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Abstract

We study the problem of estimating the surface area of the boundary
dS of a sufficiently smooth set S C R? when the available information is
only a finite subset X,, C S. We propose two estimators: the first makes
use of the Devroye-Wise support estimator, and the second makes use of
the a-convex hull of X,,, denoted by Cq(X,). Our results depend on the
Hausdorff distance between S and X,, for the Devroye—Wise estimator, and
the Hausdorff distance between 95 and 9C, (X,,) for the second estimator.

These results allow obtaining the rates of convergence of both estima-
tors when X, is an iid sample, and also when it is the discretization of
the trajectory of a reflected Brownian motion with drift.

The first estimator is based on Crofton’s formula, which, roughly
speaking, states that the d—1 dimensional surface area of a smooth enough
set is the mean number of intersections of randomly chosen lines. We pro-
pose an estimator of the number of intersections of such lines with support
based on two Devroye—Wise support estimators.

The second estimator is the (d—1)-dimensional surface area of Cq (Xy,),
denoted by |Ca(Xs)|a—1, which is proven to converge to the (d — 1)-
dimensional surface area of 8S. Moreover, |Co(Xy)|q¢—1 can be computed
using Crofton’s formula.

Key words : Crofton’s formula; Surface estimation; a-convex
hull; Devroye—Wise estimato

1 Introduction

When S C R? is a compact set, we aim to estimate its surface area, i.e. the
(d — 1)-Hausdorff measure of its boundary 0S. The estimation of surface areas
has been extensively considered in stereology (see, for instance, [7, 8] and [26]).
It has also been studied as a further step in the theory of nonparametric set
estimation (see [30]), and has practical applications in medical imaging (see
[18]). In addition, the estimation of a surface area is widely used in magnetic
resonance imagining techniques.

The three- and two-dimensional cases are addressed in [9], which proposed
parametric estimators when the available data are the distances to S, from a
sample outside the set, but at a distance smaller than a given R > 0.

When, as in image analysis, one can observe n data points from two dis-
tinguishable sets of random data-points (one from inside S and the other from
outside S), the estimation of the surface area of the boundary has been treated,
for any d > 2, in [18, 20, 27, 30] and [38]. The proposals given in [18, 30]



and [20] aim to estimate the Minkowski content of 5. In [20] a very general
convergence result is obtained, and in [18] a convergence rate of order n~1/24 is
obtained under some mild hypotheses, and later on, in [30], a convergence rate of
order n~ /(41 is achieved, under stronger assumptions. In [27] a very nice fully
data-driven method, based on the Delaunay triangulation, is proposed under an
homogeneous point process sampling scheme. The asymptotic rate of conver-
gence of the variance is given, but there is no global convergence rate because
no result is obtained for the bias. Lastly, in [38], a parameter-free procedure,
based on the Voronoi triangulation, is proposed, and a rate of convergence of
order A~/ is obtained, under a Poisson Point Process (PPP) sampling scheme
(where A is the intensity of the PPP).

We propose two surface area estimators, in any dimension, when the available
data is only a finite set X,, C S. In this setting the two dimensional case
has been mostly studied. Assuming that X,, is an iid sample, the convex case
was first addressed in [10] (using Crofton’s formula). Later on, under the a-
convexity assumption, [4] obtained the convergence of the a-shape’s perimeter
to the perimeter of the support and the associated convergence rates are derived
. When the data are given by a trajectory from a reflected Brownian motion,
(with or without drift), a consistency result is obtained in Theorem 4 in [12].

The 2-dimensional case has many important applications. This is also true of
the three dimensional case. For instance, surface area is an important biological
parameter in organs such as the lungs.

The higher dimensional study is also important, at least from a theoreti-
cal point of view, since in [34], it is shown that the boundary surface plays an
important role as a parameter of a probability distribution, which allows ap-
plying plug-in methods. Up to our knowledge, the only paper that tackles the
surface area estimation problem in any dimension, when only “inside” data are
available, is [21], and no convergence rates are given.

Crofton’s formula, proved by Crofton in 1868 for convex subsets of R?, and
extended to arbitrary dimensions (see [37]), says that the surface area of 95
equals the integral of the number of intersections with S of lines in RY (see
Equations (3) and (4) for explicit versions of Crofton’s formula for d = 2 and
d > 2, respectively).

As previously announced, we will propose two different estimators for the
surface area. One of them uses the Devroye—Wise support estimator

Se, (Xp) = UL B(Xi,en) (1)

see [22], and the other one uses the a-convex hull support estimator

CaX)= () Bla)r (2)

{wid(2.X0)>a}

see [35], where n is the cardinality of X,, £, — 0 as n — oo and B(z,a)®
denotes the complement of the open ball in R? centred at x, of radius a > 0.
The surface area estimator we propose based on Devroye-Wise support es-
timator is not just a plug-in method, because in general the number of intersec-
tions of a line with dS., (X,,) may not converge to the number of intersections of
that line with 5. We prove that this estimator converges at a rate proportional
to dp(X,,,S)Y/? (where dy denotes the Hausdorff distance). This rate can be



improved to dg(X,,,S) when adding a reasonable assumption on the shape of
0S. These rates are known when X, is an iid sample, see the comments below.

To estimate the surface area when the support estimator is C,(X,,), we first
extend the result in [19]. More precisely, we prove that, in any dimension, the
surface area of the hull’s boundary, i.e. |0C4(X,,)|4—1, converges to |0S]4—1.
This result is interesting in itself, but, in practice, it is difficult to compute
|0C4(X,,)|a—1, especially for dimension d > 2. However, we will see that, by
means of Crofton’s formula, it can be easily estimated, via the Monte Carlo
method.

These results can be applied to many deterministic or random situations, to
obtain explicit convergence rates. We focus on two random situations: the case
X, ={X1,...,X,} of iid drawn on S (with a density bounded from below by a
positive constant), and the case of random trajectories of reflected diffusions on
S. In particular, we provide convergence rates when the trajectory is the result
of a reflected Brownian motion (see [12, 13]). This last setting has several ap-
plications in ecology, where the trajectory is obtained by recording the location
of an animal (or several animals) living in an area S, which is called its home
range (the territorial range of the animal), and X, represent the position at
time ¢ transmitted by the instrument (see for instance [6, 12, 13], and references
therein).

The rate of convergence of the surface area estimator, based on 5'5” (Xn),
when X, is an iid sample, is of order n~!/2¢ which can be improved to n=1/4,
depending on the assumptions on the smoothness of 95.

With the estimation of the support that uses the a-convex hull, when X,, is
an iid sample, we obtain a rate of order n~2/(d+1),

The rest of this paper is organized as follows.

In Section 2, we introduce: 1) the notation and some well-known geomet-
ric restrictions. 2) Crofton’s formula, first for dimension two and then for the
general case. 3) The main geometric restrictions required in one of the main the-
orems. Section 3 introduces the surface area estimator based on Devroye-Wise
support estimator. Main results regarding this estimator are stated in subsec-
tion 3.3. The computational aspects of this estimator are studied in subsection
3.4. The approach based on the a-convex hull is introduced in Section 4. A
discussion of the rates of convergence is given in Section 5. An algorithm based
on the Monte Carlo method for the estimator based on the a-hull is introduced
in Section 6. Lastly, Section 7 treates the performance of our estimator in a
simulation study. All proofs are deferred to the Appendix.

2 Background

2.1 Notations

Given a set S C R? we denote by S, S and 95 the interior, closure and
boundary of S, respectively, with respect to the usual topology of R?. We
also write diam(S) = sup(, ,yesxs ||z — yl[- The parallel set of S of radius € is
B(S,e) ={y € R?: inf g |ly — x| < e}

If A C R? is a Borel set, then |A|; denotes its d-dimensional Lebesgue
measure. When A C R? is a (d — 1)-dimensional manifold, then |A|;_; denotes
its (d — 1)-Haussdorf measure.



We denote by B(z,e) the closed ball in R?, of radius €, centred at z, and
wa = |Ba(x,1)]4. Given two compact non-empty sets A,C C R%, the Hausdorff
distance or Hausdorff-Pompei distance between A and C' is defined by

di(A,C) =inf{e > 0 : such that A C B(C,¢) and C C B(A,¢)}.

The (d — 1)-dimensional sphere in R is denoted by 8§?~! while the half-
sphere in R? is denoted by (§)471 ie. (§7)4~! = (R4~ x R*t) N §4~1. Given
M a sufficiently smooth (d — 1)-manifold and z € M, the affine tangent space
of M at x is denoted by T, M. When S C R? is a regular (i.e. compact and

satisfying S = S), and has a @' regular boundary 05, then for any = € S we
can define 7, the outward normal unit vector at x, that is, the unit vector of
(T,,08)* such that, for ¢ > 0 small enough, x + tn, € S°.

Given a vector 6 € (§+)?~1 and a point y, 7y, denotes the line {y + A0, A €
R} = y+RE. If y; and y, are two points in 79 ,, then y; = y+ X\;0; with a slight
abuse of notation, we write y; < yo when \; < As.

2.2 Crofton’s formula

In 1868, Crofton proved the following result (see [16]): given a convex set in the
plane, whose boundary is denoted by +, then its length |y|; can be computed
by

™ —+o0
=5 [ [ n@pdpas, 3)
0=0 =—00

n(0,p) being the number of intersections of v with the line r¢« g,, where 0* €
(8T)! is orthogonal to 6, and dpdf is the 2-dimensional Lebesgue measure, see
Figure 1. This result has been generalized to compact (not necessarily convex)
sets in R for any d > 2, and also to Lie groups, see [37].

y = Ox

AN

9 \\//7
e

Figure 1: The function n, counts the number of intersections of v with the line
T9~ gp determined by 6 and p.

To introduce the general Crofton formula in R? for a compact (d — 1)-
dimensional manifold M, let us define first the constant

B(d) = T(d/2)0((d +1)/2)"ta =12,

where I' stands for the well known Gamma function. Let § € (87)?~!. Then,
0 determines a (d — 1)-dimensional linear space 0+ = {v : (v,6) = 0}. Given
y € 0+, let us write nas(6,y) = #(re,, N M), where # is the cardinality of the
set. see Figure 2.

It is proved in [25] (see Theorem 3.2.26) that if M is a (d — 1)-dimensional
rectifiable set, then the integralgeometric measure of M (which will be denoted



Figure 2: The line 79, = y + R@ is shown, where y € 6 and 0 € (§7)4~1.

by I;—1(M), and is defined by the right-hand side of 4) equals its (d — 1)-
dimensional Hausdorff measure, i.e.

Mlaos = Tia 1) = 55 [ e / 0. (4

The measure df is the uniform measure on (8§+)4=1 (

tg—1 the d — 1 dimensional Lebesgue measure.

with total mass 1) and

2.3 Restrictions on the shape

We will now recall some well-known restrictions that are put on the shape in
set estimation.

Definition 2.1. For a > 0, a set S C R? is said to be a-convex if S = C,(S),
where C,,(5) is the a-convex hull of S, defined in (2), replacing X,, by S.

When S is a-convex, a natural estimator of S from a random sample X,, of
points (drawn from a distribution with support ), is Co(X,,), see [35].

Definition 2.2. A set S C R? is said to satisfy the outside a-rolling condition if
for each boundary point s € 95 there exists an z € S such that B(xz,a) NS =
{s}. A compact set S is said to satisfy the inside a-rolling condition if S¢
satisfies the outside a-rolling condition at all boundary points.

Remark 1. Throughout this paper we assume that S is the boundary of a

compact set S C R? such that S = S. We also assume that S fulfills the outside
and inside a-rolling conditions, and then 0S is rectifiable (see Theorem 1 in
[39]). From this it follows that I;_1(0S) = |0S|4—1 < oo, which implies (by
(4)) that, except for a set of measure zero with respect to duq—1(y)de, any line
To,y meets 0S a finite number of times: nag(0,y) < oco. From Theorem 1 in
[89], it also follows that OS is a C' manifold, which allows us for each x € 35S,
to define its unit outward normal vector 1.

For the estimator of the surface area based on the Devroye—Wise estimator
we will assume that 05 satisfies a technical hypothesis, referred to as (C,eg)-
regularity.



Definition 2.3. Put Eg(9S) = {x € 85, (ng,0) = 0}. The image of Ey(dS) by
the orthogonal projection onto #+ is denoted by Fy = my1 (E(AS)) (which for
non-degenerate cases is a (d — 2)-dimensional submanifold of §+). We also write
B(Fy,¢) for its paralell set of radius €.

Let us define, for € > 0,

vole) = |9L ﬂB(Fg,e)’dil.

e We will say that 05 is (C, gg)-regular if for all § and all € € (0,¢q), ¢)(¢)
exists and ¢)(e) < C.

o If 95 is (C,ep)-regular for some g9 > 0, we will say that 95 is C-regular.

Under regularity and geometric conditions on 95, the (C,ep)-regularity is
related to the conjecture proposed in [3]. Once the rolling balls condition is
imposed, we will show through some examples in Figure 3 that the (C,eq)-
regularity of the boundary is quite mild.

o
0,
=ty
Ep, (99) !
Ej,(85) .
_ / as s
0 |
as
s U\‘/
Eg,(05) Ey, (05)
Figure 3: (a) smooth square Figure 4: (b) 2D peanut

Figure 5: (¢) 3D peanut Figure 6: (d) an ‘infinite wave’ shape

(a) The first set, presented in Figure 3, is a unit square with ‘round angles’,
for all 8, Fp = me1 (Ep(0S)) = {x1(0), z2(0)} with ||x1(0) — z2(0)|] > 1.
Thus for e < 1/2, and for all 8, py(c) = 4¢ and is thus 95 is (4, 0.5)-regular
(in particular 4-regular).

(b) The second set, presented in Figure 4, is a 2-dimensional ‘peanut’ made
of 4 circular arcs. For all § and ¢ small enough, we have py(e) = 2cge
where ¢y is the number of connected components of Fy, which is less than
6, from which it follows that S has a 12-regular boundary.



(¢) The third set, presented in Figure 5, is the surface of revolution generated
by (b). Here we have that for all 8, Ey is a 1-dimensional manifold with
less than 3 connected components. The maximal length of a component
is bounded by L, the length of the maximal perimeter (shown in blue in
the figure). The reach of each Fy is (uniformly in ) lower bounded by
a > 0. All these assertions allow claiming that 95 is 6L-regular.

(d) The rolling ball condition is not sufficient to guarantee the (C, eg)-regularity
of the boundary: this fails if, for instance, we replace in the smooth square
shown in (a) a flat piece of the boundary by the graph of the function
2sin(1/z) as in Figure 6. We have ¢{(¢) — +o0o when ¢ — 0 which
implies that 95 is not C-regular.

For the Devroye—Wise type estimator we will also show that the convergence
rate can be quadratically improved if we additionally assume that the number
of intersections between any line and 95 is bounded from above (this excludes
the case of a linear part in 95 such as in Figure 3).

Definition 2.4. Given S C R%, we say that 05 has a bounded number of linear
intersections if there exists an Ng such that for all § € (§*)4~! and y € 6+,
nos(0,y) < Ns.

3 Surface area estimation based on the Devroye—
Wise estimator

3.1 A conjecture on the Devroye—Wise estimator

Since in general the set S is unknown, we first propose the natural plug-in idea
of computing |85|4_1 where S is an estimator of S. There are different kinds
of set estimators, depending on the geometric restrictions imposed on S and
the structure of the data (see [12, 22] and references therein). One of the most
studied in the literature, which is also universally consistent, is the Devroye—
Wise estimator (see [22]), introduced in (1). This all-purpose estimator has the
advantage that it is quite easy to compute the intersection of a line with its
boundary, as follows: Given a line ry ,, we can compute Y; = 0B(X;,e,) N7g,y,
and then Z; = {y € Y;,d(y,X,,) > e}, so we have that, with probability one,
UiZi = 1oy N 85}” (X,). Indeed, suppose that there exists a z € U;Z; and
z € S’En. Then we have d(z,X,) = ¢, and z € H{X,;,d(X;,2) = e,} (where
H(E) is the convex hull of E). Thus, there are at least d + 1 observations on
the same hypersphere of given radius €,, but this event has probability 0, see
[29].

We conjecture that the plug-in estimator |85., (X, )|q—1 satisfies the follow-
ing:

1. Ife, < dp(Xn,S), then 85.. (X,,) does not converge to 35 and [0S, (X,,)|a—1

does not converge to [0S|q—1.

2. lf e, = du (X, S), then dS., (X,,) converges to AS with the best possible
rate but |0S;, (X,,)|4—1 does not converge to |0S|4—1 but greatly overesti-
mates it.



3. If &, > dy(X,,S) and &, — 0, then 5., (X,) converges to dS and
185., (X,,)|a—1 converges to [0S|4_1. Concerning the rate, if S fulfills the
outside and inside rolling ball conditions, then for n large enough we have
that B(S, e, —du(X,,S5)) C S, (X,) € B(S,&,), which in turn gives that
H@Sgn (Xn)|d—1 — |8S\d_1| > O(En) > dH(Xn, S) and that |8S€n (Xn)‘d—l
overestimates the surface area.

3.2 A surface estimator based on the Devroye—Wise esti-
mator

The aim of this section is to propose an estimator for the surface area based
on the Devroye—Wise support estimator and Crofton’s formula. It can attain
a convergence rate of order dy(X,S). The whole procedure is defined for any
set X, not necessarily finite, because we will apply our estimator to the case
in which X is the trajectory of a Brownian motion. If X is not finite, then for
a given ¢ > 0, we write S.(X) = B(X,e). The procedure replaces ngs(6,y)
by 7iex(0,y) introduced in Definition 3.1, and then integrates 7. x(6,y) as in
Crofton’s formula, see (5). We will prove that (see Remark 2), by the (C,eq)-
regularity of the boundary, with probability one rg, is not included in any
(d — 1)-dimensional affine tangent space (tangent to 9S). Then nas(0,y) =
2kg(0,y) where kg(60,y) is the number of connected components of 79 , N .S.

Definition 3.1. Let € be a positive real number, and X C S a set (not necessarily
finite). Consider a line rg,. If S.(X)Nrg, = 0, define f. x(0,y) = 0. If not,
then:

e denote by I, ..., I, the connected components of SE(X) N7rg,y. Order this
sequence in such a way that I; = (a;,b;), with a; < by < ag < by <--- <
Ay < by

e If for some consecutive intervals I;, I; 11, ..., [;1¢, for all a; <t < b;4, and
t €rgy, d(t,X) < 4e, define A; = (a;, bite).

e Let j be the number of disjoint open intervals Ay, ..., A; that this process
ended with. Then define 7. x(0,y) = 2.

To roughly summarize this, we consider the connected components of Sgﬁre)y
and ‘link or glue’ the ones that are in the same connected component of 5'4507”973,.
In the sequel, we will refer to this process as the gluing procedure.

To gain some insight into the relation between fiex(0,y) and nyg_ ) (6, ),
observe that f. x(0,y) < nyg_(x)(0,y). We also have that fe x(0,y) < nyg, (x)(6,9).

Indeed, let C, ..., Ck be the connected components of 79 NS4 and note that:
1. For each j there exists an index 7 such that I; C C;.
2. If d(C;,X) > ¢ for all j, we have that I; N C; = 0.

3. If d(C;,X) < ¢, there exists an I; C C; and all the I; such that I; C C;
are glued by the proposed procedure. Thus there exists a unique j’ such
that Aj/ C Cj.



Our first proposed estimator is

. 1 X
=g [ ] s pinwe. 6

Under the assumption that 95 has a bounded number Ng of linear intersec-
tions (see Definition 2.4), we will consider, for a given Ny > Ng,

- 1 o
IUJIV_Ol(X,s) = —/ / min(fe x(0,y), No)dpa—1(y)do.
B(d) 0c(8+)=1 Jyeot

3.3 Main results on the Devroye—Wise based estimator.

Theorem 3.2. Let S C R? be a compact set fulfilling the outside and inside
a-rolling conditions. Assume also that S is (C,eq)-regular for some positive
constants C and gq. Let X,, = {X1,..., X} C S. Let e, — 0 be such that
dp(X,,S) <e,. Then

L4-1(Xn,€n) = 18S]a-1 + O(VEn). (6)

Moreover, for n large enough,

4C diam(S)
10(Ven)| < W\/;w

From Theorem 3.2 and Theorem 4 in [17], we can obtain the rate of conver-
gence for the iid case:

Corollary 1. Let S C R? be a compact set fulfilling the inside and outside
a-rolling conditions. Assume also that S is (C,eq)-regular for some positive
constants C' and y. Let X,, = {X1,..., X, } be the set of observations of an iid
sample of X with distribution Px supported on S. Assume that Px has density
f (w.r.t. pg) bounded from below by some ¢ > 0. Let &, = C'(In(n)/n)*/?* and
C" > (6/(cwq))/?. Then with probability one, for n large enough,

jd_l(xnaan) =[0S]4-1 + o((#)ﬁ)

Note that, as mentioned in Section 5.2 in [17], if &, = 2max; minj, ||X; —
X,||, then with probability one, for n large enough, ¢, < 2dy(X,,S), which
together with Corollary 1, entails that, with the aforementioned choice for ¢,
our proposal is fully data driven, for the iid case.

If the number of linear intersections of 0S is assumed to be bounded by a
constant Ng, the use of min(#., , Ny) (for any Ny > Ng) allows us to obtain
better convergence rates.

Theorem 3.3. Let S C R? be a compact set fulfilling the outside and inside
a-rolling conditions. Assume also that S is (C,eq)-regular for some positive
constants C and €g, and that the number of linear intersections of 0S is bounded
by Ng. Let X, = {X1,...,X,} C S. Let e, — 0 be such that dg(X,,,S) < e,
and Ng > Ng. Then

1Y (Xoye0) = [8S|a—1 + O(en).

Moreover, for n large enough, |0(g,)| < %CNosn.



As before, we give the convergence rate associated to the iid setting and the
reflected Brownian motion hypothesis as two corollaries of Theorem 3.3.

Corollary 2. Let S C R? be a compact set fulfilling the inside and outside
a-rolling conditions. Assume also that S is (C,eq)-reqular for some positive
constants C and €¢ and that 0S has a bounded number of linear intersections.
Let X, = {X1,...,X,} be the set of observations of an iid sample with distri-
bution Px, supported on S. Assume that Px has density f (w.r.t. pq) bounded
from below by some ¢ > 0. Let g, = C'(In(n)/n)"/* and C" > (6/(cwq))*/?.
Then with probability one, for n large enough,

N (X, en) = |0S]as + o((lnfl”))%).

Here again the choice of ¢, = 2max; min; ||X; — X|| is suitable, but now,
the price to pay is the selection of the parameter Njy.

In a more general setting, the conclusion of Theorem 3.3 holds when the set
of points X,, is replaced by the trajectory X¢ of any stochastic process {X;}i~0
included in S, observed in [0, T, such that dg(Xr,S) — 0 as T — oo. Observe
that the estimator [ év_”l(X,s) is well defined even when Xp is not a finite set,
see Definition 3.1. We will assume that S is bounded with connected interior
and 9S is 2. This is the case (for example) of some reflected diffusions and in
particular the reflected Brownian motion (RBM). This has been recently proven
in Corollary 1 in [12], for RBM without drift (see also [13] and [14] for the RBM
with drift). The definition of an RBM with drift is as follows: Given a d-
dimensional Brownian motion {B;};>o departing from By = 0 and defined on a
filtered probability space (Q, F, {Fi}i1>0,P;), an RBM with drift is the (unique)
solution to the following stochastic differential equation on S:

1 t t .
X, =Xo+ By — 5/ Vi(Xs)ds — / nx.£(ds), where Xy € D, Vt >0,
0 0

where the drift, V(x), is given by the gradient of a function f, and is assumed
to be Lipschitz, {£ }+>0 is the corresponding local time, i.e. a one-dimensional
continuous non-decreasing process with £y = 0 that satisfies £ = fot Iix,cosydEs-
Since the drift is given by the gradient of a function and S is compact, we have
that its stationary distribution has a density bounded from below by a constant.

Corollary 3. Let S C R? be a non-empty compact set with connected interior

such that S = S’, and suppose that S fulfills the outside and inside a-rolling
conditions. Assume also that S is (C,eg)-reqular for some positive constants C
and €y and that the number of linear intersections of S is bounded by Ng. Let
Xp C S be as before. Then, with probability one, for T' large enough,

3, (r.er) = 10810+ o (ME2) ),

where e = o((In(T)%/T)"/4).

3.4 The algorithm

We will now describe an algorithm to compute i x, (6,y) for a given (6,y),
when the input is a finite set of n elements and € > 0. For a reflected diffusion,
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we take X,, C Xr to be a dense enough subset of n points. Observe that this is
not restrictive since X is stored as a finite set of points in a computer.

1. For each i, compute d; := d(rg ., X;) = /|| Xi — y|]? — (X; — y,0)2.

2. Compute the connected components I; of rg , N SE (X,,) according to the
following steps: Initialize the list of the extremes of these intervals by
listz= 0 and listl= (). Then, for i = 1 to n:

o Ifd; =¢,then N; =1, {1 = (X; —y,0) and z1 = B(X;,e) Nrgy =
y+ 410

e If d; < e, then N; = 1 and compute ¢, = (X; —y,0) — /e2 — d? and
lo = (X; —y,0) + \/e2 —d?. Then z; = y+ (160 and 2o = y + (20
such that {z1, 20} = B(Y;,e,) N7y.

e Forj=1toN;: ifd(z;,X,) > ¢, do listz=listzU{z; } and listl=listlU{¢; }.

From the comments at the beginning of subsection 3.1, we know that,
with probability one, listz equals 9, N Se.

e Sort listl. With probability one, listl has an even number, 2m, of
elements (see the comments at the beginning of subsection 3.2), and
define a; and b; such that fo(;_1)41 = a;, £2; = b; (which correspond
to the a; and b; in Definition 3.1 i.e. (a;,b;) are the connected com-
ponents of 7., N 5. (X)).

3 Obtain the a} and b such that I} = (a},b}) are the connected components

17 71

of S’4E(Xn) Mg,y by using the same procedure.

4. Lastly, compute 7. x(0,y), as follows:
initialization 7. x, (6, y) = m.
Fori=1tom—1:
If there exists k such that (b;, a;+1) C I}, then: 7z x, (0,y) = fex, (0,y)—1

4 The approach based on the a-convex hull

4.1 The estimator based on the o'-hull assuming the a-
rolling ball condition

In [4] it was proved that, in dimension two, under some regularity assumptions,
the length of the boundary of the a-shape of an iid sample converges to the
length of the boundary of the set. The a-shape has the very good property
that its boundary is very easy to compute, and hence so is its surface measure.
Unfortunately we are not sure that the results can be extended to higher dimen-
sions. Nevertheless, considering the a-convex hull (which is quite close to the
a-shape) allows extending the results on the surface measure to any dimension.
The following deterministic theorem states that, for all 0 < o < «, the surface
measure of the boundary of the o'-convex hull X,, C S converges to [9S|q—1
with a rate that depends on d(0Cy (Xy), 09).
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Theorem 4.1. Let S C R? be a compact set such that 3S is a (d — 1)-
dimensional C% manifold with reach o > 0. Let o/ < « be a positive con-
stant and let X, C S be a finite set such that dg(0Cy (X,,),05) < e, with
€n < min ((aa’)/(16(a + ')),1/((d — 1)cv)). Then

1. mps : 0CH (X)) — 0S (where mps(x) denotes the projection onto 9S) is
one to one, and

2. 110841 = 10Ca (Xn)la1] < (30 + 64255 ) 2,
As previously, we can deduce from the deterministic theorem and results in
[4] the convergence rates under the iid assumption.

Corollary 4. Let S C R? be a compact set such that S is a (d—1)-dimensional
€2 manifold with reach o > 0. Let X,, = {X1,...,X,} be an iid sample of X
with distribution Px supported on S. Assume that Px has density f (w.r.t. pq)
bounded from below by some ¢ > 0. Suppose o/ < a. Then with probability one,
for n large enough,

10S]a—1 — |80C0 (X0)]a—1| = O((In(n) /n)?/ (4+1),

In this case we do not need the additional hypothesis of (C,eq)-regularity;
the convergence rate is far better than the one given in Theorem 3.2, where
the price to pay is the computational cost when d increases. With regard to
the parameter selection ', a fully data driven (but computationally expensive)
method is proposed in [36].

4.2 Computation with the use of Crofton’s formula

Unfortunately, the explicit computation of [0C, (X,;)|q—1 is very difficult. Due
to the fact that 0C,(X,) is a rectifiable set (see the comment before Remark
1), we can use Crofton’s formula and the Monte Carlo method to estimate
|0C(X;)|a—1. This, as we will see, is based on the fact that the computation
of n4(0,y) := nsc,(x,)(0,y) is feasible. It requires first the computation of
the a-convex hull, as well as the convex hull, of X,,. Recall that the convex
hull H(X,,) of X,, is equal to the intersection of a finite number of half-spaces
H(X,) = ﬂfil H; with H; = {z € R, (z —y;,u;) < 0} for some {y1,...,yx} C
R? and {uy,...,ux} C 8471

In [23] it is proved, for dimension 2, but mentioned that the generalization
is not difficult, that C,(X,)¢ is the union of a finite number of balls and the
aforementioned half-spaces. The centres O; of these balls, and their radii r;, are
obtained by computing the Delaunay complex of the points as follows:

1. Compute all the Delaunay simplices o; = H({Xj,,..., Xj,,,}), i.e. those
such that %(Oi,ri) NX, =0 and dB(0;,r;) is the sphere circumscribed
to Xi1ﬂ"'7Xid+1'

2. Sort the indices so that r; are decreasing, and define K/ = #{r;,r; > o'}.

3. Define B = B(0;,r;) for i € {1,...,K'}. Clearly r; > o for all i =
1... K

12



4. Compute the faces of the boundary of the o/-shape (see [23]), which are
the f; = H({X;,,...,X;,}) such that there exists a unique j > K’ + 1
such that f; C 0. Also compute €; (resp. p;), which is the centre (resp.
radius) of the sphere circumscribed to X;,,..., X;, in the plane spanned

by X;,,...,X;, and p;. Now we have two different cases.

(a) fi is a face of 0H(X,,), i.e. there exists j’ such that f; C H;. Then
define w; = u;.

(b) fi is not a face of OH(X,), thus there exists j° < K’ such that

o

fi C oj. Then define w; = ﬁgi;”, with 5 > K + 1 such that
J

fi C gj.

Define B, = B(QZ + /a2 — p?w;, ). Then

e (go(Qe)ofum) o

To simplify notation, we write Co(X,,)¢ = |J, B;. Observe that if the line rg
is chosen at random (w.r.t. dug—1d6), with probability one we have ry, N 9B;
contains less than three points.

Initialize list=0. Then:
for each i,

e compute g, N OB;.
e For all z € g, NOB;
1. Ifforall j z ¢ éj, then do list=listU{z}
then n(0,y) = #list.

5 Discussion of the rates of convergence

In Corollary 4 we obtained the same convergence rate as the one provided in [4]
for d = 2, conjectured as suboptimal. As mentioned in [4], if the measure of the
symmetric difference between S and an estimator S,, is bounded by €5, we can
only expect that plug-in methods allow estimating |0S|4—1 with a convergence
rate €,. Thus, in the iid setting, the estimator defined by (6) (respectively (7)
to (9)) can be seen as ‘optimal’ relative to the use of the Devroye-Wise support
estimator (respectively the a-convex hull support estimator), since they achieve
the best possible convergence rates for those estimators. This is nevertheless
far from being optimal: the minimax rate is conjectured to be n_z%%, which
is the minimax rate for the volume estimation problem (see [5]), and in [32] it
is proved that the minimax rate is the same for the volume estimation problem
and the surface area estimation problem (at least in the image setting, which
usually extends to the iid setting). Unfortunately, attaining this optimal rate for
the surface area estimation problem is much more involved, even in the easier
setting with data uniformly drawn in S and S° with perfect identification: no
estimator attaining this rate has been proposed yet.

13



6 Integralgeometric estimations via a Monte Carlo
method and numerical experiments

To estimate the surface area with a Monte Carlo method, we propose the fol-
lowing classical procedure. Generate a random sample 61, ...,60; uniformly
distributed on (§7)4~!. For each i = 1,...,k, draw a random sample X; =
{yi,...,yi} uniformly distributed on [—L, L]~ C 6;", independent of 01, . .., O,
where L = max;j—1, ., ||Xj||. Then, the estimators are given by

R L)d-1 k
A, 1
Ig(l,];) (85> 7k ZZ”E"’X“ 9172% (8)
= 1] 1
A 2L)4-1 1
Ig_”?No)(ﬁs) :( d Zmln e, X, ,,yj) No) (9)
1=1 j=1
k
S0k 2L d 1 1
1" (09) e 3(d) Zn (02, 95)- (10)

117—

7 Simulation study

The performance of (8) and (10) is shown through a simulation study. We
consider the sets Sy = By(0,1) \ Bq(O,r) for d = 2,3, and r = 0.5. On each
set we draw n iid random vectors supported on Sy, whose common distribution
is X = RZ, R being a real valued random variable uniform on [0,7] and Z a
random vector (independent of R), supported on the d — 1 dimensional sphere.
The sample sizes are n = 200, 400, 600, 1000 and n = 2000. For each n, d and
r, the whole procedure is replicated 40 times. For the Monte Carlo method, we
chose k = 1000 and ¢ = 1. For the case of the a-convex hull estimator given by
(10), we assume that o is known (o = 0.5 for » = 0.5). For the estimator (8),
we choose €, = maxmin ||X; — Xj;||. The results are shown in Figures 7 and 8,
where on the left are shown box-plots of

EDW . Ii(l&iooo)(as) - |Sd|d71
! |Sala—1

for different values of n, and on the right box-plots of

pon _ 1i"(08) = |Salas
’ |Sala—1

for the same values of n. We also computed, 10* times, the integral (4) by
means of the Monte Carlo method, assuming that the set is known (and then,
counting without error the number of intersections of the lines with the set).
For each of these 10% replications, we choose & = 1000 and ¢ = 1. Let us denote
these estimates by S; for i = 1,...,10% We have computed

guc _ Si—18la-1

‘ |S]a—1
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In each of the figures, the dotted red line shows the median of EMC. The
minimum and maximum of EM are shown as dotted yellow lines. In blue
are the first and third quartiles, @1, and 3. The dotted black lines show
Q1 —2IQR and Q3 + 2IQR, IQR being the interquartile range.

We then can observe that:

e For d = 2, (10) is almost as good as the integral (4) by means of the
Monte-Carlo method (dotted red line), for all values of n. The estimator
(8) does not attain this performance, even for n = 2000.

e As expected for d = 3, the performance of (10) and (8) becomes worse
mostly because of the the performance of the Monte Carlo method.
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Figure 7: For r = 0.5 and d = 2, left: box-plots of ECH | right: box-plots of
EPW  for n = 200,400, 600, 1000 and 2000.
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Figure 8: For r = 0.5 and d = 3, left: box-plots of EFH | right: box-plots of
EPW | for n = 200,400, 600, 1000 and 2000.
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8 Appendix

8.1 Proofs of Theorems 3.2 and 3.3
Sketch of the proofs of Theorems 3.2 and 3.3

The idea is to consider separately two subsets of the set of lines that intersect

d8., (X,):

1. If a line rg, = y + RO is ‘far enough’ (fulfilling condition L(e) for some
e > 0, see Definition 8.1) from the tangent spaces, then our algorithm
allows a perfect estimation of ngg(6,y), see Lemma 8.5.

2. Considering the set of lines that are not ‘far enough’ from the tangent
spaces (denoted by A, (0)), see Definition 8.1), Corollary 5 states that,
under (C, €p)-regularity, the integral of 7., x, (6, y) on A, (0) is bounded
from above by C’ 5,1«/ 2, C’ being a positive constant. Theorem 3.3 states
that the previous bound can be improved to C’e,,, under (C, ¢p)-regularity,
if 35 has a bounded number of linear intersections.

8.1.1 Condition L(¢)

We now define the two sets of lines to be treated separately: The lines that are
‘far’ from an affine tangent space, and the lines that are ‘close to being tangent’
to 0S. More precisely, recall that under the rolling ball hypothesis, the unit
outer normal vector 7,, at x is well defined (see Remark 1). Now we define

To = {z + (n)* : z € AS},

the collection of all the affine (d — 1)-dimensional tangent spaces.

Definition 8.1. Let € > 0. A line ry, = y + A0 fulfills condition L(¢) if y is at
a distance larger than 4¢ from all the affine hyper-planes w47+ € Ty satisfying

(n,0) =0.
For a given 6, we define

A (0) = {y € 0% :||y|| < diam(S) and 74, does not satisfy L(s)}.

8.1.2 Some useful lemmas

Lemma 8.2. Let S be a compact set fulfilling the outside and inside a-rolling
conditions. Let rg , be a line that fulfills condition L(0) and r9,,NOS # 0. Then
9,y tntersects 0S in a finite number of points.

Proof. Because S fulfills the outside and inside a-rolling conditions, Theorem 1
in [39] implies that for any x € 95, the affine (d — 1)-dimensional tangent space
T,08 exists. If rg, fulfills L(0), then rg, is not included in any hyper-plane
tangent to S. Suppose that S N ry, is not finite. Then, by compactness, one
can extract a subsequence t,, € S Nrg, that converges to y' € S Nrg,.

1. Because t), and y’ are in rg ,, we have that, for all n, ﬁ = 44.

2. Because t/, and y’ are in S, which is a (d — 1)-dimensional €' manifold

(see Theorem 1 in [39]), and ¢, — ¥, we have lim,,_, |« ﬁ €T, 08S.
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These two facts imply that 6 € T,,0S, which contradicts the assumption that
T,y is not included in any hyper-plane tangent to S. O

Lemma 8.3. Let S C R? be a compact set fulfilling the outside and inside
a-rolling conditions. Let € > 0 be such that ¢ < a/4 and v = 24/2¢(a — 2¢).
For any line rg, fulfilling condition L(¢) and ro, N IS # 0, we have that
r9.y meets 0S at a finite number of points ti, ..., t,, where tiy1 —t; > 2v for
alli =1,...,k — 1. Consequently, if ¢ < /4, then k = #(rg, N 0S) <
diam(S)e=1/2 /(4y/a).

Proof. Note that if a line fulfills condition L(g), then it fulfills condition L(0).
Consequently, the fact that rg , intersects 05 in a finite number of points follows
from Lemma 8.2. Let us denote by ¢; < --- < t;, the intersection of ry, with
0S.

Let us denote by 7y, and 7, , the outer normal vectors at #; and #;;1,
respectively. We have two cases: the open interval (¢;,t;41) C S€ or (¢;,t;4+1) C
S. Let us consider the first case (the proof for the second one is similar).

Because (t;,t;1+1) C S¢ and S fulfills the inside a-rolling condition on t;,
there exists a z € S such that t; € 9B(z,a) and B(z,«) C S. In particular,
B(z,a) N (t;,ti41) = 0, which implies (n,,0) > 0.

Reasoning in the same way but with ¢;,1, we get (n;,,,0) < 0. Given that
T,y is not included in any tangent hyperplane, we have that (n,,6) > 0 and
<77ti+1 ) 9> <0.

If, for some i, t;11 —t; < 2v, then, by Theorem 3.8 in [15], there exists a
curve 7 : [0,1] — 95 such that v(0) = t;, v(1) = t;41 and d(y(t),re,y) < 4e for
all t. We also have the inside and outside a-rolling conditions, something which
implies that « + 1, is Lipschitz (see Theorem 1 in [39]). From (7;,,60) > 0 and
(Nt,1,0) <0, it follows that there exists an so € (0, 1) such that (1,(s,),0) = 0,
which contradicts the hypothesis that y is at a distance larger than 4¢ from all
the (d—1)-dimensional hyperplanes tangent to S. This proves that t;11—t; > 2v
foralli=1,...,k—1. O

Lemma 8.4. Let S C R? be a compact set fulfilling the outside and inside -
rolling conditions, with a (C,eq)-regular boundary. Then for alle < min{eg, a/4},

diam(S
/ / nas(0,y)dpa—1(y)do < OA\/;
9€(S+)d71 yEA. (6) \/a

Moreover, if 0S has bounded number of linear intersections, then
/ / nas(0,y)duq—1(y)dd < 4CNge. (11)
0e(8 )4t JyeA(0)

Proof. From the proof of the previous lemma, it follows that for any y € 6+
with d(y, Fp) = ¢ and ¢ < 4¢, nps(0,y) < diam(S)¢~1/2/(4y/a). Hence,
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/ / nos (0, y)dita—1 (y)do
fe(s+)d yeA(0)
/ / / nas(9a y)dudfz(y)dffw
oe(s+)i=t Je {yeb+:d(y,Fo)=L}
1
/ / / —diam(S)(at) ™ 2dpug_o(y)dedo
oc(st)t Jo=o J{yeo Ly, Fy)=ey 4

/ / 7dlam(5)(az)*1/ 2 / dpg_o(y)dedo
6e(8 {y€0+d(y,Fo)=0}

4e 1
< / / ~diam(S)(at) 2| {y € 6F : d(y, Fy) = €}|4_2dLdb.
fe(s+)4=1 Ju=0 4

IN

IN

By the definition of ¢y,
{yeot r<aw Ry <e+a}| = ot+dn) - po(t).
From the (C,eq)-regularity of S and the mean value theorem we obtain
{yeot awF) =0 < sw gE=C

which implies

/ / nos (0, y)dpa—1(y)do <
fe(8+)4=1t JyeA. ()

| diam(S)
C=diam(S)(cl)~V2dedo < C—="L /e,
/ee(s+)d 1o 4 (8)(at) Va

Applying exactly the same reasoning, under the hypothesis of the bounded-
ness of the number of linear intersections for 9.5, we get

4e

/ / nas(0,y)duq—1(y)dd < / CNgdldf < 4CNge.
oe(8+)it JycA.(0) 6e(8+)4=1 Je=0

O

Remark 2. If in the proof of Lemma 8./ we take £ = 0, we obtain that the
measure of the set of lines belonging to some half-space tangent to S is 0.

Lemma 8.5. Let S be a compact set fulfilling the outside and inside a-rolling
conditions. Let X, = {X1,...,X,} CS. Let &, — 0 be such that dg(X,,S) <
€n. Let rg, = y+ RO be any line fulfilling condition L(e,). Then, for n large
enough so that 4e, < o, nas(0,y) = fe, x,,(0,y).

Proof. Throughout this proof we will use the following notation when rg ,N05 #
(0. Let t; < ... < to be the intersection of rg, with 5. This set is finite due
to Lemma 8.2 and is an even number because condition L(ey,) is fulfilled. Also
[tai—1)41,t2i] C Sforalli =1,...,kand (to;,toi41) C S foralli=1,... k-1

18



First, we will prove that

ﬁen,Xn (9,2/) > n85(97y)' (12)

If rg , N OS = 0, then inequality (12) holds. Assume rg, NS # 0. We will
now prove that

if (ti7t1'+1) C SC, then: ds € (ti7ti+1) such that d(S,S) > 4e,. (13)

Because S fulfills the inside a-rolling condition on ¢;, there exists a z; € S such
that t; € 0B(z;, ) and B(z;, ) C S. Since B(z;, ) N (¢, tiv1) = 0, it follows
that (n:,,6) > 0 (recall that n;, = (t; — z;)/a and t;11 — t; = ||tig1 — ti]]0).
Reasoning in the same way but with ¢;41, (n,.,,0) < 0. By condition L(e,),
we obtain

i+1)

(Me;,0) >0 and (n,,,,0) <O0. (14)

Suppose that for all ¢ € (¢;,t;41) we have d(t,0S) < 4e,,. Take n large enough
so that 4e, < a. Because S fulfils the outside and inside a-rolling conditions, by
Lemma 2.3 in [31], S has positive reach greater than «. Then, by Theorem 4.8
in [24], v = {~v(t) = mas(t),t € (i, t; +1)}, the orthogonal projection onto 95 of
the interval (¢;, t;+1) is well defined and is a continuous curve in 9S. By Theorem
1 in [39], the map from 0S5 to R? z — n, is Lipschitz. Thus, ¢ — (n,),0) is a
continuous function of ¢ for all ¢ € (¢;,¢;41), which, together with (14), ensures
the existence of an s € (¢;,t;41) such that d(s,v(s)) < 4e, and 6 € nwl(s), which
contradicts the assumption that g, fulfills condition L(e,,). This proves (13).
From (13) we easily obtain (since s € S¢ and X,, C S) that

if (ti,ti41) C S° then: 3Is € (¢;,t;11) such that d(s,X,,) > 4e,,. (15)

To conclude (12) let us write, for i = 1,...,k, I} = [tai—1)41,t2:] for the
connected components of S N7y, Since dg(X,,,S) < &n, S C Se, (X,,). Then,
for i =1,...,k, there exists a j such that I] C I;, I; being a connected compo-
nent of S., Nry,,. Note now that (15) ensures that, for all i # ¢, if I C I; and
I, C I then I;; and I; are not in the same connected component of §45” (Xn)
thus they are not glued, and then f., x, (6,y) > nas(6,y).

Next, we will prove the opposite inequality,

ﬁsn,xn (07y) S n65(97y)' (16)

Assume first 79, NS # 0. Consider t* € (t;,t;41) C 8¢ and t* € S., (X,,).
Equation (16) will be derived from the fact that (t*,t;41] C Sic, (X,) N7g,, or
[ti,t*) C Sic, (X,) N7, and thus the connected component of S, (X,,) N 7o,
that contained ¢* is glued with the one that contains [t;_1,t;] or with the one
that contains [t;, t;41].

Introduce 9 (t) : (t;,ti+1) — R defined by (t) = d(t,0S5). Consider the
points ¢t € (t;,t;+1) such that d(t,0S) < «, and let p, € 9S be such that
llpr — t|| = d(¢,05). By item (3) in Theorem 4.8 in [24], ¢/ (t) = (np,, ).

Let X, be the closest observation to ¢t* (recall that because t* € 5. (X)),
we have || X; —t*|| < e&,). Now, because there exists a point p* € [t*, X;] N 9S,
we obtain that ¢ (t*) < e,, and, because ry, fulfils L(e,), (7p,.,0) # 0.

Assume that, for instance, (1,,.,6) < 0. Then ¢(t*) < e, and ¥'(t*) < 0.
Suppose that there exists a ¢’ € (¢*,¢,11) such that ¢(¢') > &, and consider
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t" = inf{t > t*,¢(t') > e,}. Then for all ¢t € (t*,t"), we have ¥(t) < &, < a,
and thus v is differentiable on this interval (using again item (3) of Theorem 4.8
in [24]). From the fact that ¢(¢") > (t*) and ¢’ (t*) < 0 we deduce that there
exists a £ € (t*,t") such that 1'(f) = 0, which contradicts L(e, ) because ¢(t) <
€. To summarize, we have shown that if (n,,.,6) < 0, then for all ¢ € (t*,%;11)
we have that d(t,05) < e,, and thus (t*,t;41) C 5’25" (Xpn) C 545” (Xn).

Symmetrically, if (1. ,6) > 0, then (t;,t*) C Soc, (X,) C S, (X).

Thus we now have that if 79, N1 90S = 0, then 7., x, (0,y) < nas(6,y).

Now we are going to prove that for a line rg, fulfilling condition L(e,) we
can not have 9, N 0S = 0 and 7., x, (6,y) > 0. Reasoning by contradiction,
upon assuming that rg, N 9SS = 0 and 7., x,(0,y) > 0, we have that 0 <
min{||z — y||,x € rgy,y € S} < &,. Now the regularity condition also gives
that if this minimum is realized for 2* and y* we have y* € 05 and 6 € T}-0S,
which contradicts condition L(ey,). O

Lemma 8.6. Let S C R? be a compact set fulfilling the outside and inside
a-rolling conditions. Let X,, C S and suppose €, — 0 is a sequence such that
du(Xp, S) < e, while 1oy = y+ RO and A, ..., Ay are the sets in Definition
3.1, A; = (a;,b;) fori=1,..., k. Now suppose that the sets are indexed in such
a way that a1 < by < ag < ... < bg. Then for alli = 2,...,k, we have that
lla; —bi—1|| > 3\/Ena and for all i =1,... k, ||b; — a;|| > 3\/Ena, for n large
enough so that 3\/ag,, < a/2, which implies

diam(S) 172
3a v

Proof. Assume by contradiction that for some i, ||la; — b;—1]] < 3\/Epa. By
construction, [b;_1,a;) C S.,(X,)¢ C S¢. Because a; and b; are on 9S., (X,),
we have d(a;,X,,) = d(b;i—1,X,,) = ep.

The projection g : [b;—1, a;] — 0S5 is uniquely defined because 95 has reach
at least a and d(t,05) < d(t,a;) + d(a;, 0S) < ||a; — bi—1]|| + d(a;, X,,) for all
t € (bi—1,a:), ||a; —bi—1]|| < 3\/ena < /2 and d(a;,0S) < e, < /2. Moreover,
Tg is a continuous function.

Hence max,cpp, ,,q, ||z — ms(z)|| > €,, and the maximum is attained at
some xq € [b;_1,a;]. First, we show that ||xg — ms(z0)|| > 3e,. Indeed, suppose
by contradiction that for all ¢ € (b;_1,a;), d(¢t,05) < 3e,. Then d(¢,X,) <
4e,, which contradicts the definition of the points a; and b;. The fact that
l|zo — ms(zo)|| > 3epn > d(a;, S) = d(bi—1, S) guarantees that z¢ € (b;—1,a;) and
that 79, the outward unit normal vector to 95 at mg(xo), is normal to 6.

Let zp = mg(xo) + nocw. Observe that d(a;, S) < e, and d(b;—1,5) < e,.
From the outside a-rolling condition at wg(zo), ||zo — ms(z0)|| < @ and using
the fact that 79 is normal to 8, we have (see Figure 9)

ﬁsn,Xn (97 y) <

o,y N B(20, ¢ — €5) C [bi—1,0a4],

which implies, see Figure 9, that |ja; — bi—1]| > 2v/(a — £,)2 — (a — £)2, where
¢ =d(zg,ms(xp)). Therefore,

lla; — bi—1]] > 2¢/(0 — €,)(2a — £ — &,). (17)
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If we bound ¢ > 3¢, and use the fact that £ = o(1), which follows from
< ||bi—1 — ai|]| + en < 3\/Ena + &, then we get, from (17),

llai — bi_1]| > 2¢/26,(2a — £ — &,,) = 2\/4ena(l 4 0(1))) = 4/ae, (1 + o(1)),

and for n large enough this contradicts ||a; —b;—1|| < 3 /@&,. Then, the number

20
«
/ a;
N 3¢ L0
l‘ 3en

mas(xo)

Figure 9: ||a; — bi—1|| > 2¢/(a — £,,)2 — (a — £)2, where ¢ = d(z0, 75(x0)).

of disjoint intervals A; is bounded from above by diam(S)/(3./€,). The proof
that for all i = 1,...,k, [|b; — a;|| > 3/ea follows the same ideas, we will give
a sketch of the proof. Let b; < a; be such that ||a; — b;|| < 3,/€,a. Proceeding
as before, max,cpp, q,] || —7s(x)|| > 3¢, and it is attained at some o € (bs, a;).
Let zo = ms(zg) + nocr, with 1y being the outward unit normal vector to 95 at
ms(xo). Then rg, N B (20, ) C [bs, a;] since [b;, a;] ¢ B(zp, ) and B(zg, ) C S.
From 79, "B (20, ) C [b;, a;] it follows as before that ||a; —b;|| > 4,/€,a, which
is a contradiction.

Lastly, 7., x,, (0,y) < diam(S)/(3\/znq). O

Corollary 5. Let S C R? be a compact set fulfilling the outside and inside
a-rolling conditions and with a (C,eg)-regular boundary. For n large enough so

that 3,/ag, < min(w/2,¢0), we have

T, %, (0, y)dpa—1(y)do < C——=/e,.
/9 /yEAsn 0) v ) 3Wa Ve

8.1.3 Proof of Theorem 3.2

Without loss of generality, we can assume that 0 € S. Recall that for 8 €
(81)4=1 A, (0) is the set of all y € 0+ such that ||y|| < diam(S) and 7y, does
not fulfill L(e,). First, from Lemma 8.5, we have that ||8S|4_1 — Ig_1(X, )| is
bounded from above by

1 .
s Lo e 0.9~ nas(.0) das ()b
B(d) Joes+yt-1 Jyea., (o)
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which is bounded from above by

1 / / .
— fe, %, (0, y)dpa—1(y)do~+
B(d) oe(s+)i=t JyeA., (9) 1

1

— nas(0,y)duqg—1(y)do.
B(d) /06(S+)d_1/y€/15n(9) BS( Jdpia 1<)

Now, by Corollary 5 and Lemma 8.4, we get that

N 4 1
108]u1 — 4 1(X, )| < Cdiam(S)

< Bp(d)ya Vo

for n large enough.

8.1.4 Proof of Theorem 3.3

The proof of Theorem 3.3 is basically the same as the previous one. Since
Ny > Ng Lemma 8.5 ensures that, for all r,, g not in A, (), min(2(6,y), No) =
nos(0,y), for n large enough that 4e,, < a. Thus we still have, for n large
enough, ||8S]a—1 — 13°,(9S)] is bounded from above by

1 .
s o e 5, 00) = nas 6. dsaa (),
B(d) Joes+yi=1 Jyea.. (o)

which is bounded from above by

1 / /
- nos(0,y)dpa—1(y)do+
B(d) Joe(s+yi-1 Jyea., (o) (6:9)dpa—1(y)
1

— fe, X, (6, y)dpa—1(y)do.
B(d) /oe(s+)d1 /yeﬂgn(é) et (6:9) 1(v)

Now, by applying (11) for the first part and a similar calculation for the
second part, we get that

C(4Ns + No)

_ [No <
||aS|d—1 Id_1(68)| > B(d) En,

(18)
for n large enough.

8.1.5 Proof of Corollary 3

By Corollary 1 in [14], we know that, with probability one, for T" large enough,
du(Xr,S) < er — 0, where e = o((In(T)2/T)"/?). Let X, = {X¢,,..., Xt}
be a discretization of X such that t; —¢;1 = T/n and ¢, = T. Put e, =
dy (X, S); then €, > ep. It is clear that, for a fixed T, €, decreases to e as
n — o0o. To emphasize the dependence on the set, we will write IAéV_Ol (05,X,,)
for the estimator based on X,,, and I ;le(as, Xr) for the estimator based on Xp
(both defined using Definition 3.1). Then by (18), to prove Corollary 3 it is
enough to prove 1Y, (8S,X,,) — I3°,(0S,Xz) as n — oo, for arbitrary fixed T.
Fix 0 and y. It is clear that 7(0,y)(95,X,,) — 7(0,y)(0S,Xr) as n — oo, and
so Corollary 3 follows by the dominated convergence theorem, using the fact
that min{n(0,y), No} < Ny.
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8.2 Proofs for the estimator based on the a-hull

Theorem 4.1 will be easily obtained from the two following geometric lemmas
and Theorem 3 in [35].

Here we need to introduce some new notation. Let A and B be two sub-
spaces of R?. We denote by £ (A, B) the operator norm of the difference between
the orthogonal projection onto A, 74, and the orthogonal projection onto B, 7p,
ie. L(A,B) =||ma —7B||op. If f is a function, then V¢(z) denotes its gradient
and H; its Hessian matrix. Given two sets C, D C RY, we write C' ~ D if there
exists an homeomorphism between C' and D. In what follows, M C R will be a
compact set, and €2 a (d— 1)-dimensional manifold (with or without boundary).
Then for all x in M, there exists an r, > 0 such that either

i) for all r < r,, @(w,r) NM = @d,1(0, 1), or
1) for all r < ry, @(m,r) NM =~ @d,l(O, Dn{(xy,...,z4-1) 21 >0}

The set of points satisfying condition 4) constitute int(M ), while the set of
points satisfying ii) constitute 9M. We have that OM is a (d — 2)-dimensional
manifold without boundary and, as a consequence, [0M|4—1 = 0.

Given a point z € M, N,M = {v € R? : (v,u) = 0,Yu € T, M} is the 1-
dimensional orthogonal subspace. If M is a manifold as before, and OM = (), we
define for any compact set E C M (E is not necessarily a manifold) its interior
int(E) = {z € E : Ir, such that for all r < 7, B(z,7) N E ~ By_1(0,1)}. We
have int(E) is a manifold (without boundary and, when is not empty int(F) has
the same dimension as M).

Lemma 8.7. Let S C R? be a compact set fulfilling the inside and outside o-

rolling conditions. Let o/ < « be a positive constant. Let X, = {X1,...,Xp} C
S be such that dg(0Cy (X,,),05) < &, with e, < (ad)/(4(a + o)) < /2.
Then,

1. there exist C1(X,,),...,Ck(X,,) such that:
(a) UL, Ci(Xn) C 9Cq (Xy)
() 10Car(Xa) \ (Ui Ci(Xn))la-1 =0
(c) Ci(X,) is a €% (d — 1)-dimensional manifold
(d) Ci(X,) NCj(X,,) =0 when i # j

forallz € Ufil Ci(X,,), there exists a 1), the unit normal (to 0Cy (X)),
a vector pointing outward (with respect to Cy/ (X)) from x that satisfies

2(a+ o)

—En-

<ﬁ$777ﬂas($)> 2 1 - ao

2. s : 0C, (X,,) = OS the orthogonal projection onto S is one to one.
3. 0Cy (X,,) = 0S
Proof. From (7) it follows that, for some N,

N

ICw (%) = | (8B¢\ LNJ Bj).
j=1

i=1
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Here, the B; are balls of radius r; larger than o’ or half-spaces (by abuse of
notation, if B; is an half-space we will put r; = 400).
Our first step consists in proving that:

L. If & € 9Car(X,,) \ X, then for all i such that = € 9B; \ U}, Bj, we have

r=a.

2. If x € 9Cy (X,,) N X,,, then there exists an ¢ such that = € 9B; \ U;V:1 B;
r; =a.

Suppose that = € 9C, (X,,)\ X,,. Consider first the case x € IB; = $(O;,r;)
with r; > o/. If r; > «/, then, introducing Q; = z + (/' /r;)(O; — x) = O;
(r; —a')(z — O;) /ri, we have that B(Qs, ') NX, C (B(Oy,r;) U{z})NX, = 0.
Hence, d(£2;,X,) > o', and by continuity, there exists a t > 0 so small that
d(QZ + (t/’l"z)(l‘ — Ol),Xn) > O/, that is, 'B(QZ + (t/ri)(a: — Oz), O/) C Ca/(Xn)c
and so z € C’a/(oXn)c. This is impossible: to conclude this first step, if z €
0C (Xp) \ X,, with z € 9B; = 8(0;, 1), then r; = .

Second, consider the case x € B; with B; = {z, (z — x,u;) > 0} where u; is
a unit vector. We can conclude, similarly, on introducing ; = x + o’u;, that
B(Q,a/)NX, =0 and B(; — tu;, o) C Cor(X,,)¢ (for some positive but small
enough t) and so z € Cy (Xn)c

If x € 0C, (X,) N X, then by the compactness of dC,/(X,,), there exists a
sequence () in 0Cq (X,,) \ {z} with 2, — z. Because X,, is finite, it follows
that for k large enough, ) € 0C, (X;,) N X¢. Because the number of possible
S; is finite, we can extract from (xy) a sequence (x},) such that there exists an
S; = 0B, such that for all k, ], € S; making k — +oo, and then we have z € ;.

Our second step consists in proving that if there exists an « € 9B; \ (J ; B;),

then ) ,
Hato) (19)

where 7z ; = and z* = myg(x). Observe that from the first step we know
that B; = B(O;,a’). Write 7,~ for the outward (from S) unit normal vector of

0S at z* and O* = z* — an,-.
Note first that

<77x,i77771-as(x)> >1- aa

Oi—x
o

B(0;,0') C Cor(X,)¢ and B(O*, ) C S. (20)

Introduce y* = [0*,0;] N 0B(0;,a’) and y = [0*,0;] N 9B(O*, a) (see Figure
10). Then, from the second inclusion in (20), we get y € S, and from the first
inclusion in (20) we get d(y, Co/ (X)) > |ly — y*||- Then ||y — y*|| < €y, which
in turn implies

a+ado —|0; — O*|| < ep. (21)

From z* = mps(x) we get that 2* = x +¥n,~ where £ = ||z —z*|| < &,. Then
0; = 0" + (a — O)ng» + a'1jy; and

at+a’ — [0 = 0% =a+a’ — \/(@)? + (o~ )2 + 2/ (@ — O) {1, 71)

=a+ad — \/(O/Jrozfé)Q —2a/ (a0 — 0)(1 — (fiz.i, M)

o (@ = (1 = (Dz,is M2+)) > (1l = (s M2+ )
a+ao =1 - 2(a+ o)

>0+

b
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Figure 10: z € 0C (X,,), * = mas(x), O; = x + /Ty and OF = z* — amy~

where in the first inequality of the last line we bounded A+ /1 —2B/A? <
A(1—B/A?) = A— B/A, and in the last inequality o — ¢ > «/2, thus, combined
with Equation (21), we can conclude the proof of Equation (19).

We will now, as the third step, conclude the proof of assertion 1. Note that
if B; is a ball (and not an half-space), then 9B; N Bf = 0B; N P; ; where P ;
the following closed half space.

B if B; is an open half space
Y Uaslle = 0P = < lx = 041 =13} if By = B(Oj, ).

Thus S; = 9B;() (Uj B;.) — 9B (Uj;&i B;.) — 9B, N H;, where H; is a
convex polygon.

Put C;(X,,) =9B; N H,; \ X,,. We are going to prove that the C;(X,,) satisfy
conditions (a), (b), (¢) and (d) of assertion 1. First note that (a) is obvious by
construction.

Suppose x € 0C,/(X,,) \ X,,. By the first step, we know that there exists a
B;, which is a ball of radius o’ such that « € S;, and thus we are in the situation
where © € 0B;, N H;, with H;, a convex polygon. If now z € 9Cy (X,) \ X,
but = ¢ UC;(X,,), we must have x € 0B;, N 0H,;,. This gives

0C (X)) \ (JCi(Xn) c X J( | 0BinoH,)

i,ri=a’

and thus [0Co (X,) \ (U; Ci(Xy))|d¢—1 = 0, which proves (d).

We will now prove that if ¢ # j and B; and B; are two balls, then (0B; N
H)N (0B;N Hj) = (. Suppose by contradiction that (.S; N H)N (S;NH;) #0.
Then ||z — O;||> —r? < ||z — O;]]* — 7“]2- and ||z — O;||> —r? > ||z — O;||* — 7“]2-,
which is a contradiction. Thus, if C;(X,,) and C;(X,,) are both non-empty, we
have that B; and B; are two balls, and if ¢ # j, C;(X,,) N C;(X,) = 0, which
proves (d).

This also proves that if z € C;(X,,), then there exists an r, > 0 small enough
so that 0C,/(X,,) N B(z,r,) = 0B; N B(x,r,). Thus 0Cy (X,) N B(x,r,) is a
€2, d — 1 dimensional manifold. Moreover, the tangent space at z is given by
(r — 0;)*. Also, the unit normal (to dC, (X,,)) vector (O; — z)/||x — O;]| is
well defined, and points outwards to Cy/(X,,). This concludes the proof of (c)
and also the proof of 1).
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The proof of 2) follows the same ideas used to prove Theorem 3 in [1]. We
are going to give the main steps of the proof (adapted to our case).

We first prove the surjectivity. For any x* € 0.5, we introduce O* = z* — )+
and x = z* — 2¢,,1,.. From the inside and outside a-rolling conditions it follows
that S has reach a > 0, and so mgg([z, z*]) = x*, where we used that 2¢, < a.
To prove that x € Cy/(X,,) we proceed by contradiction. If z ¢ Cy/ (X,,), then
there exists an O with ||O — #|| < o/ and B(O, /) C Cor (X,)°.

Let u = (O — 2)/||O — z||, y = [0*,0] N 9B(0O*,a) and y* = [O*,0] N
0B(0, '), and therefore ||y — y*|| < &, which implies

a+a —]|0—-0% <ep. (22)
But now
a+d —]|0-0% =
—a+a =[O —2lP + (a—22,) + 20 — 2P (@ — 22, (t, 7,
=a+a — /([0 -zl +a—24)2 = 2|0 — af|(a — 2en)(1 — (u,75-))

2[|0 — a|[(a = 2e5)(1 = (4, 7a+))

(10 — 2|l + & = 2en)?

o (o —e5) (1 = (u,mex))
at+ao —e,

:a+a'—(||0—x|+a—25n)\/1—

> 2, +a — |0 —z|| + > 2e,,
which contradicts Equation (22). Thus z € Cu (X,) and so, there exists a
z € (xz,2*) and z € 0Cy (X,,), such that mps(z) = x*.

We now prove the injectivity. Suppose by contradiction that there are x1, zo
€ 0Cy (X,) such that mag(z1) = 7oy (x2) = y. Write ¢; = d(z;,05), for i =
1,2. Because Cy (X,) C S, we have z; + ¢;n, = y and thus z; = zo + (fo —
l)ny, and |[lo — 41| < &, (because for i € {1,2}, ¢; > 0 and ¢; < &, due to
dy (05,00, (X)) < &,). Suppose that €5 > ¢;. From the first step together
with Equation (19), we know that there exists an O; such that B(0;, /) C
Co(X3)S |lze — Oi]| = o and (u,ny) > 1 —2(a+ o)/(ad)e, with v =
(Oz — 1‘2)/0/. Then

llz1 — Ol = (b2 = £1)* + o’ — 2a/ (Lo — 1) (u, )

4la+d)
a

< (52 — 51)2 + a? — 20/(62 — (1) + (62 - fl)En

<ao? = (by — 1)) (20/ - Men — (by — 61))

o=t - ) (20— (02 ) e, )

IN

«

The condition &, < 4(2‘750(,) guarantees 2o/ — (4(a + ') /a + 1)e,, > 0 thus, if

0y > 0y, then x; € B(O;,a’), which is impossible (recall that B(O;, /) C cs,
and that z; € Cy/(X,,)). Thus, by contradiction, ¢; = {3 and x1 = 2, which
concludes the proof of injectivity.

Lastly, we prove 3. Since reach(9S) > « and dy(0Cy (X,,),05) < &, < «,
Tos, restricted to dCy (X,), is continuous (see [24]). The continuity of 754 :
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0S5 — 0C(X,,) follows from the same ideas used to prove the injectivity of mgs:
we provide a sketch of the proof. It follows from reach(0S) > a that m,¢(z) =
x — L(x)n, with £(x) > 0. Also, x — 7, is a continuous function (see Theorem
1 in [39]). It remains to be proved that ¢ is a continuous function. If this is
not the case, we can find sequences (y,,) C 9S and (y,,) C 95, both converging
to some y € 895), such that ¢(y,) — ¢ and £(y,) — ¢2. We can conclude
exactly as in the proof of injectivity that we can take 1, = yn — £(yn )1y, and
T2 = Yy, — £(y,)ny, making n — 4o00. We thus have 05 ~ 0C, (X,,), which
proves assertion 3, and thus concludes the proof of the lemma.

O

Lemma 8.8. Suppose that M is a C2, bounded (d — 1)-dimensionaj manifold
with positive reach o. Let my; denote the projection onto M and M be a €2,
(d — 1)-dimensional manifold such that

1. mpr s one to one from M to M,
2. for all z € M we have ||z — mp(2)|] < &1 and Ny Mg () = 1 — 2.

Then, if e1(d — 1)a < 1 and g5 < 1/8, we have

1-3 i Mlas =N
(1 —3e1a0 — 32¢9) S (14 3e1a + 32¢9) . (23)

Proof. Let p € M and denote by (eq,...,eq—1) an orthonormal basis of T, M
and complete it with eq a unit vector of N, M. A neighborhod of p in M can
be parametrized by p(z) =z + f(x)eq = Zil_l xie; + f(x1,...,24-1)eq where
T = fofl x;e; belongs to a neighborhood of p and V¢(p) = 0.

Consider now the surface element (of M) ds(p) = dxy ...dzg—1. Its image
by 7, on the surface element (of M) is given by

ds(p) = \/det(Jﬂ;; (p)' =1 (p))das - da 1.

The rest of the the proof consist in giving bounds for det(Jﬂ;; (p) Joa (p)). We

have that 7y, (p(x)) = z+0(z)n(z) where n(z) = (=9f /01, ..., —0f /0xq_1,1) €
N,M, which gives that

The reach condition gives that ||F;(p)||op < a and £(p) = ||73/ (p) —p|| < &1 s0
that we just have to bound ||V¢(p)||. Note that, for j =1,...,d — 1, we have

o0 <« 0 ;
., 9t _ NeT . NI
tj € + ij (p)ed E(p) (ZI: é)xl@x] 61> € ar (P)

Note that 1, = +eq and introduce ﬁﬂ;;(p). Since t1,...,tq—1, f]ﬂ_;{l(p) is an

orthogonal basis of R%, we have that

d—1
_ i\ b . .
o ;<ed’ Tl Tell T {0 ot
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which implies
d—1

= (i, | + (1, 7 (p)>

=1

Thus, by condition 2, we have |(t;,eq)| = |(t;,mp)| < v2e2][t;]|, which im-
plies

ol
dr;

From this, we get

0] < VIRl 1 < VB (14| 25 3] + ala - a)

ot VZea(1 + e1(d - Da)
axj@)‘ =T v

So, J -1 (p)'J_-1(p) = I4—1 + FE with E a symmetric matrix with

s TK']\/I

¢%x1+aw—na»2

Ellop £2
IElly < 2610+ et + (L2

thus we finally obtain the inequality

™

(1 —3e1a — 3265)"7" < det (JW;; (p)'J. - (p)) < (14310 +3265)%71,
which concludes the proof. O

8.2.1 Proof of Theorem 4.1

Theorem 4.1 follows now from the previous lemmas. Introduce S; = m55(C;(X,,))
where the C;(X,,) are the sets introduced in Lemma 8.7. Due to Lemma 8.7
we have |0S]4—1 = >; |Sila—1 and [0Cy (Xp)|a—1 = >, |Ci(X,)]a—1. Due to
Lemma 8.8 we also have, for all i: (1—3sja0— 3252)% [Sila—1 < |Ci(Xp)]a—1 <
(14 3c1a+ 3252)% |Sila—1, which concludes the proof.

8.2.2 Proof of Corollary 4

We only need to check that the conditions of Theorem 4.1 are fulfilled, with
probability one, for n large enough. In [35] it is proven that, with probability
one for n large enough, dy(0Cy(X,),05) < &, < c(Inn/n)? @+ for some
given explicit constant c. Since Cy/ (X,,)¢ is a finite union of balls and affine
half-spaces, that is, Cy/(X,)¢ = UfV:ll E; with E; = @(Oi,ri) or E; = {z €
R, (uj, 2) > a;}, it follows that

9C (X, U(aEﬂ(UE))

J#i

Now define the F} as the connected components of the sets E; ((U,.; £;)°
Then the F; are closed manifolds of dimension d; < (d — 1), and are compact
since F; C Cq (X,), which is compact. Lastly, because 0Cy (X,) is a (d —
1)-dimensional manifold, we must have 0Cq (X)) = Uj4,=a—1F} (that is, the
lower dimensional F}, are included in Uj g;=¢—1F 7). This concludes the proof of
Corollary 4.
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