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Résumé. Cet article présente les concepts de base d’une théorie systémique
de I’interaction entre des dynamiques ouvertes non déterministes a tempo-
ralités variées. Elle comporte trois niveaux : la définition de ces dynamiques
en tant que lax-foncteurs, la notion d’interaction — qui fait appel a des
notions de requétes, de synchronisations et de modes sociaux — et enfin
I’engendrement de dynamiques globales ouvertes. L’aspect connectif des in-
teractions est abordé, mais les autres aspects connectifs sont renvoyés a des
travaux ultérieurs.

Abstract. This paper presents the basic concepts of a systemic theory of
interaction between non-deterministic open dynamics with varying tempo-
ralities, which includes three stages: the definition of these dynamics as lax-
functors, the notion of interaction — which uses some notions of requests,
synchronizations and social modes (privacy) — and finally the generation of
open global dynamics. Some connectivity structures of an interaction are de-
fined, but the other aspects of dynamical connectivity are left to further work.
Keywords. Open Dynamics. Systemic. Interactivity. Lax functors. Cate-
gories. Complex Systems. Connectivity.

Mathematics Subject Classification (2010). 18A25, 18B10, 37B99, 54A05,
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Introduction

This article presents in English the fundamental concepts of our theory of
interactivity between some open dynamics defined as kind of lax-functors
to some 2-categories of sets with families of non-deterministic transitions
as 1-cells. The origin of this work is linked to our research on connectiv-
ity structures [6], since connectivity has proven to be essentially dynamic in
nature. In 2009, we began to study from a connectivity point of view some
dynamics that were not necessarily deterministic, with durations taken in an
arbitrary monoid. During a lecture in 2010 on these issues, an oral remark
by Mme Andrée Ehresmann suggested that any small categories should be
taken as duration systems. On this occasion, she mentioned her 1965 paper
[1], where under the name of guidable systems she considers kinds of de-
terministic influenceable dynamical systems based on temporalities defined
by small topological categories. At the end of the first section of the present
paper, we precise some relations between this notion of “guidable systems”
due to Mme Ehresmann and the one we developed on our side after the ques-
tion of the interaction between our own non-deterministic dynamics based on
various temporalities arose. In the course of our research on interactivity, we
thus first considered open dynamics as defined by some functors said to be
disjunctive and we sought to construct the global dynamics generated by the
interaction of families of such open dynamics. The problem was to recog-
nize that functors were insufficient because of a kind of instability: global
dynamics were not always functors. We then had to extend our definitions
to what we first called sub-functors ([11, 10, 13]), before Mathieu Anel and
then Mme Ehresmann invited us to reformulate our definitions in terms of
lax-functors [14]. Thanks to the lax-functorial stability theorem, presented
at the beginning of the section 3, “Global Dynamics”, we obtain a systemic
theory where the dynamics generated by interactive families can in turn in-
teract.

After this introduction and details on our notations and the 2-categories
used in the paper, there are three sections:

* in the first section, we define what we call open dynamics thanks to
notions of multi-dynamics, mono-dynamics, clocks, and morphisms
between them. We also define some parametric quotients that are used
in the third section. We then give a number of examples and, finally,
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we briefly describe some of the relations between our dynamics and
Mme Ehresmann’s guidable systems,

* in the second section we define precisely what we mean by an interac-
tion. This is the only part of the article where we discuss connectivity
structures, leaving the other connectivity aspects of dynamical inter-
activity to further work,

* finally, in the third section, the lax-functional stability theorem makes
it possible to associate a number of global dynamics with a given in-
teractive family, and we conclude the paper with two examples.

Notations and 2-categories at stake
Functions

The canonical inclusion & < R, that is the only real function defined on the
empty set &, is denoted by @. The restriction of a function f on a subset
D c R is denoted fp. For any integer k € N, we set C* = Uper, C*(D),
where Zg is the set of open real intervals and, for each interval D, C*(D) is
the set of real functions of class C* defined on it'. The set C° of all continuous
real functions defined on open real intervals is also denoted by C. Note that
Ck(@) = {8} + @. For each interval D ¢ R, the set of metric maps D — R,
that is the set of real Lipschitz maps with Lipschitz constant 1, is denoted
Lipi(D).

Categories

As usual in our papers, for any category D, we denote by D the class of
its objects, and D the class of its arrows. For every arrow h, we denote by
dom(h) its source object (or domain) and by cod(h) its target object (or
codomain). 1 = (e) is the terminal category, which has only one arrow /d,
that is also denoted by 0. The category of sets is denoted by Sets. The
discrete 2-category associated with any category D is again denoted as D.

'If D is a singleton, we consider C¥(D) as the set of constant functions, i.e. C¥(D) ~ R..
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Transitions

For any sets U and V', we define a transition from U to V as a map U —
P(V) or, equivalently, as a binary relation U — V. We often write o : U ~ V'
to indicate that ¢ is such a transition with U = dom(y) and V' = cod(). The
domain of definition of ¢ is defined by Def,, := {u € U, p(u) # &}. Denoted
by 1 ®¢, the composition of transitions ¢ : U ~ V and ¢ : V' ~ W is defined
forall u € U by 0 (u) = Upep) ¥(v) € W. A transition f : U ~ V is said
to be hyper-deterministic? if card(f(u)) < 1 for all u € U. In this case, it is
often considered as a partial function, and we denote it by writing f : U -> V.
In particular, if card(f(u)) = 1 for all u € U, it is said to be deterministic
and it is considered and denoted as a total function f: U — V.

The 2-categories Tran and ParF

We denote by Tran the 2-category that has sets as objects, transitions as
arrows with the composition defined above, and such that for each couple
of sets (U, V') the category Tran(U, V') is given by ordering the set of tran-
sitions U ~ V' by the constraint order defined for all ¢, € Tran(U, V)
by

P21

where ¢ 2 1) means that for all u € U, ¢(u) 2 ¢(u). If ¢ < 1, we say that
1 is more constraining than @, or that ¢ is laxer than 1. Thus, there exists a
2-cell ¢ = 1 if and only if ¢/ is more constraining than .

We’ll denote by ParF the sub-2-category of Tran obtained by keeping
all sets as objects and, as 1-cells, only the hyper-deterministic transitions
between them, that is partial functions. Thus we have these inclusions of
2-categories:

Sets ¢ ParF c Tran.

Given any small category D, we write o : D — Tran to indicate that « is
a(d
a lax-functor from the discrete 2-category D to Tran. Instead of «/(S) )

a(T), the image of a D-arrow S ST by « is denoted by S* L 1o

2In our previous texts, these transitions were called “quasi-deterministic”, but the ex-
pression “hyper-deterministic” is more coherent with the constraint order defined below.
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Remark 0.1. Of course, as a category, Tran coincides with Rel, the cate-
gory of sets with binary relations as arrows, but we prefer to emphasize the
transition point of view with this notation. In [7], [8], [10] and [13], it was
denoted P (for “possible”).

Remark 0.2. Given o and 3 two lax-functors from D to Tran, we have
to distinguish between the set — denoted natp(«, 3) or nat(a, ) — of all

. .. é
families of transitions (S ~ SP) ¢y such that

V(S 3T)eD,or0d cd®ods,

and the set Nat(«, 8) of lax-natural transformations from « to (. Indeed,
such a lax-natural transformation — denoted by 6 : a« & 5 — is defined not
only by the data of the associated family (0s)g.p, € nat(«, ), but also by
its domain o, and its codomain 5. To underline this nuance, we sometimes
write

Nat(a, 8) = {(«,0,3), d e nat(«, 3)}.

For example, note that, if o, (1, ae and (o are some lax-functors D — Tran
such that (ay, 1) # (aw, B2) but that, for all S € D, S* = S and S = SP-
then, because domains or codomains differ, Nat(ay, 51) n Nat(ag, f2) = &,
while we can have, and we will often have, nat(aq, 51) Nnat(ag, 52) # @.

Some 2-categories of sets with L-families of transitions as arrows

For any non-empty set L we define a 2-category denoted by Tran taking

sets as 0-cells and, for each couple of sets (U, V'), the category Tran— (U,V)
being defined by

Tran>(U,V) = (Tran(U, V))L.

In other words, for a given domain U and a given codomain V', a 1-cell ¢ in
Tran=> is an L-family () )aer of transitions py : U ~ V. We sometimes

©
write ¢ : U Z; V or U,V to indicate that ¢ is such a family.
The composition of 1-cells is naturally defined by

PO U =(©x)rer @ (Va)rer = (A © Yr)rer,
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and there is a 2-cell ¢ = 1 if and only if < 1), thatis ¢y 2 ¢, forall A € L.

Similarly, we denote by ParF 5 the sub-2-category of Tran— obtained
by keeping sets as objects and, as 1-cells, only the L-families of hyper-
deterministic transitions between them, that is L-families of partial func-

. I o
tions, and by Sets— the category of sets and, as arrows, L-families of total
functions, so we have

Setsi c ParFi c Trani.

. . . . L

As in the case when L is a singleton, we write a : D — Tran— to
o . . L
indicate that « is a lax-functor from the discrete 2-category D to Tran—

o

and the image of a D-arrow S 47 by such an « is denoted by S*Z ;T

a(d)
instead of a/(S) (7).

1. Open dynamics

1.1 Multi-dynamics
1.1.1 L-dynamics on a category D

Let L be a non-empty set, and D a small category. A lax-functor o : D —

Tran2 is said to be disjunctive if for all objects S # T in D, we have
SenT*=g.

Definition 1.1 (L-dynamics on D). A multi-dynamic « on D with L as set of
parameter values, or simply an L-dynamic on D, is a disjunctive lax-functor

a:D — Tran.
For each S € D, the elements of the set S are called the states of a
of type S, and we denote by st(«) the set |lg . S* of all states of a. The

category D is called the engine of «, its arrows (S 4 T) € D are called
durations.
By definition of lax-functors between bicategories, an L-multi-dynamic

« associates with each duration (S Kt T) € D an L-family of transitions
d® = (d$)aer + S*3 T such that, for each A € L and any composable

d e
arrows R—S—T', we have
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* (disjunctivity) S # T'= SenT* = &,
* (lax identity) (Idg)$ € Idge,
* (lax composition) (e o d)$ € e$ @ d.

A state u € S such that (Idg)$(u) = @ is said to be offside for the param-
eter value \ € L, and it is simply said to be offside if it is offside for all
parameter values. A state that is not offside is said to be onside. If the lax-

functor « is in fact a functor D — Trani, we say that the multi-dynamic
a 1s functorial or strict. An L-dynamic on D is said to be deterministic
(resp. hyper-deterministic) if for each duration d € D and each parameter
value A\ € L, the transition df is deterministic (resp. hyper-deterministic).
In other words, a deterministic L-dynamic on D is a disjunctive functor?

D - Setsi, and a hyper-deterministic L-dynamic on D is a disjunctive
lax-functor D — ParF 5.

Remark 1.2. In [10], multi-dynamics were called multi-dynamiques sous-
catégoriques — and multi-dynamiques catégoriques in the functorial case —
whereas they were called multi-dynamiques sous-fonctorielles in [13].

1.1.2 The category MonoDyny, of mono-dynamics on D

In the particular case where L is a singleton {*}, an L-dynamic is called a
mono-dynamic (or simply a dynamic) on D. Taking lax-natural transforma-
tions between mono-dynamics on D as morphisms, we obtain the category*
MonoDynp of mono-dynamics on D. These morphisms are called dy-
namorphisms, and we write 0 : « & [ to indicate that J is a dynamorphism
from « to 8. Such a dynamorphism § € MonoDynp(«, ) is said to be de-
terministic (resp. hyper-deterministic) iff all transitions dg are deterministic
(resp. hyper-deterministic).

Remark 1.3. Following the remark 0.2, we have to distinguish between
nat(c«, 8) and MonoDynp (o, 8) = Nat(a, 3). Nevertheless, as long as

3Obviously, an L-dynamic that is deterministic is necessarily functorial.

“In [10], mono-dynamics were called dynamiques sous-catégoriques — and dynamiques
catégoriques in the functorial case — and the category MonoDynp, was denoted by
DySC(p). In [13], they were called mono-dynamiques sous-fonctorielles.

7
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there is no ambiguity, we shall denote as usual by a same letter a lax-
natural transformation 6 and the corresponding family 6 = (0s) ¢ of tran-
sitions. Also note that disjunctivity of o implies that a family of transitions
(0g: 5%~ SP) ¢ gy can be seen as a single transition 0 : st(a) ~ st(f)
with, for each S € D and each u € 5%, §(u) = 6s(u) € S8 € st(B). Then, a
dynamorphism 0 : « > f3 is often seen as such a transition st(a) ~ st(f).

1.1.3 Clockson D

Definition 1.4. A monodynamic h on D that is deterministic is called a clock
on D. Its states are called h—instants (or simply instants).

Thus, a clock on D is nothing but a disjunctive functor D — Sets. A
pre-order relation, called anteriority and denoted by <y, is defined on st(h)
by

(s<nt) < (JeeD,eb(s) =t)
for all instants s and ¢. We define the category Clocksp of clocks on D tak-

ing deterministic dynamorphisms as morphisms between them. It is equiva-
lent to the topos of presheaves on D°P.

1.1.4 The category L - Dynp, of L-dynamics on D

We denote by L — Dyny, the category whose objects are L-dynamics on
D, and with arrows § : @ @ [ — called (D, L)-dynamorphisms — given

. » 5
by the families of transitions (S® ~ Sf)¢.y that are lax-natural from the
mono-dynamic «, to the mono-dynamic 3, for all A € L, that is such that

YAeLV(S3T)eD,sr0dscd ods.
Following the remark 0.2, we can formulate this by writing

L -Dynp(a,B) = {(a,d,5),0 € [ nat(ay, Bx)}

AeL

or even, with the usual omission of domain and codomain when there is no
ambiguity, by L — Dynp(«, 3) = Nxep nat(ay, 53).
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1.1.5 The category MultiDynp, of multi-dynamics on D

Let L and M be some non-empty sets, and o : D — Tran> and g:D —
M . .
Tran— be multi-dynamics on D.

Definition 1.5. A D-dynamorphism o & (3 is a couple (0,6) with0 : L - M
a map, and’® § € Nz natp (axz, Bon))-

Thus, to be a dynamorphism, (€,0) must satisfy the lax-naturality con-
dition
VA€ L Y(S5T)eD,orod cdy,,
We then obtain the category MultiDynp, taking as objects all multi-
dynamics on D, and as arrows all D-dynamorphisms between them. Natu-
rally, such a dynamorphism (6, 6) is said to be (hyper-)deterministic if for
every object S € D, dg is (hyper-)deterministic.

@55.

Remark 1.6. For any set L with card(L) > 2, L — Dynp, is a non-full
subcategory of MultiDyny,, whereas MonoDyny, is a full one. We can
in particular consider dynamorphisms between mono-dynamics on D and
multi-dynamics on D. For example, if L is a non-empty set, o an L-dynamic
on D, and h a clock on the same engine, then a dynamorphism s : h 3 « is
a couple s = (\,0) with A€ L and o = (5?5 SY) gepy such that

¥(SST)eD,or0d cdoos,

whereas a dynamorphism 7 : a 9 h is a family of transitions T = (S¢ 5
SY) ¢.p such that

V(S S T)eDB,V\e L, rr0dscdors.

1.1.6 The category MultiDyn of multi-dynamics

Leto: D — Tran— and G:E— Tran> be multi-dynamics with possibly
different sets of parameter values and different engines.

Definition 1.7. A dynamorphism o & ( consists, in addition to the data of
a and B, of that of a triple (0, A, §) with

SUsing the notation explained in the remark 0.2.

9
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e 0:L—> M amap,
* A:D - E a functor,

* § € Myer natp(ax, Bon) © A).

The last condition means that the lax-naturality condition

Ve LY(S 5 T)eD,orods ¢ (Ad)j,, © s

has to be satisfied. The category MultiDyn of multi-dynamics is then
defined taking as objects all multi-dynamics, and as arrows all dynamor-
phisms between them. The full subcategory of MultiDyn obtained taking
mono-dynamics (resp. clocks) as objects is denoted by MonoDyn (resp.
Clocks). In general, MonoDynp, (resp. Clocksp) is a non-full subcate-
gory of MonoDyn (resp. Clocks).

1.2 Open dynamics: definition, realizations, quotients

1.2.1 Definition of open dynamics

Definition 1.8. An open dynamic A with engine D is the data

A:((a:D—”I‘rani)q’;h)

* a non-empty set L of parameter values,

an L-dynamic o € L — Dynyp,,

a clock (h: D — Sets) € Clocksp,

a deterministic dynamorphism p € MultiDynp(«, h) called data-
tion.

An open dynamic with engine D is also called an open dynamic on
D. An open dynamic is said to be intemporal if its engine is the terminal
category 1. The states of « are also called the states of A, thus we set:
st(A) = st(a). If the parametric set L is a singleton, A is said to be an open
mono-dynamic or, sometimes, an opaque dynamic.

10
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Remark 1.9. For each \ € L, we naturally denote by A, the open mono-
dynamic obtained by restricting parametric values to ), that is

Ay = ((a)\:D—»Tran) q’; (h:D - Sets)).

According to the definitions given in § 2.4.2 of [10] and § 1.2.2 of [13],
a dynamorphism from an open dynamic

A= ((a :D — Trani) QT» (h:D - Sets))
to an open dynamic
B = ((6 E — Tran]\—{) 0; (k:E > Sets))

is a quadruplet (6, A, d, ¢) with
* (0,A,6) e MultiDyn(a, ),
* (A,e) e MonoDyn(h, k),
¢ this lax synchronization condition satisfied:

VSED,TAS®55§85®pS.

We denote by ODyn the category of all open dynamics, with dynamor-
phisms as arrows.

1.2.2 Realizations of an open dynamic
Let A= ((a :D — Trani) QT» (h:D - Sets)) be an open dynamic.

Definition 1.10. A realization (or a solution) of A is a hyper-deterministic
dynamorphism (s : h & «) € MultiDynp (h, ) such that the lax condition

p@ﬁgldh

be satisfied.

11
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In other words®, a realization of A is a couple s = (A,0) with A € L and
o : st(h) -» st(«) a partial function defined on a subset Def,, € st(h) such
that:

1. Vt e Def,,p(o(t)) =t,
2. VS eD,VteShnDef,,o(t) e S,
3. V(S S T)eD, vtesh,
d™(t) € Def, = [t € Def, and o(d"(t)) € di(a(t))] :
The set of realizations of A is denoted by & 4. Given s = (\,0) € G,

we call A\ the parametric part or the incoming part of this realization, o its
outgoing part, and we set

In(s):=X and Out(s):=o0.

Outgoing parts of realizations of A is often called outgoing realizations
of A — or even simply realizations, if there is no ambiguity — and their set
is denoted by Z 4. Thus, we have’

Za= Za,.

AeL

A realization of A is said to be empty if its outgoing part is the empty
function st(h) > @ < st(«). This empty function is denoted by & ,, or
simply @, if there is no ambiguity. We always have Z, > @ ,, and we denote
by Z the set of non-empty outgoing realizations of A:

Z:x =ZaN {@A}-

An open dynamic A is said to be efficient if the set Z; is non empty.

6See [13], § 1.3.1.

"For any \ € L, the set of realizations of the open (mono) dynamic Ay is simply given
by G4, = {A} x Za4,, so this latter set Z4, of outgoing parts of realizations of A} is often
simply called the set of its realizations.

12
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Realizations passing through a state.

Definition 1.11. Given an open dynamic A, we say that a realization s =
(X,0) of A passes through a state a € st(A) — or equivalently that the
outgoing part o of s passes through a — and we write

s>a (or,equivalently : o > a)
ifo(p(a)) = a.
More generally, if E is a set of states of A, we write
s> E  (or,equivalently :0 > F)

to say that o passes through every a € E. If E is a finite set £ = {ay, ..., a, },
we can also write
TD> A1y ey Q.

1.2.3 Parametric quotients

L . . . .
Let o : D — Tran— be a multi-dynamic with engine D and parametric set
L.

Proposition 1.12. If ~ is an equivalence relation on L, and M = L/~ is the
quotient set of L by ~, then the relation

VILLEMHBM = UO[>\7
Aep

that is

+ VSeD, S8 =S,

e V(e:S—>T)eD,Vace S8 ep(a) = Unen €5 (a),
defines a multi-dynamic 3 on D with parametric set M.

Proof. For every ju € L/~, and each S € D, we have®

(Ids) = (Ids)$ € U Idse = Idgs,

Aep Aep

8Where the order relation < is of course the constraint order ¢ < 1) < ¢ 2 1.

13
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that is (Ids)}) > Idgs.

Furthermore, for each couple of composable arrows R—f>S LT inD,

we have
(gOf)ﬁ=AU (9o Nxz2U(gx o f2),

Aep

but for each \ € y, we have f¢ ¢ fff , and the same for g, and then
g ficgiof,

SO
(gof)cgiofl,
that is
(gofzglofl
O

Definition 1.13 (Parametric quotient of a dynamic). The multi-dynamic f3 :
D - Tran> defined in proposition 1.12 by

VMEM76}L = Ua)w
Aep

is called the parametric quotient of o by ~ and is denoted by (3 = a/~.
For any open dynamic

A= ((a:D—rTranA) C/})» (h:D—>Sets))

and any equivalence relation ~ on L, we define in the same way the quotient
open dynamic B = A/ ~ setting

B = (((a/ ~):D - Tran(LlZ) q’l (h:D - Sets))

where, for every b € S®/~ = S, 5(b) = p(b).

14
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1.3 Examples of open dynamics

Example 1.14 (Bushaw’s dynamics). In her 1965 article [1], Andrée Bas-
tiani (-Ehresmann) cited Donald W. Bushaw’s 1963 article [3] in which this
one introduced some continuous dynamical polysystems that correspond —
leaving aside topological aspects — to our deterministic open dynamics
with the group (R, +) as engine and with clock the real existential clock®
£ = &(r,+) (defined by st(£) = R and d¢(t) = ¢ + d for all reals ¢ and d):

(a: (R, +) > Sets>) & (¢: (R, +) — Sets)

such that the following additional condition (“non-anticipation”) be satisfied:
forall A\j, Ay € L and ¢y € R there exists a unique A € L such that, for all states
s € st(a) with 7(s) = tg, we have

s VdeR_,d}(s) =d5 (s),
* VdeR,,d5(s) = dS,(s).

Thus, with each Bushaw’s dynamical polysystem is canonically asso-
ciated a deterministic open multi-dynamic on R. Reciprocally, by choosing
convenient topological structures on the set of states and on the set of param-
eter values, some Bushaw’s dynamical polysystem(s) can be associated with
each deterministic open multi-dynamic on R endowed with the existential
clock ¢ and satisfying the “non-anticipation” property.

Realizations of Bushaw’s dynamics. (R, +) being a group, every non-
empty outgoing realization of the considered deterministic open dynamic
is defined on the whole real line and, with the topological assumptions of
Bushaw’s paper, it is necessarily continuous. For its part, Bushaw doesn’t
explicitly define the realizations (solutions) of his systems. Nevertheless,
for each ¢ € L, Bushaw denotes again by ¢ the map £ x R — E, where
E = st(a), defined with our notations by (e, d) = d%(e). Then, for each
givenstate e € F/,themapo : R >t~ p(e,t—7(e)) € E constitutes the single
realization of the considered deterministic dynamic such that o(7(e)) = e.
It is defined on all R, and it is continuous. Thus, for each A, there is an

9 About the existential clock of a category, see [6].
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implicitly notion of realization that coincides with ours, even if some notion
of partial solution could perhaps be closer to the spirit of his work (because
of the local aspect of the parameters \).

Example 1.15 (®, a deterministic intemporal mono-dynamic). An intempo-
ral dynamic is functorial if and only if it is deterministic, and in this case its
behavior cannot depend on any parameter, since the image by the dynamic
of the only duration 0 is necessarily the identity of the set of states. For
example, we can consider the deterministic intemporal monodynamic ® for
which the set of states is {0, 1}, that is

P - ((¢> 11> Sets) b (&1:1 - Sets))
where
« st(6) = o0 = (0.1},
« 07 = Idgy,.

* & is the canonical clock!? of 1, which has only one instant 0,
!

and ¢ P & is the necessarily constant dynamorphism.

Realizations of . We immediately see that

Gy =Ly = {Qq),o, 1}

Example 1.16 (7, a one-step deterministic cell). We set
L !
T = ((v : Dy > Tran—) & (¢py : Dy - Sets))

where

10That is both the existential clock and the essential clock of 1. About the existential
clock and the essential clock of a category, see [6].
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* Dy = (Tp 4 T)) ~ (e — ), the category with two objects and a single
non-trivial arrow between them, which we call the one-step category,

* (p, is the essential clock!' of D, for which the set of instants asso-
ciated with each T is a singleton, say T;,*Pr = {t,,},

C Vhe 0,1}, (Ti)" = {1} x (0,1,

o Ly ={0,1}{01}

* VA€ Ly, Vke{0,1}, (Idr,))} = Id((1,)) (since T is functorial),
* VAe Ly, Vse{0,1}, dy(to,s) = (t1,A(s)) ,

!
v % (p, 1s the unique possible deterministic dynamorphism here

(since there is a unique instant for each temporal type 7} € D).

Realizations of Y. An outgoing realization of T can be identified with
some partial function o : {to,¢; } -> {0, 1} such that Def,, € {@, {to}, {to,t1}}-
With this identification, we can write S as the set of all couples (A, o) with
A€ Ly and 0 = @y, or 0 € {0,1}{}, or o € {0,1}{to:11} with o (1) =
Mo (tp)). Then,

Zy ={@,}u {01}y {0, 1} {tots},

Example 1.17 (7., a one-step hyper-deterministic cell). This is a functorial
hyper-deterministic variant of the example 1.16, keeping the same engine

d

Dy, = Dy = (Ty - T1), the same states and the same clock ¢ = (p, but
including new parameter values to permit a state to ask to “exit the game”.
More precisely,

T, = ((U* :Dry, —» Trang) 0:» ()

where

See [6].
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Ve {01}, (Ti)™ = (T0)" = {tx} x {0, 1},
L. = {#,0,1}00,

VA€ Ly, Vk e {0,1}, (Id(p))y = Id 7,y (because T, is functo-
rial),

VAe Ly, Vse{0,1},
if A(s) = * then d*(to,s) = &,
if A(s) € {0,1} then, like with Y, dy*(to, s) = {(t1,A(s))}.

In other words, viewing d\* as a partial function, it is defined for s ¢
{0,1} by :

* if A(s) = = then (o, s) ¢ Def;v,

¢ if A(s) € {0,1} then d}* (to,s) = (t1, A(s)).
Realizations of T,. As in the case of T, we can write G, as the set of all
couples (A, o) with A € Ly, and 0 = @y , or o € {0, 1}{%0}, or o € {0, 1} fo1}

with o(t1) = A(o(tp)) (which implies that A(c(%y)) # *). And we have
Zy. = 7.

Example 1.18 (I', a hyper-deterministic intemporal lax-dynamic). This is a
hyper-deterministic variant of the example 1.15, with the same set of states
and the same clock, but depending on parameter values. Precisely, we set

= ((7 11— TranL—F>) 0:» (1:1- Sets))

where

* St(fY) =e7= {07 1}’

e Lr ={a,b}, a set with two elements,

—>7
e 0 a = ]d{O,l},
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. 6)2 is defined as a transition'? by WZ(O) =@ and 6)2(1) ={1},
!
* & is the canonical clock!? of 1 and v $ &; is the constant dynamor-
phism.

Realizations of I'.  The set Z} = {0, 1} of nonempty outgoing realizations
of I' is the same as for @, but now we have

6F = {(avgl‘)v (a,O), (a’a 1)7 (&@F)? (bv 1)}

Example 1.19 (W =1, an intemporal open dynamic with functions as states).
The open dynamic W — also denoted by the Hebrew letter 1 (vav) — de-
scribed in this example 1.19 has been given in [13] and [18] together with a
dynamic denoted by H or by the Hebrew letter 7 (hey) — see infra, example
1.20 — and a third one denoted by Y or * (yod) (example 1.21) to produce
the interactive family that we will describe in the example 2.14, section 2.6.
The choice of the Hebrew letter 1 comes from the fact that this dynamic is
intended to (approximately and partially) model the philosophical concept
that P. M. Klein [19] named in the same letter. The dynamic W = 1is defined
by

W = ((aw 01— Traniw) q'» (£1:1 - Sets)),
where!4
o st(W) =eow =_,
* Ly =C,

o forall A € Ly, the transition ﬁiw is defined for all f € st(W) by

ﬁiw(f) :{ {f}if foA,

@ in other cases,

12Equivalently, 0, can be defined as a partial function by 0 ¢ Def &~ and T,(1)=1.
b

13See the example 1.15.
'4For the meaning of C, see notations in the begining of the paper.
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|
e & is the canonical clock of 1, and aw G &; is the constant dynamor-
phism,

where f ¢\ stands for ]‘]DefmeefA = )\‘DefmeefA.

Realizations of W. For each \ € Ly = C, the empty realization Dy, = Dw
is the partial function st(&;) = {0} -» st(W) = C with an empty domain
(or, as a transition, the map 0 — @ c C) whereas a nonempty realization of
W, can be identified with its value on the only instant 0 € st(&;), this value
being itself a real function f € C, possibly the empty real function @g. Then,
with this identification, we have

Gw = (N f), FeC for} u{(\ay)}).

AeC

The set of nonempty outgoing realizations of W is then
Ziy = Zn~ (@) = C.

Note that the empty real function @y belongs to Z,.

Example 1.20 (H = 7, a hyper-deterministic dynamic on R.,). The dynamic
H — also referred to as 1, “hey” in the Hebrew alphabet — has been intro-
duced in [13] and [18] under the name “history” to constitute an interactive
family together with Y = * (¢f. infra, example 1.21) and W =1 (¢f. supra,
example 1.19). It is a hyper-deterministic functorial open dynamic with en-
gine (R, +) and with a clock hyy o[ having instants ¢ €]7j, +oco[ where
To, called the origin of times, is taken to be {-oo} U R. We distinguish the
origin of times 7{ with the origin of histories which here will be taken to be
—o0. More precisely, such a Ty € {—o0} U R having been chosen, we set

== ((Reyh) % Tran™) &y ),

with
° St(aH) = Ute]To,+oo[ ({t} X Cl(] - oo,t[)),
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st(hyn +eof) =170, +00[,
* Lu =iy, = Unelmy +00) C(1T0, u),

V(t, f)est(an), (t, f)=t,
V(t, f) e st(an), Vd e R Vu €Ty, +oo], VA € C(]To, ul),

— if t + d < w and if there exists a (necessarily unique) g € C!(] -
oo, t+d[) such that gj_e ¢ = f and gju.s+af = AJe.e+a[> then we set

0 (t, f) = (t+d,g).
— in all other cases, we set dy"((¢, f)) = & that is, viewing d}* as
a partial function: (¢, f) ¢ Def 4

Realizations of H. It is easy to see that the outgoing part o of a nonempty
realization (\,0) € Sy can be uniquely represented by a real function of
class C' defined on an interval of the form | — oo, a[ or | - o0, a], with a > Tg,
that coincides with A on |7}, a[. More precisely, with these representations,
we verify that we can write

GHZ{(@@)}U[ U (ACIU ({A}X U EM))

ue]Tp,+o0] (1To,u]) €]To,u]
with By 1o = {0 € C'(R), 01,+00[ = A} Whereas
={oeC'(] - o0,a[) UC (] - 0, al]), o1y .af = N]Tp.a}

when a < +o0o. Thus, the set of outgoing realizations of H is

ZH={@}U( U - D)U( U cd- ]))-

To +oo:| To +oo[

For any nonempty realization o € Zj; of H, we call the restriction 0})_e 7]
the mythical part of o.
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Example 1.21 (Y = *, a non-deterministic functorial mono-dynamic). Intro-
duced in [13] and [18] as a “future” dynamic together with W (c¢f. supra,
example 1.19) and H (example 1.20), the dynamic that we designate by Y or
" (yod) and call a “lipschitzian source”, is defined by

Y = ((Oéy :(R,,+) > Tran) SL £R+),
where

* (R, is the existential clock associated with the monoid (R, +), that is
such that st(ér,) = R, and d®®+(t) =t + d for all instants ¢ € R, and
all durations d € R,

o the set of states is st(ay) = Ry xR,

* for all states (¢,a) € st(ay),
TY(ta CI,) = t7
and forall d e R, d*(t,a) = {t +d} x [a—d,a + d].

Realizations of Y. It is immediate to see that a realization o € Zy = Gy is
a partial function R, -> R, x R defined on an interval D of the form [0, a]
or [0, a[ that can be identified with a metric map"® o : D - R:

Zee U Lip((0.aDv U Lip([0,a])

acR4U{+00} acR ¢

where Lip;(D) = {o: D - R,cisametricmap}.

1.4 Some relations with Bastiani (-Ehresmann)’s control systems

In her article [1], published in 1967, Andrée Bastiani (-Ehresmann) consid-
ered some control systems — called systemes guidables in French — which,
leaving aside topological aspects, seem to be quite close to some of our open
systems which we have developed, as indicated in the introduction to this
paper, with a view to proposing a theory of interactivity, from a first categor-
ical generalization of some “closed” dynamical systems — namely mono-
dynamics on monoids (see section 1.1.2) — a generalization itself prompted

I5That is a Lipschitz function with Lipschitz constant 1.

22



S. DUGOWSON OPEN DYNAMICS

by an oral remark by Mme Ehresmann. To lay the foundations for a further
exploration of the possible connections between these two notions, we re-
formulated in our own language Bastiani (-Ehresmann)’s definitions, which
was originally given in the language and notations introduced by Charles
Ehresmann in his book Catégories et Structures [15] and which have been
more recently rapidly mentioned again by Mme Ehresmann in two lectures
[16, 17], with more current notations. Leaving aside, as announced, topolog-
ical aspects, it then turns out that the definition of a control system given by
Mme Ehresmann is equivalent to considering the data (F’, ¢) of a disjunctive

functor G N ParF and of a functor G > H, with G and H some categories
which we will assume to be small. Intuitively, the objects of H can be seen as
instants, and its arrows as durations whereas the objects of G can be seen as
“parameterized instants” and its arrows as “parameterized durations”. With
the functor F" is then defined a set £/ := || & F(g) whose elements we shall
see as “parameterized states”, and a partial action of G on E given for all

v e G andall e € Defp(,y € F(dom(7)) € E by 7. := F(7)(e). A solu-
tion on a subcategory S ¢ H of the control system (F, ¢) then consists in a

couple (S > E,S k4 G) where ) : S—>G is a functor and ¢ is a map that
associates with each instant ¢ € S a parameterized state ¢(t) € F, such that
we have gopoy = Idg, qot) = ]d§> and, forall he S, Y(h).p(ty) = p(t2)

where ¢; = dom(h) and t5 = cod(h).
An interpretation of these definitions in relation with ours is given by the
following association with each functorial hyper-deterministic open dynamic

A= ((a :D > ParF£>) q’i (h:D - Sets))
of a Bastiani (-Ehresmann)’s control system
GS(A) = (G 5 ParF,G 4 H),
namely the one given by
« H:=st(h),

« H:={(t;,d,ts) e HxD xH, d(¢;) = t,}, with obvious source, target
and composition,
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G := L x H (where L is seen as a discrete category),

q : G—H is the projection on H, that is the forgetting of the parameter:

g (()\,tl) (tahta) ()\,tg)) - (tl (trtta) tg),

forall (\,t) € G, F(\,t) == {\} x p~1(t) c L x st(a),

for all ((\,t1) (Madte) (N t2)) € Gandallse p~H(ty),

-ifse Defd(; then F()\,tl,d, tz)()\, 8) = ()\,dgf(S)),
-else (A, s) ¢ Defpoy iy ,d,t0)-

It is then straightforward to verify that every realization (\,0) € G4
gives a solution (¢,v) of the control system G'S(A) over the full subcate-
gory S ¢ H defined by S = Def,, namely the couple (i, ) given by ¢(t) =
(A,o(t)) e E =, F(g)foreveryt e Sand ¢(t1,d,ta) = (N, t1,d,t2) € G

for every (t1,d,t5) € S.

The association A — GS(A) gives us a first idea of the possible rela-
tionships between our open systems and Mme Ehresmann’s control systems,
each with their own limitations. Let us make a few comments on this. First,
not that G'S is not injective (up to isomorphism) since, for example

Id
* the open dynamic A = ((f (R4, +) > Sets) 3 (¢: (Rs,+) — Sets)),
where st(£) = R, and, forevery d € R, and every t € R, d¢(t) = t+d,

Id
* and the open dynamic B = ((C :(R,,<) > Sets) & (¢: (Ry,<) Sets)),
where for every ¢ € R, we have ¢¢ = {t} and, for every d = (t; < t5) €
(R4, <), we have d¢(t;) = ta,

are not isomorphic, but GS(A) and GS(B) are essentially the same control
systems, the important difference between the categories (R, +) and (R, <
) being lost in translation.

In addition, while our open dynamics are not necessarily determinis-
tic whereas Mme Ehresmann’s control systems could be said to be hyper-
deterministic, the formulation we obtained of a control system as a couple
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F L o :
(G 5 ParF, G 5 H) suggests a non-deterministic generalization, given by

couples of the form (G ER Trans, G > H). As we said in our introduc-
tion, the necessity to use lax-functors instead of functors in our own theory
came from our treatment of interactivity (cf. theorem 3.1). If a theory of
interacting ‘“control systems” would be developed, it could lead as well to
consider lax-functorial non-deterministic systems given by couples of the

form (G L Trans, G > H) which could be the subject of further research.

On the other side, GS isn’t surjective either. In particular, note that the
design of control systems gives to their “parametrical” aspects — which are
implied both in the category G of “parameterized instants” and in the set £
of “parameterized states” — a local nature, as opposed to the parameters of
our open dynamics, which are on the contrary global in nature, and this can
be viewed as an advantage of control systems.

Finally, according to our definition of the realizations of an open dy-
namic, note that even in the case when a control system G is of the form
GS(A) with A an open dynamic in the sense of our theory, a solution of G
that is defined over a subcategory S ¢ H that does not satisfy the property

V(tl,d,tg) € ﬁ, ty € S = (tl,d,tg) € §

cannot be obtained from a realization of A : thanks to a greater partial-
ity, Bastiani (-Ehresmann)’s control systems have more solutions'® than our
open dynamics, and this can be seen as another advantage of control systems.
Of course, it would be easy to broaden in turn our definition of realizations
of open dynamics to include more partiality, but the real difficulties will then
arise in interacting with other dynamics: how can a complex system work
when some of its components are removed or added ? This type of ques-
tion, linked to the philosophical problem known as the “Ship of Theseus”,
seems to us to be at the core of Andrée Ehresmann’s research work, but in
its current state our own theory does not yet allow us to address it correctly
since our collective global dynamics need all their components to be “si-
multaneously”!” active to obtain a realization defined at the corresponding
Instant.

16 At least as they are defined in [1] since this notion of partial solutions does not appear
at all in [16] and [17].
""For some synchronization.

25



S. DUGOWSON OPEN DYNAMICS

2. Interactive families

The main purpose of this section is to give the definition of interactive fam-
ilies, namely interacting families of open dynamics. For this, we firstly give
some reminders about binary relations, multiple relations and multiple bi-
nary relations (§ 2.1), then we give the definitions of an interaction request
and of an interaction relation between some open dynamics (§ 2.2) and the
definition of a synchronization between these dynamics (§ 2.3). An interac-
tion request (or an interaction relation) and a synchronization then define an
interaction in the family of open dynamics under consideration, and such an
interaction — together with a third element, called privacy or social mode
— leads in turn to the definition of an interactive family (§ 2.4). In § 2.5,
we associate four connectivity structures with any given interactive family,
in particular the realization connectivity structure of the interaction rela-
tion, which is the most important and which we simply call the connectivity
structure of the considered interactive family. Finally, in § 2.6, we give some
examples of interactive families.

2.1 Binary, multiple and multiple binary relations

2.1.1 Binary relations

Given F and E’ two sets, a binary relation B from E to ' is defined by its
domain E = dom(B), its codomain E' = cod(B) and its graph |B| c Ex E".
According to the introduction of the paper, we also consider such a binary
relation as a (not necessarily deterministic) transition £ ~ E’, that is a map
E - P(E"), setting forany e € E

B(e)={e' e E' (e,e') €|B|}.
Then the image of B is defined by

Im(B) = B(e) c F,

I

the converse binary relation, denoted as B~! or BT, is defined by its graph

|BT|=|B[" = {(e,€')", (e,¢') €| B]}  where(e,e")" = (¢, ¢)
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or, equivalently, by

Ve'e E',B(e') ={ec E,B(e) > €'},
and the domain of definition of B is given by

Defp ={e€ F,B(e) # o} =Im(B").

The set of binary relations from £ to £’ is denoted by BR g £+), and the
class of all binary relations is denoted by BR.

2.1.2 Multiple relations

In this section and the next, we recall the definitions we gave in [12] and [11]
about multiple relations and multiple binary relations'8. Given € = (E;);r a
family of sets indexed by a set /, the product [],.; F; is also denoted as I1;£
or [I€.

Definition 2.1. A multiple relation R is the data R = (I,&,|R|) of
* aset I =ar(R), called the index set or the arity of R,
* an I-family of sets £ = (E;);; called the context of R,
* a subset |R| € TI;&, called the graph of R.

The class of all multiple relations with a given index set / — which are
also called [-relations — is denoted by MR;. Given a context £ = (E;);es
on /, the set of multiple relations with context £ is denoted as MR¢. For
example, if 2 denotes the set {0, 1}, the class MR, can be seen as the class
BR of all binary relations between sets and, given ( Fy, F1) a couple of sets,
we have MR (g, £,) = BR (g, E,)-

If R and S are multiple relations in a context £, we’ll denote by R n .S
their intersection, that is the multiple relation in the same context such that
|[Rn S| =|R|n|S], and we define an order (MR, ) by putting R € S when
R=RnS. If JclI, weputé&; = (E))jes, 11;E = T1(E) = [1je; E; and
we designate by 0; the minimum element of (MRg ,, <), that is the empty
J-relation 0; = (J,&7,9), and by 1; its maximum element, that is the plain

80r, as well: binary multiple relations.
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J-relation 1; = (J,&;,11;€). Note that in the case where J = &, we have
Og # 1g, since the graph of 1 is a singleton I1,E = {e}, whereas |0;| = @. If
Re MRg‘ ,» we also denote by R the restriction of R on K ¢ J, that is the
K-relation defined by R|x := (K, &k, |R| k), where |R|x = {yx,y € |R|}
or, equivalently, |R|x = {x € IIx€,3y € |R|,Vk € K,x), = y)}. Finally, we
denote by MR the set of multiple relations inside the context &, that is
the set of all multiple relations R = (J,&;,|R|) with J ¢ I and |R| ¢ II ;€.
In other words MRc¢ = Ujcr MRg‘ , € Ujer MR ;. The set MRc¢ can be
endowed with a “gluing operator” ® defined!® for a J;-relation R; and a J,-
relation R, as the (J; U Jy)-relation Ry ® R» containing all “glued” families
x1 + Ty with some compatible x,, € |R,|, that is such that x; and x5 have the
same restrictions on J; N J5. In other words, for every x € [1;,,5,€, we have
x € |Ry ® Ryl if and only if z|;, € |Ry| and x|y, € |R;|. Note also that the
relation 1 = 1, is neutral for this operator, giving (MRc¢,®,1) a structure
of a commutative monoid, whereas (; is an annihilating element.

Remark 2.2. The intersection of two multiple relations in a given context
is nothing but a peculiar case of the gluing operator ® applied to relations
inside a same context and having a same arity.

2.1.3 Multiple binary relations
Definition 2.3. A multiple binary relation Q is the data (I, W, M,|Q)|) of

e aset I =ar(Q), called the index set or the arity of (),
* an I-family of sets W = (W) called the incoming context of @),
* an I-family of sets M = (M;);cs called the outgoing context of (),

o a subset |Q| € I1,€ called the graph of @, where £ = (E;);cs is given
by E; = W; x M, for all i € I and is called the product context of ().

The class of all multiple binary relations with a given index set [ —
which are also called I-multiple binary relations or I-binary relations —
is denoted by MBR;. The set of all multiple binary relations with given

See [12], section § 1.5.1, where it was denoted by .
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incoming context YW = (W;),c; and outgoing context M = (M, );es is de-
noted by MBRyy o) and, as in the case of multiple relations, we’ll de-
note MBRc(y A the set of multiple binary relations inside the context
(W, M), that is the set of all multiple relations R = (J,W,;, M,;,|R|) with
JcI,and |R| € I1,€ = [1e; (W; x M;). A gluing operator ® is defined
on MBR(y r) exactly in the same way that for MRcg: if, for n € {1,2},
we have R,, = (J,, W,;,, M,s,,|Rn|), then Ry ® R, designates the multiple
binary relation R with arity J = J; u J,, with context (W, ;, M) and with
graph |R| = {y € I1,€,Vn € {1,2},y4, € |Ryn|}. When R, and R, have the
same arity, R; ® Rs can be simply denoted by R; n Rs, and we obtain an
order on MBR(W‘J,MU) by putting R, € Ry iff Ry n Ry = R;.

2.1.4 Type conversions between MBR;, MR,;, MR ; and BR

With any Q = (I, W, M,|Q|) e MBR, we associate the /-multiple relation
mr(Q) = (I,&,|Q|)| where €& = (W; x M;);.;. Note that the gluing operator
® defined on MBRc(y, 01y can then be defined from the operator ® defined
on MRc¢ by the fact that, for R, and R, belonging to MBRcy r), We
have mr(R; ® Ry) = mr(Ry) ® mr(Ry). Of course, if Ry and Ry have
the same arity, we also have mr(R; n Ry) = mr(Ry) nmr(Ry). With each
Q) € MBR, we also associate the binary relation®® br(Q) : TI; )V ~ II;M
that has graph |br(Q)| given by |Q)| after an obvious re-indexing. Note that
the applications mr : MBR; - MR and br : MBR; - BR so defined
are injective on non-empty relations?!. In particular, we will often define the
graph |@| of a multiple binary relation ) € MBR () by giving, for all
w e I W, the set br(Q)(w) c I M.
Note also that, applying notations for binary relations, we have:

mr(@) = U br(Q)(w) cI;M,

wGH](W)

i e TLMbr(Q)T (1) = {w € T OW), br(@) () > ).
and
Defy gy = {w e II;(W), br(Q)(w) # @} = Im(br(Q)7).

20Recall that we often see binary relations as (not necessarily deterministic) transitions.
2IBecause if |Q| # @, then TI; W x I1; M # & and, in this case, this product characterizes
all sets W, and M;.
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Moreover, by putting 21 = Iy U I; where, for k € {0,1}, I, = I x {k}, we
define canonical reciprocal bijections

mry : MBR; < MRo; : mbr

in a trivial way: for any @ = (I, W, M,|Q|) e MBR;, where W = (W}, )cs
and M = (M,;);r, we set mry(Q) = (2[,D,|Zj|) where D = (D;)jeroun
with, for each i € I, D(; 0y = W; and Dy; 1y = M;, and @ is the image of |Q)|
given by the canonical bijection IT;(WW; x M;) — Ty, D.

2.2 Interaction relations in a family of open dynamics

From now on, I denotes a non-empty set and A = (A;);; an [-family of
L; Pi
open dynamics A; = ((ai :D; — Tran—) % (h; : D; > Sets)). For each

v € I, the set Z4, of outgoing realizations of A; is simply denoted by Z;
— thus Z; denotes the set of nonempty realizations of A; — and, for any
A € L;, the set of (outgoing) realizations of the open mono-dynamic (4;), is
denoted by Z; ) instead of Z(4,),. We also put Z := (Z;)icr, 2% = (Z] )ier»
L = (L;)is and € = (FE;);; where, for each i € I, E; := Z; x L;. The
elements q of I1;£ =« II; Z x [I;L are often denoted as in the following form:

Ai
(), v

with, for all 7 € I, 0; € Z; and \; € L;. The coefficients of ¢ is sometimes
designated for all 7 € I by q; := 0; and ¢’ := \;. With these notations, such a
q € II;€ is said to be coherent (for the family A) if, for all ¢ € I, q; € Z; 4.
More generally, a set C' c II;€ is said to be coherent if all its elements
are coherent, and a multiple binary relation ) € MBR,z 1) is said to be
coherent if its graph |@Q)| is also coherent. The multiple binary relation whose
graph is the maximal coherent one is denoted ¢)4. Then a multiple binary
relation ) € MBRz ) is coherent if () € {24, that is if || € [{24|. Remark
that
Q4| = (A1;6;)" = {q e II;€,q" € 1,6},

Ai
() € MBRz ) we associate its coherent part é = () N )y, that is the

where q7 := ( 7 ) € [1,e;(L; x Z;). With every multiple binary relation
iel
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multiple binary relation such that |Q| = |Q| N |4].
In the following, multiple binary relations () € MBR (z ) are also called

interaction requests for the family A = (A;);c;. Such a request () is said to
be

* normal if Defy, gy 211;2*,
* admissible if é + O,

* functional if br(Q) is a (partial) function I1;Z -»> II;L, that is if for
every (0;)ics € I1;.Z one has

card(br(Q)((o:)ier)) <1,

* strongly functional if for every i € I and for every (0;) e/ (i} € 1212,
one has

card({\i € L;j,3q €|Q|, (Vj #i,q; = Jj)andqi =\}) <1

We’ll denote by MBR#Z 0) the set of admissible interaction requests.

Definition 2.4. [Interaction relations] An interaction relation for A is a co-
herent interaction request for A.

The set of interaction relations for the family A of open dynamics is
denoted by IR 4. Note that

mr((IRA)T) = MR(Gi)iEI'
Given R € IR 4 an interaction relation for A, we say that

* Risnormal if there exists a normal interaction request () € MBRz /)
such that () = R,

* Ris efficient if Defy,(ry £ 11; Z,

* R s functional (resp. strongly functional) if it is so as a request.
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Example 2.5. For the inclusion order, {2 4 is the greatest interaction relations
for A. It is normal but not efficient. Indeed, we have 4 = 6\21\/4, where
Q@ designates the greatest interaction request in the context given by A,
that is such that |Q| = II;€, and @), is a normal interaction request since
Defy gy = ;2. €14 is not efficient since Defy, ) = II;Z (because for
all o, € Z;, there exists \; € L; such that o; € Z; ,,). Note also that, in
general, ()4 is not functional. We could say that the graph |{2 4| is too large to
define an efficient interaction relation: interacting is restricting possibilities
so, roughly speaking, the smaller is the graph of an interaction relation, the
stronger is this interaction.

Example 2.6. Let / = {1,2} and A; = Ay = A with A the open functorial
P

non-deterministic mono-dynamic defined by A = ((a :(N,+) » Tran) % h)
with st(«) = e@:= N x R, st(h) = N and for all (n,r) € st(«),

* p(n,r) =n,

e Vde N*,d*(n,r) ={n+d} xR.
The set Z4 of (outgoing) realizations of A can be seen as the set of finite
or infinite sequences o = (8, )nen, Of reals, with IN,, an initial segment of
N, and we have 7, = Z5 = Z4. The set of parameter values of the mono-

dynamic A is a singleton, thus we can write L; = Ly = {*}. Let’s now
consider the interaction relation R given by the graph

([ 1)ove]

Then R is obviously a non-normal, functional efficient interaction relation.
The lack of normality means that relations between outgoing realizations
of the two dynamics Z; and Z, are not founded on parameter values, but
are directly established. Seeing parameter values as data that dynamics can
receive from others, we could say that such a non-normal interaction relation
is a “paranormal” relation.

2.3 Synchronizations

Recall that I denotes a non-empty set and A = (A;);.; an I-family of open
L; Pi
dynamics A; = ((ai :D; - Tran—) % (h; : D; > Sets)).
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Let’s begin with the notion of a synchronization of an open dynamic by
another, denoting 1 and 0 their index in the family .A.

Definition 2.7. A synchronization of A; by Ay is the data (A, 6) of
s amap A: DO - D, defined on the objects of D,
e amap ¢ : st(hg) — st(hy) compatible with A in the meaning that
VS €Dy, Vs e S™ §(s) e (AS)M,

and such that § is monotonic, which means that 6 is
o either increasing: ¥ (sg, 1) € st(hg)?, 5o <n, to = 0(S0) <n, 0(to),
* ordecreasing: V(sg,to) € st(hg)?, so <n, to = 0(to) <n, 9(S0),
where <y, denotes the pre-order on h;-instants*.

We write (A, ) : hg » h; to indicate that (A, ) is a synchronization of
h; by hy. Such a synchronization is said to be rigid if (A, ) is a (necessarily
deterministic) dynamorphism hy & h;. Otherwise, it is called flexible?.

Definition 2.8. A synchronization of the family .A with conductor iy € [ is a
family of synchronizations ((A;, ;) : hy, " h;)ier, with (A, 0iy) = Idy,,.

Remark 2.9. More complex synchronization systems could be usefully con-
sidered, which we will not do in this paper.

2.4 Interactive families

We can now define an interactive family ** as a family of open dynamics
endowed with an interaction request (for example an interaction relation),
a family of synchronizations between some of these dynamics and a third
element, called privacy or social mode, which is an equivalence relation on
the families of parametric values. More precisely:

22See section 1.1.3.

ZIn[11] and [10], only rigid synchronizations had been considered, while the much more
general idea of flexible synchronizations appeared in [13].

24 In [10], we used the expression “dynamical families”, but this one presents a risk
of confusion with the notion of “families of dynamics”, and we finally prefer to use the
expression “interactive families”.
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Definition 2.10. We call interactive family the data
(]7 A7 R7 iOa (AM 5i)i€[7 N) Of

* a non-empty set I,

an I-family A = (A;)qc1 of open dynamics, say
A= (pi : (Oéz' 1Dy — Tl'anii’) % hz’)7

* an interaction (R, g, (A;,0;)icr) for A, that is
an admissible interaction request R ¢ MBR?; ) for A,
an element i € I,

a synchronization ((A;,0;) - hy, » h;)er of A with conductor 1,

* an equivalence relation ~ on the set 11;L = [];.; L;, called the intimacy
or the social mode of the interactive family.

Remark 2.11. We'll see in section 3.7 the role of the intimacy of an interac-
tive family.

An interactive family with components A and its interaction ( R, ig, (A;, 0; )icr)
are said to be normal, efficient or functional if it is the case for the interaction
relation R, respectively.

Let F = ([, A, R, 10, (AZ—, 5i)iel, N) and G = ([, A, Q, 19, (AZ, 5i)ie], "‘)
be two interactive families defined on a same family A = (A;);c; of open
dynamics and sharing a same synchronization ((A;, 0; )scs. If é - R, the two
interactions () and R are said to be strongly equivalent. If, in addition, the
restriction of the equivalence relation ~|;; on the set M = Im(br(R)) c II; £
is equal to the restriction -5, then the two interactive families F and g are
said to be strongly equivalent.

2.5 Connectivity structures of an interactive family

Even if we do not discuss in this article the notion of connective dynamics®,
it should be noted that we have developed the theory of open dynamics and

258ee [7] and [8].
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their interactions as an extension of our research on connectivity spaces?®.
This perspective also explains that, regarding topological aspects, we empha-
size the connectivity point of view?’. In the present paper we limit ourselves
regarding these types of matters to defining a main connectivity structure of
an interactive family and three other connectivity structures, based on its in-
teraction request. At this stage, we do not include in these definitions any
considerations about synchronizations.

We begin with some very brief reminders about connectivity spaces and
structures and about the connectivity structure of a multiple relation. A
connectivity space®® X is a pair (|X|,x(X)) where |X]| is a set called the
carrier of X and K = k(X) ¢ P(|X]|) is called the connectivity struc-
ture of X and is such that for every Z € P(K) we have the implication
Niez K #+ @ = Uger K € K. Every element K € K is said to be a connected
subset of | X|, or is simply said to be connected (to itself). When | X| is non-
empty, the empty subset is always connected, because it is the union of the
empty family, whose intersection is then non-empty. A connectivity space is
said to be finite when its carrier is a finite set and it said to be integral if ev-
ery singleton subset is connected. The morphisms between two connectivity
spaces are the functions which transform connected subsets into connected
subsets.

Given some context & = (FE;);es, the connectivity space of a multiple
relation R = (J,&;,|R|) € MRcg has been defined in [12] as the space
having J as carrier and having as connectivity structure the set Kp € P(.J)
of subsets K of .J that are non-splittable for R, that is such that there does
not exist a partition K = K u Ky with Rjx = R, ® Rik,.

The notion of connectivity structure of a multiple relation naturally ex-
tends to the case of a multiple binary relation: given some context (W, M)
for a given index set I, the connectivity space of a multiple binary relation
R = (J Wy, M,;,|R|) € MBRc(y, 0 is the connectivity space having .J
as carrier and having as connected subsets K < J the ones that are non-
splittable for R, that is such that there does not exist a partition K = K; U Ky
with R = Rk, ® Rjg,. In other words, the connectivity structure of a mul-
tiple binary relation R € MBRcy A is the one of the multiple relation

2See [9].
*"For the relation between connectivity and topology, see in particular [4].
2BSee [2], [5] and [6].
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mr(R) € MRce.

For example, given a family A = (A;);; of open dynamics, the con-
nectivity structure of the interaction €2 = 4 is the discrete integral one?,
because the coherence property is local, that could be written € = ®;c; €4}

Given R € MBRz 1) an interaction request for a family A = (A;);c;
of open dynamics — that i’ : |R| ¢ TI;€ = II;(Z; x L;) with Z; the set
of outgoing realizations of A; and L; the set of its parameter values — we
denote by R the /-multiple relation with context Z obtained by projection
(i.e. restriction) of R on II; Z, that is

|B| = {(0i)icr € 112, 3 (A )ier € HE,( il ) e |R|}.
b el

In the same way, E denotes the projection of R on I1; Z, where we remind
that R = R n )4 denotes the coherent part of R. Then, we obtain four
connectivity structures on / naturally associated with the interaction R, that
is

K r, the connectivity structure of R € MBRz ),

K., the connectivity structure of Re MBRz 1),

Kr, the connectivity structure of R €e MRz,

Kj; the connectivity structure of E e MR:.

Proposition 2.12. For any interaction request R € MBR z 1) for a given
family A = (A;)ier of open dynamics, we have Kr € Kr and Ky ¢ K € Kg.
Moreover, if R is a normal request, Kr is the discrete integral connectivity
structure’!, so in this case, we have

/CEEICEEICEEICR.

2 That is the structure for which the only connected parts of I are the singletons {4} and
the empty set, see [6].

30Using notations of section 2.2.

31See footnote 29.
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Proof. Let K € K. Suppose K ¢ Kr: then there is a partition K = K; u K,
such that R = Rk, ® Rj,. Then

A
|E\K| = {(Uk)keK € HKZ, EI()\k)keK € HKE, Vn € {1,2},( O': ) € |R|Kn|}7
keK,

50 |B x| = |Bk, ® R, | thatis absurd. Thus K € Kg, so Kg € Kg. The same
reasoning applied to R proves that Ky € K.

Now, let’s prove that K ¢ Kg: let K € K, and suppose K ¢ Kr. Then,
as previously, there is a partition K = K U K3 such that Rjx = Rk, ® Rik,.
By putting 2 = Q 4, we thus have R‘K = Rk n Qi = (Rk, ® Rik,) N
(Yx, ® Qi,). But N is nothing but ® in the case of a same arity so, by
assoc1at1v1ty and commutativity, we have R| k= (R, Q) ® (R, N, )
= R| K ® R‘ K»» Which is absurd, because we assumed that K € Cj.

Finally, if R is a normal request, then |R| = Defy.(g) = HIZ, SO its

connectivity structure is the discrete integral one, that is finer than the others.
O

Definition 2.13. Given an interactive family F = (I, A, R, i, (A, 6 )ier, ~)
we call Kz := Ky, the manifest connectivity structure of F (or simply the
connectivity structure of F), and K & the plain connectivity structure of F.

2.6 Examples of interactive families

Example 2.14 (The WHY = 17" family). As a first example of an interactive
family, let us recall the WHY family, also denoted by 1%, that we have intro-
duced in [13] and that we have also described in [18], on the occasion of our
work with philosopher Pierre Michel Klein concerning his philosophical the-
ory of time, Metachronology [19]. As its name suggests, this family involves
the open dynamics Y =, H = T and W = 1(cf. supra examples 1.21, 1.20 and
1.19). More precisely, it is defined by WHY = (I, .A4,Q, 70, (Ai, 5;)ier,~)
with

e 1={1,2,3},

e A= (A where Ay =Y, Ay = H with the origin of times being
taken equal to Tj = 0 for simplicity, and A3 = W,
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the graph of the interaction request () for A contains all the families

)\1:* )\QELH )\3ELW:C
0'1€Z§ O'QEZ[EI UgEZ&,:C

such that A3 = o9 and A, is the restriction of o to the interior of its
domain of definition Def,,

* the conductor is given by iy = 2,

* Ay = Idg, and 4; : st(hy) =]0,+oco[ = [0, +00[= st(hy), the inclu-
sion map,

« As= (R, > 1) and d; : st(hy) > {e} = st(hy), which is necessarily
constant,

* the social mode ~ (that was not included in our previous definitions
of an interactive family) is taken equal to the maximal equivalence
relation on T1L = {*} x Ly x Lyy, i.e ju ~ v for all y and v in TIL.

Note that the interaction request () is normal, and that the manifest con-
nectivity structure Cyyy = ICCv2 is the indiscrete one, that is Kywgy = P(1).

Example 2.15 (A borromean family). Our second example of an interactive
famlly is F = ([, .A, Q, ’io, (Al, 52‘)2‘617 N) with

e 1={1,2,3},

A = (A;)ie; with, for each i € I, A; = T, the open dynamic given in
the example 1.16,

the graph of the interaction request () for A contains all the families

(Al Ao A3

01 02 O3

) € (ZT X LT)3

that satisfy {i € I, \;(0) =1} + &,

the conductor is given by 7 = 1,

0; = Idgy 4,y (and A; = Idgp, 1y) forevery i € I,
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» the intimacy (social mode) ~ is defined on L3 by
(A1, A2, Az) ~ (i, pias pi3) < Ar(0) = 101(0).

Note that we can write

A A A
Q| = {( b 3)E(ZTXLT)37{>\17A27>\3}0{901079011}:/:Q}a

09 03

where ¢y, denotes the map {0, 1} — {0, 1} such that ¢4, (0) = k and @y, (1) =
[, so that we have Ly = {(g0, ¥o1, P10, P11 }-

The interaction request () is obviously normal, and it is easy to see
that the manifest connectivity structure Kr = IC and the plain connec-

tivity structure ICv are both the integral borromean one®, that is Kr =

P(D)~ {{L,2}.{2:3}. {L.3}}.

3. Global dynamics

In this section, we associate with any interactive family some global dynam-
ics, i.e. some open dynamics produced by the family in question in order
to incorporate in a certain way the different dynamics composing the fam-
ily. The difference between these global dynamics lies in the choice of the
social mode applied : if it is the social mode belonging to the family itself,
we obtain the one we’ll call the global dynamic demanded by the consid-
ered interactive family. But other choices of a social mode can be made,
starting with the trivial equivalence relation (equality) which leads to what
we call the transparent global dynamic, on which other global dynamics are
modelled. Among other possibilities, we also define the responsible global
dynamic and the J-global dynamic — which results from the choice of the
set J of indices for which the parameter values can be determined from the
outside — and we finally introduce the most “closed” global dynamic (i. e. a
mono-dynamic that cannot be influenced (normally) by some other dynam-
ics), which we call the opaque global dynamic generated by the family.

2¢t. 16].
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3.1 The lax-functorial stability theorem

Theorem 3.1 (Lax-functorial Stability Theorem). Let F = (I, A, R, ig, (A;,0;)icr)
be an interactive family, with A = (A;);c; and, for each i € [

Ai=(pi: (i:D; = ’I‘rang) % hy),

and let E = DZ0 and M = Im(br(R)). Then we obtain an M-dynamic 3 :
E — Tran> by putting for every S € E

5P = {(a’i)id € H(Ais)aiv Vie vai(ai) = 5i(pi0(a’io))}>

iel

and, for every (d: S - T) € E, a-= (a;)icr € SP and i € M, by defining
di(a) as the set of the b = (b; )i € TP such that

H(Uz‘)iel € bT(é)_l(u), Vie ],O’Z‘ > ai,bi (2)

and
Pig (bm) = d™o (pio (a’io))' 3)

Proof. First, we have M # @&, because R is an admissible request so P = R
and M = Im(br(P)) are not empty. Then, following the section § 1.1.1,
we have to check that (8 is a disjunctive lax-functor, i.e. that these three
conditions are satisfied:

1. (Disjunctivity) V(S,T) € E2, S+ T = S8 n T4 = &,
2. (Lax identity) VS € B,V € M, (Ids)h ¢ Idgs,
3. (Lax composition) for every (S—d>T—e>U ) in E and every p € M,

(eod)icelod.

1. Disjunctivity. Suppose S # T but S? nT? # @, then we would have
an element (a;);; € SPNnTP and —as A;, =1 dp,, and a;, is disjunctive —
we would have a;, € S* nT%o = ¢ , that is absurd.
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2. Lax identity. Let S ¢ E and y e M. We want to check that (I dg)g c
Idgs. In other words, we want to check that if S? # @ and a = (a;);c; € S?
then (Ids)5(a) < {a}, that is (Ids)5(a) = @ or (Ids)i(a) = {a}. But if
(Ids)h(a) is not empty and a’ = (a}), is an element of it, then for every
i € I, there is an outgoing realization o, € Z; such that o; > a,, a; and then —
using o; > a, the definition of S?, the condition (3) and o; > a; — we have

a; = 0i(pia;)) = 0i(0:(piy (ai;))) = 0:(0i(pig (aiy))) = 0i(pi(ai)) = as.

Thus @’ = a, and we have proved that (Ids)ﬁ cIdgs.

3. Lax composition. We have to check that given any (S ArsU )in E,
any p € M and any state a = (a;);e; € S8, we have (eod)(a) € (el od,))(a).
In other words, supposing (e o d)ﬁ(a) not empty and taking any ¢ = (¢; )y €
(e od)i(a) € UB, we have to prove the existence of a state b € di)(a) € T?
such that ¢ € e}, (b).

To express such a state b = (b;);es, let us set ty = p;, (a;,) € SPo, t; =
dMio(ty) € TRo, and t, := eMio(t;) € UMo. Note that by the definition of
(e od)s(a) we also have ty = p;, (¢;,) and that there exists a family (0 );c; €
br(R)~' (1) of outgoing realizations such that o; > a;,c; for every i € I.
Given (0;);e; such a family, it suffices now to prove that each o; is defined
for the instant J;(¢;), and that b; := 0;(0;(¢1)) is a suitable choice. Note
first that since o;, > ¢;,, we have p;,(c;,) € Def,, , thatis ¢y € Def,, . But
t1 <n,, t2, 80, according to the properties of realizations (see section § 1.2.2),
5@'0 (tl) = tl € Def%.

Let us now consider the case of an ¢ # 73. By definition of a synchro-
nization, the map ¢; is either increasing or decreasing. If it is increasing,
then 51(1‘51) Shi 5Z(t2), but C; = Uz(pl(cl)) = O'Z((Sl(tg)), SO 5z(t1) € Defai.
If 0; is decreasing, then §;(t1) <pn, 0;(to), but a; = 0;(p;(a;)) = 0:(d:(to)),
so d;(tg) € Def,, and thus we have again 0;(¢;) € Def,,. Now, let’s put
b; = 0;(6;(t1)) for every i € I. Then b e di)(a), since

o foreveryie I,t; € Tho = §;(t;) € (A;T)P, and then b; = o;(5;(11)) €
(AT),

* by definition of a realization p;,(b;,) = pi, (0, (t1)) = t1 and, for every
iel, pi(bi) = pi(0i(0:(t1))) = di(t1) = i (pi (biy))
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* by construction, we have o; > a;, b; for every i € [.
But we also have c € e})(b), since
e celUP,

* pio(Cip) = ta = (e o d)Mo(tg) = eMo(t;) = e™o (s, (biy))s
e and forallz e I, o; > b;, ¢,

and this concludes the proof. U

3.2 The transparent global dynamic

Thanks to the theorem 3.1, it is immediate to check that the definition below
is consistent.

Definition 3.2. Using the same notations than above, the transparent global
dynamic associated with an interactive family F is the open dynamics de-
noted [ F|; defined by

[Fli = ((ﬁ E — Tran]\—{) qi (k:E— Sets))

where (3 and thus, in particular, M and E, are the one associated with F by
the theorem 3.1, the clock k is given by k = h;, and the datation 7 : st() —
st(k) is defined by

VS e E, Va=(a;)rs € SB,T(a) = pio(a;,).

3.3 The demanded global dynamic

The parametric set M of the transparent global dynamic [F]; associated
with an interactive family F is generally “too big” in the sense that very of-
ten some parts of the parametric values are not intended to be externally con-
trolled and should instead be determined by the realizations of the dynamics
that compose the interactive family itself. The social mode (or intimacy) ~
of 7'— which does not play a role in the definition of the transparent global
dynamic — is precisely used to “reduce” the parametric set, thanks to the
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notion of the parametric quotient of an open dynamic by an equivalence re-
lation on the set of parametric values (see definition 1.13). The response of
the new global dynamic thus obtained is the same for two distinct parametric
values, as long as they are equivalent: it is up to it to take into account, or
not, the requests made to it from outside, by constructing its response on all
the possibilities given to it by the different equivalent parametric values of a
same equivalence class.

Definition 3.3. Using the same notations than above, and denoting again
~ the restriction of the intimacy ~ of F to the subset M = Im(br(R)) <
I1; L, the global dynamic demanded by F — also called the demanded global
dynamic of F — is defined as the open dynamic denoted [F). given by
[Fl. = [Fli/~.

3.4 The responsible global dynamic

In this section, we associate with any interactive request an intimacy called
“responsible intimacy” that intuitively allows the interactive family to choose
the parametric values of each dynamic at stake when these values are sus-
ceptible to be determined by the realizations of the other dynamics of the
family. More precisely, using the same notations as previously, if () desig-
nates a (not necessarily coherent) admissible interaction request for a family
A = (A;)ier of open dynamics, we define the responsible intimacy =, for
() as the equivalence relation on II;L setting, for any ((i;)icr, (Ai)ier) €
(I1;£)2, (pi)ier %@ (Ni)ier iff we have, forall i € I: (u; = A\; or p; € N; 3 \y),
where N, ¢ L, is defined as the set

N;:={leL,V(p,q) €|QP (p" =land Vk #i,pr = qi) = q' = [} .

The responsible global dynamic [F]., generated by an interactive fam-
ily F=(1,A,Q,i0,(A,6;)ier,~) is then defined as the demanded global dy-
namic of the interactive family (1, A, Q, 7o, (Ay, 0;)ier, %q)- Note that [ F].,
does not depend on the social mode ~ demanded by F itself, and that two dif-
ferent interaction requests ) and R can result in two different social modes
%g and xp evenif () = R.
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3.5 The J-global dynamic

Let F = (I, A,Q, ig, (A, 0;)ier,~) be an interactive family as previously,
and let J € [ a subset whose elements j € J intuitively represent the indices
such that the corresponding dynamics A; could be influenced from outside
the global dynamic we want to define. To achieve this, we can use a similar
construction to the one we described for the responsible global dynamic, but
taking for each ¢ € [ the set V; given by: N; = gifi e Jand N; = L; if
i ¢ J. In this way, we get a global dynamics [F]., that we’ll call the J-
global dynamic associated with 7. When J = I, we obtain the transparent
global dynamic [F]; = [F]., associated with F.

3.6 The opaque global dynamic

The transparent global dynamic [F]; is the “most open” of the global dy-
namics associated with an interactive family (so much so that it is gener-
ally “too open”). At the other end, the opaque global dynamic is the most
“closed” of them, since its parametric set is reduced to a singleton. It is
obtained by making the quotient of [F]; by the maximum equivalence rela-
tionship on M, for which M is the only equivalence class. Denoting again
M this equivalence relation, we thus have:

Definition 3.4. The opaque global dynamic associated with F is the open
mono-dynamic denoted [ F o defined by [F o = [F |1/ M.

In other words, the opaque global dynamic generated by F is its @-global
dynamic: [F]o = [F].,. The following proposition immediately follows
from the definitions:

o

Proposition 3.5. If the interaction request of an interactive family is strongly
Sfunctional, then its responsible global dynamic is the opaque one.

Remark 3.6. With a strongly functional interaction request, the responsible
global dynamic (which in this case is the opaque one) generated by a family
can be non-deterministic even if all the dynamics at stake are determinis-
tic (for example if the request is that each dynamic has a similar behavior
than another, then each one can be entirely determined by the others without
the responsible global dynamic being deterministic). This shows a certain
instability of determinism.
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3.7 Examples of global dynamics

The examples in this section are the global dynamics associated with the
interactive families proposed as examples in the section § 2.6.

Example 3.7 (The global dynamic of the WHY family). Like in the example
1.19, given two (partial) functions a and b on R, we use the notation a<b to
say that apef,npet, = Opefonbet,- Then one checks that the interactive family
WHY of the example 2.14 generates as global dynamic the opaque global
dynamic S = [WHY].. given by

S = ((Oég : Dg — Tran) C; hg)

where
° DS = DH = (R+7 +)a

* hs = hy, so st(hg) =]0, +oo[ and for all  €]0, +oo[ and all d € R, we
have dbs(t) =t +d,

o st(S) ={(t,r, f,w) e Rt x R xC! xC,Defy =] — 00, 1[},
o V(t,r, f,w) est(S),7(t,r, fiw) =1t,

and such that a state (¢, r, f,w) € st(S) is onside iff r = f(¢7) := lim,_4 f(s),
fioar € Lip:1([0,¢]) and fow, and that in this case the set d*s(¢,r, f,w) is
given for any duration d € R, as the set of all states (¢ + d, ¢, g, w) such that

* Gp-eoi = f
*q=g((t+d)),

* gjo,t+ar € Lip1([0,1 +d[),
e gow.

Example 3.8 (The global dynamic of a borromean family). One checks that
the borromean interactive family considered in the example 2.15 results in a
functorial global dynamics isomorphic (in ODyn) to the one given by
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U-= ((u :Dy - Tran%g) q'» (¢Cpy : Dy - Sets))

where we recall that D~ is one-step category (7 kit T1) and (p, is its es-
sential clock with instants 7},°Pr = {tx} (cf. example 1.16), and with

Vk e {0,1}, (Ti)" = {t} x {0,1}3,
MU = {07 1}’

Ve My, Yk €{0,1}, (Id(r,))s = Id (1) (since u is functorial),

for 41 € My and (a,b,c) € {0,1}3, d%(to;a,b,c) is the set of all states
of the form (t1;a/,b',c") € (T1)" such that

if (u=0and a=0and (b,c) # (0,0)) then a’ = 0,

if (u=0and (a,b,c) = (0,0,0)) then (a’ =0and (V' = L or ¢’ = 1)),
if (4= 0 and (a,b,c) = (1,0,0)) then (' = L or ¢’ = 1),
if(u=1anda=0)thena’ =1,

!

cu % (D, 18 the unique possible deterministic dynamorphism, for
which the date of (¢;;a,b,c) is ty.

Conclusion

This article presents the basics of our theory of interacting open dynamics,
but various important questions are not addressed at all. In particular, while
we have presented the connectivity structures of interactions, a subsequent
article will have to take up the theme of the connectivity structures of the
dynamics themselves (theme that we had addressed in [7] and [8] in the case
of mono-dynamics), in order to clarify the relationships between the con-
nectivity structures of the dynamics of an interactive family, the connectivity
structure of the interaction and the connectivity structure of the global dy-
namic generated by such a family.

In addition, the study of the relationships between our theory and Andrée
Ehresmann’s suggests addressing some ideas that are currently absent from
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our theory, in particular the question of how an interactive family can con-
tinue to produce a global dynamic when certain dynamics of this family
cease to function, or when new dynamics enter the dance. More gener-
ally, we hope to address the question of self-organization, which is currently
largely absent from our theory. On the other hand, as we have seen, the study
of the relationships between the two theories suggests a non-deterministic
extension of Andrée Ehresmann’s guidable systems, which should be stud-
ied. Furthermore, it would be interesting to clarify the relation with other
“compositional theories” such as David Spivak’s dynamical theory.
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