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Abstract. We study the diffraction of two maximally entangled qubits encoded
into spatial modes of light with orbital angular momenta +hlp, on angular
apertures. Exploiting the uncertainty relation between angular position and
momentum, we quantify the diffraction-induced entanglement loss, for different
lp, as a function of the angular uncertainty A¢ induced by the apertures.
We demonstrate that the degradation of entanglement follows a universal law
parametrised by the product lgpA¢ alone.

1. Introduction

Photons with a well defined orbital angular momentum (OAM) [I], also known as
“twisted photons”, are equipped with an infinite-dimensional degree of freedom which
qualifies them as carriers for large amounts of (quantum) information [2} [3} [ 5] [6] [7],
but also as versatile objects to test fundamental aspects of quantum mechanics
in a well-defined, continuous degree of freedom with periodic boundary conditions
I8, 9, 10, [T, 2.

Large capacities are associated with high resolution, here with respect to the
OAM states’ distinctive feature, their helical phase front structure. This implies
strong sensitivity of OAM-encoded information with respect to disturbances along
the propagation direction. Such perturbations may be of deterministic or random
character. Atmospheric turbulence is a prominent example of random disturbance
[13] [14], resulting in severe entanglement degradation [14) [I5] 16} [17, (I8, [19].

In our present contribution, we focus on a deterministic scenario, specifically
on the fate of OAM entangled states when diffracting upon angular apertures.
Since the latter localize the photon(s) in a sharply defined interval of the angular
degree of freedom, this entails a complementary uncertainty in the conjugate angular
momentum which — in turn — defines the OAM states. This broadening of the OAM
distribution can be interpreted quantum mechanically, by invoking the uncertainty
relation between angular position and momentum [8], 10}, [TT], which was experimentally
verified in [9, [12]. We therefore expect OAM-entanglement evolution upon diffraction
on an angular aperture to be fundamentally controlled by this uncertainty relation:
initially well-defined, non-separable coherent superpositions of angular-momentum
biphoton states experience a diffraction-induced spreading of the OAM basis upon
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scattering, which will generically reduce separability. We now set out to turn this into
a quantitative statement.

The paper is organized as follows: In section we discuss how to describe
diffraction on angular apertures numerically, followed by a recollection of basic facts
on angular position-momentum uncertainty in section Section [4] generalises these
results for the diffraction of entangled biphoton state, and establishes a universal
entanglement decay law under diffraction upon angular apertures. Section [f]concludes
the paper.

2. Diffraction of twisted photons on angular apertures

We consider single photons with an OAM of hly and the spatial profile of a Laguerre-
Gaussian (LG) mode with radial index p = 0 [20]:

Ui (ps b, 2 = 0) = N (p/w)llol gilod =07 /w7 (1)

where p and ¢ are, respectively, the radius and the azimuthal angle in the x — y
plane, while w is the beam radius at the beam waist z = 0, and N is a normalization
constant, whose specific form is irrelevant here.

We seek the diffracted field vy, (p, ¢, z) originating from the mode w,, (p, ¢,0) at
z > 0 behind an angular aperture located in the z = 0 plane. The effect of such
a diffracting screen is described by multiplication of the input mode with the
screen’s transmission function ¢(p, ¢) for modified Kirchhoff boundary conditions [21]:
U1, (py ,0) = wy, (p, ¢, 0)t(p, ). For our present problem, the transmission function is
given by the product of a Gaussian function of the azimuthal variable, which ensures
the angular confinement, and a radial super-Gaussian,

tp.) = ~ ML osstrzempror, ©)
\Jerf(mv/\)

where A determines the angular width of the aperture, while a is the radius of the
super-Gaussian, which we specify with the power m = 12[f] The super-Gaussian
removes edge effects encountered under standard Kirchhoff boundary conditions
[22, 23], while the azimuthal Gaussian allows to match the wave function of intelligent
states namely states that saturates the uncertainty relation for angular position and
angular momentum, as discussed in section |3| .  We will not consider sharp edge
apertures [I0 [I1] here, since these induce qualitatively identical results while being
numerically harder to deal with (note, however, our discussion in section .

To ensure the normalization of the transmitted field for z > 0, we need to
compensate for the losses induced by obstructing part of the beam with the aperture,
and redefine

i (9, 6,0) = LAGLLY 3)

[ 11 (p, 6, 0)[2pdpdg]
Finally, the field behind the diffracting screen is obtained by using the angular
spectrum propagator ¥y, (p, ¢, 2) = F T (k, 2)F [t (p, ¢,0)]}, where (F~1) F is the
(inverse) Fourier transform in the transverse plane, and T'(k, z) = exp[ikz — k%2 /2k],
with k& the wave number and x the magnitude of transverse component of the wave
vector of the field, is the angular spectrum transmission function [21].

1 This particular value was chosen small enough to smoothen the edges of the diffracting screen and,
at the same time, large enough to limit the size of the edge region.
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Figure 1. (top row) Aperture functions t(p, ¢) as defined in equation with
the corresponding OAM spectra (bottom row) of the diffracted modes ¥ (p, ¢, 2),
for I = 0. The red lines in the bottom panels depict the intelligent states (lﬁ)
which best fit the OAM spectra of the shaped mode, with vanishing mean of
the angular momentum, as represented by the blue histograms. The angular
and OAM uncertainties A¢ and Al (see equations and @), respectively, as
imposed by ¢(p, ¢) and inherited by diffracted state are indicated on the top of
the corresponding panels.

3. Uncertainty relation for angular position and angular momentum

For a cylindrically symmetric problem, all physical properties are periodic functions
of the azimuthal angle ¢. Accordingly, the values of a quantum mechanical observable
associated with ¢ must lie within a 27 interval, and its canonically conjugated
observable, the angular momentum operator L., can only take discrete values 7,
with [ an arbitrary integer number [8]. If we set ¢ € [—m, 7], the uncertainty relation
for angular position and angular momentum takes the form [§]

AGAL. > L1 —2nP(r)), (4)

where A¢ and AL, = hAl are, respectively, the angular position and angular
momentum uncertainties, while P(r) is the angular probability density evaluated at
the boundary of the chosen ¢ range.

The angular wave function of intelligent states [24], i.e., those states for which
equality holds in equation , can be obtained [25] as a solution of the differential
equation

{iaad) +1+ ms} g(¢) =0, (5)

where | = (L.)/h, with (L.) the mean value of the angular momentum operator.
Equation is solved by the truncated Gaussian

1/ _
9(¢) = Mezwe*m%’ (6)
erf (W\f)\)

which is normalized according to ffﬂ d¢|g(¢)|?* = 1. Fourier transform of equation @)
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yields the orbital angular momentum representation of intelligent states,

o0l m/_ e~ g(4)de

—1/4 2
/ sinc(km)e — T g (7)

\/erf Wf

From equations (6] and (7)), the uncertainties [8],

2 [ 1 Ve T A
(Ad)" = (2/\ \ferf(ﬂf)) ®

and

(AD* = A (29)°, (9)
are derived [g], with

APAl =1 — 27 P(m)|/2, (10)

as required for an intelligent state.

In [9], the uncertainty relation (4)) was confirmed experimentally, by observing
the diffraction of the fundamental Gaussian mode on angular apertures, which match
the intelligent state’s wave function (€]). Here, we numerically simulate (see section [2)
the diffraction of LG modes on apertures described by the transmission function
(2). The angular confinement induced by the aperture induces broadening of the
OAM probability density P(l) (also known as “OAM spectrum”) of the diffracted
modes, which, according to the uncertainty relation is the narrower the wider the
angular aperture (see figure . Similar results can be obtained by considering sharp-
edge angular apertures, with the otherwise identical OAM spectra garnished by small
side-lobes [10] [IT].

To characterize the OAM spectrum of the diffracted states, we fitted them with
the modulus square |g(1)|? of the intelligent state . The excellent agreement between
the numerical OAM distributions and the fitting function confirms that the diffracted
waves are intelligent states. In the following, we exploit this fact to deduce our
universal law of entanglement losses induced by diffraction on angular apertures.

4. Diffraction-induced entanglement loss

Let us now consider the following bi-photon scenario: two single-photon excitations of
LG modes with opposite OAM, +hlj, are generated in the maximally entangled Bell
state

%um © |~ lo) + | — lo) ® [lo)), (11)

with | £ lp) the state associated with the modes w4, as given in equation . The
two photons then propagate through independent paths and encounter two identical,
angular apertures, as defined by equation . We assume the diffracting screens to
be centred with respect to the beam axis and to be placed at the beam waist z = 0.
Diffraction on the angular apertures maps the bi-photon state onto

¥ipropa) = s ()0 )

-1, (P1) 110 (P2)] (12)

[Wo) =
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Figure 2. Mutual overlap b between the diffracted waves as a function of the
angular uncertainty A¢ defined by the aperture’s transmission function and
given by equation . The parameter A equation is chosen from the interval
A € [0.005,500]. Symbols represent numerical results, solid lines represent the
analytical prediction by equation .

where 11, (p) are the diffracted images of the encoding modes (|1)), renormalized
according to equation The extra normalization factor /2(1 4 b?), with b defined
as

b= / / 61 (P10 (0)dp, (13)

is needed because of the non-orthogonality of the diffracted fields ¢_;, and ), (which
is due to the diffraction-induced broadening of the OAM spectrum that we discussed
in section [3). The mutual overlap b ranges between 0 < |b| < 1, where the upper
bound is saturated for ©_;, = ¢y, for which equation reduces to a product state.

The diffraction-induced mapping of the bi-photon state onto the state is
therefore local and non-unitary, hence does not preserve inner products. In particular,
diffraction on angular apertures transforms the orthogonal LG modes w4, (1) in the
non-orthogonal fields ¢ 1;,. This loss of orthogonality is responsible for a concomitant
entanglement reduction. The latter can be quantified by concurrence [26] 27], as given

by [22, 28]
C =20 - ul?) = ;722 (14)

where o = try [| ) (P[], with |¥) the quantum state associated with the wave function
, is the reduced density matrix of either one of the two photons, obtained by
tracing out the other.

The concurrence depends only on the mutual overlap b of the diffracted
images of the modes used to encode the entanglement in equation . In section
we have seen that these diffracted waves correspond to intelligent states. Therefore,

§ We omit the z—dependence in equation (12)), because propagation does not affect the OAM content
of ¢4, and, consequently, the entanglement of the biphoton state [22].
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Figure 3. Overlap between the wave functions of two intelligent states @ with
opposite average OAM (]lo| = 2 on the left, and |lg| = 5 on the right). Since Al
is independent of lp, the overlap decreases with increasing lg.

we can use equation @, with [ = %, to calculate their mutual overlap,

(A/m)'/2 /ﬂ 2ilop,—A*
b= ilog " q
erf(mv/X) _ﬂe ‘ ¢

e~ W/AR {erf (LAXZO ) }
- : (15)
erf (W\/X)
where, in the last step, we used that the real part of the error function of a complex
argument is given by Rferf(z + iy)] = [erf(z + iy) + erf(z — iy)]/2 [29].

The behaviour of the mutual overlap b as a function of the angular uncertainty A¢
induced by the diffracting aperture is plotted in figure[2] We notice that b is maximal,
corresponding to a bi-photon product state, in the case of diffraction on very narrow
apertures with A¢ — 0. As A¢ increases, b decreases, until it reaches a minimum
bmin < 0 (see inset in figure M and it vanishes, b = 0, at A¢ = 77/\/?: ~ 1.81,
corresponding to a uniform distribution in ¢ [30], i.e., to an open aperture.

We further see that the mutual overlap b decays faster with A¢ for larger
azimuthal indices lg. To better understand this dependence on the azimuthal index,
we recall that [y does not affect the uncertainty Al, which is uniquely determined by
the transmission function’s width A¢. Consequently, the overlap b between the
two diffracted waves y;, decreases with the distance 2|ly| between their mean values
(see figure . Accordingly, we have, from equation , that entanglement encoded
in modes with larger OAM is more robust against angular diffraction.

Equivalently, we can attribute the enhanced stability of entanglement encoded
in higher-order OAM modes to their finer phase structure, determined by the angle
7/2|lp| that also underlies the higher resilience of such modes in turbulence [I§]. As
a consequence, an angular uncertainty A¢ is effectively [ times smaller for a mode
with o = [ than for a mode with [p = 1. Therefore, we expect the mutual overlap
of the modes v4,,, and consequently the concurrence of the output state, to fall on a
universal curve when we rescale the angular uncertainty A¢ with the azimuthal index
ly. Figure [f] shows that this conjecture is indeed correct.

We can obtain an analytical expression for this universal behaviour by noting
that for A = 0.5 the exponential term in equation is negligible. This translates to

|| We recall from equation (14 that entanglement only depends on the square of b. Therefore, an
oscillation of the mutual overlap around zero results in secondary minima of the concurrence.
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the interval 0 < A¢ < 1, where (for |lyg| > 1) the mutual overlap b decreases from 1 to
0, and we can approximate equation by

1

Ag)? ~ —.

(A9 = o5

Furthermore, the Gaussian factor in equation is significantly different from zero
only for A > {2, under which condition the error functions are in essence equal to

unity. Therefore, we can write

(16)

b~ e*lg/A ~ 672(10A¢)2’ (17)

which is the Gaussian approximation for the mutual overlap.

Equation is quite noteworthy. First of all, this approximate formula yields
excellent agreement with the exact solution (L5 for all azimuthal indices except
lp = 1 Second, since the right hand side o depends on a single parameter
lopA¢, this equation establishes the explicit form of the universal behaviour of the
mutual overlap and, hence, of entanglement. Indeed, substitution of equation
into equation yields an expression which implies the universal behaviour of
concurrence,

C(|¥)) ~ tanh (215A¢%) (18)

which is graphically indistinguishable from the exact results (see the bottom panel in
figure [4]).

Furthermore, this result allows us to identify a close link between the diffracted
state (12, given by the symmetric superposition of two non-orthogonal states, and
superpositions of coherent states with opposite phase: (|a)®|—a)+|—a) ®|a)) /N,
where N, = /2[1 + exp(—4|a|?)] is a normalization constant. The concurrence of
these states exactly coincides [31] with equation , when lgA¢ is replaced by |«a|. In
this sense, the diffracted states 14, (p) can be approximately identified with coherent
states |a = lgAd).

Finally, let us recall that, also in weak atmospheric turbulence, OAM
qubits exhibit universal entanglement decay [18]. In the most optimistic (for
quantum communication) scenario, the coupling between the encoding modes is an
exponentially decaying function of the azimuthal index [y divided by the characteristic
number of surface elements with uncorrelated phase errors in the cross-section of the
propagated beam’s wave front [I9]. Thus, the mutual overlap among the OAM modes
induced by diffraction that we studied in this work decays much faster with increasing
lp than the one due to atmospheric turbulence (Gaussian vs exponential decay).

5. Conclusion

We studied the diffraction of LG-encoded entangled bi-photons from angular
apertures. We showed that the diffracted images of the LG modes correspond to
intelligent states @ which saturate the uncertainty relation for angular position
and angular momentum. Exploiting this fact, we established a connection between
diffraction-induced entanglement losses and the angular uncertainty introduced by
the aperture. We showed that the entanglement of the diffracted bi-photon state, as
quantified by concurrence, is a universal function of the product of the angular

€ In the latter case, the Gaussian (17)) fails to reproduce the negative minimum at A¢ ~ 1.55. This
leads to an error of &~ 3%, which is not unexpected, since our approximation is valid in the range
0<Ap < 1.



Universal entanglement loss induced by angular uncertainty 8

o Iy =30
= Iy =50
a ly="10
lp =90
—C(z)

A

Figure 4. The Gaussian approximation (17 for the universal behaviour of the
mutual overlap, and the concomitant result (18) for concurrence (black lines in
the top and bottom panel) are compared to the numerical results for different
values of the input OAM value [y (coloured symbols as listed in the legends). The
agreement is excellent, apart from small deviations for l[p = 1 in the top panel.

uncertainty A¢ induced by the diffracting screen and the azimuthal index [y of the
modes used to encode the entanglement. Furthermore, we demonstrated that the
diffracted waves de facto are analogous to the coherent states.

These findings imply that interpreting diffraction phenomena in terms of angular
confinement is useful to derive approximations and bounds on the diffraction-induced
entanglement losses, by exploiting the angle-OAM uncertainty relation . In the
future, it will be interesting to explore this idea by considering diffracting screens of
arbitrary shape.

The results of this work were derived using the analytical expression for the
concurrence of a diffracted OAM-qubit pair, that allows to quantify the entanglement
of an infinite-dimensional pure state. A generalization of this formula to higher-
dimensional input states will likely depend on multiple mutual overlaps between
the different spatial modes used for the encoding. Exploring how the interplay
between these different mutual overlaps determines the entanglement losses of high-
dimensional input states may shed some light on the general mechanisms that
deteriorate entanglement encoded in spatial modes of light.
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