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Non-symmetrical fatigue life of nodular graphite cast iron under non-
proportional multi-axial cyclic loading

M. KACHIT, J. COURBON, X. BOULNAT, J. ADRIEN, C. VERDU  

Université de Lyon, INSA Lyon, MATEIS UMR CNRS 5510, bât. Saint-Exupé-
ry, 69621 Villeurbanne cedex, France

Abstract
Non-proportional axial-torsional loading fatigue tests on nodular cast iron revealed a non-symmetrical

behavior of the fatigue life relatively to the phase shift angle δ = 90° between axial and torsion loads. This
behavior was in agreement with fatigue crack orientation investigated using optical and electron microscopy.
Elasto-plastic finite element model (FEM) were used to assess the crack orientation behavior and it could ex-
plain this non-symmetrical behavior by the non-symmetrical values of both σI and σI  / σII ratio relatively to δ
= 90°. FEM revealed that for the δ < 90° loads, principal stress was applied essentially at critical planes of
low angle ϕn, thus occurrence of tensile cracks mode was higher for δ < 90° than for δ > 90° load, which re-
duces the fatigue life. σI  / σII ratio strongly influenced the dominant crack mode. When the applied loads
were torsion σI  / σII  = 1, cracks were observed to occur, equally, in modes I and II. Presence of the non-
propagating failure (mode II) significantly increased the fatigue life. Conversely, for high phase shift, where
σI  / σII  >> 1, crack mode I dominated and crack driving force remained high during the whole fatigue cycle,
inducing a lower fatigue limit. 

 
Keywords: Multi-axial fatigue life; Phase shift angle; Crack orientation; Principal direction, Cast iron.  
1. Introduction

Several factors may contribute to the difficulty in predicting the crack orientation and consequently
the fatigue life of metals undergoing out-of-phase multi-axial loading. The critical plane concept was based
on the physical observations that crack initiate and grow on preferred planes [1-2]. Under proportional cyclic
loading, principal directions were fixed in space and did not rotate, so the main stresses change only their
amplitude  and  not  their  direction.  Under  non-proportional  loading,  the  directions  of  maximum normal
stresses change continually, which makes other planes go through the maximum stress direction, the fatigue
lives were then reduced accompanying by an additional cyclic hardening [3-5]. Consequently, a sequence of
Von Mises stresses did not have physical meaning: in one cycle, it had non-zero value in spite of the nega-
tive values of applied stresses, so it did not correctly reflect the real load [6]. In order to eliminate this ambi-
guity, Bishop [7] proposed a correction. According to Bishop, the equivalent stress should be a “signed Von
Mises” stress, the sign being generally given by the first principal stress σ I, as its general form was: σeq,vMs(t)
= σeq,VM(t) sign(σ⋅ 1(t)). In this case, due to the rotation of the principal axis, a crack initiated on the critical
plane was usually subjected to shear mode loading as well as tensile mode loading. However, when the criti-
cal plane coincides with the principal plane, the value of Mode I stress intensity factor (SIF) is at its maxi -
mum, whereas the shear stress was equal to zero. Therefore, at the point of loading cycle where the crack
was opened widest, the mode I loading condition should be dominant and the crack will propagate as a
mode I crack. Therefore, the dispersion of fatigue crack orientation was related to the phase shift between
the axial and torsion applied stresses. The proportional loading may provide better results than non-propor-
tional one, that’s why it could be used to evaluate the capability of a critical plane approach for predicting
the cracking directions [8-11]. The initiated fatigue cracks orientation was more dispersed under non-propor-
tional loading paths. If most of the material planes were experiencing significant fatigue damage, it will be
difficult to identify a crack initiation site and direction. This explains the considered scattering in the fatigue
experimental data and provides a challenge to fatigue modeling. So, a single criterion itself could not capture
the fundamental fatigue mechanism of multi-axial loading. 

Another factor contributing to the dispersion of fatigue crack orientation was  the effect of material
ductility and microstructure. For proportional load, certain materials crack in brittle fashion, or in normal
stress (or strain) as 7075-T651 aluminum alloy whose the loading stress is below a certain level [12], S460N
steel [13] and FCD700 nodular cast iron [14]. The ductile material crack in shear stress (strain) as Inconel
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718 [15] and cooper [16]; Semi-ductile materials crack with a combination of normal and shear stresses
(strains) [17], as 1045 and 1070 steels [18-19] and S35C steel [20]. In this case, cracks are initiated on the
maximum normal planes for tension-compression loading but on the maximum shear plane under pure shear
loading [21].

Nomenclature
σ Applied axial stress δ the out-of-phase angle
σ0 Axial stress amplitude ϕn Normal direction of critical plane 

τ Applied torsional stress ϕn,max
maximum normal stress direction (principal stress direc-
tion)

τ0 Torsional stress amplitude ϕ normal direction of crack plane 
σVM Von Mises stress amplitude β portion of one cycle
σI normal principal stress amplitude ω the angular velocity
σII normal principal stress amplitude t the time
E Young modolus Nr number of loading cycles to failure
ν Poisson ratio F dispersion factor of crack orientation
fy 0,2% proof stress R stress ratio under the fatigue loading
f Fraction of critical planes undergoing principal stress

For out-of-phase loading, the fatigue crack will not have a strong preferential direction [22], then its
propagation did not stop [21]. In materials as nodular cast iron [23] and AISI316 stainless steel [24] sub-
jected to an out-of-phase multi-axial load, cracks were free to propagate in any direction. For this reasons,
in one hand, the fatigue limit in multi-axial load for these materials was lower than what was expected from
simple elasticity considerations, and in the other hand, the dispersion of crack orientation was higher, which
impedes the fatigue life modeling.  

Predicting fatigue crack orientation and therefore the fatigue life, necessitates, in one hand, further
understanding of the fundamental fatigue mechanism and cracking mode during multi-axial loading, and in
the other hand reducing the dispersion of measurements and calculations of cracks orientation. For this pur-
pose, in the current study, a series of proportional and non-proportional tension-compression and torsion fa-
tigue tests were conducted on nodular cast iron in order to study the fatigue life behavior and the distribu -
tion of fatigue crack orientation under multi-axial load. Nodular graphite cast iron is a material that fails in
uniaxial fatigue cracking behavior by the initiation and growth of mode I crack (brittle material) [23]. Even if
this material was regularly studied in the literature, there were limited experimental data about the cracking
behavior in the matrix (mode II crack) under multi-axial fatigue loading and about the effect of  out-of-
phase angle on  mode I/mode II cracks proportion and the fatigue life behavior . Despite the dispersion of
the crack orientation for multi-axial loading presented in literature, the current study revealed that the fa-
tigue behavior was non-symmetrical relatively to δ = 90°, where the fatigue life was higher in the range 90
< δ < 180 than in the range 0 > δ > 90. A  Numerical study based on stress states on the edge of the
graphite nodules was proposed to explain the experimental results and determine the behavior of maximum
normal stress (its magnitude and direction) in function of multi-axial loading conditions. . 
2. Experiments

The studied material was a ferritic nodular cast iron obtained after austenitization at 950°C for 48 h
then cooling at very slow rate (< 0,01 °C.s-1) according to CCT curves of ductile iron [25]. This treatment al-
lowed to obtain ferrite-graphite-perlite (Fig. 1) structure and prevent the formation of ledeburite and cemen-
tite.

Fig. 1: OM Microstructure of the studied nodular cast iron after heat treatment and etching (Nital 4%) 

Chemical composition is given in Table 1:

Table 1: Chemical composition (wt %) of the studied nodular cast iron
C Si Mn S P Mg Fe
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%wt 3.4 2.60 0.19 0.005 0.011 0.05 Bal.

Tensile tests were performed on the dog-bone specimen with a gage length of 12 mm and section of
9 mm2 at a strain rate of 10-3 s-1. Tensile properties were found as follows: E = 168 GPa (direct measure-
ment by a clip gauge), 0,2% proof stress (fy) = 270 MPa, UTS = 500 MPa and engineering strain at fracture
= 17%. The material designation was then close to EN-GJS-400-18. Tensile curve (Fig. 2) was used to de-
termine the elasto-plastic properties for the FEM. Two tensile tests were performed for reproducibility pur-
pose. 
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Fig. 1:  Engineering stress-strain curve of nodular cast iron specimen
  

The fatigue specimens were cylindrical (Fig. 3c) with a gage length of 25 mm and diameter 6 mm.
The cylindrical surface was polished with paper grain 2400 (paper grain size 10 µm). Polishing with diamond
pastes 3 μm, 1 μm, and 1/4 μm lubricated with ethanol was done longitudinally on the gage length to have
a flat narrow band (0.5×7 mm2) allowing reliable SEM and in situ optical crack observations. Fatigue tests
were conducted under stress-controlled multi-axial cyclic loading using servo-controlled hydraulic testing ma-
chine (Fig. 3) that performs tension-compression and torsion simultaneously.

 
(a) (b) (c)

Fig. 1: The servo-controlled hydraulic testing machine (a, b and c) equipped with in-situ optical microscope (a and b)

The variations in applied axial σ and torsional  𝝉 stresses under combined loading were expressed by the
equations 1 and 2 respectively:

σ  =  σ0  sin(ωt)𝝉  =  𝝉0  sin(ωt+δ)
(EQ. 1)
(EQ. 2)

Where σ0 and 𝝉0 were the amplitudes of axial and torsional stresses respectively, ω: the angular velocity, t:
the time, and δ: the phase difference between the two stresses (out-of-phase angle). 
The tests were conducted at room temperature under controlled Von Mises stress amplitude (EQ. 3), and by
varying the phase shift angle δ (δ  =  0°, 30°, 45°, 60°, 80°, 90°, 100°, 120°, 135°, 150° and 180°). Simple
tension-compression and torsion tests were also conducted for comparison. A sinusoidal signal was imposed
at a frequency of 10 Hz and R = -1. Seen that Von Mises criterion results in the same damage for in-phase
and 90° out-of-phase loadings, and on all planes  [17, 26], the tests were performed in such a way that the
axial stress σ, and the shear stress  were equally damaging. According to the Von Mises distortion energy
hypothesis (DEH), i.e. the particular amplitudes had the ratio σ / τ  = √2 because the lifetime for torsion is
half of that for axial solicitation. 

(EQ. 3)
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Table 2 shows the values of the applied axial and shear stresses and controlled Von Mises stress am-
plitude according to eq. 1, 2 and 3 definitions:

Table 1:  Values of tensile and shear stress applied amplitudes and controlled Von Mises stress amplitude according to eq. 1, 2 and 3

Load type tensile stress applied amplitudes (MPa) shear stress applied amplitudes (MPa)
controlled Von Mises maximum

stress (MPa)
simple Axial 215 0

215

simple Torsional 0 152
δ0 152 107,5
δ30 157,5 111,4
δ45 164,5 116,3
δ60 175,5 124,1
δ80 198 140
δ90 215 152
δ100 198 140
δ120 175,5 124,1
δ135 164,5 116,3
δ150 157,5 111,4
δ180 152 107,5

The test was periodically interrupted and fatigue crack orientations were captured with the in-situ op-
tical microscope (OM). Fatigue crack orientation had also been further investigated after rupture using OM
and a scanning electron (SEM) microscope. 

For the reproducibility of results, two samples had been tested for each loading condition. The following
nominations will be used to describe the loading conditions:

- a: axial loading (tension-compression), ex. a1: axial loading for sample number 1, … etc 
- t: torsional loading.
- δxxx:  loading with out-of-phase shift angle xxx°.
- δ°: phase shift between the axial and torsion loads. The studied range was [0-180°] (Fig. 4a).
- β°: angular portion of the fatigue cycle. The studied range was [0-180°] (Fig. 4a).

- ϕ°: the normal direction of the crack plane (fatigue crack orientation) measured relative to the specimen
axis (vertical axes). Positive with clockwise, negative counterclockwise. ϕ range was [-90 to +90°] (Fig. 4a
and b).

Fig. 1: (a) Definition of the applied and Von Mises stresses and δ, β and ϕ angles during the fatigue cycling for the out-of-phase load
δ150 (as an example). (b) Definition of fatigue crack orientation angle  (the image was for δ0) 

3. Experimental Results

3.1. Graphite nodule properties

The main characteristics of the graphite nodules were determined by 2D optical microscopy images
taken at the flat narrow band before the fatigue tests. The histograms in Fig. 5a and b show the size distri -
bution and the sphericity of the nodules respectively, for three samples (randomly selected). The total num-
ber of graphite nodules characterized on the flat surface evolves from 300 to 900 nodules according to the
zones and the samples studied. Based on these analyses, the mean values of the nodule size (20.1 µm) and
of the sphericity (0.53) were determined.
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Fig. 1: Distribution of the apparent size (a)  and sphericity (b) of nodules

The number of cycles at failure (Nr) presented here was determined from three tests per load type. It
was displayed against the phase shift angle in Fig. 6a. The error bar was found to be nearly proportional to
the measured value (of about: 10%). Nr linearly decreased with the phase shift in the intervals δ = 0°-90°
and δ = 180°-90°. It reaches its minimum value (about 40,000 cycles) for δ90 load; for this latter phase
shift angle, Nr was reduced by a factor of about 10 with respect to δ0 load. For simple tension-compression
load, Nr (about 600,000 cycles) was 1.2 times higher than for proportional one. Fatigue life reaches the high-
est value for simple torsion load (about 4,000,000 cycles). 

Similarly to results reported in the literature [10] the fatigue life was reducing linearly as long as the
out-of-phase angle was approaching the 90° out-of-phase angle. Contrary to our results, Tovo [27] did not
mention a difference of fatigue life between the out-in-phase and in-phase load, and highlighted the “un -
usual sensibility to the out-of-phase loading”. In this study nearly the same material and loading conditions
(frequency, mean fatigue stress, out-of-phase and in phase, the same material, nodule size and density)
were tested but not the same equivalent applied stress for the in-phase and out-of-phase loads. The applied
stresses were different between out-of-phase and in-phase loads, so the two loads did not have the same
equivalent stresses or damage effect.
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Fig. 1: (a) Effect of loading conditions on the number of cycles at rupture. (b) Ratio ΔNr / Nr versus the out-of-phase angle δ

Unlike results reported in the literature [10], this study highlighted a non-symmetrical behavior of fa-
tigue life relatively to δ = 90°. The fatigue life was about 50% higher for phase shifts situated in the range
angle 90 < δ < 180 than for their symmetrical angles in the range 0 < δ < 90. These results could not be
affected by the uncertainty of measures seen the reproducibility of this behavior between the two investi -
gated symmetric loads which have a significantly different damaging effect.  In fact, these results could be
explained and confirmed using finite elements method, which revealed a non-symmetrical behavior of σI and
σI / σII relatively to δ = 90°. The relative difference of the fatigue life ΔNr / Nr for each range of out-of-phase
angle δ is reported in Fig. 6b. Two information could be deducted: firstly, this ratio was higher for the δ <
90 loads than for 90 > δ ones, and secondly, it was as high as δ was close to 90°.
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3.2. Distribution of fatigue crack orientation 
The ϕ angle of crack orientation was measured between the axis of the specimen and the normal of

crack plane (cf. Fig. 4b). Fig. 7a and b show the distribution of crack orientation, i.e. the percentage of
cracks having a given orientation. For the reproducibility purposes, the distribution was done for two sam-
ples of axial and torsion loads.   The uncertainty of results was low seeing the reproducibility of crack distribu  -  
tion orientation curves, as shown for the axial and torsion loads. The uncertainties were then: uncertainty on
the crack orientation measures (at the top of the peak) was ± 2,5° = 3 %, and Uncertainty on the height of
the peak was ± 9 %.
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Fig. 1: Distribution of fatigue crack orientation for axial and torsion loads (a) and for in-phase and out-of-phase loads (b). 

For axial load (tension-compression), Fig. 7a showed a single peak located in the angular range [-25°, 25°],
and having a maximum (about 25%) at 0°, that corresponded to OM image (Fig. 8a), where cracks are lo-
cated at nodules and oriented at about 0°. Nearly 70% of cracks were oriented between -25° and 25°, i.e. in
mode I crack, outside this range, the percentage of cracks was almost neglected. For simple torsion (Fig.
7a), the distribution showed the presence of four peaks located in equidistant angular ranges; these peaks
were of nearly equal width and amplitude. The maximums of these peaks were located at about -45°, 0°,
45°, 90°. These orientations were classified into orientations in the matrix (at 0° and 90°) as mode II crack,
and orientations at the nodules (at ±45°) as mode I crack. Cracks at nodules formed a symmetrical cross
(Fig. 8b), where mode I crack driving force was nearly equal in the two directions ±45°. The peaks had
maximums of about 8% and minimums of about 3%. Cracks in the matrix were initiated longitudinally and
perpendicularly to the 0° oriented slip microbands (Fig. 8c and d respectively).

(a) (b) (c) (d)

 50 µm  20 µm   5 µm 20 µm

Fig. 1: Tension-compression 0° oriented crack (a), torsion ±45° oriented cracks at nodules (b), 0° and 90° oriented cracks in the matrix
(c and d respectively). The axial load is relatively vertical to the images 

The distribution of crack orientation for multi-axial loads was different from that for the simple loads.
For small and medium phase shifts (δ0, δ30 δ60, δ180, δ150 and δ120), Fig. 7b shows two peaks: A main
peak whose maxima was located at about +28° (for δ < 90) and at about -28° (for δ > 90), with a relatively
high amplitude (about 20%); And a secondary peak whose maxima was located at about -62° (for δ < 90)
and +62° (for δ > 90) and having a relatively low amplitude (about 4%). The amplitude of the main peak
increases when the phase shift decreases (far from 90°), so it was the highest for the proportional loads (δ0
and δ180). These distributions (of main and secondary peaks) explained the presence of non-symmetrical
cross crack at nodules (cf. Fig. 9a). Cracks oriented according to the main peak were always greater than
that oriented according to the secondary peak and therefore mode I crack driving force was not equal in the
two directions (28° and 62°). For the largest phase shift angles (δ80, δ90 and δ100), a broad distribution of
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the crack orientation (between -90° and 90°) was observed (cf. Fig. 7b), and there was no preferred orien-
tation of cracks (Fig. 9b).

 50 µm  50 µm
     100 µm

(a) (b)

 50 µm 50 µm      100 µm

(a) (b)

Fig. 1: Micrographs of fatigue crack orientation for δ0 and δ180 respectively (a), and δ90 (b). The axial load was relatively vertical to
the images 

Starting from Fig. 7a and b, the percentages of mode I and II cracks in function of solicitation mode
could be obtained. It was determined just for simple, proportional, and small and medium phase shift, as
shown in Fig. 10a. For the high phase shift, there was no specific orientation, where the cracks initiate and
propagate in all directions, and it was difficult to specify the crack mode. The percentages were recorded as
the sum of orientations corresponding just to mode I and / or II , so the remaining cracks (the complement
to 100%) had no defined orientation and were not counted. For simple torsion load the two crack modes
were almost equivalent, whereas no mode II was observed for the other loads. The maximum fraction of
mode I crack was observed for the axial load. It was found, generally, that the proportion of mode I crack
decreases with increasing phase shift for multiaxial loading. 
A dispersion factor (F) of crack orientation could be established as follow:

where;

; 

(EQ. 4)

Where, AR is the area ratio of the principal peak, calculated as the area of the considered δxx load divided by
area of δ90 load (as reference). S, H and W are the slenderness, the height and the mid-width of the princi-
pal peak respectively. 

The dispersion factor was maximum for the close to δ90 loads (Fig. 10b). For the other loads it still
comparable and it was almost eight times inferior to δ90. This ratio (8 times) is close to the ratio of fatigue
life (cf. Fig. 6a) between δ90 load and in-phase loads (ratio between 7 and 10).
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Considering the imprecision of measure, the experimental results could not explain why the fatigue life
was higher for δ > 90 loads than for δ < 90 ones (cf. Fig. 6a). They showed, indeed, that though the angu-
lar cross behavior between these symmetric loads was symmetrical relatively to 0°  (cf. Fig. 9a), the cross
cracks were more developed for δ < 90 Than for δ > 90.  FEM could therefore be necessary to assess the
distribution of fatigue crack orientation and then the fatigue life shortening, and the non-symmetrical behav-
ior of fatigue life. 
4. Finite elements analyses
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As it is seen in Fig. 5a and b, the mean value of size and sphericity of nodules were 21.1 µm and 0.53
respectively.  For the sake of simplicity, a sphere modeling the nodule was impeded in a cubic matrix that
modeling the nodular cast iron matrix. 

The  FEM was run on ABAQUS program, on a box of the ferritic matrix containing a graphite spherical
nodule (Fig. 11a). Using AMIRA software, the boxes were converted into SURF format with controlled sur-
face mesh density, then meshed automatically in tetrahedral elements (Fig. 11b). The connection between
matrix and nodule was of tie constraint type.  BCs at the center of nodule matrix assembly were of the
displacement rotation type. Element type was C3D4: A 4-node linear tetrahedron. The model  used the
purely elastic property of the graphite nodule (E = 27 GPa and ν = 0.22) and the elasto-plastic properties of
the ferritic matrix (E = 207 GPa,  Proof stress at 0,2% = 275 MPa and ν = 0.27) obtained from tensile test
(cf. Fig. 2). Isotropic hardening elastoplastic model  have been applied for matrix, and no cyclic material be -
havior was considered. At the scale of the box, the shear component of the torsion test was assumed to be
uniform (no gradient taken into account). Axial and shear displacements corresponding to a combined axial
and shear strains of 0.2% and 0,35% respectively were applied on the upper and lower parts of the box.
The magnitude and the direction of  the principal normal σI  and shear σII  stresses and were registered at the
equator of the nodule. For multi-axial load, the calculation was done at different portions (β°, in degrees) of
half-cycle, such as β = 0°, 15°, 25°, 45°, 60°, 75°, 90°, 05°, 120°, 135°, 155°, 165° and 180°. Subse -
quently, one called the principal stresses as σI and σII. The main direction (ϕn) was defined as the angle be-
tween the normal direction of the critical plane and the specimen axis (vertical axes). It was positive with
clockwise, negative counterclockwise. ϕn values were then in the range [-90 to +90°].

(a) (b)
(a) (b)

Fig. 1: (a)  Finite elements model, vertical arrows represent the axial load, horizontal arrows represent the shear load. Arrows in the
medium plane represent the boundary conditions, (b) meshed model cut at x = 0.

 
To improve the visibility of stress fields in the matrix the nodule was removed from the subsequent

figures of FEM. It was found that under pure axial  (Fig. 12),  pure shear and proportional (Fig. 13) loads,
during one-half  cycle, the maximum shear and normal stresses did not change their values nor their direc-
tions, and they remain fixed. The maximum normal stress orientation (ϕn,max) alternate between: 0° and 90°
for axial load, +45° and -45° for torsion load and 28° (or -28°) and -62° (or 62°) for proportional loads. The
orientations of principal stress (ϕn,max) for axial, torsion and in-phase loads calculated by EFM were in agree-
ment with the experimental crack orientations presented in Figs 7, 8, and 9a. 
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There were no specific orientations (ϕn,max) of principal stresses for out-of-phase loads. During one-half
cycle, maximum shear and normal stresses changed not only in magnitude of their value but also in their di -
rection (Fig. 14). The orientation of principal stress for load calculated by EFM are in agreement with the ex-
periment as showed Figs 9b. 
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 Fig. 1:  Value and orientation of maximal principal stress during a one-half of the fatigue cycle for δ90

The evolution of  σI value during one-half cycle was registered (Fig. 15), It  was non-symmetrical be-
tween the two quarters of the one-half cycle (relatively to β = 90°). For non-proportional loads, a secondary
peaks appeared during the unloaded quarter cycle, its position was related to the value of phase shift angle
(Fig. 15). σI was higher during the loaded quarter cycle than during the unloaded half cycle. Unlike the other
loads, σI for δ90 remained practically at its maximum value during a large fraction of the loaded quarter cy-
cle. The behavior of σI for simple torsion load was also non-symmetrical relatively to β = 90°, σ I  was slightly
higher for the unloaded quarter cycle.
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Fig. 1: Evolution of Normal principal stress value in function of loading condition during one-half cycle.

The evolutions of both σI  with ϕn  and ϕn  with β were shown in Fig. 16a and b respectively. The non-
symmetrical behavior of crack orientation relative to  δ = 90°, obtained experimentally (cf. Fig. 7b) could be
explained by the main directions and the values of principal stresses obtained by FEM. The direction of  σI

remain fixed for simple axial, torsion, and proportional loads and was reversed when the applied constraint
was reversed during one-half cycle. For simple axial load, σI had a unique orientation of 0° (Fig. 13), and
cracks tend to initiate and propagate perpendicularly at the specimen axis (cf. Fig. 8a). For simple torsion,
the two crack orientations ±45° matched with the two maximum values of σI 360 and 390 MPa respectively,
(cf. Fig. 15), in this  case, the two directions had almost, two equivalent crack driving forces. Therefore,
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cracks formed a symmetrical cross-oriented at ±45° from the pole and the equator of the nodule, (cf. Fig.
8b). For proportional load in the range δ < 90, the two orientations -28° and 62° (or 28 and -62 for δ > 90)
had different crack driving forces (different values of σI), and cracking occurs primarily in the direction -28°
(or 28 for δ > 90), which suffers the highest value of σ I (cf. Fig. 13b). Cracks at nodule in this case form
therefore a nonsymmetrical and nonequivalent cross (cf. Fig. 9a). 

 The low phase shifted loads did not show fixed orientation. In agreement with the experimental re-
sults (cf. Fig. 7b), Fig. 16a shows two nonequivalent peaks, the main peak was at about -35° for δ < 90 (or
35° for δ > 90) with high magnitude, the second was at about 55° for δ < 90 (or -55° for δ > 90) with low
magnitude. In this case, the orientation at -35° (or 35°) was most favored for cracking than for that at 55°
(or -55°). FEM revealed that for the δ < 90° loads, the maximum principal stresses were applied essentially
at planes of low angle ϕn (Fig. 16b), There were then more critical planes undergoing a tensile cracks mode
for δ < 90° than for δ > 90° loads, and consequently the fatigue life was reduced.

For high phase shifted loads, specially δ90, peaks disappear (cf. Fig. 16) and there was no preferred
orientation of the principal plane (cf. Fig. 14). The orientation of principal plane evolute almost linearly dur-
ing cycling (Fig. 16a and b) which was comparable with cracks orientation which was ranging between -90°
and 90° (cf. Fig. 7b). The fraction of cycle and the angular orientation for which σI was at its maximum was
as high as the phase shift-angle was closer to 90°. 

Fig. 1: (a) Evolution of σI in function of ϕ and (b) Evolution of ϕ during one-half of fatigue cycle

The evolution of ϕn (Fig. 16b) showed, for δ90, a quasi-linear behavior during which crack driving
forces were high, while a slowing down appeared for the other phase shifted, consequently, the whole crys-
tallographic orientations were preferential cracking orientations for δ90 load.

The two curves for δ < 90 (ex. δ0 and δ45) and for δ > 90 (δ180 and δ135) had similar behavior with
inverse positions of peaks (Fig. 16a) and the crack cross orientations were also the same with symmetric an -
gles relatively to 0° (cf. Fig. 9a). However, the fatigue life in the range δ < 90 was about 50% lower than
for δ > 90 (cf. Fig. 6a). This result has been explained by the non-symmetrical behavior of σ I and  σI / σII rel-
ative to δ = 90° (Fig. 17). Except for simple torsion, two domains were distinguished. The first (correspond-
ing to unloaded quarter cycle) was at small values of σ I and σI / σII,  in this domaine, since σI / σII < 1 mode
II cracking was favored and crack driving force for mode I cracking was considerably reduced. The second
domain (corresponding to loaded quarter cycle) was at high values of σI and σI  / σII ; and the crack driving
force and mode I crack were then determinant for the fatigue life. In this domain, there were several behav -
iors. In simple torsion the ratio σI  / σII was almost fixed between 1 and 1.5, originating an equilibrium be-
tween modes I and II crack (cf. Fig. 10a). Therefore mode II cracks were found in the matrix (cf. Fig. 8c
and d), and mode I cracks were observed at nodules (cf. Fig. 8b). For this load, the values of of σ I and σI  /
σII  for the two-quarters of the cycle were comparable and the observed mode I cross cracks at nodule was
symmetrical and equivalent (cf. Fig. 8b). For proportional loading, due to σI and σI  / σII were nonequivalent
for the two quarters of cycle, the two crack lengths of cross crack at nodules were not equivalent (cf. Fig.
9a), and mode II crack in the matrix was rarely observed. Simple axial load, which present the highest val -
ues of σI  / σII (about 4.2), favors mode I crack (cf. Fig. 10a). For δ90, σ I and σI  / σII preserve a maximum
value during a large fraction of fatigue cycle, and therefore the fatigue life was shortened. 

For symmetrical multi-axial loads according to δ90, the fractions of fatigue cycle, for which σI and σI /
σII were maximums were not equivalent for the symmetric loads. This fraction was higher for δ < 90° (δ0,
δ45 …) than for δ > 90° (δ180, δ135 …), then the stress concentration in front of the crack was higher for δ
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< 90°. Crack growth and crack driving force could consequently be higher (cf. Fig. 9a, crack cross was more
developed for δ0 than for δ180), causing a lower fatigue life for δ < 90° (cf. Fig. 6a).

 Fig. 17: σI versus σI  / σII for the different loads types

FEM seemed adequate to explain the non-symmetrical behavior of fatigue life relative to δ = 90. In
fact, the fraction of fatigue cycles for which crystallographic planes undergo maximum principal stress was
higher for δ < 90° than for δ > 90°. FEM revealed that for the δ < 90° loads, the maximum principal
stresses were applied essentially at planes of low angle ϕ for δ > 90° (Fig. 17b), so there were more of
planes undergoing a tensile cracks mode for δ < 90° than for δ > 90° loads, consequently the fatigue life
was reduced. 

In Fig. 17b, δ90° load was considered as a reference load where all critical planes undergoes the max-
imum principal stress, and the values of σI and σI / σII (for δ90°) which governed the fatigue life are delim-
ited by the area A (defined as in the figure). Of the same and relatively to δ90 reference load, the homolo-
gous values of σI  and σI  / σII  for δ45 et δ135 loads were delimited by the areas B and C respectively. The
value of each area was calculated as the sum of several triangles and rectangles. These calculations allowed
establishing the ratios between the three areas as follow: 

,
(EQ. 5)

Of the same, one defined the numbers of critical directions undergoing a principal direction as a, b
and c  for the three loads δ90 ,δ45 and δ135 respectively.  The ratios (a as reference)  of these numbers
were proportional to the area ratios A, B, and C respectively, i.e: 

, 
(EQ. 6)

The number of critical planes undergoing the maximum principal direction was a function of the out-
of-phase angle δ, and could be expressed as the fraction f(δ) of critical planes undergoing maximum princi-
pal stress, where f(δ) ≤ 1.

 Tacking δ90° load as reference, one obtained: f(δ)90 = 1,  f(δ)45 = 0.455,  f(δ)135 = 0.2. The critical
planes undergo then principals planes during a fraction of cycle which was higher for δ < 90° than for δ >
90°.

One could establish a qualtitative comparison between these ratios and the ratios of fatigue life (ob-
tained from Fig. 6a) between these three loads:

, 

(EQ. 6)

Although it was difficult to establish a quantitative relation between f(δ) and the ratios of fatigue life,
this procedure could relate qualitatively the fatigue life to the out-of-phase angle..

5. Disscussion 
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The distribution of crack orientation in nodular graphite cast iron subjected to simple (axial, torsion),
proportional and non-proportional cyclic loadings was studied. The experimental results were supported and
explained by  FEM. The experimental results showed essentially a non-symmetrical behavior of the fatigue
life relatively to δ = 90°: It was higher for phase shifts situated in the range 90 < δ < 180 than for symmet -
rical angles in the range 0 < δ < 90. The numerical method could explain this non-symmetrical behavior by
revealing a non-symmetrical behavior of σI  and σI  / σII relatively to δ = 90°. The critical planes oriented at
low angle ϕn (near to 0°) underwent a more tensile crack mode. FEM revealed that the fraction of planes
that underwent the principal directions (a tensile cracks mode) was higher for the δ < 90° loads, a tensile
crack mode was then more dominating for δ < 90° than for δ > 90° loads, consequently the fatigue life was
reduced. 

Cracks stayed oriented at two specific orientations for the far to δ90 loads (0°, 30° 150° and 180°)
loads, but the cracks distribution at these orientations was not equal due to the difference of the principal
stress magnitude (σI)  mentioned by the numerical method. A large phase shift (close to 90°) broaden the
distribution of fatigue crack orientation to be located in the interval [-90° to +90°], and no specific, or ran -
dom, crack orientation was observed, which shorten the fatigue life. A factor of distribution (F) of crack ori -
entation was proposed, which was very high (8 time) for the close to δ90 than for the far to δ90 loads. This
ratio (8) corresponded to the fatigue life ratio between the 90° out-of-phase and the in-phase loads (ratio
between 7 and 10). It was found that the distribution of crack orientation was similar to that of σ I  orienta-
tion. Therefore, it was rational to define both the plane where the fatigue crack grows and the plane of max-
imum normal stress as the same critical plane, when both coincide. The number of critical planes undergoing
the  maximum principal  direction  could  be  expressed  as  the  fraction  f(δ)  of  critical  planes  undergoing
maximum principal stress, where f(δ) ≤ 1, it was 1 for δ90,  and higher for δ < 90° than for δ > 90°. The
ratio σI / σII was also determining the crack mode, consequently the fatigue life. Experimental and numerical
methods showed that cracks orientation and location ϕ and principal plane orientation ϕn,max respectively de-
pend on the multi-axial loading conditions, and there were four distinct behaviors:
 Axial loading; ϕ = ϕn,max = 0°, cracks located at nodules (mode I).
 Torsion loading; ϕ = ϕn,max  = ±45°, cracks located at nodules (mode I) (driving force was equal in the
two directions (±45°)), and at 0° and 90° in the matrix (mode II).
 Proportional and non-proportional loadings: ϕ = ϕn,max = –28° and +62° or +28° and -62° (driving force
not equal in the two direction), cracks located at the nodules for δ > 90° and δ < 90° respectively.
 Non-proportional loading with δ≈90°: ϕ = ϕn,max = [-90° to +90°], cracks located in the matrix.

The results showed also the profitable effect of the negative principal stress σ II in torsion which in-
crease the fatigue life (lifetime over 4 million cycles). Mode II crack was observed in the matrix when σ I  / σII

was close to 1, whereas it was not observed for high phase shift loads where σI  / σII was higher. 
The determination of the crack mode becomes more and more difficult with increasing phase shift;

therefore, crack mode had been experimentally determined for simple, proportional and low phase shifted
loadings, and not for high phase shift angle load. Even when the applied loads was predominantly torsion,
the damage was observed to occur, equally, along the maximum principal stress planes (at nodules) and
shear planes (in the matrix); in fact, the stress concentration at nodules gave privileges to the mode I crack
to the detriment of the mode II one. For high phase shift angle (close to 90°), it was suggested that only
mode I crack dominated the initiation and propagation phases of cracks, and that their proportion could
reach 100%. In this case the cracks orientation study could not be valuable to determine the proportion of
mode I propagating cracks. When σI increases, the stress intensity factor (SIF) in the crack tip and at nod-
ules increase.  This maximum concentration appears periodically for small phase shift loading, and remain
constant during the whole fatigue cycle for high phase shift angles . It was assumed that this produces a
lower fatigue limit because the crack driving force was nearly equal in all directions, thus allowing cracks to
link up weaker regions of the complex cast iron microstructure.

6. Conclusion 
The study showed a good correlation between the experiment and the FE method. In fact, the numer-

ical method  was capable to explain the reduction of fatigue life when the phase shift evolute from 0° or
180° to 90° and the nonsymmetric behavior of both fatigue life and the distribution of crack orientationrela-
tively to δ = 90°. FEM showed that  the planes oriented at low angle ϕn underwent a more tensile crack
mode. FEM revealed that for the δ < 90° loads, the maximum principal stresses were applied essentially at
critical planes of low angle ϕ, so there were more planes undergoing a tensile cracks mode for δ < 90° than
for δ > 90° loads, and consequently the fatigue life was significantly reduced. The  numerical model repre-
sents than a good tool to study other type of multi-axial loads or other materials with inclusions or crystalline
defects. 
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