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DECAY FOR THE KELVIN-VOIGT DAMPED WAVE EQUATION:
PIECEWISE SMOOTH DAMPING

NICOLAS BURQ AND CHENMIN SUN

ABSTRACT. We study the energy decay rate of the Kelvin-Voigt damped wave equation with
piecewise smooth damping on the multi-dimensional domain. Under suitable geometric as-
sumptions on the support of the damping, we obtain the optimal polynomial decay rate which
turns out to be different from the one-dimensional case studied in [LR05]. This optimal de-
cay rate is saturated by high energy quasi-modes localised on geometric optics rays which hit
the interface along non orthogonal neither tangential directions. The proof uses semi-classical
analysis of boundary value problems.

1. INTRODUCTION

1.1. Kelvin-Voigt damped wave equation. In this article, we study the decay rate of the
Kelvin-Voigt damped wave equation on the multi-dimensional bounded domain Q C R¢, d > 2:

(0} — A —diva(z)Vd,)u =0, (t,z) €R, xQ,
u(t,)|oa =0, (1.1)
(u, Opu)|i=0 = (uo, u1)

The damping a(z) > 0 is assumed to be piecewise smooth. Denote by H! = H} x L?. The
solution of (1.1) can be written as

0= () = (1)

A:(gdiﬁ) (1.2)

where the generator

with domain
D(A) = {(Uo,ul) € H& x L?: AUO + divaVu, € LQ,Ul € H&}
Note that the energy

1 1
Plul(t) = 3l (uo, )l = 5 [ (00l + [VuP)da

satisfies

Elu)(t) — E[u](0) = —/0 /Qa(:t)|Vx0tu|2(s,x)ds
1
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It was proved in | | and | | (see also [ 1Ll | for related results) that if a is
smooth, vanishing nicely and the region {z € 2 : a(x) > 0} controls geometrically €2, then the
rate of decay of the energy is exponential:

E](t) < CeEu](0).

In this article, we investigate the different case where the damping a(z) is piecewise smooth
and has a jump across some hypersurface ¥ C 2. Unlike the smooth damping vanishing nicely,
the problem with piecewise damping can be seen as an elliptic-hyperbolic transmission system
on the two sides of the interface ¥ connected by some transmission condition. The interface be-
comes a wall to reduce the energy transmission from the hyperbolic region to the damped region.
This phenomenon is known as overdamping. It turns out that this discontinuous Kelvin-Voigt
damping V - (a(x)V0O,u) does not follow the principle that the “geometric control condition”
implies the exponential stabilization, which holds for the wave equation with localized viscous
damping a(z)0u (see [ , | for results using the multiplier methods)

1.2. The main result. To state our main result, we first make some geometric assumptions.
Let @ C R? with d > 2. We consider the piecewise smooth damping a € C*°(), ala\a, = 0,
such that there exists ag > 0,

inf >
B, @) 2 0

where ; C 2. We assume that 9€); consists of 02 and ¥ = 9 \ 92 where ¥ C Q. Denote
by Qy = Q\ (2 UX), then 0y = X is the interface. We will fix this geometry in this article
and assume that €,y and ¥ are smooth (C*°, though this assumption could be relaxed to a
finite number of derivatives).

Geometry of the damped region

Definition 1.1 (Geometric control condition). We say that )y satisfies the geometric control
condition, if all generalized rays (geometric optics reflecting on the boundary 02 according to
the laws of geometric optics) of Q0 eventually reach the set £y in finite time.

An alternative (equivalent in this context) property is the following
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(H) All the bicharacteristics of 2y will reach a non-diffractive point (with respect to the
domain €25) at the boundary X.

Theorem 1. Assume that Q,Qq,Qy and a(zx) satisfy the above geometric conditions. Then

under the hypothesis (H), there exists a uniform constant C' > 0, such that for every (ug,u1) €
D(A) and t > 0,

le™ (o, ur) | < T w0, u)lloe)- (1.3)

Moreover, the decay rate is optimal in the following sense: when Q C RY, d > 2 and Qe =D C
is a unit ball, 0 = Q\Qa, the semi-group e associated with the damping a(x) = 15, () satisfies

tA C'
Il € »
0£(uoun)eD(A) | (o, ur)|lpay — 1+t
for all t > 0, where C' > 0 is a uniform constant.
Remark 1.2. In | |, under the geometric control condition, a weaker decay rate, namely

\/ﬁ was achieved with a simpler and very robust general proof requiring much less rlgldlty on
the geometric setting. Notice also that in dimension 1, a stronger decay rate, namely a +t)2 is
known to hold | , Section 3, Example 1]. It is hence remarquable that in higher dlmensmns
we can construct examples of geometries where the D + D) decay rate is saturated. This phenom-
enon is linked to the fact that in higher dimensions there exists sequences of eigenfunctions of
the Laplace operator in {2 with Dirichlet boundary condidtions (or at least high order quasi-
modes), with mass concentrated along rays which do not encounter the boundary at normal
incidence (a fact which is clearly false in dimension 1, seeing that in this case the incidence is
always normal).

0

Angle of incidence is acute

Remark 1.3. Let us mention that the non-exponential stability for (1.1) and a more general
(theromo)viscoelastic system were studied in | |, where the authors obtained a rougher
polynomial decay rate O(t~3). Moreover, in our result, the damped region (£;) only needs to
satisfy the geometric control condition, so the geometric configuration in Munoz Rivera-Racke
is contained in our assumption.
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Remark 1.4. The choice of Dirichlet boundary conditions on 02 plays no particular role, and
we could have taken any type of boundary conditions for which the system is well posed and
we have propagation of singularities (e.g. Neumann boundary conditions)

Remark 1.5. The picture for Kelvin Voigt damping is now quite complete for smooth (essen-

tially C?) dampings | | and | | (and also | 11 ]), or discontinuous dampings,
see in dimension 1 | , Section 3, Example 1], and the present paper. It would be interesting
to understand the intermediate situation (C*, o € (0,2), dampings). We refer to [[7Z7] for

resuts in this direction in dimension 1.

Remark 1.6. In this article, we do not treat the case where XN 9Q # (). In that case, 9, can
be only Lipchitz, and more technical treatments for the propagation of singularities are needed
near the points X N 0S2.

Theorem 2. We have Spec(A) NiR = (). Moreover, there exists C > 0, such that for all
AER, A > 1,
, -1
[(@A = A) 7Y 0 < CIAL (1.5)
Moreover, when Q CRY, d > 2 and Qs =D C Q is a unit ball, Q; = Q\ Qy, we actually have
a lower bound:

limsup A7H[(iX — A)7! =c>0.
A—)-i—oop I( ) HE(H)
In other words, there exist sequences (U,) C H' and N, — +o0 such that
1Unllze = 1, (A — AUl = OAH). (1.6)

e Theorem 1 and Theorem 2 are essentially equivalent. Indeed, the equivalence between the
resolvent estimate (1.5) and the decay rate (1.3) is covered by Theorem 2.4 of | . Tt
is very likelly that (1.4) and (1.5) are also equivalent. However, we prove here only the fact
that (1.6) implies (1.4). We argue as follows: Let U, be a sequence of quasi-modes associated
with A, (A, = +00) that saturates (1.5). Denote by F,, = (i\, — A)U,. We have

1Unllze =1, [[Falle = OO, Unllpay ~ A
Define U, (t) = €U, and we write
Un(t) = e*'U, + R (1),
then
(0, — AR, = —(iM, — AU, = Ox(XY), R,(0) = 0.

Since .

R,(t) = —/ =943\, — A)e U, ds,
we deduce that ||R,(t)[% = O\, 't) foor t > 0. Assume that x(t) is the optimal decay rate of
the energy, then by E[U,(1)]5 = [Ua(t)l < s(t)5[Unloey we have

Cir(t)2 Ay > 1 — |Ru(t)|l = 1 — CoA Mt
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For fixed ¢t > 0, we choose n large enough such that Co\ 1t = %, thus we obtain that
1 1
> = .
200\,  C0st
This proves (1.4). As a consequence, we shall in the sequel reduce the analysis to the proof of
Theorem 2.

K(t):

This article is organized as follows. We present the proof of (1.5) of Theorem 2 in Section
2, Section 3 and Section 4. The proof follows from a contradiction argument which reduces
the matter to study the associated high energy quasi-modes. In Section 2, we reduce the
equation of quasi-modes to a transmission problem, consisting of an elliptic system in §2; and a
hyperbolic system in {25, coupled at the interface 3. Both systems are semi-classical but with
different scales h,h = h'/2. Next in Section 3, we study the elliptic system and obtain the
information of the quasi-modes restricted to the interface by transmission conditions. Then in
Section 4, we prove the propagation theorem for the hyperbolic problem in €y which will lead
to a contradiction. We need to analyze two semi-classical scales corresponding to the elliptic
and hyperbolic region, connected by the transmission condition on the interface. Finally in
Section 5, we construct a sequence of quasi-modes saturating the inequality (1.5) in a simple
geometry. In particular this proves the optimality of the resolvent estimate. We collect various
toolboxes in the final section of the appendix.

Throughout this article, we adopt the standard notations in semi-classical analysis (see for
example | ]). We will use the standard quantization for classical and semi-classical pseudo-
differential operators Op, Op,,, Op,. We will also adopt the usual asymptotic notations, such
as O(h®),O(h*) and o(h®), o(h), as h — 0. Moreover, for a Banach space X and h-dependent
families of functions f,, gn, we mean f, = Ox(h®), gn = ox(h®), if

[Fnllx = O%), llgnllx = o(n®),

as h — 0.

Acknowledgment. The first author is supported by Institut Universitaire de France and
ANR grant ISDEEC, ANR-16-CE40-0013. The second author is supported by the postdoc
programe: “Initiative d’Excellence Paris Seine” of CY Cergy-Paris Université and ANR grant
ODA (ANR-18-CE40- 0020-01).

2. REDUCTION TO A TRANSMISSION PROBLEM

It was proved by the first author in | | that
I(A =Xl zgy < Ce

under more general conditions for the damping. Therefore, the proof of the first part of Theorem
2 (i.e. (1.5)) is reduced to the high energy regime |\| — +oo. For this, we argue by contradic-

tion. Assume that (1.5) is not true, then there exist h-dependent functions U = (5)7 F = (g ),
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such that
1Ujll1xz2 = OQ), | Ejllm1xr2 = o(h) (2.1)
(A—ih YU =F. (2.2)
Let v be the unit normal vector pointing to the undamped region 2. Denote by ai(x) =
a(z)1lg, Let U = (V) and F = (ch) Then for U € D(A) and F' € H, the equation
(A—i\NU =F
is equivalent to (h = A7') the following system for u; = ulq,, f; = flg,, and g; = glq,,
j=12:
Uy = Zh(fl — ’Ul), in Ql
hAUl + th : (al(x)Vvl) - ’iUl = hgl, in Ql

(2.3)
Ug = Zh(fg — ’02), in Qg
hAUQ — Z"Ug = hgg, in QQ
with boundary condition on the interface
urly = ugly, Oyusls = (Qyur + a10,01)|x, (2.4)

Indeed, the equations inside €21, 25 can be verified directly. The first boundary condition is just
the fact that the function u equal to u; in 2; must have no jump at the interface to enssure
taht ity belongs to H'(Q). To check the second boundary condition, we take an arbitrary test
function ¢ € C°(Q) and multiply the equation hAu —iv 4+ hdivaVv = 0 by ¢. We obtain that

Oz—h/VwV@—h/anV@—i/U@
) Q )

2
=— Z/ (hVuj -V — ivjﬁ) — h/ a1 (x)Vuy - Vp
j=1 "% ™

=Z/

Using the differential equations in €21, {29, the last term on the right side is equal to

h/(&ﬂtz = dyur — a1 0,01)|s - Pls,
b

(hAqu - ivj@) + /

hV, - (a1 (2)Vor) - @+ h/(&,uz — dyu; — a10,01)|x - .
j ]

2

hence it must vanish for all ¢. This verifies (2.4).

First we prove an a priori estimate for these functions:

Lemma 2.1 (A priori estimate). Denote by U; = (zj),F’] = (gj), for j = 1,2. Assume that
NUjllarixrz = O(1) and || Fj||grxr2 = o(h), then we have

[Vur][z2 = o(h?),  [loa][r2 = o(h)
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and
IVur|| 2 = o(h?),  |luallz2 = o(h?).

Consequently, by the trace theorem, we have

[ ] =o(hz), |lv| = o(h?).

HE (%) HE (%)

Proof. First we observe that, from the relation between u and v, we deduce that Vv € L?*(2)
and

||V’U]‘HL2(Q],) = O(h'_1>7 J= 1,2 (25)

Moreover, by the trace theorem, vi|s; = o]y as functions in Hz(X). From the system (2.3), we
have

(Vul, VUI)LZ(Ql)
= Zh(Vfl, VUl)L2(Ql) — ih||Vv1||2L2(Ql) - (Vul, VUl)LQ(Ql)

—lat2 V02, + O + ad,vr, o) ses) (2.6)
= ih M [v1 |32+ (91, v1) r20n) — (Vz, Vo) 12(q,) (2.7)
= ih(V fa, V) 12(00) — ih||VUg||2L2(QZ) — (Vug, V) 120,y — (Ouu2, v2) 12(x) (2.8)
= ih_1]|v2||2Lz(92) + (92, V2) 12(Qy)- (2.9)

Taking the real part of (2.6)+(2.7)-(2.8)+(2.9), we deduce that [|Vvi]|72q,) = o(h), thanks to
the boundary condition (2.4) and v1|y;, = vg|x. Therefore, from the first equation of (2.3), we
have HVulH%z(Ql) = o(h3). Then, using this fact and the second equation of (2.3), we deduce
that

w1 = hAu, + hV - (a1Vvl) — h91 = OHfl(Ql)(h%)-

By interpolation, we have v; = o072(0,)(h), and from uy = th(fi — v1), w1 = 02(q,)(k*). This
completes the proof of Lemma 2.1. O

3. ESTIMATES OF THE ELLIPTIC SYSTEM

3.1. Standard theory. We briefly recall the semiclassical elliptic boundary value problem near
the interface ¥. In what follows, we will sketch the parametrix construction for (3.1), following
[ ]. Near a point xy € X, we use the coordinate system (y,z’) where Q; = {(y,2’) : y > 0}
near x.

LthHIOLz(ﬁz), wlg, = o (h), w|s =0_1(h) (3.1)

H?2
where in the local coordinate chart,
d—1
Ly = WD} — R(y,«',hD) + Y _ hM;(y, 2")hdy: + hH(y, 2')h,.

i=1
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Here R(y,x',hD,/) is a second order semiclassical differential operator in 2’ with the principal

symbol r(y, 2’ £’). The principal symbol of Ly is

l(ya ZE'/, 7, 6/) = 772 - T(ya 113'/, 5/)’

and we denote by

U

-1

m(y,2',n, &) =Y My, 2 )&+ H(y, 2" ).
1

<.
|

The set of elliptic points in T*0f2 is given by

E={(y=0,2",¢&):r(0,2',¢) <0}
By homogeneity, near a point py € £

- T(yv LU/, 5/) > C(p0)|£/|2'

(3.2)

Denote by w := wl,>o the extension by zero of w, and the same for s, etc. Then w satisfies

the equation

Lhw = —h(hayw)‘y:() X 5y:0 + h2w\y:0 X (5;:0 -+ th(O, x/)w|y:0 (029 5y:0 + K.

(3.3)

Let ¢(y, ) be a cut-off to the local chart. Let 1 € C°°(R? 1), be a Fourier multiplier in S,
such that on the support of p(y, ") (¢’), (3.2) holds and ¢ (y, 2')1(¢') = 1 near pg. We define

oy, ") P(E)

ey, 2, n, &) =
( ) Wy, o',n,&)

and ¢/, j > 1 inductively by

1
1 a 0 le' 0
e -l=— -0g e 0% l—e -m,
Zlﬁm z'y

la=1
, 1 1
J.] — _ a kg o a kAo
€ l Z —Z‘a| 5/7776 ax/7yl Z _’L‘a| 5/7776 0x/’ym.
|a|+k=n,k#n |a|+k=n—1

For any N € N, we define

N
ey = Zhjej, Eyx = Op,(en),
=0

and then
EnLy = ¢(y,2')¢({)1d + Ry,
where
Ry = O L2 — L2 Ry =OWN"2M) 13, — B2,
and

Ex=0Q1):L1%,— L} Ex=0(h™?): Hy, — H

’ ’
‘riy’ x7y7

(3.4)
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thanks to Lemma 6.2. Applying Ex to the equation (3.3), we obtain that
Sp(ya x/)¢(th’)Q == h2EN((8yw)|y=0 ® 5y=0) + h2EN(w‘y=0 ® 53//:0) + thN(Hw‘?J:O ® 5y=0)
+Enk — Ryw.

Note that ey(y,2’,n,&’) is meromorphic in n with poles ny = +iy/—7r(y,2/,&'). Denote by
G(z') = 0,w(0,2') + H(0,2")w(0, 2’), we calculate for y > 0,2" € R4 that

R Exn((0yw + Hw)|y—o ® d,—0)(y, 7")

h2 ~ iz 5')5 ~ iyn
:W/G(I) dffdf/ejvy,l" n,& e dn

1 iyng (e —x ~
ZW/G’L (?/Jf)%()ddf

where ny(y, 2, &) = Res(en(y, 2,1, &');n = ny). Similarly, for y > 0,2’ € R4,

/ h oy ie'=aDE o, lyn ’ ’
12 Ex (wlymo ® 8,y (y, ') == / w(0,7)e T ¥ de / neten(y, 2,0, &)dn

iyny i(z! 5’) ¢

:_ﬁ/e e (y, 2, e S w(0, 7 )T e

where dy = nyny. Therefore,

oy, 2" ) (hDy)w
= iOp, ("M nn(y, ) (= (Ayw)ly=o + A(Hw)|y=0) — Opy (™™ "dn (y, ) (w],=o)
+ Enk — Ryw, (3.5)
where the two operators in the expression above are tangential. Note that by Lemma 6.2
Ryw, Enk=op, y(ﬁz) = opz, (1),
hence from the interpolation and the trace theo£em, we havé
(Byw)ly=o = 01/2(h),  (Ent)ly=o = 0/2(h).

Taking the trace y = 0 for (3.5), we obtain that

Oy (0, 2)9(€) +dn(0)) (wly=0) = —Opy(inn (0))((7dyw)ly=o + i Hw)ly=0) +0551/2(R). (3.6)

Note that the principal symbols of ny(0), dy(0) are

otin(0) = ZREEL (i) = HAHE

In summary, there exists (near pg) a h-P.d.O N, elliptic and of order 1 classic and of order 0
semi-classic, in the sense that

Ny =O0(h): H: — H,
such that
(hayw)|y=0 = Nh(w‘y=0 + Op/2(h)).
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3.2. Control of the semi-classical wave-front set of the trace. For the further need, we
should also control the wave front set of the precise elliptic equation (with i = h%)

RAw — —w + ﬁm -hVw = Kk,
ay aq

where the h-semiclassical wave front set of the Neumann data WFp(0,w|s). Here we need to
pay attention to two different semi-classical scales.

Proposition 3.1. Assume that w satisfies the h-semiclassical elliptic equation (with h = h%)
' \Y%
ﬁzAw—iw—l—ﬁﬂ-th:/i
ai ai

with Neumann trace O,w|s, and WF,(0,w|x) is contained in a compact subset of T*¥ \ {0}.
Assume moreover that w = O (h2) and k = Oy2(h), then we have

WFh(w|g) C WFh(a,,’LU|E) U W(WF}Z(/{»,
where 7 : T*Qy — T*Y is the projection defined for points near T*Y, and
T(WFy(k)) = {po € T*S : Ip € T*, near T*S, such that p € WFy(k) and w(p) = po}-.

Proof. Let (z9,&) ¢ WF,(0,w|s) Un(WF4(k)). Locally near zy € X, we can choose local
coordinate system as in the previous subsection. Here the cutoff 1)(¢’) can be chosen as 1, since
the operator h2A — i is always elliptic. Consider the tangential h-P.d.O A; which is elliptic
near (zo, &) and its principal symbol is supported away from WF,(9,w|s) U m(WFy(k)). We
need to show that (Apw)|y—o = Orz(s)(h™).

From (3.5) we have

YN

oy, ' Yw =iOp, (¢ nx (9)) (= (hdyw)]y—o + K(Hw)|y—0) — Opy (e” T du (y)) (t]y0)
+EnE + Opi(h?),

where we gain i for Ryw. By taking the trace y = 0 and using the fact that dy(0) = $¢(0,2’),
we obtain that

(Ane(y, 2')w)ly=0 + (AnOpy(dw (0))w) |y—o — ih(ArOpy (nv) (Hw)ly—o

S

= — iAhOph(nN(O))(hﬁywﬂy:O + (AhEN§)|y:0 + OH% (hN/Q)
We claim that it suffices to show that
ApOpy(nn (0)) (hdyw)|y—o = Opz_ (h™) and (ApEng)|y—o = Opz_ (h™). (3.7)

Indeed, once this is done, we obtain that, at least (A,w)|,—0 = Or2(h)'. Now we can replace Ay,
by another tangential operator A; with principal symbol @ such that a is supported in a slightly

IThe operator A, is of the form yApy for some cutoff y such that y =1 on supp(p).
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larger region containing supp(a) and @ = 1 on supp(a). We still have (ghy)|y:0 = Opz2(h). Now
we write

hAhOph(nN)Hw = ﬁAhOph(nN)H;{hw + ﬁAhOph(nN)H(l - gh)w

From Lemma 3.2, the trace of the second term on the right side is Op2(h*). Therefore, the
trace of the first term on the right side is Op2(h?), hence (Ajw)|,—o = Orz(h?). Then we can
continuously apply this argument to conclude.

It remains to prove (3.7). For this, we just need to interchange the operator A; with Ey and
Opy(nn(0)). Here additional attentions are needed, since Opy(ny(0)), Ex are A-P.d.O. This
can be verified from the following lemma:

Lemma 3.2. Assume that a,b,q € S°(R" x RE), compactly supported in the x variable such
that

dist (supp(a), supp(b)) > ¢y > 0.

Then for any s € R, N € N, N > 2n, we have

a(x,hD,)q(z, h%Dx)b(:z, hD,) = Opa_,2(hY).

Proof. Denote by
Ale,y. &) = ale, h(E +n))ale +y, h2E).
Then from Lemma 6.3,

a(w, hD,)q(x = > Op( w 5, Za)(x, hE)(D7q) (x, h2¢))

IBI<N
+OL‘,(L2) (hN—I—l—n)’

since for any 3 € N?,

sup Ssup //R% |aﬁ 806806 ZL’ h(€+C))Q(ZL’+Z, h%g)”dzdc — O(hN+l_n).

la|l=N+1 (z,£)

Using the fact that TQTB‘,OB a-9%q-b=0, thanks to the support property, we have, using again

Lemma 6.3,
a(w, hD,)q(x, h2 D,)b(x, hDy,) = Opr2y (k")

for any N large enough. This completes the proof. 0]

Therefore the proof of Proposition 3.1 is now complete. O
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3.3. Estimate of the traces. Let uj,v; be solutions of the first two equations of (2.3). Con-
sider w = u; + ayvq, then under the assumption of Lemma 2.1,

w:0H1(h%), w = or2(h), w|g:0H%(h%).

Note that w satisfies the elliptic equation (with /i = h2)

: Vail? AV ;
B Aw 4 Bl B — = gy — BAay vy + 12V, IV o L (39)
a1 a1 a1 aq aq

In particular,
] Va
W2Aw — —w + h—2L
ai ai
In this case, N} defined in the last subsection is the usual A-semiclassical Dirichlet-Neumann

operator:

hVw = 072(h).

Nﬁ(w|z + OH1/2(h2)) = (hd,w)|s.
We can apply the standard theory (to h~'w)with the particular choice ¥(£') =1 in (3.4) and
obtain the following:

Proposition 3.3. Let y € C°(R
chart near 3, we have px(hD,)p

). Then under the hypothesis of Lemma 2.1 and in the local
(Oyw)|y=0 = or2,(1), where h = h*. Consequently,
3
usls = of2(h2),  ox(hDy)phdyusly—o = or2(s)(h).
Proof. Assume that ¢, ¢, are supported in a local chart and satisfy ¢1|supp(,) = 1. In apri-
ori, we have @0, (p1w)]y—0 = ©h"Nu((@1w)]y=0) = 0,-1/2(h). Thus by Lemma 6.2 we have

ph™ X (R Dar) pNi((rw)]y=0) = or2,(1).
O

4. PROPAGATION ESTIMATE

In this section, we will deal with the propagation estimate for u, in H*, satisfying
(R2A + 1)uy = ihfy + h*gy = o1 (R?) + or2(h?), in Qy,
luzll i (n) = O), l[ualsll o) = o(h*?), (4.1)
1hd,usls || fr-172() = o(B*2), |l@w(hDar)phdyusls | r2s) = o(h).
Set wy = h™'uy. From (4.1),
Vel + 10 gy = (@)l - sl v, + (1) = o(1).
Hence we could equivalently deal with the propagation estimate for wy in L2, satisfying
(RPA + Dwy = ify + hgy = o (h) + o2 (h?), in Qy,
[walm10z) = O™, wallr2gy) = O(L), wals|l 2 = o(h'/?), (4.2)
[y wals || g-1/20m) = o(h'?), ([0 (hDy)phd,wsls | 12s) = o(1).



KELVIN-VOIGT DAMPED WAVE EQUATION 13

The goal of this section is to prove the invariance of the semiclassical measure p associated
with (a subsequence of) wy and finally prove that g = 0 from the boundary conditions in (4.2)
on the interface . This will end the contradiction argument.

4.1. Propagation away from .. The defect measure in the interior of €y for us is defined
via the following quadratic form:

A(Qn, wa) = (Qrwz, w2)r2(0,) = [ Quwy - Wadz.
Qo

Proposition 4.1 (Interior propagation). Let Q@ = XQrX be a h-pseudodifferential operator of
order 0, where X € C2°(§22), then we have

1
% ([h2A + 1a Qh]w27 w2)L2 = 0(1)
Proof. By developing the commutator and using the equation (4.1), we have

(%[hQA + 1, Qplws, wo) :% ((R*A 4+ 1)Quws, ws) — %(Qh(ifz + hgs), wa)
1

= (Qus o+ hgs) + = (Qulifs + hga), wn)
—o(1),

where we used the integration by part without boundary terms, since the kernel of @), is
supported away from the boundary > = 0€2,. This completes the proof of Proposition 4.1. [

4.2. Geometry near the interface. Near X = 9€), we adopt the local coordinate system
r = (y,2')in U := (—ep, €)y X X, for the tubular neighborhood of ¥, similar as in the previous
section but with the new convention Q, NU = (0, €¢), x X,». In this coordinate system, the
Euclidean metric dz? is identified as the matrix

9= G) g(y?w) s <(1’ g_l(?”x/)) |

Near ¥, the defect measure p for wy is defined via the quadratic form for tangential operators:

oQu ) = [ Qu- w2/l
where [g] := det(g). The principal symbol of the operator P, o = —(h*A +1) is
ply. 2’0, &) =0 + €17 — L= + (.77 )par — 1.
By Char(P) we denote the characteristic variety of p:
Char(P) := {(2,§) € T"Rg : p(x,€) = 0}.
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Denote by ®TQ), the vector bundle whose sections are the vector fields X (p) on €, with X (p) €
T,00, if p € 98,. Moreover, denote by *T*(); the Melrose’s compressed cotangent bundle
which is the dual bundle of *TQ,. Let

j . T*ﬁg —>b T*ﬁg

be the canonical map. In our geodesic coordinate system near 9, 7€), is generated by the

vector fields %, cee ax? ,ya% and thus 7 is defined by
1 d—1

iy, 2", &) = (y, 2" v =yn,&).
Let Z := j(Char(P)). By writing in another way
p=n"—r(y.2.¢), rly,2, &) =1-[¢]5,
we have the standard decomposition
700 =EUHUQG,
according to the value of 7y := r|,—¢ where
E={ro<0},H={ro>0},G ={ro=0}.

The sets £,H,G are called elliptic, hyperbolic and glancing, with respectively. We define also
the set

Hs :={d<rg<1-—0}
with 0 < § < % for the non-tangential and non incident points. Note that here the elliptic

points & is different from those defined in Section 3.
To classify different situations as a ray approaching the boundary, we need more accurate
decomposition of the glancing set G. Let r = 0,r|,—o and define

GHP = {(«,€) s o, €) = 0, HI (1) = 0,Y) < ks H) (1) # 0}, k > 0}

G*E = {(2,€) i ro(2, &) = 0, £r (2, &) > 0},G% =G>T UG,

Next we recall the definition of the generalized bicharacteristic:

Definition 4.2. A generalized bicharacteristic of )y is a piecewise continuous map from R to
bT*Qy such that at any discontinuity point sq, the left and right limits v(soF) exist and are
the two points above the same hyperbolic point on the boundary (this property translates the
specular reflection of geometric optics) and except at these isolated points the curve is C* and
satisfies

o D(s) = H,(v(s)) if ¥(s) € T*Q or 7(s) € G2+
i Z_Z(S) = Hy(y(s)) — igiHy if ¥(s) € G\ G>T where y is the boundary defining function.
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Remark 4.3. The first property in the definition above is the fact that the curve is a geodesic
in the interior or passing though a non diffractive point. The second one is that passing through
a non diffractive gliding point it is curved to be forced to remain in the interior of T*09€), for a
while. When the domain is smooth and does not have infinite order of contact with its tangents,
then (see [\5]) through each point passes a unique generalized bicharacteristic. In general only
existence is known.

Remark 4.4. In the statement of the geometric control condition 1.1, the generalized rays are
the projection of the generalized bicharacteristics of € onto .

4.3. Elliptic regularity.

Lemma 4.5. Denote by A(y,2',&') = /|€'|2— 1. Let ¢ € C®(R¥1), 01,00 € CZ(RY), such
that on the support of V(&) 1(y, ") and Y(&)pa(y, '), ||y > 1+ 0 for some § > 0. Then we
have

Opy, (Lysop2e ™ (€)1 = O(1) : H3(REY) — LA(RY)

Proof. Denote by T, := Oph(1y20¢2e%¢(£’)). By definition, we have for fy, € H,, Y2 and
y > 0 that

Ay, w N ) i(a! — ) ¢
(Ty fo) (@) - 27rh o a1 // () paly, 2)e fo(2')dz'dg'.
Denote by Fy := (D’)~'/2f,, then this term can be written as

Op(e™ T p(h ) (&) paly, ) .

For fixed y > 0, from the Calderéon-Vaillancourt theorem and the support property of v, we
have, for any M > 0 that

_y\y, w ,heh

BENE) 2 paly. ) Foll o, < Carh ™3™ (14 1) | Folla,

and the constants C),, ¢ are independent of y. Squaring the inequality above and integrating in
y yields the bound O(1)||Fo|l3. = O(1)]| fol|? _,- This completes the proof of Lemma 4.5. [
! H,

|Op(e”

Proposition 4.6.
,u]_g =0.

Proof. Applying (3.5) to x = og1(h) + or2(h?) and h = h, we obtain that

iyng

So(yv x/W(th/)@ = - Oph (eiy%inN(yu '))(hayw2|y=0) Oph (e h dN(y7 ))(w2|y=0)

e . , ) (4.3)
+Oph(e noiny (v, ))(hH(O,x)w2|y:0) —l—oL;z,(h ).
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Applying Lemma 4.5, we have Op,, (eiy;z+ inn(y, ) (hOywsly—g) = or2 l(h%). By the same way,
Y,z
the other terms on the right side of (4.3) are at most o2 /(h%). Hence ¢(y, 2" )(hDy)ws =
Y,T -
012 /(h%), and this completes the proof of Proposition 4.6. O
Y,z

4.4. Propagation formula near the interface. Consider the operator
By, = By + By pho,

where Bj, = X10p,(b;)X1, J = 0,1 are two tangential operators and X7 has compact support
near a point zp € ¥. The symbols b; are compactly supported in (2/,¢’) variables. Note that
in the local coordinate system,

1
V19l
where Rj, is a self-adjoint tangential differential operator of order 2 classic and of order 0
semiclassic.

Pro=—h?A —1=———h3,\/[glhd, — R,

Lemma 4.7 (Boundary propagation). Let (wy,) be a h-dependent family of functions satisfying
Wy, = Op2(0,) = O(1) and Wy, = Oy (qy)(h™"). Assume moreover that Wy, satisfies the equation
Py oWp, = 011(0,)(h) + 012(0,) (h?)
and the boundary condition: wy|s = o1 (h2) and hd,w, = O, _1(hz). Then we have

1 U , ~ ~
W ([Pho: Brln, @n) 12, = 1(Bunly=0(h0y@n)ly=0, (hdy@h)|y=0) ;5 + 0(1). (4.4)

_1
H 2

Proof. First we remark that the right hand side of (4.4) makes sense, since By j,|,—¢ is a classical
smoothing operator (but of semi-classical order 0). We denote by w = wj, for simplicity.
Without loss of generality, we may assume that By, = 0, since the treatment for the term
% ([Ph,o, By pw, w) ;> is the same as in the proof of Proposition 4.1, which contributes only o(1)
terms. By expanding the commutator, we have

1

% ([PO,iw Bh]'&}> '&7) L2

1 - 1 —
:% (P07hBl7hh8yw, 'LU) — % (Bth@yPQhw, w)L2

1 ~ ~ 1 ~ ~
= (B1,1h@yw, Popw) , — 0 (B1,hdy Popw, w) ,,

+i (Bl,h|y=0(haya)‘y=07 (hgyw)‘yﬂ) L2(x) i((hayBl,hhgyw)‘FOv w‘y=0) L2(%)

Observe that Bl,hhﬁy@ = OLQ(QQ)(l), Po,hw = 0H1(Q2)(h) + OLQ(QQ)(h2>, and BthayP()’h@ =
OLQ(QQ)(}L) + OH—l(QQ(h?), thus

1 - 1 .
% (Bth@ng, Po,hw) 2 % (Bth@yPQhw, w)L2 = 0(1)
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as h — 0. Write hd, By ,hd,w = h(0,B1,,)h0,w + By ,h*02w and using the equation satisfied
by w, we obtain that

hoy, By ,ho,w = Aphd,w — By Ry — By 4, Py w0,
where Aj, is a tangential operator of order 0 semi-classic. Thanks to Lemma 6.2, B;) =
Opr2ygr(h™1), thus By, Py oW = 0p1(0,)(h) and by the trace theorem (B, Py oW)|s = OH%(E)(h).
(h%) + o0, 3 (2)(h%), we have By, Rytily = o hz). We then
(h7), which implies that

Next since Rywl|y = 04 (x) H%(z)(

deduce that (hd, B ,h0yw)|y=0 = OH,%(Z)
((hayBthﬁyﬁﬂy:O, w‘yzo) L2(5) == 0(1)
This completes the proof of Lemma 4.7. 0J
To derive the propagation formula for the semiclassical measure, we consider a family of
functions (wy,) satisfying the equation
Py oWy, = om1(0y)(R) + 0r2(05) (h?)

with a weaker boundary conditions, compared with (4.2).

@l 200 = O), 1AV @l @) = O), |@nlsll, ) o = 0(h2), [(BO@Isl,, 5, = Oh2).
Denote by p is the semiclassical measure associated with (wy,).
Proposition 4.8.
(1) ply =0, (4.5)
(2) limsup | (Op, (bo)hd,n, @n) .| < sup  [r(p)|[bu(p)], (4.6)

h—0 pesupp(bg)

for any tangential symbol by(y, ', &) of order 0.

Proof. (1) follows from the transversality of the rays reaching #, and the proof is the same as
in | | (see also the proof of Proposition 2.14 in | | by taking M}, = 0 there). The proof
of (2) is also similar as in | |, with an additional attention when doing the integration by
part. Indeed, by Cauchy-Schwartz,
o
‘ (Oph(b0>h8ywha ﬁh)LQ} S } (Oph(bo)hayﬂ?h, Oph(bo)hﬁy@h) ‘ 2 ||wh||L2.
Doing the integration by part,
(Oph(bo)hﬁyzﬂh, Oph(bo)hﬁyﬁ?h)p =O(h) — (Oph(bo)h20§ﬁ?h, Oph(bo)&?h)

where O(h) comes from the commutators and the boundary term, since by the assumption
on Wy, (Opy,(bo)(hdywn)|y=0, hODy (bo) (Whly=0)) 2 = o(h?). For the rest argument, we just

L2?

replace —hzﬁjﬁfh by —Rjwy, plus errors in Oz (h). From the symbolic calculus, the contribution

1
sup,, Ir|2|bo(p)| comes from the principal term ‘(Oph(bo)ﬁ’hfﬁh,Oph(bo)fﬁh)L2 2, after taking
limsup in A. This completes the proof of Proposition 4.8. O
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Lemma 4.9. Let By, B1y, are tangential semiclassical operators of order 0, with principal
symbols by, by with respectively, supported near a point py of T*X. Then

h oy~ ~
((Bop + Bl,h;ay)wha Wn) = {p, by + bin) + o(1), (4.7)
as h — 0.

Proof. First we remark that the expression (u,by + b1n) is well-defined, since p belongs to
the dual of C°(Z) and p(H) = 0, and in particular, by elliptic regularity, g1y, = 0. The
convergence of the quadratic form (By Wy, W) to (i, bo) is just the definition of the semiclassical
measure p. If pg € &, the contributions of both sides of (4.7) is o(1), thanks to the elliptic
regularity (see the proof of Proposition 4.6). Next we assume that py € H UG. Take ¢ €
C*(—1,1), ¢ is equal to 1 in a neighborhood of (—1/2,1/2). For ¢ > 0, we write

Bijhe = (1 — @(%))Bm, Bi ) = Bin — Bipe

Taking h — 0 first we obtain that
(Bue 0,1, 00) gy — {1 (1= () )oun).
If pg € H, then taking ¢ — 0, we obtain that
lim (s, (1 — SO(%))blm = (1t Lysobin) = (1, ban),
since plyue = 0. It remains to estimate the contribution of (Bih%ayﬁih, ﬁ?h). For fixed € > 0,
we have

tim sup (B 110y @, ) pa | < Timsup (e (/) Bt 2o 110y @l 20 ).
h—0 h—0

Since on supp(ply=o), |17| < 1, together with the fact that pg € HNE, we deduce that the right
side converges to 0 as € — 0.
Now suppose that py € G. For any € > 0,0 > 0, we decompose By = Bj,, + Bii + B 50
with
_ Y
Bipe = (1 - @(E))Bl,ha

By = Op, (s@(%)s@(g))Bl,h,
)

By the same argument, we have

lim lim (Bl,h,f_h’Dy{Eh7 wh)LQ(Q2) = <,u7 b1n1y>0> = </~L7 b1n1p§27{>7

e—0 h—0

since plyue = 0. Next, from (2) of Proposition 4.8, we have
lim sup lim sup (BiihDszJh, W) 12000 < OO,
=0 h—0

(Q22)
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which converges to 0 if we let 6 — 0. Finally, by Cauchy-Schwartz,

By ,0py, (90(%) (1 - s@(g))>*@h‘

| (B 1 sh Dy, @h) 12 )| < [IRDy 0] 1200

L2
Taking the triple limit, we have
lir? 'Sup lir? 1 Sup hlf? sup | (B 1. shDy@n, @) o | < (s [01]*Ly01r20) = 0,
since puleyy = 0. This completes the proof of Lemma 4.9. O
Asin | |, we define the function
_ / /
0(y,2"sn, &) = % ify>0; O(y,2',n¢)= Z% on &.
Since puly =0, 0 is p almost everywhere defined as a function on Z. Formally,
1
U(E[Ph,m Bp]) = {n* = r,bo + bin} = ag + a1 + a=n’,
where
ag = blay’l“ — {’l“, bo},, a; = 28yb0 — {’l“, bl},, [ 28yb1, (48)
and {-, -}’ is the Poisson bracket for (z/,¢’) variables. By expanding the commutator, we find
1
7 [Pio Bul = Ao + AthD,, + Ash? D2 + hOpy, (S5 + Son), (4.9)

where Ag, A, Ay are tangential operators with symbols ag, ai, as, with respectively, and S9
stands for the tangential symbol class of order 0. We now have all the ingredients to present
the propagation formula for the defect measure in the spirit of | |:

Proposition 4.10. Assume that B, = By, o+ B 1hD,,, where By, o, By, 1 are tangential operators
of order 0 with symbols by, by, with respectively. Assume that b = by + byn. Define the formal
Poisson bracket

{p,b} = (ap + aor) + a10|&'|1 g3,

where ag, ay, ay are given by (4.8). Then any defect measures p, vy of (wy), (hd,wy)|s satisfy
the relation

(p:{p, 0}) = — (1o, br)-
Moreover, if b € C°(Z), we have

(i {p,b}) = 0. (4.10)

Proof. See | - O

Moreover, we have

Proposition 4.11. p(G*>") = 0.
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As showed in | |, we obtain that the measure p is invariant by the flow of Melrose-
Sjostrand. More precisely, we have

Theorem 3 (| ]). Assume that p is a semi-classical measure on *T*Q associated with the
sequence (wy,) satisfying (4.10) and Proposition 4.11. Then u is invariant under the Melrose-
Sjostrand flow ¢s.

Remark 4.12. This is a consequence of Theorem 1 in | | which asserts the equivalence
between the measure invariance and the propagation formula H, () = 0 together with u(G*") =
0. Though Theorem 1 in | | is stated and proved in the context of micro-local defect
measure, it also holds true in the context of the semiclassical measure from the word-by-word
translation.

4.5. The last step to the proof of the resolvent estimate in Theorem 2. In this subsec-
tion, we take wy, = wy. To finish the contradiction argument in the proof of (1.5), it suffices to
show that © = 0. Let p be the corresponding semiclassical measure and 1 be the semiclassical
measure of hd,us|y. Since hd,us|y, = oH,%(E(h%), we have that (1p,b;) = 0 for any compactly
supported symbol by (2/,£'). Thanks to (H), along the Melrose-Sjostrand flow of *T*(Q, issued
from points in *T*Qy, there must be some points reaching H(¥) U G>~(X). By the property of
the Melrose-Sjostrand flow on *T*Q,, to show that p = 0, we need to verify that

u(G* (%)) =0
and 1 = 0 near a neighborhood of py € H ().

Proposition 4.13. p(G*>~ (X)) = 0.

Proof. The proof is exactly the same as the proof of Proposition 4.11. We will make use of the
formula

<IU’7 {p7 b}) = <V07 b1>
by choosing b = b, ;n with

|

() 0 e,

where 1) € C2°(R) equals to 1 near the origin and «(y, z’,£’) > 0 near a point py € G>~. Note
that {p, b} = (ao + asr) + a1nl,¢y, and ao, a1, a are given by the relation (4.8). In particular
for our choice, by direct calculation we have

ag = bl,eﬁyrv ap = _{T “}/ (%) (_)’

bl,ﬁ(yv xlv gl) = ¢(

)
N

and

ay = 20,byc = 2739 (%)1&(2)& + 27 () (S + zw(%)w(g)aﬁ.
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Observe that as is uniformly bounded in e and for any fixed (y, 2, '), ras — 0 as € — 0. Thus
from the dominating convergence, we have

i (g2, {p, be}) = (s ly=00yr1r=0)-

Since d,r < 0 on G*>~, while —(vg,b.) = 0, we deduce that ulgz— = 0. This completes the
proof of Proposition 4.13. O

Proposition 4.14. Let py € H(X). Let b(y,2',£’) be a tangential symbol, supported near py.
Then

10Dy, (b)wal|r2(0,) + (1RO, Opy, (b)wsl| 120,y = o(1),
as h — 0.

Proof. Since the Melrose-Sjostrand flow is transverse to H, by localizing the symbol b, it suffices
to prove the same estimate by replacing b to ¢&, where ¢* is the solutions of

Oa™ FH friywrend =0, ¢ |y=0 = qo,

and ¢ is supported in a sufficiently small neighborhood of pg. Near py, it follows from | ]
that we can factorize Py as (hDy — Aj (y, 2, hDy)) (RDy + A, (y,2', D)) + Opee(h*), and
also (hDy—K;[(y, 2',hDy)) (hDy+K,_L(y, ', hDy))+Op (h™), where A} and Kff have principal
symbols ++/7(y, 2’,&'). Denote by Q7 = Op,(¢*) and set

wy = p(y)QF (hDy — A)wa,  wy = p(y)Qy, (hDy — Ay )ws,
where the cutoff ¢(y) is supported on 0 <y < ¢y < 1 and is equal to 1 for 0 <y < ¢/2. From
the equation of wy, we have
(1D, = A yws =p() D, — Af, QF1(hDy — Ay Jwn — i (1)@ (WD, = Ay yws + 02 (B)
= — Zhgpl(y)Q}—:—(hDy — A}Z)’UJQ —+ OLi,m’ (h,),

since the principal symbol of =-[hD, — A}, Q}] is zero, thanks to the choice of symbols ¢*.
Multiplying by w4 to both sides and integrating, we have for y < €y/2 (thus ¢’(y) = 0) that

Mg (. )22, < Bllws (0, )2, +o(h). (4.11)

Since Opy,(qo) (hdyws)|y—o = o072 (1), we deduce by definition that wy (0) = oz (1). This
together with (4.11) yields w;(y)z: orz2 (1), uniformly for all 0 <y < ¢y/2. Thus w;z: orz (1).
Similar argument for w, yields wy, = 0 12 (1). Note that hD, — A, is elliptic on the supggrt of
q", we deduce that Q;fwy; = or2 z,(1). Tﬁs means that p is zero near the support of g™, hence
the proof of Proposition 4.14 is complete. O
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Consequently, we have shown that the measure p is invariant along the bicharacteristic flow
on €y, it vanishes near every hyperbolic point of ¥, and y(G*~) = 0. Thus p is supported on
bicharacteristics which encounter ¥ only at points of

G* = Up3G".

These bicharacteristics are consequently near ¥ integral curves of H,, (because in Definition 4.2,
the two vector fields H, and H,— %Hy coincide on G%<). However, according to the geometric
condition assumption, all such bicharacteristics must leave {25. As a consequence, p is supported
on the emptyset, and hence u = 0. This gives a contradiction. The proof of (1.5) in Theorem 2
is now complete.

5. OPTIMALITY OF THE RESOLVENT ESTIMATE

In this section we prove the second part of Theorem 2. For simplicity, we consider the model
case Oy =D := {r € R? : |z| < 1} and a(z) = 1o, and ¥ = S'. To prove the second part in
Theorem 2 we need to construct functions uq, vy, usg, v9, such that

[ (ugs v)ll sz ~ 1, [1(fis 9)ll sz, = O(h),  j=1,2

uy = th(fi —vy), in
hAuy + hAv, — vy = hgy, in
ug = ih(fy — vy), in Qs
hAuy — vy = hgo, in
together with the boundary condition on the interface
urls = ugly, Oyusls = (Qyur + 9yu1)ls,

The key point in the construction is that in €21, we construct quasi-modes concentrated at the
scale |D,| ~ h™' = h~2 while in )y, the quasi-modes are concentrated at the scale |D,/| ~
|Dy,| ~ |D,| ~ h~! near the interface 3, where 2’ is the tangential variable near ¥ and y is the

normal variable. Now we describe the construction.

e Step 1: Construction at the zero order: We first choose ugo), such that

h2AUgO) + ugo) = 0, U;0)|2 = 07 HVugO)HLz(%) ~ h_1||U§O)HL2(Q2) ~ 1

Moreover, we require that ugo) such that they are hyperbolically localized, in the sense that

10, sl ey ~ B, WEL(B,u|s) C Hs(E) = {(2',€) : 6 < ro(a', ") < 1 =0} (5.1)

for some 0 < § < % The existence of such sequence of eigenfunctions is not difficult to prove
in the case of a disc or an ellipse, we postpone this fact in Lemma 6.5 of the Appendix. This
will actually be the only point where in Theorem 1 we use the particular choice {2, = D.
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Next we define
0 = ih~ 1u§°, (0)—g§)—0.

From (5.1), we have

O[ﬁ(z)(l)
al/ug)) |2 = OHf%(E) (h'§) (52)
OH%(E)(h_Q)

We remark that here we use the fact that the dimension d > 2.
Next we solve the elliptic equation with the mixed Dirichlet-Neumann data (with h = h%):

(B2A —i)w® =0, 9wy = 0,,U§0)|z, w(0)|691\2 = 0.

From Proposition 6.1, there exists a unique solution w® of this system, which satisfies

OHQ(Ql)(ﬁ_l)

w® =S O, (h) (5.3)

Orz(q,)(R?),

and hence by interpolation
0) _
w H?(Ql)(l)
and by trace theorems

0 |y= {OH%(Z)(h) (5.4)

Omi(x)(1)

Moreover, from the information of WFh(a,,ugo) |s;) and Proposition 3.1, we have

WFh(w(O)‘g) - WFh(&,wo\g) C H(;(E)

Hence
[0 Iz iy ~ B2 [0 [543, = O)
Next we define u&o), vy ) such that
v%o) = ih_lulo), w® = u§°) + v%o) =1+ ih_l)ugo); fl(o) =0, = ih! (0 = v%o).

This implies
3
u§0) _ OHl(Ql)(hz)
Or2(0,)(h?),

and consequently g§°) = Or2(a,)(h).
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In summary, as the ﬁrst step, we have constructed quasi-modes (ugo),v§0)7u§ ),Ugo)) and

(fl( =0 9 =0 92 = 0) such that

WA@Y + U(O)) Wl = pgl? 91 = Orzq,)(h)
u(o) = —zhv

1 — 1
haul) — il =0 (5.6)
u§°> = —ihvéo) |
d,ud s = (Dul” + 0,07)|s,

f 1

(us” = ui”) |5 = Oy (12); (0" = 0i)ls = Oty (12);

\
and to conclude the proof of Theorem 2, it remains to eliminate the error term in the last
boundary condition in (5.6). An important point is that both u{” and u\” (and hence also
uv(0), and 0! have their wave front included in Hs(X).

e Step 2: Construction at the first order: We now introduce correction terms to eliminate

the error term in the last boundary condition of (5.6). We are looking for a correction term
(1)

€o
ugl) = ug ) + e(l) vél) = z'h_lug ) = 122 ) pin! 62 ,
while keeping all other terms identical
o =D, o o,

First, using the geometric optics construction (see Appendix), we construct égl), solving near
3], solving for N large enough to be fixed later

(h2A + 1) = Op2(h"Y)
near Y, and the boundary conditions

el = (W —u) s + Opay (W), 0,8 |n= Opamy(h™). (5.7)

with h-semiclassical wave front sets of all the functions are localized near Hs(2).

(R2A + 1) = Opz(y)(hY), & = @ — u)|s + Oun gy (), 78,8 |5 = Opw ) (KY)
(5.8)

locally near xy € 3. We then take a cutoff y, such that y = 1 on ¥, and with support sufficiently
close to ¥ so that € is defined on the support of x (i.e. x vanishes along the bicharacteristics,

before the formation of the caustics). Let eg )= Xégl) Hence
(R*A + 1) = [W2A, XJ& + Orzgy (h) = Opaa,) (h?),

(5.9)
=y, hdel|s =ho,els.

Pls
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Again, all the functions and the errors are microlocalized near (zg,&) € Hs(X). More-
over, from the boundary conditions (5.7) which determine the values of the symbols b* in the
geometric optics construction, we have

1 1 1 _
€S )||H1(92) —O(h), |l )||L2(Qz) —0(h?), 8,e|s = Opzcs) (RN 71).

The geometric optics constructions in the appendix are local, but using a partition of unity of

Y., we choose a finite cutoff functions (Xj)j]\il to replace y and modify the function egl) by

M
1 1
6; )= Z Xjég,j)‘v
j=1

1
where 5(2 J)

Next we define g§" = =2 (R2A + 1)el". We now have

is the corresponding geometric optics near supp(x;)-

(

WA + o) — i) = hgl, g1 = Opaa,)(h)

WV 1 iheM =0

hAuS) — ol =gl g8 = Opagay) ()

uél) = —z'hvél)

0,us s = (0,1l + 0,0 |5 + Ogv sy (W)

(us” = ui) |2 = Oy (V) (087 = vV) |5 = Oy (BN 1),

(5.10)

\

It now remains to eliminate completely the errors in the last boundary condition in (5.10). For
this we just use the trace operators. Recall that if s > %, the map

Diue H(Q) = (uls, pu ) € H7VA(E) x H72(5)

is continuous surjective and admits a bounded right inverse. As a consequence, if N is large
3

enough, there exists 652) € HN~2 (supported near X) such that
2 2 1 1 2 1 1 1
165713y = O™) &7 Ix= (" =0 I, 06”5 = (O” = Bu01")) | —Bsuy” |5

Choosing now
N T Y OB 1L Y

and keeping the other terms identical

I R L LB
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we get (if N is large enough)

(AW + o) —in? = hgi? g1 = Ozan ()
o+ i — o
2) . (2 2 2
hAué) — wé ) — hgé ), gé ) — Or2ay)(h) (5.11)
u§2) = —ihvém
d,u s = (B,ul + 0,05
2 2 2 2
(s —ui?) s =0, (g =) =0
This ends the proof of the construction of quasi-modes in Theorem 2. O

6. APPENDIX: TECHNICAL INGREDIENTS

6.1. Elliptic problem with mixed Dirichlet Neumann data. Let U C R? be a bounded

domain with smooth boundary. For I’ € C*(U), we denote by
V(F) = Flav, v/ (F) = (0,F)lov
the Dirichlet and Neumann trace, with respectively. From the trace theorem, we know that
A0 H(U) — H*3(U)
is bounded and surjective. Let

Ho() = {v € H'(Q);v |oa,\== 0},

We prove the following existence result of the mixed Dirichlet-Neumann boundary value
problem:

Proposition 6.1. For any F € H_%(Z), the boundary value problem (note that 0Q; = ¥ U0
and 3,080 are separated)

(R*A —i)w =0, (6.1)

dw |g=F, w |, \n=0
admits a unique solution w € Hy (1) satisfying
(PIVawl 2@ + oz ) < CHIF g .
Furthermore, if F € H2(X), then w € H2(4) and

IViwlz ) < C(”F“H%(z) +h_1”F“H*%<m>>'
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Proof. We just sketch the proof which is a variation around very classical ideas. Multiply-
ing (6.1) by ¥ vanishing on 0€; \ ¥ and integrating by parts using Greens formula, we get

0= / (RPA — )wp(z)dr = / —h*V,wV, B — iwp(z)dx +/ h?0,wp(z)do
Ql Q1

by

As a consequence, if the function w satisifes (6.1) (6.2) if an only if
Yo € Hp(Qy), Q(w,v) :== / RV, wV,0 + iwv(x)dr = Tr(v) := / R Fo(x)do.  (6.3)
o >

From the trace theorem, the map
vEHNY) = v |xe H2 (D)
is continuous and hence for any F' € H~2(%), the map
v Tr(v) e C

is a continuous antilinear form on H ().

The existence of a unique solution to (6.3) (and consequently the solution to (6.1), (6.2))
now follows from Lax-Milgram Theorem. Applying (6.3) to v = w, we get

I 0l3aiyy + 0l < 20T ()] < CRIF] s ol
which implies

lwllm@ny < CIEN -4 )
and using again (6.3) with v = w,

lwliZzg,) < BlIVowll i) + 1 |Tr(w)] < Ch2HF||ir%(E)-

This proves the first part in Proposition 6.1. The proof of the second part is standard elliptic
regularity results. Indeed, we have

Aw = ih%w, dw |g=F € H%(Z), w |, \n= 0,
and we deduce by standard elliptic regularity results,

ol < € (A 2wl + 1F N3 ) < C (1P g g + 1l 3 )

This completes the proof of Proposition 6.1. O
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6.2. Estimates for some operators.

Lemma 6.2. Ifb(z,£) € S™™ (m > 0) is compactly supported in x € R", then for any s € R,
Op,(b) = O(R™%) : H*(R™) — H*Y*(R™), V0 € [0,m].

Proof. First we show that Op,,(b) is bounded from H® to H®. It is equivalent to show that the
operator T}, := (D,)*Op,,(b)(D,)~* is bounded (independent of k) from L? to L?. By definition,
we have

— 1

T = oy [ (€= nhm) o)~ Flnyan,

where b(C,n) = (Fuca)(C, n) is a well-defined function. Thus Ty f can be viewed as an operator
acting on f € L*(R¢) with Schwartz kernel

1 ~
K, = ——(E*(n)"°b(& —n, hn).
By Schur’s test, to check the boundedness of this operator, it suffices to check that

sup [ |Kn(&,n)|dn < oo, sup [ |Kn(& n)|dE < co.
&h JR™ n,h JR7

Since K3 (&,n) is rapidly decaying in (¢ — n), these conditions can be simply verified by the
elementary convolution inequalities:

/n md” < Cu(e)™, VM >d,s >0, (6.4)
and
/ %dﬂ < Crol€)?, VM >d+0,0>0. (6.5)
-

By interpolation, to finish the proof, it suffices to estimate the operator bound of Op, (b) from
H? to H*t™. Similarly, we need to check that the kernel

Gul(&,m) = K™(E)*™b(€ — 1, hn) (n)~*

satisfies the conditions for Schur’s test. First note that for any a € N,

(i(§ —m)*b(& —n,m) = ny /R n(@gb)(x,n)e—w@—n)dx,
thus g(g —n,hn) = O(<€ - 77>_M<h77>_m) for any M € N. Note that

(hem) ™™ ~ (14 hln[)~™ < h™™(n) ™™

This implies that

[Ga(&m) < Car(€)™™ () =T (g —m) =M.
Now the boundeness of the integration [ G.(&,n)dn or [ Gn(&,n)d€ follows from the same
convolution inequalities (6.4) and (6.5). This completes the proof of Lemma 6.2. O
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Lemma 6.3. Let a € S°(R*™),b € S°(R?") be two symbols with compact support in the x
variable. Then for any N € N, N > 2n,
1
HOp(a)Op(b) -y .—op(agaa;;b)H

ilela!
la| <N

<Cyn Z sup  sup // }06 070¢ A(x, 2,§, () ‘dzd(
R2n

|BI<K (n) 10I=NF1 (2 6)eR2n

L(Hs—H?)

where

Az, 2,8, ¢) = a(z,§ + )bz + 2, ).

Proof. The symbol of the operator
1
Op(a)Op(b) — Z WOp(@?a@?b)
la|l<N ’

is given by

(#.8) =77 //R / -7 (001002 A) (x, t2, &, 1¢) 2™ (*2e ™ dzd(dt,

|a1\+|oc2\ N+1
with
A(z,2,6,0) = a(x, &+ Q)b(x + z,€).
Using the identity
Lo cazgmizd iN-i-latzxzagq (e7i¢)

and doing the integration by part, we have

IN+1 1
ra(, &) = ) ZN, / (1 —t)Ne+tat / (0202 A) (, 2, €, 1¢)e ™" dzd(
lal=N+1 ~ 70 R2n
N+ 1 o
= > N / (1 — )NV H=2nqy / (0202 A) (2, 2,€,0)e”™ 7 dzdC
loj=N+1 VO R2n

Hence the integral converges absolutely. Viewing ry(x,£) as a symbol of order 0, we obtain
the desired bound, thanks to the Caldrén-Vaillancourt theorem. O

6.3. Special sequence of eigenfunctions of a disc. First we recall that
[e%S) 2\ 2k
="y (=D*(3)
2 pre El(m + k)!
are the Bessel functions satisfying the Bessel differential equation:

2IN(2) + 2 (2) + (22 —m?) Jn(2) = 0.
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By definition, one has
2m ,
Jm+1(Z) + Jm_l(Z) == 7Jm(2), Jm_1(2> - Jm+1(2> = 2']771(2) (66)

Denote by A, the n-th zero of J,,(z). It is well known that
A < Ao < < Ay <o

and the functions

Omn(1,0) = Jon(Apnr)e™
form an orthogonal sequence of eigenfunctions of Ap, associated with eigenvalues {2, :m €
Z,n € N}. We will chose a special sequence

Jan()\an,nr)eiome
for some a € N, to be fixed later. Let us recall some facts about the zeros of Bessel functions:

Proposition 6.4 ([lX81]). There exists a continuous function ¢ : [—1,00), such that

AQTL n
Aann < nu(a), and lim = = ().
n—oo 1N

Moreover, there exists 0 < [y < (o, such that for all a > 1,

i)

14 f1a75 < == < 1+ fra~s.
a

Thanks to this proposition, we have:

Lemma 6.5. Fix a € N, large enough and let
Pan,n

)\om,n || Pan,n || L?(D) ‘

Wy, =
Then we have

H(&an)‘a]D)HL2(aD) = O(l), WFh(&/wh‘g) - 7‘[5(8]])) = {5 <rg < 1— (5}

where h = (hy)nen, bn = AL ~ (L(a)n)™! and the semiclassical wave-front set is taken for the

an,n

sequence (Wy)nen, with a little abuse of the notation.

Proof. To simplify the notation, we write m = an and ¢ := ¢(«). From Proposition 6.4, we have

)\mn J——
1+B1a_%—0(1)<i—0(1): : <i§1+ﬁ2a 3, asn — oo.
a m «

Note that at r =1, d, = 8, and |Vw|* = |9,w|* + %|dw|?. The hyperbolicity at the boundary
is essentially due to the fact that
Opw,, = tmw,,

and

s % Fo(1) < 1—6(a) (6.7)
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for n > 1. Let 0 < ¢g < 0(a), x € C(R) such that x(s) = 0if |s] > 1 —¢. From (6.7)
we have w, = x(h,0p)w,. Since J3 is just the Laplace operator on L?*(9D), we have, near
JD, WFj,(w,) is contained in r > ¢, > 0, thus w, is microlocalized near H(X). The estimate
|0rwn|r=1]| 2wy = O(1) then follows from the hyperbolicity and the fact that ||Vwy, | gmp) = 1.
This completes the proof of Lemma 6.5. O

Concentration of the eigenfunctions ¢, , as n — 0o

6.4. Geometric optics construction. In this part we recall the geometric optics construction
for the hyperbolic boundary value problem. In the tubular neighborhood of the interface X, we
use the geodesic normal coordinate x = (y, 2’), such

1 1. .
A= an(/-ﬁﬁy) + E&-(gojmﬁj),
where k = y/det(go) and 0; = 896;_. The semiclassical operator
2 292 | 12 ij h hoo i
Ph =h Ago + 1= h 8y + h 90 8,8] +1+ E(Gy/@)hﬁy + ;@(go I{)haj.

Let fojE € LQ(R;[,_I) such that WFh(ng) lies in a neighborhood of (y = 0,z(;n = 0,&)), such
that

r0(0, 24, &) > ¢o > 0.
Denote by 0+(¢) = Fr(xfi)(€), where x € C=(R% ™), supported near .

Consider the semi-classical Fourier integral operators U*, represented by

]_ i, 4+ i
TS )0n) = gy [, e OO . €)% €
We have
+ + 1 2 oE ke et
PSS = e [, (8 + D 50 €

Observing that
ivi ivi . ivi
(h2Ago + 1)(eTbi) =(1- |Vgo‘,0i|2)bieT + zh(QVgngi : VgobjE + Agoﬂpibi)eT

itpi
+h* (A b )e .
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Near WF;(fy) and for small y, we can solve the eikonal equation

1= |V P =0, ¢ |y=o(z’, &) =2"-¢" (6.8)
Note that |V,,0F [ = |9,0%|* + g 0;0% 0. Near (z), &) € H(E), for each fixed &, we find
a Lagrangian submanifold of 7*¥, locally of the form

Logr = {(',§ = Owipo(x,£')) - po(a’, &) =2’ - '}
At each point (2/,& =¢') € Lo, there are two distinct roots n* of the equation
7+ g =1,

and each root determines a flow ®F of the bicharacteristics p = 1> — r(y,2/,£') on {p = 0}.
Then we can define the Lagrangian E;té, = exp(cbét)(ﬁo,g) locally, which is again a Lagrangian
of T*¥ (viewing y as a parameter) and can be written locally as Eif, = {(2,0pp*)}. Then
¥ is the desired solutions of (6.8) with the property

Ayt +0,p” =0, at y =0.

Next we set
N

by, 2’ &) =D Wby, 2, ¢),

J=0

with coefficients b; solving the transport equations

20,0 0,bE + 93" 0,0 ObE + (Agyp™)bE = 0,

. 6.9
2i0,00,b7 + ig) ;0 0T +i(Agy )b + Agybt; =0, 1 < j < N. (69)
Then
+ h'N+2 @ + A AY / N+2
Pu(xfe) = W/ e h Agobzv(?/>if ,€)07(8")dE" = Opz2(h )-
(2mh) Rd-1

To determine the datum bﬂyzo, we need the boundary conditions. Note that the approximate
quasi-mode is given by

Un = Z U=(xfy)
+
and we want to determine f; .
Denote by Bf = Op,(b*) and By™ = Op, (b*|,~o), then the Dirichlet trace is given by

Byt (i) + By~ (xfy).

and the Neumann trace is given by

Z iOph(\/%bﬂy:O)(Xfoi) + hz Oph(ﬁybi‘FO)‘y:O(ngE)-
+ -
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Now we choose bg|,—0 = by |y=0 = x(2')¢(¢') localized near (z(,&)) and b;-t|y:0 = 0 for all
1 < j < N. Then the symbol (matrix-valued)

0 0

with

by by
O := + I
VToby  —/Toby
is invertible. For such an elliptic system, we can construct a symbol (matrix-valued) Y, such
that

Op;,(©)0p,(T) = 1d + Opsy grosm (RV ™).

In particular, for a given Dirichlet trace op;, and Neumann trace oy, with wave front sets

located near (x, &), we find
X.f(?_) (UDir)
_ | =xOp,(T :
(X.fO X h( )X ONeu

Then microlocally near (x(, &) € H(X), uy satisfies

(h*Agy + Dun = Op2(Y),  uln=o = opir + O3 (W), hdyuply=0 = onew + O3 (),

1
2
and microlocally near (xy,&)), up = Or2(1),WFp(us) lies in a small neighborhood of (zg, ).
Finally, due to the microlocalisation in the hyperbolic region, we can exchange in the error
terms powers of h against derivatives, leading to

(h*Agy + Dup = O (B F), ulnmo = opir + O 31 (WY 7F), hyunly=0 = onew+O -y (B F).
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