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EXISTENCE OF STRONG SOLUTIONS FOR A SYSTEM OF INTERACTION BETWEEN A
COMPRESSIBLE VISCOUS FLUID AND A WAVE EQUATION

DEBAYAN MAITY, ARNAB ROY, AND TAKEO TAKAHASHI

ABSTRACT. In this article, we consider a fluid-structure interaction system where the fluid is viscous and com-
pressible and where the structure is a part of the boundary of the fluid domain and is deformable. The fluid is
governed by the barotropic compressible Navier-Stokes system whereas the structure displacement is described
by a wave equation. We show that the corresponding coupled system admits a unique strong solution for an
initial fluid density and an initial fluid velocity in H® and for an initial deformation and an initial deformation
velocity in H* and H? respectively. The reference configuration for the fluid domain is a rectangular cuboid
with the elastic structure being the top face. We use a modified Lagrangian change of variables to transform
the moving fluid domain into the rectangular cuboid and then analyze the corresponding linear system coupling
a transport equation (for the density), a heat-type equation and a wave equation. The corresponding results for
this linear system and estimations of the coefficients coming from the change of variables allow us to perform
a fixed point argument and to prove the existence and uniqueness of strong solutions for the nonlinear system,
locally in time.

1. INTRODUCTION

The mathematical study of fluid-structure interaction systems has been an active subject of research during
the last decades, and this can be explained by the numerous applications in fluid mechanics but also by the
challenges associated with such systems that involve free boundaries, coupling between different dynamical
systems and nonlinearities. Here, we focus on the case where the fluid is a compressible Navier-Stokes system
in a domain where a part of the boundary can deform following a wave equation. More precisely, the reference
configuration for the fluid domain is F defined by

F=8x%x(0,1), S§=(R/L[1Z) x (R/Ly7Z)
with Ly, Ly > 0. The elastic structure is located at the upper boundary S x {1}. For an admissible vertical
displacement of the structure n : § — (=1, 00), the fluid domain is transformed into
Fn={lz1,22,23) € SxR; 0 <3 <1+n(z1,22)},

the position of the elastic structure becomes

Fn = {[-1?1,%'2, 1 + n(xlaxQ)] ) [xlva] S S} 5
and the other part of the boundary
Iy = S x {0}

remains fixed (see Fig. 1). By working on the torus S, we assume that all the quantities at stake are periodic
in the e; and ey directions, where we have denoted by (ej, ea,e3) the canonical basis of R3.
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FIGURE 1.

The evolution of the density p and the velocity @ of the fluid and of the elastic displacement 5 are given by
the following system:

Op + div(pu) =0 t>0, x € Fy),
p(Osu+ (u-V)u) —divT(u,7) =0 t>0, v € Fypy), (1.1)
Oun — Agn = H, (u, ) t>0,s€8,

with the boundary conditions

u(t,s,1+n(t,s)) =on(t,s)es t>0, s€S,
u=0 t>0, x€ly,
and the initial conditions
n(0,-) =77, 9m(0,-) =n inS,
ﬁ(ov'):ﬁov 6(07')260 infn?‘
In the above system, the fluid stress tensor T(u, 7) is given by:
- _ o~ - 1 ~
T(u,7) = 2uDu + (adive —7)l3, Du= i(Vu +va'),
and the pressure law is
T=ap’.
We assume that
>0, a+p>0,a>0 v=>1 (1.4)

The force of the fluid acting on the structure is given by

H, (5, 7) = —v/T+ Vol (T(@ 707 Ir, ., - €5 (1.5)
where 7 is the unit exterior normal of F, ). In particular, on I, ) we have
- 1
n = — [—Vsn, 1] .
V14 [Vanl?

In the whole article, we add the index s in the gradient and in the Laplace operators if they apply to functions
defined on S (and we keep the usual notation for functions defined on a domain of R?).



Let us give conditions on the initial data that we need to solve (1.1)-(1.3):

7 € HA(S), min (1+nY) >0, (1.6)

p° € H*(Fp), r%lﬁo > 0, (1.7)

ny e H3(S), u’e H3(}—n?)3’ 1’ =0 on Ty, 1170 (s, 14+n7(s)) =n3(s)es (s €S), (1.8)
70 = a(p?), p%diVT(ﬂO,?rO) =0 on Iy, (1.9)

BO div T(a?, %0)} (s, 1+n0(s) = [Asn? + H, (4, %0)} (s)es (s €S). (1.10)

We now state our main result :

Theorem 1.1. Assume that [p°,u°,n7,n3] satisfies (1.6)~(1.10). Then there exists T > 0 such that the system
(1.1)-(1.3) admits a unique strong solution [p,w,n] satisfying

p e HY0,T; H*(Fy.)) NWH(0,T; H(Fy (),

u € L*(0,T; HY(F))* N C°([0,T); H*(F,y))* N H' (0, T; H?(Fyy())?
NCH([0,T); H (Fyy))> N H?(0,T; L*(Fy())?,
n e L®(0,T; HY(S)) N H*(0,T; H*(S)) N H3(0,T; L*(S)),
A e L20,T; H/2(8)) N L=(0,T; H3(S)).
Moreover,
L+n(t,s)>0 (t€0,T),s€S8), pt,x)>0 (t €[0,T), x € m)

In the above statement, we are using spaces of the form H*(0,T; H"(F,.))), W*>(0,T; H"(F,))) and

C*([0,T); H"(Fy(y)). They are defined through a diffeomorphism X(t,-) : 7 — F,«) (see Section 2 for an
example of construction of such a diffeomorphism):

feH 0, T;H" (Fyy)) if foX e H*0,T;H"(F)),
FeWs=(0,T; H" (Fyy)) if foX e W*™(0,T;H"(F)),
FeC([0,T); H" (Fyy)) if foX e C([0,T); H"(F)).

Remark 1.2. The result in Theorem 1.1 corresponds to the existence of strong solutions for a system coupling
the compressible Navier-Stokes system with a wave equation. Note that we keep the regularity of the initial
conditions given in (1.6)~(1.8) during the time of existence. More precisely, we have n € C2..,.([0,T]; H(S)),
O € CLa([0,T]; H*(S)), p € C°([0,T]; H*(F,y () and @ € C°([0,T]; H*(F,)))?. With respect to previous
results, it is important to notice that we do not add any damping on the wave equation (see below for details on
the references on similar systems).

Remark 1.3. One can show an analogue of Theorem 1.1 on a corresponding 2D /1D system, that is where the
fluid reference domain is given by
F=8x(0,1), S=R/L;,Z,

with L1 > 0 and the elastic structure is located at the upper boundary S x {1}.

As mentioned at the beginning of the introduction, lots of articles have been devoted to the mathematical
analysis of fluid-structure systems involving moving interfaces. Broadly speaking, these types of models can
be classified into two types: either the structure is immersed inside the fluid, or the structure is located at
the boundary of the fluid domain. For the second case, we can mention the survey paper [38], where the
authors describe some models for blood flow in arteries as a fluid-structure interaction system. They consider,
in particular, the simplified case of a viscous incompressible fluid modeled by the Navier-Stokes system and of a
structure governed by a damped beam equation. The corresponding model was mathematically analyzed in [12]
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(existence of weak solutions) and in [4] (existence of strong solutions). In [19], the author obtains the existence
of weak solutions with a similar model but without damping on the plate equation.

The existence of weak solutions was obtained in the case of more complex models: for instance, the case of
a linear elastic Koiter shell for the structure was considered in [25, 24]. Let us also mention [33], where the
authors deal with the case of dynamic pressure boundaries conditions and for the structure modeled either by
a linear viscoelastic beam or by a linear elastic Koiter shell equation. The methodology is different from the
earlier ones and it is based on constructing an approximation solution via a semi-discrete, operator splitting Lie
scheme (also known as kinematically coupled scheme). Later, these results were extended in [34, 35] to the 3D
cylindrical domain where the structure is modeled by a linear (respectively nonlinear in [35]) elastic cylindrical
Koiter shell whose displacements are not necessarily radially symmetric.

Concerning strong solutions, let us note that the result [4] was obtained under some restrictions on the
physical parameters. In [39], the author considers a monolithic method to study the stabilization of this coupled
problem, and using this approach, the existence of local in time strong solutions are obtained in [26] without
restrictions on the physical parameters. Similar results have been obtained in [11] with boundary conditions
involving the pressure and in [17] with Navier boundary conditions. Finally, let us mention several works in the
case where the structure is modeled by a nonlinear shell equation: [13, 14, 28, 35]. The work [20] is devoted to the
global in time existence and uniqueness of solutions for the case of a damped beam equation and investigates, in
particular, the possible contacts between the structure and the bottom of the domain. We also mention [30, 16]
where the authors obtain the existence of strong solutions within an “LP — L?” framework instead of a “Hilbert”
space framework.

Finally, some works have been devoted to the case of a structure modeled by the wave equation instead of the
beam equation. First [27] shows the existence and the uniqueness of strong solutions in the case of a damped
wave equation. In [21], the authors consider three types of structure: the damped beam equation, the wave
equation (without damping), and the beam equation with an inertia term. The case of an undamped beam
equation is tackled in [2, 3] by using the notion of Gevrey semigroups. Here our aim is to show a similar result
as [21] in the case of a compressible fluid and with an undamped wave equation.

Concerning compressible fluids interacting with plate/beam equations through the boundary of the fluid
domain, there are only a few results available in the literature. Global existence of weak solutions until the
structure touches the boundary of the fluid domain was proved in [18, 10]. Local in time existence of strong
solutions in the corresponding 2D /1D case was recently obtained in [32]. Global in time existence of strong
solution for small data within an “LP — L?” framework for heat conducting compressible fluid and a damped
plate equation was established in [29]. Well-posedness and stability of linear compressible fluid-structure systems
were studied in [15, 1]. Let us mention some works in the case of a viscous compressible fluid but with rigid
bodies or elastic structured immersed into the fluid: [9, 8, 7, 6, 23, 31, 22], etc.

The main novelties of our work are the following:

e Regarding the interaction between a purely elastic structure (i.e, no additional damping term) on the
boundary and a viscous fluid, the construction of a mathematical theory for strong solutions with “no
regularity loss” (i.e. a solution such that the unknowns of the system remain in the same Sobolev
spaces as the initial data, at least locally in time) is a challenging and critical issue. We have settled
this issue for the compressible fluid-elastic structure case. In the literature the existing results for the
compressible fluid-elastic structure interaction are stated with a mismatch between the regularities of
the initial data and of the solution: for instance, in [32, Theorem 1.7], there is a loss of order 1/2 in
the space regularity for the fluid velocity at initial time even for the compressible fluid-damped beam
interaction in a 2D /1D framework.

e Previously, the “no regularity loss” issue for the incompressible fluid-elastic structure case has been
obtained in [21] in the 2D /1D framework. Here, we have established the same kind of results in the
compressible fluid-elastic structure case for the 3D/2D framework.

e We do not need initial displacements of the structure to be zero. This is a difference with respect to
some of the previous works, for instance [32]. The case of a system coupling the incompressible Navier-
Stokes equations and a damped beam (respectively wave) with a non zero initial beam displacement



is addressed in [11, 17] (respectively in [21]). In this article, we have addressed this issue for the
compressible fluid-wave equation case.

The strategy to prove Theorem 1.1 is standard: we first use a change of variables (see Section 2) to write
the system in a fixed spatial domain. In the context of compressible fluid, it is convenient to use a Lagrangian
change of variables, but to take advantage of the geometry we compose it with a geometric transformation.
Then we linearize the system and study in Section 3 the corresponding linear system. This is the main part of
this article. We follow the approach in [21] and start by approximating this linear system by adding a damping
on the wave equation. Then we obtain several a priori estimates and passing to the limit as the damping goes
to 0 allows us to prove a well-posedness result on the linear system (see Theorem 3.1). Finally, in Section 4, we
prove the main result by using the result on the linear system and a fixed point argument.

2. CHANGE OF VARIABLES

This section is devoted to the construction of the change of variables to transform the fluid domain ) into
JF. This change of variables is the composition of a Lagrangian change of variables and of a geometric change
of variables. More precisely, we first define the transformation X° : F — Fo:

X1 y2,93) = [y1.y2, A+ 00 (v, 92))ws] (e, y2, ys] € F). (2.1)

We assume that 7} satisfies (1.6), so that X° is C'-diffeomorphism from F onto ]-" 0.
Then, our change of variables X is defined as the characteristics associated Wlth the fluid velocity  :

{é’t (ty) =u(t, X(ty), (¢>0),

X(0.9) = X°(y), yeF. 22)

If % satisfies some good properties, then X is a C'-diffeomorphism from F onto Fy for all £ > 0. In that case,
we denote by Y(t,-) = [X(t,-)]"! the inverse of X (t,-). Using this transformation, we can write (1.1)-(1.3)
using only the fixed domain F. We first write

pt,y) = pt, X(t,y)), wult,y) =ult, X(t,y)), m=ap’. (2.3)
for (¢t,y) € Ry x F. In particular,
plt,x) = p(t, Y (t,x)), ult,x)=u(t,Y(tz)). (2.4)
for (t,2) € Ry x F, ). We also introduce the notation
1
By := Cof VX, 0x:=detVX, Ay := TB}BX, (2.5)
b'e
B :=Byo, 6°:=0x0, A%:=Axo (2.6)
" (v1,2) (v1,92.1)
_ J n(yi,y2)es ity = (y1,92,1) € I'o _ ]
Tin ={ LS SN QM) = Hs s s (s€S). @)
Here, we have set
FO =8 X {1} .
Then, the system (1.1)—(1.3) becomes
0
o+ Zvu B = Fy in (0,T) x F,
2500, — divTO(u) = Fy +div H i (0,T) x F, (2:8)
Oun — Agn = —Q(T° + H) in (0,T) x S,
with the boundary conditions
=T(0m) on (0,T) x OF, (2.9)

and the initial conditions o o
n(0,) =ni, n(0,-)=ny inS,
% w0,y =u" inF.
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where we have used the following notation

PP =0 X% wl =70 X", (2.11)
w e
TO(u) := uVul® + @BO(VU)TBO + 5—0(1530 : Vu)BY, (2.12)
0
Fi(p,u,n) = g—OVu B — iVu :Bx, Fa(p,u,n):= (p°6° — pdx) Opu, (2.13)

1 1
H(p,u,n) = pn(Vuhx — VuA®) + p ((SX]B%X(VU)T]B%X - &)BO(vu)TM)

+a i(IB%X :Vu)Bx — l(]Béo :Vu)B? ) —ap"Bx. (2.14)
dx do

The characteristics X defined in (2.2) can now be written as
¢
X(t) = X°) + [ ulry) dr, (2.15)
0

for every y € F and ¢ > 0.
We introduce the following spaces:

&, = HY0,T; H*(F)) n Wh>(0,T; H*(F)), (2.16)
E, = L*(0,T; HY(F))* n HY(0,T; H*(F))®> N H*(0,T; L*(F))?, (2.17)
&, = L>(0,T; HY(S)) nWh>=(0,T; H*(S)) N H*(0,T; H*(S)) N H3(0,T; L*(S)). (2.18)
with the norms
lolle, = lloll g o.rms ) + 190l oo 0,1 127y » (2.19)
lullg, := llwll L2 0,114y + lull oo,z s + 1wl 20,0025

+ Hu”CO([O’T];H?»(]—'))B + Hu||01([O,T];H1(f))3 s (2.20)

Inlle, = 10l oo 0, 7:273¢s)) + 10l 20,7 152(5)) + 1Ml 20,7522
+ Hatn”[,oo(oj;Hs(S)) + “8tt77“00([07T];H1(5)) . (2.21)

Let us restate our main result. Using the definition of X° defined in (2.1), the assumptions (1.6)—(1.10) on
the initial data transformed into the following conditions:

nd e H4(S), min (1+n) >0, (2.22)

P’ e H3(F), m?in p° >0, (2.23)

ny € H*(S), u’ <€ H*(F)®, u®=Tn3 on dF, (2.24)

pol(;o div [TO(UO) - a(pO)VBO} =T (Asni’ - Q(To(uo) - a(pO)WBO)) on OF. (2.25)

Using the above change of variables, Theorem 1.1 can be rephrased as

Theorem 2.1. Assume that [po, u®,n?, ng] satisfies (2.22)—~(2.25). Then there exists T > 0 such that the system
(2.8)-(2.15) admits a unique strong solution [p,u,n] € €, x €, x &,. Moreover,

min_(1+41n) >0, min_ p > 0,
[0,T1xS [0,T)|xF

and, for all t € [0,T], X(t,-) : F — Fp) is a Cl-diffeomorphism.
Remark 2.2. From the boundary condition (2.9) and the regularity of u, we also get 8;n € L*(0,T; H'/%(S)).

Let us give some preliminary results on the change of variables described above. First we state the following
lemma which proof is skipped since it is standard.



Lemma 2.3. Assume 1\ satisfies (1.6) and let us consider X°, A B and 6° defined by (2.1), (2.5) and (2.6).
Then

O =1+77, 5 € HYS), X°eC™>(0,1; H*(S))®. B° A" € C*([0,1]; H*(S))°. (2.26)

In particular, X® € W3>®(F)?, 1/6° ¢ W2>=(S), BY, A ¢ Who(F)?.

1
0

Note that with the above lemma, if fe H?’(}'n?), then
f=FoXx’eHYF),
which justifies the regularity in (2.23), (2.24).
With the definitions (2.5), (2.6), if we have
v="v0X" (2.27)

then we have the following relations:
1 1
Vo XY= @W(BO)T, divio X0 = Vv BC. (2.28)

Lemma 2.4. Assume v € H'(F)? such that vy = va = 0 on OF. Let T° be the tensor introduced in (2.12).
Then the following relation holds

1 1
/ T(v) : Vo dy = ,u/ —O|VU(IB%O)T\2 dy + (p + a)/ (Vv B°)? dy. (2.29)
F FO FO
In particular, if i+« > 0, there exist two constants C,C > 0 such that
ClIVollZazyp < / T(v) : Vo dy < C||[Vol|Z2 5y (2.30)
f

Proof. Relation (2.30) is a consequence of (2.29) with the properties of (6°)™! € L>°(F) and VX° € L>(F)°.

To prove (2.29), we use a standard density argument by first considering v smooth with v1 = v = 0 on F
and then pass to the limit. We can thus assume that v is smooth in the remaining part of the proof. Using the
expression (2.12) of T° and (2.28), we obtain

/’]I‘O(v):Vv dy:/ io(H\W(BO)T+BOWT|Q+a(EO;W)Q) dy
F FOU N2

:/ B\V5 £ Vo2 + a(dive)? dz, (2.31)
F o 2

where ¥ is given by (2.27).
Observe that
dv; Ov;  Ov; Ov;

8$]' 81‘,' (9756167%

gwa + VT P+ a(dive)® = ulVal + (a+ u)(dive)? + 1)
1)

Now,

61‘]‘ 8331' 83:1 81‘]‘

8.Tj 61‘1 8xi 871‘]

SO0, O 0Ty~ O 0Ty O OF,
1,5 i<j

and using that v; =0 on 3.7-'77? for @ < 3, we deduce by integration by parts that

/ 2 aviavj—%%daz::O
F o0

i) al'j 8:61 8:51 ail'j

Combining the above relations together with (2.31) and (2.28), we deduce the result. O

We also need the following integration by parts formulas (see, for instance [21, Lemma 3.6 and Lemma 3.8]):
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Lemma 2.5. Assume v € L?(0,T; H*(F))* N H'(0,T; L*(F))® and ¢ € H*(0,T; L*(S)) N L*(0,T; H*(S)) with
v="T¢ on dF. Then for all t € [0,T],

. 1 1
_/0 /}_leTO(U) - Opv dydT = 3 /}_To(v(t,y)) : Vo(t,y) dy — 3 /}_TO(U(O,y)) : Vo(0,y) dy

¢
- / / Q(T%(v))d:¢ dsdr.
0o JS
Assume v € H*(F)?, ¢ € H*(S) withv=T¢ on OF, and H € H*(F)®. Then for all j = 1,2,

/diVH~3yjijdy:/ ayjH:V(ﬁij)dy—l—/(QH)aSijCds.
F F s

We end this section with the following result on the product of functions:

Lemma 2.6. Assume f € H'(S) and g € L*(0,1; H'(S)), then fg € L*(F) and there exists a constant C such
that

1£9ll 2y < C Ul isy) N9l 20,100 ) -
In particular, if f € H'(S) and g € H'(F), then fg € L*(F).
3. LINEAR SYSTEM

In this section, we consider the following linear problem associated with (2.8)—(2.10):

atp—&—g—zVu:]BO:fl in (0,7) x F, (3.1)
p(0,-) = 7" in F,
(p°0%)0pu — divT(u) = fo +divh in (0,T) x F,
u="T(0m) on (0,T) x OF, (3.2)
u(0,-) = u’ in F,
Oun — A= —Q(T°(u) +h) in (0,T) x S,
{n(o, ) =77, 9m0,-)=mn5 i, (33

where A B and 6" are defined in (2.6) and where T is defined by (2.12). We also recall that 7 and Q are
defined by (2.7). In the above system, with respect to system (2.8)—(2.10), the nonlinearities Fy, F» and H have
been replaced by given source terms f1, fo and h. Moreover since 77? and p° are involved in the coefficients of
(3.1)~(3.3), we also replaced the initial conditions of p and of 5 by p° and by 7.

Throughout this section we assume (2.22)—(2.23). We consider the subset of initial conditions

7= { [0 a7, 0] € H*(F) x H*(F)* x H'(S) x HY(S), u® =T on 9F}, (3.4)
endowed with the norm
102 w0, m3 ]\l = 12° | sy + 1 s s + NN a5y + 120 s s (3:5)

We also consider Ry, the space of source terms (3.1)-(3.3):

‘I

Ry = { [f1, fo, B] | f1 € L*(0,T; H3(F)) N L>=(0,T; H*(F)), fo € HY(0,T,L*(F))>n L*0,T, H*(F))3,
h e HY0,T; H'(F))° N L*(0,T, H3(F))°, £2(0,-) € HY(F)?, h(0,-) € HQ(]-')9} (3.6)
with

||[f1a f2, h}HRT = ”flHL2(0,T;H3(]-‘))OL°°(0,T;H2(]-')) + Hf2||H1(O7T7L2(]—‘))3ﬂL2(O,T,H2(]-‘))3
+ 1”220, 13 (Fyyonir o, (70 + 1£200, ) g zys + 1RO, ) g2 zpo - (37)
We recall that &,, £, and &, are defined by (2.16), (2.17) and (2.18).



We state the main result of this section:

Theorem 3.1. Assume (2.22) and (2.23). Then for any

[IZ){))anﬁ‘%)ng] EI7 [flvaah’] ERTa (38)
satisfying the compatibility conditions
1 . .
050 (divT(u®) + f2(0,-) +divh(0,-)) = T (A7) — Q(T°(u®) + h(0,-))) on OF. (3.9)

the system (3.1)-(3.3) admits a unique solution [p,u,n] € £, X &, x &, and there exists a constant C > 0 such
that

||[p7 u, 77]||5p><5u><5n < CeCT (H [ﬁ07 uO’ ﬁ?7 7]8] HI + ||[fla f27 h]”RT) . (310)
3.1. A first result for (3.2)—(3.3). Since the system (3.2)-(3.3) can be solved independently of the system

(3.1), we first start by studying it. We also begin by looking for solutions less regular than in the statement of
Theorem 3.1. More precisely, let us define the following spaces

70 = { [, 70,n0] € HY(F)® x HX(S) x H'(S) ; u® =773 on af}, (3.11)
RS = L*(0,T; L*(F))* x L*(0,T; H'(F))?, (3.12)

&£ = L*(0,T; H*(F))> n C°([0, T]; H' (F))* N H'(0,T; L*(F))?, (3.13)
&Y= L>(0,T; H*(S)) nWh(0,T; H'(S)) N H*(0,T; L*(S)), (3.14)

endowed with their canonical norms. With the above notation, our first result for (3.2)-(3.3) states as follows:
Proposition 3.2. Assume (2.22), (2.23). Then for any
[u®,72,m3] € %, [f2,h] € RY, (3.15)

the system (3.2)~(3.3) admits a unique solution [u,n)] € £ x 52 and there exists a constant C' > 0 independent
of T such that

et mlleg ey < O (|78, m8]llz0 + 1LF2: hlly ) - (3.16)

In order to show the above result, we first consider the following regularized system, where we add a damping
in the wave equation of size € € (0,1):

(p°0)0sue — divTO(u.) = fo +divh in (0,T) x F,
ue =T (0¢me) on (0,T) x OF, (3.17)
u:(0,-) = u° in F,

{Btma — A —eA0m. = —Q(T(u) +h)  in (0,T) x S, (3.18)

1:(0,-) = ;7\(1)’ on(0,-) = 778 in S.

For the above system, we have a maximal regularity property:
Proposition 3.3. Assume (2.22), (2.23) and (3.15). Then the system (3.17)—(3.18) admits a unique solution
u. € E2, n. € HY(0,T; H*(S)) N H*(0,T; L*(S)). (3.19)

The proof of this proposition is postponed in Appendix A. Using this result, the idea to show Proposition 3.2
is to pass to the limit as ¢ — 0 in (3.17)—(3.18). For this purpose, we first obtain some estimates independent
on ¢ for the solutions of (3.17)—(3.18).
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Lemma 3.4. Assume (2.22), (2.23) and (3.15). Let us consider the solution [ue,n:] of the system (3.17)—(3.18)
with regularity (3.19). Then there exist a constant C7 > 0, independent of € and T, such that, for anyt € (0,T)
we have

[ueeP ay+ [ 1ot s)P ds+ [ [Fonie.s)P ds
F S S
t t
[ [ vuayar v [ [ 19.0mPasar < 0 ([ 8008 5 + 152 bl ) - (320)
0o JF 0o JS

Proof. We multiply the first equation of (3.17) by u. and the first equation of (3.18) by Oy7.:

1d
/ 0(5O|u5|2 dy+/ (|3t775\2 + \Vsns|2) ds Jr/ To(us) : Vu, ders/ |V58t775|2 ds
2dt S F S

=/ fo - ue dy —/ h:Vu. dy. (3.21)
F F
Combining Lemma 2.4 and Poincaré’s inequality, we thus deduce

1d
(/ p°6° |ug|? dy+/ |02 |2 d8—|—/ |V 4me|? ds) —|—C/ |Vu|? dy
2dt S S F

+s/ |V 0| ds<0</ | f2|? dy+/ |h|? dy>. (3.22)
S F F

Integrating the above relation on (0,t) and using that p°5° € L>(F), 1/(p°6°) € L>(F), we deduce (3.20). O

Lemma 3.5. Assume (2.22), (2.23) and (3.15). Let us consider the solution [uc,n:] of the system (3.17)—(3.18)
with reqularity (3.19). Then there exist a constant Co > 0, independent of € and T, such that, for anyt € (0,T)
we have

¢ t
/ / |8,5u5|2 dydr —l—/ |Vu(t, )|2 dy —l—/ / |8tt175|2 dsdr + 5/ |V s0me(t, )|2 ds
o JF F 0o Js S

9 t
o ([T o + 1y + [ [ 1900 dsar 4 [ Aoty ). (329

Proof. We multiply the first equation of (3.17) by d;u. and the first equation of (3.18) by 9y :

t ¢ t
/ / p°6°|0pu.|? dydr —/ / div T (ug) - Qyue dydr +/ / |01me|? dsdr —|—/ Vsne - VsOine ds
o Jr o JF 0 Js S
t t t
+ %/ |Vs0ime|? ds = / / fo - Opue dydr —l—/ / div h - Osu. dydr —/ / Q(T(ue) + h)Oyn. dsdr
S o JF

//lV one|? dsdT—&—/VsHl Veng ds+ = /|V5n2 ds. (3.24)

Using Lemma 2.5 and / Vsne - VsOine ds = 7/ Agn0me dy, the relation (3.24) can be written as
S S

// p°6°0uc |PdydT + = /To(ug) Vue dy+/ /|3ttn€ dsdr + = /|V o (t,-))* ds
//fg (9tu5dyd7'—|-/ /dlvh O dydT—/ / (hes - €3)0une dsdr
0

2/ T%(u®) : Vu’ dy+/Aqn58me dy+/Vem Ven3 dsdr + - /IVenz ds. (3.25)
f

Using Lemma 2.4 and Young’s inequality, we deduce the result. O
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Lemma 3.6. Assume (2.22), (2.23) and (3.15). Let us consider the solution [ue,n:] of the system (3.17)—(3.18)
with regularity (3.19). Then there exist a constant Cs > 0, independent of € and T, such that, for anyt € (0,T)
we have

2 t t
Z/ / [V (8y,ue)|? dydTJr/ |V58t775\2ds+/ \Asn5|2ds+5/ /|A38t775|2 dsdr
=170 JF ' S S 0 Js
t
2
<G (03] o + 1002y + [ [ 100ucPanar) . 326)
0
Proof. We multiply the first equation of (3.17) by
2
—Au, = —Zayjyjug
j=1

and the first equation of (3.18) by —Asd:n. and we use Lemma 2.5:
2 t 1
Z/ / 9y, T%(uz) : V(0y,uc)dydr + = (/ |V 0. |*ds +/ |Asn€2ds>
j=1"70 F 2 S S

t t t
+€/ /\Asﬁtn5|2dsd7:/ /p0508tu5~A'usdyde/ / fa - Nu.dydr
0 Js 0o Jr 0o JF
2 t 1
—Z/ /8yjh:V(8yjuE)dydT+f </ |Vs778|2ds+/ |Asﬁ?|2ds>. (3.27)
— Jo JF 2 \Js s
j=1

Using the expression (2.12) of T°, we obtain

9y, T%(us) = T°(dy, ue) + MY

with
3 0 B° Tm0 B°_ + 0 0, B’ 0 B°
M’ := pVue(9,,A”) + pd,, 50 Vu, B + ,uﬁVuE (0y,B°) + a(Vue : 0,,B )5—0 + (Vue : B°)0,, 5 )
From Lemma 2.3 and Lemma 2.4, we deduce that
2
/f 0, T0(u) : V(9 u)dy > Co [V (0yy1) [ 2aryp — € Ve 2y (3.28)

for some constants Cy, C' > 0. Moreover, there exists a constant C' > 0 such that

t t 2 t
/ / p°8%0,u. - A'u.dydr — / / fo - Au.dydr — Z/ / Oy, h : V(0,,uc)dydr
o JF o JF =Jo JF

Co = (1 t
< 70 Z/O / |V(ayju€)|2 dydr + C (/ / |5tu5|2dyd7 + ||[f2,h]||§z(%> . (3.29)
j=1 F o JF

Combining (3.27), (3.28), (3.29) and using (3.20), we deduce (3.26). O

Lemma 3.7. Assume (2.22), (2.23) and (3.15). Let us consider the solution [ue, 1] of the system (3.17)—(3.18)
with regularity (3.19). Then there exist two constants Cy,Cs > 0, independent of € and T, such that, for any
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€ (0,T) we have

¢ ¢
/ / |0su | dydT—!—/ |Vue(t,-)|? dy—!—/ /|8tt775|2 dsd7+5/ V.0 (t, )| ds
o JF F 0o Js S
2 t t
—i—Z/ / [V (9y,ue)|? dydT+/ |V58t775|2ds+/ |Asn€\2ds+5/ /|A38t77€|2 dsdr
=Jo JF S S 0o Js

< Cae® (||, 78 8] 130 + Ilf by ) - (3:30)

Proof. We multiply (3.23) and (3.26) by respectively a = 1/(2C3) and by b = a? and we add them:

¢ t
a/ / |0sue|? dydT + a/ |Vu,(t, )|2 dy + a/ / \&gtr]s\Q dsdr + ae/ |V 0 (t, )|2 ds
o JF F 0o Js S

2 t t
+bZ/ / IV (0y, ue)[? dyd7+b/ |V86tn5|2ds+b/ \A5n5|2ds—|—bs/ /|Asamg|2 dsdr
i=1J0 JF S S 0o Js
t
2
< (CLCQ + bcg) (H [uo’ﬁ?’ng] ||IO + ||[f2,h]Hr2RoT) +CLCQ/ / |vsat775|2 dsdr

b
# 0 L1t v+ 03 [ as+ g [ [ owPa sy
s
Combining this with (3.20) and with Gronwall’s inequality, we deduce (3.30) O
We are now in a position to prove Proposition 3.2.

Proof of Proposition 3.2. Using (3.20) and (3.30), we can pass to the limit as e to zero in (3.17)—(3.18). We
obtain a solution [u,n] of (3.2)—(3.3) with

uwe L0, T; HY(F)* N H'(0,T; L*(F))?,  8y,y,u € L*(0,T; L*(F))* if (4, 4) # (3,3), (3.32)
n € L>(0,T; H*(S)) nWh>(0,T; H(S)) N H*(0,T; L*(S)), (3.33)
It remains to show that 0y,y,u € L?(0,T; L*(F))?. From (3.2) and (2.12) we obtain
—DOyyysu = fo +divh — p°6°0u + R, (3.34)
where
D, = Al 5”+”5+O‘B?3 0. = £ Z (BY4)? 6 “;O‘BOBBN, (3.35)

and where R is a linear combination of terms of the form

0?u;, 1 L ou;, O 1
6y a; 50 ?4 %B?G i7) (227 13) 7& (37 3)7 and 8y1 8y <60B?47i5]3?677;7) . (336)
12 13 i ig

From (1.4) and Lemma 2.3, we deduce that D € L°°(F)? is a symmetric positive matrix. Moreover, using
that IB%%3 = 1, we deduce from (3.35) that D™! € L>°(F)? and using (3.32), (3.33), we conclude the proof of
Proposition 3.2. g

3.2. Proof of Theorem 3.1. In order to prove Theorem 3.1, we first focus on the system (3.2)—(3.3) and
extend Proposition 3.2.

Proof of Theorem 3.1. Comparing (3.4), (3.6) with (3.11), (3.12), we can apply Proposition 3.2 to obtain a
solution [u,n] € &2 x 52 of (3.2)—(3.3), with the estimate

Il Mg eo < Ce™ (I[8°% w0 m3] | + If1s fou bl - (3.37)

Now we are going to differentiate (3.2)—(3.3) in time and in space to deduce higher regularity results. To preserve
the boundary conditions, we only differentiate in the tangential directions, that with respect to y;, j < 3. We
then use the system to recover the regularity in the es direction. The last step consists in solving (3.1).
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Step 1: Differentiating (3.2)—(3.3) with respect to time, we deduce that
u = atuv ﬁ = 31‘77

satisfy B B
(p°6"Y0u — divTO(u) = fo +divh in (0,T) x F,
u=T(0m) on (0,T) x OF, (3.38)
ﬂ(07) :ﬂo in F,
Ol — AT = —Q(T%(@) +h) in (0,T) x S, (3.3
ﬁ(O, ) = ﬁ?a 8tﬁ(07 ) = 7745 in S; ’
where

_ _ 1
fo=0if2, h=0h, u = 5050 (div TO(u®) + f2(0,) 4 div (0, ),

7 =19 M= A —Tu’)es - es — h(0,-)es - e3.
From (2.23) and Lemma 2.3, we have 1/(p°6°) € H3(F). Thus from (3.4), (3.6) and (3.9), we deduce that
F%ﬂ € Rg“ [ﬂo,ﬁ?,ﬁg] S IO7

and
[F20 ][l + 1" 70 75] [l 20 < Ce“T (|| [2% w70 m3] |1 + 1Ly, for Pl ) - (3.40)
Therefore, by Proposition 3.2, [Oyu, O] € 83 X 82 , with
18v1, 0] sg e < Ce™ (| [7° . 7 08] |l + 1LF1. for Pl ) - (3.41)

Step 2: Differentiating (3.2)—(3.3) with respect to y;, j = 1,2, we deduce that
U= 0y,u, 1 =0y,

satisfy N _
(p°0%)0st — div T (@) = fo +divh in (0,T) x F,
U= T(9:7) on (0,T) x OF, (3.42)
u(0,-) = u° in F,
{aﬁﬁ —Agj=—Q(T°(@) +h) in(0,T) xS, (3.4
70, =7, 94(0,-) =7 inS, '
where B
fo =0y, fo = 8y, (p°8°)du,
- B B
h = 8y, h + pVu(dy,A%) + po,, (50) Vu'B° + M@VUT(&%BO)
+a(Vu : Byjﬁo)g + a(Vu : BY)0,, (?g) )

= aij’O’ ﬁ{l) = ayjﬁ?a 7A7{2) = ayjng-
From (3.4), we obtain [a”,7{,73] € Z°. On the other hand, from (3.6), (2.23), (3.37), Lemma 2.3 and

Lemma 2.6, we deduce []?2,71] € R%, and there exists a constant C' > 0 such that

| [y 12,8 o < € (1 7898 + U5 o Pl ) (3.44)
Therefore, by Proposition 3.2, [8yju, Oy, 77] c &2 x 52, j=1,2, and
1[0y, By;] [l o w0 < Ce“F ([[[7° w20 ma] | + ILFrs for Bl ), 5= 1,2 (3.45)
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Step 3: Differentiating (3.2)—(3.3) with respect to y; and to yx, j,k € {1,2}, we deduce that

U = 8yjyku7 77 = ayjyknv

satisfy § 5
(p°69) 0t — divT?(@) = fo +divh in (0,T) x F,
=T (0¢7) on (0,T) x OF, (3.46)
(0, ) = a° in F,
Ol — Agii = —Q(T%(@) + )  in (0,T) x S,
D 7(7J V( (@) + ! ) . (0,7) (3.47)
77(0’ ) =", 5’”](07 ) 2 in S,
where §
F2 = Oy J2 = 0y, (0°0°) 00 — 0y, (p°6%) 01y, ) — By, (p70°)01(Dy, ),
and where 7 is the sum of Oy,;y,h and of a linear combination of terms of the form
Pui, 0 (1 0?u;, 1 OB}
s W —\BY . BY . el is,i6 RO 0.1 3.3 3.48
09ix 9y, 0y, ( ) il Gy Dy 80 oy, e (28 2 (33) (3.48)
Buil 02 i B0 RO 8ui1 0 1 818?5 is BO (3 49)
iy Oyiy Oy \ 60 ) P00 Gy Dy, (50 Ayi, T '
and 20 0 0
auil 19 B% t6 0 8ui1 i aBZs i6 a]BW 8 ) (350)

ayiz 5 ayz;} ayu s ayiz oo 8y23 ayu
The initial conditions are given by

S0 _ 0 -0 _ ~0 0 _ 0
W = 0Oyyu s T = Oyp s M2 = Oy s

From (3.4), we obtain [a@°,7,7%9] € Z°. From (3.6), we have 9y, f2 € L*(0,T; L*(F))?. From (2.22), (2.23),
we have 9, (p°6°) € H'(F) and using (3.41), we deduce that 8yjyk (p°6")0u € L*(0,T; L*(F))®. Similarly,
By, (p°6°)0,(8y,w), By, (p°6°)0(dy,u) € L*(0,T; L*(F))® and thus fo € L?(0,T; L2(F))3.

In order to show that i € L*(0,T; H'(F))?, we already notice that from (3.6), Oy,yh € L2(0,T; H'(F))°.
Then we need to show that the gradients of the terms of the form (3.48)(3.50) are in L?*(0,T; L*(F))°. This
can be done in a systematic way, we only point out here the more complicated terms.

First, from (3.45), we deduce that

Vu € L*(0,T; L*(0,1; H*(S)))? N L*(0, T; H'(0,1; H'(S)))°.
Moreover, from Lemma 2.3, we have that
VZB € C*([0,1]; H'(S))®".
Thus using Lemma 2.6, we deduce that

2 7 1 8218? K 7 GSB? [
o, B, U L T e g e 20,15 1%(F))
ayiz aylg 6 6%4 aylg ’ 8%2 6 8.%3 8y’b4 aylg ’

The other terms involved in the derivatives of i are of the form

0u; 0 1 PP, 1 OBY.
- = | B . B, = LAY L (g, 3,3 3.51
ayizayigayig 8?/1‘4 (50) Q5,06 "i7,ig? ain ayigayig (5 5%4 i7,ig? (127 Z3) 7£ ( ) )7 ( )
32U1‘1 0?2 i B0 RO 82u1’1 0 1 618%?0 B s o (3.52)
OYi, Oyis, Oyi, Oyiy \0°) 1" T Dy, Oyi, Oyig 50 i, T '

0 0 2m0
82ui1 1 aBzg, ig 8]317 ig 62ui1 1 a BZBJG BO . (353)
ayi2 ay% 5 aym ayzg ’ 32/125?/13 5 5'y148y19 17,87

Oui, > 1\ po g Ouyy, 9 (1 Bl po (3.54)
BYiy Oy, 0yi, Oyip \ 80 ) 0TI Gy Dy Dy, 60 dysy T '
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Quiy 0 ( 1 > OB g o Ouiy 0 ( 1 > OBY o OBl is (3.55)
ayiz 6yi3 60 8yi48yi9 s 8yi2 8yi3 50 6yi4 8yi9 ’ )
and 30 210 0
8ui1 1 9 Bis»is 0 auil 10 Bi57i6 6B’i77is ) (356)

Oyi, 00 0yi,04i,0yig 7™ Oyi, 00 Oyi,Oyiy Ovig
Using (3.37), (3.45), Lemma 2.3 and Lemma 2.6, one can check that they belong to L?(0,T; L*(F)) and
| [f2 7] ’R% + || [a°, 59, 1] 7o < C (|[2° w00, md] || ; + ILf1s fos Plll ., ) - (3.57)
Therefore, by Proposition 3.2, [8yjyku, Oy, 1 n] € &2 x 52, J,k € {1,2} with the estimate
1[0yt Bysi] | o o < C (2% w0 ma] |2 + ILfrs fos Pl )+ (G € £1,23). (3.58)

Step 4: regularity in the es direction. From (3.37), (3.41), (3.45) and (3.58), it only remains (see (2.17), (2.18))
to show that

2 T2 3
ay3y3y3u’ aylyaysysu’ ayzyzyaysu’ ay3y3y3y3u €L (07T7L (]:)) .

We are going to use (3.34), (3.35) and (3.36) and combine it with the fact that we have already (using Step 1
and (2.22), (2.23))

fo +divh — p°6°9u € L*(0,T; H*(F))°.
Differentiating (3.34) with respect to y3 yields

— Dyyyystt = By, (f2+ divh — p"u’Bu) + 8y R + (0y,D) Dy u, (3.59)
We can check that 9y, R + (0y;D) Oyyysu is a linear combination of terms of the form
OBuy, 1 o
ay ayz 8y @B?yislﬂggsﬂlw (22713) 7é (373)a (360)
12 13 8

Pui, 9 (1 B0 B0 D%uy, ia]B%?m B (3.61)

ayiz 8yi3 ayis 60 fte o 6%‘2 ayls 60 8%‘8 fotr )
Ou;, 0 1 B B0 Ou;, 9 (1 8153?4715 B (3.62)

iy OYisOyss \0°) 000N Gy By \60)  Byiy O '
Ou;, 1 82B?4,i5 0 dus, i 83?471'5 8E?67i7 ) (363)

iz 0° DyisDyis 7" Oy, O Dyiy Oy
As in Step 3, one can check that all the above terms are in L?(0,T; L?(F)) and thus, since D! € L*(F)?, we
deduce that ,,,,,,u € L*(0,T; L*(F))*. Then we differentiate (3.59) with respect to yx, k = 1, 2:

— DOysyaysystt = Oysy, (f2 +divh - pouoﬁtu) + 0y, (Oys R+ (9y,D) Oyaysu) + (0, D) Dy v (3.64)
The last three terms of (3.64) are the linear combination of terms in (3.51)—(3.56) and of terms of the form
O Lpe g (in,i5) £ (3,3),k # 3 (3.65)
3y223y138ylsayk 50 G405 06,070 25,63 5 B 5 .
_Puy D (Vg gy T 1Buug (3.66)
y30y30yi, Oyi, \6°) "' "0 Qysdysdys, 00 Oys, T

Using (3.45) and that Oy,y,y,u € L2(0,T; L?(F))?, we deduce that the above terms are also in L?(0,T; L*(F)).
Thus, Oy,ysysyett € L2(0,T; L*(F))3, for k =1,2.
Finally, we differentiate (3.59) with respect to ys:
- DaySySyayau = 8y3y3 (f2 + diV h - pouoatu) + ays (6y3R + (ayS]D)) 6@/31}3”) + (61/3]1)) 8y3y3y3u' (367)

The last three terms of (3.67) are the linear combination of terms in (3.51)—(3.56), (3.65)—(3.66) and of terms
of the form
(941,&1‘1 1 0 0

T 3.68
Oy30y3dysOyy, 00 5 6T # 3, (3.68)
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that is in L?(0,T; L?(F)) since Oyyysysyet € L2(0,T;L2(F))?, for k = 1,2. We deduce that Oy,y5y5yst €
L*(0, T L*(F))*.

0
Step 5: solving (3.1). From (2.23), Lemma 2.3 and the above steps, we find that ':;—OVu :B% € L?(0,T; H3(F))N
L>(0,T; H*(F)). This yields that p € £, and this ends the proof of Theorem 3.1. O

4. PROOF OF THEOREM 2.1

In this section, we prove Theorem 2.1, that is the local existence and uniqueness of strong solutions for the
system (2.8)-(2.15). The method is standard, we use a fixed-point argument by noticing that a solution of the
system (2.8)-(2.15) is a solution of (3.1)-(3.3) with the source terms

[f1, fa, h] = [F1, Fy, H],

where the nonlinearities Fy, Fo, H are given by (2.13)-(2.14).

Let us assume that the initial condition [p°,u° n{,n9] satisfies (2.22)-(2.25). Note that this implies in
particular that [po,uo,n(l),ng] € 7 (see (3.4)). Forall T > 0 and R > 0, let us consider the following closed
subset of Ry (see (3.6)):

BT7R - { [flvaa h] € RT ; f2(07 ) = 0’ h(oﬂ ) = _a(po)’yBov ”[flvf?a h]”'RT g R} (41)
From Lemma 2.3 and (2.23), there exists R > 0 such that
() B | o o < R (42)

and thus if T < 1, then Br g is non empty. We also take R such that

0% u® n?,m3] ||, < R. (4.3)
With R satisfying (4.2)-(4.3), we define the map
N:BT7R_>BT,R7 [flaf?ah]%[F17F27H]7

where [p,u, ] is the solution to the system (3.1)-(3.3) associated with the source term [f1, f2, h] and with the
initial condition [p°,u’, 7}, n9] and where F, Fy, H are given by (2.13)-(2.14). In order to prove Theorem 2.1,
we show below that, for T" small enough, N is well-defined, N'(Br,r) C Br,r and N|g,. , is a strict contraction.

First, note that (2.25) and (4.1) yield the compatibility condition (3.9) with p° = p°, 7Y = 1. Thus, we
can apply Theorem 3.1 to conclude that the system (3.1)-(3.3) admits a unique solution [p,u,n] € £, x &, x &,
and there exists a constant C' > 0 independent of T" such that

losusnllle xe.xe, < CeOT (|| [0 8] | + 11, fos Blller) -
In all what follows, we assume to simplify that 7' < 1 and the constants C used in the estimate can depend on
R and on the initial conditions. For instance using the above estimate, and (4.1), (4.2), (4.3) we deduce
Pl 20,7518 )+ 10ePl e (0,712 (7)) + Nl 20,7 mra ey + Nl 0,752 )0 + Null r2 0,220
+ llullcogo, 73,2372 + 1wl oy (7)) + 10l Lo 0.1 m3(5)) + 1Ml ar20,7587205)) T 10l E73 0,7 225
+ Hatn||L°°(O7T;H3(S)) + HattUHCO([O,T];Hl(S)) < C (44)
Since p(0,-) = pY, the above estimate implies
lp = P°ll Lo (0,751 (7)) < CT2. (4.5)
In particular, for T' small enough, combining the above relation with condition (2.23), we deduce for any « € R;
0% oo (0,13113 (7)) < C. (4.6)
Combining (2.15), (4.4), (2.17) and Lemma 2.3 yields
1X = X\l e, remaryys < CTY?, N X|zoo 0,143 + 1 X e 0,1y < C- (4.7)
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We deduce from the above estimates that X is a C''-diffeomorphism for T small enough. Similarly, Bx and dx
defined by (2.5) satisfy

IBx — B[l oe 0,537y < CT2, B || oe 0,053 (7o + 1B [l 0,m:m03(27y0 < € (4.8)

165 = 6%l e .13y < CTY?, 16x |l poe 0,13 ) + 19 1 0,13y < Cs (4.9)

and, in particular, there exists ¢y depending on 77? such that for T" small enough

dx = co > 0.
Thus, we also have
1
bl Rl e o
o (0,T;H3(F)) 0X || oo (0,713 (7)) H'(0,T;H3(F))
Using the above estimates and (2.5)-(2.6), we obtain
[Ax — A% e o,msm2 (7)) < CTY2, || Ax || e o/msma (o + I1AX | m20,7503 ()0 < C. (4.11)
Regarding the time derivatives, we deduce from (4.4), (2.17) the following estimates
10: X || Lo (0,7:m3(F))s < C, |0Bx||oe0,13m2(F))2 < C5 10:9x ]| Lo 0,1:12(F)) < C,
1
HatAxHLoo(o,T;H%]:))g < C, <5> <C. (4.12)
Lo°(0,T;H?(F))

Using the above results, we can now estimate [Fy,Fy, H| given by (2.13)-(2.14) in the norm (3.7) (see, for
instance [40, Proposition 2.4] for a similar computation):

0
p
1E1 (o, ws )l 20,313 (7)) < 50 IVull L2 0,715 (7))o [B® — Bx || Lo (0,73 (7))
Le=(0,T;H3(F))
PO p 1/2
+ ‘ FI o R IV ull 220 o3 )y B Nl oe 0,753 yy0 < CTV?, - (413)
L>(0,T;H3(F
0
1E1(p, w, )| Los (0,712 (7)) < % IV ull Lo (0,712 ()0 [IB® — Bix | Lo (0,713 (7))
L= (0,T;H3(F))
P 1
i ‘ o0 bx IVulie oy Bl e < T2, (414)
Le=(0,T;H3(F))
1B (o) | 2o s e < [[0°0° = p0x || o 0,108 )y |9kl 20,7152y < OTH2, (4.15)

10eFall 20, 7502(Fy)s < 2110wl oo (0,75802 (7)) 10 oo 0,750 () | Oetal | Lo 0, 7501 ()
+T11/? ol o 0,7; 13 (7)) 10t (0 ) || 0w (0,75 12 (7)) | Ot | Low (0,15 171 ()3

+110°8° = pox| L (0.1 (P 10ustell L2 073127y < CT?, (4.16)

I HI| 22 (0,7; 13 (F))° < C(HAX — A%\ oo 0,113 (7))o VUl L2 0,3 13 (7))

B By
+ H‘SO T e IV ull 2 0,7;m3 (7))o IBx | Loo (0,7; 13 (7))o
X Lo (0,1 H3(F))®
BO 0
+ |55 Vullp2(0,7;m2 (7)) B = Bx || o< (0,712 (7))
Lo (0,73 HS (F))?

o+ TY21|07 | e o 1392 1Bt e 0,700 ) < CTY2, - (4.17)
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10 H || 2 0,7; 17 (F))e

S C(“AX — A%z 0,53 (7)) 10V ull 2o s (yy0 + T2V al] ow 0,1, 1020 100 (A o0 0,712 (0

Bx
o <ax>

10eVull 20,7551 (7)) 1B || oo (0,73 113 (7))
Lo (0,T;H3(F))?

+ T IVull Lo 0,12 (7)) IBx || oo 0,523 (7))

Le=(0,T;H?(F))*

LB _Bx
T

Bx
Ox
BO
50

IVull L2 0,751 (7))2 0B x || o< (0,712 ()2

1
L= (0,T;H3(F))?

10:Vull L2 0,751 (7))2 | BY = Bix || Low (0,713 (7))

4
L>=(0,T;H3(F))®?

+ T2 07 | e 0,75102 (7)) 106l Lo (0,73 712 () | Bx | Lo 0,752 (7))o
+ Tl/szV”L“(QT;HS(]:))”atBX”LW(O,T;H?(}‘))Q) <COTY? (4.18)
Combining the above estimates, we deduce
IN(f1, f:s B)llRy < CTY2.

Thus for 7' small enough N (Br g) C Br k.
To show that N|g,. , is a strict contraction, we proceed in a similar way: we consider

[fi, f3.h'] € Brg, i=1,2
and we denote by [pi, ul, ni} the solution of the system (3.1)-(3.3) associated with
[fli,fzi,hi] € Rr and [,007u0,77(1)7n8} el
We define

[f17f27h] = [f117f217h1] - [f127f223h2] ) [p7u777] = [p17u13771] - [p27u27772] :

We can apply Theorem 3.1 and deduce that

o mlle, e, e, < C N1 fon Ml -

Since the initial conditions of [p, u, n] are zero, we have

pll e (0,75003 (7)) < CTY2|[f1, f2, bl -
We obtain similarly
IX" — X2 e 0,372 < CTY2|[f1, f2, Bl R,y
and we deduce similar estimates for Bx1 — Bxz2, Axy1 — Ay2, dx1 — dx2. Proceeding as before, we obtain that
Fy, Fy, H given by (2.13)-(2.14) satisfy
IFy (p", ut,n') = Fr(p® o, 0 20,03 + 1F1(ph uton') — Fu(p?, u?,0®) || Loe 0.1 12(7))
200U 1) — L2{p,u 1 L2(0,T;H?(F))3 200U 1) — L2(p U, H'(0,T;L?(F))3
+1Fa(pt utynt) = Fa(p? u®, )| + [ Fa(pt utyn') = Fa(p?,u®, )|
+ [ H(p' utsnt) = H(p®, v 0?) | 20 mms ey + [H(ph ubsnt) = H(p® u®,0?) | o ()0
<CT?|[f1, f2, Ml -

Hence, for T' small enough, we have Nz, , is a strict contraction. O
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APPENDIX A. PROOF OF PROPOSITION 3.3
In order to prove Proposition 3.3, we show that the linear operator corresponding to the system (3.17)—(3.18)
is the generator of an analytic semigroup in a suitable function space. More precisely, we first consider

Xp = [Lz(]-")]?’, D(Ar) = (H*(F) ﬂH&(}_))Bv Ap = pol(;o

divT?: D(Ap) — Xp. (A1)

Due to (2.22)(2.23) (see Lemma 2.3), the above operator is well-defined. By using the measure p°° dy for Xp
instead of the Lebesgue measure dy (which gives an equivalent norm), we deduce by integrations by parts that

1
Ap is symmetric. Moreover, using Lemma 2.3 and Lemma 2.4, we also deduce that — 050 div T? is a strongly
P
elliptic operator of order 2. Therefore by [36, Lemma 3.2, p.263], Ap is an isomorphism from D(Afr) onto Xp.
In particular, Ar is a self-adjoint operator and generates an analytic semigroup on Xz (see for instance [5,
Proposition 2.11, p. 122]).
Using again [36, Lemma 3.2, p.263], we introduce the operator Dp € L(H?*(S), H*(F)?), defined as follows:

w = Dpyg is the solution of the system
—divT’w=0in F, w=7TgondF. (A.2)
By a standard transposition method, the operator Dr can be extended as Dp € L(L?*(S), L*(F)?).
Now, we introduce the operator

0 1

Xs == H*(S) x L*(S), D(As) = H*(S) x H*(S), Ag= [As eA,

:| : D(As) — Xs. (A3)
From [41, Proposition 2.2], we know that Ag generates an analytic semigroup on Xg.

Using the above operators, and by setting

Me =" T2, = e,
we can write the system (3.17)—(3.18) as follows:

d | ue Ug fo+divh Ug u?
o | e | = Ars |me| + 0 ; me| (0)= |77, (A.4)
t 0
72,e 72,e —0Qh 2, 7o
where Apg : D(Apg) — X is defined by
X = Xp x Xg, (A.5)
D(Ars) = {[um.m]" € HAF)* x D(4s) ; u—Dpms € D(Ap) |, (A.6)
Aps = A%g + Brs,
with
Ue AF(UE - DF772,5) Ue 0
AOFS Me| = Ag [771,5 and Brgs [me| = 0 . (A7)
T2,e T12,e 2, _QTO (ue)

Using the analyticity of Ar and Ag, we can show as in the proof of [29, Theorem 4.2] that A% ¢ generates an
analytic semigroup on X. Moreover, using Lemma 2.3, standard trace results and compact embeddings, we
infer that, for any 6 > 0 there exists C'(6) > 0 such that

1Brs [ue,me;n2.ell < 8[| Aps [ue, e m2el|| x + CO) e, e, el 4 -

In particular, Brg is a .A% g-bounded perturbation, and hence, Arg generates an analytic semigroup on X (see
for instance [37, Chapter 3, Theorem 2.1]). Finally, the conclusion of the theorem follows from [5, Part II,
Chapter 1, Theorem 3.1]. O
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