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Abstract

In this paper we consider the existence problem of affine connections on C*-manifolds M
whose coefficients are as regular as one needs. We show that if M admits a suitable subatlas,
meaning a B’of) g-structure for a certain presheaf of Fréchet spaces B and for certain functions a
and [, then the existence of such regular connections can be established. It is also proved that
if the B(’; g-structure is actually nice (in the sense of [1]), then a multiplicity result can also be
obtained by means of Thom’s transversality arguments.

1 Introduction

As it is very well known, any paracompact C*-manifold (M, A), with k& > 2, admits many
affine connections V whose coefficients are of class C*~2 [2]. Recall that this very standard result
is obtained as follows. Let Conny_o(TM) be the set of affine connections of class C*~2 in M.
One first shows that Conng_o(TR™) in nonempty for every k. One then show that each C*-map
f N — M induces a pullback function f* : Conng_o(T'M) — Conng_o(f*T'N), from which one
conclude that open sets of R” admit affine connections of class C¥~2, for every k. In particular sets
C*-diffeomorphic to open sets of R” admits C*~2-connections. Then, for a given open covering U
by coordinate systems ¢; : U; — R™ of M one takes a subordinate partition of unity ¥ = (¢;); and
one defines V =3 . 1; - V;, where V; € Conny_o(TU;), so that Conny_o(T'M) is nonempty. Since
the difference of C*~2-connections is C*(M)-linear, one conclude that Conng_o(7T'M) is an affine
space of Q! (M; End(T'M)).

In many situations, e.g, in gauge theory and when we need certain uniform bounds on the
curvature, it is desirable to work with connections V whose coefficients are not only C*=2, but
actually LP-integrable or even uniformly bounded [3, 4]. In other situations, e.g, in the study of
holomorphic geometry, we consider holomorphic or hermitian connections over complex manifolds,
whose coefficients are holomorphic [5, 6]. If M has a G-structure, we can also consider G-principal
connections w on the frame bundle F'M, which induce an affine connection V, in M, whose
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coefficients w§(9,) = I'¢, are such that for every a, I'y € Ck¥"2(U) ® g, where (I'y)s = ¢, [7].
Interesting examples of these are the symplectic connections, which are specially important in
formal deformation quantization of symplectic manifolds [8, 9]. As a final example, a torsion-free
affine connection defines a Lg-space structure in a smooth manifold M (in the sense of [10]) iff its
coefficients satisfy a certain system of partial differential equations [11].

Thus, if p represents some “regularity condition”, e.g, one of the previous ones, let Conn,(T'M) C
Conny_o(TM) be the subset of those affine connections whose coefficients satisfy p. It is then nat-
ural to ask when Conn,(T'M) is nonempty or when it remains an affine space. More precisely,
it is natural to ask when the construction above can be applied ipsis litteris in order to prove
that Conn,(T'M) is an affine space. This is a nontrivial question, since the existence of such a
regular connection may imply geometric and topological obstructions on M [4, 6]. In this article
we attack this problem in the context of Bk g-structures introduced in [1]. More precisely, for
us the “regularity condition p” is represented by sets I' C Z>p and S C I, by integer functions
ag: S —Tand By : S — [2,k], and by a family B = (B;);cr of presheaves of nuclear Fréchet
spaces B; : Open(M)°? — NFre on M. Saying that an affine connection V on (M, A) satisfies
the “regularity condition p” described by these data means that there exists a subatlas B C A
and an intersection structure presheaf (ISP) Xy over M such that for every ¢ : U — R" in B,
the induced coefficients (T',)¢, are such that 0*(I'y)5, € Bay)(U) Nxy) Ck=Bo) () for every
i € S and every p such that |u| = 5y(i). The space of these regular connections is denoted by
ConnaO 50 (M;Xp) C Conng_o(M). All above examples of connections satisfying regularity condi-
tions can be put in this language.

We prove that, given this “regularity condition” p = (B, S, ag, B0, Xo), if the structural presheaf
B is suitable and if (M, .A) admits a (B('j{ B,X)—structure compatible with o and By, then there
exists an ISP X, compatible with X, such that for every (0,4) close enough to (ag, 5y) the space
Connlg’ﬁ(M ; Xp) is nonempty. In more details, we prove the following result:

Theorem A. Let (M, A, Bk 5(X)) be a (Bk , X)-manifold, with k > 2, and suppose that the
structural presheaf B is such that Bk ( ) admzts a nice distributive (oyy, By; j)-connection of degree
r > 2, say for a proper full ISP X'. Then for every ordinary pair (0,79) and every z € I's, .6, there
exists a (B(w,X IT'>0,8,—-)-connection in M.

The result above is about existence of regular connections. The second natural question is about
multiplicity, i.e,

what is the size of their subspace. About this problem we prove the expected fact that the
difference D = V — Vof two (BaO 50+ Xo|S)-connections is a End(T'M)-valued 1-form whose coef-
ficients D, = I'¢, — Ty, are such that 9"D¢, € Bayiy(U) Nxy (o) CF=ho() e, Conna0 50 (M;Xo)
is an affine space over the R-vector space an 50(M3Xo) C QY (M) of these 1-forms. This is not
enough for ensuring the existence of many linearly independent connections, since a priori we have
no information on the the space an Bo(M ;Xp). Nonetheless, we also prove a less obvious fact:
in the smooth context, i.e, for k = oo, if the structural presheaf B satisfies an additional closure
condition, then there exists a map

F: Conng’y(M;Xo) — Conngy(M;Xo)

which has no local fixed points. More precisely, we say that two affine connections V and V are
locally different and we write V ~ V if for every ¢ : U — R" in B and every a,b,c = 1,...,n there
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exists Ugpe C U such that T (p) # Tuy(p) for each p € Uye. We say that F has no local fized
points if F(V) = V for every V € Conng’y(M;Xp). The existence of such F' is consequence of the
following theorem.

Theorem B. In addition to the hypotheses of Theorem A, suppose that M is smooth and has
countably many connected-components, that B admits a nice distributive (o, 8)); j)-connection of
degree v > 2, say in a proper ISP X', and that B is (9,19|F20;56_Z)-strong i X' for some ordinary
(0,9) and some z € I'sqp. Then, for every (BgS,X'|I'so.4.)-connection V in (M, A, B3s)
there exists another (Bg%, X'|I'>q,5, .)-connection V such that for every (U, p) € Bys and every
a b c=1,..n, there exists Uy y C U such that (Ty), (p) # (L) (p) for every p € Uy . In
particular, V ~ V.

The paper is organized as follows. In Section 2 we quickly present the needed background for
our main results, which are basically concepts introduced in [1]. These concepts can be understood
in categorical terms by means of functors and commutative diagrams for natural transformations.
Here, in order to make a more direct relation with the results of the next sections, these concepts
will be revisited in the objectwise approach, via functions and equations. In Section 3 the notion
of (Bgo’ﬁo,XdS)-connection is formally introduced and Theorem A is proved. In Section 4 the
additional conditions appearing in Theorem B are discussed and a proof of Theorem B is given.

2 Background

Let I" be a set such that I'>g = I' N Z> contains at least the number 0. Equivalently, let I'>q
be a subset of Z>( containing r = 0. The degree of I" is the biggest integer deg(I") € Z>( such that
the integer interval [0, deg(I")] belongs to I'>g. A (', €)-space is a sequence B = (B;)cr., of real
nuclear Fréchet spaces endowed with a function € : I'sg x I'sg — I'so. The trivial example is that
in which B; = 0 for each i and €(7,j) = 0 for each i, j, where the first zero means the trivial real
vector space. A morphism between (B,e) and (B',€’) is a pair (f,u), where p: I'sg — I'sq is a
function such that p(e(i,j)) = € (u(i), u(4)), and f = (fi)iers, is a sequence of continuous linear
maps f; : B = B,,;). Composition is well-defined and we have a category NFrer y; of (', €)-spaces.
A T-space is obtained from a (T, ¢)-space by forgetting e. Thus, they also constitute a category
NFrer and we have a forgetful functor from (I, €)-spaces to I'-spaces. On the other hand, from
any (T, €)-space (B, ¢) we get a (I' x I')-space B, by defining (Bc)ij = B ;)

A distributive I'-space consists of a I'-space B endowed with two maps €, : I'sg x I'sg — I'sg
and continuous linear maps x;; : B; ® B; — B j) and +;; : B;® Bj — By(; j), where ® denotes the
projective tensor product, which are both left-compatible and right-compatible, in the sense that
for every x € B;, y € B; and z € By, and every i,j,k € I'so the following equations hold (notice
that the first two makes sense only because of the last two):

T i) (U ik ) = (2% y) + (2 i 2)
(T +i5 Y) *s gk 2 = (T ¥k 2) + (Y *jx 2)
€(i,0(5,k)) = 06(e(i, ), €(i, k)
€(6(i, ), k) = 6(e(i, k), €(j, k).
We also require that +;; coincides with the sum in B;. The pairs (,¢) and (+,0) define a multi-

plicative structure and an additive structure in B, respectively. We have a category NFrer , 4 of
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distributive I'-space whose morphisms between (B, +,x,¢,d) and (B, 4/, ,¢,§') are pairs (f, u)
which are simultaneously a morphism of (T',€)-spaces (B,e) — (B',¢') and (B,d§) — (B',d), in
such a way that

F@*ijy) = F(@) %0000y f@) and f(x+iy) = F@) 50000y T®)-

A full T-ambient is a triple (X,~,7s), where X is a category with pullbacks and v and 7y
are faithful functors v : NFrer — X and vy : NFreryr — X. The second functor extends to
(B, €)-spaces by defining yx(B,€) = vn(B.). Let X, X, € X and given spans of monomorphisms
Y(B) — X < y(B') and y5(B:) — X < yu(B.), let BNx, B’ and B, Nx, 45, B. be the
corresponding pullbacks. If B and B’ are actually distributive I'-spaces, we have additional spans
for their multiplicative and additive structures, as presented below for the multiplicative case.
The full data consisting of the full I'-ambient and the spans above is called a full intersection
structure between B and B’ and denoted by X. The object X is the base object of X and the tuple
(X, X, X, X ) is the full base object of X.

pb(x, *'; X, 7x) Vs(By © By)
lm(*’)
BeNx vy By 75 (BY)
| k
V5(Be ® Be) V2 (Be) G X,

We say that a full I'-ambient is proper if for every set of spans as above there are a I'-space
B Nx B' and (I" x I')-spaces pb(x,+'; X,) and pb(+,+'; X4) such that v(B Nx B') ~ B Nx,
B', ys(pb(x,#; X)) =~ pb(x,+; X\, 72) and yx(pb(+, +'; X)) =~ pb(+,+'; X4,7s). The triple
consisting of those representing objects in NFrer x NFreryr x NFreryr is the intersection space
between B and B’ in X. We say that B and B’ have nontrivial intersection in X if both B Nx B,
pb(x, *’; X,) and pb(+,+'; X1 ) have positive real dimension. As established in [1], this is the case
if X is a standard vectorial intersection structure and (B) and ~(B’) have nonempty intersection
when regarded as sets (see there for more details).

All the discussion above can be internalized in the presheaf category of presheaves in R™. For
instance, we define a presheaf of (I',€)-spaces in R™ as a functor B : Open®”(R") — NFrer y; and
a presheaf of distributive I'-spaces as a functor B : Open®(R"™) — NFrer, . The fundamental
example is Ch,. Here, p : Tsg — [0,00] is some function and Ch,(U); = CPO(U;R™) is the
nuclear Fréchet space of R"-valued CP()-functions in U C R™, with the standard family of semi-
norms || fllr; = >, Sup|,—, SUPgek, [0" fj(x)] with 0 < r < p(i) and (K;) some nice sequence
of compact sets. The distributive structure is given by pointwise addition/multiplication, with
€(i,7) = min(p(i),p(j)) = d(4,7). Of special interest are the cases m =n, m =1 and p = k — 3,
where k € [0,00] is a fixed integer and § : I'sg — [0, k] is a given function. For m = 1 we write
simply C? instead of CY.

Let B be a presheaf of distributive I'-spaces, o : I'sg — I'>¢ a function and X a proper full
intersection structure presheaf (ISP) between B, and C*~7. We say that B is a Cgﬁ—presheaf n

X if B, and C*~# have nontrivial intersection in X and if there exists a sub-presheaf A of C* such
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that f-g € By)(U)Nxw) Ck=PE(U) for every f € A(U) and g € Bo@y (U) Nx Ck=PO(U), i.e, if
the intersection is closed by pointwise multiplication by a certain space of smooth functions. If it is
possible to choose A with nontrivial intersersection with the sub-presheaf C;° of bump functions,
we say that B is a nice Ckﬁ -presheaf in X. Given a Ck B—presheaf B in X, an integer m > 0 and
a subset S C I'sg, the corresponding presheaf of (B,k oz,5|S) functions in (X, m) is the presheaf
assigning to each U C R™ the subspace B (U X(U)|S) ¢ C%U;R™) of continuous functions
such that 0" f; € By (U) Nx ) C* ﬁ(l)(U) for every i € S, |u| = f(i) and j —1,...,m. If S =T5¢
we say that we have a presheaf of (B, k, «, 8)-functions in (X, m) and write B(’)“C’B(U; X (U)) instead
of BRI(U; X(U)|S).

Remark 2.1. Throughou this paper we will work with presheaves of (B,k,«, 3|S)-functions in
(X, m) for m being some multiple of n, i.e, m = r - n for some r > 0. Thus, when there is no risk
of confusion we will omit m, leaving it implicit in each context.

A C*-manifold is a paracompact Hausdorff topological space M endowed with a maximal atlas
A, say with charts ¢; : U; — R", whose transition functions ¢;; = ¢; o gpz_ : ¢i(Uij) — R™ are
C*, where U;; = U;NU;. A ( aﬁ,X\S) -structure in a C*-manifold (M, A) is a subatlas Bk 5(X[5)
such that ¢j; € Baﬁ(cpZ(UZ ); X (i(Uij))|S). As proved in [1], under certain hypothe51s on B, «
and f3, these additional structures exist in any C*-manifold in the case S = I'sg. A (B* B,X\S)
manifold is a C* manifold endowed with a (B* 5 X|S)-structure. A nice (BQB,X\S) -manifold is
one such that B is a nice C* g-presheaf. If (M, A) and (M', A') are C*-manifolds, a (BQB,X\S)
morphism between them is a C*-map f : M — M’ such that ¢fp is (B,k a,ﬁ\S) function in X
for every ¢ € Aand ¢ € A'. If S = T'5y we talk about (BZB,X)—Structures, (Ba ﬁ,X) -manifolds
and (BZB, X)-morphisms.
Remark 2.2. Throughou this paper we will always assume that sets I' parametrizing the (I, €)-
spaces have a large enough degree, as required for making sense of the definitions and results of the
next sections. Sometimes an estimative for the degree will be explicitly given; in other cases the
degree will be implicit. This hypothesis on the degree, however, is not much restrictive. Indeed, if
B is any I'-space with degree deg(I') and X C Z>q is any subset of integers we can define another
I'x-space Bx = (Bx,)iery, where 'y =T'UX. If i € I'>o N X, define Bx; = B;; otherwise, take
Bx ; = 0. Any function € in I'>( also extends to a function ex in I'>¢UX defined by ex (7, j) = €(4, j)
if 1,57 € I'sp and ex(i,j) = 0, otherwise. Notice that if [0,r] C X, then deg(Bx) > r. Thus, given
a (T, e)-space we can always extend it by adding trivial (', €)-spaces with arbitrarily large degree.

3 Existence

e From now on we will assume that the (B(';B,X)—structures BSB(X) C A are closed under
restrictions in the sense that if (p,U) € B';ﬂ(X), then (¢|v,V) € BSB(X) for every V. C U.

Given a (Bg’ﬁ,X)—manifold (M, A, Bgﬁ(X)), let D(B’Oi’ﬁ(X)) be the category whose objects are
coordinate systems (U, p) € B’;’ﬁ(X) and there exists a unique morphism (U,p) — (U’, ') iff
UcCU and ¢ = ¢'|y. Let C’(Bg 5(X)) be the category whose objects are continuous functions

f:U — R, where (U, p) € D(Bgﬁ(X)). Similarly, there exists a morphism g : f = f’ between
f:U—=Rand f/: U — Rif U C U and f = f'|y. Furthermore, given a subset S C I's
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and functions ag : S — I'sg and Gy : S — [2,k], let Cao,go(Bg’ﬁ(X)\S) C C(B’O‘i’ﬁ(X)) be the full
subcategory whose objects are (Bﬁoﬁo,X]S) -morphisms. A presheaf of functions in (M, A, Bg’ﬁ) is
a presheaf () : D(Bk (X))r — C(Bk 5(X)). A presheaf of (B aOﬁO,X\S)—morphisms is a presheaf of
functions which takes values in Cy, 50( 5(X)|S). In the following we will work with a 3-parameter
family Qf, of them, with a,b,c = 1,...,n. We will write (Q,)¢, to denote Q5 (U, ¢).

A (Bg0 500 X|S)-connection on (M, A, Bg’ﬁ(X)) is an affine connection V on (M, A) whose cor-
responding family of presheaves of functions Q¢, (U,¢) = (I'y)S,, where (I'y)¢, : U — R is the
coefficients of V in the local basis 97, is actually a family of presheaves of (B ko 5o+ X|S)-morphisms.
If (x,€) is the multiplicative structure of B, let €"(I,m) denote e(l, e(l, e(, e(...€(I,m)...))).

Theorem 3.1. Let X be a proper full ISP and let (M, A, Bgﬁ(X)) be a nice (B(’;ﬁ, X)-manifold, with
k > 2. Given functions oy and By as above, there exists a connection V in M whose coefficients in
each (p,U) € B’;ﬁ belongs to

By ((9(U")) Nx (o)) C¥H(0(U")) (1)
where U' C U is a nonempty open set,
ap = 8(e*(a(1),a0(0)), e((2), (1)), By = max(B(1), B(2), fo(0)) (2)

and (€,0) is the distributive structure of B.

Proof. Recall that any famlly of C%-functions : R™ — R defines a connection in R™ [2]. Thus,
any family of C?-functions oV — Rin an Open set V. C R” defines a connection Vg in V.
If ¢ : U — R" is a chart in M with ¢(U) C V, pulling back V( we get a connection V, in U
whose coefficients are f$, o ¢. Notice that if fS, are (B,k,aq,fo)-functions in X, then V, is a
(Bg’ﬁ,X)—connection in U (independently of if ¢ € BZB(X) or not), so that the existence of V is
locally established. In order to globalize it, let (¢s,Us)s be an open covering of M by coordinate
systems (not yet in B’;’ﬁ(X)) and let Vg be a connection in Uy with coefficients (fs)¢,. Let (1) be
a partition of unity subordinate to (¢s,Us) and recall that V = )" 15 - V, is a globally defined
connection in M. We assert that if ¢, are in BZ B(X)’ then V is a well-defined connection whose
cofficients belong to (1) for certain U’. Notice that the coefficients (T'5)S, of V in a fixed ¢y are
obtained in the following way: let N(s) be the finite set of every s’ such that Usy = Us N Uy # &.
For each s’ € N(s) we can do a change of coordinates and rewrite (fy)S, in the coordinates ¢ as
given by the functions

¢ Oy dpgt ¢y 0’ sos 8905
(f8/§8)ab = Z (9(,0[, a(’pg a(’ps fS mo Z (3)

l,m,o

where by abuse of notation ¢ = (s 0 ¢')°. We then have

ST e (s (4)

s’eN(s)
By hypothesis (fy).,, is a (B, k, ag, B)-function in X. Furthermore, since o, € Bg’ﬁ(X) we have
829013,
P40t

e
L,

€ (Baqry Nx C*P)(U3,)  and € (Bagz) Nx C*P)(U3,)
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where USS;, = @y (Usg). This is well-defined since 5(2) < k. Due to the compatibility between the
additive/multiplicative structures of B, and C*= the first and the second terms of the right-hand
sice of (3) belong to

(Bes(a(1y.a0(0)) Nx CF7maxBWBON@E ) and  (Bya(z)ay Nx CFmE@8WN (),
respectively, so that the left-hand side of (3) belongs to

(Br(e(a(1),00 0))c(a(@2)a(y)) Nx CETmxBWBREON @y ) = (B, Nx CF50) Uy,

where Uy (s) = Nyen(s)Uss- Since B is a nice C’gﬁ—presheaf in X, the sum (4) belongs to the same

space. Repeating the process for all coverings in BQ’ 3 (X) and noticing that o/ and 8’ do not depend
on s,s’, we get the desired result. O

We would like to extend the connection V in the last theorem in order to get a genuine
(32,75,,X|S)-connection, where o/ and /' are functions such that o/(0) = «f and 5'(0) = f;.
We will prove that this can be done under certain proper hypotheses on the underlying nice Cﬁjg—
presheaf at the cost of making a change in the ambient presheaf X.

Given B and B’ presheaves of I-spaces and given functions 6,9,6,9" : I'sg — I'sg, let X and Y
be proper ISP which are both between By and By, and between BJ, and Bj,. We say that X and
Y are compatible if they are defined over the same I'-ambient. A (6,9;6',9")-connection between B
and B’ in X, Y is a morphism 53,’?29, : ByNx By = By Ny Bj),. We are interested in certain “universal
connections”, as follows. Let (X,v,7s) be a full '-ambient and let Nx - 5, (B, B) be the presheaf
category of presheaves of base spaces of proper ISP between B and B’ which are compatible
and defined over (X,v,7x). Furthermore, let Nx 5 (Bo,Bg) = [lgco [yeo Mxy.s (B, By),
where O, Q C Mor(I'sp;I'>0) are set of functions. Given maps Do, Dg, defined in O x O and
in Q@ x Q' respectively, and assigning to each pair 6,6’ € O (resp. 9,9 € Q) a morphism of
presheaves of I'-spaces Do (0,0") : By = By, (resp. Do(0,9') : Bl = By, ), define a semi (Do, Dg)-
connection between B and B’ as a functor D : Nx 4y (Bo, Bg) — Ar(Nx s (Bo, By)) such that
s(D(X)) = X and such that the diagram below commutes for every §f = (6,0",9,9%) € O x Q.
Thus, the dotted arrow exists (compare with the definition of connection between ISP given in
[1]). If this universal arrow is created by the functor v (e.g, if v create pullbacks), then there
exists £ : By Ny By = By Ny Bj, such that yo & ~ &, and £ is a (0,6',19,9)-connection between
B and B’ in X, D(X) for every 6,0’ € O and every 9,9 € Q. A (Do, Dg)-connection is a semi
(Do, Dg)-connection for which these universal arrows are created.

By Mx ~ B;9 Yo B;9 (5)

~ > é—
ST Do (9,9")

N
By Ny, By ==~ o B,

KA
DO(979/) H
’}/OBOE’}/OBO/ £:>Y
D(X)
J X



Suppose now that B is a Ck ﬁ—presheaf in some ISP X whose underlying full ambient space is
(X,7v,7s)- Let ap : T'sg = I'sp and Bo : I'sp — [2, k] be given functions and for a fixed j € I'>, let
I'>0(Bo; j) be the set of all ¢ € I'sg such that 0 < By(j) —i < k, i.e, the set of every i < k — [y(j).
A (ao, Bo; j)-connection in B, is a (De, Dg)-connection between B and C*~, both regarded as
presheaves of I'>o(fo; j)—spaces, in which the functions agj; and By j, given by ag (i) = ao(j)
and By (i) = Bo(j) — i, belongs to O and Q, respectively. Furthermore, for every ¢ € Q such
that 9(i) < Bo(i) the transformation Dg(By,?) : C*~P0 = C*~? is required to be the canonical
inclusion.

We say that a subset W C I'>o(80;j) xI'>o is a (Bo, j)-ideal if the sum operation induces a map
+: W = I'>0(Bo;J), ie, if there exists the dotted arrow making commutative the diagram below.
Let i € pr, (W), with » = 1,2, be the image of the projection on the rth factor. For a fixed z €
pri (W), let W[z] be set of all I € I'sq such that (z,1) € W, i.e, such that pr,(pry *(W[i])) = z. We
say that a sequence of pairs of functions (0;,9;);ew.] is ordinary if the corresponding pair (04, 74),
given by 6.(l) = 6;(z) and 9.(l) = ¥;(z) belongs to O x Q. Finally, we say that (0,9) € O x Q
is ordinary if § = 0, and ¥ = 9, for some ¢, and ¥, i.e, if it is the induced pair of an ordinary
sequence of pairs.

I'>0(Bo;j) X I'sp——=T'sg xI'sg ——

J 7

W - = = =I'>0(80: j)

Lemma 3.1 (Key Lemma). Suppose that a (B , X)-manifold is such that B admits a (g, fo;j)-

connection (D, Do, Dg) and let W be a (5o, j)- zdeal For every U C R™ and every z € pry(W),

each element of B, (U) Nx ) Ck=Pol)=2(U) can be regarded as a (B, k,0,9|W|z])-function in
some ISP compatible with X, for every ordinary pair (6,9) € O x Q.

Proof. Since the B admits a connection (D, Do, Do), by definition it follows that there exists
a ISP Y, compatible with X, such that for every 6,0’ € O and 9,9 € Q we have morphisms
v+ Boy(U) Nx ) Ck=00) By iy (U) Ny Ck="0)(U) making commutative the diagram (5).
Since the connection is actually a (ag, fo; j)-connection we have ag; € O and By ; € Q. Thus,
for § = apj and U = [y ; we see that for every 0 € O, ¥ € Q, and i € I'>¢(Bo;j) we have
a morphism from B, ;)(U) Nx ) CF=Bol)=4(U) to By iy (U) Ny CFY"0)(U). Notice that if
[ € Bay(»(U) Nx ) CF=Bol)=1(U7), then Ot f € C*=Pol)=(+(U)) for every u such that |u| = I and
for every [ € I'>¢ such that ¢ +1 € I'>¢(5o; 7). Thus, by universality, for every such [ we can regard
o"f € Byuy)(U) Ny ) CF=010(U), where 0, € O and ¥, € Q. Notice that if z € pry (W), then for
every | € W{z] we have z + 1 € I'>0(fo; j), so that the functions 6(1) = 6;(z) and ¥(I) = 9}(z) are
defined on W|z]. Suppose that this pair (6,9) belongs to O x Q, i.e, suppose that it is an ordinary
pair. Thus, 0" f € Byq)(U) Ny 1) CF=90(U), meaning that f can be regarded as a (B, k, 6, 9|W [z])
in Y. ]

Corollary 3.1. In the same notations of Theorem 3.1, if B admits a («y, B); j)-connection, then
for every z € Lo, the elements of (1) can be regarded as (B, k,0 0’F20’56—2) -functions in some
ISP compatible with X, for every ordinary pair (6,7), where for every 0 < r < k, I'sq, is the set
of i € I'sg such that 0 <r —i <k.



Proof. First of all, notice that I'>(53);7) = I'>o. for every j. Furthermore, let W C I'>o.8 % I'>0
be the subset of each (z,1) such that z+1 € I'>o., so that Wz] is the set of every 0 <1 < k— ) —z,
ie, Wlz] = I'>0,5,—-- Finally, apply Lemma 3.1. O

Suppose now that B and B’ are actually presheaves of distributive I'-spaces and X,Y are
proper full ISP. In this case, define a distributive (6,9;6',9")-connection as one which preserves
the multiplicative and additive structures, in the sense that there are objectwise monomorphisms
Y« 1 Beo,g) = Bewr gy and v, : Bé’(ﬂ,ﬂ) = Bé,(ﬂ,ﬂ,) making commutative the diagram below,
and also objectwise monomorphisms 1 : Bsg,g) = Bser ) and v, : B(’;,(ﬁﬂ) = Bg,(ﬂ,ﬂ,) making
commutative the analogous diagram for the additive structures. A distributive (Do, Dg)-connection
between distributive B and B’ is a (Do, Do )-connection such that for every 6,60, 9,4, the induced
(0,9;0',9')-connection is distributive.

B9 <—— B} ® Bjy «<——— (By Nx Bj)) ® (By Nx Bj) ——> By ® By ——> B9

0,9 0,9
'Yiﬂ/ 59/’19/®€9/ﬂ9/“( H;Y*

Bé,w,ﬁ,) <*; B;, ® B, —— (Bg/ Ny Bq,g,) ® (Bg/ Ny B;,) —— By ® By = BE(0176/)

A distributive («g, Bo; J)-connection in B is a (g, Bo; j)-connection in B which is distributive
when regarded as a (Do, Dg)-connection. We say that a distributive (ayp, Bo; j)-connection is nice
if in the diagram below the dotted arrows, arising as natural fatorizations of the upper and lower
paths in the diagram, are equal for every § € O and ¢ € Q, where u arises from universality of
pullbacks (the non-identified arrows are inclusions). In other words, if the (ag, 5o; j)-connection
preserves bump-functions. Let (M, A, Bg’ﬁ(X)) be a (Bﬁ’ﬁ,X) -manifold. A (o, Bo; j)-connection

of degree r in the (Bﬁ’ﬁ,X)—structure Bg’ﬁ(X) is a (o, Bo; j)-connection in the preasheaf B which
preserves the transition functions ¢;; in B¥ 5(X) and also their derivatives 9"pj;,with [u| < 7, in

the same sense that it preserves bump functions. A nice (ag, fp;j)-connection in Bk ( ) is one
whose underlying («yg, Bo; j)-connection in B is nice.

Bag Nx CF~Fo cr=
w WMX’)
3 Boy Nx Cp°ZZ 22222226
Do (9,00)

By Ny ck=v Cch=Y

We can finally stablish the relation between (o, 3)); j)-connections on the structural presheaf

B and (Beﬂ,Y) ~connections on (B¥ > X)-manifolds.

Proposition 3.1. Let (M, A, Bk 5(X)) be a (Baﬁ,X) -manifold, with k > 2, and suppose that the

structural presheaf B is such that Bk 5(X) admits a nice distributive (afy, Bly; 7)-connection of degree
r > 2, say for a proper full ISP X'. Then for every ordinary pair (6,9) and every z € I'sy, B there
exists a (B 5, X' IT'>0,5;—=)-connection in M.



Proof. From Theorem 3.1 there exists an affine connection V whose coefficients (4) belong to (1).
By the hypothesis we have a (af, 5); j)-connection &, so that from Corollary 3.1 for any ordinary

pair (0,1), the image (Fﬁ )¢, of the coefficients (4) by &gy belong to
Biy(o(U"), X' (@(U")|T 20,8 —)- (6)

We assert that (Ff) ¢, also define a connection. This follows the fact that £ is nice and has degree
r > 2. Indeed, we have

¢ 9p5 0 090 4 i Py O
oo ((fsrs)ap) = 5019<Z oL, Dt Db (s )mo + Z D20l 8cpl,)

)

— Z§9ﬁ<8%> (86(’;;;)59 ( >§919( f)mo) +Z&w( a?@)ﬁw(?ﬁ)

8(108 8()05/ a(lps a (105 8()08
> 55 o a o)+ X gl 52

l,m,o

where in the first step we used (3), in the second we used compatibility between the distributive
structures of B and C*~ and also the distributive properties of &, and in the third step we used
that £ has degree > 2. Thus, by the same kind of arguments,

e = o Z by - (Fors)i)

s'€N(s
B 0s D D% ! 0*pl 9
= SIEZ:N(S) (% (l%;o a(pé, 8(,0? 8(,02 919((f5/)m0) + Zl: 890?8(,02 8%02/ )7

which clearly define an affine connection £p9(V) in M. Since they belong to (6), it follows that
£p9(V) is actually a (Bgﬂ97 X'|I">¢,p;-)-connection. O

4 Multiplicity

The last result was about the existence of (B(%, X')-connections. Now we will consider the multi-
plicity problem. Let (M, A, B(I;,B(X)) be a (BQB,X)—manifold and let DEnd(Bl;’B(X)) C D(BZB(X))
be the full subcategory of those coordinate systems (p,U) € BZB(X) which trivialize End(T'M).
Notice that every End(TM)-valued 1-form w € Q'(M;End(T'M)) induces a 3-parameter family
presheaf w, : DEnd(Bl;,B(X))Op — C(BQB(X)) of functions. We say that w is a End(7'M)-valued
form (BF

0,80 Xo|S)-morphisms.
Let

Xo|8)-form of degree one if w¢, are actually presheaves of (B('jlo Bo’

QL 5 (M;End(TM), %,|S)

be the set of all of them. This is clearly a real vector subspace of Q'(M;End(T'M)). Indeed, recall
that in a distributive I'-space B = (B;) the additive structure +;; : B; ® Bj — Bg(i7]’) is such that
0(i,i) = i and 4+ is the sum of B;. On the other hand, if V and V are two affine connections
in M, then w = V — V belongs to Q'(M;End(TM)). In terms of presheaves of coefficients, we
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have wi, = I'C, be Thus, again by the fact that +; = +;, it follows that if V and V are
(BaO 5o+ Xo|S)-connections, then w is a End(7'M)-valued form (B . Xg|S)-form of degree one.
In other words, we have proved:

ao,B0?

Proposition 4.1. Let (M, A, Bk ( )) be a (Bk ﬁ,X) -manifold. For every S C I'sq, every integer
functions ag : S — I'sg and Py : S — [2,k] and every ISP X the set Conn® . (M, X|S) is an
affine space of Qéo’ﬁo(M;End(TM),Xo\S).

0,80

As commented in Section 1, this is not enough to conclude the existence of many linearly
independent (B 0,07 Xp|S)-connections. Indeed, we need to analyze the dimension of the space of
(Bgm By Xp|S)-forms of degree one. Instead of doing this, with eyes in future applications, we will
follow a more direct approach.

Notice that under the assumption of a distributive nice («, 3);j)-connection for B, the proof

of Theorem 3.1 suggests that a nice (Bg’ﬁ,X) manifold has not only one, but actually many of

those B(’}ﬂ—connections, for every ordinary (6,). Indeed, for each choice of (B, k, av, fp)-functions

o covering M by charts in 5’2 5(X), the expression (4) defines a affine connection in M, which

is really a (Bgﬁ,X’ )-connection, due to Proposition 3.1. But different families of functions could a
priori define the same (Bgﬂ7 X')-connection. In other words, Theorem 3.1 and Proposition 3.1 give
us the functions in the diagram below, where the first set is that of all 3-parameter families fS,
of presheaves of (B, k, ag, 5p)-functions in X and the second one is the set of affine connections in
M whose coefficients belong to (1). It happens that the composition map usually does not have a
trivial kernel (each choice of a (af, 3; j)-connection induces one of these composition maps).

Prop o Thm
/m
Pshy, g,3(R™ X) > connj;,m oy (M, A X) Conng (M, XI5,/ ) (7)

The next result reveals that under certain additional assumptions every (BX;, X’)-connection V
can be deformed into another (BM, X’)-connection V which differs from V in at least one nonempty
open set. In order to be more precise, notice that diagram (7) can be completed to the following
noncommutative diagram, where the first vertical arrow is the inclusion and the other two take a
connection V and give the 3-parameter family presheaf of local expressions. Furthermore, Pshs(R™)
is just the set of 3-parameter family of presheaves of continuous maps.

Pshl 5 5(R";X) Ahm Gonn® o oy (M, A X) oy, Conng (M, XI55 )

I T e

Pshf(R")

We say that Q = (25,) and A = (AS,) in Psh3(R™) are locally different (and we write € »~ A) if
for every a,b,c = 1,...,n and every U C R" there exists a nonempty open set U, . C U such that
co(p) # AS,(p) for every p € Uyp.. We say that two (B%,X/\S)—connections V and V are locally
different if their underlying 3-parameter family presheaves are locally different, i.e, if 3(V) »~ (V).
A map F assigning to each (Bjy,X'|S)-connection V another (Bf,, X'|S)-connection F(V) is has
no local fized points if for every V we have F(V) » V. In the following we will show that under
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certain addition assumptions there exists one map
k k
p  Conng 5 (M, X'|T5,5 ) — Conng (M, XD, .)

which has no local fixed points. This will be done by making use of Thom’s transversality, so that
we will need to assume k = co. We will also need a closure condition. Indeed, given functions
0:8—Tspand d:S — [0,k], with S C I'sg, we say that a Bgﬁ—presheaf B is (0,9|5)-strong in
a proper ISP X’ between By and C*~7 if for every U and every i € S, the image of the projection
map By (U) Nxr Ck=70)(U) — CFY0)(U) is a closed set.

Theorem 4.1. In addition to the hypotheses of Theorem 3.1, assume that M is smooth and has
countably many connected-components, that B admits a nice distributive (oyy, 8)); j)-connection of
degree v > 2, say in a proper ISP X', and that B is (H,ﬂ\FZO;B()_Z)—stmng in X' for some ordi-
nary (0,9) and some z € FZO;B{)' In this case, for any S-parameter family QS of presheaves of
(B§%: X'[D>0,8) ) -morphisms there exists a (BgS, X'[Tsq,5 ) -connection V in (M, A, B3 5(X))
such that for each (¢, U) € By'5(X) the functions ', =3, ,[(Uy)g, — (45, are nonzero in some
nonempty U C U, where I'¢, is the presheaf of coefficients of V.

Proof. First of all we notice that if f,g: V — R are two transversal real smooth functions defined
on an open set V' C R", then the set V= of points p € V such that f(p) = g(p) cannot be dense
in V. Indeed, V- is given by f N, g = f~*(p) N g~ '(p). Since f M g, this a (n — 2)-submanifold
of V' and therefore of R", but n — (n —2) = 2 > 1, so that f N, g cannot be dense in V" and thus
in R™. On the other hand, transversality is a generic property, so that if f is not transversal to g,
we can modify it a bit in order to get f such that f M ¢g. Now, since we are assuming k = oo and
since B admits a connection in which B is (6, 9|I'>g,4.)-strong in XU, each By (V) Nxr vy C=(V)
can be regarded as a closed set in C°°(V), so that any dense set X in C*°(V) is also dense in
By (V) Nxryy (V). Thus, any f in that intersection can be regarded as a smooth real function
and small modifications of it (regarded as a smooth function) remains in By (V') Nx:(y) C(V).
Now, given a countable covering of M by charts (Us,ps) € Bis(X), which exists since M is
paracompact and has countably many connected-components, let rg = min FZO;B(’)—Z and consider
(Qp.)ap € Bogro)(Unis)) X/ (Niyy) C*(Un(s)), regard each of them as a smooth function and take
the sum ¢¢ = >, ()¢, Let (fs)h,, be (o, Bo)-functions in X defining a (B X'[T>0,81—2)-
connection, whose existence is ensured by Corollary 3.1. Consider the corresponding functions
(Lol )iy € Bogre)(Unis)) NX/(N(,)) C*(Unq(s)), regard them as smooth function and also take the sum

0. = 2ap(Tp,)gp- By the above we can assume fg g , otherwise we can modify (fs)h,n a bit
in order to get this. Therefore, the set Ug_ in which fg (p) = g (p) is not dense, so that there
exists p € p5(U) and small neighborhood B, 3 p such that B, ,NU~ = @. Let U, the union of all
those B;,. Finally, take U as the intersection of U, for all ¢. That this intersection is nonempty
follows from the fact that C°°(V') is a Baire space for every V and that the covering (U, ¢s)s is
enumerable. O

Corollary 4.1. In the same conditions of the last theorem, for every (Bgf’ﬁ, X’|F20;56_Z)-connection
Vin (M, A,B3g) there exists another (BgSy, X'|I's,5, - )-connection V such that for every (U, ¢) €

oos and every ', b c = 1,...,n, there exists Uy C U such that (Uy)gy (p) # (Ly)Gn, (p) for every
p € Uy . In particular, V ~ V.
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Proof. Take I' = in the last theorem, so that there exists such \Y and for every ¢ there exists U
in which >, [(T)g, — (Fp)gy] # 0 for all c. Therefore, for every p € U we have

0 < |Tg() < Y 1Tp)a(p) — Te)an ),
a,b

implying the existence of functions @, b : U — [n] such that
(Pw)a(p)g(p) (p) # (Pso)a(p)g(p) (p)-

Regard [n] as a 0-manifold and notice that if two smooth functions f,g: V — [n] are transversal,
then they coincide in an open set V' C V. Since [n] is a O-manifold, any smooth map f : V — [n]
is a submersion and therefore transversal to each other. In particular, @ (resp. b) is transversal
to each constant map a’ € [n] (resp. V'), so that for each a’ (resp. V') there exists U, C U (resp.
Uy C U) in which

(T )pmy P) # o)y (@) (esp. (D)5 (p) # (To)Gw (P)

p

Taking U,y = Uy N Uy and noticing that this intersection is nonempty, the proof is done. O
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