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LONG TIME BEHAVIOUR OF SOLUTIONS TO AN EVOLUTION PDE
WITH NONSTANDARD GROWTH

H. FRANKOWSKA AND G. MOSCARIELLO

ABSTRACT. In this paper we prove time estimates for solutions to a general nonhomo-
geneous parabolic problem whose operator satisfies nonstandard growth conditions. We
also study the asymptotic behaviour of solutons to an anisotropic problem.
Keywords. Evolution PDE, time dependence of solutions at infinity, generalized Gron-
wall lemma.
Mathematics Subject Classification. 35K51, 35K59, 35B40.

1. INTRODUCTION.

In this paper we investigate the time dependence of solutions for a wide class of nonuni-
formly parabolic equations whose model case is the following one:

w; — div %Vu —0 inQp

(1.1) u(z,t) =0 on 002 x (0,7)
u(x,0) = ug(x) in Q,

where for some N > 2, Q) is a bounded domain in R" with Lipschitz boundary 99, T is
a positive number and Qr = Q x (0, 7).
We assume that vy € L*(Q) and G : R, — R, is a C'! convex function satisfying, for
some k > 0 and p > 2 the following conditions
(7) G(0) = 0; G(2s) < kG(s) Vs >0
(1.2)
(77) % is increasing on (0, o)
We refer to [16, 26] for the properties of G that follow from assumptions (1.2). The
functions listed below do satisfy the above assumptions for s > 0 :
1) G(s)==2, p=2
2) G(s)=sPlog(l+s), p=>2;
3) G(s) =sPLi(s), p>2, Li(s) =log(14+L;—1(s)),i = 1,....,k, Lo(s) = log(1+s)
4) G(s) = [, g(p)dp where g : Ry — R, is a C' function satisfying

/
p—1§89(8>§q—1, Vs >0
9(s)
with 2 < p < ¢ < oo such that ligrn M = +00 , see [3] where the properties of such a
s—+oco 8§

function G were investigated.

Date: December 3, 2019.
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Definition 1.1. A function v : Qp — R is called a weak solution to Problem (1.1) iff
w € L(0,T; L*(92)) N L0, T; Wy (),

T
/ / G(|Vul|)dzdt < 400
o Jo

and for every ¢ € C*(Qr) with ¢(-,t)|aq = 0 the following equality holds

/Q uo(, ) — /Q o (x, 0)dz + /0 t /Q {—u¢s+ <%vu7 v¢>} deds = 0

for any t € [0,T].
Ifu € L2.((0,00); L2(Q))NLL.((0,00); W' (Q)) and the above holds true for all T > 0,

then u is called a weak solution to Problem (1.1) on (0,00) x Q.

In [8] the authors have shown that under (1.2) and some additional structural assump-
tions, there exists a unique weak solution u € C([0,T7]; L*(Q2)) to problem (1.1). When
G is as in example 4), the existence and the uniqueness of a solution v € C(Qr) to a
Cauchy-Dirichlet problem for evolution equation in (1.1) have been investigated in [3],
again under several additional hypothesis.

In the elliptic framework equation in (1.1) is the Euler equation of the energy functional

/G |Vul)d

where the convex integrand may have nonstandard growth conditions.
Note that the function G in 2) satisfies for every € > 0 the growth condition

s < G(s) < L(1 + s)Pte.

whenever s is sufficiently large and where L. > 0 is a constant depending only on € and G.
Starting with the pioneering papers by P. Marcellini [19, 20], the theory in the stationary
case, especially the regularity theory, has been extensively studied ([2, 10, 14, 15, 18, 24,
22, 23]). For an almost complete treatment see the survey [21] and the references therein.
See also the recent paper [9].

Following the elliptic scheme, in [5] the authors recently studied variational solutions
in the sense of [17] to the Cauchy Dirichlet problem (1.1). The existence of such solution
has been proved in [7].

The objective of the present work is to obtain time estimates on weak solutions to (1.1)
in terms of the G function. More precisely, we get the following result:

Theorem 1.1. Assume (1.2) and let u : Qp — R be a weak solution to problem (1.1).
Then for any t € [0,T],
[l Ol < 2/Q(t)
where x(-) is the unique solution of the problem
¥(t) = —cG(\/z(t)) a.e.
(1'3) 0) = _1 2
z(0) = 2|Q|HUOHL2(Q)
and the constant ¢ > 0 depends only on p, k, |€].
Furthermore, if T = oo, then limy_, ||u(-, t)||%2(9) =
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Due to the nature of the problem, obtaining such estimates on solutions to (1.1) is not a
trivial fact. As far as we know, Theorem 1.1 is the first result in this direction. Moreover,
Theorem 1.1 implies time estimates also for evolution problems related to operators having
standard growth conditions, as, for instance, for parabolic p-Laplace equation. Indeed
Theorem 1.1 improves the results on the behaviour of a solution contained in [25] and in
[12] (see Remark 4.2 below).

The main ingredient to achieve our result is a version of the Gronwall Lemma that has
an interest by itself (see Lemma 3.1 and its two Corollaries in Section 3.). An energy
balance equality for solutions to (1.1) (see Proposition 2.1) is also fundamental.

More generally, in this paper we prove time estimates, similar to those of Theorem 1.1
for solutions to a nonhomogeneous parabolic problem of the type

u — div A(z,t,Vu) = —div [ in Qp
u(z,t) =0 on 02 x (0,7)
u(z,0) = up(x) in
where A : Qp xRY — R¥ is a Carathéodory function satisfying some nonstandard growth
conditions and f : Qp — RY satisfies the integrability condition (2.6) below.
Another application of our techniques is given in Section 5, where we study the asymp-
totic behaviour of solutions to an anisotropic problem.
The plan of the paper is as follows: In Section 2 we provide notations and preliminary
results. In Section 3 we prove a generalized Gronwall Lemma. In Sections 4 and 5 we
state and prove our main results.

2. NOTATION AND PRELIMINARY RESULTS

Let us consider the parabolic problem

up — div A(z,t, Vu) = —=div [ in Qp
(2.1) u(z,t) =0 on 092 x (0,7)
u(z,0) = up(x) in €,

where Q is a Lipschitz bounded domain of RV, N > 2, Qr = Q x (0,7) and ug € L*(9).
We assume that the field A : Qp x RY — RY is a Carathéodory function such that for
a.e. (z,t) € Qp and for any £ € RY

(1) (A(x,t,6),&) >vG([g]), 0<v<1
(22) (i1) |A(x,t,6)| < pEEL E£0, 1<p
(ii7) A(z,t,0) =0,

where G : R, — R is a non zero convex function satisfying (1.2).
Let us remark that (2.2) could be imposed, equivalently, for 0 < v < p.

If G is a C'! non-trivial convex function satisfying (j) in (1.2), then the field A(z,t,&) =

%5 , &€ # 0, considered in the model case of Section 1 satisfies conditions (2.2). Indeed,

in this case, since G(0) = 0. The convexity of G implies for all £ € RN, £ # 0,

G(le)) = / G (slé)lelds < <%g,5>
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and condition (7) follows. Moreover, by the convexity of G and from the second relation
in (j), we get for all t > 0,

2 21
kG(t) > G(2t) = G'(s)ds > G'(s)ds > tG'(t)
0 ¢
from which (4i) follows.
The Fenchel conjugate of G is defined by
G(r) = sup(rs — G(s)).

s>0

Then the Fenchel’s inequality
(2.3) sr < G(s) + G(r)

holds true for every r,s > 0. Note that G : R — Ry, G(0) = 0 and G is increasing (in
this paper we say increasing for nondecreasing).
Another useful property is (see [26] Chapt. II, (1))

(2.4) G (ﬁ) < G(r) for every r > 0.

r

Observe that G is increasing and it is not difficult to realise that unless G is the zero
function, (j) implies that G(s) > 0 for all s > 0.
Condition (j), which is known as the As-condition, is equivalent to the assumption

that there exists ¢ > 1 such that % is decreasing. On the other hand (jj) is equivalent

to Ay condition for the conjugate function G of G, ie. there exists k > 0 such that
G(2r) < kG(r) for every r > 0 (see [16] Sect. 4). Consequently, G(-) > 0 on (0, c0).
Notice that A, condition yields

(2.5) G(As) < MG(s),  G(As) < MG(s) Vs >0, A> 1.

For other properties of function G we refer to [16, 26].
In Problem (2.1) the datum f : Q7 — R¥ is assumed to be a measurable function such
that

(2.6) /OT/QG(yf(x, s)|)dads < +o0.

Definition 2.1. A function u : Qp — R is a weak solution to Problem (2.1) iff
(2.7) we L=(0,T; L*(Q)) N LY0,T; W, (Q))
T
(2.8) / /(A(:c,s,Vu),Vu>d:cds < +o00
o Jao

and for every ¢ € C'(Qr) with ¢(-,t)|oq = 0 the following equality holds
(2.9)

/Q u (@, 1) da— /Q oz, 0)da-+ /0 t /Q —uut(A(z, 5, Vi), Vo |dads = /0 t /Q (. V) duds

for any t € [0,T].
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Ifu € L2.((0,00); L2(Q))NLL.((0,00); Wy (Q)) and the above holds true for all T > 0,

then u is called a weak solution to Problem (2.1) on (0,00) x Q.

Notice that assumption (2.8) is equivalent to the following condition

(2.10) /OT/QG(NuDdxdt < +00.

Indeed, since G is increasing, by (2.3), (ii), (2.4) and (2.5), for any (z,s) € Qp with
Vu(x,s) # 0 we have

(Ala, s, Vu(z,s)), Vu(@)| < [A(x, s, Vu(z, 5))| - [Vu(z)]
@11) < G(A@,s, Vule,9)]) + G(Vu()]) < & (nEEHLED) 4 G(|Tu(x))
< WG (G ) 1 (Vo)) < 1 G(|Vule, 5))) + G Vu(x).

|Vu(z,s)

The equivalence between (2.8) and (2.10) follows from the first condition in (2.2) and
from (2.11).

Remark 2.1. Using conditions (2.3), (2.6) and (2.10) respectively, an argument similar

o (2.11) proves that (f(-),V(-)) and (A(-,-,Vu(-,-)), Vo(-)) are integrable on Qr, for
every ¢ € CY(Qr). These considerations imply that under our assumptions, all integrals
in (2.9) are well defined.

Remark 2.2. By assumptions (1.2), for any r > 0 we have
)\qu' S G(T) S )\Q(T'p/ + 1)

for some positive constants Ay, Ao and pp’ = p+p', and q¢ = q+ ¢ (see [26] Chapt. 2).
Then, from (2.9) we deduce that u, € L7 (0,T; L7 () with 1 < ¢’ < 2, and so there exists
@€ C([0,T]; LY (Q)) such that u(-,t) = (-, t) for almost all t € (0,T). In what folllows

we identify u with its continuous representant u.

Lemma 2.1. Let u € L>(0,T; L*(Q))NLY(0,T; Wy (Q)), be a solution to Problem (2.1).
Then, u € Cy([0,T]; L*(2)).

Proof. Let t € [0,T] be fixed. Let {t,} be a sequence in [0, 7] with ¢, — t as n — +00
such that u(-,t,) € L*(Q) Vn € N. Since u € L>(0,T; L*(Q2)), the sequence {u(-,t,)} is
bounded in L?*(Q2). Then, there exists a subsequence {u(-,#;, )} and £ € L*(Q2) such that

u(e,t,) =& weakly in L*(€2) as n — 400.
On the other hand, by Remark 2.2 u € C([0,T]; LY (R2)). Therefore

u(e, tr,) = u(-,t) strongy in Lq/(Q) as n — 4oo.
This implies that £ = u(-,t) and u € C, ([0, T]; L*(£2)). O

We also recall the following useful result.
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Lemma 2.2. Let G: Ry — R, be a function satisfying (1.2). Then there exists a convex
function F : R, — Ry satisfying (j) such that

(2.12) F(t") < G(t) < kF(#).

where k and p are as in (1.2).

Proof. Since G (S%) /s is increasing, it is not difficult to realize that the function

F(t) = /Ot G(S%)ds

S

is well defined on (0,00) and can be extended by continuity to zero by setting F'(0) = 0.
Its first derivative is a continuous increasing function (0, 00). Hence F' is convex on R, .
Moreover, by (j77), the integrand is increasing and therefore

F(t)s/ G(”’d — (1)

implying the first inequality. We show next that F' satisfies (7). Indeed, since G satisfies

(7),
F(2t):/ths§/ G<i‘9 ) s <k/t@ds:kﬁ’@).

=

s
The second inequality in (2.12) follows from the following estimates

Gtr) = /t Gf")d < /t 2t@d$§F(2t)§k:F(t).

s
U

In this paper we do not investigate the existence of a solution to (2.1) and refer to [3, 7, §]
for some existence results. Instead, we establish some properties of weak solutions. We
first show that every such solution satisfies an energy balance equality.

Proposition 2.1. Assume (2.2) and (2.6) and let u : Qr — R be a weak solution to
(2.1). Then for any 0 <t <T

1
§Hu Mz // (z,s,Vu), Vu)deds = HuoHLz(Q // z,s), Vu)dzds.

where [u(t)|2ag) = Jiy [ula. t)Pdz.

Proof. Let u : Qr — R be a weak solution to (2.1). We first extend solution u(z,t) by
the initial value ug(x) when t < 0. As 92 is Lipschitz, we can cover df2 by a finite open
family {U;}™, and we can find corresponding positive numbers ); and vectors p; such
that for € > 0 the ball B(z 4+ \ep;,€) C Q for all x € U; N2 (cf. [11]).

Choose an open set Uy CC 2 such that {U;}, forms a covering of 2 and let {n;}, be
a smooth partition of unity corresponding to this covering. For x € U; N Q, i =1,...,m,
denote u¢(z,t) = u(z + \ep;, t) and let u'(-,t) be its mollification in U; N Q. Finally we
mollify u(z,t) in Uy to get u?.



BEHAVIOUR AT INFINITY OF SOLUTIONS OF A PDE 7

The functions u, : Q7 — R defined as
i=0

are C5°() and converge to u in W, ' (Q) when ¢ — 0% for a.e. ¢t € [0,T].
Consider the mollifier in time of u(x, -) defined for any natural n € N such that -
as:

t
[uf]n (‘T’ t) = eintu€<x7 to) + n/ en(s*t)uE(xv S)d57
0

where t, € (0,7). Since u, € L>(0,T; L*(Q)) N LY(0,T; W, (Q)) and u.(z,t,) € L*(Q),
we get that

(2.13) [uel, — ue in L*(Qr) as n — oo.
[uc], (x,0) = uc(z,ty) VneN.

(2.14) [u, € L' ([0,T]; Wy ()

(2.15) Viue, (-, t) = [Vue, (-, t)

[Vu], = Vu in L'(Qr) when n — oo.

Properties (2.13), (2.14) and (2.15) can be deduced from Lemma B2 in [5]. See also [6].
Now we define for any € > 0, n € N, 0 < h << 1 such that 0 < % < e < h <ty the
Steklov average of [u],

Olalet) = (), = g [ lud, (@ r)ar

where we assume that [u ], (z,t) = u(z,to) for any t <O0. )
First let us assume that u is bounded. Then the function ¢7, € C*(Qr) and @7, (-, 1)}, =
0 for every ¢t € [0,7], and so we can use it as a test function in (2.9) to get that for any

t €10,7],
+// (A(z, 5, Vi), Vo) dxds—/ / £, V60, ) dads.

/ ugy pd

Set
t
[ffb ::/ugézh(:c,t)dx—/uocbzh(:c,O)d:c—/ /u((b’;h)sd:cds.
Q Q 0o Ja

For 0 < h <, by definition of ¢7,
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o /Q (1) (i /tt:h [ue]n(x,T)dT) iz
_ /Q () (% /_ z [ue]n(x,T)dT> dz

1 t
__h/ / w(e, ) ([ud, (2,7 + h) — [u, (z,7 — b)) dzdr.
0 Q
= Jin+ Jgn + T

Observe that

1 /[ 1 [
JE’Z:—/U z (—/ ue(x,to) dr + — Ue|p (T, T dT) dx
== @) (g5 [ vt + g [ udun)

t+h
R / w7 — W) (z, 7 de dr

/ / u(z, T — eJn(z, 7) dx dT
—1—%/0 /Que(a:,to)u(x,T) dx dt
+ih /h t /Q (2,7 — BYu(z, 7) dz dr

From (2.13), if we pass to the limit first as n — +o0o and then as e — 07 we get
im0 lim, o Iffl = [qu(z,t) (% ;j:u(l’,7‘)d7‘> dx
—3 Jo uo(@)u(z, to) do — 5= [, uo(x <f0 u(z, T dT) dx
—3 tt+h Jou(z, 7 = h)u(z,7)dzdr
th Jo u(z, to)u(z, 7) dx dr.

Then by Lemma 2.1, passing to the limit in (2.16) as h — 07, we get for any ¢ € [0, T

(2.16)

1
lim lim lim [Eh /|u:c t)] d:c——/|u0( )Pdx.

h—0 e—0 n—+oc0

Define

t t
Jg;z = / / (A(z, s, Vu), Vol ,)duds, 1;;5; = / / (f, Vol dads.
0 Q 0 Q
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Then,

];Z :;/0 /Q(A($,S,Vu),([ugn)h(x,s)Vm>dxds

+ZZ:;/O /Q<A($,S,Vu),m(x)([vugn)h(x?S)>d$d8‘

Observe that
[(A(z, s, Vu),mi(@)([Vui] Ja(z,s))| < G(|A(x, s, Vu)|) + Gni(@)|([Vuil, )al) (x, )

(2.17) < JFG(|Vulz, 5))) + Gmi()| (Vi )al) (@, 5),

where we used condition (i7) and inequalities (2.3), (2.4), (2.5).
Let 0 < h < s. By the Fubini theorem

(2.18)
. 1 [sth 4 r .
([Vei],), | 9) < 5 / (e—m‘\wim,mr +n / e”“"")lvui(:m)ldf) dr
s 0

—h

_ _L[e—n(s—i-h) . e—n(s—h)”vui(:E to)’ n £/8+h /s+h en(f_r)|vui(x T)]dr dr
2hn e 2h )., T \ T,

1 ) 1 s+h )
— _ = [p—n(s=h) _ ,—n(s+h) \VLIX ¢ _/ 1— —n((s+h)—7) \VLTX d
Sl = eVt + o [ (1 ) [V (@, )ldr

1 ] 1 s+h ’
< %|VUE($,2€0)| + o /s_h \Vul(z,7)|dr.

Inequality (2.18), the monotonicity of G and the Jensen inequality imply that for (x,s) €
Q x (h,t)

Gl ([Vu] Jul) (@,5) < G(I([Vue] Jal) (@, 5)

1 ] 1 s+h )
=G [%\Vue(x,to)] + o /S_h ]Vue(x,T)\dT]

2.19 < =G| —|Vui(x,t -G (2= . d
219 =56 (i) + 56 (25 [ vitenier)

1 ) 1 s+h )
i 2k71 i :
G <—hn|Vu€(:c,to)]> + o /S_h G (]Vue(x,7)|) dr
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When 0 < s < h, again by the Fubini theorem, we get
. 1 /[0 ‘
(Vul], )yl < 5 [ 19iGo.tlar

1 s+h ) r )
+ e "|Vui(x, to)| + n/ "\l (x, 7)|dr ) drr

[1— e "M Vug(a, to)|

1
t
(o to)| +

n s+h s+h )
+ / "\l (z, 7)|dr | dr
2h 0 T

1 1 1 S —n((s+h)—T1) 7
—I— S Vu (m to)| + — o7 (1 —e ) |\Vul(z,T)|dr

(2.20)

< (34 g0 ) 193 t>r+1/s+hrv {7l
~ 9 ohn ulx,ty oh UNT, T T

Arguing as in (2.19), from (2.20) we get, for (z,s) € Q x (0, h)

G(ml ([Vue], nl) (2, 5)
(2.21) < %G ((1 + hi) Vi (a, to)|) 1ok 121h/ G (Ve (z, 7)) dr.

Moreover, by the definition of uivh, the Fubini theorem and the Jensen inequality, we
know that

(2.22) [G(IVuc))], (@ G(IVul]ep (,9)
Combining (2.17), (2.19) and (2.22), for almost every (x,s) € Q x (h,t),
(A(z, s, Vu(z, s)), ([V ]n) x, $)n;i(z))]
< WGVl ) + 56 (Tt ) + 27 (6T o05)
On the other hand, combining (2.17), (2.21) and (2.22), for almost every (x,s) €
Q x (0,h),
[(A(z, s, Vu(z, s)),n (Jf)([VU} JACIIN

< ibG(Vala, ) + 56 ( (145 ) IVuttotall) + 27 GOV, (009
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Last inequalities, the continuity of G and the Lebesgue dominated convergence theorem
imply that

lim lim lim / /Q(A(x,s,Vu(x,s)),m(:v)([Vugn)h(w,3)>dxds

h—0+ =04+ n—oo h
t
:/ /(A(m,s,Vu(x,s)),m(m)Vu(m,s))dxds
0 Jo
and

lim lim lim/ /Q(A(x,s,Vu(x,s)),m(m)([Vugn)h(x,s)>dxds:0.

h—0+ e—=0+ n—oo 0

Finally, observe that

g;/;/g(A(x,s,Vu(x, s)), Vu(x, s)n;(z))dzds = /Ot/Q(A(x,s,Vu(x,s)),Vu(x,s»dxds.

Consequently,
(2.23)

limp, o4 lime o4 limy, oo Doy fot Jo(A(z, 5, Vu(z, s)),n;(x)([Vul], )n(z, s)(x))dzds
= Jo [, (A(z, s, Vu(z, s)), Vu(z, s))dads.

On the other hand, since G is increasing, by the Fenchel inequality, (i4), (2.4), (2.5),
(2.13) and the boundedness of u, for some ¢y > 0, for any ¢ € {0,1,...,m} and every
(x,s) € Qp with Vu(zx,s) # 0 we have

(A, s, Vu(z, ), ([ul], )z, ) V)| < [A(z, s, Tu(z, )| |([l], )a(z, ) Vo]
(224) < G(A@,s, Vule,s)]) + G(l([uil )z, 5)Viil) < G (nEEHE) + o
< uhG (H) + e < JFG(IVu(z, 8)]) + co.

Hence (2.10) implies that [(A(-, -, Vu(-,-)), ([ul], (-,))nVni(2))| is integrably bounded
by a function not depending on i, €,n, h.
Therefore

lim lim lim / /Q(A(:E,S,Vu(x,s)),([ui]n(:v,s))hVni(as))dxds

h—0+ =0+ n—oo 0

_ /0 t /Q (A2, s, Vu(x, s)), u(z, s) Vi) dads.

Finally, observe that

Z/O /Q<A($7 S, Vu(x> S)),u(g;, S)VUZ($)> dx ds = 0.

Consequently,

(2.25) lim lim lim Z/o /ﬂ(A(:v,s,Vu(x,s)),([ugn)h(x, s)Vn;(x))dzds = 0.

h—0+ e—=04+ n—o0 £ B
1=
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From (2.23) and (2.25) we get

lim lim lim ]2n // (x,s, Vu), Vu)dzds.

h—04 e—>04+ n—oo

In the same way, by using (2.3), (2.5) and (2.6), we can prove that

lim lim lim I?fz // f, Vu)dzds.
h—04+ e—0+ n—o0

If u is not bounded, define for any j € N, u; = 5(\u + j| — |u—j|). Then,

u; € L=(0,T; L*(Q)) N LY0, T; Wy () N L=(Qp).
We can constuct (u;). as before and we can apply the above arguments by using (¢;)7),
as test function in (2.9) Finally we can pass to the limit as j — +o0 since |u;| < |u] a.e.

The uniqueness of a weak solution follows under the additional monotonicity condition

(226) <A($v 576) - A(%S,U)af - 77) > 0
for a.e. (x,s) € Qr and for any &£, € R™.

Proposition 2.2. Assume (2.2), (2.6) and (2.26). Let u: Qp — R be a weak solution to
(2.1). Then u is unique.

Proof. The proof proceeds as in the homogeneous case. Let v : Qp — R be a weak
solution to (2.1). Apart of the approximation argument as in Proposition 2.1, we can use
w = u — v as test function in the definition of solutions u and v.

Then, by subtracting we get for any 0 <t < T

1 t
éﬂw(t)H%g(Q) —l—/o /Q(A(JZ‘, s, Vu) — A(z, s, Vv), Vw)dzds = 0.

Hence, (2.26) yields u = v a.e. in Q7.

3. A VERSION OF THE GRONWALL LEMMA

For arbitrary non-empty closed sets in D', D C R"™, define
dp(D") = inf{f >0|D"C D+ B} .

where B denotes the closed unit ball in R". Consider reals 0 < ¢, < T and a multifunction
P : [ty, T] ~ R"™ with non-empty closed values. P is called left absolutely continuous if
the following condition is satisfied: given any € > 0 there exists 0 > 0 such that, for any
finite partition

<51 <M< <. <5, <7 <T

satisfying Y " (1, — s;) < 0, we have

Z dp(n.) (P S
i=1
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For any y € P(t) the contingent derivative DP(t,y)(1) is the set of all v € R" such
that there exist h; — 0+ and v; — v satisfying y + hv; € P(t + h;).

A function v : [tg, T] — R is called upper semicontinuous from the right, if for every
t € [to,T) we have limsup,_,,, v(s) < (t). Similarly, it is called lower semicontinuous
from the left, if for every ¢ € (to, 7] we have liminf, ,, y(s) > ~(1).

Lemma 3.1. Consider a Carathéodory function ) : [to, T] x R — Ry such that for every
r > 0 there exists k, € L' (to, T;R,) satisfying for a.e. t € [to, T]
sup 1(t, z) < ky(t).

|lz|<r

Let g € L'(ty, T;R) and v : [to, T] — Ry be measurable, bounded and satisfy

(3.1) Y(t2) —v(t1) + /tt2 U(t, y(t)dt < /tQ gtydt  to <ty <ty <T.

t1

Then there erists a solution x(-) € WV([te, T]) of the Cauchy problem

(3.2) /(1) = =t z(t) +g(t), ae.
x(to) = 7(to)
such that ~y(t) < x(t) for all t € [ty, T.

Furthermore, if g € L(tg,00;R), v is defined on [tg, +00) X R, v : [tg, +00) — R,
is measurable and locally bounded and for every T > ty the above assumptions hold true,
then there ezists a solution x to (3.2) defined on [to,00) such that v < x. In particular,

limsupy(¢) < limsup ().
t—00 t—o00

Proof. By (3.1), v is upper semicontinuous from the right and lower semicontinuous
from the left. Define the set-valued map P : [tg, T] ~ R by

- {308 12D

By our assumptions for all to <t; <7 <T

vm) = [ gt < (e,
t;
This implies that P(-) is left absolutely continuous. Let ¢t € (¢o,T) be a Lebesgue point
of ¥(-,v(-)) and of g(-). The set A of all such points is of full Lebesgue measure in [to, T].

By the assumptions of our lemma for every ¢t € A,
At t+e) — ()

N < —
D(t) : llagéilf - < =¥(t,(1)) +g(t).

This and the definition of P(-) imply that — (¢, v(¢)) + g(t) € DP(t,~(t))(1). Since 7 is
upper semicontinuous from the right, it enjoys the following property: if y > ~(t), then
for every r € R and all small € > 0 we have y+er > y(t+¢). Therefore, DP(t,y)(1) =R
for any y > ~(t). Consequently for all t € A and y € P(t) we have —(t,y) + g(t) €
DP(t,y)(1). By [13, Theorem 4.2] and our assumptions, for some S € (to,T] there
exists a solution of (3.2) satisfying z(t) € P(t) on [tg,S). Therefore 0 < ~(t) < z(t)
for all t € [ty,S). Furthermore, z(t) < x(to) + ftz g(s)ds for all t € [ty,S) implying
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that x(-) is bounded. Hence, by our assumptions and since z(-) is a solution of (3.2), it
can be extended, by continuity, on [ty, S]. Furthermore, v(S) < z(S) because 7 is lower
semicontinuous from the left. Applying the Zorn lemma and [13, Theorem 4.2], we extend
this solution z(-) to the time interval [to, 1.

To prove the last statement assume that g € L'(to, 00;R), ¢ is defined on [ty, +00) x R,
7 is locally bounded on [ty, +00) and for every T' > t; the assumptions of Lemma hold
true. Then the same construction allows one to get z(-) defined on [ty, +00) satisfying for
every t > 17 > 1y,

t
0<2(0) < alt) <o)+ [ gls)ds.
Since lim,_, [~ g(s)ds = 0 the proof follows. O

Remark 3.1. Indeed, assume that the solution x : [to, T] — Ry of (3.2) is unique. Then
for v = x we have

wm—wm+/lwﬂmﬁ=/lww o<t < <T

That is (3.1) holds true. The estimate v < x obtained in Lemma 3.1 can not be further
improved.

Corollary 3.1. Under all the assumptions of Lemma 3.1 suppose that ¥ (t,a) =0 for all
a<0,g(-) >0, () is increasing for a.e. t € [to,T] and that for any R > r >0 there
exists kg, € L'(to, T; R, satisfying for a.e. t € [ty, T]

’w@ax) _¢(tvy)‘ < kR,T(t)|I_y| vxvye [Ta R]
Then the solution z(-) of

(3.3) { 2(t) = —(t, 2(1)),  ae.

)
is unique and well defined on [to, T], z(-) > 0 and y(t) < z(t )+ ft s)ds for all

t € [to,T].

Proof. Clearly, if z(-) is a solution of (3.3), then it is decreasing on its interval of
existence. Moreover, if for some t > ty, z(t) = 0, then z(s) = 0 for any ¢t < s < T. This
and the Lipschitz continuity assumption imply the existence and uniqueness on the whole
time interval [to, T]. Consider any solution x(-) of (3.2) defined on [ty, T']. Then it is not
difficult to realize that z(-) > 0.

We claim that z < z on [tg, T]. Indeed otherwise we can find ¢ty < so < t; < T such
that z(sg) = x(sp) and z(s) > x(s) on [so,t1]. Then —(t,2(t)) < —(t,z(t)) for a.e.
t € [so,t1]. Thus 2/(s) — 2/(s) > g(s) > 0 a.e. in [sg, t1]. This implies that x(t) > z(¢) for
t € [so,t1] leading to a contradiction. Let z(-) be as in Lemma 3.1. Observe that for a.e.
t € [to, T] we have

7'(t) = —(t, x(t) + g(t) < —@/)(t (1) +g(t) = 2'() + g(t).
Integratlng we obtam that x(t) < z(t)+ ft s)ds for all t € [to,T]. This and Lemma 3.1
yield y(t) < a(t) < z(t) + [; g(s)ds .



BEHAVIOUR AT INFINITY OF SOLUTIONS OF A PDE 15

Corollary 3.2. Consider g € L'(tg,00;R,), a Carathéodory function 1 : [ty,0) x R —
R, a measurable locally bounded =y : [tg,00) — Ry and let assumptions of Corollary 3.1
hold true on [ty, T| for every T > to. If for every r > 0 there exists a,, > 0 such that
inf,>, (¢, z) > a, for a.e. t > tg, then limy_, y(t) = 0.

Proof. Fix any sequence t; — oo and consider the solutions z; to (3.3) with ¢, replaced
by t;. By Corollary 3.1 applied with t, replaced by t;, we know that z; > 0. Notice that z;
is decreasing for every i. Observe next that if for some i we have lim;_,, z;(t) =: r > 0,
then, z;(t) > r for every ¢t > t; and

0 < z(t) = z(t;) — /t W(s, zi(s))ds < zi(t;) — (t — t;) .

When ¢ is sufficiently large, the right-hand side of the above expression becomes negative.
Thus implies that lim; ., 2;(t) = 0 for all 7. This and Corollary 3.1 imply that for every
1, every € > 0 and all large t we have

t

€

<5+ [ alo)s
t;

Taking ¢ sufficiently large, we deduce that for every € > 0 and all large ¢t we have

v(t) < € completing the proof. O

In [25] a particular instance of ¥ (¢, z) was considered, namely (¢, z) = M|z|'*", where
M and v are non negative constants. It was shown then that for any continuous = :
[to, T] — R, satisfying the inequality (3.1) we have

7(to)
1
[1 + I/M’}/(to)y(t — to)];

for every choice of continuous function I' : [ty, T| — Ry satistying

+T(t) VteE ty,T]

(3.4) A1) < y(t) =

to to
(3.5) Iwnswm+M/°NWWﬁ—/gmw o<t <t <T
t1

t1

where g € L'([to, T],R). Let I, M, v be as above and z be the solution of

(3.6) { o' = —Mlz|" 4+ g(t), ae. t>t
' x(to) = (to)
We already know that x(t) > ~(t) > 0 for all ¢ € [ty, T].

We claim that x(t) < y(t), which implies that our result provides a better estimate on
the time behavior of v than the one from [25]. Indeed, since y(to) = v (to) + I'(to) > x(to),
if for some t; € (to, 7] we have y(t1) < x(t1), then we can find sy € [to,?1] such that
x(s0) = y(so) and y(s) < z(s) for all s € (s, t1].

Note that —y(+) is continuous on [ty,T). By the same arguments as in the proof of
Lemma 3.1, we check that ¢t ~ —I'(¢) + R, is left absolutely continuous on [ty,T] and
that the map

7(to)

£ :
[1+ v M~y(to)(t — to)]»
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is Lipschitz. Therefore t ~ P(t) = —y(t) + Ry is left absolutely continuous on [ty, T
Furthermore, for a.e. s € (sg,t;) we have

)
D(=T)(s) < MT(s)""" — g(s).

Hence, for a.e. s € (sg,t1),

Dy(s) € ——— T yme+ — gls) < My(s)™ — g(s)
[1+ v M~A(to)(t —to)] v
= My(s)'™ — Mx(s)'™ —2/(s) < —2/(s).
Therefore, for a.e. s € [sg,t;] and all z € P(s) we have —2'(s) € DP(s, z)(1). From [13,
Theorem 4.2] applied to the single-valued map s — {—2'(s)} we deduce that —z(t) € P(¢)
for all ¢ € [so, t1]. This yields z(t) < y(t) on [so, t1] contradicting the choice of ¢;.

It was observed in [25] that if g > 0, then I'(t) = j;z g(s)ds verifies (3.5) and that for
any continuous 7 : [tg,T] — R, satisfying the inequality (3.1), the estimate (3.4) holds
true for this choice of I'. In particular, if g € L(to,00; R, ), then (3.4) is verified with
this I' and ¢ replaced by any 7 > ¢, and 7' > 7. This implies that lim;_,, y(t) = 0.

Define ¢ (t, z) = M|z|'™ for z > 0 and ¢ (¢, z) = 0 for z < 0 and observe that it satisfies
the assumptions of Corollary 3.2. Thus the equality lim; ,, y(¢t) = 0 is a consequence of
Corollary 3.2.

4. THE MAIN RESULTS

In this section we assume that the function G: Ry — R, in (2.2) is continuous, convex
and satisfies (1.2) for some k£ > 0 and p > 2.
We state next the main result of this paper.

Theorem 4.1. Assume (2.2) and (2.6). Let u: Qp — R be a weak solution to (2.1).
Then, for any t € [0,T],
lu, )72y < 219Q62(t)
where x(-) is the unique solution of the problem
i(t) = —cG(Vx(t)) + g(t)
(4.1)
2(0) = g lluollf2(q)

for some ¢ > 0 depending only on p, k, N, ||, v and g(t) = ﬁ”é(%|f(,t)|)||[11(g)

If f:Q — R is a integrable function on €2, we set

} 1riaz - o [ 11

where |2] > 0 denotes the Lebesgue measure of €.
Proof. For 0 < t; <ty < T, applying Proposition 2.1 at times ¢; and ¢, and subtracting
the results we get

1 1 2 =
§||u(t2)||%2(9) — §||U(t1)||%2(9) +/ /ﬂ(A(:v,s,Vu),Vu)dxds :/ /Q(f, Vu)dzds.
t1 t1
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By (i) and Fenchel’s inequality (2.3) we get
(4.2)

1 ~ (2
§Hu(t2)||%z( ||u (t1 ||L2 / / (IVul|)dzds </ /QG (;]f(x,sﬂ)dmds.

Applying Holder inequality we obtain, since p > 2,

(4.3) <7{2 \u]de)g < 7{) |VulPdx

where ¢ > 0 depends only on p, N, |Q].
Now, let F' be the convex function as in the claim of Lemma 2.2. Since F' is positive
and F'(0) = 0, it is nondecreasing on R;. From (4.3) we deduce that

(4.4) F ((]{2 |u|2d:c>g) <F ([7{] \vu|pdx) |

In what follows C' denotes a positive constant depending only on N, p, k, |€2|, which may
vary from line to line. From (2.5), (2.12), (4.4) and the Hélder and Jensen inequalities
we deduce that for any ¢ € [0, 77,

(4.5) (( 7[|u 2.0)| dx)2> <G ((7{2 |u(m,t)|2dm)é> < 07{2 G(|Vu|)dz

Going back to (4.2), we deduce from (4.5) the followmg inequality

][|uxt2|dx——7[|uxt1|dx+ <7[|uxt|dx> 2]dt
il oG

Now we are in position to apply Lemma 3.1 with

1
=:—fWuw¢n%m
2J)q

U(t,2) = 5 GV,

By the measurable viability theorem, cf. [13], there exists a solution z(-) : R, — Ry of
(4.1). We claim that it is unique. Indeed, for positive reals z > y, we have y/z > |/y and
Y(t,2) > Y(t,y). Hence (¥(t,2) —¥(t,y))(z —y) > 0. Similarly, it can be verified that if
z <y, the same inequality holds true.

Consider any solution y : [tg, 7] — Ry of (4.1). Then

d1
92— 0P (0) = (@l 2(0) — ¥ty () alt) — o(1) <0
and therefore x = y on [to, T].
Setting ¥ (t,a) = 0 for a < 0, we may apply Lemma 3.1 and so to get the desired
estimate.

and
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Corollaries 3.1 and 3.2 yield the following result.

Theorem 4.2. In Theorem 4.1 assume that g € L'([0,00)). Let u: Q x [0,00) — R be a
weak solution to (2.1). Then, for any to > 0 and t > to,

fuft, )3 < 2100e(0) < 2000 (20 + [ tg(s)ds)

to

where z(+) is the unique solution of the problem

{ 5(t) = —cG(y/2(D))

2(to) = ggyllul-s to)llz2o)

for some ¢ > 0 depending only on p, k, N, ||, v
Furthermore, limy—,o0 [[u(t, -)|| 720y = 0-

Remark 4.1. Theorem 1.1 follows trivially from Theorem 4.1 and Theorem 4.2.

Remark 4.2. If G(s) = %, p > 2,, as observed in Section 3, the statement of Theorem

4.1 improves the behaviour in time of a solution to Problem (2.1) for a p-Laplace type
operator (see [25] and the reference therein). For istance, when p = 2, Theorem 4.1
implies that for any t € [0,T]

t
lu(®)22(0) < €2 [luollzz(q) +2/0 e 2 f (-, 8) a0y ds

where ¢ is the constant in Problem (4.1).

We conclude this section by an example.
Let us consider for simplicity problem (1.1) with

G(s) = (s* + 1) log(1 + s?).
Then, if u is the weak solution of problem (1.1), we get that

(4.7) Hu(.yt)H%Q(Q < 2|9 (exp <log(1 209 [[uollz2(a )ect) — 1)

for some ¢ > 0 and all ¢ > 0.
Estimate (4.7) is new and cannot be achieved by the arguments of [25].

5. SOLUTIONS OF AN ANISOTROPIC PROBLEM

In this section we consider the following anisotropic problem

N
Uy — Zz 1 ax (|Umz

(5.1) u(z,t) =0 on 082 x (0,7,

W2, ) =0 in Qrp,

u(z,0) = up(x) in €,
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where ug € L?(Q) and 1 < ¢;, 1 € {1,..., N}.
Here, for any £ € RY the vector field is A(¢) =: Zf\;l &2,

In [8] the authors prove that there exists a unique function v € C([0,T], L*(Q2)) N

L% (0,T, W, (Q)) with
T N
[
0 J2 i

that solves (5.1). Moreover, for every t € (O T| we have

5:2) luole+ [ [ Zrum

The proof of (5.2) is similar to the one of Proposition 2.1. In this case the mollifier
in time of test functions is not necessary and we can argue directly on the convex vector

field A(€). (See also [8]).

% dadt < +00

b dxdt = HUUHL2(Q)

Set
N
1 1 1
j::—Z—, g =:max{g;,i=1,..,N}
q N = i
p=:min{g;,i=1,..,N}
and

B(t) = max{l, ||UQC,L.(75)||L11¢(Q)7 i=1,..., N}-

Theorem 5.1. Assume that 2 < q and 22 N+2
to problem (5.1). Then for any t € [0,T],

lu(, )l Z2) < 22(t)
where z(t) is the unique solution of the problem
2(t) = —c Bt)Pz(t)?
5.3
¥ L0 = il

for some ¢ > 0 depending only on ||, ¢ and N.

<g<N. Letu: Qr — R be a weak solution

Proof. By (5.2) for any 0 <t <ty <T

1
(5.4 St = gl + [ [ 3 Zwmdasdt—o

We claim that, for a.e. ¢ € (0,7,

(5.5) (/ uf” dx)qq < Bt /Z]ux

where ¢ depends on N, |Q|, ¢

qi d.’I;
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In fact, by the definition of B(t), since ¢; > p and B(t) > 1, forany i = 1,..., N we
have

[t |70 ) < B(£)T" Loy < BO P llua, |7

Uz, Lai (@)
The convexity of the real function ¢ — t9 implies
1 R
(NZ [t L‘h‘(@) < Nz [tz 1700 0
i=1 i=1

2N

723 < @ < N, we can apply the anisotropic Sobolev—type inequality [27] to

Then, since
obtain

qu (Q)

N
1
ol < (NZ .
i=1

where ¢y depends on N, |Q|, g. Then, (5.5) follows.
The elliptic version of relation (5.5) has been proved in [4].
Now, from (5.5) we get

(5.6) Bt (/ \u|2d:v>g < By (/ | dm)

where ¢; depends on N, €2, g.
Integrating (5.5) on (¢1,t2), from the relations (5.4) and (5.6) we get

Lqi(Q)> < NI B(t)" pZHUzZ

=1

a4
=¥

3 <01/Z|ugcZ

qi dﬂf

1 1 t2 /1 3
51 gl - g e [ B (5 [ o) a<o

for some ¢ > 0 depending only on N, ||, g, ¢. Now if y(t) = %Hu(t)H%Q(Q) we can rewrite
(5.7) as

v(t v(t1) / W(t,y(t))dt <0
where
Yt x) = cB(t)P %2? Yo >0,  (t,z)=0 Yz <O0.

We apply Corollary 3.1 to achieve the announced result.
OJ

Remark 5.1. Let 5 : [0,7] — (1,+00) be a measurable function. The statement of
Theorem 5.1 still holds if we replace the function B(t), t € [0,T], with the function

B(t) = max{||ua, (t)|l4, B(t): i=1,...,N}.

Indeed the above proof can be applied as well.
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