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ASYMPTOTIC EXPANSIONS IN CENTRAL AND LOCAL
LIMIT THEOREMS FOR PRODUCTS OF RANDOM
MATRICES

THI THUY BUI, ION GRAMA, AND QUANSHENG LIU

ABSTRACT. Let (An)n>1 be a sequence of independent and identically
distributed random d x d real matrices. Set G,, = A, ... A1, X =
Gnx
|G|
Markov chain (X, S5 ). For invertible matrices, Le Page [13] established
a central limit theorem and a local limit theorem on (X, Sy) with x
a starting point on the unit sphere in R?. In this paper, motivated by
some applications in branching random walks, we improve and extend
his theorems in the sense that: 1) we prove that the central limit theorem
holds uniformly in z, and give an asymptotic expansion in the local
limit theorem with a continuous function f acting on X, and a directly
Riemann integrable function h acting on Sj; 2) we extend the results to
the case of nonnegative matrices. Our approach is mainly based on the
spectral gap theory recently developed for products of random matrices,
and smoothing techniques for the approximation of functions.

and Sy := log |Grx|. We consider asymptotic properties of the

1. INTRODUCTION

Let u be a probability measure on the set of dxd matrices M (d,R) (d > 1),
and let (Ay)n>1 be a sequence of independent and identically distributed
random matrices with law p, defined on some probability space (€2, F,P).
We are interested in the asymptotic behavior of the random walk G, x, where

Gn=A4,... 4

is the product of the random matrices A;, x is a starting point on the unit
sphere S¥~! = {x € R?: |z| = 1}, with | - | an arbitrary norm on R¢. Notice
that G,z is completely determined by its log norm and its projection on the
unit sphere, denoted respectively by

Sy i:=log|Gpr| and X =G, -z:=

|G|
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We will use the convention that Goxr = x, and introduce conditions such
that G,z # 0. Many authors have contributed to the study of asymptotic
properties of S¥. For example, central limit theorems have been established
by Benoist and Quint [1] for invertible matrices, and by Hennion [11] for
nonnegative matrices.

While studying branching random walks in R¢ governed by products of
random matrices, we need some asymptotic properties as those given in
a central limit theorem and a local limit theorem on the couple (XZ,S?),
but we find that the known results on this topic are not sharp enough for
our purposes. We thus focus our study on the Markov chain (X}, S¥) for
establishing finer results. The applications in branching random walks will
be considered in a forth coming paper [4].

For invertible matrices, Le Page [13] established a central limit theorem
for (X7, S%) with = a given point in S%1 and a local limit theorem for
(X2, S%) with target functions f and h acting on X} and S¥ respectively,
which are supposed to be continuous and of compact support. Such kind
of limit theorems have also been established by Hennion and Hervé [12] in
a more general setting by considering (X, Sy) instead of (XZ,Sr), where
(Xn) is a general Markov chain, S, = Y 1" £(X;) with £ a measurable and
real valued function. Very recently, in parallel to the present work, a Berry-
Essen type theorem on the rate of convergence in the central limit theorem
has been established for (X7, S¥) in [17] for both invertible and nonnegative
matrices.

In this paper, our first objective is to improve the central limit theorem
of Le Page [13] for invertible matrices with a uniform convergence in z (see
Theorem 2.1), and deepen his local limit theorem by giving an asymptotic
expansion under the weaker condition that the target functions f and h are
respectively continuous and directly Riemann integrable (see Theorem 2.2).
Our second objective is to prove that the results also hold for nonnegative
matrices.

Our approach is mainly based on the spectral gap theory recently devel-
oped for the norm cocycle by Guivarc’h and Le Page [9] for invertible ma-
trices, and by Buraczewski, Damek, Guivarc’h and Mentemeier (see [5, 6])
for nonnegative matrices. Smoothing techniques are also used for the ap-
proximation of functions: in the proof of Theorem 2.1, we use a smooth ap-
proximation of the indicator function of a Borel set (see Lemma 4.1), while
in the proof of Theorem 2.2, we use a suitable approximation of a directly
Riemann integrable function with the techniques develepped in [16].

The paper is organized as follows. In Section 2, we fix some notation,
introduce our assumptions on the branching products of random matrices
and state the main results. In Section 3, we recall some results on spectral
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theory for products of random matrices which will be used in proofs of main
results. These proofs are given in Sections 4 and 5.

We end this section by fixing some notation. We denote by c¢,C abso-
lute constants whose values may change from line to line. For a set B,
15 denotes the indicator function, B, B° and dB = B\ B° denote respec-
tively the closure, the interior and the boundary of B. For t € R, we write
$(t) = =e V2 0(t) = [1 dlu)du, and ¢, (1) = —J—e "/E7). For
a measure v and a measurable function f we denote v(f) = [ fdv. For
two functions f and g, we write f(t) = o(g(t)) or f(t) = O(g(t)) (t — 0)
when lim;_,o f(¢t)/g(t) = 0 or f(t)/g(t) is bounded for |t| small enough, re-
spectively. Denote by L' the class of complexed valued measurable and
Lebesgue integrable functions defined on R; for f € L', denote its L' norm

by [ fllzr = Jg If(z)|dx.
2. MAIN RESULTS

2.1. Notation and preliminaries. Let M(d,R) be equipped with the op-
erator norm |la|| = sup,cge—1 |az| for a € M(d,R). Denote by I', :=
[supp u] the smallest closed semigroup of M (d,R) generated by the sup-
port of u. Let us recall some definitions in matrix theory. A matrix a is said
to be proximal if it has an algebraic simple dominant eigenvalue. Denote by
M the set of matrices with nonnegative entries. A matrix a € M is said
to be allowable if every row and every column has a positive entry.

For invertible matrices, we will use the strong irreducibility and proxi-
mality conditions.

C1. (i)(Strong irreducibility) There is no finite union W = Uiy W; of sub-
spaces 0 # W; C RY which is T -invariant (in the sense that T,V =W).
(it) (Proximality) ', contains at least one prozimal matriz.

Notice that when d = 1, the strong irreducibility and proximality condi-
tions are always satisfied.

For nonnegative matrices, we will need the allowability, positivity and
non-arithmeticity conditions.

C2. (i) (Allowability) Every a € '), is allowable.
(ii) (Positivity) ', contains at least one matriz belonging to M9, .

We say that the measure y is arithmetic if there are t > 0, 6 € [0,27) and
a function ¥ : Sfffl — R such that for all a € '), and all € V(T',,),
exp{itlog |az| — i +i(V(ax) —I(x))} =1,

where S = {2 > 0 : || = 1} is the intersection of the unit sphere with

the positive quadrant. Notice when d = 1, we have Sflfl = {1}, and the
above arithmetic condition reduces to the following more usual form: loga
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is almost surely concentrated on an arithmetic progression ag—+ asN for some
ag, az = 0.

C3. (Non-arithmeticity) The measure p is non-arithmetic.

It is known that when d > 2, condition C1 implies C3 (see [10, Proposi-
tion 4.6]).

For both invertible matrices and nonnegative matrices, we will need a
moment condition. For a € M (d,R), set

a
t(a) := inf |az|, and a.x:= ar
z€S laz|

for the projective action of a matrix a on € S* ! when az # 0. Then
t(a) > 0 for both invertible matrices and allowable nonnegative matrices.

C4. There is o € (0,1) such that
EN(Al)a < 00.

For invertible matrices, this condition is equivalent to the following two-
sided exponential moment condition which is usually used in the literature:
thereis oy > 0 such that EN(A;)™ < oo, where N (A1) = max{[|A;]], | A7 '(|}.

We will consider the action of invertible matrices on the projective space
P41 which is obtained from S?! by identifying  and —z, and the action
of nonnegative matrices on Si_l. When convenient we identify z € P41
with one of its representants in S*~!. To unify the exposition, we use the
symbol S to denote P4~ for invertible matrices, and S‘i_l for nonnegative
matrices. The space & will be equipped with the metric d, which is the
angular distance (see [2]) for invertible matrices, and the Hilbert cross-ratio
metric (see [11]) for nonnegative matrices. Moreover, S is a separable metric
space with Borel-o algebra. For any starting point x € S, as mentioned in
the introduction, Gy is completely described by (X7, S¥). With the above
conditions, X is well defined and the sequence (X%, S¥) is a Markov chain
because X! = A, - X*_,and S¥ = log |A, X% |+ SE_;.

For invertible matrices, it was proved in [9, Theorem 2.6] that if condition
C1 holds, then the Markov chain X} has a unique p-stationary measure,
which is supported on

V(L)) :={va € P4"1:a €T, a is proximal},

where v, denotes the eigenvector with norm |va| = 1 associated to the
dominant eigenvalue of the proximal matrix a.

For nonnegative matrices, it was shown in [5, Lemma 4.3] that condition
C2 ensures the existence and uniqueness of the invariant measure for the
Markov chain (X¥) supported on

V() = {va € S‘i‘l raely,,ae M9}
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In both cases, we write v for the unique invariant measure of (X7).

Central limit theorems have been established in the literature. For invert-
ible matrices, under condition C1 and the two-sided exponential moment
condition, Le Page [13] proved that

;ﬁ(sg — ) = N(0,0%)  in law, (2.1)
where v = inf,> %Elog | Ay, - -+ Aq]| is the Lyapunov exponent, and o2 =
lim,, s %E(Sﬁ —nry)? is the asymptotic variance which is positive and inde-
pendent of x. For nonnegative matrices, under condition C2 and a second
moment condition, Hennion [11] proved that (2.1) holds for some ¢ > 0; he
also gave a condition of tightness of the sequence (G,)n>0 to ensure that
o > 0. As a by-product of our approch, we will show that ¢ > 0 under the
non-arithmeticity condition C3 (see Proposition 3.3).

2.2. Main results. We state first a central limit theorem for the couple
(XF,SF) with uniform convergence in = € S.

Theorem 2.1. For invertible matrices, assume C1 if d > 1, and C3 if
d = 1. For nonnegative matrices, assume C2 and C3. For both cases,
assume additionally C4.

(1) For any continuous function f on S, we have

<t

lim sup |[E|f(X))1 (g,
’Hoo(x,t)e‘Sx]R‘ { (%) {Sg\/ﬁv

}} —v(f) (t)‘ — 0. (2.2)

(2) For any measurable set B C S with v(0B) = 0, we have

Sy —mny

ay/n

For invertible matrices, a point-wise version (by considering a fixed z € S
instead of sup,s) has been established by Le Page in [13, Theorem 4]. For
nonnegative matrices, the asymptotic for the Markov chain (X7, S7) is new
even for a fixed x. The uniformity in x € § is new for both invertible
matrices and nonnegative matrices. Theorem 2.1 will be deduced form a
result on the convergence rate in (2.2) which has been established in [17] for
the case when f is Hoélder continuous.

The following theorem gives the asymptotic expansion in the local limit
theorem for products of random matrices.

lim  sup ‘P(X,f € B,

N0 (£.1)eSXR

<t)—v(B)(1)] =0. (2.3)

Theorem 2.2. Assume the conditions of Theorem 2.1.
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(1) For any continuous function f on S and any directly Riemann inte-
grable function h on R, we have as n — oo,

sup  |o/nE [f(X7)h(y + Sy —ny)] —

(z,y)eSXR
y(f)éh(z)¢(i};>Hm(yJﬁz)dz\ 0, (2.4)
where
Hy(u)=1- b(z) ms (302u — u3)7

02\/ﬁu 606y/n

with ms and b(x) defined in Proposition 3.3.
(2) For any measurable set B C S with v(0B) = 0 and any directly
Riemann integrable function h on R, we have as n — oo

sup  |ov/nE [1p(X;)h(y + S; —ny)] -
(z,y)eSXR

—z —z
V(B)/Rh(z)qﬁ(ya n)ch(y\/ﬁ )dz| = 0. (2.5)

When y =0, f =1 and h = 1.y, the integral E [f(X}})h(y + S5 — nv)]
reduces to the local probability P(S? € nvy+[a, b]), which is the usual object
studied in local limit theorems.

The expansions (2.4) and (2.5) are new for both invertible matrices and
nonnegative matrices. The first expansion implies the local limit theorem
established in [13, Theorem 6] for invertible matrices, which states that
(2.4) holds when the polynomial H,(-) is replaced by 1 and when f, h are
continuous functions with compact supports.

The case d = 1 is worth some comments. In this case, Theorem 2.1 follows
from Theorem VII.2.7 of Petrov [14], while expansion (2.4) in Theorem
2.2 was proved by Feller (see [7, Theorem XVI.4.1]) under the same non-
arithmetic condition on p and when h = 1, is the indicator function
of an interval. Breuillard (see [3, Theorem 3.2]) proved an expansion like
(2.4) but for any finite order, when p is strongly non-arithmetic (in the
sense that its characteristic function fi(t) = [ e“®u(dz) satisfies Cramér’s
condition lim supyy|_,q, |22(t)| < 1) with finite moments of order high enough
and when h is integrable and regular enough (he assumed in particular
that h has continuous and integrable derivatives h®) for 0 < k < K with
K > 2 large enough). Compared with the result of Breuillard, the novelity
in Theorem 2.2 is that we assume the non-arithmetic condition instead of the
strongly arithmetic condition, and we use the direct Riemann integrability
of h instead of the smoothness condition on h.
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3. SPECTRAL GAP PROPERTY

In this section we recall some spectral gap properties studied in [13, 6, 17]
which will be used for the proofs of main results.

For z € C, define the operator P, on the set C(S) of continuous functions
on S by

P.f(x) = /M laz|® f(a-z)u(da), forall z € S.

For f € C(S) and 3 > 0, we introduce the norms

— : ._ [f (@) = f)l. —
[flloc == igg‘f(x)’v [l = S By 118 := [l fllco + [f]5-

Consider the Banach space Bg := {f € C(S) : ||f|lg < +o0o}. Denote by
L(Bg,Bg) the set of all bounded linear operators from Bg to Bs equipped
with the operator norm

o 1P F oo

1P llBs—8, : S0 7

The following result describes the quasi-compactness of Fy. It can be

found in [13, Proposition 4] for invertible matrices and in [6, Proposition

4.2] for nonnegative matrices. For P € £(Bg,Bg) and n € N, denote by P"
the n-fold iteration of P; by convention PV is the identity operator.

, VP e L(By, Bs).

Proposition 3.1. Assume the conditions of Theorem 2.1. Let 8 > 0 be
small enough. Then Py € L(Bg,Bg), and there is an operator L € L(Bg, Bg)
whose spectral radius is strictly less than 1, such that for alln € N,

Py =1y + L",
where 11y is a rank-one projection satisfying IloBg = {f € Bg : Pof = f}
and Iy f(x) = v(f) for all f € Bg and x € S.

For simplicity, in our proofs we will use a slightly different family of
operators (Ry;)icr defined by
Rif(x) = e Py f(w) = B[e"STDf(XT)], for fe€C(S),z€S.
By the cocycle property log |aga;z| = log |az(aj«)| + log |ajz| and an induc-
tion, we have
Ry f(a) = E[" ™) f(X0)], n> 1.

We collect in the following two propositions some results from [17] that we
will use. Although these results are stated in [17] only for d > 2, they remain
valid for d = 1. The first proposition concerns the perturbation theory.

Proposition 3.2. Assume the conditions of Theorem 2.1.
(1) There ezists a real number § > 0 such that for t € [—0,0] we have:
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(a) For all f € Bg andn >1
Ry f = A" (OILf + N f,
with II; Ny = NI1; = 0.
(b) The mappings
A:[=6,0] - R, II: [—0,6] = L(Bg,Bg), N :[—0,6] — L(Bg,Bg)
are C*°.

(c) For ko € N, there exist p = p(ko) € (0,1) and ¢ = c(ko) > 0
such that for allm > 1,

dk

— N} <ep”.

o, = |G, <o

(2) Let K C R\ {0} be compact. Then for each f € Bg, there is p1 €
(0,1) such that for allmn > 1,

sup || Ry flloo < AT oo
teK

The second proposition concerns the Taylor expansion of A\ and the posi-
tivity of the asymptotic variance.

Proposition 3.3. Assume the conditions of Theorem 2.1.

(1) The Taylor expansion of X at 0 of order 3 is given by

O‘2 3

A(t) = 1- T4 - i%t?’ +o(t3),

1
where m3 = lim,, o0 - fV(FM) E(SZ — ny)3dv(z).

(2) For each x € S, the limit b(x) = lim, o E(SY — nvy) exists in R,
the function x — b(z) is in Bg, and the deriative IIj of II; at 0,
satisfies

of (@) =iv(f)b(z), for feBs xz€S.
(8) If u is non-arithmetic, then o > 0.

4. PROOF OF THEOREM 2.1

Proof of Theorem 2.1, part (1). From [17, Theorem 2.1], for f € Bg, we
have

Jm s E[f(XD)1 { smg}} —u(pHeH)]=0. (@41

Combining this with the fact that the Banach space Bg is dense in C(S)
with respect to the norm ||.||oo gives the conclusion of part (1). O
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To prove part (2), we first introduce a smooth approximation of an indi-
cator function:

Lemma 4.1. (Smooth approximation of an indicator function)

(1) Let A, B C S be non-empty closed sets with AN B = (). Then there
is a continuous function ¢ : & — [0,1] such that p(x) = 1 for all
x €A and p(x) =0 for all x € B.

(2) Let A C S be a non-empty measurable set with v(0A) = 0, and let
e > 0. Then there exist two continuous functions o=, " : S — [0,1]
such that

e~ <1a<9p and vix €S:pT £} <e.

Proof. For a non-empty set D C S and x € S, define
dist(z, D) = inf{d(x, z) : z € D}.
(1) Since A, B are closed and disjoint we have dist(z, B) + dist(xz, A) # 0
for all x € S. The function defined below satisfies the desired properties:
dist(z, B)
(p(l') =T - )
dist(z, B) + dist(z, A)
(2) Since v is a Borel measure on S, we have
v(A) = inf{v(U) : A C U,Uopen},
v(A°) =sup{v(K) : K C A’ Kcompact}.
Hence for each € > 0, there exists a compact K C A° such that v(K) >

v(A°) — 5. Since K and (A°)¢ are disjoint closed sets, by part (1), there

exists a continuous function ¢~ : § — [0, 1] such that ¢~ (z) =1 for x € K
and ¢~ (z) =0 for z € (A%)°.

Similarly, there exists an open set U D A such that v(U) < v(A) + §.
Again by part (1) applied to the disjoint closed sets A and U, we see that
there is a continuous function ¢ : & — [0, 1] such that p*(z) =1 forz € A
and @1 (z) = 0 for z € U¢. Therefore,

KuUcc{zeS: o (z)=¢ (z)}.

z€S.

Consequently,
{reS:pt(x)£¢ ()} CK°NU=U\K.
Since U\ K = (U \ A)U (A\ A%) U (A°\ K), it follows that
Vo € S gH(x) £ (@)} <v(U\ )+ u(A\ 4°) +v(4°\ K) <<,

where we have used the hypothesis that v(A\ A°) = v(0A) = 0. From the
construction of ¢~ and ™, it is obvious that ¢~ <1 < pt. U
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Proof of Theorem 2.1, part (2). Let € > 0 be given. By Lemma 4.1, there
exists two continuous functions ¢+ and ¢~: & — [0, 1] such that
o  <1lp<ep" and vizeS:pt#¢p }<e (4.2)

By the triangular inequality in R, we have

T E[HB(XZC”{SM@}] —u(B)® (1) |

< (z,ts)léng E[(]IB - 80+)(X7f)]1{5§\/?<t}} ‘

<t

F o [l XN s ] - 2 0
+ sup |ulet —1p)® (1)
(z,t)eSXR

(4.3)

By part (1), the second term in (4.3) is less than ¢ for n enough large. The
third term is also less than € by the property (4.2) since

vt =) Sw(pT -9 ) Sv{z eS¢ £pT<e. (44

The first term can be estimated as follows:

(x,ts)lelng E[(]IB - 90+)(X£)1{S§;§”<t}} ’

< . ’E[(tf - w‘)(Xﬁ)]l{ St gt}} ’

€3 T OV g | e 0]

<t

o\/n

+ swp [E[pm (X1 {sim
(z,t)eSxR

}} — v ()|

+ s (et - )@ ().
(z,t)eSxR

In the last display, the first two terms are less than e for n large enough,
again by part (1); the third one is also less then ¢ by (4.4). O

5. PROOF OF THEOREM 2.2

Proof of Theorem 2.2, part (1). We assume that both f and h are nonnega-
tive; we can do this by considering the positive and negative parts. We will
proceed the proof in 4 steps.
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Step 1. We first establish (2.4) for f € Bg and h € L' whose Fourier
transform

h(u) = / e Mn(t)dt, Yu € R,
R

~

has a compact support supp(h) C [—k,k]. By the inversion formula of
Fourier transform and Fubini’s theorem, for any x € S and y € R,

Xz . - ~
B DA + 57— )] = B [ [ cntvesizmal
™ R
_ L
S or
1 PN
= —/ e"Yh(u)Ry, f(z)du.
2 Jr
By the change of variables u = ﬁ and using Proposition 3.2, we have:

I:=nE[f(X )h(y + SE —ny)]

1 [ it
= — N n
27T/R h(\/ﬁ)Rﬁf(x)dt

/ ei“yﬁ(u)E {ei“(sfl_m)f(Xﬁ)} du
R

=11+ 1y + I,
where
n= % /mwﬁe% ?L(\/tﬁ))\"(\/tﬁ)ﬂﬁf(x)dt,
) = % /|t|<al¢ﬁ€% E(;H)N%f(x)dt,
I = % |t|>51ﬁ63% E(\;H)Rf%f(az)dt,

with 0 € (0, d] a parameter which will be fixed later. We will prove that I;
gives the main term of the desired expansion, while /> and I3 tend to 0.

Estimation of I,. By Proposition 3.3 and an elementary calculation, we
obtain, as ﬁ — 0,

nf b o2 imst3 t3
By Taylor’s expansion of the operator II; on a neighborhood of 0, we have
My f(@) = Hof(a) + —=Thy1(x) + 0(2) 2)
ﬁ - 0 \/ﬁ 0 n 9 .

where Iy and IIj, are bounded operators on Bg defined in Propositions 3.1
and 3.3(2). Notice that Il f(z) = v(f) and I f (x) = iv(f)b(x). With (5.1)
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and (5.2) in mind, we do the composition

W () f) = (72) [ fo) - v - AR

o242 imst3
s[e( ) e (- T
)

() - A
vn vn
(

22 itb(z)  imst
1 — 5.3
Fr(fe (1= - ) (5.3)
Choosing §; < 0 small enough such that when [t|/\/n < 1, we have
zmgt?’ t3 o?t? oot o242

In the definition of 7, we substitute \"( ﬁ)l‘[ -+ f(x) by the decomposition

(5.3); this leads to a decomposition of I; which we write accordingly as
L =J1+ Ja+ J3+ Ju.

We first estimate the integral J;. Using (5.2), (5.4) and the fact that & is
bounded, we obtain

1 -~ 0'2152 t2
Al < goswlh)] [ e So()ar
27 teR It|<b1v/n n
o'2t2 1 C
< T |tldt- O —=) < —.
/Re Tl (\/ﬁ) NG

To estimate Jo, we use the following inequality (see inequality XVI(2.8) in
[7]): for all u,v € C,

1
e —1—v| < (]u — |+ 5\1}]2)6““3’(('“"'”'). (5.5)
43 3 43
Using (5.5) with u = _zgn\;% + 0(\75/5) and v = _zgn\;tﬁ , we have
- 2 1 18T 022
< S s o) [ e [Po( ) + 00 (2] i
2T teRr lt]<b1v/m n

< [+ D a0 =) < =
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For J3, we use again inequality (5.5) and the fact that the mapping b belongs
to Bg, to conclude that

t 02 2
Py Lt LT
<oy VN v
o242 imgt?’ t3
<Plblletn [ ] = T o )t
02t2 1 C
<[ e a|tPdt-O(—=) < —.
/Re e O(\/ﬁ) Jn
Hence, we obtain the following estimate of I;:
C
I — Jy € —. 5.6
|11 — J4 NG (5.6)

Estimation of I. From Proposition 3.2, we know that for |t| < d1/n
there exists a constant ¢ > 0 and p € (0,1) such that ‘N’LtfHB < cep”.
v

Hence,
<ot [ o) (5.7)
R
Estimation of Is. From Proposition 3.2(2), we have

sup  [[R" flloo < p7l[flloc-
siv/sltl<eyn Y

o~

Using this together with the condition that supp(h) C [k, k|, we get

1l < Cp [ [h(t)lat (5.8)
Collecting the bounds (5.6), (5.7) and (5.8), we have
1 n n
Set
it imst3
=14+ —= — .
Q) = 1+ Zble) — G

It is not difficult to see that

f ity 242
]”2(73/“%1%@«%}1(\%)6 2 Q(t)dt]

0'26%71 ~ 1 ~
<Cle 2 /ht dt + —sup |h(t)|).
( | [R(®)ldt + —= sup [h(0)])
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Hence we replace the integral on |t| < d14/n of Jy in (5.9) by an integral on
R. We get

V(f) N —o%i? n—00
sup I—i/eﬁhiethdt ~o0
(m,y)ESXR‘ 2 Jr (ﬁ) (t) ‘

2,2 42

-~ ag“t
Note that ¢(ot) = e~ 2 is the Fourier transform of t) = e202 ,
en

lim sup |I— f)/R :;gﬁ(\/ﬁ)qb(tJ)Q(t)dt‘ =0.

N0 (1 y)eSxR 2m

But one has for all p > 0, (ot)P¢(ot) = (—z‘)%f}’)(t) where the notation f®
is the derivative of order p of f, it implies

eiﬁ%ﬁ(\/ﬁ)qb (to) Q(t)dt = \/ﬁ/]R h (y + u\/ﬁ) b0 (u) Hy(u)du,

o
where H,(u) is a polynomial such that @ (—z’%) do(u) = Hyp(u)dy(u). With
an elementary calculation, we get

b(x) ms
ozﬁu * 606y/n
Using the change of variables z = y + u\/ﬁ we get

lim  sup ‘Ify /h (;SU ) x( \;ﬁz)dz‘: ,

N0 (3 y)eSXR

Hy(u)=1- (3c%u — u?).

or, equivalently,

y—z
lim sup |ol —y( / h(z ( > dz| = 0.
n—oo (z, y ESXR ’ \/’E ’
So we have established (2.4) for f € Bz and Lebesgue integrable function h

whose Fourier transform % has a compact support.
Step 2. We establish (2.4) for f € Bg and h € L! satisfying h € £ for
all e € (0,3) and

tim [ Be(udu = liny [ h(w)du = /R h(uw)du, (5.10)
where J#, h. and h. are defined below. For any nonnegative Lebesgue
integrable function h defined on R, and for any ¢ > 0 and u € R, set
Be(u) ={u e R: |u —u| <&},

he(u) = S]];l}() )h(v) and h.(u) = eiﬂ?f( )h(v).
veEB: (u vebe(u
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For any e > 0, denote by JZ the set of nonnegative Lebesgue integrable
functions h such that h. and h, are measurable and Lebesgue integrable:
H.={heL': h>0, h. and h,. are measurable and integrable}.
We shall use the following result proved in [8, Lemma 5.2].
Lemma 5.1. Let h € L' be such that h € 5% for all e € (0,1/4). Then we
have, for all e € (0,1/4) and u € R,

h, x k2 (u) — / ho(u—v)k2()dv < h(u) < (1 + 4e)he * kg2 (u),

|v|=e

where k is defined on R by

1 /sin(5)\2 1
r(u) = %(SIHU(Q)) for uw € R*, and k(0) = o
2

Moreover, we need some properties of the kernel x that we state in the
following. The function  is integrable and its Fourier transform is given by
k(t) =1—[t| for all t € [-1,1], and K(t) = 0 otherwise.

Note that

/]R w(u)du = R(0) = 1 = / R(b)dt.

R
For any € > 0, we define the function x. on R by

1 ru
Ke(u) = g/@<g), u € R. (5.11)
Its Fourier transform is given by k.(t) = K(et). Note also that, for any € > 0,
we have
1 [T 4 4e
/u>; k(u)du < 77/; ﬁdu = (5.12)

For simplicity, we denote, for any f € C(S) and h € L',
I(n, f,h) = ovnE [f(Xg)h(y + S; —nv)], (5.13)

y—=z y—z
K, g0 = u(f) [ nz)o(% (M )a ()

Notice that sup,es yer [¢(5)Hz(u)| < co. This implies the following uni-
form bound in z € S,y,z € R,n > 1:

¢(ya_:)Hm(y\;ﬁz) <C. (5.15)

From this we see that for f € C(S) and h € L!,
K(n, f,h) < Cv(f)|IA]l L1 (5.16)
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Remark that, for f and A fixed as in the beginning of Step 2, with the
notation (5.13) and (5.14), to prove the desired conclusion (2.4), it suffices
to establish the following result: for all € > 0 small enough, when n is large
enough,

sup |I(n, f,h) = K(n, f,h)| < v(f)on(e) +e, (5.17)
(z,y)e(S:R)

where
on(e) = C(IIh = el + [Boe = Blla ) + Cllhac 11 (e + )
—0 as € >0 (due to (5.10)).

Below we will prove (5.17) by giving upper and lower bounds of I(n, f,h) —
K(n, f,h).
Upper bound of I(n, f,h) — K(n, f,h). By Lemma 5.1, we have, for any
reSn>l,yeRande e (0,1/4),
I(n, f,h) < (1+4e)I(n, f, he * kig2).

Since h. and k.2 are integrable, the function h. * k.2 is also integrable; its

Fourier transform h.k.2 has a compact support included in [—1/e%,1/¢2].
Consequently, we can use the result proved in Step 1, applied to f and
he * k.2, to conclude that for n large enough,

I(n, f,h) < (1+4e)K(n, f,he * k2) + €. (5.18)

Notice that for |v| < € and u € R, we have [u—v—e, u—v+e] C [u—2¢, u+2¢].
Therefore, by definition,

ho(u—1v) = ho(u) and he(u—v) < ho-(u). (5.19)

Consequently, for any v € R,

he * k2 (u) < hoe(u) / Ke2(v)dv + he(u — )k (v)dv
lv|<e |v|>e

< hoe(u) + / he(u —v)k2(v)do.

|v|=e
From this together with the bound (5.15), inequality (5.18) implies
I(?’L, f7 h‘) < (1 + 45)K(n7 f>E2€)

+(1+4e)Cu(f) /R /Wa Tie(z — v)roo (v)dvdz + .

For a bound of the first term in the right hand side, we use the decompo-
sition K (n, f, haz) = K (n, f,h) + K(n, f, ha- — h) and the inequality (5.16)
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for K(n, f,hoe — h) to get K(n, f,ha:) < K(n, f,h) + Cv(f) Hﬁgg — h‘
Therefore
Ll]

I(n, f.h) < (1+42) [K(n, f.1) +Ov(f) |[ae — h|
+ (1 +42)Cv(f) / / he(z — v)kg2(v)dodz + €.
R J|v|=e
For a bound of the last integral, we use (5.11) and (5.12), to obtain

_ 4
/ / he(z — v)k2(v)dvdz < ’ i
R J|v|>e

L’
Using this and the bound of K (n, f,h) in (5.16), from the preceding bound
of I(n, f,h) we get for f € B and h € I,

I(n, f,h) = K(n, f,h) < w(f)el[h]p + Cr(f)(1 +4e)||hae — hll 1
L ACU()(1+ de)

'’

he

e —
HhEHLl +e

< Cu(f)llhas = bl + Cv(f) (e + %) || hacl 1 + &
(5.20)

Lower bound of I(n, f,h)—K(n, f, h). With the notation g, .(u) = h.(u—
v) and by Lemma 5.1, we have:

I(”v f7 h) 2 I(”v fahe * Ré‘z) - / ‘>£ I(”? f? gv,a)ﬁez(v)dv' (521)

Bound of I(n, f,h.*k.2). The Fourier transform of h, * k.2 has a compact
support included in [—1/¢2,1/¢2]. So by the the result proved in Step 1, for
n large enough,

I(n,f,h.xk2) > K(n, f,h. * k2) — €. (5.22)
By (5.19) and (5.12),

e v ko (2) > hac() |

lv|<e

4e
Ke2(v)dv > (1 - ?>Q25(z).
From this and the bound (5.16) for K (n, f, hy.), the inequality (5.22) implies
4e
I(n7 fihe x %62) > K(na fah%) - ;Cy(f)HEQEHLl - &

Using K(n, f,hy.) = K(n, f,h) + K(n, f, ho. — h) and the bound (5.16) for
K(n, f,hy. — h), we have

4Cv(f)e
e gl — .

(5.23)

I(nafahe * Hsz) - K(?’L, f7 h) = _Cy(f)Hh_hQEHLl -
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Bound of [, 5. I(n, [, gve)kez(v)dv in (5.21). Using (5.20) with h re-
placed by g, (which lies in J#) and (5.16) for K(n, f, gve), we get

I(n7 fs gv,a) < CV(f) (f) H(gv,a)gg - gv,e”Ll
+ Cv(f)(e+ ) (gu)aellr + e

This implies that

I(n, f, Qv,E) <COv(f)(IT+e+ 52)”(911,6)25”L1 +e. (5.24)
Note that, for any v € R,

(gew)oc(w) = sup  h(w-v)< sup  h(w—wv)=hs(u—v).
we[u—2¢e,u+2¢] we[u—2¢e,u+2¢]

So HEQE o This together with (5.24) and(5.12) implies that

d
o —i—s) /|v>€ Ke2(v)dv

+ e)%. (5.25)

s (ga,v)Qs I <

/|v|>g I(n, fa gv,e)ﬁs2(v)dv < (CV(f)(l +5+62)H52€

< (Cv(H)(1+ e + )| .,
Putting together (5.21), (5.23) and (5.25), we obtain
I(n, f,h) = K(n, f,h) > =Cu(f) I = hoell o + Co(f) [Pac]|

(e +€%) —
(5.26)

Combining the upper bound (5.20), the lower bound (5.26) and the con-
dition (5.10), the desired result (5.17) or (2.4) follows for f € Bg and h € %
for all € € (0, %) and h satisfies (5.10).

Step 3. We prove (2.4) for f € Bz and h which is nonnegative and
directly Riemann integrable. Since h is directly Riemann integrable, M :=
sup,eg h(y) < +oo. Let n € (0,1) and € € (0, Mn).

By a result of approximation in the proof of Theorem 2.2 in [16], there ex-
ist two functions h, . and h,t . which belong to /2, for alle; € (0, min{1/4, Mn,n/3})
small enough, and Wthh satlsfy (5.10), together with

hpe <h < hl. and /R (B () = hyy (t)]dt < 3e. (5.27)

The first inequality in (5.27) gives K (n, f,h,t. —h) < K(n, f,h.—h, ), so
that
|I(n7f7h) _K(nafuh)‘ < ’I(n’f’h) _I(n’f7h'r4]:5)’
+ |I(n7 f7 h;s) - K(nv fv hj]r,e)| + ‘K(nv f’ h:);e - hr?,z—:)| (528)

In the right hand side, as n — oo, the second term tends to 0 uniformly in
z € § and y € R by the result proved in Step 2. The third one is bounded
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by Cv(f)3e from the bound (5.16) for K(n, f,h}_ —h, .) and the property

(5.27). Therefore, using (5.28) and passing to the limit as n — oo, we obtain
limsup sup |I(n, f,h) — K(n, f,h)]
n—00  (z,y)eSXR
Llimsup sup  |I(n, f,h) —I(n, f, b )|+ Cv(f)3e. (5.29)

n—oo  (z,y)eSxR

Now
I(n7f7h)_l(n7f7h7—7~:g) gl(n7f7h7—7~:a)_l(n7f7h;,5)

= [I(n,f,hia) - K(”a fv h;;_,a)] +K(n7f7h7—7i:5 o h;vg)

+ [K(n, f, by e) = I(ns fo g )] (5.30)
As in the preceding, in the last display, as n — oo, the first and third terms

tend to 0 uniformly in z € § and y € R by the result proved in Step 2; the
second one is bounded by Cv(f)3e (by (5.16) and (5.27)). Therefore,

limsup sup |I(n, f,h) = I(n, f,h;} )| < Cv(f)3e. (5.31)
n—00 (z,y)eSxR

Combining (5.29) and (5.31), we obtain
limsup sup |I(n, f,h) — K(n, f,h)| < Cv(f)6e. (5.32)

n—o0  (z,y)eSXR
Since € > 0 est arbitrary, this gives (2.4).
Step 4. We establish (2.4) for f € C(S) and h which is directly Riemann
integrable. Let ¢ > 0. From the fact that Bg is dense in C(S) with respect

to the norm ||. || o, there is a function f € Bg such that || f — f|le < €. Hence
we have

I(?’L,f,h) _K(n7f7h) :I(n7f_ fah) + [I(n’fah) _K(n7f7h)]
—K(n, f—f,h). (5.33)
It follows from the result proved in Step 3 that

lim sup ]I(n,f,h)—K(n,f,hﬂ:O-
N0 (1 )ESXR

Consequently, by (5.33)

hmsup sup ’I(n7 f7 h‘) —K(Tl,f, h)|
n—00 (z,y)eESXR

< limsup sup ‘I(n,f—f,h)—K(n,f—f,h)‘

n—oo  (z,y)eSxR

<|If = fllo  sup [I(n,1,h)+ K(n,1,h)], (5.34)
(z,y)ESXR

where the last inequality follows directly from the definition of I and K. By
the result proved in Step 3 (applied to f = 1) and the bound (5.16) applied
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for K(n,1,h), we see that I(n,1,h) — K(n,1,h) and I(n,1,h) are bounded
uniformly in z,y and n > 1. Hence

sup [I(n,1,h) + K(n,1,h)] < co.
(z,y)ESXR

Since ||f — flloo < € and € > 0 is arbitrary, this together with (5.34) implies
limsup sup |I(n7f7h’)_K(nafvh)| :Oa

n—o0  (z,y)eSxR

which completes the proof of part (1) of Theorem 2.2.

Proof of Theorem 2.2, part (2). For the proof of part (2), we use the con-
clusion of part (1) and the approximation of the indicator function by a
continuous function (see Lemma 4.1). Because the argument is quite simi-
lar to the proof of part (2) of Theorem 2.1, we omit the details. O
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