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Abstract

We prove Holder-logarithmic stability estimates for the problem of finding an
integrable function v on R? with a super-exponential decay at infinity from its
Fourier transform Fv given on the ball B,. These estimates arise from a Holder-
stable extrapolation of Fv from B, to a larger ball. We also present instability

examples showing an optimality of our results.
Keywords: ill-posed inverse problems, Holder-logarithmic stability, exponential

instability, Chebyshev extrapolation
AMS subject classification: 42A38, 35R30, 49K40

1 Introduction

We consider the classical Fourier transform F defined by

Fu(€) = ﬁ /eig‘”v(x)dx, ¢ e RY,

Rd

*The first author’s research is supported by the Australian Research Council Discovery Early Career
Researcher Award DE200101045.



where v is a test function on R? and d > 1. Let
B.:={¢eR’: ¢ <r}, where 7 > 0.
Assume that v is integrable and, for some N,o > 0 and v > 1, we have that

Q.(\) = # /6A|x|v($)|dx < Nexp(a\), for all A > 0. (1.1)

R4
Remark 1.1. In particular, for the case of v = 1, the class of functions satisfying (1.1)
includes all functions v with suppv C B, and ﬁ”v” ciwey < N. Furthermore, if v is
such that
|v(z)] < Cexp (—p|z|") for some p,C' >0 and n > 1,

then assumption (1.1) holds with v := —& and with some positive constants o = o (u,7)
n
and N = N(C, u,n,d).

Under assumption (1.1), we consider the following two problems:
Problem 1.1. Given Fv on the ball B,. Find v.

Problem 1.2. Given Fv on the ball B,. Find Fv on Bg, where R > r.

Problems 1.1 and 1.2 are fundamental in the theory of inverse coefficient problems. For
example, Problem 1.1 with r = 2¢/E can be regarded as a linearized inverse scattering
problem for the Schrodinger equation with potential v at fixed positive energy FE, for
d > 2, and on the the energy interval [0, E], for d > 1. More details can be found in
[12, Section 4]. Problem 1.1 with r = wy also arises in a multi-frequency inverse source
problem for the homogeneous Helmholtz equation with frequencies w € [0, wyl; see Bao et
al. [2, Section 3] for more details. In addition, in many cases, Problem 1.2 is an essential
step for solving Problem 1.1. For more applications related to Problems 1.1 and 1.2 in

the case of compactly supported v, see [8] and references therein.

The present work continues the studies of our recent article [8], which considers the
case of compactly supported functions v. Besides, in [8], we deal with reconstructions of
Fov on [-R, R]? and v on R from Fuv given on the cube [—r,r]¢, in place of the balls Bg
and B,.. Due to the equivalence of ||-||; -norm and || ||o.-norm in R%, these formulations are

essentially equivalent, but Br and B, are more natural in the context of inverse problems.

In the present work, under assumption (1.1), we give Holder-logarithmic stability
estimates for Problem 1.1 in the norm of £*(R?) and of H*(R?), for any real s; see

Section 3. (Note that the stability estimates of [8] are given in the norm of L£2*(R9)
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only.) In addition, we obtain Hoélder stability estimates for Problem 1.2 in the norm
of L>*(Bgr); see Section 5. The related reconstruction procedures are also given; see
Sections 2 and 3. Besides, we present examples showing an optimality of our stability

estimates and reconstruction procedures; see Section 4.

2 Reconstruction procedures

Let F~! be the classical inverse Fourier transform defined by

FHu)(x) := /u(g)e_ifxdf, r € R
Rd
For a given r > 0, we consider the following family of extrapolations Cgr, : L*(B,) —
L>(Bg), depending on two parameters R > r and n € N:={0,1,...}. For a function w

on B, (for example, such that w ~ Fuv|p, ), we define

w(§), ¢ e B,
S, (£ 4
[CR7n1U](€) = Zak (E) Tk (7) N 5 € BR \ Br, (21)
k=0
0, ¢ € RY\ By,

where & = [£]0 and, for § € S971,

( T
1 w(th)

%_ ﬁdt, if k=0,
) = wlel0):=3 % o 0 (2.2)

) VE_e

\ -Tr

dt, otherwise.

In the above, (T))ren stand for the Chebyshev polynomials on R, which can be defined
by T (t) := cos(karccos(t)) if t € [—1,1] and extended to [t| > 1 in a natural way. For
n = 0, the sum in (2.1) is taken to be 0. Note that formulas (2.1) and (2.2) are correctly
defined for almost all £ and @ under the assumption that w € £L>(B,).

Suppose w ~ Fuv|p,. The transforms Cr,w on Bpr can be considered as a family
of reconstruction procedures for Problem 1.2. The transforms F'Cg,w on R? can be

considered as a family of reconstruction procedures for Problem 1.1.

In Section 3, we give stability estimates for Problem 1.1 arising from the reconstruc-

tions F'Cg.n; see Theorem 3.1 and Theorem 3.2. In Section 5, we give stability estimates
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for Problem 1.2 arising from the extrapolations Cgr,; see Lemma 5.1, Theorem 5.2, and
Corollary 5.4.

3 Stability estimates for Problem 1.1

We will assume that the unknown function v : RY — C satisfies (1.1) for some N, > 0

and v > 1 and the given data w is such that, for some 9,r > 0,
|lw— Fv|zoem) <6 <N, (3.1)

where F is the Fourier transform. Note that if (1.1) holds then, for any ¢ € R?,

Fu()] < g [ Ioallde = Qu(0) < N (32)

This explains the condition § < N in assumption (3.1). Indeed, if the noise level § is

greater than IV then the given data w tells about v as little as the trivial function wy = 0.

To achieve optimal stability bounds, the parameters R and n in the reconstruction

F~1Cgr,, have to be chosen carefully depending on N, d,r, 0. For any 7 € [0, 1], let

L,(0) = L (N,d,r 0,v):= max {1, % <%> } . (3.3)

orv
Here and thereafter, we assume 0 < § < N. Using (2.1), define

76 7= CR,(8).,(5); (3.4)

where

R.(8) = R,(N,0,r,0,v) :=rL.(9),

(2—7)In %
In2+ L 1n(2L.(4))

TV

, if7>0, (3.5)
n:(6) =n.(N,é,r,0,v) ==

0, otherwise.

and [-] denotes the ceiling of a real number. Let

2
c(d) = / ldx = Fdd—. (3.6)

Our first result is a stability estimate for Problem 1.1 in the norm £°°(R?). In addition
to (1.1), we assume also that v € W™(R?), where the space W™(R%), m > 0, and its
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norm are defined by
WmRY) = {u e LYRY) : (1+ 6% Fue L2RY},
||u||Wm(Rd) = H(]' + |§|2)%‘/—_.UHLOO(R‘1) .

We note that for integer m the space W™(R?Y) contains the standard Sobolev space

WmHRY) of m-times smooth functions in £! on R?.

Theorem 3.1. Let the assumptions of (1.1) and (3.1) hold for some N,o,r,0 > 0 and
v > 1. Assume also that v € W™(R?), for some real m > d, and that |[v][yymge) < 7.
Then, for any a such that 0 < o < 1, the following estimate holds:

o = F1C 0| o gy < SSDNI= (L (8))" 5

) —

@ ) (3.7)
C —m —m

+ T (L(8) T

where 7 =1—+/1— (1 —a)v=" and L,(6), Cr4, c(d) are defined by (3.3), (3.4), (3.6). In

particular, for any By such that 0 < ﬁ — < 1 —+1—v"1, we have

Hv — Flcr 5wH£N(Rd) < (111(3 + (5’1))_ﬂ1 , (3.8)

b1

where T = p— and ¢y = c1(N,o,v,r,m,v,d, B1) is a positive constant.

Our second result is a stability estimate for Problem 1.1 in the norm #H*(R?). Recall
that the Sobolev space H*(R?), s € R, and its norm can be defined by

H(RY) == {ue L2RY) : FH1+|¢?)2Fue L2(RY)},

HUH’HS(Rd) = HF_1(1 + ’5‘ ‘FUHLQ(RCZ

Theorem 3.2. Let the assumptions of (1.1) and (3.1) hold for some N,o,r,6 > 0 and
v > 1. Assume also that v € H™(R?), for some real m > —2,
Then, for any o € [0, 1] and any s < m, the following estimate holds:

and that [|v|ymge < 72.

r Lo (5) 1/2
oty < 8(2m)e(d) N / (1424914t L.(5)6°
0
b (L (5)

where 7 := 1 —\/1— (1 —a)v=" and L.(8), Ci;, c(d) are defined by (3.3), (3.4), (3.6).
In particular, for any PBs such that 0 < B S < 1 —+1—v=1 we have

lv — F=iC; 5wl

(3.9)

v — F'Ck 5w < ¢ (In(3+ 5*1))_52 : (3.10)

Hs (RE)

Ba

where T =
pr—

- and ¢y = co(N,0,v,7,m, 8,7, d, B2) is a positive constant.
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The proofs of Theorems 3.1 and 3.2 are given in Section 6. The first terms of the
right-hand side in estimates (3.7) and (3.9) correspond to the error caused by the Holder
stable extrapolation of the noisy data w from B, to Bg, (s and the second (logarithmic)
terms correspond to the error caused by ignoring the values of Fv outside Bg (s); see

Section 6 for more details.

Let N, o, v, r, m, v1, 72, d be fixed. Then estimates (3.8) and (3.10) used for

v :=1v; — vg and w := wy = 0 yield the following corollary.

Corollary 3.3. Let vy and vy be such that v := vy — vy satisfies (1.1) for some N,o >0
and v > 1. Let T be such that 0 < 7 <1 —+/1 —v=1. Then the following bounds hold.

(a) If v — vy € W(R?), for some real m < d, and |[vy — va|lyymray < 71, then

1 —b1
R A )) , 3.11
[or = va| oo mey < 1 ( ( [ Fvy — Fuallze(s,) o

where By = 7(m — d) and c; is the constant of (3.8).

(b) If v — vy € H™(R?) for some real m > —g, |v1 — va|ggm(ray < Y2, and s < m, then

1 —f2
e <o [In (34 )) , 3.12
i < €2 < ( [For = Fosllomm) (3:12)

where By = T(m — s) and ¢y is the constant of (3.10).

||Ul - Uz|

One can see that the estimates of Theorem 3.1, Theorem 3.2, and Corollary 3.3 are

available for any (1, 32 such that:

0< fi < o = (1-@) (m — d),
(3.13)
0< By < o = (1-@) (m — s).

In particular, for v = 1, we have that /"> =m — d and 5" = m — s. In Section 4, we

present instability examples showing that

e if v = 1 then (3.11) is impossible for 51 > m and (3.12) is impossible for Sy > m
(when d > 2 and s = 0) and for f3 > m+ 3 (when d =1 and s = 0);

o if v =2 then (3.11) and (3.12) (with s = 0) are impossible for f;, B2 > m/2.

These examples show that the logarithmic bounds (3.11) and (3.12) are rather optimal

with respect to the values of the exponents §; and (5. Consequently, in this respect, it
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is impossible to essentially improve the stability bounds of Theorems 3.1 and 3.2, even
using any other reconstruction procedure (for example, based on a more advanced basis

instead of Chebyshev polynomials).

Moreover, observe that, for the case v = 1, the values of S*** and (35"** are very close

to the best possible: for example, we determined that f; = m is indeed the threshold
value for (3.12) when d > 2 and s = 0. However, we do not know whether the claimed
exponents S, gyex = (1 — m) m+O(1) are also that close to optimal for v > 1.
Our instability examples for ¥ = 2 imply that they can not exceed m/2, but there is still
a gap from m/2 down to <1 — \%) m.

Theorem 3.1, Theorem 3.2, and Corollary 3.3 illustrate similar stability behaviour in
more complicated non-linear inverse problems. In fact, the relationship is closer than a
mere illustration taking into account that the monochromatic reconstruction from the
scattering amplitude in the Born approximation is reduced to Problem 1.1. In particular,
estimates (3.10), (3.11) and (3.12) (with v = 1) should be compared with the results on
the monochromatic inverse scattering problem obtained by Héhner, Hohage [4], Isaev,
Novikov [7, Theorem 1.2] and Hohage, Weidling [5] under the assumption that v is a
compactly supported sufficiently regular function on R3. More precisely, for this case,
estimate (3.11) with m > 3 and 8; = ™3 is similar to [7, Theorem 1.2]; estimate (3.12)

with s =0, m > 2, and 3, = mi—i—?; is sirflﬂar to [4, Theorem 1.2]; estimates (3.10), (3.12)
with m > 7/2 and some appropriate 85 € (0, 1) are similar to [5, Corollary 1.4]. For other
known results on logarithmic and Holder-logarithmic stability in inverse problems, see
also Alessandrini [1], Bao et al. [2], Isaev [6], Isakov [9], Novikov [11], Santacesaria [13]

and references therein.

As observed above, logarithmic and Hélder-logarithmic stability was established for
many different inverse problems. However, to our knowledge, even for the compactly
supported case, the estimates of Theorem 3.1, Theorem 3.2 (with o < 1) and Corollary 3.3
are implied by none of results given in the literature before the recent work [8]. The
related results of [8] are essentially equivalent to the special case of (3.9), (3.10), (3.12)

when v € H™(RY) is compactly supported, m is a positive integer, and s = 0.

4 Examples of exponential instability for Problem 1.1

First, we recall the results from [8, Section 6]. Let A and B be open bounded domains

in R%, d > 1. Then, for any fixed positive integer m and positive v, we give examples of



real-valued functions v,, € C™(R?) such that

supp(v,) C 4, |nllem®ay <7, (4.1)
and the following asymptotics hold as n — +oo:

[ Fvnllgoosy = O€™), [onllgooqray = QR(n™™),
Q(n=™), for d > 2,

vl 2(rey =
" o), ford =1,

Recall that for two sequences of real numbers a,, and b,, we say a, = Q(b,) if a, > 0
always and b, = O(a,). It follows from the above that, for any 5, > m and any constant
c > O,

_ =1
lonllemceey > e1 (10 (34 1 Foallghs,))) s (4.2)

when n is sufficiently large. Similarly, for any (s, where By > m if d > 2 and B, > m + %
if d =1, and for any constant ¢, > 0, we have that

-~ —B2
[ollcseey > 2 (10 (34 1 Fvallzhs,)) (43)

when n is sufficiently large.

Condition (4.1) and instability estimates (4.2) and (4.3) show an optimality (or nearly
optimality) of the exponent f; in stability estimates (3.7), (3.8), (3.11) and of the exponent
Po in stability estimates (3.9), (3.10), (3.12) with s = 0. Recall that Theorem 3.1,
Theorem 3.2, and Corollary 3.3 require 5, < S, By < B3, where " and [y
are defined in (3.13). In particular, for v = 1 (which includes the compactly supported
case), we have that /" = m —d and 5 = m (for s = 0), which are close to the infima
of the exponents §; and (s in (4.2) and (4.3).

max

However, p"*(v) and 53**(v) decrease to 0 as v — +oo. In particular, for v no-
ticeable greater than 1, the instability behaviour exhibiting by the functions v, recalled
above become much less tight with respect to /7" (v) and £5**(v). This motivates us
to construct other explicit examples of exponential instability for Problem 1.1, which are
non-compactly supported and provide considerably smaller exponents §; and (s in the

instability estimates in comparison with v,.

For k € R?, integer m > 0, and real € > 0, consider the functions v, . defined by

Vpme(T) = elk| e cos(kx),  xeR™ (4.4)



Note that

Similarly to Remark 1.1, we find that the functions vy, . satisfy (1.1) for v = 2, any

o> %, and N = ¢|k|"™N’(d, o). Then, for any fixed o > %, r > 0, integer m > 0, and

real Yo, 71,72 > 0, we have that

N <, |1 Vkm.e llwm®ay < 71, Uk e || () < 725 (4.5)

for all sufficiently small ¢ > 0 and |k| > 1; and, for fixed ¢ > 0, the following formulas
hold as |k| — +oc:
| Fokmellcoo(By = O (exp(—a|k|2)) , for any « € (0, %),

(4.6)
[Vk,mellcooray = €[k[T", [Vkmellcoray = QE[T™).

It follows from (4.6) that, for fixed scaling parameter e, exponents (1, 5, > m/2, and

constants ci, co > 0,

_ b1

lokmellemesy > e (10 (34 | Fonmel ) (4.7)
_ —f2

lohmellexn > e (0 (34 1 Fonmellgesy)) (4.8)

when |k| is sufficiently large. Condition (4.5) and instability estimates (4.7), (4.8) show
nearly optimality of the exponent (31 in stability estimates (3.7), (3.8), (3.11) and of the
exponent [ in stability estimates (3.9), (3.10), (3.12) with s = 0, for the case when v = 2.

Namely, for this case,

pe@) = (1= ) m—d)  and  gpR) = (1= L) m (for s=0).

One can see that m/2, which is the infima of the exponents 5, and 3, in (4.7) and (4.8),
is substantially closer to 87"*(2) and £5**(2) than the infima of the exponents /51 and S,
in (4.2) and (4.3), respectively.

It is also important to note that the instability behaviour exhibiting by the functions
Uk.m.e defined in (4.4) is impossible for the compactly supported case, at least for suffi-

ciently large m. This is because (1) and gy**(1) (for s = 0) get bigger than m/2 so
(4.7) and (4.8) would contradict to Corollary 3.3.



5 Stability estimates for Problem 1.2

Lemma 5.1. Letv € LY(RY) and X\, 7, R > 0 be such thatr < R < \/2, and Q,()\) < +o00.
Then, for any w € L>®(B,) and n € N, the following estimate holds:

1F0 = Cralollc=mn <2 ()" w = Follemis, +4Qu(3) ()

Lemma 5.1 is proved in Section 7. Optimising the parameter n in Lemma 5.1, we

obtain the following Holder stability estimate for Problem 1.2.

Theorem 5.2. Let v € LY(R?) and \,r, R > 0 be such that r < R < \/2, and Q,()\) <
+00. Suppose that |[w — Fv| gee(p,) < 6 for some function w and 0 < 6 < Qu(\). Then
the following estimate holds:

L)\
|0 = Crpew ey < B2 (2420) 75, (5.1)
where ( )
In (22 In(2R /r)
o= |t = 5.2
" In(2\/r) and () In(2\/r) (5:2)

Remark 5.3. Problem 1.2 is a particular case of the problem of stable analytic con-
tinuation; see, for example, Demanet, Townsend [3], Lavrent’ev et al. [10, Chapter 3],
Tuan [14], and Vessella [15]. In particular, [3, Theorem 1.2] or [15, Theorem 1] lead to a
Holder stability estimate similar to (5.1). In the present work, we independently establish
estimate (5.1) mainly for the purpose to give a simple explicit expression for the factor
in front of the Holder term 6~ . Besides, we derive our estimates for specific analytic

functions which are the Fourier transforms of functions satisfying (1.1).

Proof of Theorem 5.2. By the assumptions, we have that

Qv(N)
_ln( s >

"= e Y

Note that n is the solution of the equation
2R\" ¢ _ Rr\"
()5 =q.0 (2)".

Using also that R > r, we get
(28)" 5 = 280,00 (£)" > 20,00 ()",
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By definition of n* and n, we find that n < n* < n+ 1. Then, applying Lemma 5.1, we

obtain that . .
) a1 (%)

)77+15+ 4QU()\) <§>77

n+1
)"
Then, by the definitions of 7(\) and 7, we get

<¥>n = exp (n In %) = exp <77 7(A) In %) = (Q”(s()‘)>7()\) .

Combining the above formulas completes the proof. O

10 = Croe[0]ll =3y < 2 (2

<2(

=5 <R <R

AN
W
—

Theorem 5.2 leads to the following stability estimate for the extrapolation C ; used

in Theorem 3.2.

Corollary 5.4. Let the assumptions of (1.1) and (3.1) hold for some N,o,r,6 > 0 and
v > 1. Then, for any 7 € [0,v71], we have

vr(2—7)
10 = Clll g ) < 82-0) (5) 5 = 8L (§)N'6°,

where L, (0) and R,(0) are defined in (3.3) and (3.5) and a = a(7) :=1—v7(2—7). In
addition, the exponent « is positive if and only if 0 <7 <1—+/1—-v1 <yl

Proof. First, we consider the case L,(0) = 1. Then, (3.5) and (2.1) imply that R,(§) =r
and C; slw] = w. Recalling from (3.1) that 6 < N, we find that

vr(2—7)
)= 10— wleein,y <5 <8L0) () o

>|=

170 = sl

Br. ()

Next, suppose that

This is only possible when 7 # 0. Let
A= T’(QLT((;))%.

Then, from (1.1), we get

Q) < Nesplon) =4 (X)7

11



In addition, by the assumptions,

R.(8)>r and A>1r(2L,(0)) = 2R, (6).

Observe that n* defined in (5.2) for A = (2L, (8))# coincides with n,(d) defined in (3.5).
Then, applying Theorem 5.2, we get that

N 2—1 7(A)
170 = Coalullen (o, ) <3200 (()7) s

where 7()) is defined in (5.2). Note that 7(\) is different from 7. However, we can replace

7(A) by v7 in the estimate above since 6 < N and

oy = RCR@)) _ W@LE)
In(2\/r) In2+ L mn(2L,(0)) =

The required bound follows. O

6 Proofs of Theorem 3.1 and Theorem 3.2

In this section, we prove Theorem 3.1 and Theorem 3.2. Their proofs are very similar.

Starting from the inverse Fourier transform formula

v(z) = /e‘ifz]:v(g)dg, r € RY,

Rd

we analyse the contributions of the two regions Bpg (5 and R? \ Br, ). For the first
region, we apply Corollary 5.4. For the second region we use the smoothness assumptions
[olwm @y < 7101 [|v]lem@ay < 7a.

Note that « in estimates (3.7), (3.9) is the same as in Corollary 5.4. Indeed, as stated

in Theorem 3.1 and Theorem 3.2, for a given « € [0, 1], we define

T=7(a):=1-+1—-(1—a)yL
Then, observe that 0 <7 <1—+1—v-1 <y~ and
1—vr(2—71) =aq,

as in Corollary 5.4.
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Recall also the definitions of L.(d), R.(9) and c(d) from (3.3), (3.5), and (3.6), re-
spectively. It is straightforward to check that (3.8) and (3.10) follow from (3.7) and (3.9),
respectively. Indeed, for any N,o,r >0,v > 1,7 € (0,1 — /1 —v~1), we have that

Ci(In(3+67")) <L, (0) <Co(In(34+47")", for0<d<N,

where C; = C1(N,o,v,r,7) > 0and C; = Cy(N,o,v,r,7) > 0. Then, the second terms of
the right-hand side on the estimates (3.7) and (3.9) dominates the first terms as 6 — 0.
Observing also that In(3 +671') > 1 for all § > 0, we can find some suitable constants
¢; and ¢ such that estimates (3.8) and (3.10) always hold (given the assumptions) with
1= (m—d)T and 55 = (m — s)7. Thus, to complete the proofs of Theorems 3.1 and 3.2,
it remains to establish stability estimates (3.7) and (3.9).

6.1 Proof of estimate (3.7)

Observe that

lv — F1C; sw| oo ey < sup / |7 (Fu(€) — Cryw(§))| dg = [ + In.
R4

r€R4

where
Io— / Fu(€) — C2yw(€)|de.
Br.(s)
L= / Fu(€) — Cpu(©)]de.
RNBRg_ (5)

Using Corollary 5.4, we get that

I < / | Fo = Cyul] oy < / 8L, (5)N'-5% d

Br, ) BR,(5)
= Sld) yimegd (1 (5))H 6.

Br,(s))

Next, since v € W™ (R?), we have that

€™ IFu(€)] < (L+ €)™ 2| Fo(€)] < [lvllwmma).
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Thus, we can bound

—+00

v m d
b= [ m©uesd [ ey
RNBg, (5) R (5)
d —-m
= L) o]y gy (R (8))
d —m —-m
— L) ||y gy (L (8))

Combining the above bounds for I; and I, completes the proof of (3.7).

6.2 Proof of estimate (3.9)

The Parseval-Plancherel identity states that

a _d
ull c2ray = (2m)2 | Full 2y = (27) 72 (|F "l 2 ey (6.1)
Thus, we get that
—1 % d s % d, ~ ~
o = FC gl ey = @) [[(1+ 633 (Fo — €250 | ey < 2) (s + Do),
where
1/2
him | [ aeleprizue - cu©pPds |
Br,(5)
1/2
he| [ aelePriFue - cpu©Pd
\Rd\BRT(J)
Using Corollary 5.4, we get that
1/2
T 2\s * 2
Ll [ asiepr |zl d
Br;(6)
R.(6) 1/2
< sN'e [ o(d) / 1+ 2| L(5)6.
0
Applying (6.1) and recalling that v € H™(R?), we find that
(14 1¢2)% Fol” 2m) =Nl m gy

[ ariepriroera < | G

RABR, (5)

= TR

L2(R4\ Bg(r,s))

14



Thus, we can bound

1/2

(L4 [Py IFuo)Rde | < H

N\BR. ()

(1+1¢P)% Fo
(R-(3))™*

fon
IN

L2(R4\Bg, (5))

_d
(27) "2 [|vll2gm (g

< e = @) el (L(0)

Combining the above bounds for I; and I, completes the proof of (3.9).

7 Proof of Lemma 5.1

To prove Lemma 5.1, we need a bound for the error term in approximations of holomorphic
functions by truncated series of Chebyshev polynomials stated in the following lemma.

For completeness purposes, we include a proof of this bound.

Lemma 7.1. Suppose that f(z) is a holomorphic function in the ellipse
D(p) :={cosz : z € C and |Sz| < Inp} (7.1)

for some p > 2 and sup |f(z2)] < M, < +oo for some M, > 0. Then,

z€D(p)

n—1 o 1 o n
l-Son| o (1-2)” (2
k=0 Leo([=p/p'])

for any n € N and any p’ € [1,p/2), where (Ty)ren are the Chebyshev polynomials and

( 1
1 f(#) .
W_[ Gt i E=0,

bk =

1
2/Mdt7 otherwise.
’7T V1 — t2

\ -1

Proof. First of all, we note that the condition p’ € [1, p/2) ensures that interval [—p', p']
(of the real axe) lies in the ellipse D(p). Indeed,

_(_ptp~t ptpt
D(ﬂ) N R - ( 2 ) 2 ) .

Note also that
ISC| < p/2  for ¢ € D(p). (7.3)

15



Let g(z) := f(cosz). Note that g(z) is an even 27m-periodic holomorphic function in
the stripe |3z| < Inp and, for all k € N|

2 2
/ e g(p)dp = / e *g( / ) t2 t,
0 0 B

Hence, by the Cauchy integral theorem, we get that

= Z bpcoskz, for |Jz| < lnp, (7.4)
where

21 27+ilnp

1 » 1 ,
bl = | [ ogtone| = |2 [ ergenis <

T T

0 0+ilnp

27

<

mH

/e’“npyg )|dt <2M,p7", k€N,

0
Using (7.4) and recalling that Ty (t) := cos(k arccos(t)) for |t| < 1, we get that

= WTu(z),  z€ D(p).
k=0
Observe that if [t| <1 then |Tk(t)| < 1, otherwise

ITi(t)] = | cosh(k arccosh(t))] = 3|(t — V2= D)F + (¢t + VE — 1)*| < (2Jt])k.  (7.5)

D=

Combining the estimates above, we get that, for any ¢t € [—p/, p'] and n € N,

n—1 e’
‘f(t) S| <SS ol
k=0 k=n

I/\
M8
/—\
v

I

E
/N
[

|

S R
——
L
/N
S K
—
3

k;:

This completes the proof of Lemma 7.1. O

Now we are ready to prove Lemma 5.1. For § € S%7!, consider functions f,5: R — C
defined by

fro(s) = Fv(srf) = (2;)(1 /eisrexv(:z:)dx, s eR.



Provided Q,(\) < +o0, we have that f,y admits a holomorphic extension to the ellipse
D(p) defined by (7.1) with p := 2)\/r. Furthermore, using (7.3), we get that

(2m

(Ol < oy / e ()|dr < Qu(A),  for ¢ € D(p).

Rd

Applying Lemma 7.1 and taking into account that p = 2\/r and r < R < \/2, we find

that -
fng — Z ak(G)Tk >" .
k=0

170 = Cn [P0l gy < 4QuN) (5) (7.6)

<200 (1-8) " (

>

Lo([=R/r,R/T])
It follows that

We note that
Crn|w] — Crp [Fv| = Cry [w — Fol.

Observe that
|Tk t/?"

mdt /\/j

Recalling the definition of Cg, and using the above two formulas and (7.5), we get that

.

ICRn[w] — CR,n[]:U]H[;oo(B )

2 [ |Ty(t/r)]
< - g | Zell o (1 r /e,y 1w -FUHEOO(B?»)_T mdt
n—1 k n
<2 (i—R> 552(%) 5.
k=0

This bound together with (7.6) implies Lemma 5.1.
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