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Boundary singular solutions of a class of
equations with mixed absorption-reaction

Marie-Francgoise Bidaut-Véron;
Marta Garcia-Huidobro |
Laurent Véron *

Abstract

We study properties of positive functions satisfying (E) —Au + u? — M|Vu|? = 0 is a
domain Q or in RY when p > 1 and 1 < ¢ < min{p,2}. We concentrate our research on the
solutions of (E) vanishing on the boundary except at one point. This analysis depends on
the existence of separable solutions in RY. We consruct various types of positive solutions
with an isolated singularity on the boundary. We also study conditions for the removability
of compact boundary sets and the Dirichlet problem associated to (E) with a measure for
boundary data.
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1 Introduction

The aim of this article is to study some properties of solutions of the following
equation
Lomu = —Au+ |ulP~tu — M|Vul|? =0 (1.1)

in a bounded domain 2 of R¥ or in the half-space Rf , where M > 0 and p >
g > 1. We are particularly interested in the analysis of boundary singularities of
such solutions. If M = 0 the boundary singularities problem has been investigated
since thirty years, starting with the work of Gmira and Véron [13] who obtained an
almost complete description of the solutions with isolated boundary singularities.
When M > 0 there is a balance between the absorption term |u[P~'u and the source
term M|Vul?, a confrontation which can create very new effects. Furthermore, the
scalg of the two opposed reaction terms depends upon the position of ¢ with respect
p

to -35. This is due to the fact that (1.1) is equivariant with respect to the scaling

transformation 7Ty defined for ¢ > 0 by Ty[u|(x) = Eﬁu(ﬁx).
If ¢ < %, the absorption term is dominant and the behaviour of the singular

solutions is modelled by the equation studied in [13]
—Au+ |[ufP~tu = 0. (1.2)

If g > 1% , the source term is dominant and the behaviour of the singular solutions
is modelled by positive separable solutions of the equation without diffusion

u? — M|Vul? = 0. (1.3)

Another associated equation which plays an important role in the construction of
singular solutions since its positive solutions are supersolution of (1.1) is

—Au — M|Vul? = 0. (1.4)

Note that in (1.3) and (1.4), M can be fixed to be 1 by replacing u by fu.

If ¢ = 1%’ the coefficient M > 0 plays a fundamental role in the properties of the



set of solutions, in particular for the existence of singular solutions and removable
singularities. This situation is similar in some sense to what happens for equation

—Au = |ulP~tu + M|Vul? (1.5)

which is studied thoroughfly in [8], [9].

In the present paper we will consider the case where 1 < ¢ < 2, with a special
emphasis on the case ¢ = % which allows to put into light the role of the value
of M. We first analyze the following problem: given a smooth bounded domain
Q) C R~ such that 0 € 0f2, under what conditions involving p, ¢ and M is the point
0 a removable singularity for a solution of (1.1) continuous in Q\ {0} and vanishing
on I\ {0} ? In the sequel we denote p(x) = dist (z,092) and for 1 < s < o0,
L3(2) := L*(; pdx) and the space of test functions in (2 is defined by

={¢CeC'(Q):¢(=00n0Q, A€ L*(Q)}. (1.6)
If Q is replaced by ]Rﬁ, then
X(RY) = {¢ € C'(RY) with compact support in RY, A € L*(RY)}.  (1.7)
Or first result is the following:

Theorem 1.1 Assume p > N+1 , M >0 and
_ N+1

(i) either p = {5 and1<q<1—|—w.
N+1

(ii) or p > J= (mdl<q<erl

Then any nonnegative solution u € C%(Q) N CHQ\ {0}) of

—Au + [uP~lu — M|Vu|? =0 in Q (1.8)
u=0 in 02\ {0}. ’
verifies Vu € L}(Q), u € LHQ) and is a weak solution of
—Au + [P~y — M|Vu|? =0 in Q (1.9)
u =0 in 0S), '
in the sense that
/ (—uAC + (JulP~ u — M|Vu|?)¢) dz =0 for all ¢ € X(Q). (1.10)
Q
Furthermore, if we assume ez’ther (i), or
(11i) p > %ﬂ and 1 < g < p+1 or
(w)p>%,q:% and
p
N—-1)p—(N+1)\rtt
M < m™ = (p+1)<( )p2p( i )>”+ , (1.11)

then u = 0.



This result is optimal in the case p = %, q= 1% as we will see in Section 4.

Combining the method used in proving Theorem 1.1 with the result of [16] we prove
the removability of compact boundary sets on 92, provided they satisfy some zero
Bessel capacity property.

Theorem 1.2 Assume p > % and % < r < p. If one of the following condi-

tions is satisfied:

O 2
(i)- either ¢ = 7 and

_P_

m<mi* = (p+1) (%) o (1.12)

(ii)- or 1 < q < 1%’ r <3 and M is arbitrary.
Then if K C 02 is a compact set such that cap‘rgmr,(K) =0, any solution u of

—Au+ [uP~lu — M|Vulf=0  in Q

u=0 on 00\ K, (1.13)

is identically 0.

Note that m*%., = m™*. The capacitary framework allows to consider the Dirich-
N-—-1

let problem for (1.1)

—Au+ |ulP~tu — M|Vul? =0 in Q

U= in 092, (1.14)

where 1 is a Radon measure on 9€). By a weak solution of (1.14) we understand a
function u € L*(Q) N L5(Q) such that |Vu| € LA(Q), which satisfies

/ (—uAC + (JulP~'u — M|Vul?)¢) do = —/ %d,u for all ¢ € X(Q). (1.15)
Q an0n

When the two exponents are super-critical with respect to the equations (1.2)
and (1.4), the admissibility condition on the measure for (1.1) necessitates the in-

troduction of two different Bessel capacities defined on Borel subsets of 0f2.

Theorem 1.3 Letp > 1,1 < g <2 and pu be a nonnegative Radon measure on OS2
which satisfies

u(E) < Cinf {capggq q,(E), cap@%,(E)) for all Borel set E C 052, (1.16)
q’ D’
for some C' > 0. Then there exists cg > 0 such that for any 0 < ¢ < ¢y there
exists a nonnegative weak solution of (1.14) with boundary data cp. Furthermore the
boundary trace of u is the measure cp.

The theorem admits several variants the proof of which is based either on imbed-
ding theorems or on properties of Bessel capacities.



Corollary 1.4 Assume 1 < p < 2N+1 and %VJ:TJZP <qg<2withqg<p. Ifuisa

nonnegative Radon measure on 02 whzch satisfies, for some C' > 0,

w(E) < C’capz . q,(E) for all Borel set E C 0%, (1.17)

there the conclusions of Theorem 1.3 hold.
The condition on the measure is also fulfilled under the following conditions.

Corollary 1.5 Let p > % and N+1 <q< +1 If 1 is a nonnegative Radon
measure on OS2 such that for some constant C > 0, there holds for any Borel set
E C 09,

u(E) < Ccap%‘f,,,(E), (1.18)

then the conclusions of Theorem 1.3 hold.

Since the exponents p and ¢ can be separately super or sub-critical, or even both
sub-critical, we have the following result in different configurations of exponents.

Corollary 1.6 Let p > 1,1 < g < 2 and p € M (9N). There exists a function
u € LY(Q) N LH(Q) such that Vu € LE(Q) which is a weak solution to (1.14) if one
of the following conditions holds:

(i) When p < %Jr}, q< NH If there exists some c¢i > 0 such that ||p]|gy < ca.

(ii) When p < N+1 and Nﬁl < q < 2. If u satisfies (1.17); in that case p has to be
replaced by cp wzth 0 < ¢ < ¢y, for some ca > 0, in problem (1.14).

(iii) When p > % and q < % If i satisfies ||pu||gy < for some c3 > 0 and

w(E) =0 for all Borel set E C 0 such that capgﬂp,(E) =0. (1.19)
p ’.
In the sub-critical case (i) and when p is a Dirac mass at 0 on the boundary we
have no restriction on its weight.

Theorem 1.7 Assume 1 < p < N+1 and 1 < g < N+1. Then for any k > 0 there
exists a minimal positive solutzon U of

—Au + |[ulP~u — M|Vu|? =0 in RY (1.20)
u=0 in ORY \ {0}, ’
satisfying
k(@) _ (1.21)

250 P (z)
where Py (z) = cyxy|z|™N is the Poisson kernel in RY. This function satisfies
up € L (RY) N LY (RY;x.dx), Vu, € L] (RY; 2, dz) and

loc loc

a¢

/R (~uC -+ (uf ~ MIVurl?)) dr = h~(0) for all ¢ € X(RY). (122

N
N N



The proof is completely different from the ones of Theorem 1.3 and Corollary 1.6
and is based upon a delicate construction of supersolutions and subsolutions. A
similar result holds if RY is replaced by a bounded smooth domain 2 C RY such
that 0 € 0.

Theorem 1.8 Assume 1 < p < NH and 0 < g < % Then for any M > 0 and
k > 0 there exists a minimal solutzon ur € CH(Q\ {0}) of (1.1) satisfying

G
z—0 PQ (:E)

=k, (1.23)

where Py is the Poisson kernel in Q. Furthermore uj, € L*(Q)NLL(Q), Vu, € LE(K),
and

9¢

/Q (—upAC + (U — M|Vug|9)¢) da = —ka—(O) forall ¢ € ¢ € X(R2). (1.24)

In order to study the behaviour of these solutions u; when k — oo we have to
introduce separable solutions of (1.1) in the model case RY. They are solutions of

—Au + |ulP~tu — M]Vu\% =0 in RY (1.25)
u=0 in ORY \ {0},
which have the following expression in spherical coordinates
u(r,o) = r_ﬁw(a) for all (r,0) € (0,00) x S¥ .
Put 5
o= pRE (1.26)

and denote by A’ and V’ the Laplace-Beltrami operator and the spherical gradient,
then w satisfies

—ANw+a(N-2-a)w+ |wfPlw—M(aPw? + |[V'w? ) =0 in S¥!
=0 in 85171-
(1.27)

Theorem 1.9 There exists a positive solution w to problem (1.27) if one of the
following conditions is satisfied:

(i) either 1 < p < £ and M > 0,

(ii) or p = N—*_'l and M > 0,

1) orl<p<3orp> N+1, and M > M,,  for some explicit value M, > 0.
N,p N,p

The positive solutions of (1.27) allow to characterize the limit us, of the solutions
uy, constructed in Theorem 1.7.



Theorem 1.10 Let 1 <p < N+1 ,1<g< N+1 and M > 0, then

Uoo (T) N

I ) - 029
Furthermore
(i) If1<q<pJr1
llir(l]’r’ Uso(r,.) =1 wuniformly on ST, (1.29)
where 1 is the unique positive solution of
/ —1,, _ L QN-1
—AYp4+a(N—-2—a)p+ [P~ =0 in SJFM1 (1.30)
=0 in OS] .
(it) If ¢ = m
}i_r)% rUso(r,.) =w uniformly on S¥~', (1.31)

where w is the minimal positive solution of (1.27).

A similar result holds if RY is replaced by a bounded smooth domain Q C RY,
which boundary contains 0 provided some flatness condition near 0 is satisfied.

When m < g < min{2,p}, the situation is completely changed and the solutions
with strong boundary blow-up are modelized by equation (1.3). If 1 < ¢ < 2 we set
2—q
= 1.32
=1 (132)
andifl<qg<p
q
v=— 1.33
p— (1.33)

We prove the following result in the statement of which ¢ denotes the first
cigenfunction of —A’ in Wy*(SY~).

Theorem 1.11 Assume M > 0 and +1 < q < min{2,p}. Then there exists a
positive solution u of (1.1) in RY, which vanishes on ORY \ {0} such that

mo1(o)r™ 7 < wu(r,o) < ¢y max {r‘a,Mp%qr_'y} for all (r,o) € (0,r*) x S¥.
(1.34)
for some m > 0, r* € (0,00] and where ¢4 = ¢4(N,p,q) > 0. If N¢ > (N — 1)p,
r* = oo.

Note that our construction which is made by mean of supersolutions and subso-
lutions does not imply that in the case T <qg< X AJ; L the solution us, obtained in
Theorem 1.10 satisfies (1.34). A similar result holds if RY is replaced by a bounded
smooth domain Q C RY, such that 0 € 9Q and Tyo(0) = ORY (ie. ORY is the
tangent hyperplane to 9Q at 0), under an extra flatness flatness condition near 0.



In the sequel C' > 0 denotes a constant the value of which can change from one
occurence to another and ¢; (j = 0,1,2,...) a more specific positive constant the
value of which depends of more precise elements such as p,q, N or other previous
constants ¢;.

Aknowledgements This article has been prepared with the support FONDECYT
grant 1160540 and 1190102 for the three authors.

2 Singular boundary value problems

2.1 A priori estimates

We give two series of estimates for solutions of (1.1) with a boundary singularity
according to the sign of M.

Theorem 2.1 Let Q be a domain such that 0 € 90Q, M € R and 1 < ¢ < min{p, 2}.
If u e CHQ\ {0}) is a solution of (1.1) vanishing on O\ {0}, there holds

1- If M > 0, there exists = c5(N,p,q) > 0 such that
ug(x) §C5max{Mﬁ\x]_ﬁ,]a:\_P%} for all x € Q. (2.1)
2- If M <0, there exist cg = c(N,q) > 0 and c¢; = c7(N,p) > 0 such that
_ 1 _2-g __2
uy () < min {CG\M] a1 |x|” a1 cr|z P*l} for all x € Q. (2.2)

Proof. We first assume that Q C Bg, for some Ry > 0. Let € > 0, we set

0 if r<0
je(r)y =3 = if0<r<e
T—35 if r>e.

If we extend w by 0 in Q° N Bsg, and set v = je(u) we have
—Ave + ¢ — M|Vo|? = —jl(u)Au — j7 (u)|[Vul® + (je(u))? — M (5. (u))!|Vul?

< Mjl(u) (1= Gew) ™) [Vul? + (Ge(u)? = gl (u)ul]
U i1
< Mz (1 - 6q—1> ‘Vve‘qx{0<u<€}.

Letting € — 0, we deduce from the dominated convergence theorem that vy = lir% Ve
€E—r

is nonnegative (actually it is the extension of u™ by 0 outside Q \ {0}) and satisfies

Lvg := —Avg + vl — M|Vuo|? <0 in D'(Bag, \ {0}). (2.3)



The case M > 0. Following the method of Keller [14] and Osserman [21], we fix
a € Br, \ {0}, and introduce U(z — a) = A(Ja]* — |z — al?)7? for some b > 0. Then
putting r = |x — a| and U(r) = U(x — a), we have

o g N-1

U’ — M|U"|? + UP
= Aaf?> = r2)7270 A~ 1(|ja? — 7220~ 4 2b(N — 2(b + 1))r? — 2Nba?
_ngbq/\q—qu(|a|2 _ r2)2+b—q(b+l)] ]

If M > 0, the two necessary conditions on b to be fulfilled is order U be a superso-
lution in By, (a) are

(4) 2-b(p-1)<0<=blp—-1) =2,

(i4) 24b—qb+1)>2—blp—1) < blp—q) > q.

The above inequalities are satisfied if
b= max {2, L} —max{a,) (2.4
=maxq ——,—— p = max{a,v}. )
p—1p—q
2
Ifq>}7p1thenb:ﬁ and

2p—q(p+1)

LU > A (|a|2 - 7"2)_2;)%;1 [)\q_l (AP~ — M29pIr9) (|a|2 —r3) 77 —(3b+ 1)Nlal*]| .

There exists ¢; > 0 dependings on N, p and ¢ such that if we choose
1 a 2p(g—=1)
A = csmax § Mr—ala|r—a,|a|P-DC-a) &

there holds

LU > 0. 2.

—
()
SN—

Since U(z) — co when |z| — |a|, we derive by the maximum principle that vy < U
in By (a). In particular

~ 2
us(a) =vo(a) <U(a) = )\|a|_ﬁ = ¢5 max {MP_LI|a|_ﬁ, |a|_%} . (2.6)
Ifqu%thenb:% and
- 2 2 2 1 2N
LU > A(la]2 —r2) 771 w1y = (N — P+DY 2 2N 02
p—1 p—1 p—1

2p—q(p+1)

2 q
v () e )
p —_—

__2p_ 4p—q(p+3)
> A (Jaf2 - ?) 7 [)\1”‘1 — Cla|? — C'A1" ' M]a|~ 71 ] :

9

|



Hence, if ¢ = 1%’ (2.5) holds if for some ¢5 > 0 depending on N, p, ¢,

_ptl 2
A = ¢5max {MW*U , 1} la|P=T,
which yields
~ _ 4 _p+l 2
uy(a) =wvo(a) <U(a) = Aa| »=1 = ¢; max {MP(P*D , 1} la| 71, (2.7)

While if ¢ < 1%’ we choose

A= C5H1&X{Mﬁ|a|m, |a|%} ,
where ¢5 > 0 = ¢5(N, p, q), which yields
uy(a) =vo(a) < Ula) = /\|a|_1;%1 = ¢y max {Mp_iq|a|_ﬁ, |a|_P%1} . (2.8)
The case M < 0. We first assume that M < 0. By [20, Lemma 3.3] vy satisfies
—Avg + |[M||[Vul? <0 in D'(Bag, \ {0}). (2.9)
Therefore, since 1 < q < 2,
ws(a) = vo(a) < 6| M| a1 fa| a1 (2.10)
If M < 0 there also holds
—Avg+vh <0 in D'(Bag, \ {0}). (2.11)

Hence 9
us(a) =wvg(a) < crla| P-1. (2.12)

In the above inequalities ¢g = c¢(q, N) > 0 and ¢7 = ¢7(p, N) > 0. Combining these
estimates we derive

2
u4(a) < min {cﬂa\_ﬁ,c@\M]_q%l\a]_ﬁ}. (2.13)

Since the estimate is independent of Ry, the assumption that Q C Bp, is easily ruled
out. This ends the proof. O

Remark. If M =0, estimate (2.1) is just
ug(x) < cﬂx]_%. (2.14)

If M <0, (2.14) is valid what ever is the value of g. Furthermore there also holds

2—q

ws () < ol M]Jz] o1, (2.15)
whatever is the value of p, provided 1 < ¢ < 2.

The equation is not invariant by u — —u hence the lower and upper estimates
are not symmetric.

10



Corollary 2.2 Under the assumptions of Theorem 2.1, there holds
1-If M >0

_ 1 _2-g __2
{=es M7 2 o, —er|o T} < —u (@) <0

1 2
<wui(z) <cs max{Mﬂ]az\_P%Q, ]az\_ﬁ} for all x € Q.

(2.16)
2- If M <0, there exist cg = c(N,q) > 0 and c¢; = c7(N,p) > 0 such that
1 a2
—c5 maX{MP*Q|x| r=a |x| P*l} < —u_(x) <0
1 _2-q _ 2
<wug(z) < min{cﬁ\M] a1 |x|” a1, o]z P*l} for all x € Q.
(2.17)

We infer from Theorem 2.1 and estimate of the gradient of u near 0.

Theorem 2.3 Let Q2 be a smooth bounded domain such that 0 € Q2 and Thq(0) =
ORY, M >0,p>1and1 < q < min{2,p}. If u € CL(Q\ {0}) is a nonnegative
solution of (1.1) wanishing on 0Q \ {0}, for any ro > 0 there holds there exists
cs = cg(N,p,q,Q, 19, M) > 0 such that

__P_ _ptl
[Vu(x)| < cs max{|:17| p=a |z| =1 } for all x € QN B,,. (2.18)
The restriction that |x| < 1 is not needed if ¢ = z%'

Proof. We assume first that B; c Q.
Case 1: 1<q§1%. For 0 < r <1 we set
2
X

2
u(r) =r »Tu (%) =r rTu.(y) with y= 2.

If £ <|z| < 2r, then § < |y| < 2 and u, > 0 satisfies

2p—q(p+1)

—Au, +ul — Mr~ =T |Vu,|?7=0 in B\ BY,
2

2p—q(p+1)

and vanishes on 9(By \ BY). Since 0 < Mr~ »1 < M as2p—q(p+1) >0, it
follows that ’

max {|Vu,(z)] : 2 < |2| < 2} < comax {Juy(2)] : § < |2| <2}, (2.19)

where ¢g depends on NV, p,q and M. Now it follows that

1 2 1 2p—q(p+1)
max {|uy(z)| : § <|2] < 2} < 2P Tcsmax § Mr—are-Do—a 15,

11



by (2.1). Therefore

p+1 1 2p—q(p+1)

2
max{|Vu(y)| 5 < |Z| < 27‘} < 2r=Tegegr p—T max Mer—are-D0-9 1

(ol

} (2.20)

P _ptl
§08max{\x] ra, |z p71}7

which is (2.18).
Case 2: I%<q<2. For 0 < r < 1 we set

2— 2—
u(x) =r qiur(ﬁ) =r aly.(y) with y=2

If £ <|z| < 2r, then 1 < |y| < 2 and u, > 0 satisfies

a(p+1)—2p

—Au, +71 =t ul — M|Vu,|?=0 in B\ BY,
2
We notice that ¢(p + 1) — 2p > 0. Then inequality (2.19) holds. Now
1 / 2-q 2 __9
max {|u,(2)| : 3 < |2| < 2} < cyre! max {r =17 IHI},
thus
.2 3 = -2k
max {[Vup(2)] : 3 < |2] <3} < cgrat™ maxqr »-1,r poa b (2.21)
which implies

+1
max {|Vu(z)| : & < [z < ¥} < cymax {r_%,r Pfq}. (2.22)

The general case; If OS2 is not flat near 0 we proceed as in the proof of [20, Lemma
3.4], using the same scaling as in the flat case which transform the domain B3\ B;")
into (B2 \ B1) N 1Q, the curvature of which is bounded when 0 < r < 1. The
same estimates holds, up to the value of the constant c¢g and we derive (2.18).

O

As a consequence we have the following.
Corollary 2.4 Under the assumptions of Theorem 2.3 the function u satisfies
_r . __p _ptl
u(z) < egp(x) max {Mpfq |x| " P=a, |x P*l} for all x € QN By. (2.23)

The restriction that |x| < 1 is not needed if ¢ = 1%'

12



2.2 Removable singularities

Proof of Theorem 1.1. If M < 0, u is a nonnegative subsolution of —Au + vP =0
which vanishes on 02\ {0}, hence it is identically zero by [13].
Step 1. We assume M > 0. It is straightforward to verify from estimates (2.18) that
under conditions (i) or (ii), |Vu(x)| < cg|z|~™® with a < N. Since these conditions
imply ¢ < &3, it follows that [Vul? € L1(Q;d).

For any € > 0 we denote by w, the solution of

(o

—Aw + wP = M|Vul? in Q.:=QnNB,
w =0 in 90N B! (2.24)
|lilm w(z) = 00 on 0B NQ,
T|—€

which exists since |Vul? € L1(Q;d), see [17]. Then u < we in Q.. Let z be the
solution of

—Az+2P=0 in Q.
z=0 in 9QN B! (2.25)
|lilm z(z) = 00 on 0B NQ.
T|—€

Denote by Ggql.] the Green operator in €. Since z. + MGgq[|Vu|?]|q, is a supersolu-
tion of (2.24) in Q. we deduce

u < ze + MGq[|Vul|?]|q, in Q. (2.26)
When ¢ — 0, z. decreases to zg which satisfies

—Aw+wP =0 in Q

w=0  in dQ\{0}. (2.27)

Since p > {1 it is proved in[13] that any solution of (2.27) extends as a continuous

solution in € with boundary value 0, hence zy = 0 by the maximum principle.
Therefore u < MGgq[|Vul?] in Q and the boundary trace Trgqlu] of u is zero. By
[18] the fact that |Vu|? € L'(;d) jointly with Traq[u] = 0 implies in turn that
uP € L'(2;d) and u is a weak solution of

—Au~+uP = M|Vul? in Q

u=20 on 0, (2.28)

in the sense that there holds
/ (—uAC+uPC — MVuli)dz =0 ¥C e W2(Q)nCLQ).  (2.29)
Q

Step 2. Let us assume that p > % If w is nonnegative and not identically zero,

then by the maximum principle it is positive in Q. We set v = v® with 0 < b < 1.
Then

Vo> 1 b —1 (b—1)(g—1)
—Av— (b= )L 4 oD Ly 6D g o, (2.30)

13



For e > 0,

PO D=1 |y 9 < 27 ’V’U!z 1%%'

2€2-a

Therefore

1.2 2 _1a—2(b—
_Av+ <1 - Eq) AL %v@—l)b“ Y M =

2

2e2-4
(2.31)
We notice that the following relation is independent of b
(2b—1)g —2(b— 1) 2p
1 < —
> 4 <(p—-1b+1<=q< P L
with simultaneous equality. We take
N +1 2
- +l=——=b=— 2.32
(h—1b+1= 1 e (232

hence p > N+1 if and only if 0 < b < 1.
We first assume that 0 < g < % and choose € > 0 such that

gbiei _(20-0)\E_ (2AN-1p-N-1) \*
TS _0@6_<quq‘l> (quq N =1)(p - )>'(2'33)

This transforms (2.31) into

2(g—1) q
(N-1)(p—1) x1 (2—q)b 20 q g 2 (@-1)g-26-1)
—A N N NI — M 2-q 2— <
vt 2 ! 2 2(1 — b) ! b=
(2.34)
Then, as
(2b-1)g—20b-1) N+1
2—q N -1’
there exists A > 0, depending on M, such that
N-1p-—-1
~Av+ #UW < A (2.35)
N-1 N1 e
Since v vanishes on 90\ {0}, 0 = (v — ¢19ANF1) " with ¢ = <m)
satisfies N1 )
—AG+ #g% <0. (2.36)

— 2
By [13], o = 0 which implies v < clOA%iﬁ and therefore u(z) < ¢;; A®FHE-1) in Q.
Since u vanishes on 99 \ {0} we extend it in a neighborhood of 0 by odd reflection
trough 02 and denote by % the new function defined in B, where it satisfies

—divA(z,Vu) + uP + B(x,Va) =0 in B,{0}. (2.37)

14



In this expression the operator A : (x;§) € By X RYN — A(z,£) € RN is smooth in z
and linear in &, it and satisfies for all (x;&) € B, x RV,

A(z,€).€ > 2/€]? and |A(x, &) < 4l¢] for all (z;€) € By X RN,

Since we can write |B(.,Va)| < 2|Val? = 2|Val|i~!|Va| = C(z)|Val in By, then
B (z;€) € By x RY — B(z,£) € R verifies

|1 B(z, (§)| < C(=)[8],

and C(x) < 208|x|_(p+11’)*(3 . by Theorem 2.3. Since g < 1%’ @# < 1. Hence
C € LN*7 for some 7 > 0. By Serrin’s theorem [22, Theorem 10] the singularity at
0 is removable and @ can be extended as a regular solution of (2.37) in B,. Hence
U € C’l(B%), and as a consequence u € C'(Q). If u is not zero, it is positive in
2 and achieves its maximum at some xy € £ where Au(zg) < 0 and Vu(zg) = 0.
Contradiction.

Next we assume that ¢ = 1%‘ By the choice of b in (2.32), inequality (2.31) becomes

p—1 pt+l p—1
Mpbrtie » \ |[Vo|? 1 Mbre
p+1 b (p+ 1ertt

—Av+ (1 —b— ) P <0 (2.38)

v
There we need to make both coefficients positive so that we obtain

N
—AU—I—TUN—H <0 in Q

(2.39)
v=20 on 90\ {0}.
We first choose L
ptl M \r _2
er >|——| brt1,
<p + 1)
say
1
1 M P
& = <—> " pri g, (2.40)
p+1

2

+1
with € > 0 so that the coefficient of v~=T is positive, and we can choose € thanks to

the assumption m** > M: we have

Mpbst (M \¥ M\ Mpbrt
p 2 pP—
1—p— 2P < )pbm+e zl—b—<—>ppb— DY .

p+1 p+1 p+1

p+1 pt+1
1-0 M » Mpbr=1 _
=b|——-| — p| - €
b p+1 p+1

<<N_1)p_<N+1> _< M >—> _ Mpbt

2p p+1 p+1
ptl ptl ptl
b m** o\ M P Mpbr—1 _
= -\ — — €
P p+1 p+1 p+1

(2.41)




and the right-hand side is positive if € small enough. Hence we obtain (2.39). By

[13], v = 0 and the same holds for u. This ends the case p > %
Step 3. Finally we assume p = % and 1 < ¢ < 1% = %, then

q —qt; —qN
M|Vu(x)|? < cralz| 71 = cio|| = c13Q(x).

Hence u < uy := ¢13Gq|[Q]. At this point we need the following intermediate result:
Claim. Assume w, = Gq[Q,] where Qq(x) = |z|~® with o < N + 1, then

wa () < colz|*~ for all x € Q. (2.42)

If this holds true, then u(x) < c13¢,n|2[>79V. By the scaling method of Theorem 2.3,
it implies in turn

IVu(@)] < eserzeqnla' "N = [Vu(@)|? < e1afa]107 = c14Qyvg-1) (@),

(2.43)
and thus
’wq(Nq_l)($) = 614GQ[QQ(NQ_1)]($) < 614Cq(Nq_1)|l‘|2_Q(Nq_1) for all x € Q.
(2.44)
Since ¢ < 1+ %, q(Ng—1) —2 < Nq — 2. Tterating this process, we finally obtain
that u is bounded and we end the proof as in Step 2. O

Remark. It is noticeable that the equation exhibits a phenomenon which is charac-
teristic of Emden-Folwer type equations

Au=uP in B;\{0}. (2.45)
If w is nonnegative then there exists a > 0 such that
Au=uP +ady in D'(By). (2.46)

Ifl<p< % then a can be positive, but if p > %, then a = 0. This means that
the singularity cannont be seen in the sense of distributions, however there truly
exist singular solutions, e.g. if p > %,

us(z) = cN,p|x|_ﬁ. (2.47)

A similar phenomenon exists for solutions of

—Au=uP in Bfr

u=0 1in 9B; \ {0}. (2:48)

In such a case the critical value is % since for p > % the boundary value is

achieved in the sense of distributions in (‘9Bfr .
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2.3 Proof of Theorem 1.2

As in Theorem 1.1, the proof differs according to whether 0 < ¢ < 1% or q= %,
and we first assume that u > 0. We perform the same change of unknown as in the

previous theorem putting u = v°, but now we choose b as follows
r—1
p—1

(p—Db+1=r<b= (2.49)

and we first assume that
2

1—b—quq;1€q —0e=e= (2(1 __b)>% - <%>%. (2.50)

Hence (2.34) becomes

q
p—1 (2 — q)bq_l q 2—¢q 2 (2r—p—1)g+2(p—1)
—A " M2- e-DE-0  <0. (251
U+T‘—1U 5 2(1—b) ap p q < ( )

The condition r > (2T_(z:3‘(1;_2$_r) is equivalent to 2p —q(p+1) <r(2p —q(p+1))
since 1 < r < p.

Assuming first that ¢ < 1%’ we obtain from (2.51)

—Av+ v < A (2.52)

for some constant A > 0. Since cap‘z%,(K ) = 0 and v vanishes on 92\ K, it follows

from [16] that v < cA7 for some ¢ > 0, hence u is also uniformly upper bounded in
Q) by some constant a. Next we have to show that Vu € L?(2). We also denote by
®; the first eigenfunction of —A in VVO1 2(Q) normalized by sup®; = 1 and by A\
the corresponding eigenvalue. Since 8L < r < 3 we infer from [1, Theorem 5.5.1],

N-1
that

1 N
(cap‘z%(K)) "t <B (capgfi,(K)) Ve
27 o
Therefore cap‘zgr,(K ) = 0 implies cap‘z%(K ) = 0 and there exists a decreasing se-
T’ PR
quence {(,} C CZ(09) such that ¢, = 1 in a neighborhood of K, 0 < ¢, < 1
and HCHHWI,?(@Q) — 0 when n — oo, furthermore (;, — 0 quasi everywhere. Let

Pg : C%(09Q) — C%(Q) be the Poisson operator. It is an admissible lifting in the
sense of [16, Section 1] in the sense that

Pa[n]loe=n and n>0= Pq[n] > 0.

Put 7, = 1 — (,. Then, multiplying equation (1.13) by u(Pq[n,])? and integrating,
we obtain

/!VUF(]P’Q[nn])zdx + 2/ ulPq [N, | Vu.VPq[n,]dz
Q Q
4 /Q W+ (Pofna)2dz — M /Q Vultu(Palna))2dz = 0,

17



which implies

[ v @t 2 | IVuP<IP’Q[nn]>2dx>é (f |VPQ[77n]|2U2d:E>%
" /upH(PQ[""])zdf” - M/ [Vultu(Poln,])?ds < 0.
@ Q

It is standard that

2 2 _
[ IVPalm s < carllml g, = Ao

Set X, = [|Pa[n.]|Vul| 2, then
X2 —24,X, — Ma|Q|"Z" X1 < 0.

Hence there exist two positive real numbers a; and ay depending only on ¢, |2| and
a = ||ul| ;o such that

1
—

Xo < a AL + apM . (2.53)
Now A, — 0 and X,, — || V|32, therefore by Fatou

_2 1
Q7 [ Vull?, < | Vuls < aaM77 < oo,

Let ¢ € C3(Q) and 7, as above. Since 7, vanishes in a neighborhood of K and ¢
vanishes on 0f2,

/Pg[nn]Vu.VCda:+/CVU.VPQ[nn]daz+/upC]P’Q[nn]dx = M/]Vu\qC]P’Q[nn]dx.
Q Q Q Q

Letting n to infty and using the fact that Vu € L?(Q) and VPq[n,] — 0 in L*(Q),
we derive

/Vu.V(dx%—/u%dm :M/|Vu|qu:E.
Q Q Q

Hence u is a nonnegative bounded weak solution of

—Au+ [uP~lu — M|Vu|? =0 in

u=0 on Of). (2:54)

It is therefore C2. Again, by the maximum principle we see that « cannot achieve a
positive maximum in €2, contradiction.

Next we assume g = p2f1. We choose b = ;%} and (2.38) becomes

Mpbriie's \ [Vol2 (1 Mbeit
—Av—i—(l—b— P > +<——7>v"§0. (2.55)

p+1 v b (p+1)ert!

18



From there the argument is similar to the one of Step 2-Case ¢ = 1% in the proof

of Theorem 1.1: we claim that for some suitable choices the function v satisfies
—Av+710" <0 in Q
v=20 in 00\ K.
We first choose € > 0 so that (2.40) holds, hence the coefficient of v, say 7 is positive.
Then the expression

p

p=1 pti pt1 ptl pl
L —b Mpbr+ie » p(r—1) ((mi*) P < M > P > Mpbr-1 _
_ph— - B el _ ¢

p+1 p—1 p+1 p+1 p+1
(2.56)
is positive provided € > 0 is small enough. Since cap‘zﬂr,(K ) = 0 it follows from [16]
that v = 0. Hence u = 0, which ends the proof. ' O

2.4 Measure boundary data

Let 1 be a nonnegative Radon measure on 0€2. The results concerning the following
two types of equations

—Av+vP =0 in Q
v=p in 99, (2.57)
and A | |
—Aw = M|Vwl|d in Q
w=cu in 00, (2.58)

allow us to consider the measure boundary data for equation (1.1). We recall the
results concerning (2.57) and (2.58).
1- Assume p > 1. If u satisfies

For all £ C 09, E Borel, capgffn,(E) =0= u(E) =0, (2.59)
p7

then problem (2.57) admits a necessarily unique weak solution v := v,,, see [16], i.e.
v, € L' (Q)NLH(Q) and for any function ¢ € X(Q2) := {n € C}(Q) s.t. Anpe L®(Q)},
there holds

%

B Qi?n -

N+1
N-1°

2- Assume 1 < g < 2. If there exists C' > 0 such that p satisfies

/Q (—0AC + 0PC) d = (2.60)

Notice that there is no condition on p if 1 < p <
For all E C 99, E Borel, u(E) < Ceap¥’, q,(E), (2.61)
q k)

then problem (2.58) admits at least a positive solution w for ¢ > 0 small enough, see
[4, Theorem 1.3], in the sense that w € L'(Q), Vw € L}(Q2) and for any ¢ € X(12),
there holds

%,

/Q(—wAC — M|Vw|%()dx = — | n

. (2.62)
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Notice that if 1 < ¢ < % there is no capacitary condition on pu.

We use also the following result.

Lemma 2.5 Let p > X+ and p € M (09). If p € W_%’p(ﬁﬁ), then there exists
C > 0 such that

S
7

wkE)<C <cap29p,(E)> ’ for all Borel set E C 0N. (2.63)
p7

Conversely, if p satisfies

u(E) < Ccapgs?n,(E) for all Borel set E C 09, (2.64)
p7

for some C > 0, then pu € W_%’p(aQ).

Proof. Assume p € W (0Q) N M (09). If E is a compact subset of 92 and
¢ € C?(09) with 0 < ¢ <1, with ¢ =1 on E, then

u(B) < /a G = (.0 < 30 1C1 2

Therefore, by the definition of the capacity,

L
Y

00
u(E) < il 3, (cant®, (E)

Conversely, if (2.64) holds, then there exists c¢16 such that for any 0 < ¢ < ¢4 there
exists a zq, to
—Az=2P in

z=cl in 09, (2.65)

(see [4, Theorem 1.5]) in the sense that z., € LY(Q) N LH(Q) and cPqolu] < 2.
2
Hence Pq[u] € L5(€), which implies € W~ 2" (Q) by [16]. O

Those weak solutions are characterized by their boundary trace. Let ¥, = {z €
Q:p(x) =€ >0} and g = 9. For 0 < € < ¢y the hypersurfaces ¥5 defines a
foliation of the set Q, = {z € Q : 0 < p(x) < €}. Let 7(z) be the orthogonal
projection of z € Q, on Q. Then |z — n(z)| = p(z) and n, = (p(z)) " (r(z) — ).
The mapping

2 T(z) = (p(e), 7()),

from Q. onto (0, €y] x X is a C? diffeomorphism and the restriction II. of IT to X is

a C? diffeomorphism from ¥, onto ¥g. Let dS, be the surface measure on ¥, then

a continuous function u defined in €2 has boundary trace the Radon measure p on

0N if

lim [ uZdS.= /Zdu for all Z € C(Q). (2.66)
¥e b

e—0
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Equivalently, if ¢ € C(992) and (. = ( o II-! € C(X,), then

lim [ uCdS. = /Cd,u for all ¢ € C(09). (2.67)
e—0 Ee »

The functions v, solution of (2.57) and w solution of (2.58) admit for respective
boundary trace p and cu. Furthermore, for the equations in (2.57) and (2.58), the

existence of a boundary trace of a positive solution is equivalent to the fact that
v, € LYQ) N LH(Q) and w € L1(Q) with Vw € L() respectively.

Proof of Theorem 1.3. If we assume that (1.16) holds, the measure p is Lipschitz

continuous with respect to capd?, and capd?, o By [4, Theorem 1.3] there exists
P’ a0
c17 > 0 such that for any 0 < ¢ < ¢;7 there exists a weak solution w = w,, to (2.58)

and there holds for some positive constant c;g depending on ¢ and €2
Wey < c1gcPap]. (2.68)

By [16] there exists a unique solution v, to (2.57) with u replaced by cp. The
functions w,,, and v, are respectively supersolution and subsolution of (2.57) with
boundary data cu and there holds,

Vep < Pap] < wep (2.69)
Hence there exists a nonnegative function wu satisfying (1.1) and such that
0 < ey < u < wey < crgcPolp]. (2.70)

Moreover v, € L5(Q) and Vwg, € L(Q). Because ve, and w, have boundary
trace cu in the sense of (2.66) and (2.67), the function u has the same property and
we denote it by wu,. Assuming that ¢ < min{cig, c17}, there exists also Z¢y solution
of (2.65) which satisfies z,, € LH(Q?) and cPqlu] < 2z, by the maximum principle.
Therefore we, € L}(2) and finally ug, € L3(€).

Let ¢ = Go[uk,], then ¢ > 0 and

— Aty + ) = [Vaug|”.

The function u., + ¢ is a nonnegative superharmonic function in 2. By Doob’s
theorem [6, Chapter IT], —A(uc, + ¢) € L (). Hence [Vu,| € L3(§2). This implies
that u., is a weak solution of (1.15). O
p(N+1)

Proof of Corollary 1.4. Since inequality > Z% always holds as N > 2, and

N+¥1+p
2 ﬂ . . 2_p P(N+1) 3 3 2 ﬂ
5> i equivalent g > 513, We note that ¢ > B > implies 5> Therefore

the Bessel space L2 ,(0€2) (constructed by using local charts on 0f2 as it is indicated
P J.

in [4, p. 3]) is continuously imbedded into the Bessel space L2-q ,(0%) (see e.g. [1],
q )

[23]), since
o (3 _ ﬂ) s g> PNFD (2.71)

1
> =
—p N-1\p q T N+4+1+p

1
q
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for all ¢ € C3(99). (2.72)

0’

IClle,, < el
—q 9

kSN

Let K C 09 be a compact set and (,, a sequence of nonnegative functions in C3(9)
such that 0 < ¢, <1, {,, > 1 on K and such that

/
16all7, p { Cap(z(;,(K) as n — 0o.
p’ P’

Then ,
L[

o0 ‘ s ' "m0
<cap2quq,(K )) < liminf|lGallz,_, < ccaps ), (K).

q

Since ¢ < p, we deduce

’
j2 P
21

(cart, 0) " cant, (1) < (cartl, ()

Hence
cap?®, oK) < 021cap§‘;,(K) (2.73)
’ p7

q

Combining (2.73) and (1.17) we infer

wE) < Ccap@& q,(K) = (C'min {capgﬂq q,(K), czlcapgﬂp,(K)}
p?

q ’ q ’

< C'max{1, ¢z1 } min {capggq q,(K), capggp,(K)}

p J.
then (1.16) holds. The proof follows by Theorem 1.3. O

Remark. The following alternative proof of the result holds. Under the assumption
(1.17) there exists a weak solution w,, of (2.58) which satisfies Po[u] < we, and
Vwe, € L}(2). By classical imbedding theorems between weighted Sobolev spaces

(see e.g. [23])
1 1
</Q|wc“|ppd:n> "<c </Q|Vwcu|qu:n> T /Q|wcu|pdx, (2.74)

for all » > 1 such that

1 p(N +1)
— >0 qg> - ———7—.
q N+1 1 N+1+p

==
AV

Furthermore the condition ¢ < 2 yields p < % Under this condition, P[] €
LE(S2). By [16] p € WP (0€2). Again by [16] there exists a solution v, to problem
(2.57) and inequality (2.69) holds. The end of the proof is similar to the one of

Theorem 1.3.
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Proof of Corollary 1.5. We recall the formulation of [1, Theorem 5.5.1] in our
framework. There exists a constant A > 0 such that if £ C 02 is a Borel set, then

D’

p—1 q—1
(N-1)(p—1)-2 (N=1)(g—1)+q—2 ’ ’
e 2 2—
(car, ) <4 (e, (B)) it %< O N1
q b

(2.75)
Now
20 (2—q)d N+1 2p N+1
— < —"" <N-1= < d
P-4 N S9sp M Po N
: (¢=DH((N-1)(p—1)=2) 2 :
Since (pﬁl)((N_l)(qfl)+q_2) >lasqg< #’1, we infer

(g=H((N-1)(p—1)—2)
) -1 ((N=1)(q—1)+q—2)

cap?® (E) < A’ <cap(39q o)
q b

D’

< cogcapd?, q,(E)- (2.76)
q b
Then
w(E) < C’capg%,(K) = C'min {cap‘z%,(K),cQgcap‘ZQq q,(K)}
P’ P’ Tq

< C'max{1, co2} min {cap‘rﬁ q,(K),cangp/(K)} .

q D’
This implies the claim. O
Remark. If 85 = ¢ < 1% then [1, Theorem 5.5.1] yields

1

A N
In——o—— <A 9 E> : 2.77
v | <A (w0 @)

p7p
Therefore, if we assume that
—-N
A

WE) <ar [m—Aa | (2.78)

cap ()

D’

then p is absolutely continuous with respect to capgfij, and Lipschitz continuous with
p7

respect to cap% " Consequently there exist v, and w., weak solutions of (2.57)

q b

and (2.58) respectively, and they satisfy 0 < v, < w,. Consequently there exists

¢y, which satisfies (1.1) such that ve, < e, < wey. Therefore ug, has the same

boundary trace cu. However we do not know if u., belongs to L5(€). Therefore it

is not clear wether u,, is a weak solution of (1.15).

The proof in the partially sub-critical case is simpler.
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Proof of Corollary 1.6. If 1 < p < {24 for any p € M (0Q) problem (2.57) admits

a unique solution v, (see [13]). If 1 < q < N +1 , then there exists agp > 0 such that
for any non-empty Borel set E C 992, cap® 2 q,(E) > ag. Therefore

[l
WE) < |lplloy < =Peap, (E).
ao 7 1
It follows from [4, Theorem 1.3] that problem (2.58) admits a solution w,, whenever
|| el is small enough. By [5] problem (2.65) admits a solution z, with cu replaced
by p provided |||y is small enough. Furthermore

wy, < Polu] < 2. (2.79)

Since z, € LH(Q), w, € LH(?). Hence by the same arument as in Theorem 1.3,
there exists a solution wu,, of (1.1) which satisfies v, < u, < w),. Hence u, € L5(Q)
and by the previous argument Vu, € L}(€). This implies again that u, is a weak

solution of (1.15).

Ifl1<px< % and < ¢ < 2, then problem (2.57) is uniquely solvable for

any pu € My (09), whlle problem (2.65) admits a solution z,, with cu replaced by
p provided ||plgy is small enough and since (2.61) holds, problem (2.58) admits a
weak solution provided 0 < ¢ < ¢o. Since (2.79) holds with z, € L(f2), the result
follows as above.

Ifp > %ﬂ, l<qg< X +1 and p € M, (092) absolutely continuous with respect to
cap‘z(;,, there exists u,, Solution of (2.57) and w,, solution of (2.58) provided c ||| oy
p?
is small enough. Since [Vw,|? € L;(Q) the function w,, belongs to the Marcinkiewicz
N+1 N+1

space M, T (Q) (see eg. [27]). Since MY " () C LH(Q) as 1 < p < XL, it implies
that w, and therefore u,, belongs to L5(2). The end of the proof is as above. O

N+1

3 Separable solutions

Separable solutions of (1.1) in R~ \ {0} are solutions which have the form

u(z) =u(r,o) =r "w(o) for (r,0) € Ry x SN-1.

This forces ¢ to be equal to K to p%l (recall that this defines ) and w satisfies

it
—ANw+a(N-2-aw+ |wPw—M(a?w? + |V’(,u|2)f’%1 =0 in SN-1.

(3.1)
Constant positive solutions are solutions of

XPL = MaFfTXFT 4 a(N -2 —a) = 0. (3.2)

This existence of solutions to (3.2) and their stability properties will be detailled in
a forthcoming article [10]. The understanding of boundary singularities of solutions
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of (1.1) is conditioned by the knowledge of separable solutions in RY vanishing on
OR~ \ {0}. Then w is a solution of

—ANw+a(N-2-aw+ [wPlw—M(a?w? + |V’w|2)# =0 in SY
w=0 in 95y "
(3.3)
3.1 Existence of singular solutions

We recall the following result due to Boccardo-Murat-Puel dealing with the quasi-
linear equation in a domain G C RV

Q(u) := —Au+ B(.,u,Vu) =0  in D'(G), (3.4)

where B € C(G x R x R¥) satisfies, for some continuous increasing function I' from
Rt to RT,

|B(x,r, )| <T(|r])(1 4 |£?) for all (z,7,&) € G x R x RV, (3.5)

Theorem 3.1 Let G be a bounded domain in RN . If there exist a supersolution ¢
and a subsolution 1) of the equation Qu = 0 belonging to W1>°(G) and such that
Y < @, then for any x € WH(G) satisfying v < x < ¢ there exists a function
u € WH2(G) solution of Qu =0 such that ¥ <u < ¢ and u—x € Wol’2(G).

Remark. Mutatis mutandi, the same result holds if RV is replaced by a Riemannian
manifold.

Their result is actually more general since the Laplacian can be replaced by a
quasilinear p-Laplacian-type operator and B by a perturbation with the natural p-
growth. This theorem has direct applications in the construction of solutions on
S¥7*, but also for the construction of singular solutions in several configurations

Proposition 3.2 Let Q2 be a bounded smooth domain containing 0, p > 1,1 < q <2
and M € R. Assume that equation

—Au+uP — M|Vul|? =0, (3.6)
admits a radial positive and decreasing solution v in RN \ {0} satisfying

lim v(z) = cc. (3.7)

|z|—0

Then there exists a positive function u satisfying (3.6) in 2\ {0}, vanishing on 02
and such that

(v(x) —max {v(2) : |z| = do}), < u(w) <w(z) forall x € Q)\ {0} (3.8)

where §y = dist (0,09).
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Proof. Put m = max{v(z) : |z| = dy} = v(dp). The function v,, = (v —m)4 is a
radial subsolution of (3.6) in €, positive in By, \ {0} and vanishing in Q \ Bs,. For
e > 0set Q. = Q\ B.. Since v, is dominated by the supersolution v, there exists a
solution u, of (3.6) in €, such that v, < u. < v and u. — v, € HE(Q). By standard
regularity estimates, u, is C2, hence it solves

—Aue +uf — M|Vu|? =0 in Q.
Ue = Upn on 0B, (3.9)
U =0 on Of).

Notice that u. is unique by the comparison principle. If 0 < € < e the function
ue solution of (3.9 ) in Q. with the corresponding boundary data is larger than v,
and in particular ug|9p,> vmlop.= uc|op.. Hence ug > ue in Q.. When € | 0, u,
increase and converges in the Cllo’f(ﬁ\ {0})-topology toward some function u which
satisfies (3.6) in Q \ {0}, is larger that v, and smaller than v, vanishes on 92 and
such that (3.9) holds. O

The previous result can be adapted to the study of solutions with a boundary
singularity in bounded domains which are flat enough near the singular point or in
RY.

_l’_

Proposition 3.3 Letp>1,1<¢ <2 and M € R. Assume that the equation (3.6)
admits a positive solution w in RY belonging to C(RXY \ {0}), radially decreasing in
RY and satisfying

%in(l) w(to) = oo uniformly on compact sets K C SY . (3.10)
i

Assume also
(i) either wLaRf\{o} is bounded,

(1) or  C RY is a bounded smooth domain such that 0 € OS2 starshapped with
respect to 0 and such that w|ao\ oy is bounded.

Then there exists a positive function u satisfying (3.6) in RY in case (i), or Q in
case (i) , vanishing on ORY \ {0} in case (i), or O\ {0} in case (ii), and such that

(w(z) — sup {w(z) : z € ORY \ {0}})Jr <wu(z) <w(z) foral zeRY, (3.11)

where K = sup {limsupw(z),sup {w(z) : z € ORY \ {0}}} in case (i) or

|z]—00
(w(x) —sup{w(z) : 2 € 92\ {0}}) . <wu(x) <w(z) forall x €. (3.12)
in case (ii).

Proof. The proof is a variant of the preceding one, only the geometry of the domains
is changed.
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In case (ii) set m = sup{w(z):2z € 9N\ {0}}. Then the function z — w,, =
(w(z) —m)4+ is a subsolution of (3.6) in €. It vanishes on 90\ {0} and is dominated
by w. For € < &, let Q. denote Q N B.". We consider the problem of finding u,
solution of

—Aue +uf — M|Vu|?=0 in Q.
Ue = Wy on 0B. NN (3.13)
ue =0 on B¢ N oS.

Again since ue — wy, € H&(QE) and since wy, is smaller than w|q,, the solution w,
exists and it satisfies wy,, < ue < w in Q. If 0 < € < €, uer |90, > ue|go. = vm. Hence
ue > € in Q. As in the proof of Proposition 3.2 the sequence {u.} is relatively
compact in the cLo (2 \ {0})-topology, which ends the proof.

loc
In case (i), for n > 0 set K,, = sup{w(z): 2 € B} \ {0}} where, we recall it,
B;f = B, NRY. The function wg, = (w — K,)+ is a subsolution of (3.6) in B,
which vanishes on 9B, \ {0} and is smaller than w. For 0 < € < n we denote by
U, the unique function satisfying

—Atcp + Ul — M|Vuepel? =0 in T, := B\ B,
Uep = Wy on 0B NRY (3.14)
Uen =0 on (0B NRY)U (T, NORY).

For ¢ < e < n <n' there holds wg, < ten < Uey < w in I'c,. Letting n — oo
and € — 0 there exists a subsequence still denoted by {uey} which converges to a
solution of u of (3.6) in RY vanishing on ORY \ {0} and satisfying (3.11). O

Remark. The assumption that wbg\{o} is bounded is restrictive. For example if
w(to) = t™w(o) the flatness assumption means that dist (z,RY) = O(|z|*™!) for
all z € 9) near 0. It can be avoided in case of the existence of a subsolution.

Proposition 3.4 Letp > 1,1 <¢q <2 and M € R. Assume that the equation (3.6)
admits a positive supersolution w in RY belonging to C(RY \ {0}) satisfying (3.10).
Assume also

(i) either there exists a positive subsolution Z € C(RY \{0}) vanishing on ORY \ {0},
smaller than w and satisfying (3.10),

(1) or Q@ C RY s a bounded smooth domain such that 0 € 0Q and there exists a
positive subsolution Z € C(Q\ {0}), vanishing on O\ {0} such that Z < w|q and
satisfying (3.10).

Then there exists a positive function u satisfying (3.6) in RY (resp. ), vanishing
on ORY \ {0} (resp. 0\ {0}) and such that

Z(x) <u(z) <w(z) forall x € RN + (resp. x € Q). (3.15)

Ezample. If 1 < p < % it is proved in [13] that if & C RY is a smooth bounded

domain such that 0 € 9, there exists a nonnegative function Zs, € C(Q\ {0}) N
C?(9) satisfying the equation

—-AZ+ZP=0 in Q
Z=0 on 00\ {0}, (3.16)
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2
and such that t7~1 Z,(to) — 1(c) uniformly on compact sets K C S¥ ' ast — 0
where 9 is the unique a positive solution of

Ay +a(N—-2—a)yp+9yP =0 in S¥!

P =0 on 9SY . (3.17)

Furthermore, for any k& > 0 there exists a nonnegative function Z, € C(2\ {0}) N
C%(Q) satisfying (3.16) and such that V=17, (to) — k¢i(c) where ¢ has been
introduced in Theorem 1.11, uniformly on compact subsets of S ~'. Furthermore
Zy 1t Zso when k — oo. If the equation (3.6) admits a positive supersolution w in
RY belonging to C(RY \ {0}) and such that Zj, < w in €2 for some 0 < k < oo, then
there exists a positive function u satisfying (3.6) in 2, vanishing on 92 \ {0} and
such that

Zi(z) <u(x) <w(z) forall z e (3.18)

The same result holds if €2 is replaced by RY.

3.2 Existence or non-existence of separable solutions

Since any large enough constant is a supersolution of (3.1), it follows by Theorem 3.1
that if there exists a nonnegative subsolution z € VVO1 2?(SY1), there exists a solution
in between.

3.2.1 Proof of Theorem 1.9

We recall that ¢, is the first eigenfunction of —A’ in Wy"*(S ") with corresponding
eigenvalue Ay = N — 1. Put

Hw)=-Aw+aN-2-a)w+ o tw—M (a2w2 + |V'w|2)#

then
H(g1) = (N = 1+a(N = 2= a)) 61+ of = M (a6} +|V'on )51

If ¢y is small enough, there holds ¢} — M (a2¢% + |V'¢1|2)# < 0, hence ¢ is a
subsolution. However the condition N — 1+ «(N —2 — «) < 0 is too stringent.
We can use the fact that, up to a good choice of coordinates, ¢; = ¢1(0) = coso
with o € [0, 7]. Furthermore the statement ”¢; is small enough” can be replaced by
¢1 = 6 coso with § > 0 small enough. Then

5‘1H(6% cos o)
P

=(N—-1+a(N —-2—a))cosa + 6 ! cosP ¢ — M(a? cos? o + sin? o) 741,

The problem is to find § > 0 such that for all o € [0, ] we have H((S% coso) <0.
1
Put Z = coso and 5_1H(5£%1 coso) = 5_1H(5%Z) = Ks5(Z), then

Ks(Z) = (N =1 alN =2 = a)) 2+ 074127 = Mo((a? ~ )Z* + )77,
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where 0 < Z < 1. We use the fact that
o? cos? o + sin? o > min{a?, 1}(cos? o +sin? o) := K% > 0,
hence
Ly, L 1 2
S 'H(5»1coso) < (N—1+a(N—-2—a))cosa+ P! cos? o — Morrt.
Then

K5(Z2) < K5(Z) = (N — 1+ a(N — 2 —a)) Z + #7127 — Mox#T,  (3.19)

and
Ki(Z)=N—1+a(N —2—a) +psPttzr1, (3.20)
If N—-14a(N—-2-a)>0,equivalently p > %, then f(g >0 on [0, 1], hence

o 2
K5(Z) < K5(1) = N — 1+ a(N —2— o) + 81 — Mowit.

The function § — IN((;(l) achieves its minimum for 6 = §y := 3 P <1%> " and

pt1
- M R
Ks,(1) =N —1 N—-2—a)—pr? | — .
W) =N = T4 a(v—2-a) - pe* (21
Therefore, Whenpz%, K5, <0on [0,1] if
(M)p—j,f1 S (MNyp)p,,i _ N-1+a(N-2-q«a)
p+I = \Uptl ’ pmin{1,a?}

(3.21)
(p+1) (PN —-1) = (N +1))

pmin{(p —1)% 4}

If N -1+ a(N —2—a«a) <0, equivalently p < %ﬂ, it is clear from (3.19 ) that
~ 1 1
Ks(Z) <0 for any Z € [0,1] as soon as § < kr+ti M».

Improvement in the case a > 1, equivalently 1 < p < 3 . We set

Pz - @2ZVZ 41
Z v
Then
F'(Z) _ (p—1)(*-1)Z° - (p+1)
F(z)  pl(a2-1)22+1)Z
Since

Ks(Z) <0« (N —1+a(N —2—a))+ 6P 2P < M§F#1(2Z)  (3.22)
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for all Z € (0,1], it is sufficient to prove

(N—1+a(N—-2—aq))+6t < Ms Jmin F7i(2) (3.23)
S )

The function F' is minimal on (0,1] at Z = Zy = va? — 1 (remember that oo = p%l)

and F(Zy) = (o + 2)(c — 1) 2.

If Zy <1, equivalently o > 2, inequality (3.23) is satisfied if one find ¢ such that
(N —1+a(N —2—a)) + 6P < MOF#1(Z,),

and a sufficient condition is

( M )* <MN>L N-1+aN-2-a)
p —_
p+1

= 3.24

p+1 F(Zo) (329
If Zy > 1, equivalently 1 < o < 2, the minimum of F on (0, 1] is achieved at Z =1
with value F(1) = o2, hence a sufficient condition is

(N-1+a(N-2—-a)) 4+ < Méozp%),

and we obtain the desired inequality as soon as

p( M >% <MNJ,>’T. N-1+a(N-2-a)
p+1

= . 3.25
p+1 ( )
This ends the proof. O

a2

Remark. Introducing m** defined in (1.11), inequality (3.21) endows the form

Ap+1) NPT
w2 (e s) (320

in the general case and a more complicated expression in the case a > 1.

3.2.2 Non-existence

Theorem 3.5 Let p > 3 and M < m**, defined by (1.11). Then equation (3.1)
admits mo positive solution.

Proof. If w is a positive solution of (3.1) the function 1 defined by w = n® for some
b > 0 satisfies

2
A+ (1—b) [V'n| n (N _b2 - Oé)n " %T,l+(p—1)b
n

b=1)(p—1)
M17 p+1

- (a2 + b2‘v/n’2)p—i1 —0.
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Since for any € > 0 we have by Hélder’s inequality,

(b—1)(p—1) D
/SNlnH ST (a2n2 +b2w/m2)p+1 ds
+

p+1

€rp 2 2 21/, 12 1 / 24+ (p—1)b
< b*|V —_— p ds,
=~ p—i—l/si’l(a 77 + ’ 7]’ )+ (p—|—1)€p+1 Sfiln

it follows that

+1 p+1

prl
2—b—M”pb/ IV'n[2dS + & N_2—a—M”O‘p/ n2ds
p+1 gyt b p+1 sV-1

1 M
(- —F 2+(-1bgds < 0.
‘%b< @+¢km4>l§1" -

(3.27)
If b€ (0,2), e >0 and M > 0 are linked by the relation
"5 pb 2-b)(p+1
P p+1 —
2—b—M6p b EO@MGPS%, (3.28)

inequality (3.27) turns into

a(N—2—a) Mevrp a?
<(2—b)(N—1)+ - - <(N—1)b+7>)/sflnzds

(3.29)
Next we choose M
p+1 _ - 3.30
‘ p+1 (3.30)
and we define the function b — L(b) by
(N-2-a) M\ 2
o — — P o
= (2 b)(N — - N-1p+ ). 331
2= - p - 1)+ 2 ()T (- ) )

Because N — 1 is the first eigenvalue of —A’ in I/VO1 2(S™1), (3.29) combined with
(3.30) yields

L(b)/N 1n2d5 <0. (3.32)
Sy

Furthermore, if inequality (3.28) is strict, and since 7 is not a first eigenfunction,
inequality (3.32) is also strict. Then L(b) > 0 if
pt1
M\ 7 b2—-b)(N—-1)+a(N-2—a)
— < f(b) :=
p<p+1> —f() (N—l)b2—|—0é2

. (3.33)
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Now
—2(N —1)?

f'(b) = (VP 1 a?)? (b+ a) <b— N 1) .

Notice that

a N +1
<]l < p> .
N_1° P=NT1

Ifl<p< %, then f’ > 0 and in such a case the maximum of f over (0,1] is
achieved at b = 1 and for such a value L(b) < 0.

If p > N+ then f is increasing on [0, ~—7) and decreasing on (%7, 1], hence the

N-1 N—_1°
maximum is achieved at b = g%, which gives
o' N-1-a (N-1p—(N+1)
= = . 3.34
/ <N — 1) o 2 (3:34)
. . +1
Therefore there exists no solution if p > — and
pt+1 p+1
M \'» m** N\ e (N—1p—(N+1)
< = . (3.35)
p+1 p+1 2p

Remark. Using Theorem 1.1 we can prove the previous result in the case M < m** .
Indeed, if w is a positive solution of (3.1), uy(r,.) = r_%w(.) is a positive solution
of (1.1) in RY vanishing on ORY \ {0}. Let & C RY be any smooth domain such
that 0 € 9Q and 99 is flat near 0. Then u, < K on 9N for some K > 0. Put
v = (uy — K)4, then it is a nonnegative subsolution of (3.1). For any € > 0 small
enough there exists a solution u. of

“Au At uP — M|Vl =0 n Q:=QnB
U= on 0B, NN (3.36)
u=0 on B¢ N oS

Then v < ue < uy,. Furthermore, for 0 < € < €, ue < ue in Q.. Hence {u}
converges, when € — 0 to a solution wug of (1.9), which satisfies v < uy < w,, and
therefore vanishes on 99 \ {0}, which is a contradiction.

4 Solutions with an isolated boundary singularity

4.1 Construction of fundamental solutions

Let Q be either RY or a bounded domain with 0 € 92. A function v satisfying (1.8)
is a fundamental solution if it has a singularity of potential type, that is

N
o leVu()

= 4.37
) ek (4.37)
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for some k£ > 0. The function u can also be looked for as a solution of

—Au+uP — M|Vul? =0 in Q
w=ksy  inoQ, (4.38)

in the sense that u € LE(Q N B,.), Vu € LZJOC(Q N B,,) for any r > 0, and for any
¢ € CHQ) N W?2>(Q) there holds

/ (—uAC + uPC — M|Vuli¢) dz = — Z—C(O). (4.39)
Q n

We first consider the problem in RY.

Proof of Theorem 1.7. The scheme of the proof is surprising since we first show
that, in the case ¢ = 1%’ there exists M7 > 0 such that for any k£ > 0 and any
0 < M < M, there exists a solution. Using this result we prove that if 1 < ¢ < z%’
then for any M > 0 and k > 0 there exists a solution. Then we return to the case

q = z% and using the result in the previous case, we prove that when ¢ = z% we

can get rid of the restriction on M > 0 and k£ > 0 for the existence of solutions.
I- The case q = 1% and M upper bounded.
For ¢ > 0 the transformation 7, defined by

Tyul(e)] = 0r-Tu(le), (4.40)

leaves the operator £ o invariant. We can therefore write
D

Tyluy] = UM% +1-N

in the sense that if uy satisfies (4.37) then Tjy[uy| satisfies the same limit with k
2

replaced by k117N This observation will take its complete value as we will
prove later on than wu; can be the minimal solution for this k. Therefore if there
exists a solution to (1.8) in RY, vanishing on ORY \ {0} satisfying (4.42) for some

k > 0, then there exists such a solution for any k& > 0.

Step 1- Construction of a subsolution. For k > 0 we denote by v; the solution of

—Av+vP =0 in Rfﬁ

v="ksy  on ORY \ {0}, (4.41)

Such a solution exists thanks to [13] if RY is replaced by a bounded domain €.
If case of a half-space the problem is first solved in B, and by letting n — oo,
we obtain the solution in RY. Clearly vy is a subsolution of problem (1.8), and it
satisfies

cou(@)
ili)l%) Po(x) k, (4.42)

, N Ty . . . N
for some ¢/, > 0, where Py (v) = Cn T I8 the Poisson kernel in RY.
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Step 2- Construction of a supersolution. It is known that
VP ()] = ||V (x), (4.43)
where ¢(.) is smooth and verifies
0<é <c(x) <é for some ¢1,¢é9 > 0.

We construct wy in RY under the form

wy = kP, + w, (4.44)
where w satisfies 2Np
~AwtwP = agla| P i RY (4.45)
w=0 on ORY,

for some a > 0 to be chosen later on. Then
wy, = —Aw + (kPy +w)P — M ([kV P, + Vu|?) 71
2N _p_
= (kPy + w)? —wP + a72|x|_PT11) — M (|[kVP, + Vuw|?) P

2p

_2Np 2p 22 anp 2
> pkPywP~! + ayo|z| PHT — 2M | kP4t 2| T e+ [Vaw| P ) .

Now it is easy to check using Osserman’s type construction as in [25, Lemma 2.1]
and scaling techniques that

1 2N N
w(z) < g3 min {arla] 71, ale 07D L

and 1 ) N
[Vw(z)| < 44 min {a5|x|_m—17 a|x|1‘m}

—
2p_ 2 _ 2p(2N+p+1)) 2p 2p(p+1—2Np)
|Vw(z)|7+T < 5 min § a?+7 |z P+D?  qpHT|g]  @+D?
Therefore, if we put
P -1

T

T (N +1-p(N 1)
then 7 > 0 since N +1 > p(N — 1) and

2Np 2p P 2p  2p(N+1-p(N—1))

2|7 FTL ,  wp >y (@ — 2MEPTALT ) — 2Mysa v T |2 (p+1)?
et 4.46
op P ( : )

>y (@ — 2MEPTAS™ | —2M~ysa in B,
and similarly,

2Np 2 I : +e

|| PFT /J%p LWk =2 | a— 2M kP Ty —2Mn~sain (B;)C. (4.47)
2P,
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Replacing 7 by its value, we obtain a very simple expression from (4.46) and (4.47),
valid both in B} and (B}>)¢, namely

|$|i%£p2f1’1”wk > <a — 2Mk‘%7§+1> —2M~sa in RY. (4.48)
When
M < M := 2% (4.49)
then for fixed k, if we take
N AT T
Yo — 2M~ys

we infer that the right-hand side of (4.48) is nonnegative, hence wy, is a supersolution.

Step 3-FExistence. For 0 < k < kg wy, is a supersolution which dominates the subso-
lution vy,. Hence, by [28, Theorem 1-4-6] there exists a solution wuy, to (1.8) in RY,
vanishing on ORY \ {0} and such that v, < uy < wy. Since

i @) wk(@)
=0 P, (z)  2—0 P, (x)

)

it follows that wj inherits the same asymptotic behaviour. Since k < kg can be
replaced by any k > 0, the existence of a solution follows.

II- The case 1 < q < z%‘ Assume M < My, k > 0 and 1 is the minimal solution

of (1.8) in RY with ¢ = z%’ vanishing on ORY \ {0} and such that (4.42). Since

V|27 > |V |9 — 1, there holds

—Ady, —I—’LNLz + M — M|Vug|? > 0.

Hence uj, = u, + M v is a supersolution (1.8) in RY and it dominates v, defined
in (4.41). By [28, Theorem 1-4-6] there exists a solution wuy of (1.8), vanishing on
ORY \ {0} and satisfying (4.42) under the following weaker form

uy(tr)
im
t—0 P (tx)

=k uniformly on compact subsets of RY. (4.50)

Since |z|N "ty () is uniformly bounded and vanishes on 9RY \ {0}, it is bounded in
the CL (RY)-topology. Hence (4.42) holds. This proves the result when M < M;.
Next let M > 0 arbitrary and k& > 0. In order to find a solution u := uy to (1.8),

2
we set u(z) = £ »=1Uy(7). Then Ly pu = 0 is equivalent to

2p—q(p+1)

L,y U= —AU+Up = M[VU|? =0 with My =M 1,
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and (4.42) is equivalent to

Uy()

2 41-N
= fp-1
B ea s R P

2p—q(p+1)

Since 2p — q(p + 1) > 0 it is enough to choose ¢ > 0 such that M¢ »-T < M,
and we end the proof using the result when M < M;.

III- The case q = z% revisited. Let p < p < % Then Z% < %. This implies

that for any M > 0 and k > 0 there exists a positive solution uy to

~ 2
— Ay + i@l — M|[Vig|r1 =0 in RY,
vanishing on ORY \ {0} and such that

. ag(x)
1 = k.
250 P (z)

Since p > p we have 11’,2 > ﬂz — 1 and therefore

2
—Adiy, + @ — M|Vi|7 T >1>0  in RY. (4.51)
The function ¥, solution of

—Av+vP =0 in RY

v = kdy on ORY \ {0}, (4.52)

is a subsolution of (4.51), hence the exists a solution uy of such that v < up < y,
of (1.8) in RY, vanishing on JRY \ {0} and such that (4.37) holds.

1V- The case % < q < # We follow the ideas of Case I. We look for a

supersolution wy under the form (4.44) where wy, satisfies
—Aw + wP = ayg|x| N in RY

(4.53)
w=0 on ORY,

for some a > 0. Then

L, wp = —Aw+ (kPy +w)? — M (JkVP, + Vw[?)?
= (kP +w)? — wP + aye|z| N — M (|kVP, + Vw|?)

> pkPywP™t + ayolz| N — 2M (kiyd|z| N9 + [Vw|?) .

q,M
q
2

As in Case I, by scaling techniques,

1 N
w(z) < ygmin{arlal” 7, alz27N7 |

and . g
V(@) < yamin{ar|a] > ale] =V}
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Hence
N R T (1-Ng)
[Vw(z)|? <ysmin§ar|z[ > % az[T77 5.

We set
1 p—1

% —Ng¢  2p-Ngpp-1)
Then, by the definition of 7,

[2IN9L, w0 = 72 (0 — 2M k1987 ) = 205t fe oV H-ND

1+ N—p(N=1) (4.54)
> Y2 <a — 2Mk‘qyg_1> — 2M~sa T NETY i B},
and
N 1<2kN7p(N71)
\x]mﬁzﬁp LWk =72 (a — 2M/<;q’y§_1) —2M~sa @ NCY p (BH)e.  (4.55)
Pl

We obtain a very simple expression from (4.54) and (4.55), valid both in B, and
(B)¢, hence

1+N—p(N—1)

2N ]
\x]ﬁﬁ%p LWk =72 (a — 2qu’y§_1) —2M~sa TONED gy RY (4.56)
I

Using the scaling transformation 7, defined in (4.40), the problem of finding wy
solution of (4.38) is equivalent to looking for a solution of

2p—q(p

+1)
—Au+uP — ML T |Vul?=0 in RY

w=ker1 N5, in ORY.

(4.57)

2p—q(p+1)

41
If we replace M by My := M{~ 7T and k by k; := MZTl_N, the inequality (4.48)
turns into

1+N—p(N—1)

2N
|x|PT11,£% LWk =2 <a - 2Mgk‘?7§_1> — 2Myysa TNe-D gy RY,  (4.58)
2P

2
where wgy = w + k¢R instead of (4.44). Notice that Mk} = M1 Nga We

choose ¢ > 0 such that Mgk’g’}/g_l = 1, hence

a 1+N—p(N—1)
Wy,¢ > % (1 — 5y kg TN ) in RY. (4.59)

It is now sufficient to choose a > 0 such that the right-hand side of (4.59) is nonneg-
ative and thus wy, ¢ is a supersolution. Since ¥y, ¢ is a subsolution smaller that wy, g,
we end the proof as in Case 1.
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V- Existence of a minimal solution. Next, if u}z and ui are solutions they dominate
v, and the function uiz = inf{uy 1, ug 2} is a supersolution which dominates vy.

Hence there exists a solution 4 such that

v < up < u,1€’2.
Let & be the set of nonnegative solutions of (1.8) in RY, vanishing on ORY \ {0}
and such that (4.37) and put

up = inf{v : v € &}

Then there exists a decreasing sequence {v;} such that v; converges to uj on a
countable dense subset of RY. By standard elliptic equation regularity theory, v,
converges to uy on any compact subset of RY \ {0}. Hence uy, is a solution of (1.8)
in RY, it vanishes on ORY \ {0} and (4.42) since uj, > vj. Hence uy, is the minimal
solution. U

Next of we consider the same problem in a bounded domain §2.

Proof of Theorem 1.8. We give first proof when @ C RY. We adapt the proof of
Theorem 1.7. The solution vy, of

—Av+vP =0 in Q

v = kdg on 0f2, (4.60)

is a subsolution for (1.8) in  and satisfies (1.23 ). The solution uy of (1.8) in RY
vanishing on ORY \ {0} and satisfying (4.37) dominates vy in . Hence the result
follows by Proposition 3.4.

When (2 is not included in RY, estimates (4.43 ) is valid with the same type
of bounds on ¢. We also consider separately the cases ¢ = z% and M upper

bounded q < Z% and M > 0 arbitrary and ¢ = 1% andM > 0 arbitrary and
1

ﬁnally 1 <g< N+
where w Satlsﬁes

. For supersolution we consider the function wy, := kP + w

2N
—Aw—kwf”:afyg\x]_ﬁ in (4.61)
w=20 on 012,

for some a > 0. The estimates on w endow the form
1 N
w(z) < yzarlzH ),

and oy

Vu(z)| < mar e 724,

where 3 and 4 depend on Q. Hence (4.48) holds in © instead of RY, and we have
existence for M < M, where M; is defined by (4.49). Then we prove existence for
any M > 0 and k£ > 0 when ¢ < o1 7 then for any M > 0 when g = —1 and finally

When 1 <qg< N"'l as in Theorem 1.7. U
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4.2 Solutions with a strong singularity

4.2.1 Thecase1<q<erl

pr—Maund1<q<NJrl aund1fp>NJrl andelther1<q< 7 and M > 0 or

q=7 +1 and M > m™* defined in (1.11), the singularity is removable by Theorem 1.1.
Thus the ranges of exponents that we consider are the following,
() 1<q<2and 1<p<fH, o)
(é4) (p,q) = (% %)

If (4.62)-(i) holds, ¢ < 23}, and in this range the limit of the fundamental solutions
up, when k — oo is a solutlon with a strong singularity with an explicit blow-up rate.
In the case of a bounded domain our construction necessitates a geometric flatness
condition of J near 0. We consider first the case @ = RY.

Theorem 4.1 Assume (4.62)-(i) holds, then for any M > 0 there exists a positive
solution u of (1.1) in RY wanishing on ORY \ {0} such that

_oou(x)
il_H}?(l] Po(x) 0. (4.63)
Furthermore,
(i) If 1 < q <22,
lim rleu(r ) =1 uniformly in SY7', (4.64)

r—0

where 1 1s the unique positive solution of (3.17).
(“) Ifq = p+1’

lim rpzlu( ) =w uniformly in SY*, (4.65)
r—0

where w is the minimal positive solution of (1.27).
Proof. If k > 0, we denote by u = uy, ps the solution of

—Au+uP = M|Vul|? in RY

u = kdgy in ORY. (4.66)

The mapping k »—) uy is increasing. We set Ty[u] = uy, where T} is defined in (4.40).

Since 1 < ¢ < p+1,

Té[uk M] =UuU - 2p—q(p+1) -
’ kZPTl+17N7M€?

It follows from Theorem 2.1 and Theorem 2.3 that the sequences {uy as} and {Vug ar}

converge locally uniformly in RY, when & — oo, to a function s s which satisfies
(1.1) in RY. Furthermore

Totoo, ] = u 2p—q(p+1) forall ¢ > 0. (4.67)
oco,M{ P—1
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In the case ¢ = 1% the function ue, ar is self-similar, hence

—Q

Uso, M (1, 0) =17 %0 (0),

where @ is a nonnegative solution of (1.27). Inasmuch wuy s > upo = vi (already
defined by (4.41)), it follows that

Uoo, M (T5,0) > Uso o(r,0) =1~ %Pp(o0) = @w > in ST (4.68)

Since wuy, ps is dominated by any self-similar solution of (1.1), it implies that @ is the
minimal positive solution of (1.27) that we denote by w hereafter. Up to a subse-
quence, {7y, [uoo,nr]} converges locally uniformly in RY \ {0} to e, a7. Consequently

lim €5 oo 1 (€n,0) = w(o) uniformly in ST
£y —0

Because of uniqueness, the whole sequence converges, which implies (4.65).

2p
p+10

we obtain that Ty, [use, 1] (1, 0) = €5 Uo a1 (€, o) converges locally uniformly in SY
t0 Uso,0(1,0). Since uso0(1,.) > v, it follows that

In the case g < using the a priori estimates from Theorem 2.1 and Theorem 2.3,

tho (oo, v (bny 0) = 1p(0)  uniformly in ST
n—>

Hence (4.65) follows by uniqueness.

As a consequence of Theorem 1.9-(ii) we have

Theorem 4.2 Assume (4.62)-(ii) holds, then for any M > 0 there exists a positive
separable solution u of (1.1) in RY wvanishing on ORY \ {0}

When RY is replaced by a bounded domain there holds.

Theorem 4.3 Assume Q2 C RY is a bounded smooth domain such that 0 € 9Q and
Tsa(0) = ORY, and (p,q) satisfies (4.62)-(i). Then for any M > 0 there ezists a
positive solution u of (1.1) in  vanishing on 02\ {0} such that

u(r) _
lim Pole) 00, (4.69)

where Pq is the Poisson kernel in Q. Furthermore

(1) If1<qg< 1%’ then

lim r®u(r,.) = locally uniformly in Sy, (4.70)

r—0

where 1 is the unique positive solution of
~AY 4+ a(N =2 —a)yp 4P =0 in SV
=0 in Sy .
.. 2
(i) If ¢ = 75, then

¥ < lim iélf r®u(r,.) < limsupr®u(r,.) <w locally uniformly in SY~'. (4.71)
r— r—0
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Proof. As in the proof of Theorem 4.1, the sequence {uy} of the solution of (1.8)
which satisfy (4.37) is increasing. Since it is bounded from above by the restriction to
2 of the solutions of the same equation in RY, vanishing on ORY \ {0} and satisfying
(4.63), it admits a limit us, which is a solution of 1.8 which vanishes on 99 \ {0}
and satisfies (4.69). In order to have an estimate of the blow-up rate, we recall that
the solution vy, of (4.60) is a subsolution of (1.1) and uy > v Furthermore {vy}
converges to {vo } which is a positive solution of (1.1) in €, vanishing on 9\ {0}
and such that

l% Voo (r,0) = 1(0) locally uniformly in S (4.72)
Combined with (4.64) and (4.65) it implies (4.70) and (4.71) since the solution wuy
in Q is bounded from above by the solution in RY.

lim inf r%us(r,0) > (o) locally uniformly in S . (4.73)

r—0

O

Theorem 4.4 Assume 2 C RY is a bounded smooth domain such that 0 € 02 and
TaQ(O):(‘)RﬂY,p:% andq:% N+1 If
2|~ Ndist (2, RY) < e for all x € 09, (4.74)

for some constant co1 > 0, then there exists a positive solution u of (1.1) in €,
vanishing on 0\ {0} such that

hn%r u(r,o) =w(o) locally uniformly in S (4.75)
r—

Proof. The function u,(r,.) = r'~w satisfies (1.1) in RY and vanishes on ORY \ {0}.
Since Vw is bounded, it satisfies

u(z) < coo for all x € 90\ {0},

for some constant coo > 0. Then the result follows from Proposition 3.3. O

4.2.2 Thecase—<q<p

If
N+1 2p N+1

- - 4.76
N1 p+1 9N (4.76)
there exists fundamental solutions uy in RY by Theorem 1.7, or in {2 by Theorem 1.8.
Since the mapping k — wuy, is increasing and wuy is bounded from above the function

Uso = hm uy, is a solution of (1.1) in RY (resp. §2) vanishing on RY \ {0} (resp.

0\ {0}) Whlch satisfies (4.63) (resp. (4.69)). However the blow-up rate of un is

not easy to obtain from scaling methods since the transformation 7 transform (1.1)
2p—aq(p+1)

into (4.57) where M is replaced by M¢~ »=T  which is not bounded when ¢ — 0.

1<p<
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When ¢ > +1, the natural exponent is 7 defined by (1.33) The transformation S,
defined for € > 0 by
Selul(z) = Ou(lz), (4.77)
transforms (1.1) into
q(p+1) 2p 1
—/ Au+ |ulP™ u — M|Vul? = 0. (4.78)

When ¢ — 0, the limit equation is an eikonal equation (up to change of unknown),
luP~ty — M|Vul? = 0. (4.79)

Separable solutions of (1.3) in RY are under the form w,(r,.) = r~7n and 7 satisfies
P~ = M+ [V'n*)2 =0 i SY (4.80)

Clearly this equation admits no C! solution but for the constant ones. In order
to avoid the use of viscosity solutions we will look directly for solutions having a
strong singularity by the method of sub and supersolutions. Note that (1.3) admits
an explicit radial singular solution, namely

U(z) = wolz|™" = yyMﬁL’EFV. (4.81)
Proof of Theorem 1.11. For n > 0 set U, (r) = nr=7. As

2p—q(p+1)
v(p—1)+2=—q(p+1)+7+2=T,

we have

nTr L Un = —y(y 42 = N) 4 07 (0P 70— I M)r? =D,

Since v+ 2 — N > 0 because ¢ > p+1 and p < N+1 , for any n > wqg there exists
rn, > 0 such that

nd= (P9 — 1M )2 (p—1)y =~(y+2—N).
It implies that U, is a super solution of (1.1) in B,, \ {0}. Furthermore
( ! > T 14 0(1)) wh (4.82)
ry=|———— +o0 when n — oo. .
Yy +2-N)

For a subsolution we set
W (r,o) = mr~7¢1(0), (4.83)

where m > 0. Then

q(p+1)—2p

L Wy = —mr =1 (72— (N =2)y+1—-N) ¢

Lo(4.84)
+md (mp—qqs?l’ M (V22 + |V 2 )5)
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and this expression is negative for m > 0 small enough. Set
PX)=X?-(N-2)X+1-N=(X+1)(X+1-N).

Then (Nq— (N — 1)p)

plNg — —1)p

o) (»—q)?

We first give the proof when Nq > (N — 1)p. In such a case P(y) > 0. Hence there
exists mg > 0 such that for any 0 < m < mg, W,, is a subsolution in RY, smaller
than U,, and it is bounded on dB;" \ {0}. When m < myg, the function W,, defined
in (4.83) is a subsolution of (1.1) in RY. Since W, is bounded on 0B;! \ {0} there
exists a nonnegative solution u, of (1.1) in B;" which vanishes on B; \ {0} and
there holds

(Win(z) —mr, ")y < up(z) < Up(z) forall z € B . (4.85)
The fact that Bﬂ; _is just a Lipschitz domain is easily bypassed by smoothing it in a
neighborhood of 0B,, NRY. Furthermore, by (2.1) and (2.18),
up(z) < cs max{|:n|_°‘,Mﬁ|$|_7}. (4.86)
and for any ro > 0, there exists cg > 0 depending on 7y such that

[Vug(2)] < cs max {\x!_a_l, Mriq\x]_v_l} . (4.87)

By standard local regularity theory, there exists a subsequence {u,,} which con-
verges in the C'(K)-topology for any compact set K C RY \ {0} to a positive
solution u of (1.1) in RY which vanishes on RY \ {0} and satisfies (1.34).

Next we assume Nq < (N — 1)p. Observe that 42¢3 + |[V/¢1|> > 62 > 0, then

q
2

mP ¢l — Mm? (72¢% + |V/¢1|2) <mP — Mm24.

Thus, from (4.84) we obtain

Py = p aga

L Wi < —mr pma P(y) +mP — Mm%, (4.88)
and P(vy) < 0. If we choose

1
M r—a
5o (2
= (3)
then .
mP — Mmi6? = _Mn; d .

Therefore £, ,, Wy, <0 on B;f where

<Mmq—15q> D%
ry = ———
—2P(v)
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If a = mry”, then Wy, < a in 8B, thus W, , = (W,, — a)+ is nonnegative in
B;f and it is a subsolution of (1.1) in B;f which vanishes on 9B;" \ {0}. If we
extend it by 0 in RY, the new function is a a subsolution of (1.1) which belongs

to I/Vl})coo(@ \ {0}). We end the proof using Proposition 3.4 as in the previous
case. U

If RY is replaced by a bounded domain we have the following result.

Theorem 4.5 Let M > 0 and Z% < q <p. IfQ CRY is a bounded smooth domain
such that 0 € 9Q and Tyo(0) = ORY. If

dist (z, ORY) < 623|l‘|ﬁ for all x € 09, (4.89)

for some constant ca3 > 0. Then there exists a positive solution u of (1.1) in Q
vanishing on 0Q \ {0} satisfying, for some m > 0,

me1 (o) < liminf ru(r,o) < limsup r7u(r,o) < wo, (4.90)
r—0 r—0

uniformly on any compact set K C Sf’l.

Proof. We recall that ¢; is the first eigenfunction of —A’ in W01’2(SN_1). Let R >0
and B := Bg(a) C Q be an open ball tangent to 92 at 0. Up to rescaling and since
the result does not depend on the value of M we can assume that R = 1. We set
wp () = m|z|"PPg(x) where # = v+ 1 — N and Pp is the Poisson kernel in B
expressed by

1—|z—al?
Py(a) = L=l

)

onlz|V
where o is the volume of the unit sphere in R¥. Then
-1
m .Cq’ 2 Wm

= —(0%+ (2 - N)O)|z|072Pg(z) + 20|z| "1V Pp(z), L) + mP~ x| PP P} (z)

|z

— Mma-1 (92]33\_2(9_1)]3%(3:) + ’x‘—ze‘va(x)P — 29‘:5]—29—1(VPB(3:)7 £>>

(4.91)
e NO-[z—a®) ¢  2z-a)
1 1—lz—al) x 2z —a
P, =—— —
vene) = (T )
then )
VP Y= (N = 1)(1 — |z — a|? 2
(VEs (). ) =~ —ovgr (N =D~z —af?) +|zf)
N -1 1
—___°p - -
o TP T
which implies in particular
N-—-1 1
P > ——P _.
’v B(‘T)’ = ‘Z” B(x) O’N"T‘N_l



If ¢ > %p, equivalently 6 > 0, we have

|V |* = 0222V PE(2) + |2| 7|V Pp(2)* — 20|~ (V Pp(2), (7))

|z]

2
> Plal 20 Py(a) + ol (N2 Pate) +

]

N-—-1 1
w0l 0 (NP 4 )

> (07 + (N = 1)?)|z| 2OV P ().

(4.92)
Hence
mL L we < — (02 + NO)|z|~0=2Pg(z) + mP~|z| =P Ph(x)
—mIT M (0% + (N —1)2)2 || 790D Pl ()
< mi a7 P (x) (mPm1PE (@) — M(6% + (N — 1)?)[af-0071)
(4.93)
Now
Pg(z) < 2 — PP(z) < 2 e ||~ M)P=a)
~ onlx|N1 B ~ \on ’

Since (1 — N)(p — q) = (p — q)0 — ¢, we obtain finally that,

2 pP—q
mTL < mATHa| 7O PE (2) <mp—q <H> — M(6*+ (N — 1)2)> .
Choosing m small enough we deduce that w,, is a subsolution in B. If we extend
it by 0 in Q \ B, the new function denoted by w is a nonnegative subsolution of
(1.1) in Q which vanishes on 02 \ {0} and satisfies (4.90). The proof follows from
Proposition 3.4.

If ¢ < £1p, then 6 < 0. Since (VPg(z), %) <0, (4.92) is replaced by

|

Ve |* = 02220V PE(2) + |2| 7|V Pp(2)|* — 20127~V Pp(2), 157)

|z]

2
> el 20 (o) +Jal 2 (N )

P,
‘LE’ B($)+ oN

+ 29‘1”_29_1 <N — 1PB(1’) + %)

|| onlz[N-!
> (024 (N — 1)?)|z| 20+ p2 () + ! + 26
= B 0% |x[2NH0-1) T gy || N+20
1 0
+2(N-1) <UN|$|N+20 + |$|29+2> Pp(z).

(4.94)
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Set

f:min{2,<20_;f|e|>ﬁ}. (4.95)

If x € BN B;(0), the two last terms in (4.94) are nonnegative, hence
IVw|? > (62 + (N — 1)2)|z|20+D P2 () for all x € BN By(0). (4.96)

Note that B N B3(0) = B if # = 2. Choosing m > 0 small enough we infer that
Wy, is a subsolution of (1.1) in B N By(0). Denoting by 7 the maximum of w,, on
d(BN B3(0))\ {0}, then (w,, —m)4 is a subsolution in 2. Since the restriction to 2
of the solution constructed in Theorem 1.11 dominates (w,, — ), the proof follows
as in the first case. U

4.2.3 Open problems

Problem 1. Under what conditions are the positive solutions of problem (1.27)
unique ? If instead of separable solutions in RY vanishing on ORY \ {0} one looks
for separable radial solutions of (1.1) in R~ \ {0} (with ¢ = z%) , then they are
under the form

U(x) = Alx|™® (4.97)

and A is a positive root of the polynomial
2 —
P(X) = X"\ — Mar 1 X511 +a(N -2 — a). (4.98)

A complete study of the radial solutions of (1.1) is provided in [10], however it is
straightforward to check that if 1 < p < %, there exists a unique positive root,
hence a unique positive separable solution, while if p > %, there exists a unique
positive root (resp. two positive roots) if

M) L (4.99)

M=(p+1)< o =m*,

(resp. M > m™*). Uniqueness of solution plays a fundamental role in the description
and classification of all the positive solutions with an isolated singularity at O.

Problem 2. It is proved in [10] that if max{+"~, I%} < ¢ <min{2,p} and M > 0,
there exist infinitely many local radial solutions of of (1.1) in R¥\ {0} which satisfies

u(r) = &yr=P(1+0o(1)) as r—0 (4.100)
where )
2—q 1 (N—-1)g— N\?r1
R 1 & .

These solutions present the property that there blow-up is smaller than the one
of the explicit radial separable solution. It would be interesting to construct such
solutions of (1.1) in RY (or more likely B}), vanishing on R» \ {0}.
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Problem 3. Is it possible to define a boundary trace for any positive solution of (1.1)
in RY, noting the fact such a result holds separately for positive solutions of (1.2)
and (1.4) 7 A related problem would be to define an initial trace for any positive
solution of the parabolic equation

Ou — Au~+uP — M|Vul? =0, (4.102)

in (0,7) x R~. Initial trace of semilinear parabolic equations (M = 0 in (4.102))
are studied in [15], [12].
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