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A Graph labeling is one of the important mathematical discipline in graph theory where it serves many fields like computer science, coding theory, astronomy and physics. A labeling of edges and vertices of a simple graph 𝐺(𝑉, 𝐸) by a mapping 𝜃: 𝑉(𝐺) ∪ 𝐸(𝐺) → { 1,2,3, … , ħ} provided that any two different edges have distinct weights is called an edge I irregular I total ħ-labeling. If ħ is minimum and G admits an edge irregular total ħ -labelling ,then it is called the total edge irregularity strength (TEIS) , denoted by 𝑡𝑒𝑠(𝐺). In this paper, we defined which called hexagonal cell snake graph 𝐻𝐶𝑆 𝑛 and a double hexagonal cell snake graph 𝐷(𝐻𝐶𝑆 𝑛 ). Moreover, the exact value of TEIS for the new graphs are determined.

Introduction

Authors in [START_REF] Bača | On irregular total labellings[END_REF] defined a notation of an edge iirregular itotal ħ-labeling Ŧ: 𝑉(𝐺) ∪ 𝐸(𝐺) → { 1,2,3, … , ħ} for an undirected, simple and connected graph 𝐺(𝑉, 𝐸) as a labeling of its edges and vertices provided that any two edges 𝑧𝑤 and 𝑧 * 𝑤 * in a graph 𝐺 have different weights, i.e.𝑤 Ŧ (𝑧𝑤) ≠ 𝑤 Ŧ (𝑧 * 𝑤 * ) where 𝑤 Ŧ (𝑧𝑤) = Ŧ(𝑧𝑤) + Ŧ(𝑧) + Ŧ(𝑤). The total edge irregularity strength of a graph 𝐺 is a minimum ħ where G admits an edge irregular total ħ -labelling. Moreover, they deduced the following inequality that gives bounds of TEIS for any graph 𝐺 with maximum degree ∆𝐺 𝑡𝑒𝑠(𝐺) ≥ 𝑚𝑎𝑥 {⌈ The above conjecture has been verified for hexagonal grid graphs in Al-Mushayt et al. [START_REF] Al-Mushayt | On the total edge irregularity strength of hexagonal grid graphs[END_REF], for categorical product of two cycles in Ahmad et al. [START_REF] Ahmad | On edge irregular total labeling of categorical product of two cycles[END_REF] for a polar grid graph in Salama [START_REF] Salama | On the total irregularity strength of polar grid graph[END_REF], for a categorical product of cycle and path in Siddiqui [START_REF] Siddiqui | On total edge irregularity strength of a categorical product of cycle and path[END_REF], for several types of trees in Nurdin et al. [START_REF] Nurdin | On the total vertex irregular labelings for several types of trees[END_REF], for series parallel graphs in Rajasingh and Arockiamary [START_REF] Rajasingh | Total edge irregularity strength of series parallel graphs[END_REF], for centralized uniform theta graphs in Putra and Susanti [START_REF] Putra | On total edge irregularity strength of centralized uniform theta Graphs[END_REF], for sunlet graph and the line of sunlet graph in Salama [START_REF] Salama | Exact Value of Total Edge Irregularity Strength for Special Families of Graphs[END_REF], for a wheel graph, a fan graph, a triangular Book graph and a friendship graph in Tilukay et al. [START_REF] Tilukay | On the Total Irregularity Strength of Fan, Wheel, Triangular Book, and Friendship Graphs[END_REF], for Disjoint Union of Wheel Graphs in Jeyanthi [START_REF] Jeyanthi | Total Edge Irregularity Strength of Disjoint Union of Wheel Graphs[END_REF]for subdivision of star in Hinding et al. [START_REF] Hinding | Total edge irregularity strength of subdivision of star[END_REF], for cylindrical accordion graph and spiral accordion graph in Siddiqui et al. [START_REF] Siddiqui | Total edge irregularity strength of accordion graphs[END_REF], for generalized prism in Bača and Siddiqui [START_REF] Bača | Total edge irregularity strength of generalized prism[END_REF], for corona product of a path with certain graphs in Salman et al [START_REF] Salman | The total edge-irregular strengths of the corona product of paths with some graphs[END_REF],for the categorical product of two paths 𝑃 𝑛 × 𝑃 𝑚 in Ahmad and Bača [START_REF] Ahmad | Total edge irregularity strength of a categorical product of two paths[END_REF],

In this paper, we defined which called hexagonal cell snake graph 𝐻𝐶𝑆 𝑛 and a double hexagonal cell snake graph 𝐷(𝐻𝐶𝑆 𝑛 ). Moreover, the exact value of TEIS for the new graphs are determined.

Main results:

In this section a new family of graphs is defined which called hexagonal cell snake graph as follows:

Definition1. If we replace every edge of a path 𝑃 𝑛 by a cycle graph 𝐶 6 we obtain which called hexagonal cell snake graph denoted by 𝐻𝐶𝑆 𝑛 , see Figure [START_REF] Bača | On irregular total labellings[END_REF].

Definition2. A double hexagonal cell snake graph 𝐷(𝐻𝐶𝑆 𝑛 ) consists of two hexagonal cell snake graphs that have common path 𝑃 𝑛 , see Figure [START_REF] Ivanĉo | Total edge irregularity strength of trees[END_REF].

Definition3. An 𝑚-multiple hexagonal cell snake graph 𝑀(𝐻𝐶𝑆 𝑛 ) consists of 𝑚 hexagonal cell snake graphs that have common path 𝑃 𝑛 . In the following also, we determine the i exact i value of TEIS for hexagonal cell snake graph, double hexagonal cell snake graph and 𝑚-multiple hexagonal cell snake graph.

Therom1. Let 𝐻𝐶𝑆 𝑛 be a hexagonal cell snake graph with 𝑛 ≥ 2 . Then 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 ) = 2𝑛 + 1.

Proof: As |𝐸(𝐻𝐶𝑆 𝑛 )| = 6𝑛 and (𝐻𝐶𝑆 𝑛 ) = 4, I then (1) becomes 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 )) ≥ 2𝑛 + 1. To complete the proof we will show the existence of an edge irregular total ħ-labeling for 𝐻𝐶𝑆 𝑛 with ħ = 2𝑛 + 1. Let ħ = 2𝑛 + 1 and Đ: 𝑉(𝐻𝐶𝑆 𝑛 ) ∪ 𝐸(𝐻𝐶𝑆 𝑛 ) → {1,2,3, … , ħ } be a total ħ -labeling which is defined in the following cases as: Case 1: ħ ≡ 0(𝑚𝑜𝑑 3) ,1 ≤ 𝑥 ≤ 2𝑛 Đ is defined as:

Đ(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 3𝑦 -3 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , Đ(𝑓 𝑥 𝑦 ) = { 𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥 𝑦 ) = { 𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑘 𝑦 𝑓 𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2ħ -3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑘 𝑦 𝑔 𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 3 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2ħ -2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 Đ(𝑓 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2ħ + 1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2ħ + 2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑓 𝑥 𝑦 𝑓 𝑥+1 𝑦 ) = { 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2ħ -1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥 𝑦 𝑔 𝑥+1 𝑦 ) = { 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
It is plain that ħ is the greatest lable of vertices and edges. The weights of edges of 𝐻𝐶𝑆 𝑛 are given by:

𝑤 Đ (𝑘 𝑦 𝑓 𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 4𝑦 + 𝑥 -2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑘 𝑦 𝑔 𝑥 𝑦 ) = { 4 𝑓𝑜𝑟 𝑦 = 1 4𝑦 + 𝑥 -1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑓 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 4𝑦 + 𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑥 ≤ ⌈ ħ 3 ⌉ 6𝑦 + 1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑔 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 4𝑦 + 𝑥 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 + 2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑓 𝑥 𝑦 𝑓 𝑥+1 𝑦 ) = { 2𝑦 + 2𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑔 𝑥 𝑦 𝑔 𝑥+1 𝑦 ) = { 2𝑦 + 2𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
Obviously, the weights of edges are distinct. Hence, Đ is I an edge I irregular itotal ħ -labeling. Thus 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 ) = 2𝑛 + 1.

Case 2: ħ ≡ 1(𝑚𝑜𝑑 3) ,1 ≤ 𝑥 ≤ 2𝑛 Define Đ as:

Đ(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 3𝑦 -3 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , Đ(𝑓 𝑥 𝑦 ) = { 𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥 𝑦 ) = { 𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑘 𝑦 𝑓 𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -6 ⌈ ħ 3 ⌉ + 1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑘 𝑦 𝑔 𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 3 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -6 ⌈ ħ 3 ⌉ + 2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 Đ(𝑓 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 -6 ⌈ ħ 3 ⌉ + 5 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 -6 ⌈ ħ 3 ⌉ + 6 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑓 𝑥 𝑦 𝑓 𝑥+1 𝑦 ) = { 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 -6 ⌈ ħ 3 ⌉ + 3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥 𝑦 𝑔 𝑥+1 𝑦 ) = { 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 -6 ⌈ ħ 3 ⌉ + 4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 .
It is plain that ħ is the greatest label of vertices and edges. The weights of edges of 𝐻𝐶𝑆 𝑛 are given by:

𝑤 Đ (𝑘 𝑦 𝑓 𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 4𝑦 + 𝑥 -2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 3 ⌈ ħ 3 ⌉ + ħ -1 𝑓𝑜𝑟 𝑦 = ⌈ ħ 3 ⌉ 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑘 𝑦 𝑔 𝑥 𝑦 ) = { 4 𝑓𝑜𝑟 𝑦 = 1 4𝑦 + 𝑥 -1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 3 ⌈ ħ 3 ⌉ + ħ 𝑓𝑜𝑟 𝑦 = ⌈ ħ 3 ⌉ 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑓 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 4𝑦 + 𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑥 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 5 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑔 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 4𝑦 + 𝑥 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 6 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑓 𝑥 𝑦 𝑓 𝑥+1 𝑦 ) = { 2𝑦 + 2𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑔 𝑥 𝑦 𝑔 𝑥+1 𝑦 ) = { 2𝑦 + 2𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 .
Clearly, the weights of edges are distinct. Hence, Đ is I an edge I irregular itotal ħ -labeling. Thus 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 ) = 2𝑛 + 1.

Case 3: ħ ≡ 2(𝑚𝑜𝑑 3) ,1 ≤ 𝑥 ≤ 2𝑛 Define Đ as:

Đ(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 3𝑦 -3 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , Đ(𝑓 𝑥 𝑦 ) = { 𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 𝑥 + ⌈ ħ 3 ⌉ -1 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥 𝑦 ) = { 𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 𝑥 + ⌈ ħ 3 ⌉ -1 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 3 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑘 𝑦 𝑓 𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -6 ⌈ ħ 3 ⌉ -1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑘 𝑦 𝑔 𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 3 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -6 ⌈ ħ 3 ⌉ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 Đ(𝑓 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 -6 ⌈ ħ 3 ⌉ + 3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 -6 ⌈ ħ 3 ⌉ + 4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , Đ(𝑓 𝑥 𝑦 𝑓 𝑥+1 𝑦 ) = { 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -6 ⌈ ħ 3 ⌉ + 1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , Đ(𝑔 𝑥 𝑦 𝑔 𝑥+1 𝑦 ) = { 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 -6 ⌈ ħ 3 ⌉ + 2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
It is plain that ħ is the greatest label of vertices and edges. The weights of edges of 𝐻𝐶𝑆 𝑛 are given by:

𝑤 Đ (𝑘 𝑦 𝑓 𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 4𝑦 + 𝑥 -2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ -1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑘 𝑦 𝑔 𝑥 𝑦 ) = { 4 𝑓𝑜𝑟 𝑦 = 1 4𝑦 + 𝑥 -1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑓 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 4𝑦 + 𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑥 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑔 𝑥+1 𝑦 𝑘 𝑦+1 ) = { 4𝑦 + 𝑥 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑓 𝑥 𝑦 𝑓 𝑥+1 𝑦 ) = { 2𝑦 + 2𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 𝑥 + ħ + ⌈ ħ 3 ⌉ + 1 𝑓𝑜𝑟 𝑦 = ⌈ ħ 3 ⌉ 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 1 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 Đ (𝑔 𝑥 𝑦 𝑔 𝑥+1 𝑦 ) = { 2𝑦 + 2𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 𝑥 + ħ + ⌈ ħ 3 ⌉ + 1 𝑓𝑜𝑟 𝑦 = ⌈ ħ 3 ⌉ 6𝑦 + 2ħ -6 ⌈ ħ 3 ⌉ + 2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
It is obvious that, the weights of edges are distinct. Thus Đ is I an edge I irregular itotal ħ -labeling. 

𝛾(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 5𝑦 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , 𝛾(𝑓 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 𝛾(𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 9 𝛾(𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 𝛾(𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -5 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
From the above equations we say that ħ is the maximum label of vertices and edges. The weights of edges of 𝐷(𝐻𝐶𝑆 𝑛 )are given by:

𝑤 𝛾 (𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -7 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 4 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -6 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 5 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 6 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -4 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 10 
𝑤 𝛾 (𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 4 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -5 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -3 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -4 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛
clearly, the edges weights are distinct. Thus 𝛾 is I an edge I irregular itotal ħ -labeling. Hence, 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) = 4𝑛 + 1. Case 2: ħ ≡ 1(𝑚𝑜𝑑 5) ,1 ≤ 𝑥 ≤ 2𝑛 𝛾 is defined as:

𝛾(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 5𝑦 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , 𝛾(𝑓 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2 ⌈ ħ 5 ⌉ + 2 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2 ⌈ ħ 5 ⌉ + 3 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 𝛾(𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 𝛾(𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 12𝑦 -2ħ -5 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 12𝑦 -2ħ -3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 12𝑦 -2ħ -4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ -1 12𝑦 -2ħ -2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ ≤ 𝑦 ≤ 𝑛 .
From the above equations we say that ħ is the maximum label of vertices and edges. The weights of edges of 𝐷(𝐻𝐶𝑆 𝑛 )are given by: 

𝑤 𝛾 (𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -7 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈
𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 4 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 13 
𝑤 𝛾 (𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -5 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -3 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -4 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 .
clearly, the edges weights are distinct. Thus 𝛾 is I an edge I irregular itotal ħ -labeling. Hence, 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 ) = 4𝑛 + 1. Case 3: ħ ≡ 2(𝑚𝑜𝑑 5) ,1 ≤ 𝑥 ≤ 2𝑛 𝛾 is defined as:

𝛾(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 5𝑦 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , 𝛾(𝑓 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + ⌈ ħ 5 ⌉ -2 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + ⌈ ħ 5 ⌉ -2 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 𝛾(𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12 ⌈ ħ 5 ⌉ -2ħ -4 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ -5 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ -3 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12 ⌈ ħ 5 ⌉ -2ħ -3 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ -4 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ -2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 .
From the above equations we say that ħ is the maximum label of vertices and edges. The weights of edges of 𝐷(𝐻𝐶𝑆 𝑛 )are given by:

𝑤 𝛾 (𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -7 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 4 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -6 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 5 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 6 𝑓𝑜𝑟 𝑦 = 1 8𝑦 + 2𝑥 -4 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 8𝑦 + 2𝑥 + 4 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + 13 ⌈ ħ 5 ⌉ -ħ -6 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -5 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -3 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + 13 ⌈ ħ 5 ⌉ -ħ -5 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -4 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝑤 𝛾 (𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 4𝑦 + 4𝑥 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
clearly, the edges weights are distinct. Thus 𝛾 is I an edge I irregular itotal ħ -labeling. Hence, 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) = 4𝑛 + 1. Case 4: ħ ≡ 3(𝑚𝑜𝑑 5) ,1 ≤ 𝑥 ≤ 2𝑛 𝛾 is defined as: 

𝛾(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 5𝑦 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , 𝛾(𝑓 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + ⌈ ħ 5 ⌉ -2 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + ⌈ ħ 5 ⌉ -2 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + ⌈ ħ 5 ⌉ -1 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2𝑥 + ⌈ ħ 5 ⌉ -1 𝑓𝑜𝑟 𝑥 ħ 𝑓𝑜𝑟 𝑥 + 1 } 𝑦 = ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 2 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 3 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 12𝑦 -2ħ + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈
𝛾(𝑘 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 5𝑦 -5 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 + 1 , 𝛾(𝑓 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 ) = { 2𝑥 + 𝑦 -1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -9 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑓 2,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -7 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑘 𝑦 𝑔 1,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 1 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -8 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 20 𝛾(𝑘 𝑦 𝑔 2,𝑥 𝑦 ) = { 1 𝑓𝑜𝑟 𝑦 = 1 2𝑦 + 2 𝑓𝑜𝑟 2 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ 12𝑦 -2ħ -6 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 𝛾(𝑓 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2 ⌈ ħ 5 ⌉ + 2 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ -1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2 ⌈ ħ 5 ⌉ + 3 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ + 1 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2 ⌈ ħ 5 ⌉ + 3 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥+1 𝑦 𝑘 𝑦+1 ) = { 2𝑦 + 3 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 5 ⌉ -1 2 ⌈ ħ 5 ⌉ + 4 𝑓𝑜𝑟 𝑦 = ⌈ ħ 5 ⌉ 12𝑦 -2ħ + 2 𝑓𝑜𝑟 ⌈ ħ 5 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 𝛾(𝑓 1,𝑥 𝑦 𝑓 1,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -5 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑓 2,𝑥 𝑦 𝑓 2,𝑥+1 𝑦 ) = { 2𝑦 + 1 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -3 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 1,𝑥 𝑦 𝑔 1,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -4 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 , 𝛾(𝑔 2,𝑥 𝑦 𝑔 2,𝑥+1 𝑦 ) = { 2𝑦 + 2 𝑓𝑜𝑟 1 ≤ 𝑦 ≤ ⌈ ħ 3 ⌉ 12𝑦 -2ħ -2 𝑓𝑜𝑟 ⌈ ħ 3 ⌉ + 1 ≤ 𝑦 ≤ 𝑛 .
From the above equations we say that ħ is the maximum label of vertices and edges. The weights of edges of 𝐷(𝐻𝐶𝑆 𝑛 )are given by: 

Conclusion

In this paper, we defined which called hexagonal cell snake graph 𝐻𝐶𝑆 𝑛 and a double hexagonal cell snake graph 𝐷(𝐻𝐶𝑆 𝑛 ). Moreover, the exact value of TEISs for a hexagonal cell snake graph, a double hexagonal cell snake graph and an 𝑚 -multiple hexagonal cell snake graph are deduced and given by 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 ) = 2𝑛 + 1, 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) = 4𝑛 + 1, 𝑡𝑒𝑠(𝑀(𝐻𝐶𝑆 𝑛 )) = 2𝑚𝑛 + 1. 

  in[START_REF] Ivanĉo | Total edge irregularity strength of trees[END_REF] introduced the following conjecture Conjecture 1.If 𝐺 any graph different from 𝐾 5 ,then 𝑡𝑒𝑠(𝐺) = 𝑚𝑎𝑥 {⌈ ∆𝐺 + 1 2 ⌉ , ⌈ |𝐸(𝐺)| + 2 3 ⌉}.
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 21 Figure (2) A double hexagonal cell snake graph 𝐷(𝐻𝐶𝑆 𝑛 )

  Hence, 𝑡𝑒𝑠(𝐻𝐶𝑆 𝑛 ) = 2𝑛 + 1. Obviously, Figure (3) is an illustration of Theorem 1, where all edge vertex and vertex labels are at most ħ = 15 and any two different edges have distinct weights. Therom2. For a double hexagonal cell snake graph 𝐷(𝐻𝐶𝑆 𝑛 ) with integer 𝑛 ≤ 2. We have 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) = 4𝑛 + 1. Proof: As |𝐸(𝐷(𝐻𝐶𝑆 𝑛 )| = 12𝑛 , and (𝐷(𝐻𝐶𝑆 𝑛 ) = 8, then from inequality (1) we have 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) ≥ 4𝑛 + 1. Now we prove equality by showing the existence of an edge irregular I total ħ -labeling for 𝐷(𝐻𝐶𝑆 𝑛 ) with ħ = 4𝑛 + 1. Let ħ = 4𝑛 + 1 and 𝛾: 𝑉(𝐷(𝐻𝐶𝑆 𝑛 ) ∪ 𝐸(𝐷(𝐻𝐶𝑆 𝑛 ) → {1,2, … , ħ } be a I total ħ -labeling which is defined in the following cases as: Case 1: ħ ≡ 0(𝑚𝑜𝑑 5) ,1 ≤ 𝑥 ≤ 2𝑛 𝛾 is defined as:
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 3 Figure (3) 𝑡𝑒𝑠(𝐻𝐶𝑆 7 ) = 15, 𝑛 = 7

.

  From the above equations we say that ħ is the maximum label of vertices and edges. The weights of edges of 𝐷(𝐻𝐶𝑆 𝑛 )are given by: 𝑤 𝛾 (𝑘 𝑦 𝑓 1edges weights are distinct. Thus 𝛾 is I an edge I irregular itotal ħ -labeling. Hence, 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) = 4𝑛 + 1. Case 5: ħ ≡ 4(𝑚𝑜𝑑 5) ,1 ≤ 𝑥 ≤ 2𝑛 𝛾 is defined as:

  edges weights are distinct. Thus 𝛾 is I an edge I irregular itotal ħ -labeling. Hence, 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 𝑛 )) = 4𝑛 + 1. It is iclear ithat, Figure (4) is an illustration of Theorem 2, where all edge vertex and vertex labels are at most ħ = 25 and any two different edges have distinct weights. Therom3. For an 𝑚 -multiple hexagonal cell snake graph 𝑀(𝐻𝐶𝑆 𝑛 ) we have 𝑡𝑒𝑠(𝑀(𝐻𝐶𝑆 𝑛 )) = 2𝑚𝑛 + 1.
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 14 Figure (4) 𝑡𝑒𝑠(𝐷(𝐻𝐶𝑆 6 )) = 25, 𝑛 = 6