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Abstract—In this paper we consider the minimization of dic-
tionary mutual coherence for the Modulated Wideband Converter
(MWC) architecture. This consists in optimizing the selection of
the periodic sequences which are used to alias the spectrum of the
input signal. In particular, we consider here the specific setting
when the filter cutoff and sampling frequency is increased in
order to obtain multiple mixtures of the aliased bands in each
physical channel. This setting implies a structured dictionary
yielding a challenging optimization problem which has not been
covered in the literature. We propose and extend methods based
on /2 and ¢/, norms minimization methods to solve this particular
problem.

I. INTRODUCTION

Compressed sensing framework provides an effective so-
Iution to sample wideband and sparse spectrum, i.e., signals
that have large bandwidth with only a few and unknown active
bands that contain the information of interest. Such signals can
be found in various applications such as in radar [1], medical
imaging [2] and digital communications [3].

Sampling such signals may present a challenge. Indeed,
the Nyquist sampling frequency (at least twice the bandwidth
of a real signal) may exceed the capability of conventional
analog-to-digital converters. Moreover, for sparse spectrum
signals, Nyquist frequency presents a waste in hardware and
computational costs and resources. Some strategies such as
signal demodulation and non-uniform sampling [4] have been
proposed to deal with this challenge and sample with a sub-
Nyquist frequency. However, they require the knowledge, in
advance, of the active bands.

The Modulated Wideband Converter (MWC) [5] strategy
yields a sampling rate that is much lower than the Nyquist
frequency without any knowledge on the active bands. This
strategy is based on the compressed sensing framework [6] and
is composed of two stages: sub-Nyquist signal acquisition and
signal recovery. The first stage consists in splitting the input
analog signal into I physical channels. In each channel i, the
signal is multiplied by a T),-periodic function. The resulting
signals are then low-pass filtered with a cutoff frequency
fs/2 and sampled with sub-Nyquist frequency f;. Indeed,
the multiplication with a periodic function is used to alias
the spectrum such that mixtures of the spectrum bands with
bandwidth f, = 1/7), are obtained around the frequencies
which are multiples of f,. An MWC architecture and example
of spectrum aliasing is given in Figure 1.

The signal recovery stage consists in applying a sparse
reconstruction method [7] to find the relatively small number

of active bands compared to the total band number. The signal
recovery quality may be enhanced through two factors. A first
factor is to increase the number of mixtures, allowing thus to
recover more bands. This can be done by adding more physical
channels. However, this solution is costly and increases the
hardware burden. An alternative solution comes at the price
of increasing the filter cutoff and sampling frequency fs, i.e.
fs = Q' fp. such that ()’ mixtures are obtained in each channel.
A second factor to enhance the signal recovery quality is to
generate periodic functions such that the resulting dictionary
(containing the Fourrier coefficient of a sequence period) is
as incoherent as possible. This allows to better separate the
aliased bands and retrieve the active bands effectively. Multiple
methods have been proposed in the literature to address this
problem [8]-[10]. However, these methods cannot be directly
applied to the multiple mixtures per channel case (when
Q' > 1) since the dictionary has, in that case, a more specific
and complex structure.

In this paper we consider both factors to enhance the
signal recovery quality. To the best of our knowledge, sequence
optimization has never been addressed in the multiple mixtures
per channel case. We thus propose here to extend previously
cited methods in order to deal with this more challenging
case. This paper is organized as follows. In section II, we
provide a novel problem formulation in case of multiple
mixtures per channel. Then in Section III, we present three
methods to optimize the selection of the periodic sequences.
Finally, results and simulations are presented in Section IV
to illustrate the effectiveness of the proposed methods on
simulated wideband radar data.

The notations are as follows. The [th column of a matrix
M is denoted as M, while the elements are denoted as M ,,,;
where m and [ are respectively the row and column indices.

II. PROBLEM FORMULATION

We consider an MWC setting with I physical channels, an
ideal low-pass filter with cutoff frequency f;/2 and sampling
frequency fs. Moreover, the sampling frequency is chosen as
fs = Q'fp with odd Q" = 2Q + 1, providing thus @’ band
mixtures per channel.

The input analog signal z(t) with Nyquist rate fnyg
and J active bands is multiplied in each channel i by a

M-1 mT.
Z Sim 1l <t — Mp> where

m=0

M is the sequence period length and TI(¢) is a rectangular
window of length T,,/M. The Fourier transform of the analog

periodic function p;(t) =
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Fig. 1: The modulated wideband converted scheme. On the top, an example of a sparse spectrum with J = 3 active bands. On

the right, three mixtures of aliased spectra in each channel.

multiplication x(¢) - p;(t) after filtering and mixture extracting
is given as [5, equation (23)]:

Lo
W(T+af) = 3 e XU -1hy) e |- 2],
I=—L0

(1)
where —(Q) < ¢ < @ is the mixture index, X (f—[fp) is the Ith
band with bandwidth f,, and c;; is the [th Fourier coefficient
corresponding to the periodic sequence of channel 7. The total
number of bands L. = 2Ly + 1 is determined such that the
sum contains all nonzero shifted bands over [—fs/2, fs/2].

ie Lg= {M—‘ — 1 where[-] is the ceiling operator.

2fp
Furthermore, for each value of ¢, equation (1) reads:
o f
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where y,(f) and z(f) are continuous vectors of length [
and L respectively and A[g] € C!*% gathers the Fourier
coefficients such that Alqly = ¢; (144). If we go further, we can
express the Fourier coefficients c; (;44) of a periodic sequence

{sio, .- ~75i(M_1)} as:
M—1
_i2n
Ci,(1+q) = A(i4q) Z sjped w (Ha)k 3)
k=0

The definition of d(Hq) is given in [5, equation (16)]:

1
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According to (3), A[g] can be written as:
Algl =SF[q], —Q<q=<Q, (5)

where S € C'*M is the sequence matrix gathering one period
of each sequence, i.e. S;,, = Sim. Moreover, Flq] € CM*L
gathers the elements: F[q],,; = dl+qe*j 3 (+a)m  This matrix
can be interpreted as the Discrete Fourier Matrix (DFT) which
is frequency shifted by e~ and scaled by di4q.

Finally, by vertical concatenation of y,,(f) for the different
values of ¢, we obtain the system Y (f) = A(S)x(f):

y—Q(f) SF[_Q]
: = : z(f), (6)
y+Q(f) SF[+Q]
Y (f) A(S)

where A(S), denoted as the dictionary, is of size (I-Q’) x L.

III. SEQUENCE OPTIMIZATION

The selection of the sequences in S is crucial to the
performance of the signal recovery stage. In this section, we
focus on optimizing the selection of these sequences in order
to obtain a dictionary A(.S) which is as incoherent as possible.

The mutual coherence is a common measure of the cor-
relation of a dictionary A(S), it is defined as the maximum
absolute and normalized inner product between any two dis-
tinct columns of A(S):

|A(S)]" A(S)m]

A(S)) =
WAS) = S LIAG . )

)
= |as)"as) - L _.

where A(S) is the normalized version of A(S) (ie.
Vi, A(S) = A(S)||A(S)||7Y), Iy is the identity matrix
of dimension L and || - ||« is the infinity norm that returns
the maximum value of its entry. The mutual coherence of a

dictionary of size (I-@Q’) x L is bounded by % <
1(A(S)) < 1 where the lower bound is known as the Welch
bound [11].

In the literature, many methods have been proposed to
minimize the mutual coherence. However, these methods con-
sider simpler models. A first family of methods considers the
optimization of the dictionary A(.S) regardless of the sequence
matrix S which is the only matrix that we can optimize for the
MWC. A second family of methods consider the optimization
of S when the relationship between the dictionary and S is
linear, this is the special case when Q' =1 (A(S) = SF[0)]).
In the sequel, we present methods that aim at minimizing the



mutual coherence by optimizing S. Some of these methods
are inspired by methods of both families cited above.

A. Quasi-Newton method

The first method that we propose is to tackle the minimiza-
tion of the mutual coherence directly using a quasi-Newton
method, more precisely the BFGS algorithm [12], to resolve
the following non-linear optimization problem:

min 1 (A(S)). ®)

The quasi-Newton is an iterative descent method that starts
with a given initialization and gradually minimize the cost
function. Since the problem is non-convex, this method can
only guarantee to find a local minimum solution that depends
on the initialization, which we propose to be random in this

paper.

B. Gradient method

The authors in [9] propose a gradient descent that mini-
mizes the Frobenius norm instead of the infinity norm method.
Thus, the optimization problem is rendered simpler at the
price of not minimizing the mutual coherence directly but
effectively.

This method can be directly applied in the special case
when Q' = 1. Hereafter, we extend it to the case Q' # 1 which
corresponds to solve the following optimization problem:

2
Q

min[|A(S)7A(S)|[;, = min | > Fla)"S"SFlg) 1.
=—Q i

The update of S at each iteration (u) of the gradient descent
algorithm is obtained by calculating the derivative of the cost
function in (9) with respect to S, yielding the following update
step:

Slutl) — glu)_

Q
| > S FlG(Fla"(5“)" S Flg) - 1.) Flg”
=—Q

(10)

where 7 is the step-size and the algorithm is initialized by a
random S©.

C. c-sidco method

The third method that we adapt is called c-sidco and
is given in [10]. It can be applied to minimize the mutual
coherence of the dictionary A(S) directly (without optimizing
the sequence matrix S). The results in [10] show that this
method yields matrices with relatively small mutual coherence,
close to the Welch bound. Therefore it appears to be beneficial
to adapt this method in order to optimize S. The main difficulty
here is that the optimization problem should take into account
the specific structure of A(.S) where only S can be optimized,
which is not the case for the c-sidco method as proposed
in [10]. Thus, we propose an iterative alternating scheme of
two steps which is summarized in Algorithm 1. The algorithm
alternates between the minimization of the mutual coherence
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Fig. 2: The mutual coherence for different sequence optimiza-
tion strategy with respect to the dictionary column number.

Algorithm 1: Alternating c-sidco

Output: S N
Initialization: random S
1 for k =1 — Ny do

2 for | IN RANDOMIZED {1,...,L} do
3 Ty = 1- | AGS)! A(S) o
4 h; = argmin max |A(S)7h|
h; m/,\m;él
st flh—AS)3 < T
H; = hy||hl;*
end
~ —r 2
7 SzargminHH —S{F[—Q] F[—i—Q]}HF
s
8 end

of a matrix by applying one iteration of c-sidco (lines 2—6) and
the sequence estimation in the least-squares sense (line 7). Let
us now detail the proposed two-step algorithm.

The columns of a matrix H are optimized one at a time
and in a randomized order using c-sidco strategy. That is for a
column [, a vector h; € C! is estimated such that the mutual
coherence is minimized between h; and the columns of A(S)
in the positions different than ! ({1, ..., L}\{l}). This leads to
the following convex optimization problem appearing in line 4:

min ma§l|h5 (S)| st | —AS)E<T. 1)
1 m;m
This problem can be solved using an interior point

method [12]. The constraint parameters 7; are chosen as 1; =

~ ~

1-— ma};l(A(S)fLA(S)l) to guarantee a decreasing mutual

coherence. Finally, the normalized version of i\Ll is stored in
the /th column of H.

In the second step, the sequence matrix S is estimated
in the least squares sense using the previously estimated H.
However, this is not straightforward since the relationship
between the dictionary and S is not linear. Fortunately, this
is possible by reshaping H such that it is decomposed into
@' blocks of size I x L which are horizontally concatenated.
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Fig. 3: Signal recovery performance.

Let us denote the reshaped dictionary of H as /I}T, it can be

written as:

H = [H[-Q ... H+q)|=SFI-q
(12)

Hence, S can be found by resolving the above linear system
in the least squares sense.

IV. RESULTS

We evaluate the proposed methods on synthetic wideband
radar signals. The overall signal is composed of J components
(e.g. chirp signals, phase codes) and can be expressed as
z(t) = Z'jjzl as(tj, f;) +n(t) where as(;, f;) is the j com-
ponent with amplitude a, time delay 7; and carrier frequency
fj. n(t) is an additive Gaussian white noise with unit variance.
In our experiments we set the Nyquist rate fny g to 5GH z, the
length of a sequence period is M (f, = fnyq/M)). We set
he physical number of channels to I = 7, while the sampling
frequency f; is set to fs = 3f, (Q' =3 and ) = 1), yielding
21 mixtures (3 mixtures per channel).

For the signal recovery stage, we use the Simultaneous
OMP (S-OMP) algorithm [13] to approximate x( f) in (6). This
is a greedy algorithm that considers the Multiple Measurement
Vector (MMV) system in which the sparse solutions share
common support (the support contains the indices of the active
bands ). However, the model given in (6) is an Infinite
Measurement Vector (IMV) since f is continuous. Therefore,
to transform the IMV system to an MMV we suppose that the
frequencies are discrete and have the same dimension as the
discrete temporal outputs y[n] (a discrete Fourier transform is
applied on the temporal outputs). Furthermore, we include a
radar oriented stopping rule to S-OMP in order to estimate the
number of active bands .J, this stopping rule ensures a small
fixed false alarm probability P, = 1073.

A. Mutual coherence minimization

To compare the performance of the methods in terms
of minimizing the mutual coherence, we vary the periodic
function frequency f, such that the band number L corre-
sponding to the dictionary column number varies between 21
and 45. For each value of L we generate 25 uniformly random
dictionaries which are used to initialize the proposed methods.
The results are presented in Figure 2 where the 25 values of

F[+Q]].

mutual coherence are averaged for each L. The results show
that the gradient descent method enhances slightly the mutual
coherence level. The quasi-Newton and c-sidco methods yield
much better results, and the c-sidco method is the closest to
the Welch bound.

B. Recovery performance

We study now the impact of sequence optimization on the
performance of the recovery stage with respect to the SNR de-
fined as SNR = 101log |a|* (supposing unit noise variance and
unit energy normalized components s(7;, f;)) . We consider
four dictionaries respectively obtained with uniformly random
generated sequences and gradient, quasi-Newton and c-sidco
methods optimized sequences. The mutual coherence of these
dictionaries are respectively 0.54, 0.47, 0.26 and 0.22. We
fix the periodic function frequency f, = 151M Hz yielding
sequences of period length M = 33 and L = 37 bands and the
SNR varies between 0 and 40 dB. For each SNR we generate
2000 signals x(t) with J = 3 active bands. The methods are
then compared using three criteria: the True Positive (TP),
False Positive (FP) and the Mean Squared Error (MSE). The
TP and FP are defined as:

TP =|SNS&*/|S*, FP=|SnS*|/|S*|, (13)
where §, §* and S* are respectively the estimated, ground-
truth and the ground-truth complement supports. The MSE is
calculated as the sum of the squared differences between the
estimated bands and the ground truth bands normalized by the
Frobenius norm of the ground truth bands.

The averaged plots for the 2000 signals are displayed
in Figure 3. These results show that as the mutual coher-
ence decreases the detection quality, indicated by the support
cardinal and TP scores, increases. The estimation quality is
thus enhanced for the methods with lower mutual coherence.
Moreover, the FP of all the methods is close to the fixed Pyq.

V. CONCLUSION

In this paper, the problem of sequence optimization for the
MWC is considered in the case where multiple mixtures are
extracted in each channel. We present a novel problem formu-
lation and propose three methods, inspired by the literature,
which are extended to deal with this complex case. Results
show that the methods were able to minimize the mutual
coherence, allowing thus to enhance recovery performance.
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