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Abstract: The recently developed rough Bergomi (rBergomi) model is a rough fractional stochastic
volatility (RFSV) model which can generate a more realistic term structure of at-the-money volatility
skews compared with other RFSV models. However, its non-Markovianity brings mathematical and
computational challenges for model calibration and simulation. To overcome these difficulties, we
show that the rBergomi model can be well-approximated by the forward-variance Bergomi model with
wisely chosen weights and mean-reversion speed parameters (aBergomi), which has the Markovian
property. We establish an explicit bound on the L2-error between the respective kernels of these two
models, which is explicitly controlled by the number of terms in the aBergomi model. We establish
and describe the affine structure of the rBergomi model, and show the convergence of the affine
structure of the aBergomi model to the one of the rBergomi model. We demonstrate the efficiency and
accuracy of our method by implementing a classical Markovian Monte Carlo simulation scheme for
the aBergomi model, which we compare to the hybrid scheme of the rBergomi model.

Keywords: rough fractional stochastic volatility; forward variance model; markovian representation;
volatility skew; Volterra integral; rough heston; hybrid scheme; sum of ornstein-uhlenbeck processes

1. Introduction

The rough Bergomi (rBergomi) model introduced by Bayer et al. [1] has gained accep-
tance for stochastic volatility modelling due to its power-law at-the-money (ATM) volatility
skew, which is consistent with empirical studies (see Forde and Zhang [2], Fukasawa [3],
Gatheral et al. [4]) and with the effect of the no-arbitrage assumption on the market impact
function (see Jusselin and Rosenbaum [5]). However, the stochastic process which charac-
terizes this volatility model is rougher than that of a Brownian motion; in particular, the
lack of Markovianity makes classical pricing methods infeasible.

In order to price options under an rBergomi model, Bayer et al. [6] proposed hierarchi-
cal adaptive sparse grids, Jacquier et al. [7] developed pricing algorithms for VIX futures
and options, and McCrickerd and Pakkanen [8] developed a “turbocharged” Monte Carlo
pricing method. A number of short-term approximations have been proposed to obtain
fast approximations for short maturities—see, for example, Fukasawa [3], El Euch et al. [9],
Bayer et al. [10], and Friz et al. [11]. Regarding the pricing of exotic options in the rBer-
gomi model, Tomas [12] considered the pricing of Asian options, and Bayer et al. [13]
and Bayer et al. [14] considered the pricing of American put options. Besides pricing, the
calibration of the rBergomi model is also a challenge, for which Bayer et al. [15], Zeron
and Ruiz [16], and Horvath et al. [17] propose to use deep learning methods. In spite of
this number of recent efforts, the inherent challenges brought by the rBergomi model still
prevent its widespread adoption in the industry.
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Inspired by the technique by Abi Jaber and El Euch [18], Gatheral and Keller-Ressel [19],
and Harms and Stefanovits [20], in which the authors designed a multi-factor stochastic
volatility model with Markovian structure to approximate the rough Heston model, we
establish an analogous multi-factor affine structure for the rBergomi model. Indeed, the
Volterra kernel of the rBergomi model corresponds to a superposition of infinitely many
Ornstein-Uhlenbeck (OU) processes with different speeds of mean reversion. Truncating
this infinite sum into a finite sum of OU processes yields an approximation of the rBergomi
model which is a classical Markovian multi-factor Bergomi model. We refer to this affine,
Markovian approximation of the rBergomi model as the aBergomi model. We prove the
existence and uniqueness of the solution to this aBergomi model, and show that its affine
structure converges to the one of the rBergomi model. Finally, we implement a Monte Carlo
scheme for the aBergomi model, and compare it to the hybrid scheme of the rBergomi
model (Bennedsen et al. [21]). Our numerical tests demonstrate that using 20 exponential
terms in the aBergomi kernel is sufficient to obtain accurate implied volatility curvatures
while remaining computationally efficient.

The idea to interpret the conventional two-factor Bergomi model as a Markovian
approximation of the rBergomi model was originally briefly suggested by Bayer et al. [1]
(p- 892). Our work explores and expands upon this intuition by testing the number
of factors to use in the Bergomi model and establishing their respective parameters for
best approximation of the rBergomi model. For comprehensiveness, one can mention the
alternative Markovian approximation proposed in Carr and Itkin [22] of the rough volatility
version of the mean-reverting lognormal volatility model of Sepp [23], Langrené et al. [24],
based on a closed-form vol-of-vol expansion for solving the pricing PDE arising from the
use of the Dobri¢-Ojeda process (Dobri¢ and Ojeda [25]) to approximate the fractional
Brownian motion.

Compared to alternative pricing methods for the rBergomi model, the main advantage
of our proposed Markovian approximation approach is that it does not require pricing
methods specifically designed for rough volatility models; instead, classical Markovian
pricing methods can be used for both vanilla and exotic options. In practice, the Monte
Carlo pricing method is the method of choice for the aBergomi model in view of the number
of terms needed for good accuracy. The computational cost of simulating our proposed
aBergomi model is proportional to the number of time-steps N, which makes it an interest-
ing alternative to the approximate O(N log N) hybrid scheme of Bennedsen et al. [21] and
the exact O(N?) covariance-based scheme of Bayer et al. [1], Bayer et al. [10]. The main
downside is that the approximation of the rBergomi power kernel by a sum of exponential
terms introduces some error, for which we provide an explicit bound in the L? sense. In
particular, as in the case of the Riemann-sum scheme of Bennedsen et al. [21], the Fourier-
based scheme of Benth et al. [26], or the approximation by a Dobri¢-Ojeda process in Carr
and Itkin [22], a truncation of the power kernel singularity at s = ¢ cannot be avoided.

The paper is organized as follows. In Section 2, we introduce the Bergomi and rBer-
gomi models and discuss their respective ATM volatility skews. The rBergomi model is
closely related to the RFSV model introduced in Alos et al. [27], for which the ATM volatil-

ity is proved to be equivalent to the power TH 1 for short maturity using the Malliavin
technique, a result confirmed in Fukasawa [3] using a martingale expansion approach.
We prove in this section that a similar result holds for the rBergomi model, while this
does not hold for the Bergomi model (Equation (9)). We also establish the quasi-affine
structure of the rough Bergomi model. Section 3 is dedicated to the approximation of the
rough Bergomi model by a multi-factor Bergomi model, both theoretically and numerically.
Finally, Section 4 compares numerical simulations of the rBergomi model with our approxi-
mated Bergomi (aBergomi) model with a finite number of terms, showing the effectiveness
of our approximation.
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2. Rough Bergomi Skew and Quasi-Affine Structure

Firstly, this section introduces the Bergomi and rough Bergomi stochastic volatility
models (Definitions 1 and 2), along with the corresponding notations used throughout
the paper.

We consider a filtered probability space (Q), F, (F;)i>0,Q), which supports two-
dimensional correlated Brownian motions W and B. A log price process X; := log(S;) is
assumed to follow the dynamics

X, = _%tht +VVidW;, (1)

where V; > 0 is the instantaneous spot variance process. Let {}, u > t be the instantaneous
forward variance for date u observed at time ¢; in particular, ¢! = V; corresponds to the
spot variance.
Bayer et al. [1] proposed the so-called rough Bergomi model where the forward
variance follows
acy = ¢inv2u+1(u —t)*dBy, u > t, 2

where W and B have correlation p, « £ H — 1 € (—1,0) is a negative exponent depending

on the Hurst exponent H € (0, }) of the underlying fractional Brownian motion, and
1 is a positive parameter depending on H. The definition of the rBergomi model is
summarized below:

Definition 1. The rBergomi stochastic volatility model takes the form

dx; = —%tht + VW,

dgy = &2+ 1(u — t)dBy, ©
wherea = H— % € (—1,0), and d(W, B), = pdt.
By contrast, the two-factor Bergomi model is defined as follows.
Definition 2. The two-factor Bergomi model (Bergomi [28], Bergomi [29]) is defined by:
4X; = — S Vidt + v/ VidW§,
2 )

el = fj}‘a(;w((l — ) X gWX 4 ge—rr (=D gy )
with
d(W®, WX) = psxd,
d(WS, WY); = pgydt,
d(WX, WY¥); = pxydt,
where &8 = V; = w is the lognormal volatility of the instantaneous variance under the normalizing

factor ag = ((1—60)%+20xy0(1 — 0) + 6?) “2and@isa mixing parameter of the short-term
factor driven by WX and the long-term factor driven by WY (kx > xy).

Assumption 1. Without loss of generality, we assume throughout the paper that the initial forward
variance curve ¢, u > 0 is flat. This simplification is common in the rBergomi literature; see, for
example, Bayer et al. [1], Bayer et al. [6], and Bayer et al. [15]. We henceforth use the notation ¢
for the constant initial forward variance curve.
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2.1. ATM Volatility Skew

This subsection derives the ATM volatility skew of the rBergomi and Bergomi models,
as the more realistic ATM volatility skew of the rBergomi model over the one of the Bergomi
model is one of the motivations behind the introduction of the rBergomi model.

From Bergomi and Guyon [30], we can define the price and the volatility dynamics of
a generic stochastic volatility model as follows:

1
dX; = —=Vidt + /V:dW;,
{ t 2t + taVVy ®)

dgy' = A(t,u,&f' )dBy,

where X; = In(S;) is the log-spot, V4 is the instantaneous spot variance, ¢}’ is the instanta-
neous forward variance for date u observed at time t,and A = (A, - -, A;) is the volatility
of forward instantaneous variances which takes values in RY where d is the dimension of
the Brownian motion B. Note that in this formulation, the covariance between spot and
variance is modelled through the first component of A, see Bergomi and Guyon [30] for
more details.

One can derive the following second-order expression (w.r.t. volatility of volatility)
for the Black-Scholes implied volatility:

os(k, T) = 04T™ 1 Stk 4 Crk* + O(€3), (6)

where k = In (%) , K is the strike and ¢ is a dimensionless scaling factor for the volatility of
variances. The ATM volatility and the two coefficients St and Cr are given by

oATM — VS [1+ =C%+ = S (12<ng) v(v+4)C¢"5+4v(v—4)C”)},

Sy =o¥° [CX¢+ = 3( c%‘vs(cxé)z)],

A G Y

T s
where v = fo 8ds is the total variance to expiration T, 675 = \/? =1/ @ is the
effective volatility. Here, ¢ = {o for any u > 0 under Assumption 1, which means that

v =g T and 67° = /2.
From Bergomi and Guyon [30], we can derive the following second-order expansion
for the autocorrelations CX¢, C%¢, CH:

« CX) = ftT ds fST dup(s,u,&) = ftT ds fST du% is the doubly integrated spot-
variance covariance function,

o CX = CXg) = [T ds [T a0

d hd s
o C) = [lds [Tdu [fawv(s,uu,g) = [Tds [au [[w [gsg | is the triply
integrated variance/variance covariance function,
cud
o CH=Ci(g) = fodtf du [ dw 2520 =lagsaat’|
e (O = ft ds fs dup(s, u,é)a,:g( s (C)) is the double time-integral of the instance

spot variance covariance function times the sensitivity of C; 5({;’ ) with respect to
instantaneous forward variances,

o Ot =Clo) = [ ds [T du dXSdgo]agu(cXC(g)),
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where y and v are given by
dSy Az _
Blax.dgylc = v) _ E| 5146016 =
u(t,u,y) = \/7/\1tuy T = T , ”
" N Edgydcy'|& = v]
u,u',y) 2 u,y)Ai(tu',y) = I
2.1.1. ATM Volatility Skew in the rBergomi Model
Theorem 1. In the rBergomi model (3), the ATM volatility skew y(T) satisfies
A d H-1
P(T) 2 | Sops(k, )| ~THE, ®
k k=0

Proof. We first explicit the autocorrelation functional in the rBergomi model. Using the
fact that [dxtdg' = pnv2a+1 \/> izt the autocorrelation functionals CX¢ and C%¢

are given by
oXe _ / / dXsafO
:pq\/ZoH—l/ \/Ef)ds/ & ( u—s)“du+(9(e3),

cﬁé—/ ds/ du/ ' 960 %60 | dgo]

_ / ds / du / du'p? (20 + 1) (1 — 5)* (u' — 5)* U

— P2a+1) /0 ds (/0 Go(u— S)“d”>2 +0(e).

Then, using the fact that

9z (C4(2)) = pyv2a + 1

T 1 T
/; dt Cé(u — t)“1u>t + W /1; gé(t — u)’xdt‘|

:pq\/ZtX—l—l/s ftu—1t)" 2\/67/ gst—u“df]

we obtain
1= [ [ St )
T T
=P2772(206+1)/ égds/ (u—s)*du
X l/ Godo (u — 1)*dt + Jﬁ/ gh(t—u)dt| +O(e*).

Therefore, using Assumption 1, we obtain the following explicit first-order approxi-
mation:

T T s
= pn\/ZiH/O \/gds/ Co(u *S)“du+0(e3) ~ ChpllTH*,
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where Cp is a constant depending on H. We are then able to compute the first-order
approximations of the three correlation values CX¢, C%, C* explicitly. The first-order
approximation of opg(k, T) can be written as follows:

1
UBS(k,T)—AVS—F ch VSe + UZCX%}/SSk

1 k 3 .

= /& + <§0T ;)CHPTH%(&

Thus, the ATM volatility skew generated by the rBergomi model satisfies (8), which is
consistent with empirical evidence (see for example, Gatheral et al. [4]). O

Remark 1. Besides the rBergomi model, there exist other fractional volatility models which also
satisfy Equation (8); see, for example, Fukasawa [31] (subsection 3.3).

2.1.2. ATM Volatility Skew in the Two-Factor Bergomi Model

We now compare this result to the volatility skew in the classical two-factor
Bergomi model.

Theorem 2. In the two-factor Bergomi model, the ATM volatility skew satisfies

Ci(kxT —1+e™T)  Co(xyT —1+e T
Y(T) ~ 1{x 2 ) Gl = ). )

Proof. The Brownian motions W5, WX, WY can be decomposed as:
X = psxW' + /1 — p2 W2,

_PSYW1+X 1_PsyW2+\/1_ (1_Psy) w3,

where W', W2, W3 are three independent Brownian motions and x £ % Thus,
V1=p5xV/1-p5y

the volatilities of variance A = (A1, A3, A3) in the general formulation (5) can be written as:

A (tu, &) = agwly [( 0)psxe Xt 4 gpgye v (- t)]

(tu@)—zxgw(jo[l— )\/1— p? e rx(u= t)+9)(\/1— ]

A3(tu, ) = DCQWCOQ\/ 1-x2)(1 —P )E*Ky(uft),

or equivalently:

Ai(tu,¢) = wgwly (“’ixe%’((”*t) + wiyf’w(uit)),

(1= 00psx, (1-0)/1- 2,0

(Wiy)iz103 = <GPSY/ 9)(\/1 - P%yﬁ\/(l - x3)(1— P%y)>T-

where

(>

(wiX)izl,Z,S
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The corresponding covariances can be expressed similarly as:

T U
ng:/ du/ dt\[E AL (1 1, o)
0 JO
T u T u
= 1—6 /d u/ dt tka(uft)_kg /d u/ dt tKy(ut)]/
aew[( )Psx A ug A \/Eoe psy | ug A \/Eoe
3 T T
céé‘zz/ ds(/ du/\i(s,u,g‘o))z
i=1 0 S
3 4T T T
:“5“’22/ ds(wix/ duége*"X(”*s)—f—wiy/ du%‘e’w(”s))z,
i=1 0 S S

T T T u
cu:/0 ds/ du @5/\1(5,14,60)<21§u/ dt)\1(u,t,§0)+/ dr\/ﬁagg)\l(r,u,g))
S 0 u S

Once again using Assumption 1 and the autocorrelations provided by Bergomi and
Guyon [30], we obtain

3
CX¢ =apw s TH(wix T (kxT) + wiy T (kv T)),
C8 =a3w3T? (wo + wxZ(kxT) + wyZ(xyT) + wxxZ(2kxT) + wyyZ(2xy T) + wxyZ((kx + ky)T)),

where

i izx i 1’21/ Z wixWiy
wxx = > WYYy 5o WXY = 2
= xxT? =y T? = rxxy T
and
1—e¢7* z—1+4e* 1—e % —ze * J(z) — K(z)
)=+, T =T K = T (e = T

Similarly, we have C! = txng(;% T3 (Cil + Cg ) , with the coefficients

1 1 JxyT) — T (kxT
Ci‘ = Ew%X’H(KxT) + Ew%Y,H(KYT) — W1xW1y ( (i(X)—F Ky)(TX )

Ch = Wy T (kxT) + Wy T (ky T) + wix T (2kxT) + wiy T (2y T) + Wiy T ((kx + 1) T),

and
" o_ Wiy | wixwiy Wy | wixwy
XTI T T 0 YT RTRNT
W = _w%x/ Wil = _wi%, Wiy = _WixWiy | Wix@Wiy
kxT Ky kxT Ky T

—xx T —xy T
Since CX¢ ~ T2 (C1 ~ K)‘T(_Kii%zx +Cy- %) and Cy,Cy are constants, we
can derive the term structure of the ATM volatility skew as in Equation (9) with the first

orderine. [

However, this result derived for the Bergomi model by the Bergomi-Guyon expan-
sion [30] is inconsistent with empirical evidence; see, for example, Bayer et al. [1]. This
suggests that the power-law kernel of the forward variance curve in the rBergomi model
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will lead to more realistic and accurate pricing and hedging results than the exponential
kernel of the forward variance curve in the Bergomi model.

2.2. Markovian Representation of the Rough Bergomi Model

The purpose of this section is to establish the infinite-dimensional affine nature and
Markovianity of the rBergomi model.

Definition 3. An Ornstein-Uhlenbeck (OU) process Y} is the solution of the following stochastic
differential equation (SDE):
aY} = x(a —Y})dt 4+ 0dB;, (10)

where x > 0 is the mean-reversion speed, a > 0 is the mean-reversion level, and B; is a standard
Brownian motion. Its strong solution is explicitly given by

t
Y =Yo+o / e ¥ =), (11)
0

Assumption 2. In the rest of the paper, we always assume that

a <Y, (12)
cEgV2a+1, (13)

where 1 and « come from Definition 1 of the rBergomi model (see Bayer et al. [1]).

Definition 4. Without loss of generality, we define, for H < %, the sigma-finite measure p(dx) on
(0,00) as
dx

dx) = ——
p(dx) AT B

2.2.1. Volterra-Type Integral as a Functional of a Markov Process

Theorem 3. Using Definitions 3 and 4, the Volterra-type integral X; £ fot (t—s)H ~2dB; in the
rBergomi model has the Markovian representation

o = /0 (Y = Yo)u(dx) . (14)

Proof. The Laplace transform of the measure y in Definition 4 is

0067

N—

which can be recognised as the power-law kernel in the Volterra-type integral. Con-
sequently, we have ¢ X; = fot fooo ce=*(t=5)(dx)dBs, and using Fubini’s stochastic the-
orem, see Protter [32], we obtain 0X; = [;° fot oe=*(t=5)dB y(dx). From Definition 3,

where fot oe *(t=)dB; = Y¥ —Y,, we obtain the Markovian representation given by
Equation (14). O

Theorem 4. The OU process (11) has the affine structure

E{exp </OoQ Yf‘y(dx)) ‘}'s} = exp <(722 /Ot_s (/Ooo esxy(dx)>2ds+/ooo ste(ts)xy(dx)>.
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Proof. From Fubini’s stochastic theorem, fooo Y p(dx) is Gaussian under the filtration F;
for 0 < s < t, with mean

E[ /0 y;cy(dx)\fs} - /0 Y~ =97 (dx).

Furthermore, using Itd’s isometry, we have the conditional variance:

Var(/ooo Y u(dx) ‘ ]-'S) =0 /t (/Ooo e_(t_s)"y(dx)>2ds
S
=0? /Ot_s (/Ooo es"y(dx)>2ds.
Thus,

E{exp(/ooo ny(dx)) ‘]—“} _ exp(;Var</0°° Y¥u(dx) ‘]—“) +E[/O°° i pu(dx) | ]—“D
= exp <(722 /Otis (/Ooo esxy(dx)>2ds + /Ooo ste(ts)xy(dx))

2.2.2. Quasi-Affine Structure in the rBergomi Model

From Definition 1 and Theorem 3, the rBergomi model can be rewritten in the follow-
ing form:

O

1
dX; = —3 Vidt + VVidW;,
log = = | (¥f —Yo)u(dx),
where X; is the log stock price, ¢ is the initial flat forward variance curve, and W, B are two
Brownian motions with correlation d(W, B); = pdt and p € [—1,1]. Our aim is now to write

the log stock price X; in a quasi-affine form as the first coordinate of an infinite-dimensional
affine process. To do so, we introduce the following symmetric non-negative tensor:

L) @s L' () = {y*2:y e L'(w) | € L'(0)*2 € L} (u®2),

where we used the notation y®2 2 y @ y. Let IT; = (i © 1)(Y¥)*? € iL! () ®s L' (1), where
i is the imaginary unit (ixi = —1). The relation ( f;" Yt"y(dx))2 = [o (@ 1)(Y[)*2u®?(dx)
holds. Therefore, the log stock price dynamics can be written as

I ll,;z®2(dx

dX; = /- (54)th _ %g.fé’" Y?‘H(dx)>
- @gw o %tz““dwt _ @efo‘” Yip(d) o @tzwldt,
where £ is the Doléans-Dade stochastic exponential.
Theorem 5. The process I1; = (i ® 1)(Y¥)®2 satisfies the affine structure

E[efi M) | ] = 1oz, (15)
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where

D, 2 —log<1 —2/t S(/ (dx))zd ) (16)
fo"o I, (ef(tfs)x>®2y®2(dx)
— 202 [IS ([ e (dx)) du

Jo Yim dx)
(Jo e pu(dx))2du

||l>

(17)

is Gaussian under the

Proof. From Fubini’s stochastic theorem, \/

filtration F; for 0 < s < t, with conditional mean

Jo Yee "9 p(dx)

\/ fo e~ (dx)) du
ar fooo Yi'u dx)
U\/f f e~y (dx))2du

fs) L
Then, the random variable defined as

Ty i i dx) 2
azf (Joe “xy(dx))zdu 0\/ *(Je® e pu(dx) )2du

is a noncentral x? distribution with one degree of freedom and noncentrality parameter

Jo Yin( dX)

[ \/ fo e "y )Zd”

and conditional variance

Fs

(fO YZe~ (t—s)x (dx))z _ fowns(ef(tfs)x)@)zV@Z(dx)
o2 fof (Js e—“xy(dx))zdu o2 fotfs(fo00 e—“xy(dx))zdu'

Thus, the Formulas (16) and (17) for ®; and ®, follow from the characteristic function
of the noncentral x? distribution, which concludes the proof. O

Corollary 1. The rBergomi model admits an infinite-dimensional Markovian representation.

Proof. This corollary follows from Theorem 5 which exhibits that the rBergomi model has an
exponential-affine dependence on x; hence, the model is Markovian in each dimension. [

3. Rough Bergomi Approximation and Monte Carlo Schemes

In this Section, we first introduce the aBergomi model which is used to approximate
the rBergomi model (3). After that, we will demonstrate the existence and uniqueness of
the solution of this aBergomi model. We also prove that the aBergomi model is well-defined
and the solution of the aBergomi model converges to that of the rBergomi model when the
number of terms 7 in the aBergomi model goes to infinity. At the same time, we show that
the aBergomi model inherits the affine structure of the Bergomi model.

3.1. Approximation of the Rough Bergomi Model by an n-Term Bergomi Model

Since the rBergomi model can be represented by

dSy = S/ VidW,

log{ } / / *(t=5) 4By (dx),
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and the n-term Bergomi model with the same Brownian motion in the variance process can
be represented by

dS = S/ VidWy,

we can view the rBergomi model as a continuous infinite-term Bergomi model under
the measure (+), in which the mean-reversion speed x has been integrated from 0 to
oo, with respect to the Brownian motion B;. We can therefore approximate the rBergomi
model by an n-term exponential kernel Kexp = Y1 ; aze i(1=5) instead of the power kernel
Kpow = V2a + 1(t — 5)* of the Volterra process in the rBergomi model.

Following Equation (18), after approximating the exponential kernel K(7) = [~ e~ *p(dx)
by the kernel K" (1) = Y1 ; ae"™ , we can rewrite the aBergomi model (18) as follows:

dsy = Sty /Vidw,
1 Vitn . ! nvn,i (19)
0g g - Zai t
0 i=1
AV = —x(a — V")dt + odBy a =Yy, o = qv/2a + 1,

where (a]')1<<, are positive weights, (x/')1<;<, are mean-reverting speeds, and (W, B); =
pdt, with initial conditions S = Sy = 1and Vj"' = V; = 0.

3.1.1. Existence and Uniqueness of (5", V")
We rewrite V" in (19) as the following stochastic equation

log(‘gg> - a/ot K" (t — s)dBs. 20)

Theorem 6. Under the conditions of the model (19), there exists a unique, strong, non-negative
solution V" to Equation (20).

Proof. Jksendal and Zhang [33] imply that there exists a unique, strong, non-negative
solution V" to Equation (20) under the conditions of the model (19). O

Then, the strong existence and uniqueness of (8", V") follows, along with its Marko-
vianity w.r.t. the spot price S” and the factors V"' fori € {1,--- ,n}.

3.1.2. Convergence of (5", V") to (S, V)

To prove that the solution of the aBergomi model (S", V") converges to the solution
of the rBergomi model (S, V), we need to choose a suitable K"(7) = Y ; a?e’x:‘lf to

approximate K(7) = tH=2 When n — +oo, (V")y>1 — V (see Carmona et al. [34],

Muravlev [35], Harms and Stefanovits [20]).

Theorem 7. There exist weights (a!')1<j<, > 0, mean reversion speeds (x!')1<j<, > 0, and a
constant C depending on H and T only such that

IK" — K||pr < Cn 3",
where || - ||o,7 is the L?([0, T], R) norm. In particular, | K" — K || 7— 0 when n — oo.

The proof of this theorem can be found in Appendix A.

Applying the previous computations and the Kolmogorov tightness criterion, we can
get that the sequence (5", V") is tight for the uniform topology and the limit satisfies the
model (19).
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3.2. Affine Structure of the aBergomi Model

In this section, we detail the affine property of the aBergomi model.
Theorem 8. The process V" (Equation (20)) has the following affine structure
o2 I 1 (t s)x!! P
n n T’ll n S)X:
E[V{* | Fs] = Coexp 7;“1' ﬁ_ix. —l—ZV e
i=1 i i i=1
Proof. Using Theorem 4, we have

2 t—s
E[V]" | Fs] zgoexp{(;/o (K"(s)) zdS-I—ZV’” 1= (t—s)x! }

i=1

(7'2 t—s L n
B o P

i=1

2 n —(t—s)x!
a2 B )

i 1

Il
—_

Similarly, we can derive the affine structure of 5" by Theorem 5. [

Then, we describe the so-called hybrid scheme and introduce an algorithm to approxi-
mate the rBergomi model by the aBergomi model.

3.3. Hybrid Scheme for the rBergomi Model

Recalling Equation (3), the rough Bergomi model with time horizon T > 0 under an
equivalent martingale measure P can be written as:

dS; = SV VidWy,

gt (21)
% =nv2u+1(t —s)*dBs,

S
where W, B are two standard Brownian motions with correlation p. We recall from As-
sumption 1 that the forward variance curve &f is flat for all t € [0, T] : & = &o > 0. Thus,

the spot variance V; in Equation (21) is given by
2
Vi = Coexp (17\/ 20+ 1 / (XdBS 172 f2a+1> .

To simulate the Volterra-type integral X = v/2a + 1 fot (t — 5)*dBs, we apply the hybrid
scheme proposed in Bennedsen et al. [21], which approximates the kernel function of the
Brownian semi-stationary processes by a Wiener integral of the power functionatt = s
and a Riemann sum elsewhere. Let (Q, F, (F}),cp, P) be a filtered probability space
which supports a standard Brownian motion W = (W;),.r. We consider a Brownian
semi-stationary process (Bss):

t
X :/ ot —s)osdWs tER, 22)

where 0 = (07) g is an (F;);egr-predictable process which captures the stochastic volatility
of X and g : (0,00) — [0,00) is a Borel-measurable kernel function. We assume that
E[0?] < oo for all t € R and the process is covariance-stationary, namely,

E[O’s] = ]E[O't],

cov(os, 01) = cov(ao, cr‘s,t‘), s, t € R.
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These assumptions imply that X is covariance-stationary. However, the process X
need not be strictly stationary.

Assumption 3. The assumptions regarding the kernel function g are as follows:

(A1) Forsomea € (—%,1)\{0},
g(x) = ¥ Ly(x), x € (0,1],

where Lq : (0,1} — [0, 00) is continuously differentiable, slowly varying at 0 and bounded
away from 0. Moreover, there exists a constant C > 0 such that the derivative Ly of Lg
satisfies

1L ()] < c(1+i>, x e (0,1].

(A2) The function g is continuously differentiable on (0,00), and the derivative ' is ultimately
monotonic and satisfies [ ¢’ (x)?dx < oo.

(A3) Forsome p € (—oo,—1),
§(x) = O(F), ¥ 0.

In order to implement the hybrid scheme to the rBergomi model, we need to introduce
a particular class of non-stationary processes, namely, truncated Brownian semi-stationary
(tBss) processes,

t
X = /0 g(t—s)osdWs t >0, (23)

where the kernel function g(t), the volatility process o5, and the driving Brownian motion
W; are as defined in the definition of Bss processes. X, can also be seen as the truncated
stochastic integral at 0 of the Bss process X;. Equation (23) is integrable since g(t) is
differentiable on (0, c0).

Now, we can discretise Equation (23) in time. Let N be the total number of time-steps,
At = T/N be the time-step size,and tp =0 < ... < tj = jAt < ... <ty = T be a time
grid on the interval [0, T].

According to Bennedsen et al. [21], the observations Xg] , j=201,---,N can be

computed via (x = 1 case)

5 j i}
ng = Le(At)o Wl + kZ g(bpat)e WY, (24)
=1
using the random vectors W]N , j =01,---,N—1, the random variables (7].N , J =

a+1
(see Proposition 2.8 in Bennedsen et al. [21]). To simulate the Volterra process X, we use:

a+1_ (1 1\a+1 % _ i+1
0,1,---,N —1, where b, = (M) , and the random vectors WN £ [N dW;
N

Then,
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The corresponding matrix representation takes the form of
th WO,l 0 s 0 0 0ty
}gtz W11 g(b;At)I/_Vo cee 0 0 Ot,
Xty Wa g(béF At)Wq 0 0 Ot; | . (25)
XtN WnN-11 g(b;At)WN,Q cee g(bf\[_lAt) Wy g(b?\]At) Wy Oty

In the rBergomi model, o3, = ¢ is a constant for i = 1,2, ..., N defined in Equation (13).
When simulating X;., we need to perform a matrix multiplication, the computational
complexity of which is of order O(N?) when using the conventional matrix multiplication
algorithm. However, multiplying a lower triangular Toeplitz matrix can be regarded as a
discrete convolution which can be evaluated efficiently by fast Fourier transform. Therefore,
the computational complexity can be reduced to O(Nlog N). The algorithm to simulate
the Volterra process X is described in Algorithm 1 below. Then, we can use a standard
Euler scheme to simulate the price (S, St,,- - - , Sty ), as shown in Algorithm 2.

Algorithm 1: Volterra process X

forj=0,1,2,--- ,N—1do
‘ generate random vectors Wt].

end
forj=1,2,--- ,Ndo
_ ()"

‘ th;],],l - (Tt) (ij - Wtj—l)
end
forj=0,1,2,--- ,N—1do

AN

‘ Wit =Wy, — Wy
end
Simulate X by the matrix multiplication (25) using the Fast Fourier Transform.

Table 1 reports the parameters used for our numerical experiments, which are the
same as in Bayer et al. [1] and Bennedsen et al. [21]. Recall from the definition of « that the
chosen value &« = —0.43 corresponds to the Hurst exponent H = 0.07. Such small values of
H are indeed consistent with empirical experiments, and one can refer to the recent works
Forde et al. [36] and Gerhold [37] about the behaviour of the rBergomi model for small H.

Algorithm 2: Rough Bergomi model

Simulate the Volterra process X by the hybrid scheme following Algorithm 1
fort =tq,tp,--- ,ty do
~ 2
‘ Vi = &oexp (WX - '771‘2"‘“)
end
fort =ty,ty,--- ,ty do

‘ log(Si1at) < log(St) + VVIAW, — JViAt
end

Table 1. Parameters in the rBergomi model.

o Ul o
0.026 1.9 -0.43

3.4. Markovian Scheme for the aBergomi Model

For the sake of simplicity, we start by deriving the approximation of the rBergomi
model by a Bergomi model with two terms. The same approach can be used when the
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number of terms is greater than two. The two-term Bergomi model (4) that we used to
approximate the rBergomi model is given by
dSt = S/ VidWy,

26
i =1 ), *

where s € [0, t). Here, we introduce the process y. defined as

yh = ale*Kl(f*S)ysl + aze*Kz(t*S)Ysl
dY} = —x Ylds+dBs Y} =0, (27)
dY? = —x,Y2ds +dBs Y3 =0,
where the two parameters x; and x, come from the exponential kernel Keyp, and Y and Y2
are two OU processes. Hence, the process y! can be written as a driftless Gaussian process

as follows:
dyt = ae 19 dB, + ape 29 4B,

and its quadratic variation is given by (dy!,dy')s = ¢*(t — s)ds where

c(u) = \/zx%e_z"l“ + a3e~ 22t 4 2qyape~ (M1+2)U, The forward variation process & can
be written as dZ! = yldyl. Thus, the sg)lution of the forward variation process is & =
Cof! (s, L), where fi(s,y) = exp(y = % x(s,)) and

t
2
X(S’t) = ‘/tisg (M)du
-t
/ aZe” M 4 e 22l 4 2aqape (TR gy
Jt—s
—2ips —(r1tnp)s

1—e 1—e
2 2K2(t—S) 2 (K1+K2)(t S) 2
7 + ase T + 201 a0e E— (28)

_ ,—2K1S
— “%e_Kl(t_s) 71 e

Recall that V; = ¢! = gpexp (iyyi - g)((t,t)) and x(t,t) ~ t?*+1 when s — t when
S

5
the number of terms # is large enough.

Using the approximation by the Bergomi model, we consider the parameters
{a;, Ki}(izl,z,---,n) in the exponential kernel Kexp = Y/ ocie”‘i(t’s) ons € [0,t). Note
that when s — ¢, the power kernel Kpow — o0 while Keyyp is finite. To compute the ap-
proximation numerically, we need to truncate the kernel Kexp. To do so, we can use the
scipy.optimize module in Python or the nlinfit function in MATLAB for the nonlinear re-
gression of the parameters {«;, Kl-}(l-:m,“_ ) and the simulated price {S;}. We exemplify the
truncation of Kexp by letting s € [0, T — At], the truncated parameter 6 = T — % =T—At,
andlet T = 1.

We define the integral Iirunc on the truncated region [0,6t) and apply the scaling
property of Brownian motion as follows:

L 7 n 9 ot .
Ttrune = lel‘/ eiK"(tis)st = Z"‘i\/»/ e*K,’(lfT)sst.
i=1 70 i3 T Jo

After scaling B;, the process ys has to remain driftless Gaussian and satisfy
Ys = Yt ocie_"i(l_%)sYsi, where dYSi = (1 — %)Ysids + dBs, Yé = 0. Then, the pro-
cess Ys can be written as dys = Y1 4 zxie”‘i(l’%)sst. Thus, the kernel in the rBergomi
model on [0, %t) can be approximated by Iiunc = ﬁyt.

In view of Equations (26) and (27) and the derivations in this subsection, a simple
Monte Carlo simulation scheme for the n-term aBergomi model is given by Algorithm 3.
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In practice, the truncation of the rBergomi power kernel means that, as is the case for the
Riemann-sum scheme of Bennedsen et al. [21], this scheme is able to capture the shape of
the implied volatility smile, but not its level. A multiplication factor is used in Algorithm 3
for each time-step to correct for this phenomenon. In practice, these factors can be estimated
using another calibrated scheme, or more simply, from quoted option prices.

Algorithm 3: n-term aBergomi model when T =1

Set initial values ys = zeros(M, N), Yé =0

for(s=1ty,ty, -+ ,tNn)and (i=1,2,--- ,n) do
| Yopar < Yi4+x;(1—0)YIAt 4+ AW

end

fort =ty,tp,--- ,ty do

2
‘ V, = ‘:O emultiplication factor-v/0y;— '77 f2a+1

end
Set initial values log(S¢) = 0
fort = t,t2, - N do
| log(Siiat) < log(St) + VVIAW! — LviAt
end

4. Simulation Results

In this section, we compare the simulated volatilities of the rBergomi and aBergomi
models. To demonstrate the approximation’s accuracy and efficiency, we investigate the
Mean Absolute Error (MAE) of simulated results for different number of terms and number
of time-steps in numerical tests.

Figure 1 displays the power kernel Kpo in the rBergomi model and the Kexp, kernel of
the 20-term aBergomi model with T = 1 and N = 100. This figure suggests that this Kexp
obtained by nonlinear regression is sufficiently accurate, with a MAE of 4.05806 x 10~°.

— fitted curve

35 power kernel data

3.0

2.5

kernels

~

o
/

15 \

10 =
] R aaa s s I

0.0

0.0 02 04 06 038 10
time
Figure 1. The power kernel Kpow in the rBergomi model and the exponential Kexp in the 20-term
aBergomi model when T = 1 and N = 100.

The volatility smiles in Figure 2 are obtained by simulating the rBergomi model as
described in Section 3.3, and the aBergomi model as described in Section 3.4 using the
multiplication factors reported in Table 2. From Figure 2, we note that the at-the-money
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calibration is better with 50 time-steps at the cost of a worse out-of-the-money calibration.
Meanwhile, 100 time-steps can approximate the rBergomi model better than 50 time-steps

for almost all strikes.

Steps=50 Steps=100
0.5 = = approximated 20-term Bergomi model 0.5 = = approximated 20-term Bergomi model
rough Bergomi model rough Bergomi model

0.4 0.4
> >
= =
=) =] =
© © =
é 0.3 = - —g 0.3 S~

~ ~
3 B 3 T~
E_O.Z \\\\\ E_O.Z \\\\
= -~ - ~ ~
~ -~ - .
0.1 S — 0.1 SN—
0.0 0.0

-0.5

-04 -03 -0.2 -0.1 0.0 0.1 0.2 0.3
log moneyness

-0.5

-0.4

-0.3

-0.2 -0.1 0.0 0.1 0.2 0.3
log moneyness

Figure 2. Volatility smiles for rBergomi and 20-term aBergomi models with T = 1 using 20,000 Monte Carlo paths.

Table 2. Square of multiplication factors for different steps.

Time-Steps Square of Multiplication Factors
50 0.750324
100 0.550448
150 0.485093
200 0.450392

We compute the MAE of the implied volatility approximation with different numbers
of terms in the aBergomi model and different time-steps in Figure 3, and compare the
pricing speed in Table 3. As expected, the higher the number of terms in the aBergomi
model, the lower the MAE for all time-steps, but the difference between the models
decreases when the number of time-steps decreases. Another expected result is that the
computational time increases with both the number of terms and time-steps. The number
of terms and time-step combinations provide a good trade-off between speed and accuracy,
such as the 20-term aBergomi model with 100 time-steps and 20,000 Monte Carlo paths.

0.0024

0.0023

0.0022

0.0021

MAE

0.0020

0.0019

0.0018

0.0017

60 80 100 120 140 160 180 200
time steps

Figure 3. MAE of the implied volatility smiles of the aBergomi model with respect to the number of
time-steps, for four different numbers of terms (10, 15, 20, and 25), using 20,000 Monte Carlo paths.
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Table 3. Runtime (in s) of the rBergomi model and the aBergomi model for different time-steps with T' = 1 and 20,000 Monte Carlo paths.

Time-Steps rBergomi 10-Term aBergomi  15-Term aBergomi  20-Term aBergomi  25-Term aBergomi
50 0.4081 0.0994 0.1392 0.1721 0.2164
100 0.5001 0.2369 0.3130 0.4024 0.4543
150 0.5602 0.3650 0.4499 0.5589 0.6869
200 0.5861 0.4257 0.5908 0.7258 0.8727

5. Conclusions

In this paper, we proved the power-law behavior of the ATM volatility skew as
time to maturity goes to zero of the rough Bergomi model (rBergomi), and proposed an
approximate Bergomi (aBergomi) model with a finite number of forward variance terms
to approximate the rBergomi model. The approximation enables the adoption of classical
pricing methods, while keeping the fractional feature of the model. We theoretically prove
the convergence of the aBergomi model towards the rBergomi model when the number of
terms is large enough, and verify this convergence numerically. We numerically compared
the fast hybrid scheme for the rBergomi model to the Euler scheme for the aBergomi model.
The numerical simulation results illustrate the accuracy and efficiency of the approximation.
The parameters of the aBergomi model are numerically obtained by nonlinear regression on
the power-law kernel of the rBergomi model. Other alternative calibration and truncation
methods are worth investigating for future research, as well as further comparisons on
more complex options.
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Appendix A
Appendix A.1. Proof of Theorem 7
This subsection is devoted to the proof of Theorem 7.

Proof. Let (p!')o<i<y be auxiliary mean reversion speeds such that p!' ;| < x}' < p? for
i <{1,---,n}and p§ = 0. Recall that K(7) = [~ e~*pi(dx). We have

n <)
1K =Kl = || e ™ — [~ e p(d)
i=1 0 2T
' (A1)
© -
< [l pptdn) + Yo a0 = [ e Outax)
0 4 i=1 Pi—q 2,T

The first term on the RHS of the inequality (A1) can be estimated as below:

Jole Ol man = [y =5 fé?n() : H)
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For the second term, applying a second-order Taylor expansion of the exponential
function

2 X (v )3
e":1~|—x+x—+/ (x—u) du
2 0 6

n p,? (x|
for t € [0, T], choosing a} = fpp_ﬁ 1 p(dx)and x! = | Lol |, yields

o n (_x?t)z ri (—xt)2
i<1+(—xit)+ 5 )—/p <1+(—xt)+ > >y(dx)

n pl
algtefxit _ / 7xt‘u(dx)
P

i—1

“? </0x?‘ (xft—u)” "t—u ) /pP, / duy(dx)

:/p i (xt — x't) + (_x?t) — ()’ p(dx)
12
2

+

2

_/’:?{xt/ nt—x”ts s—xt/ xts }V(dx)ls—t

=/p;7i{(x;1t)4/o (1_65> ds — ( t)4/0 (1_5) d }y(dx)

:{t4/1 (1—5)3ds}/!’? {( ) (x)} (dx)

0 6 Py
gz () i
i1 3

=0.

Hence,
T3 2 el

i=1 i—1

n pl
wlte™ () — /H e 0y (dx) <
P 2,T

WG Z; o (x — ') (dx).

Thus, the convergence of K" depends on the weights &; and mean reversions x;. Let
pi! = imy, for each i € {1,-+-,n}and 7r, > 0. We have

O (A i (0 VO o Lo2H (i)
l (-HrG-H) " 707 3-2H (jr -

TSN T
| T
2.
Nl=[ NI
|
T T
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5_
Since p!! = nm, — oo, we have 7} Hn%_H — 0asn — +oowhen 11, < n*%,
i 5
1 _ T2H _
IK" =Klpyr < ————— (o) — ()2 '
V2HT (} ~ H) Vi0(3 — H)
i 5
1 T2H 5_
= nH H 4 - n2
V2HT (} — H) V(3 - H)
= ax*H—i—bx%*H (A2)
Letx = 7y, y = ax H + bx3~H and y = —aHx 114 b(3-H xi-H = 0; solving
5
.2 g _ _H _ __T2H 1_H
for x, we obtain x5 = b(%iH),where a=n""7andb = 7@(%—@”2

wtvio(i-n) [eivio(i-m)] e [vio(i-n))’

1
-
T Hnt (G~ H) T3 - H) T Gow

X = 7=

2
L Tvio(i—m) 15
When 7, = L= [1(()5(21%;{)] , the RHS of Equation (A2) attains its minimum and
3

1 ~3H
K" = K||or < Cn5" where C = ﬁHF%%—H) TH [\/rongH)] %EH is a constant. [
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