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Existence of a global weak solution for a reaction-diffusion
problem with membrane conditions

Giorgia Ciavolella* Benoit Perthame*'

July 23, 2020

Abstract

Several problems, issued from physics or biology, lead to parabolic equations set in
two sub-domains separated by a membrane. The corresponding boundary conditions are
compatible with mass conservation and are called the Kedem-Katchalsky conditions. In
these models, written as reaction-diffusion systems, the reaction terms have a quadratic
behaviour. We adapt the L' theory developed by M. Pierre and collaborators to these
boundary conditions and prove the existence of weak solutions when the initial data has L’
regularity.

2010 Mathematics Subject Classification. 35K57, 35D30, 35Q92
Keywords and phrases. Kedem-Katchalsky conditions; membrane boundary conditions; reaction-
diffusion equations; mathematical biology

Introduction

We analyse the existence of a global weak solution for a reaction-diffusion problem of m species
which diffuse through a permeable membrane. This kind of problem is described by the so called
Kedem-Katchalsky conditions [I4] and has been used in mathematical biology recently. They
can describe transport of molecules through the cell/nucleus membrane [23], the flux of cancer
cells through thin interfaces [9] or solutes absorption processes through the arterial wall [21].

To describe the model, we consider, as depicted in Fig. [I} an inner transverse membrane I'
separating a connected domain €2 in two subdomains Q' and 2,

Q= UQcRY d>2 I = 90! N oN2.

We assume Q' and Q2 to be Lipschitz domains (see Appendix . In order to set boundary
conditions, we introduce I'' = 9Q' \ " and I'> = 9Q2 \ T
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Figure 1: Example of spatial domain Q) with an inner transverse membrane I' which decomposes
Q in open sets Q' and Q2. The figure also shows the outward normals to the membrane.

Ignoring a possible drift, the diffusion through the membrane is described by the system, for
species i = 1,..,m,

Ou; — DiAug = fi(ug, ooy Um), in Q7 :=(0,T) x Q,

u; =0, in X7 := (0,7) x (I'*uUT?), O
Opiuy = Op1u? = k;i(u? —u}), inYpp:=(0,T)xT,

u;(0,7) = ug,i(z) > 0, in €2,

in which D; and k; are positive constants and n* is the outward normal of the domain Q* for
A = 1,2 such that n? = —n'. We denote each species density for i = 1, ...,m with

since each one lives in both sub-domains Q*, for A = 1,2. There is a jump of u;, i = 1,...,m
across the membrane I" that we denote by (u? — u}) . More precisely, for € I" and for all
i =1,...,m, we define the trace in Sobolev sense

S
Il
=3
hadl

uj(x) = lim wi(z + hn'(x)), u?(z) = lim w;(x + h n?(zx)).
h—0~— h—0+

The interest of this system stems from the boundary conditions. In fact, besides standard
Dirichlet boundary condition on T'*, for A = 1,2, we have used the Kedem-Katchalsky mem-
brane conditions [I4] on I'. These conditions are made up by two principles: the conservation
of mass, which brings to flux continuity, and the dissipation principle such that the L?-norm of
the solution is decreasing in time. This last property gives us that the flux is proportional to the
jump of the function through the membrane with proportionality coefficient k;, the membrane
permeability constant. These nonlinear Kedem-Katchalsky interface conditions were introduced
in 1961 in [14] in a thermodynamic context and they were applied to biological problems only
later. In 2002, Quarteroni & all. [2I] used these interface conditions in the study of the dynamics
of the solute in the vessel and in the arterial wall. In 2006, Calabro and Zunino [7] applied their
theoretical results on elliptic partial differential equations to the study of the behavior of a bio-
logical model for the transfer of chemicals through thin biological membranes. In 2007, Serafini,
in her PhD thesis [23], studied a model of the intracellular signal transduction processes in which



molecules freely diffuse and the membrane transport events are allowed. In 2010, Cangiani and
Natalini [§] considered models of nuclear transport of molecules such as proteins in living cells
taking into account the active transport of molecules along the cytoplasmic microtubules. We
also find Kedem-Katchalsky conditions in recent works studying tumor invasion such as in the
pressure equation in Gallinato & all. ([13], 2017) or in the tumor cell density’s equation in Chap-
lain & all. (9], 2019). In [17] (2019), Li & all. proposed a rigorous derivation of bulk surface
models which describe cell polarization and cell division including also transmission conditions.
Let us also mention an example of transmission condition in electrochemistry: Bathory & all.
([3], 2019) proposed a problem frequently used when modelling the transfer of ions through the
interface between two different materials.

For the applications we have in mind, the system has mass control, membrane conditions
are conservative, and we are interested in developing a theory of weak solutions based on this
L' bound even if the reaction terms are, for instance, quadratic. For usual reaction-diffusion
systems, such a theory has been developed in a series of papers initiated by M. Pierre and devel-
oped later by several authors. In particular, we extend, to the case of membrane conditions, the
method proposed by M. Pierre in [2] [4] [19] and extended by E.-H. Laamri and M. Pierre [16],
E.-H. Laamri and B. Perthame [I5]. This method develops a theory to treat high order nonlin-
earities and low regularity initial data compatible with the natural L' regularity of the solutions.
Moreover, we show that for all i = 1,...,m, u} € W11(Q*) (and even better), but it does not
have L' derivatives in the whole Q. In any case, since u;, i = 1,...,m is a Sobolev function in
Q! and Q2] the trace makes sense in 9Q and thus the definition of the jumps [u;], i = 1,...,m
is meaningful. Finally, we define w = (uy, ..., u,,) the vector solution which is characterized by
non-negative components and, as we will see later on, they are naturally L' functions but not
L?. One of the difficulties of a transmission problem is to derive an L?(Qr) estimate.

In this work, we prove analytical results concerning existence of solutions and regularity of
solutions in the case of the reaction-diffusion systems with Kedem-Katchalsky conditions .
The paper is composed of two sections. In Section [If we introduce the assumptions and our
main result about global existence of a weak solution for the problem with related lemmas.
We also present a specific example in order to give a more concrete idea of the type of systems
of interest for us. In Section [2) we prove this result introducing the approximation model of (|1
(Subsection , proving and applying an a priori L? estimate on the solution (Subsection
proving a theorem about the existence of a super-solution of (Subsection and a second one
on the existence of a solution (Subsection . At the end of this work, the reader can find three
Appendices. Appendix [A] and Appendix [B] contain the proof of a regularity and compactness
lemma useful in the third step of the proof of our main result. Appendix [C]provides Sobolev and
Poincaré embeddings in the case of membrane conditions and, in general, of non-uniform zero
boundary conditions.

1 Assumptions and main results

1.1 Assumptions

We gather several assumptions on the reaction term f(u) = (f1(u),..., fm(u)) that are used
separately throughout the paper. With some constants C,Cy; and M > 0, we assume that for



all i =1,...,m and for all u = (uq,...,up) € [0,4+00)™

|fi(u)] < C’(l + Z uf), (sub-quadratic growth), (2)
j=1

i fi(uw) < 0(1 + i Uj>7 (mass control), (3)

filur, ooy tti—1, 0,841, ooy Uy ) > 0, (quasi-positivity), (4)
fi(w) = fi()] < Cur D Juy — vy, Yu, v € [0, M]™. (5)
=1

Thanks to assumption , solutions u; are non-negative, and provides us with mass-control
since the total integral of the solution is bounded with exponential growth in time.

We do not consider that the f;’s depend on (z,t) € Qr, but we could extend these assumptions
also to that case. We rather give an example modeling intracellular transport phenomena [8|
11], 23] in order to understand the class of systems that we have in mind. Molecule trafficking
across the nuclear envelope has been studied using reaction-diffusion equations with Kedem-
Katchalsky conditions. Small molecules can pass through nuclear pore complexes (NPCs). The
translocation of larger molecules is allowed by a system for active transport across the NPCs.
The cargo protein binds to a nucleocytoplasmic transport receptor known as importin, which
mediates the transport throught the nuclear envelope. The energy needed is provided by the Ran
complex. In order to reproduce this intracellular dynamics, Cangiani and Natalini proposed a
model in [8]. We denote by Q™ and Q° respectivily the nuclear and the cytoplasmic compartment
with I'™¢ = 9Q" the interface between them. In each compartment, we can write a system of
coupled reaction-diffusion equations of type

OiRy = dy ARy + fri(Re, T, T,
O Ry = d ARy + fra(Ry),

0T, = dip AT, + for(Re, T, T3),
9,C =d.AC + f.(C,T),

T = diAT + fi(R, T,T,,C),
0T, = die AT + f1e(C,T).

The two systems are coupled through Neumann homogeneous boundary conditions and Kedem-
Katchalsky transmission conditions. Reactions have at most quadratic growth and they satisfy
hypothesis 7. This is only an example of a biological system satisfying our assumptions.
Its relevance will bring us to develop numerical results aiming to study biological phenomena
fitting with the theory presented in this paper.

1.2 Main result

The aim is to prove global existence when the f;’s are at most quadratic and for a transmission
problem as . As mentioned before, we follow the literature concerning existence results for
reaction-diffusion systems by M. Pierre [2, 4, [19], by E.-H. Laamri and M. Pierre [16] and by
E.-H. Laamri and B. Perthame [15]. A local result in the case of membrane conditions is available



but taking into account local Lipschitz reaction terms with ug € H, for s > & (e.g. [23]).

Our main contribution is the following global existence theorem with initial data of low reg-
ularity and reaction terms at most quadratic. We first enunciate some definitions and introduce
the appropriate test functions space for our problem. We recall that

Qr=(0,T)xQ, Yr=(0,T)x (T'uT?), Xppr=(0,T)xT.
Definition 1.1. For i =1,...,m, we define the space of test functions
Di={¢ € C®@Qr), ¢=0, $(.T)=0, v =0in3r,
Ot = O p? = ki (2 — 1) in T x [0, T}
We investigate the existence of a global weak solution of system defined as

Definition 1.2. We define a weak solution of system as a solution u = (uq, ..., Uy, ) in the
sense of distribution, meaning that, for i = 1,...,m, for ¢ € D;, it holds

- [ 60,2y + /Q (b + DLVUT ) + / : | Disfuilfv] = s @

We consider the space H' and its dual as in Definitions [1.3| and

Theorem 1.1 (Existence and regularity). Assume 7 and that k1 = ... = k,, = k. Then,
for all ug = (ug 1, ..., uo,m), such that wg € (L*(Q)T N (HY)*)™, system has a non-negative
global weak solution which satisfies for alli=1,...,m,

). ®

u; € LP(0,T; WHP(Q))  and  w; € LP(0,T; LP(T)), VB e [1, dil> . (9)

u; € L*(Qr) and (14 |w;|)* € L?(0,T; H*(2)), Vo € [O,

DN | =

1.3 Preliminary lemmas and proof organisation

In order to prove this result, we follow four main steps according to Pierre’s method.

First step. Regularization process. We build a regularized problem with a nonnegative clas-
sical global solution u".

Second step. An L? lemma. We extend the Laamri-Perthame [I5] a priori L? estimate of the
solution given an L' initial data to the case of membrane conditions (see Subsection [2.2). In
particular, we gain

Lemma 1.1 (Key estimate with L' data and membrane conditions). Consider smooth func-
tions z; : [0,4+00) x Q& — RY, f; : [0,400)™ — R, for all i = 1,...,m, with f; satisfying the
assumption (3). Assume zo; € L'(Q) N (H)* and that the equation holds with k; = k

8t2i — DlAZl = fi(zh veny Zm), n QT,

Z; = 0, mn ET,

: (10)
Op12}t = Opr22 = k(22 — 2}), inXrr,
2(0,z) = z04(x) > 0, in Q.



Then, for some constant C3 depending on ||zol|m1)-, the inequality holds

m
> [ lakzaon
i=1 YQr

From this lemma we derive an L! bound for the reaction term f"(u™) of the regularized sys-
tem thanks to . The proof uses the solution of an elliptic problem —Aw = f with membrane
conditions which has a unique solution thanks to the Lax-Milgram theorem (see [12], p.297) and
we recall its statement in our context.

We assume H a real Hilbert space with norm || - || and inner product (-,-). Let (-,-) denote
the pairing of H with its dual space.

Theorem 1.2 (Lax-Milgram theorem). Given B : H x H — R, a bilinear mapping for which
there exist constants ~v,0 > 0 such that for all w,z € H,

|Blw, 2]| < Allw] 2] (continuity) , [Blw,w]| > s|w|?  (coercivity).

Finally, let f : H — R be a bounded linear functional on H. Then there exists a unique w € H
such that
Blw,z] ={f,z), Vze€H.

We can apply the Lax-Milgram theorem for membrane problems (see [23]). In order to
justify this, we introduce some definitions. The first ones concern the space H = H' under
consideration, the second is the bilinear form.

Definition 1.3. We define H' = Hj 1(2') x Hj (%) as the Hilbert space of functions H' (Q') x
H'(02) satisfying Dirichlet homogeneous conditions on T'*, A = 1,2. We endow it with the norm

1
2
[w]lg = (Ilwlllfmml) + IIwQII?ql(Qz))

We let (-,-) be the inner product in H' and (-,-) denote the pairing of H with its dual space.
Definition 1.4. We introduce the dual space of H as (H!)* = (Hé)F(Ql) X Hé)F(QQ))* =
H&,F(Ql)* X H&,F(Q2)*-

Now, we define a proper bilinear form associated to the Laplacian operator considering Dirich-
let conditions on T'*, A = 1,2 and membrane conditions on T.
Definition 1.5. We consider the continuous, coercive bilinear form B : H' x H' — R, such
that

B[w,z]z/ Vsz—!—/ki(wQ—wl)(zQ—zl), for w,z € H.
Q r

We can readily check continuity and coercivity.
B is continuous: Thanks to the Cauchy-Schwarz inequality and the continuity of the trace, we
can write

1Blw, 2]l < > IVl r2@n V2 L2 @) + Chill[wlll 22 oy l[2] 2oy
1<A<2

< Z (Ml e @ 12 e @) + Chillw | o 127 a1 (o))
1<no<2

< Cllwla [[2]ee,



B is coercive: indeed, we can estimate
Blw, ] :/ Vol +/ki|w2 — w2 > ClwllZ,
Q r

since, thanks to the Dirichlet conditions on I'* and to Theorem we have
H’LU/\”Hl(Q)\) < Cva)\HLZ(Q)\), for A = 1,2.

Therefore, using the Lax-Milgram theorem, taking an L? right-hand side, the elliptic membrane
problem has a unique solution w € H! and, thanks to the Riesz—Fréchet representation theorem
(I5], p.135) and to the equivalence of the norm B[w,w]? and the original one in H', we have

£l ey = Blw, w]*. (11)

Moreover, throughout the paper, we are also allowed to integrate by parts functions in the Hilbert
space H', considering also the membrane.

Third step. FExistence of a global weak super-solution. We prove a first theorem which as-
serts the convergence in L'(Qr) of u™ to a super-solution of system . Another central result
is the following compactness lemma which explains the regularity stated in Theorem (see

Appendix @ and ,

Lemma 1.2 (A priori bounds). We consider w solution of the problem in dimension d > 2

Oyw — DAw = f, in Qr,
w =0, m X,
(12)
Oprwt = Opw? = k(w? —w'), inSrr,
w(0,z) = wo(x) >0, in Q,

with f € LY(Q7) and wy € L*(QY). Then,
e we LP(0,T;WHP(Q)), VB € {1, d%‘%) and (1+ |w|)* € L*(0,T; H'(Q)) for a € [0,3).

o The mapping (wo, f) — w is compact from L*(Q) x LY(Qr) into L' (0,T; L7 (R)), for all
7 < ﬁ and L2 (Qr) for all vo < %.
e The trace mapping (wy, f) — Trr(w) € LP (O,T; LB(F)), B e [1, d%'ll) is also compact.

Fourth step. Ezistence of a global weak solution. We conclude with a second theorem asserting
the convergence in L*(Qr) of u?, i =1,...,m to a solution of system .

2 Proof of the existence result

We are now ready to prove Theorem [T.I] according to the previous steps.



2.1 Regularized problem

First of all, we approximate the initial data and the reaction term as

. fi(u™)
up ;= s, * inf{ug;,n}  and  f'(u") = . (13)
1+ 2 Di<j<m | fi(u™)]
For the initial data we consider a regularized version thanks to a convolution with a mollifier

sequence s, which is only used to assert existence in the framework of [23]. We readily check
that f” satisfies assumptions (2)-(B). In particular, for (), there is a Cjs such that

7 (w) = f7 ()] < O Y fus —wil,  Vu,v € [0, M]™, (14)
i=1
Moreover, we have
" n n C(M)m
Frl<n and = swp | - fiw)] < S8D™ (15)
w€[0,M]™,i=1,2 n

We consider an approximation of system , foralli=1,...,m,

oul — D AUl = fr(uy, ..., ull), in Qr,
u =0 in S
' n 1, n,2 n,2 n,l . 7 (16)
Onp1u;” = Opru, " =ki(u;”” —w;”"), inXpr,
ul(0,z) = u6’7i(x), in Q.

Since f" is uniformly bounded for fixed n, from [23] we know that there exists a global classical
solution u™ = (uf, ...,u?) to (16).
2.2 The L? lemma with membrane conditions

The second step of the proof is to apply to ul, i = 1,...,m the following Laamri-Perthame [15]
version of Pierre’s lemma, adding our membrane conditions.

Lemma 2.1 (Key estimate with L! data and membrane conditions). Consider smooth functions
zi 1 [0,4+00) x Q@ = R, fi: [0,400)™ = R, for alli =1,...,m, with f; satisfying the assumption
@). Assume zo,; € L*(Q) N (HY)* and that the differential equation holds with k; = k

Ovzi — DilAz; = fi(z1, ..., 2m), 0 Qr,

Zi = 0, Zn ZT,

: (17)
anlzil = nlz’i2 = k‘,(z? — le), mn zT,F,
2(0,z) = zo,(x) > 0, in Q.

Then, for some constant C3 depending on ||zol|m1)-, the inequality holds

m
> [ ks
i=1 JQT

It is an open problem to extend it to the case where the constants k; are different and it
is also noticeable that the other proofs (time integration or duality) also apply only with the
condition k; = k.



Proof. We consider u; = e~ %'z; for i = 1,...,m, where C is the same constant than in (3).
Substituting in the equation for z;, we obtain that for all i = 1,...,m,

Oty — DiAT; = e~ fi(21, ..., 2m) — Czi),

with the same boundary and initial conditions as in but for u;. Adding up and defining

we obtain

00U — AV = e D" filz1, e 2m) —C Y 2] —C < O™ =1) <0, inQr (18)

i=1 i=1

with conditions

U=-Ct<0, in Yo,
8n1(/j1 :8,,11(72 :k(l/jQ—ﬁl), in ZT,F,
U(0,z) = Up(z) > 0, in Q.

We define —AW = U , where W satisfies always the same Dirichlet and membrane conditions.
In particular, assuming the same permeability coefficient, we define

—A/V[?:ﬁ, in QT

W = 0, in ETv
8,11W1 = 6n1/W\2 = k(/W\2 - /W\l), in ET,F-

So, at this point, with G = 8tW + ‘A/, we can write as an elliptic inequality
—AQ < 0, in QT7
G =0, in Y,
—~ — m
01 G = 0,1 G = k(O,W? —0,W?) + kY. D;(a? —a})
i=1

= k[oW] +k[V] =k(G> - GY), in Srr.

Observe that, according to Subsection [I.3] we may use the Lax-Milgram theorem and one
immediately concludes that G < 0. Consequently, we deduce

oW +V <0. (19)
Finally, multiplying by U and integrating over space, we compute, since U = —ATW,
[ o+ [0V —- [ awoiw + [0V <.
Q Q Q Q
Following Subsection and the definition of the Hilbert space H' (see Definition |1.3)), we can

integrate by parts obtaining

1d

ff/ IVW|? + /(717 < [ 8. Wo,W.
2dt Jq Q a0



Next, we remark that

T
/ O WO,W //a,mv (OW" — 0, W?)
0 JoQ

//k a(W\Q—Wl):_’;/OTZ/F(Wz_Wl)Q

Therefore, integrating in time and using the relation , we arrive to
1~ ~~ 1~
SO sy + [ 0V < S0l (20)

Finally, thanks to equation , we can assert that

ZD/ ﬁ§01+CT/ ZDuz<02,
i=1

QT j—1

since @; € L'(Qr). This concludes the proof of Lemma [2.1|since 22 = ¢2C1q;>.

2.3 Existence of a global weak super-solution

At this point we can complete the existence result of Theorem since, thanks to Lemma
and to assumption , we know that the reaction term f" is bounded in L'. With this in hands,
we can assert the existence of a super-solution of system .

Theorem 2.1 (Existence of a super-solution). Let u”™ = (uy, ..., ul,,) be a non-negative solution of
the approximate system . As defined in , [ (u™) is bounded in L*(Qr), fori=1,...,m
and uy — ug in L(Q). Then, up to a sub-sequence, u" converges in Ll(QT) and a.e. to a

super-solution u of system which means that fori=1,...,m, and 8 € [1, P

fitw) € LYQr), w; € LP(0,T;WHP(Q)), Trr(u;) € LP(0,T; LP(D)),

_/§2¢(O,x)uo7i+/<g (=i + Dy VpVu,) / /Dk wi[v] > 5 Gfi, (21)
for ally € Dy, v > 0.

Proof. We divide the proof in several steps which are adaptations from Pierre’s method.

Compactness of u" and Trr(u™). Notice that the f"(u") are bounded in L'(Qr) simply
because the truncated f*’s still satisfy the mass control assumption , and the nonnegativity
condition .

Next, we apply the compactness Lemma (see also Lemma and its proof in Ap-
pendix to the solution u™ of the approximate system (16). Accordingly, after extraction,
the following convergences, hold

u' = u, in L1(0,T; L ()", ¥y € [17 d;fQ)
u" — u, a.e. in Qr,

22
Vu" = Va, in [L(Qr)"]™, vae |1 %), )

m

d
d—1
Trp(u™) — Tre(w), in L0, T;L6(D))™, VB e [1, ﬁ).

10



Pointwise convergence of the f'’s. Since u] satisfies foralli=1,...,m, ie.

T
- [woa+ [ od 4 Dvevany+ [ Daktarvl = [ egr @
Q Qr 0 r Qr
and our goal is to pass to the limit as n — +o00, we need to study the convergence of f/*.
Thanks to the choice of f™: a.e. convergence of €7, to zero and the continuity with respect to
its argument, we infer

(™) — fi(u) ae. in Q.

By Fatou’s lemma, we know that

/ 1) < liming /Q 1)

n——+oo

and, in particular, it holds
flu) € LHQr)™

So far we did not prove L'-convergence of f7'(u™), therefore we cannot pass to the limit in the
equation obtaining a weak solution of system (). However we can find an inequality in the
formulation of the weak solution of system , thus obtaining a super-solution. We arrive at
this applying a truncation method.

Truncation method. The idea is that, with an appropriate truncation, we succeed in obtaining
a reaction-diffusion inequality in which the reaction terms are under control as n — 400 with
a fixed truncation level. In this way, we are able to pass to the limit in the truncated weak
solution formula, as n — +o00. At this point, bringing the truncation level to infinity, we gain
the super-solution property in Theorem [2.1]

In order to build the truncation 7} at level b, since we will have to differentiate twice Ty, we
replace T, by a C?-regularized version (otherwise 7}’ would be a Dirac mass), still denoted by
Ty, so that on [0, +00) we have

0<T; <1, —-1<Ty <0, Ty(o)=0 VYoel0,b], Ty(c)=0 Vo€ (b+o0).
We fix n € (0,1) and we denote for all i =1, ..., m,
U= W=l U
J#i

The idea is to consider the limit for n — +o00, then n — 0 and, finally, b — +o0.
The main point is to use the inequality satisfied by v™ := Tp(W), taking into account the
previous properties of T} and T}/,

—Av" = —ATy(uf! +0U") = =T (uff +0U7) Vi +9VU] P = Ty(uf +nU")[Au +nAU;]
> =Ty (ui' +nU")[Au +nAUY].

This implies

v = DA™ > Ty (ul + U7+ 0 > £+ 0Ty (uft +nU) Y (D; — Di)Aul! =: R} + S},
JFi JFi

11



where
R} =Ty} +nUM)f +0)_ fil, SP =Ty +nUf") Y _(Dj — D)Auf.  (24)
J#i J#i
So the truncation T;,(W;*) solves the problem

vt — DiAv™ > R} +nS7,
o -0, A=1,2,
8,111)‘7;’1 = Tb’(u?’1 + nUf‘l)[anlu?’l + NOp1 Ui"‘l]
= Ty(u"" + U ki(u)® —ulh) + 030 k() ? —uf D] = Ty, Vi, (25)
8nlv‘”r’2 = Tb'(u?’2 + nUi"‘Q)[anlu?’2 + N1 Uin’Q]
= Ty(u? + U ) ki(u)™® —ulh) + 0302 k() ? —uf D] = Ty, 2 Vi,
™ (0,z) =T, (u?(O, x) + nUi* (0, x))

Consequently, we may write for all i = 1,...,m, for all ¢ € D;,

T
*/ P(0)0"(0) = [ 0" */ / Di(¢'Opr0™! = 42 0p0™?) + D; | V"V
Q Qr o Jr Qr

> / (RI + ST,
T
_ n _ n . n _ (4, L 2!
/Q H(0)0(0) + /Q (™ + DY) /O /F DV (T} ) — VPT],)

> [ (R s (26)

So, as we said, the truncated function is a super-solution but with reaction terms (see the
following) converging in L! or bounded independently from n.
e Limit for n — +oo with b,n fized.

Since u" was a convergent solution (see (22))) and T;(W;") represents the truncation at level
b with b fixed, by the dominated convergence theorem,

v =Ty (W) jmar T,(W;) = Ty(u; +nU;) in LY(Qr) and a.e..
Since T}(o) = 0 for o > b, by definition, it holds R} = 0 on the set u} + nU* > b. But on
ul + U <b, for s =1,...,m, uy are uniformly bounded. In fact,
b
uf <band uj < —, Vj#i. (27)
n
By the dominated convergence theorem, using , we find

R} =3 Ry = Ty(ui + Ui fi +n Y fj] in L(Qr).
JFi
On the other hand, we remark that
Vo = VT, (W) = T (ul" + nUM) [Vul + VU] = Vo = Tj(u; +nU;)[Vu; +nVU;] in L' (Qr)

and we have also convergence of the traces on I and T'*, A = 1, 2. Therefore, to pass to the limit
as n — 400 in (26), we only need to control Jo, S} We have (see the proof later on)

12



Lemma 2.2. ([19]) There exists C depending on b, and the data, but not on n, n € (0,1) such

that
e

So we can pass to the limit as n — +oc in with b, 7 fixed and we obtain

< Cn_%.

T
- / H(0)0(0) + /Q (b + DTVTY) - / / DV TY(W}) — 0> Ty(W2)

z/ Rm+n/ st > [ R — Ot
T Qr Qr

with Vi = [ki(uf —uj) +n0 3,2 kj(uf —uj)).
o Limit for n — 0 with b fivzed. Then, W; — u;, Vi — b;(u? —u}l) and R; — Tj(u;) fi-

e Limit for b — +o0o. Then, the truncation is converging to the function itself and its derivative
to 1 and so we obtain the statement :

T
/S)¢(07I)U0,i+/CZT(¢tui+DiV¢VUi)+/O /FDz'ki[Ui]W] > o Y fi.

We now turn to the proof of Lemma [2.2]
Proof. Remembering (24)), in order to prove Lemma we need that
[ e S0; - Dosu| < ot
@r i
Consequently, we have to study the following integral
fQT Q/JTé(Wi")Au? = fQT div(?bTé(Wi")Vu?) — fQT div(wTé(Wi"))Vu?
T n n n n
= f() fr(wlTls(Wi ,1)an1uj71 + 1/)2Té(Wi ’Q)anﬂ‘j 72)
— Jo [T W)V + 6T (W) T WP V.

We remark that

T
/ / (BT W) O + 2T W) 0peu?)| < €,
0 I

‘ / TY W)Vl < C,

since 1 € C*°([0,T] x ), |T}| < 1 and, thanks to Lemma u? € L0, T; Wh1(Q)) and it is
L' on the membrane. The other integral can be computed using the Cauchy-Schwarz inequality
and considering the cases {W]* < b} and {W* > b} in Qr:

YT, (W)W V]| = T (WVWEVGE| =

’ Qr /{nggb}u{wgbb}

13



sc/ Tt ? / o)
{W<b} {W<b}

since T}(o) = 0 for o > b, by definition, and so also T;'(¢) = 0. In order to control the second
integral in the right-hand side, we can use the lemma (see the proof later on):

Lemma 2.3. ([19]) Let w be solution of (12)). Then, for all b >0,

D/{|w|<b} Yl <b [/Q f+/ﬂ|wo] . (28)

Applying Lemma and considering , we infer

1
2
(/ |vwi"|2> <C.
{Wpr<b}

Concerning the first integral at the right-hand side, we remark that

/ IVU?\2 / o VU] < / vur) < Zeh fori ),
{(wr<b} {vr<i-si} {ur<t} n

Vull? ] = / vul|*] < / vu?|? bC

</{W,-"<b}| 7 ) ( fiapy ) ( ey ) =0

This concludes the proof of Lemma [2.2]

Nl=

/ YT (WP VWP
(Wn<b}

Nl

Nl

m\»—A

We now turn to the proof of Lemma

Proof. We multiply the equation by a truncation (non regularized) function Ty(w) and
integrate over Q7 to obtain

/ B~ [ DT w)aw = / Ty(w) S,

T

w(T) T
// Tb(w)dw—/ /D[Tb(wl)anlwl+Tb(w2)6nzw2]+ DT (w)|Vuwl? :/ Ty(w).
Q Jwo 0 T Qr T

We denote the antiderivative of Ty as T (o) = [ Ty(s)ds. So, we compute

L = e [

- / [ D)0t + )00 = / Dk =) w?) = T >0

Since [, 7 (w(T)) > 0 and Ty(w) < b, we deduce

D |Vw|2<b[/ f+/|wo].
{|lw|<b} Qr Q

This concludes the proof of Lemma

14



2.4 Global existence of a weak solution

We conclude the proof of Theorem As before, we consider the approximate system as built
in Subsection Following the previous Theorem we prove that the super-solution is
also a sub-solution and, then, a solution of our system .

Theorem 2.2. We consider system together with the condition on the reaction term -
and ug € L*(Q)™, ug > 0. Then, system has a weak solution on (0,400).

Proof. By Theorem [2.1] up to a sub-sequence, the approximate solution u™ converges to a weak
super-solution. Let us prove that it is also a weak sub-solution. We recall some results obtained
before:

u = u, in L'(0,T; L ()™, Yy € [17 d%'lz)
Vur - Va, in [L7@n))", vee L),
Trr(u™) — Trr(u), in L (O7T; LB(I‘))m, VB e [1, %) )

where for i = 1,...,m, f;(u) € L'(Qr) and V¢ € D;, we have (2I). We introduce the following
notations:

wn = Z uy, Zn — Z Dsul, v = Z Diki(u?’Q—u?’l),

1<i<m 1<i<m 1<i<m
§ : 2 § : 2 1
1<i<m 1<i<m 1<i<m

Adding up the equations for u?, for i = 1,...,m, in the weak form, we deduce

_L¢(o>wg+/T<—th”+vwvz")+/OT/F[V”][w] =/Tw > (29

1<i<m

Since we have assumed (3)), D icicm [ CA+W") >0, with f"(u") — f(u) ae. in Q7 and
W™ converges in L'(Qr). Applying Fatou’s lemma on — > f"+ C(1+ W™) > 0, we infer

1<i<m
[ oo 3 A <timint [ o 30 g
Qr 1<i<m Qr 1<i<m

By a.e convergence of all functions, by L'(Q7)-convergence of W™ and by Fatou’s lemma, we
have at the limit for that

_/§Z¢(0)WO+/T(_¢tW+V¢VZ)+/OT/F[V][¢]S/T¢ 3

1<i<m

Consequently, W is not only a super-solution but also a sub-solution. This means that the sum
W is a solution and, since its addends u; are weak super-solutions by Theorem [2.1] u is a global
weak solution and the proof is completed. O

Finally, following all the four steps of the proof (from Subsection to Subsection , we
have proved Theorem in the case of interest with quadratic nonlinearities. We also point out
that, while in Theorem [I.T] we need the restrictive assumption k1 = ... = ky;,, Theorem [2.]and 2:2]
can be applied also in the generic case of different k;’s. In fact, this condition arises only in
Subsection [2.2] and, as said before, we leave as an open problem to remove this restriction. It
would also be interesting to see if the method in [6] can be applied to nearly constant membrane
coefficients rather than to the diffusion coefficients.

15



A Regularity

We now analyse in detail regularity in our problem referring to Lemma[[.2]that we have rewritten
here below, whereas in the next Appendix, we discuss about compactness. We extend previous
results for reaction-diffusion systems without membrane [2] [4] [15] [T6], 19] and we refer to [22] for
the general theory of parabolic equations. We also refer to [16] for a regularity lemma.

Lemma A.1 (A priori bounds). We consider w solution of the following problem in dimension
d>2

6tw — DAw = f, in QT7
w =0, mn X,
o (30)
Oprwt = 9pw? = k(w? —w'), inSrr,
U.)(O7I') = ’wo(il'}) > 07 in Q7

with f € LY(Qr) and wo € L' (). Then,
e we LP(0,T;WHP(Q)), VB € [1, %) and (1+ |w|)* € L*(0,T; H'(Q)) for a € [0,3).

e The mapping (wo, f) — w is compact from L'(Q) x L' (Q7) into L* (0, T; L'“(Q)), for all
v < % and L72(Qr) for all vo < %.

e The trace mapping (wy, f) — Trr(w) € LP (O,T;L (T )) B e [ N 1) is also compact.

Notice that we do not use the information w € L?*(Qr) here but w € L*>(0,T; L*(Q)). That
is used in [20] and leads to the exponent 8 < 3.

Proof. The proof is based on manipulating nonlinear quantities and Sobolev imbeddings. We
divide it in several steps.

Some L? regularity of Vw. Multiplying the equation of w in by —*+— and inte-
(

I|w|# )
grating on 2, we obtain three terms which we estimate separately.

We begin with the Laplacian term. Recalling the membrane conditions and applying the Leib-

nitz rule and the divergence theorem, arguing by a regularization and a limit technique, we gain,

since & is an increasing function,
(1+fw| ¥ )#

1 2 2
/44£fﬁw:/4J;ﬁ%w+/4;LTﬂWt/;J@Li
Q (14 |w|w)~ r( Wk r (14 |w?|w)H Q (1 + |w|w)stl
1 2 2
:/ < 1 - - 1 k(wQ_w1>_ /%
r\ (14 [wim)r (14 |w2|w)m Q (1+ |w|w)rtl

2
g_/gﬂﬂgi
@ (14 Jwlr)rtt

We analyse now the reaction term. We remark that 0 < —*+— < 1 and, using that

(L]
f € LYQr), we conclude

7= [ 1A=t e
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Next, for the time derivative, we define the anti-derivative 0 < ¢, (w) = fow —vudv_ <y,
(Lt|o|#)m
then
w
(1+ o] )

Therefore, combining the previous equality and inequalities, we find

6,510 =: 8t¢u(w)

v 2
/@www+D/—JJﬂ—fgwmmy
Q Q (

1+ [w]# )utt

At this point, we can integrate in time and obtain

Vul? /
D/ VO (wo@) + 1 com < wollz ey + 111 @
or Wt ol = Ja u (wo(@)) @r) @ @n)

Since, for all u > 1 there is a C), such that

1+ w

1 1
et G o, =g (1-1),
we conclude that
2(a—1) 2 _ Cu 1
(1 4 [w]) Vwl* < 7 [lwolli) + 1 lpr@n],  0<a<s.
Qr
And thus, there is a constant C,, which also depends on ||wo| 1) + || f|l£1 (@) such that
1
/ V(1 + |w)*]? < Cq, 0<a<s. (31)

T

Integrability of w. The Sobolev imbedding (see Appendix ) gives

2

(/Q(l + wl)“")w < C/Q V(1 + [w])*|?, 9% — d%_ (32)

which is only useful when a2* > 1, i.e. % < a. Then, we can interpolate between L' and L*?"
and find

(L) =o(faem) ([marmre)™.  Leonl2l

We may choose L= = 1, and, recalling that o < 1, we find the integrability

(e

d d
2d(1—a)—1) ~d-2

we L'(0,T;L7(Q))  with 7 =

We may also choose % =1l a< % and find the integrability

2(1 d
we L?(Qr) with Yo = ( _;a ) < 2;(1.

17



Regularity of Vw. On the other hand, Holder inequality gives

fiwue = [ 2 < (f 20) ([os)’
<c(1§va+vwwﬁ)i(%jr+mDW);

with 1 5
—+-=1, B=-<2, pr=21-a).
rop r
We can choose np = 1 from above, which requires n (ﬁ + %) =1,p8=q1L = %

and we find, thanks to the estimate (31)),

/|Vw|ﬂeL1(0,T) with 5<L.
o d—1

This concludes the proof of the gradient estimate. Moreover, considering that 5 < 2, thanks to
Sobolev imbeddings, we can infer that w € L?(0,T; L?(12)).

The trace. The regularity of the trace derives from its continuity property [5] (p.315), i.e
! 5 e d
Lo < [ el 18< 75 (33)

B Compactness

In order to conclude the proof of Lemma[AT]] it remains to adapt compactness arguments to the
case of the membrane problem. A proof based on a dual approach, see [2, 4], could be used. We
rather go to a direct proof.

Compactness in space. It can be obtained using the Rellich-Kondrachov theorem [I], since we
know the approximate family is bounded in the spaces W18 (Q*), A = 1, 2 which are compactly
embedded in L7 (QY), with v < 7%

Compactness in time. We use the Fréchet-Kolmogorov criteria, see [5] for instance. Let ¢(x)
be a nonnegative, radially symmetric, C>°(R?) standard mollifier with mass 1. We define the

family (os)s>0 by

1 T
vs(z) =55 (3) o sl =1. (34)
Moreover, we have
g * esllLe) < lesllzr@ gl @), (35)
and it holds ([12], p.273) that for any function g € WP(Q),
lg * s = gllr @) < 0lVgllLr(0)- (36)
About the derivative of order k of s, we know that
1 T C
Vees(@) = s Ve (5): VR esllie < 55 (37)
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Proof. To complete the proof of time compactness, we shall prove that, as h — 0

T—h
/ / |w(t + h,z) —w(t,z)|dedt — 0.
0 Q

By comparison with the mollified versions, the triangular equality yields

/OT_h/Q|w(t+h,x)—w(t,x)|dxdt</OT_h/Q|w(t,x)—w(

(38)

t,-) * ps(x)|dzdt
T—h

+/0 /Q|w(t+h,ac) —w(t+ h,-) * @s(x)|dedt
T—h

+/0 /Q lw(t + h, ) * ps(x) —w(t,-) * ps(x)|dedt

Here, ¢ depends on h (to be specified later on) and converges to zero. It suffices to prove that
each integral converges to zero as h — 0.

First term. We analyse the first term in the right-hand side. It holds that

T—h T—h
/ / |w(t, ) —w(t, ) * ps(x)|dedt < 5/ Vw(t, z)|[ 1 ydt < Co(h),
0 Q 0

(39)
thanks to w regularity and to , which proves that it converges to zero as h — 0
Second term. For the second integral, we can proceed as for the fist one obtaining
T—h
/ / |w(t + h,z) —w(t + h,-) * ps(x)|dedt < Co(h). (40)
0 Q

Third term. Remembering , the last term can be written as

T—h T—h t+h 5y
/ / lw(t + h, ) * ps(x) —w(t,-) * os(x)|dedt = a—(&m) * ps(x)ds| dx dt
0 Q $

T—h h T—h
:/ / / [DAw + f] * psds| dz dt = / Dwx Aps + [ * s ds| dx dt
0 Q|Jt aQl|Jt
after exchanging derivatives in the convolution. From we deduce
T—h T—h
| [t by psta) = wt ) pataiaae < / Dljwll sl Aslioy
T—h
T A BT
Finally, thanks to and , we obtain choosing § = h!/4
T—h
/ / [w(t+ h, ) * ps(z) —w(t, ) * ps(x)|dz dt < 0[52 +h] < cvVh
0 Q
and follows combining this estimate with and ([40). O
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Applying the Fréchet-Kolmogorov theorem [5], we conclude that the set of functions w €
L'(Q7) under consideration is compact in L'(Qr). Consequently, we claim compactness in
L'(0,T; L () with y1 < 2% and in L2(Qr) with 4o < 2£¢. In fact, since we have L'-
convergence of LP-functions, we deduce convergence in the space L9, for g < p.

Compactness of traces in L? (O,T; Lﬂ(l")). Space compactness can be deduced, in each
QA from trace continuity and a compactness result for the boundary ([10], p.167) such that

wi-sp () cc LA(T). Time compactness is again achieved through the Fréchet-Kolmogorov
theorem. Following the same proof as before and changing the order of the time integrals, we
need to recall Kedem-Katchalsky membrane conditions from which we can infer that 0, Trp(w) €
LY(0,T; LY(T")) and so we can conclude the proof.

O

C Sobolev and Poincaré inequalities with membrane

For completeness, we explain why the Sobolev embeddings can be extended to the membrane
problem, leading to and (32). More precisely, we explain how to arrive to

6a (@) 122 0ty + 19a(0?)Zer 2y < C (IVGal0) By + 00w Baqn) ) -

The difficulty is that we are dealing with a singular domain 2 and so we cannot use directly the
Sobolev or Poincaré inequalities in 2, but only some generalizations.

We write the following definition in order to better state our problem.

Definition C.1. [1] A bounded domain O is called Lipschitz domain if it has a locally Lipschitz
boundary, that is, that each point x on the boundary of O has a neighbourhood U, whose inter-
section with the boundary of O is the graph of a Lipschitz continuous function under a proper
local coordinate system.

We are going to prove the

Theorem C.1 (Gagliardo-Nirenberg-Sobolev inequality with membrane). We consider the bounded
domain Q = Q' U Q2 c R?, d > 2, with Lipschitz subdomains Q' and Q2 and T’ = 0Q' N 902
an inner transverse interface which decomposes ) in the two parts. We take the function
v = (vt v?) € H! (see Definition , then, for A\ =1,2,

[ L2 @3y < CQY) [IVOM|p20rya, (41)

and consequently
[o'pes @1y + [10%)l12- 02y ] < C(Q,9?) [HVU1||L2(QI)d + ”VUQHL?(Q?)d]' (42)

In the following we recall some theorems in the case p = 2 that is meaningful to us. We start
with a theorem which is a generalization of the Sobolev inequality ([5], p.284).

Theorem C.2. Let Q be a bounded open subset of class C' in R:. There is a constant Cq such
that Vv € HY(Q), we have

veL¥(@) and vl < Ca | Iolix@ + 19llege |-
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Proof. To prove Theorem we use the regularity of the domain which assures us the existence
of a linear and continuous extension operator 7' : H'(Q) — H'(R?), which is also the extension
from L2(Q) into L2(R?) ([5], p-272). So, we obtain that:

e taken v € H'(Q), T(v) € H'(R?) and T'(v) = v on Q; (43)
o IT()lI72 ey < Céxtenr2 (@) 01112 (44)
© V7)1 gy < Cepenrrr (@) ol - (45)

Moreover, for construction (see the proof of the extension theorem [5], p.272), this operator is in
H}(R?). Consequently, using a corollary of the Sobolev inequality ([12], p.265), we get that

T(v) € L* (R?) and ||T(v)|| L2+ ey < Csob(d,2) [VT(0)] 12 gay-
We proceed with some estimates due to the application of ([@3), (4), [@5). First of all, we deduce

IVUllZ2 gy = IVT ()l 2(qya < IVT(0) L2 gayt < Cextentr (Q) 01l )

= Coxtentn (@) [ Ioll2(@) + 1Vl 2(gye] -
Since T(v) € L (R?) and T(v) = v on Q, we get v € L% (Q) and

[0l1Z2 ) = IT@)I7 2+ () < IT )7 2x (gay < (Cson(d, 2))* VT ()17 2 gy

< (Coob(d:2))* Cugensn (@) |13z + 190122 ] -
The proof of Theorem is complete. O

Since we do not impose Dirichlet condition on the full boundary, we need the following
generalized Poincaré inequality ([I8] p.82).

Theorem C.3. Suppose Q a bounded, smooth and connected open subset of R? and consider a
portion of its boundary Yo C 0Q such that |Xo| > 0. Then, there exists a constant C(Q, o)
such that

(46)

2
voe HYQ).  [olaq) < C(Q.%0) [nwnim)d + ( / |v|ds)

where the last integral is in the sense of the trace.

Proof. If the statement is not true, we can find a sequence v,, such that each v,, € H(Q) and

2
||V11n||i2(Q)d + (/ |Un|dS> ]
3o

On account of the homogeneity (normalizing), we may assume that |lv,||z2(g) = 1, for each n.

So we infer that )
IVonll2gye + (/ZO vn|d5> 1 <1, (47)

1
< —
@* <5

”UnH%Z(Q) >n

which implies that
V|l i2
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Therefore, Vv,, — 0 in L?(Q). Moreover, v,, is bounded in H*(Q), so, up to a sub-sequence, it
converges weakly in H!(Q) to some v. So Vv,, — Vv, that means Vv = 0. This shows that v is
a constant (since @ is connected). For the continuity of the trace operator and , we deduce

0= lim |v, |dS :/ [v|dS = |c||Tol,
2o T'o

n—-+oo
and so v = 0.
At the same time, thanks to the Rellich-Kondrachov compactness theorem [II, B, [12], up to a
sub-sequence, v, converges strongly in L?(Q) to v = 0. Hence, since ||v, | 12(q) = 1, we arrive to

a contradiction.
O

At this point we are able to give the proof of Theorem

Proof. We apply Theorems and First of all we consider the extension of I into the space
R? such that now I' separates the space into two semi-planes P* with A = 1,2. Since we have
Dirichlet boundary conditions on I'*, we can extend the function to zero in the whole semi-plane
P*. So now, considering a smooth (of class C') domain Q* such that Q* ¢ Q* ¢ P and for
A\, o =1,2 QNP is a portion of I', we can apply Theorems and to

~\ U’\, in Q)‘,
YT 0, inTAU{QM\ Q).

This proves Theorem in Q* and, so, in Q*.
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