
of R. An extension to an integral version of the large deviation result with
target functions on the two components X! and log |G| is also established
(see Theorem 2.4). These results extend the corresponding ones of Biggins
[10] on the one dimensional case to the multi-dimensional case.

The starting point in the proofs of our results is a decomposition formula
which permits to express the counting measure as the sum of conditionally
independent random variables, using the branching property like in the one
dimensional case for which we may refer to [3, 10]. However, there is much
to do to arrive to the conclusions in the multidimensional case, due to the
appearance of products of random matrices. In particular, for the proof of
Theorem 2.1 about the central limit theorem and Theorem 2.4 about the
precise large deviation with target functions, we use respectively the central
limit theorem and the recent progress on the spectral gap theory and precise
large deviations for products of random matrices. Another step forward in
the proof of Theorem 2.4 concerns the extension of Biggins’ martingale to
the case of branching products of random matrices, for which we prove a
criterion for the non-degeneracy of the limit of the fundamental martingale
(see Theorem 2.2) which completes a result of Mentemeier [49] obtained
in the context of the multivariate smoothing transform, and extends the
Kesten-Stigum type theorem of Biggins [8] on the classical branching random
walk.

The outline of the paper is as follows. The main results will be stated
in Section 2. Theorem 2.1 on the asymptotic normality of the counting
measure is proved in Section 3. The necessary and sufficient condition for
the non-degeneracy of the limit of the fundamental martingale is given in
Theorem 2.2 and Corollary 2.3, which are proved in Section 4. Theorem 2.4
on the precise asymptotic of large deviations, which implies Theorem 2.6, is
established in Section 5.
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2. MAIN RESULTS

In this section, we introduce necessary notation and assumptions, and
present the main results.

2.1. Notation and assumptions on products of random matrices.
Note that in our model, along each branch we encounter a product of ran-
dom matrices. In this section, we introduce some notation and the necessary
assumptions on products of random matrices in order to formulate our main
results. We shall consider two cases, the case when the matrices are non-
negative and the case when the matrices are invertible.

Let M(d,R) be equipped with the operator norm: for any a € M(d,R)
we set ||a]| = sup,ega-1 |az|, where |- | is a given vectorial norm on R?, and
S%! = {z € R? : |z| = 1} is the unit sphere in R%. Denote by I';, := [supp 4]
the smallest closed semigroup of M (d, R) generated by the support of u. Let
us recall some definitions in matrix theory. A matrix a € M(d,R) is said
to be proximal if it has an algebraic simple dominant eigenvalue. Denote
by M the set of matrices with nonnegative entries. A nonnegative matrix
a € M is said to be allowable if every row and every column has a positive
entry.

We say that the measure p is arithmetic if there is ¢ > 0 together with
0 € [0,27) and a function ¥ : S2°! — R such that

Va € I',Vz € V(T') : explitlog |az| — i0 + i(F(a-x) — I(x))] = 1,

where ST™! = {2 > 0 : |z| = 1} is the intersection of the unit sphere with
the positive quadrant. Notice when d = 1, we have ST' = {1}, and the
above arithmetic condition reduces to the following more usual form: loga
is almost surely concentrated on an arithmetic progression ag+a1N for some
ap, a1 > 0.

We will need the following assumptions on the law pu.

C1.

(1) For invertible matrices:
(a) (Strong irreducibility) There is no finite union W = \Ui—; W; of
proper subspaces 0 # W; € RY which is I'y-invariant (in the
sense that aVV =W for each a € T';,)
(b) (Proximality) I, contains at least one proximal matriz.
(2) For nonnegative matrices:
(a) (Allowability) Every a € T, is allowable.
(b) (Positivity) T, contains at least one matriz belonging to int(M.).
(¢) (Non-arithmeticity) The measure y is non-arithmetic.
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For both invertible matrices and nonnegative matrices, we will need a
moment condition. For a € M(d,R), set

axr

v(a) = ing laz|, and a-x: when ax # 0,

z€ - laz|

where a - x is called the projective action of the matrix a on the vector x €

S%=1. Then t(a) > 0 for both invertible matrices and allowable nonnegative
matrices. Set, for an invertible or nonnegative matrix a,

N(a) = max{||a|,.(a)""}.
For invertible matrices we have t(a) = [|a=!||~! and N(a) = max{||a||, la=}|}.
C2. (Moment condition) There exists ny € (0,1) such that
E[N(A1)™] < 0.

We will consider the action of invertible matrices on the projective space
P41 which is obtained from S?! by identifying  and —z, and the action
of nonnegative matrices on S_dfl. For convenience, we identify z € P41
with one of its representants in S?~!. To unify the exposition, we use the
symbol S to denote P4~ for invertible matrices, and S‘i_l for nonnegative
matrices. The space & will be equipped with the metric d, which is the
angular distance (see [13]) for invertible matrices, and the Hilbert cross-
ratio metric (see [32]) for nonnegative matrices. Moreover, S is a separable
metric space equipped with Borel o-field.

Let G,, = A,, ... A3 A be the product of i.i.d. d x d real random matrices
A;, defined on the probability space (Q2, F,P), with common law u. Let
x € S be a starting point. As mentioned in the introduction, the random
walk G,z is completely determined by its log norm and its projection on S,
denoted respectively by

Gpx
|G|’
with the convention that Gox = x. Since S¥ = log|A4,X?_;|+ S¥_, and
XF=A, X! |, the sequence (S, X7),>0 is a Markov chain.

Denote by E the expectation corresponding to P. By the law of large
numbers of Furstenberg [25], under conditions C1 and C2, we have

Syi=log|Gpz|, XF:=G, = n >0,

1 1
lim —S; = lim —E[S]] =~ P-as.,

n—o00 N, n—o00 N,

where v = inf,cy %E log ||Gy,|| is the upper Lyapunov exponent associated
with the product sequence (G,,). Le Page [40] and Henion [32] showed that

o2 = lim “E (5% — ny)? (2.1)

n—o00 n,
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exists and is independent of = for invertible matrices and nonnegative ma-
trices, respectively. Moreover, there exists a unique p-stationary probability
measure v on S (see [29, 16]); the u-stationarity of ¥ means that u*v = v,
that is, for any continuous function ¢ on S,

(1) () = /3 | la-ouldapids) = vip)

where v(p) = [s¢(x)v(dx). This notation for the integral will be used for
any function and any measure. Set

I, ={s > 0:E|Ai]°® < co}.

Note that [, is an interval of R,. Let s, = supl,. Define the transfer
operator on the set C(S) of continuous functions on S as follows: for any

s € (_7707 SOO)? and f € C(S)7
P, f(z) = E[|A1z|°f(A1-x)], forallzesS. (2.2)

It is known that under conditions C1, and C2, there exists a small constant
0 < m1 < np such that for any s € (=71, ), there are a unique probability
measure vs and a unique Holder continuous normalized function rs (under
the normalizing condition vs(rs) = 1) on S satisfying

vsPs = k(s)vs and  Psrg = k(s)rs, (2.3)

where k(s) is the unique dominant eigenvalue of Ps, vsPs is the measure
on S such that (vsPs)(f) = vs(Psf) for all f € C(S). For s € [0,8), the
property (2.3) is proved in [16, Proposition 3.1] and [17, Corollary 7.3] for
positive matrices, and in [29, Theorem 2.6 and Corollary 3.20] for invertible
matrices. For both positive matrices and invertible matrices, the existence of
71 > 0 and the property (2.3) for complex-valued s with |s| < 7 are proved
in [55, Proposition 3.1], where the following properties are also established:
the functions s — k(s) and s — rg(x) are strictly positive and analytic in
(=M1, S0), for x € S. Below we shall make use of normalized function rg,
ie. rg(x) < 1forallz € S,s € (—n1,5x). Moreover, it is proved (see [29,
Lemma 3.5], [16, Lemma 6.2], [55, Propositions 3.12 and 3.14]) that, under
conditions C1 and C2, the function

A(s) =logk(s)
is finite and analytic on (—n1, Soo), and satisfies
A(0) =0, A(0) =7, A"(0)=0?>0, and A"(s) > 0Vs € (=11, 500).

2.2. Main results. Note that the population size at time n is Z,, = Z(S,R),
which does not depend on the starting point  and forms a Galton-Watson
process with Zy = 1 and Z; = N. Denote by m = EN the expected value
of the offspring distribution. Throughout the paper, we shall assume that
1 < m < oo, which ensures that the branching process (Z,,) is supercritical,
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so that Z,, — oo as n — oo with positive probability. It is well known that
EZ, =m". Let
Zn .
Wp=— forn>0, and W = lim W,.
mm n— 00

The sequence {W,} is the fundamental martingale for the Galton-Watson
process (Z,); the limit above exists almost surely by the martingale con-
vergence theorem. The famous Kesten-Stigum theorem states that W is
non-degenerate if and only if ENlog, N < oo (see [4]), where and through
this paper log, x = max{0,logx} denotes the positive part of log xz. We will
need the following slightly stronger condition.

C3. There exists a constant n > 1 such that
EN log"' N < oo, (2.4)

We start with a central limit theorem for the normalized counting measure
(1.2). For t € R, let

Zy(B,t) = Zﬁ(ﬂ(—oovmﬂm/ﬁ]) =2 Lixgen, slousom oy

’U,E’]Tn

Theorem 2.1. Assume that the law p of the radom matrices satisfies condi-
tions C1 and C2. Assume also that the offspring distribution satisfies con-
dition C3. Then, for any x € S, any measurable set B C S with v(0B) =0
and any t € R, we have, as n — 00,
ZE(B,t
LN

where ®(t) = %ﬂ ffoo e " 2dx is the distribution function of the standard

v(B)®(t)W P-a.s., (2.5)

normal law.

For the one dimensional case (where d = 1), the result is due to Asmussen
and Kaplan [3, Theorem 1], which was first conjectured by Harris [31, p.75]
but with convergence in probability instead of the a.s. convergence in (2.5).
Harris’ conjecture was first solved by Stam [52], then improved by Asmussen
and Kaplan [2, 3] to L2-convergence and a.s. convergence. More general
cases have been considered by Klebaner [38] and Biggins [11], who studied
respectively the varying environment case and the general branching random
walk where the displacements of particles with the same parent may have
different laws. The random environment case has been considered by Gao,
Liu and Wang [28]. The exact convergence rate in (2.5) has been considered
by Chen [18] and Gao and Liu [26]. Asymptotic expansions have been
obtained in [27]. Theorem 2.5 open ways for extending some results in
[2, 18, 28, 26, 27] to the multi-dimensional case where the moving of particles
is determined by products of random matrices.
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Our second main result is on the large deviation for the counting measure
Z7. To study the large deviation of the measure Z?, a natural way would
be to consider its Laplace transform defined by, for (s1,s2) € R,

Zy(81,82) = /R2 eSVITRV 7T (dyy dyp) = st NatsSi,
UETn

In the one dimensional case, when x = 1 and A4,, > 0, we have X =

so that ZZ(s1,s2)/EZZ(s1,s2) reduces to Biggins’ fundamental martingale
of the branching random walk:

n>0, (2.6)

which has been well studied (see [8], for example), and which plays an es-
sential role in many problems. However, in the multidimensional case, in
general the sequence (2.6) is no longer a martingale, nor the sequence

25(81, 52)  DueT, esSuts Xy
EZZ(s1,50) E[Xuer, es5its ]’
for (s1,s2) € R2. So an important difficulty arises when we mimic Cramér’s
change of measure for random walks by use of the Laplace transform of Z¥.
However, there is still a natural martingale in the present setting. By the

spectral gap property (2.3), it is easy to verify that (see Section 4 for more
details), for s € (—n1,5) and z € S, the sequence

_ Suer, € (XY)
mnk(s)rs(x)

n >0, (2.7)

Win , n =0, (2.8)

constitutes a positive martingale with respect to the natural filtration
Fo=10,Q} and F, = 0(Ny, Aui 10 = 1,|u| <n) for n > 1,

as observed by Mentemeier [49] in the study of the multivariate smoothing
transform. By the martingale convergence theorem, the limit

W = lim Wz exists in R P-a.s.

TLHOO

It turns out that the martingale (W¢,,) in the multidimensional case plays
the same rule as Biggins’ fundamental martingale for one dimensional case,
for large deviations.

Just as in the case of Biggins’ martingale, it is crucial to know when the
limit variable W of the fundamental martingale W, is non-degenerate.
When the matrices A,, are nonnegative and s > 0, Mentemeier [49, Propo-
sition 4.4] gave a sufficient condition for W7 to be non-degenerate. In the
following we complete his result by considering the necessary and sufficient
conditions, and by treating meanwhile the case s < 0 and the case of invert-
ible matrices.
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We first establish the following theorem, whose proof is deferred to Section
4. To state the result, we need some notation. For s € (—n1,S), set
A*(gs) = sgs—A(s) with g; = A'(s). Since A”(s) > 0 and 2 A*(qs) = sA"(s),
A*(gs) attaints its minimum at s = 0, so that A*(gs) > A*(qo) = —A(0) =0
for all s € (=11, 5c0)-

Theorem 2.2. Assume conditions C1, C2. If

A*(gs) —logm < 0 (2.9)
and
Elmax W, log, max W,] < oo, (2.10)
then for all x € S,
E[W?] =1. (2.11)
Conversely, if
E[WZ] > 0 (2.12)
for some x € S, then (2.9) holds, and
E[mi i1 i r : 2.1
[glelg Wiilog, g Wil < oo (2.13)

Corollary 2.3. Suppose the conditions C1, C2.
(1) Assume (2.9) together with

ENlog, N <oc and E|A1|°log, ||A1] < oc. 2.14
+ +

Then (2.11) holds for all x € S.
(2) Assume that the random matrice Ay = (A1(i, 7)) satisfies the Furstenberg-
Kesten condition: there exists a constant C' > 1 such that
maxi<i,j<d |41 (i, j)|
min;<; j<d [A1 (i, j)|
Then the three conditions (2.10), (2.13) and (2.14) are equivalent,
and (2.12) holds for all x € S if and only if (2.9) and (2.14) hold.
Moreover, if (2.12) holds for some x € S, then (2.11) holds for all
reS.

<C  as. (2.15)

Notice that by Sheffé’s theorem, for each = € S, if (2.12) holds, then
W, — W¥in L'. So the martingale (WZ,,) converges in L' for some z € S
if and only if (2.9) and (2.14) hold; moreover, when the martingale converges
in L' for some = € S, then it converges in L' for all 2 € S.

When the matrices A, are nonnegative and s > 0, Part (1) has been
established by Mentemeier [49, Proposition 4.4]. When d = 1, Part (2)
is essentially the well-known Kesten-Stigum type theorem for the classical
branching random walk on the real line, due to Biggins [8]; see also [36] for



BRANCHING PRODUCTS OF RANDOM MATRICES 11

Mandelbrot’s cascades and [47, 43] for versions which are slightly different
to the initial result of Biggins [8].

Now we consider the precise large deviations for Z* with target functions
f and g on the components X! = G,,-x and S = log |G, x|. More precisely,
we shall study the asymptotic of the large deviations of the following integral:

FW)g(z = ngs) ZE(dy,dz) = > f(XD)g(Sh — ngs). (2.16)

SxR weT,,

Our result will be stated under the very general assumption that e™**¢(z),
z € R is directly Riemann integrable, see Feller [24], Chapter XI.

Theorem 2.4. Assume conditions C1 and C2, and let s € (—n1,5x) be
fized such that A*(qs) —logm < 0 and that

E max Wi (s) logj_"'l max Wf(s)] < oo  for some d > 3/2. (2.17)

Then for any continuous function f on S and any measurable function g on
R such that z — e %%g(z) is directly Riemann integrable, we have
_ \2mnogeh ()
lim

n— 00 mm

| F@: = na) Z3(dy. d2)
SxR

:Wfrs(x)m(f)/Reszg(z)dz, P-a.s., (2.18)

Ts

where 7r5<f) = v and 02 = N(s).

rs

When s = 0 this result reduces to the following local limit theorem for
the counting measure Z;:

Corollary 2.5. Assume conditions C1 and C2. Assume also that (2.17)
holds with s = 0. Then

. oV2mn
lim

n— 00 mm SxR

Fg(z — n7) Z2(dy, dz) = Wulf) /R 9(2)dz.

When f =1and g = 1,5 with —oo < a < b < o0, it gives the precise
asymptotic of Z¥(S,nvy + [a,b]) as n — oo.
The following theorem describes the asymptotic size of the number of

particles in n-th generation situated in the regions (B, [e"¥s, +00)) for s > 0,
and (B, (0,e"%])) for s < 0, where B C S.

Theorem 2.6. Assume the conditions of Theorem 2.4. Then, for anyx € S,
any measurable set B C S with v(0B) = 0, we have, P-a.s., for s >0,

v 2 Z% (B, ngs, 1 1
11_{20 2N oy €nA (gs) Zn ( ) [nczl +OO)) _ —Wfrs(x)/ _ -
n m S B Ts(y)

s (dy) ’
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and for s <0,
w2 (B, (— s 1 1
ILm Vornog e () n (B, ( :L)o,nq ) = fWSsz(l‘)/ ——7s (dy) .
n—00 m S B?“s(y)

This theorem is obtained from Theorem 2.4 by taking g = 1{g o) when
s >0, and g = 1(_ ) when s < 0, and by using a smooth approximation
of indicator function (see [14, Lemma 4.1]).

In the one dimensional case (where d = 1), Theorems 2.4 and 2.6 reduce to
the Bahadur-Rao type results of Biggins [10]. The large deviation principle
was established earlier by Biggins in [9].

3. PROOF OoF THEOREM 2.1

This section is devoted to prove Theorem 2.1, the central limit theorem
on the counting measure Z;.

3.1. Basic decomposition. For all v € U, let T(u) be the shifted tree
of T at u associated to the elements {N,,}. It is defined by the following
properties: 1) ) € T(u), 2) vi € T'(u) implies v € T(u) and 3) if v € T(u),
then vi € T(u) if and only if 1 < ¢ < Ny,. Define T, (u) = {v € T(u) : |v| =
n}. Then T = T(0) and T, = Ty, (0).

It follows from the additive property of the branching process that, for
k < n, any measurable set B C S and any Borel set C' in R,

ZYB,C)= > > lyxs epge oy

u€T, vET,, _j(u)

=Y ZX(B,C - SY), (3.1)

uETk

where

X3 _ QT — P x
Z, (B, C = 8)) = Z H{Xf”eB,Sfu eC—Sz}
veTnkaO

represents the number of descendants of u at time n in the region charac-
terized by (B,C — S¥), and C — S¥ = {y — S¥ : y € C}. In this section,
we consider C' = (—oo,ny + toy/n], t € R. For simplicity, we will use the
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following notation:

Zﬁ(B,t) = Z ]l{XﬁeB7log\Gq\4},\—n'y<t}7

u€Ty,

XI

—k ) ) i ,

’ vETn—k(u) {Xj(uGB,Svf\/(Lfkk)'ygt}

Xz _ ]
LoBR = D, ]l{Xf“EB}v

vET g (u)
XCE

Xu — —k ;

Wn—k(Bat) = n,,nW’
X(L‘

Xg g XE  Zym(S,

Wn_k - Wn_k(S,R) = ”lTnW

Notice that Z:f_gk(S ,R) is the population size of generation n — k of the
Galton-Watson process beginning from the particle v (whose genealogical
tree is the shifted tree of T at u). So Zf_ﬁk(S,R) and Wﬁk do not depend
on the position of w.

For conditional probabilities and expectations, we write

We obtain the following decomposition from (3.1), which will play a key role
in our approach:

;%ﬁw@_mmwmv

1 z t —S*+k
~ Loy 2% (B SR e mw
m uETkn " o n_k

= A,+ B, +C,, (3.2)

o= 3w (5 2

uGTkn

. STk
— Ek, {Wﬁkn <B= w\/f\/nf;r 7)} }’
ek S (e () ),

u€Ty,,
Co = (Wi, — W) v(B) (t).

The idea is now to choose suitable k,, with k,, — oo such that A, B,,C,, — 0
a.s.
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3.2. Proof of Theorem 2.1. We choose 3 with % <pf<land o> ﬁ
For each n, let j = j(n) € N be such that j*/f < n < (j + 1)*/#; set
kn = a; = [j¢], the integer part of j¢. We will prove that with this choice
of (ky), we have A,, By, C, — 0 a.s. By the decomposition (3.2), this will
imply Theorem 2.1.

By the convergence of the martingale W, to W, we have clearly C,, — 0,

P-a.s. It remains to show the following two lemmas.
Lemma 3.1. Under the hypothesis of Theorem 2.1, we have
A, =30 P-as. . (3.3)

Lemma 3.2. Under the hypothesis of Theorem 2.1, then
B, =30 P-a.s. . (3.4)

For the proof of Lemma 3.1, We shall use the following result on the
weighted moments of W* := sup,, {W,,}, which is proved in Liang and Liu
[41, Theorem 1.2].

Lemma 3.3. Under the hypothesis of Theorem 2.1, then

E(W*+1)log"(W* 4+ 1) < oo. (3.5)
Proof of Lemma 3.1. By definition, A, = ﬁ Zuemn Y, u, where
toy/n — ST + ky

toy/n — SI + k*yﬂ

_ Wi«

) B [ (B

We see that for any u € Ty, ,
Yol < Wi (S,R) +Ep, Wi, (S,R)
=W 41, (3.6)

n—kn

where the last equality holds because Wﬁkn = Wﬁkn (S,R) represents the
fundamental martingale of the Galton-Watson process beginning with the
particle u € Ty, . Let

_ 1 _
Yn,u = Yﬂ,ul{\Yn7u|<mkn} and An = % Z Yn,’u-
m uGTkn

We will use the decomposition
Ap = (An — Zn) + (Zn — Eg, mn]) + Ep, mn}v

and prove that each of the three terms on the right side of this identity tends
to zero as n — co. We divide the proof into 3 steps.
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Step 1. We first prove that 4, — A, n%o 0, as a consequence of

f: P(A, # A,) (3.7)

In fact, by the Lemma of Borel-Cantelli, (3.7) implies that a.s. A, — A, =0
when n is large enough. By the definition of Y, ,, and the inequality (3.6),
we have:

uETkn UeTk"
X
ue'ﬂ‘kn

Since the law of Wﬁkn conditioned upon %y, is that of W,,_y . it follows
that

Pi, (An # Ay) < Zj, P(Wy_p, + 1 > mbr) <Wy, mPP(W* 41 > mkn)

< We,E [(W" + DI gy 1meny |
Wkn
< Qlogmt)”
Taking expectation and denoting C' = E [(W* 4 1) log"(W* 4 1)] (which is
finite by Lemma 3.3), we get P(A,, # A4,) < Since kT ~ jo ~ nfn
and fn > 1, (3.7) is proved.

E[(W* + 1) log"(W* + 1)] .

__C
(logm)nk,) *

Step 2. We next prove that A, — Ey, [4,] % 0, as a consequence of
n oo

i P(|4, - By, [4,]| > &) <00 ¥e>0 (3.8)

n=1

(by the Lemma of Borel-Cantelli). By Chebyshev’s inequality we have

Pr, (|An — By, [An]| > €) < Ekn (A — By, [4n])%. (3.9)
By the definition of A, and .%},, and the fact that (Ynu) . is a sequence
ucl,
of independent random variables under Eg, , we have
o o 1 _ o 2
B, (An = Bk [Aal)® = B | 30 (Voo = B [V

UETkn
1

- Y <Ekn v2.] - [E,%Yn,ur). (3.10)

ue’ﬂ‘kn
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By the definition of Y, , and Fubini’s theorem,
—9 o0 —
Ei, [Vou] = /O 2Py, (V| > )da
o
= 2/0 kan(‘Yn,u|]l{|Yn7u|<mkn} > $)dCC

o0
= 2Ekn/0 l‘]}‘{lyn,um{‘yn’u‘<mkn}>$}daj
k k

m-T m-T
< 2Ekn/0 35]1{|Yn7u|>:p}dx :/0 kan(|Yn7u| > x)dx
Using (3.6), we obtain

Pr,(|Youl >2) < P, (Wit +1>z)=P(Wy_y, +1>2)
< P(W 41> 2).

Therefore,

2

mkn
Ex [V2.] < 2/0 SP(W* + 1> x)dz. (3.11)

Using (3.9), (3.10) and (3.11) and then taking expectation, we obtain

_ o 9 mhn
P(/A, — Ex, [A,]] > ¢) < 7/ PW*+1>2)de.  (3.12)
0

= e2mbn

We split the above integral according to x € [0,¢] and = € (e, mFn]. Using
P(W* +1 > x) < 1, we see that

e2

/ R (3.13)
0

log"(W* 4+ 1
For the integral over (e, m*"], using w10y < (W* 4+ 1)%

In" z
we have
mkn mtn 1
/ sP(W* +1 > 2)de < E[(W* + 1) log"(W* + 1)] / (nay ™
(3.14)

Taking a constant b €]1, m[, we get
k k k
mrn 1 brn 1 mhn 1
dx = d d
/e (Inz)n v /e (Inz)n v /bkn (Inx)n .
(e — )
(kp Inb)n

< b+
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From (3.12), (3.13) and (3.14), we obtain

B - 1 mk‘n _ bk:n
P(|A, — Eg, [An < s | €200 + Z
(1 ko [An]| > €) 2k (e t Cj( +(k;nlogb)n)>

where C' = E[(W* + 1) log"(W* + 1)} < 0o by Lemma 3.3. Therefore,

i ‘A _Ekn ”>€>

bn 0 kn _ pkn

;oo 20/ & m
< 822m,% (Z%JFZW). (3.15)

2
€ n=1
Since k, ~ j* ~ n?, 1 <b<mand Bn > 1, the three series Y o°
i(Z)kn and o0

n=1

(3.8).

n= lmkn7

W converge. Therefore from (3.15), we get

Step 3. We finally prove that Ey [A,] % 0, as a consequence of
n (o.0]

Z P(|Bk, [4,)] > ¢) < 00, Ve >0 (3.16)

(again by the Lemma of Borel Cantell ). By Markov’s inequality, the fact
that 0 = By, [A,] = B, [Aa] + 4B, | Cuer,, Yaulqy, ,[zminy|, and the
inequality (3.6), we obtam

Pk, [A,]] > ¢) < _E[[Ex, [4.]]

- e £ Tt

uETkn

< W%E{Ekn[ Z (Wﬁkn +1)1 (w e w +12mk"}:|}

’LLE’]Tkn

1
_ EE[(Wn,kn + Dy, H;mkn}]
It follows that
1

P 21> <) < gy

Therefore, with C' = E [(W* 4 1) log?(W* 4 1)] < oo (by Lemma 3.3),

= — C &1

¢ log”

E[(W* + 1) log"(W* + 1)].

since k7 ~ j ~ n®" and Bn > 1. So (3.16) is proved.
So the proof of Lemma 3.1 is finished. O
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The proof of Lemma 3.2 will be based on the following central limit the-
orem on the couple (XZ,S”) (see Theorem 2.1, part (2) in [14]).

Lemma 3.4. Under the hypothesis of Theorem 2.1, for any measurable set
B C S with v(0B) = 0, we have
ST —ny
ov/n
Proof of Lemma 3.2. We first calculate the conditional expectation in the
toy/n — ST+ kny
ovn — ky,

lim sup |P(X? e B,
”_>°°(x,t)e$xR‘ ( "

<t)—v(B)(1)] =0.

definition of B,,. Denoting t, := and using the branching

property, we have

Ekn[Wﬁkn(B,tn)]:#Ekn[ > H{Xfﬁermgtn}}

V€T, () P e
@ - (n—kn)y
=Py, (X, € B,k <ty
k”( n—kn ’ ovn — ky )
Therefore, by the definition of B,
B, = p, (x% Bsﬁ’fn_("_k"Wq B)b(t
" 2 {Bu (05, € Bt <) — u(B)2(0)}
1 Xz nfkn - (n - kn)’)/
= 2 {Bu (x5, € B, e <th) —v(B)®(ta) |
ue']l'kn
v(B
DS @) - o)
uETkn
Hence
v(B
Bal < Wi D+ 2B S o1, - a(1) (3.17)
m ue?l‘kn
where

ST —(n—kp)y
D,= sup |P(X? , € B, —"—hn <t)—v(B)® (1) ].
" (x,t)GSX]R‘ ( e ovn — ky ) ( ‘

The first term in the right hand side of (3.17) tends to 0 a.s. because, by

Lemma 3.4, we have

n—oo

D, — 0 P-a.s.
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We now prove that the second term in the right hand side of (3.17) also
tends to 0 a.s. Remarking that
toy/n to/n
() - @) < [o( 2] - o)+ [o(2) - o)
to toyn
< [o(; 7))+ |2 )
<

ovn —kp ovn — kp,

(since |P(x + h) ®(x)| < |h| for any x,h € R), we obtain

Y @ (ta) — (1)

mkn T
ucl,,
toy/n 1 St — kn|
< Wi |lo(—22 ) — o) + —— Pu 7B (318
Fn <J\/n — kn) ( )‘ + mkn ueZTk ovn — ky, ( )

It is clear that the first term in the above display tends to 0 a.s. as n — oo.
So we need only to prove that the second term also tends to 0 a.s. Recall
that a; = k, and notice that n — k, ~ n ~ k,ll/ﬁ = jo‘/ﬁ. So it suffices to
show that

M= — 725|S% —a;y| — 0 P-as. as j— 4oo.  (3.19)
me ’LLETaj
Notice that
o o «
Y EM) = > j¥E[SE — ajyl]
i=1 i=1
> [e]
< YT ESE — )
j=1

© @ E Sg—a 2
_ Zj_wajl»ﬂ\l I — )] < o0,
J=1 J

where the last series converges by the expression of o2 (cf. (2.1)) and the

(o] l (o3
fact that j 27 af ~ j_i(%_l) with %(% —1) > 1. Thus >332 M; < o0 a.s.,
which implies (3.19). So, by (3.18), the second term in the right hand side
of (3.17) tends to 0 a.s. This ends the proof of Lemma 3.2. O

4. PROOF OF THEOREM 2.2 AND COROLLARY 2.3

In this section we establish Theorem 2.2 and Corollary 2.3 about the non-
degeneracy of the limit variable W¢ of the fundamental martingale (W¢,).
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Let s € (—m1,8) and x € S be fixed. Consider the positive function
eslogluly (1)

|yl

[ (s)]rs ()

H(n,y) = n >0,y €R"

Since r; is the eigenfunction of the operator Ps with respect to the eigenvalue
k(s) (see (2.3)), we see that H is a mean-harmonic function (see [12]) in the
sense that for each n > 0 and u € T,

Nu
E| Y H(n+1, AuGyz)|Fn| = H(n, Gyua).

i=1

Indeed, we have:

N, Ny, 6810g|AuiGux‘rs(Aui . Xﬁ)
E [ ST H(n+1, AmGuw)lc%] = E[Z [mﬁ(S)]n+1Ts($)

i=1 =1
eslog e

2]

[mr(s)]"lrs(z)

- [ A (A X1
x

eslog|Guzl mPer(Xu)
[mr(s)]"Hrs(z)
eslog|Guz\Ts(X3)
[m s (s)]"rs(x)

Therefore

eslog |Guw|7,s (Xl:f)
[m k(s)]"rs(x)

W, = Z H(n,Guz) =

’U,ETn UGTn

, n=0

is a positive martingale, so that the limit

W= lim W¢,

n—oo
exists a.s. with values in R,. For u € U, denote

X % es 1081 4uiXilp (A XT)
b mr(s)rs(XE)

s,
i=1

which represents the first term of the fundamental martingale corresponding

to the branching process starting from the particle u; in particular for u = 0,
Xg
W, (0) = W¢, with the usual convention that Xj = .

For fixed s € (=11, So0) and x € S, the spectral gap property (2.3) allows
to define a probability measure Q7 on (€2, F) such that for any n € N and

)
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any bounded and measurable function h on (S x R)"*1,
()

K" (s)rs(z)

= Ege [A(XE, S, .., X2, 57)], (4.1)

hXE, S5, Xi, S5

where Eqg: denotes the expectation with respect to Qf. See [16, 17, 29] for
s >0, and [55] for s < 0.

With the mean-harmonic function H specified above and the probability
measure Q7 introduced here, from [12, Theorem 2.1] we obtain the following
result for the non-degeneracy of the limit WZ. We use the usual notation
that x Ay = min{z, y}, and we denote by 1,, = (1,---,1) € N*" the sequence
of length n whose components are all equal to 1.

Lemma 4.1. For s € (=11, Sx0) and x € S, we have:
(1) EWg] =1 4f

i E[Wj?" (H(n, Glnx)W;(lf" A 1) \ﬁn} <oo Qi-a.s. (4.2)
n=1

(ii) E[WZ| =0 if either
limsup H(n,Gy,x) =00 QF-a.s. (4.3)

n—o0

or for all y > 0,

SE[W 1 [ Fa] =00 Qi-as  (44)
n=1

X7
{(H(n,G1, )W, 7 >y}

4.1. Proof of Theorem 2.2.

Sufficient condition. We assume conditions (2.9) and (2.10), together with

C1 and C2, and we will prove (4.2) which, by Lemma 4.1, will imply that
E[WZ] = 1. By the definition of Q7 (cf. (4.1)), we have

E[Wo i ((H(n, G ) Woy") A1) |7

_ E{% et o8 1AL Xl (A4, XT)

= mk(s)rs(XT)

XY

= Ege[(H(n,Gr,z)W; "

s,1

((H (0, Gr ) Wo i) A1) |7

) A 1%}.
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By the extended Borel-Cantelli Lemma, we have
o0 Xz
{3 Eo: [(H(n, Gr,o)W ") A1) < oo}
n=1
Q%-a.s > &
= { Z (H(n, Gr,x)W, ™ A 1) < oo} (4.5)
n=1

We shall prove that Q¥-a.s, the term H(n,G1,x) — 0 exponentially and

ij" — 00 subexponentially. This will imply that the two series in (4.5)
converge Q%-a.s., and thus conclude the proof of (4.2).

We first prove that H(n,G1,z) — 0 Q%-a.s. with an exponential rate.
We start by rewriting H(n, G4, x) in form

H(n,Gy,z) = Ti(j(i%) exp {n[s(sj" - qs) + (qu — log[m ﬁ(s)]ﬂ } (4.6)

Recall that the function r(.) is strictly positive and Holder continuous on
the compact set S. It is therefore bounded from above and from below by
two positive constants. By the strong law of large numbers for S{ under
Q? (see [55, Proposition 3.12], [16, Theorem 6.1], [29, Theorem 3.10]),

N z
nh_)rgo = s Qr-a.s. (4.7)
Therefore
1
limsup —log H(n, G, x) = sqs — log[mk(s)] QF -a.s. (4.8)
n—oo T

By hypothesis sqs — log[m k(s)] < 0, so H(n,G1,,z) — 0 exponentially Q7F-
a.s.
XI
We next prove that W&f" grows to infinity subexponentially Q?-a.s., in
the sense that

1 X7
limsup —log, W, {" =0 Qf-as.
n k)

n—oo

By the lemma of Borel-Caltelli, it is enough to prove that

Z Q?(long W;’if” > sn) <oo Ve>0. (4.9)
n=0
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By the definition of Qf and Fubini’s Theorem, we have

S O X S g [
Z Q5 (logJr Weim > En) = Z E[WSJ”]I
n=0 n=0

s

i
{log, W, ,11" >en}
oo
x
< E[ Z 1;135( ‘/Vs,l]l{log+ maxzes W§;1>en}}
=0

1
< 2B | ma Wi o, max Wi +1)

which is finite by hypothesis (2.10). Therefore, the property (4.9) is proved.

Necessary condition. It suffices to prove that if either A*(gs) —logm > 0 or
E [min,es W2, log, minges W¢,| = oo, then EW? = 0 for all 2 € S. Tn the
following we consider three cases.

Case 1. Suppose that A*(gs) —logm > 0. Then by (4.6) and (4.7) we see
that
lim H(n,Gy,z) =00, QF-as. (4.10)

n—oo
This implies E[W¥] = 0 by Lemma 4.1.
Case 2. Suppose that A*(gs) —logm = 0. Then by (4.6),

X
H(n,G1,z) = L(Xl")es(sl
rs(z)

Since rg is bounded from below and from above by two positive constants,
using Lemma 4.2 below, we see that (4.10) still holds, which implies E[WZ] =
0 by Lemma 4.1, just as in the first case.

Here we have used the following law of iterated logarithm for products of
random matrices. For s = 0, it was established in [40, Theorem 5].

T

' TTs)

Lemma 4.2. Let s € (=1, Se0) and x € S. Under conditions C1 and C2,
Sy —
lim sup n_ s _y Q% -a.s.
n—oo Ogy/2nloglogn

This lemma can be proved in the same way as in the proof of Theorem
5 of [40], using Berry-Esseen’s bound for S¥ under the changed measure Q7
established in [55, Theorem 2.1] for s € (—n1,0] and in [17, Theorem 8.1]

for s € (0, 80). Since the proof is very similar, we omit the details.

Case 3. Assume that E {minzeg W¢i log, minges ng} = oo and A*(gs)—
logm < 0. We shall prove that (4.4) holds for all y > 0. By the definition
of Q%, we have

Xz
[ 871 {H(anlnx)Ws),(lln >y}‘ n:| QS |: {H(nlenI)WS),(lln >y}‘ ni|
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By the extended Borel- Cantelli lemma, we get, for y > 0,

{ZEQx[ {H(n,G1, )W, X "> }Ljn} :OO}

B2 lim sup {H(n, Glnx)ij" > y}.

n—oo

Therefore, for y > 0, (4.4) holds if

Q?(lim sup {H(n, Glnx)Ws);f” > y}) =1. (4.11)

n—o0

By (4.8), we see that (4.11) achieves if

lim sup — log+ Wan =400, Qf-as.,

n—+oo T

which is equivalent to

Q2 (lim sup {1og+ Wi > Mn}) =1 VM >0. (4.12)

n—oo

:5Bn+1

We see that (4.12) follows from
oo
Qi’( d g, = oo) = 1. (4.13)
n=0

To prove (4.13), notice that by the extended Borel-Cantelli lemma we have

{ io]an-H < OO} Q?;a's { iEQg []an+1|yn] < OO} (4.14)

By the definition of Q% and Fubini’s theorem, we have, Q%-a.s.,

ZEQﬁ[ﬂBnH‘Jn ZE[ slln]l
n=0

Xz |-Zn ]
o og W, " >Mn}

00
: x
= ZO E [ glelg VVs,l]l{log;Jr minges W7, >Mn} |ﬁn}
n=

= E| Z min Wy Liog, minges Wg,>Mn} )
n=0

1
> ME[man 1log, man }
= —’—007

where the second equality holds since minges W' is independent of T,
and the last equality holds by hypothesis. Hence (4.13) follows from (4.14).
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4.2. Proof of Corollary 2.3. We will need the following result which was
established in [45] in a slightly weaker form. We use the convention that the
empty sum is taken to be 0.

Lemma 4.3. Let N, X1, Xo,--- be independent random variables with N €
N, X; e Ry, P(N=0) <1 and P(X =0) < 1. Assume that all the X; have
the same law. Then

(3 oz, (3] <

if and only if
E(Xilog, X1) <oo and E(Nlog, N) < oo.

Proof. The "if" part has been proved in [45]. The "only if" part is slightly
stronger than that in [45]. Let us give a short proof which is different to
that used in [45]. Since the function f(x) = wlog, = (with f(0) = 0) is
increasing, we have

N
E[f(DXi)| > E (X1 log, Xiliy1y) = E(X: log, X1)P(N > 1).
i=1
Therefore E(X;log, Xi) < co. Together with P(X; = 0) < 1, this implies

that ¢ := EX; € (0,00). Since f is convexe on Ry, by Jensen’s inequality,
we have

BlA(S X)) > (e[ 3

Taking expectation, we get E {Zf—il X log, ( i]i1 Xlﬂ > E[(cN)log, (cN)].
Hence E[(cN)log, (cN)] < oo, which is equivalent to ENlog, N < oco. O

N|) = f(eN) = (eN)log, (eN).

Then the three conditions (2.10), (2.13) and (2.14) are equivalent, and
(2.11) holds for all z € S if and only if (2.9) and (2.14) hold. Moreover, if
(2.11) holds for some = € S, then it holds for all z € S.

Proof of Corollary 2.3. (1) Note that for s € (—n1, Soo), the function r(.)
is strictly positive and continuous on the compact set S. It is therefore
bounded from above and from below by two positive constants. From the
definition of W and .||, we observe that

N N
E[ max W, log  max W7, < E[;cmnﬂ% (;aninS)]-

Therefore by Lemma 4.3, (2.14) implies (2.10). This ends the proof of the
fist part of Corollary 2.3.
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(2) By Theorem 2.2, to prove the second part of Corollary 2.3, it is enough
to show that (2.10), (2.13) and (2.14) are all equivalent.

Now we prove the equivalence according to the scheme: (2.10) = (2.13) =
(2.14) = (2.10). The implication (2.10) = (2.13) is obvious; the implication
(2.14) = (2.10) is just proved above in part (1). So we only need to show
that (2.13) = (2.14). Set for k > 1,

Ay = A A, = A
= max, |Ak(i,7)]  and A, = Min | Ak (i, 7)|-
Since all norms on R are equivalent, we can take the norm |z| = |z1| +
|za| + ...+ |xg|. Then for k > 1 and z € S,

dA;, < |Agzx| = Z | Ay (i, 5)z;| < dAg.

1<4,5<d

Since the function rs on S is bounded from above and from below by two
positive constants, this implies that for some constant ¢; > 0,

E{man 1 log,. ran } [chAk log, (Z ClAk>}

Remark that under the Furstenberg-Kesten condition (2.15), E [A] log, Aj] <
oo if and only if E [||A;]|*log, ||A1]|*] < co. Therefore, by Lemma 4.3 and
the above inequality, (2.13) implies (2.14). O

5. PROOF OF THEOREM 2.4

In this section we will prove Theorem 2.4 , the precise large deviation
asymptotic of Bahadur-Rao type on the counting measure Z7, using a uni-
form local limit theorem for products of random matrices that we recently
established in [14].

5.1. Auxiliary results. In the proof of Theorem 2.4 we make use of the
following three assertions. The first one is a local limit theorem for products
of random matrices under the changed measure Q¥ (see Proposition 5.1).
The second is an exponential bound of the large deviation probability of the
products of random matrices under Q7 (see Proposition 5.2). The third gives
a relationship between moment conditions on Wy and on W, := sup, W7,
(see Proposition 5.3).

We start with a uniform local limit theorem for products of random matri-
ces under the changed measure QF. Under the initial measure (when s = 0),
it has been established in [14].

Proposition 5.1. Under the conditions of Theorem 2.4, we have, for any
continuous function f on S and any directly Riemann integrable function h
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on R,
lim  sup |ogv/nEq: [f(X;)h(y + Sy — nA'(s))]
N0 (1 )ESXR

) [ no(S L)z =0, (51)

where ¢(x) = \/%6*962/2 1s the density function of the standard normal law.

Proof. For A > 0 sufficiently small, we introduce the Banach space By =
{f€C(S): |IflIx < +oc}, where

£ == W fllso + [ £1a,
with
._ _ |f(z) — f(W)
[ flloo = sup | f(2)], If]x: L Y

For s € (—n1, So0) and t € R, define the perturbed operator R on By as
follows: for any ¢ € By,

R ip0(z) = Ege {eit[SffA/(S)}gp(Xf)} . zeS.
By induction, it follows that for any n > 1,
R p(a) = Eqz "S5V Olp(x)], 2 e 8.

For properties of this operator, we refer the reader to [54] for s € (0, sso)
and [55] for s € (—n1,0]. Since the proof of Theorem 2.4 is quite similar
to that of Theorem 2.2(1) in [14], we will not give the details here. The
only difference is that, instead of the properties of the operator R ;; used
in the proof in [14], here we use the properties of the operator R ;; proved
in [54, 55].

O

We next present an exponential bound of the large deviation probability
of the products of random matrices under Q?. For s = 0, it has been
established in [54].

Proposition 5.2. Assume the conditions of Theorem 2.4. Lete > 0. There
are C >0 and 0 < ¢ <1 such that for alln > 1,

(Isﬁ — nA'(s)|

sup QF > 5) < Cc. (5.2)

€S

Proof. By the monotonicity in ¢ of the large deviation probability, it is clear
that it suffices to prove the inequality for € > 0 small enough. By the formula
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of the changed measure (4.1), for any nonnegative and Borel function ¢ and
any point t € (=11, Se0), We have

k(t)"re () Eqgs [5_(’5_5)% (Tflrs)(Xﬁ)WSg)} :

P = o)

Take ©(x) = L(5ar(s)4ne,+00) (). Because A”(s) > 0 for all s € (=11, 5x)
and A’(s) is continuous in s, for ¢ > 0 small enough, there is t € (—n1, sc0)
with ¢ > s such that A’(t) = A’(s) + . Hence

(04 (Sﬁ —nA'(s) > ns)

_ K()"ry(w) [e(ts)sﬁrs(Xff)]l }
- H(s)"rs(x) Q7 Tt(X%) {Sz—nA’(s)>ne}
n|—(t—s)A’ —A(s)| T\ z x
_ o[- —)N @+AD-A)] rtixgE@f FOCR(ST—nN@)], (53)

where f(z) = % and h(x) = e*(tfs)zll{xw}. Notice that h(z) < 1 and
that f(x) is bounded from below and above by two positive constants be-
cause 1 and 7y are continuous and strictly positive on the compact set S.
Therefore from (5.3), we see that there exists a constant C; > 0 such that

foralln > 1,
QI(S% —nA'(s) > ne) < CyeTEmINOHAO-AC)], (5.4)
We now prove that
—(t—s)A'(t) + A(t) — A(s) < 0. (5.5)
To do this, we consider the function

P(y) = —yN (s +y) + A(s +y) = A(s), y€0,50 —5),

which is continuous on the interval [0, soo — s). For y € (0, 800 — 8), ¥'(y) =
—yN'(s +y) < 0, so that ¥(y) < ¥(0) = 0. With y =t — s, this implies
(5.5). From (5.4) and (5.5), we see that for all n > 1,

sup QY (Sﬁ —nA'(s) > na) < Chf, (5.6)
z€S

where ¢ = exp{ — (t — s)A/(t) + A(t) — A(s)} < 1. In the same way, if we
take () = 1 (oo nar(s)—ne)(z) and t € (—n1, s) such that A'(t) = A'(s) — ¢,
then there are constants Co > 0 and 0 < ¢y < 1 such that

sup Q7 (Sﬁ —nA'(s) < —ne) < Cadh. (5.7)
€S

The conclusion of the proposition follows from (5.6) and (5.7).
U
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We finally establish a relationship between moment conditions on W
and on Wg,.

Proposition 5.3. Assume the conditions of Theorem 2.4. Then

supE (W7, +1)log" (W, + 1)| < oc.
€S

For the proof, we will adapt the approach of Biggins [10] on the classical
branching random walk. The following recursive relations on W7, and W
will be used. First, it can be easily seen that for 1 < k < n,

esurg (X3)
[m s (s)]Frg(z)

w2, =" H(k,Gua)W)

s,;n—k>
u€Ty,

where H(k,Gyz) = (5.8)

From this recursive relation on W7, taking n — co we obtain the following

s,n
recursive relation on W{: for k > 1,

We=>" H(k Gu)W, (5.9)

u€Ty,

by our notation. The proof of Proposition 5.3 will be done with the help of
three lemmas.

Lemma 5.4. Assume the conditions of Theorem 2.4. Then

sup E (W7 + 1)log’ (W7 + 1)] < oc. (5.10)
zeS$S

Proof of Lemma 5.4. Let

h(u) = cou for 0 < u < x,
] a4elog®u  foru> x> 1,

where xg, cg,c1 and co are constants with xzg > 1, cg, co > 0, which make h
concave (and hence subadditive) and increasing. Then
h(uv) < C(1+ logi u+ logi v), Yu,v>0, (5.11)

when C' > 0 is a large enough constant. Notice that to prove (5.10) we only
need show that

sup E[WZh(WT)] < oo. (5.12)
€S
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Using (5.8) and the subadditivity of h, we have

(WS, 1 h(WE1)| F)

KZHnGux)W ) (ZHnGx) Xz)fn}
ueTy, u€Ty,
<E[ Y H, GuoyWS b( Y Hn,Ga)Wyy )| 7]
u€Ty, teTy t#£u
+E[ 3 H(n,Ga)W. h(H(n, Gux)wfff) 3@] (5.13)
u€eTy,

For the first term, we see that H(n,Guz) is .%,-measurable, Wﬁf and
Dotet, tu H (1, Gtx)Wﬁz are conditionally independent given .%,,. Hence

E[ Y Hon Guo)Wi h( Y Hn, Ga)W. )| 7]

u€Ty teTy,t#u

= > H(n,Gur) E W, | 7] E[a( Y H(n,Gtx)Wﬁ)\ﬂn}
u€Ty teTh t#u

< 2{: lf(n,(?ux) h( j{: I{(nﬂ(;ﬁrﬂE[LV;

XZ|
{17
ueTy, teTy t#£u

S Won MWS,),

where the last two inequalities hold by Jensen’s inequality and the fact that
E [Wﬁ’f Tz
from (5.13),

} = 1 and h is a concave and increasing function. Therefore,

vavfn+l h( sn+&)] [vvm h(LV:nN
[ Z H(n, GU:E)VVS)ff (H(n, Gu:r:)WSXff”

UETTL

So by recurrence on n and Fatou’s lemma, we obtain
E[W? h(WF)] < lim infE[W“(s) h(W(s))]
<E[W?Z h(WE)) +ZE[ > H(n, Gur)W,5 h(H(n, Gua)Wy ).
ueT,
Hence to prove (5.12), it is enough to prove that

supz { Z (n,G x)Wﬁf h( (n,G x)WXTﬂ < 0. (5.14)

IGS uETn
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Note that the hypothesis A*(¢s) — logm < 0 implies that there exists b > 0
such that

A*(gs) —logm < —b < 0. (5.15)

We write

E[ Y H(n,Gu)Woi h(H(n, Gue)W,) | = Lia(2) + Ina(a),

S
uGTn

where

X3 X3
Lna(z) _E[%; H(n, Gua)W,5 b (H(n, Gu)W5) 1{H(n7cux)<%}},
Lip(x) =B 3 H(n, Gue)W,5 h(H(n, Gur)W) 1 o

’LLETn " <1>

Control of I, 1(x). Because h is an increase function, % is bounded from
above by a positive constant ¢ and E[ 3, ey H(n,Gyuz)] = E[W?,] =1, we
have

—bn

Ly (@) SE[ 3 H(n, Gun) W5 h(——=w)]

) UETn K 7"5 (:U)

<E| Y H(n Gu) E[W, hC!(ZWﬁ)

“ueT,

< E:ng h(ce’b" Vs,1)}7

<l

where W&l = maxXg;cs ngl. Set U = {ce_b”Vst,l > 330} and its complement

Ue = {ce_b”VVVs,l < 330}. From the definition and the property (5.11) of h,

we have

Lp1(2) < C B[ Woy (1 +log} (ce™™) +logh W1 )1y
+ coB [ W 1 (ce "Wy 1) Lo
< C E[Wy1 (1 +logh Wer )1y + ccoe ™ B[ (W,1) Lo
= In11(2) + Inao(@). (5.16)
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Zo

We observe that ce b"Ws 1> zoleadston < & ; log CW“ L Let J = P} log, CW‘S’IJ .
By Fubini’s theorem and hypothesis (2.17), we have

Slelg Z In 1, 1 CE{ i WSJ (1 + logi Ws’l)ﬂ{ngJ}}

< CE[W (1 1o 7, ) o, W] < .
and
Sup 2. Z Inpp(z oE[(Ws,l)zge Lz s
< G| (W) e D)
< C3E[VVVS,1} < 00

Hence we conclude that

sup Z Ina( (5.17)
z€S )
Control of I, 2(x). Using the property (5.11) of the function h, we obtain
Lio(z) < CE[ S H(n,Gua)W, (1+1og+ Wi

= ) ]l{H(n,Gux)>%(b;;}}

+OE| Y Hin,Guo)WY log? (H(n,Gua)) L, o -
u€Ty el

From hypothesis (2.17), we get for each u € U,
Xz Xz
E[W (1 +1logh W) | < oo
Taking C7 > 0 sufficiently large, we have

Ina(x) < ClE{ Z H(n, Gux){l + log’, (H(n, Gux)) }]I{H(MGM»%}}
u€Ty sl

< ClE{ Z H(n, Gua:){l + logi (H(n, Gua:)) }]1{555>n(10g[m,{(8)]_b)}} :
u€eT,
By the definition of Q%, we have

In2(z) < C1Eqe Hl + log’, (H(n, Glnx))}]l{sSfj>n(log[mn(s)]—b)}}’ (5.18)

where 1,, = (1,---,1) € N*” denotes the sequence of length n whose com-

SSTEL .
ponents are all equal to 1, and H(n,G1,x) = % by our notation.
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It is easy to see that if s = 0 then I, 2(x) = 0 by the choice of b. Hence we
only consider the case where s # 0. We will prove that

sup Z EQ:c [(1 + logi H(n, Glnx))]1{551’f>n(log[mn(s)]fb)}} < 00.
T€S

We observe that

Eqe [(1 + log‘s+ H(n, Glnx)) ]]-{sSfj>n(log[mH(s)]*b)}}

= " gz [(1+log} H(k, G1,2) )L ihogtmn(s))-#)<sk<(b+1) loglma(s)) -0} |
k=n

< (1 +log, (”:s(() ) Z Q® (ssk > k(log[mk(s)] — b)).

k=n

Set w = w, which is equal to w. By (5.15), we see that

w > A’(s). From Proposition 5.2, we have for some constants 0 < ¢ < 1,
C>0,andall k>1

(|Sk — kA'(s)]

sup QY (sSk > ksw) < sup QY ?

>w— A’(s)) <ok,
zeS €S

This implies that for all z € S,

Z E@? [(1 + IOg(-Si- H(na G1n$))]l{ssz>n(log[mm (9)]— b)}} Cs Z Z ¢’ < 00.
n=1

n=1k=n
Therefore, by (5.18),

supzfm

z€S$
Hence Lemma 5.4 is proved. g

Lemma 5.5. Assume the conditions of Theorem 2.4. For any e > 0, there
exists a constant B > 0 such that for any x € S and any n > 0,

Wx
ProofofLemma55 Let e >0,z € Sandn > 0. Let T > 0. For v € Ty,
set YU—WS — 1 and

Yyl .=

u

Y, ifY,<T
T ifY, >T.
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Then Y,/ <Y, and

IP>(E —1> —¢|F,) = IP(

Z H(n,G,x)Y, > — ‘3%)

wz, Win JoT.
> P(Wx S H(n,Gua)Y, > —¢ \3%) (5.19)
s,n uETn

Using the facts that Y,/ < T and T > wer, H(n,Gyr) =1, we have

T
[Wgnugﬂnaxy |70
= [(I/le ZH; H(n, Gux)YuT)]l{W%c Zueﬂ‘n H(n,Guz)Y,I<—¢} ﬁ'n}
-
VE[(o = HO GV s ngaves-al %)
S
<(-e)+T ]P’(Wlx 3 H(n,Gua)Y, > —e‘fn). (5.20)

We now prove that the expectation in the above display is uniformly bounded
from below by —e/2 when T is large enough. By Theorem 2.2, for each
u € T,, Y, satisfies

(Y| Z,) =B [WXi| 2, —1=0.
Using this and the definition of Y;!, we have

E|v]

Fn| = B[Yuly, <1y | ] + E[T1y,51y| 7]
= E[Ya(l = py,o1) | Zn] + E[(Ty, 5y 7]
= —E[(Yy = )| 7],

where (Y, — T)+ = max(Y, — T,0). Therefore

e 2 Hin G| 7, = Wm S H(n, Gua)E[(Y, ~ T).| 7).

SN yeT, SN ueT,

B[y

Now

E[(Yy - T) 'ﬂ}<supE[(Wy—l— +‘ﬁn]—supE[Wy—1—T)+}
yeS yeS

< supIE[W 1{Wy>T}} Topo 0,
yes
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where the last step holds because by Lemma 5.10, the family of random
variables W¥,y € S is uniformly integrable. Let T' > 0 be sufficiently large
such that
supE[Wsyl{Ws%T}} <e/2.
yes
Then for all z € S and n > 0,

I/Vlm Z H(n,G,x)Y,"

SN ueTy,
Therefore, from (5.20), we obtain

]P’( ! Z H(n,G,z)Y,] > —6‘971)

T
S$n ueT,

1
) > —5e. (5.21)

€
> —.
2T

Hence, it follows from (5.19) that the inequality in the lemma holds with
B = =%. O
2T

Lemma 5.6. Assume the conditions of Theorem 2.4. For any 0 < a < 1,
there exists a constant B > 0 such that for any x € S and any t > 0,

P(Ws > at) > BP(W{, > t) > BP(WS > t).
Proof of Lemma 5.6. The second inequality is evident. We now prove the
first one. For ¢ > 0, let
En={W, 2t W, <tfor0<k<n}, nxl
As E,, are pairwise disjoint sets, for each a € (0,1) and each ¢ > 0,

o0
P(WY>at) > Y P(WE > at | En)P(Ey). (5.22)
n=1
By (5.9), we have for each a € (0,1) and each ¢ > 0,
we at
P(Wg>atyEn):P(W; 1> 1 ‘ E,)
s,n s,n
Wy
>P<W§fn —1>a-1|E,),
where the last step holds because W, > ¢ on E,. By using the fact that

E, € #, and applying Lemma 5.5, we have

P(£—1>a—1‘En)_IE[IP’(M‘Z;i—1>a—1‘9}) ‘En}>B>O,

where B is a constant independent of n. It follows from (5.22) that
S

B(WE > at) > BY P(E,) = BE(WZ, > 1),
n=1

which proves the first inequality of the lemma.
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5.2. Proof of Theorem 2.4. By the definition of A*(¢s) and ZZ(dy, dz),
we have

PP Z2(dy, d
= TrM()/Sfo(y)g(z—nqs) (dy,dz)
eSNds
= A (s)] (@) Z J(X3)g(Sy — ngs).

u€Ty,

Set h(z) = e %g(z),z € R. Forn > 1 and 0 < k < n, we have the
decomposition

1 —
! ) 2 S XONSE e
1 sSE sSXg X3 X3 *
= ) 2 O X eSS + 5] - nay)
I:mK/(S):I rs uETkn UeTn—kn(u)
) F@W)h(z + S2 — ngy)
__ @ 5 Xac u “ ) 9
[m r(s)]Frs(z u%;lce T SxR 7s(y) Wsn kn (dy,dz)

where Wf fﬁkn(dy,dz) is the probability measure defined as follows: for
measurable sets B C S and C C R,

T

esSv "TS {}Xff
(B,C)= > (Xo ")

W . s
[m e (s)]"Fry(X2) {X0 v eB,S) “eC)

s,n—k

veTn—k(u)

Recall that for u € Ty, ,0 < k,, < n, H(kp, Gux) = _ePurs(Xy) From the

[m s (s)]Frrs(x)
preceding decomposition of I, we obtain

osV2mnl — Wing (ri) / e **g(2)dz = A, + By, + Ch, (5.23)
R

s
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An = 0sV2mn Y H(kn,Guz) /S W) 1. 4 52— ng,)

uETkn xR Ts (y)

(an kn

(dy, d2) = Ex,, (Wi, (dy,d2)]),

s,n—kn

B, = Z H(ky, Guw){asx/% ) h(z 4+ S, —ngs)

€Ty, SxR Ts(y)
Ey, [WS; k,, (dy, dz)] —Ws(i) /Re_szg(z)dz},

TS
Cn:< sky — Wy )Ws(f>/Re_SZg(z)dz.

T's

We choose k, as follows. Let § be such that 26 <pf<1land a > ﬁ —-

For each n, let j = j(n) € N be such that j*/% < n < (j + 1)*5; set
kyn =a; = L] |. Then k, ~ n”.

We will prove that with the above choice of (ky,), 4., By, Cn — 0 a.s. By
the decomposition (5.23), this will imply Theorem 2.4. By the convergence
of the martingale W, to W, we have clearly C;, — 0, P-a.s. It remains to
show that A, — 0 and B,, — 0 P-a.s.

A) We first prove that A, — 0 P-a.s. For u € Ty, , write

:/S ) h(z+ S% —ng )(W iy (dy,dz) — By, [Wo (dy,dZ)])

<R Ts(y) s,n—kn s,n—kn
Yu = Yu]l{lyu|<

1
i(mwemms

Then

A, =osV2mn Z H(ky,Gy2)Y,

uETkn

= o\ 21n Z H(kp,Gyx)Eg, [Y,] + 0210 Z H(ky,Gyz) (Yu — Yu)

ueTkn ueTkn

+0'5\/% Z H(knaGux>(Yu_Ekn[?u])

UGTkn
= An,l + An,Q + An,37

with A, ; denoting the corresponding sum. We will show that each of these
three terms tends to zero a.s. as n — co. We divide the proof into 3 steps.
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Step 1. We prove that A, ; "3 0 a.s. From the fact that 0 = Ej,, [V,] =

H(kn,G
UETk)n (kn,Guz)

Notice that for C' > 0 large enough, sup, .ycsxr ]fs,?i)(};()z)\ < C. Using this
and the fact that Ey, [W\*  (S,R)] = By, [W.-* , | =1, we obtain

s,n—kn s,n—kn
Yul <C(Wii,, +1). (5.25)
This implies that
Xz .
B, HYum“YUbH(l@nl,Gux)}] < OBy, [(WS’”_k" * 1>]1{Wfr?—kn+l>m}]
Xa
=: S(Ws,nikn).
Let
e—bkn
U ={H(kn,Gyux) > 5.26
(H(k, Gur) > 5 (5.26)
where b is chosen as in the proof of Lemma 5.4. Denote its complement by
U ={H(kp,Gyux) < %} We have
|An,1‘ < In,l + In,2a (527)
where
Iny = o0sV2mn Y H(kn, Gu2)E(Woi ) )y,
uETkn
Inp =0sV2mn > H(kn, Gu2)E(WoE, Ve,
“ETkn

For the first term I, 1, by using the facts that S(I/VX‘Gf ) < 2C and U C

s,n—kn,

{sS% > ky(log[m k(s)] — b)}, and the definition of Qf, we have

EIn’l < 0'320\/ 27T7”LE[ Z H(kn, Gu$)1{555>kn(log[mn(s)]—b)}}

uETkn
= 0,20v/2mnQ% (557, > kn(log[m k(s)] — b)) (5.28)
(recall that 15, = (1,---,1) is the sequence of length k,, whose components

are all equal to 1). If s = 0, then E[I,, 1] = 0 by the choice of b. Hence we
only need to consider the case where s # 0, which we assume below. As in

the proof of Lemma 5.4, setting w = w, we have w > A’(s) by the
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choice of b. From Proposition 5.2, there are constants 0 < ¢ < 1 and C; > 0
such that

ST —kpN (s

S5, “ kML)

Hence, by (5.28), we get

Z E[l,.1] < Cs Z ’nz < oo. (5.29)
n=1

n=1

For the second term I, 2, we see that

X Xz
EWNL,) Tue < Clucky, (WL, + D15 R ]
s,n—kn Ce—bkn
ey B (W, + D)1og" (WS, +1)]
log?y (Ce—bkn)

< )
1+ log} (5567 + (bka)?

where C3 = supmeS]E[(W;f* + 1)log‘s(W§f>k + 1)} < oo by Proposition 5.3.
Therefore, since k) ~ 5% ~ n#% and 36 > 3/2, we have

CCs04V21mn .
- EWS,]

Ell,2] < sk
nzzjl e Z 1 —i—logfg|r (%) + (bky )0 *

n=1

(5.30)

o0
n
Y7 P LI,
n=1

1+ npd
Putting together (5.27), (5.29) and (5.30), we get

E[| Ay 1]] < oo.

M8

S
Il
—_

n—oo

Thus Y 02 g |An1| < 0o a.s., which implies that 4, ; — 0 a.s.
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Step 2. We prove that A, 20 as. By the definition of Y, and
inequality (5.25), for any € > 0,

Pr, (| 4nal > &) <P, (Y Hkn, Gu) (Y — Ya) #0)

u€Ty,,

< UGXT;W P, (Yu 7 ?u) = u;mn P, ('Y“| > H(kn,lGuw))

< ue% Ex, [H{ijnkn+1>m}

< UGZTM Eg, [CH(kn, Gu:c)(Wf iﬁkn + 1)1 {W:Efkn > s}

C
= ————(In1+ Ino),
USM( nt + In2)

where I, 1 and I, 2 are defined in Step 1. Therefore, from (5.29) and (5.30),
we get,
o o0 C
P(lA >e) < ——FE(,1+ ] < 00.
3Bl > ) € 3 B (huy + o)

So by the lemma of Borel-Cantelli, we conclude that A, 2 — 0 P-a.s.

Step 3. We prove that A, 3 "0 as. By Markov’s inequality and von
Bahr-Esseen’s inequality [53, Theorem 2| or Marcinkiewicz-Zygmund’s in-
equality [20, Theorem 1.5],

we have for any ¢ > 0 and 1 < 6 < 2

(05v/27n)°

~ - 0
Pp, (|Ans| > €) < TEkn[ > H(kn, Guz) (Vu — Ex, V)| |

UGTkn

2(osv/2mn)? - -
(89) > H(kn, Guz)Ey, [|Yu — Ey, Ya|]

u€Ty,,
4(osy/2mn)? Y
ST S H (kG B, [Vl

uETkn
< Kn,l + Kn,Qv (531)

<

<

where

A(osv/27n)? -
= (69) Z He(k:n,Gu:L')]lU EkTLUYu|6],

uETkn
4(osv/2mn)? 7

0
£
uETkn



BRANCHING PRODUCTS OF RANDOM MATRICES 41

For the first term K, 1, by the definition of Y,, it is easy to see that

4(osv/2mn)” 0
Boi=——%— > HO(kn, Gur)LuEy, ['Y’ Lival m}]
u€Ty,,
4(oyn/Zrm)’

ueTy,,

where the last inequality holds because on {|Y,| < m}, we have
[H(kp, Gyuz)|Yy|]?~! < 1. Using the facts that B, [|Y,]] < 2and U C {552 >
kn(logm k(s)] — b)}, we get that

osv/2mn)?
8(8\/927)@;5 (s 1., > kn(logmr(s)] — b))

Similar to (5.29), with the same reason we get, for some constants 0 < ¢ < 1
and C' > 0,

E[Kn,l] <

Z E[K, 1] < C Z ""'n2 < oo. (5.32)
n=1 n=1

For the second term K, 2, using the definition of ffu, Fubini’s theorem and
inequality (5.25), we have

B IVal!) = [ 00 P, (18] > )y

o0
- -1
= 9/0 y Pkn(’Yu‘ﬂ{lYuKm}

1
_ H(kn,Guzx) 0—1
= OE,, [/0 T "

1
(kn,Guz) —
<o [Ty I, 41> Dy,
0

> y)dy

>}>y}dy]

1
Ml <7 Gum

n

By the change of variables z = (%)0—1’ we obtain

[CH (kpn,Gyx)]* ¢

B [Val’] < 909/ 1Py, (WXL, 4 1) > 2)d
O ) n

CH(k'ruGux)]l 0
< 909/ Ep, [(WXE, + 1)11{ dz.
0

(Wi knﬂ)“»}}
(5.33)

We split the above integral according to z € [0, €] and z € (e, [CH (kyn, Guz)]* 7).
For the integral over z € [0, ¢], we use

Wt +1)=2.

B, [(W3 FDL uk+1)*>z}} k(Wi

s,n—kn
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For the integral over z € (e, [CH (ky, Gux)]' =], we use

S

Er, (W, + D1

{(wre . +1)"” >z}}

0—
CE (W )l (W, 4+ 1)] <

log z

C5(0 —1)
log? =

where C3 = SupxesE[(W;* + 1)log5(I/V5“"i>k + 1)} < oo by Proposition 5.3.
Hence, by (5.33),

Ey, [|Yul?] < 20C26e

50— OO [CH (kn,Guw)] 1
+000—1 1 =05 / dz.
(0 = D)CC3L(1cH (ky,Gua) 10>} j og? 2
(5.34)
By the definition of K, and inequality (5.34), we get
2 < C’4ng Z He(kn,Gu.CU)]lUc
UETkn
CH (kn,Gu)]* =% 1
. (1 + ]1{[CH(kn,Gu:c)}1_‘9>e} /e ]og(s ZdZ). (535)

Now consider the integral in the last expression. Take a constant 1 < dy <

e’, we see that on U¢, we have m > brs(x)e™ > Csdy". Let

ng € N* be large enough such that [C5d§"°]9*1 > e. Using logz > 1 for
z € [e,[C5d5"1?1], and logz > (6 — 1) log (C%d;”) for z > [Csdin]?~1, we
see that when [CH (k,, Gyz)]'~% > e and n > ng, we have

—0

1

dz
e log’ =

/[CH(kn,Guz)}l

[Csdgn]071 1 [CH(kn,GuJ?)]170 1
e log® 2z [Csdfn]o—1 log® 2z

[CH (K, Gux)]l‘e
((6 — 1) log(Csd5™))°

(O—Dkn [CH (kn, Gurﬂ)]l o

< [C5d§n]6’71

N

(5.36)

When [CH (ky,Gyx)]'™ > e and n < ng, the above inequality (5.36) re-
mains valid by choosing Cg large enough such that Cg > k:go /%1 since
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for all 1 < n < ng,

H 1-0
3 dz < [C'H(kn,Gux)]k@ < 06[ (kﬁn,éGu$)]
€ log z kn

/[CH(kn,Gua:)}le

From (5.35) and (5.36) we obtain

S E[Knal < Co Y niE[ S H(hn, Gu)lye
n=1

n=1 u€Ty,,

‘ (1 +dgg_1)kn n [H(kn,;ux)]leﬂ

0 (6—1)ky,
n2(1+dy )
9 1 ZE 5ok b0 1)ky, +CGZE skn]g’

n=1

where the last inequality holds because on U€ (see Eq. (5.26)), H (ky, Gyz) <

N kn,Gu
s 0 that H(kn, Guz) = H(kn, Gu) H ™ (kn, Gutt) < prsinsir
(for the second term we just use the identity H?(k,,, Gyx)[H (kn, Guz)]' =% =
H(kn,Gyx)). We choose 6 sufficiently close to 1. Since E[W¢, | =1, ky, ~
g —1)kn
J* o~ nﬁ 1 < dy < e and B6 > %, the two series Y o2, %m and
0

el T +k5 converge. Therefore from (5.37), we get

o0
S EK,, < . (5.39)
n=1

Combining (5.31), (5.32) and (5.38), we conclude that for any € > 0

o

2 P(lAn

n—oo

By the Lemma of Borel-Cantelli, it follows that A, 3 — 0 a.s.
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B) We then prove that B,, — 0 P-a.s. By the definition of W;(j_kn (dy,dz),

the branching property, and the definition of QF (cf.(4.1)), we obtain suc-
cessively,

/) . @
/SXR Ts(y) h(z * Su B nqs)Ek [WS n—kn (dy’ dz)}

sSXu X fﬁ X T
Ekn {Zve'ﬂ‘n,kn(u) e 715<XU u>f(X7X$))h’(SU + Su - nQS)}

- rs(X,

[m i (s)]"Fnro(XE)

u

g Xu Xz f(X,f?k ) z
Ek‘ |:e n kn’l"s(Xn_k) (Xxﬁn h(S —kn, +S _nqs)]
_ rslA, kn
[(s)]" g (X7)
FXot) (o
=Eqe | ——=2=h( S — (n—kn)gs + Sy — kngs )| Fr,, 5.39
& [rs(Xf“kn) (S, = (= ) 7] 639
=: RHS5 39)

Hence, by the definition of B,,

Bo= Y. H(kn, G, x){asx/ nRHS 5 50) — s (- /h dz

uETkn

2mn
— lUs (n — kn)RHS 5 39)

en ) o]

= Y H(kn,Gyz)

UETkn

By Proposition 5.1,

osvn — k,RHS (5 39) — Ws(i) /]R h(z)gi)(m)dz‘

osvn — ky,
n ) X
< sup  |ogvn — kyEqe [Tk"h(y + Sk, — (n— kn)qs)}
($,y)ESXR n— k‘ )
— s(— / h(z k‘ )dz‘
n—oo

— 0.
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Since 3 yer, H(kn, Guz) 2“]?” ~ Wi v2r — WEV2T as., it follows

n—

that B, "= 0 a.s. if and only if

| [1G) X Hikn Gur)]|

uETkn

2 -S4+ k
m (Z u "qs> —1}dz‘ 0 as.
n —kn o/ — ky,

We shall prove this convergence by the the dominated convergence theorem.
Notice that the function in the above integral is bounded by Ch(z)ngkn <

CW{ h(z) which is integrable on R. So it suffices to prove that for z € R,

2m™n n—oo
— 0 a.s.

z—Sﬁ+k‘nqs)_ .

Da(2) = | > H(kn, Gur)o( o

n ue'ﬂ‘kn

n—=k OsVT — kn
(5.40)
Using the fact that |¢(z) — ¢(y)| < C|z — y|, we see that for all z € R

) R B ol ) i)

+ Wk,

2
njzn(ﬁ(qg\/nz— kn) B 1‘

|ST — kngs| 2mn z
<C Y. H(kn,Guo)——2 + W} 1.
L HlnGury et W\ )

It is clear that the second term converges to 0 a.s. as n — co. For the first
term, we use the same argument as the proof of (3.19), noting that

|SZ - kn‘]s| EQ‘T Hslf - ans”
E H(k,,Gyux = 2 i ,
{ue%m ( )asx/n—kn} osvn — ky

and (see [17, Lemma 7.1] for s > 0 and [55, Proposition 3.14] for s < 0)

1
lim —Eq: (S, — nqs)2 =02

n=oo n, s

n—oo

Therefore, (5.40) holds. This shows that B, — 0 a.s. The proof of
Theorem 2.4 is therefore completed.
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