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WAVE EQUATION ON CERTAIN
NONCOMPACT SYMMETRIC SPACES

HONG-WEI ZHANG

ABSTRACT. In this paper, we prove sharp pointwise kernel estimates and dispersive proper-
ties for the linear wave equation on noncompact Riemannian symmetric spaces G/K of any
rank with G complex. As a consequence, we deduce Strichartz inequalities for a large family
of admissible pairs and prove global well-posedness results for the corresponding semilinear
equation with low regularity data as on hyperbolic spaces.
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1. INTRODUCTION

This paper is devoted to study the dispersive properties of the linear wave equation on
noncompact symmetric space G/K of any rank with G complex, and their applications to
nonlinear Cauchy problems. This theory is well established for the wave equation on R? with
d> 3:

O?u(t,z) — Agau(t, =) = F(t,z),
w(0,2) = f(z), dli=ou(t,z) = g(x),
where the solutions u satisfy the Strichartz inequality: !
IVexratllLerm-samay S 1l gway + 19l 2ay + 1 Fl o (1,5 Ray) »
on any (possibly unbounded) interval I C R under the assumptions that

c= (- 1), F= 4 (- 1),

2020 Mathematics Subject Classification. 22E30, 35J10, 35P25, 43A85, 43A90.

Key words and phrases. noncompact symmetric space of higher rank, semilinear wave equation, dispersive
property, Strichartz inequality, global well-posedness.

IThe symbol <, let us recall, means precisely that there exists a constant 0 < C' < 4oo such that
IVexratll por,m-oa@iy) < C(Hf”Hl(Rd) + llgllr2@ay + HFHL;;/(I;HC—,,q/(Rd))), where §’ is the dual exponent of
P, defined by the formula % + % =1, and similarly for ¢'.
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and the couples (p, q), (P, §) € (2, +0o0] x [2, 2%) fulfill the admissibility conditions:
1
p

:@(l_l)’ %:@(l_l)

2 \2 ¢ 2 \2 g/

Notice that this inequality also holds at the endpoint (2, 22—:;) when d > 4, but fails without
additional assumptions when d = 3 (see [GiVe95] and [KeTa98] for more details). These esti-
mates serve as a tool in order to find minimal regularity conditions on the initial data ensuring

well-posedness for corresponding semilinear wave equations, which is addressed in [Kap94|, and
almost fully answered in [LiS095; GLS97; KeTa98; DGEKO1].

Given the rich Euclidean theory, several attempts have been made in order to establish
Strichartz inequality for dispersive equations in other settings. We are interested in Riemann-
ian symmetric spaces of noncompact type where relevant questions are now well answered in
the rank one case, see for instance |[Fon97; Tat01; MeTall; MeTal2; APV12; AnPil4] on hy-
perbolic spaces, and [APV15] on Damek-Ricci spaces. A first study of the wave equation on
general symmetric spaces of higher rank was carried out in [Hasl1], where some non optimal
estimates were obtained under the strong smoothness ,assumption.

In this paper, we prove sharp estimates for the non-shifted wave equation on noncompact
symmetric spaces G/ K of any rank with G complex. In this case, the Harish-Chandra c-function
and the spherical function have elementary expressions, which allow us to analyze accurately
the wave kernel. For lack of such expressions in general, our present approach is limited to the
class of symmetric spaces G/K with G complex, and maybe to a few other cases.

Consider the operator W7 = D—9¢V=4 Jefined on the symmetric space X = G/ K, for suit-
able exponents o € C, where p denotes the half sum of positive roots, and D = \/—A — |p|?2 + p?
is the differential operator with a fixed constant p > |p|. To avoid possible singularities, we may

consider the analytic family of operators

2
60’

ﬁfo'eit 7A7
e

Wta -

in the vertical strip 0 < Reo < %, where T' denotes the Gamma function, see (3.2). We
denote by wy its K-bi-invariant convolution kernel. Our first and main result is the following

pointwise kernel estimate, which summarizes Theorem 3.1 and Theorem 3.3 proved in Sect. 3.

Theorem 1.1 (Pointwise kernel estimates). For all 0 € C with Reo = TX | there exists N € N

2
such that the following estimates hold for all x € X:
d—1
- _ t|= 2 if 0<|t]<1
o0 (z)] < (1 + |Hy)Ne (o, Ha) | ’
@7 (@) S (1+ |Hal) it hen

where H, € at denotes the middle component according to the Cartan decomposition of x.

Remark 1.2. These kernel estimates are sharp in time and similar results hold obviously in the
easier case where Reo > %. The value of N will be specified in Theorem 3.1 and Theorem 3.3.

However, the polynomial (1 + |H,|) is not crucial for further computations since there is an
exponential decay following.

By using the interpolation, we deduce our second result.

Theorem 1.3 (Dispersion property). Let 2 < ¢,§ < +00 and o > (d + 1)max(3 — 1, 1 — 1),

Then there exists a constant C > 0 such that the following dispersive estimates hold:

—(d—1)max(3—1 ;_%) i 0 < \t\ <1,

WU a’ q S C
W L (x) = La(x) {|t|‘5 if ¢ > 1.
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Remark 1.4. At the endpoint ¢ = § = 2, t — €™V =2 is a one-parameter group of unitary
operators on L?(X).

Remark 1.5. These estimates, which are proved on real hyperbolic spaces in [AnPil]], extend

straightforwardly to all the noncompact symmetric spaces of rank 1, and more generally to all
3

Damek-Ricci spaces. In these cases, the large time decay is |t|”2, where ”3” corresponds to the

so-called dimension at infinity of X. In higher rank, the dimension at infinity coincides with
the manifold dimension d of G/K if and only if G is complex.

Remark 1.6. In [CGM02[, M. Cowling, S. Giulini and S. Meda have described the LP-L4
boundedness of a semi-group of operators related to the shifted Laplacian in constant timet =1
on general noncompact symmetric spaces. However, sharp dispersive properties with a general
t € R* are crucial for proving Strichartz type inequalities and for studying related PDE prob-
lems. Along the lines in [CGM02[, we may derive a sharp dispersive inequality in small time
[t| < 1. But as mentioned by these authors, their method does not yield good estimates in large
time.

This paper is organized as follows. After recalling some basic notations and reviewing har-
monic analysis on noncompact symmetric spaces in Sect. 2, we derive pointwise kernel estimates
in Sect. 3. We prove the dispersive estimates by interpolation arguments in Sect. 4. As a con-
sequence, we deduce in Sect. 5, Strichartz inequalities for a large family of admissible pairs and
obtain well-posedness results for the associated semilinear wave equation. In Sect. 6, we discuss
similar results on a class of locally symmetric spaces.

Acknowledgments. The author is supported by the doctoral fellowship of the University of
Orléans and by the Methusalem Programme grant: Analysis and Partial Differential Equations.
The present paper is part of the author’s Ph.D. thesis, supervised by Jean-Philippe Anker
and Nicolas Burq, and the author would like to thank them for sharing their knowledge and
experience with him. The author also thanks the referees for their valuable suggestions.

2. PRELIMINARIES

We review in this section some elementary notations and facts about noncompact symmetric
spaces. We refer to [Hel62; Hel00] for more details.

Let G be a complex semisimple Lie group, connected, noncompact, with finite center, and
K be a maximal compact subgroup of G. The homogeneous space X = G/K is a Riemannian
symmetric space of noncompact type and dimension d > 3. Let g = £@®p be the Cartan decom-
position of the Lie algebra of G. The Killing form of g induces a K-invariant inner product on
p, hence a G-invariant Riemannian metric on X, whose tangent space at the origin is identified
with p.

Fix a maximal abelian subspace a in p. The rank of X is the dimension ¢ of a. Let > C a be
the root system of (g, a) which is reduced, and denote by W the Weyl group associated to X.
Choose a set X7 of positive roots, let a™ C a be the corresponding positive Weyl chamber and
at be its closure. Notice that d = £+ 2|S7] in our case. As usual, p € a® denotes the half sum
of positive roots, counted with their multiplicities, which is given in our case by p = > .+ .
It is well known that the spectrum of the negative Laplace-Beltrami operator —A on L?*(X) is
the half-line [|p|?, +00).
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Denote by n the nilpotent Lie subalgebra of g associated with ¥, and by N the corresponding
Lie subgroup of G. Then we have the following two decompositions of G:

G =N (expa) K (Iwasawa),
G =K (expa+) K (Cartan).

In the Cartan decomposition, the Haar measure on G writes

/Gf(g)dg:const./l{dkl /a+ (5(H)dH/Kf(/c1(epo)k2)dk2, (2.1)

H 2 _
6() = T (sinhfa, 1))’ = { T] 5= f‘{a ;{)} e VI € aF,
aEnt aExt ’

Denote by S(K\G/K) the Schwartz space of K-bi-invariant functions on G. The spherical
Fourier transform H is defined by

HEO) = /G F@er@)de YA Ca, Yf € S(K\G/K).

Here ¢y € C®(K\G/K) denotes the spherical function of index A € ag, which is a radial
eigenfunction of the Laplace-Beltrami operator A satisfying

—Apa(z) = (AP +10l%) oa(2), 2.2)
ea(0) = 1.
In the noncompact case, the spherical functions are given by
or(z) = / dk el teAkn) gy e q, (2.3)
K

where A(kz) is the unique a-component in the Iwasawa decomposition of kz. It satisfies the
basic estimate

loa(@)] < @o(x) VA€a, Vo e X, (2.4)

where

wo(exp H) = H (> H) = { H (1+ <a,H>)}e*<p’H> VH € at. (2.5)

sinh (o, H)
ex+t aext
If G is complex, we have also
ex(z) = po(z) /K dk ! (Adk)A), (2.6)

Recall that W is the Weyl group associated to 3. We denote by S (a)W the subspace of W-
invariant functions in the Schwartz space S (a). Then # is an isomorphism between S(K\G/K)
and S (a)". The inverse spherical Fourier transform is defined by

f(x) = const. /d)\ HEWer@)|eN) 2 Vo e, Ve S, (2.7)
a
where c(\) is the Harish-Chandra c-function. If G is complex, the Plancherel density reads

eI 72 = 7(N)? = TTaexs (@A), (2.8)

2The symbol f =< g between two nonnegative expressions means that there exist two constants 0 < ¢1 < c2 <
400 such that c1g < f < cag.
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and in particular, the inverse spherical Fourier transform (2.7) becomes

f(z) = const. po(x) /d)\ HF(N) e HAdR)A)
p

Recall at last the asymptotic expansion of the Bessel function of the first kind:
o o
I (1) ~ r1/2eir Z aj(m)r_j 4 /2T Z bj(m)r_j as r — 400, (2.9)
=0 =0

where a;(m) and bj(m) are suitable coefficients, see for instance [Ste93, p. 338].

3. POINTWISE ESTIMATES OF THE WAVE KERNEL

In this section, we derive pointwise estimates for the K-bi-invariant convolution kernel wy of
the operator W7 = D~7¢*V~2 on the symmetric space X:

WEf(2) = f 0 (z) = /G dy w7 (' 2) £ (9),

for suitable exponents o € C. Via the spherical Fourier transform and (2.2), the negative

Laplace-Beltrami operator —A corresponds to |A|2 + [p|2, hence the operator D to /|2 + p2.
The inverse spherical Fourier transform implies that

f () = const. | X e (AP + 7 Fe VTR ), (3.1)

a

As already observed for hyperbolic spaces (see for instance [APV12]), the classical Euclidean
rescaling method fails since this kernel has different behaviors depending whether ¢ is small or
large. We will prove sharp time pointwise estimates for this kernel along the lines of [AnPil4].

Consider smooth even cut-off functions yg and y~ on R such that

xo(r) =1 it |r| <1,

Xo(r) + Xoo(r) =1  and {xoo(r) -1 if |r| > 2.

Let us split up

o (@) =) 1 ()
—const. [ 4 GOVIEOVI ™ (A + ) 3 VAT gy )
a
+eonst. [ aA @I (NP +7) 2 VT ()
a

where x5(X) = xo(JAl/|p]) and x5(A) = xec(JAl/|p]) are radial cut-off functions defined on a.
We shall see later that the kernel wy"*°(x) has a logarithmic singularity on the sphere |z| = ¢

when o = %. To get around this problem, we consider the analytic family of operators
2
1774 b eg ~_ ) _A
Wi = s T, X (V=2 = [p[?) D77V 2, (3.2)
in the vertical strip 0 < Reo < % and the corresponding kernels
2
~ e’ _ - I\F] 2
W) = / A X5 (WeM)[ 72 (AP +7%) 72V ().
N5 —o) Ja
Notice that the Gamma function will allow us to deal with the boundary point ¢ = %, while

the exponential function ensures boundedness at infinity in the vertical strip.
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Theorem 3.1. Let 0 € C. The following pointwise estimates hold for the kernel w?’o:

(i) For allt € R*, we have

0
jwi ™ (@)] S eo(z).
(i) Assume that [t| > 1.

(a) If% > 1, then

0 _
jw (@) S 1N (L [2]) Yo (),
for every N € N.

(b) If 5 < 1, then

_d d—¢
jwf ()] S 172 (1 + |2)) 7 po().

Proof. By symmetry we may assume that ¢ > 0. Recall that

o

w0 (z) = const./ dX XEON)[eN)[72 (AP + 72) "2V IR o) ().
a
(i) follows from the representation (2.8) and the estimate (2.4) that

W) < /M| APl £ o)
<2|p

|z|

Moreover (ii).(a) is straightforward since 7+ >

N[ —

(3.3)

We prove (i7).(b) by substituting in (3.3) the integral representation (2.3) of ¢, and the

expression (2.8) of |c(\)|72. Specifically,
wP®(z) = const. / di; eloAG)) / dx a() etV IFHPE (A,
K a
where a(\) = x5(A\)m(A)2(JA]2 + p?)"2. Since
[ ke A0 — g o),
K
it remains to estimate the oscillatory integral

Io(t,z) = / dX a()) ™™
a

with amplitude a(\) and phase

(A = VIAE+ o] + (4,2),

(3.4)

where A = A(kx) is a vector in a such that |A(kz)| < |z|. This is achieved by carrying out in
our case, the stationary phase analysis described in [Ste93, VIIL.2.3]. The critical point Ag of

the phase 1 is given by
(ol + o) 7200 = —4.
Hence
ol = Il (1 = 1) 72 < ol (1 )
Denote by B(\g,n) the ball in a centered at Ao :
B(Xo,n) ={Aea||[x=X| <n},

(3.5)



WAVE EQUATION ON CERTAIN NONCOMPACT RIEMANNIAN SYMMETRIC SPACES 7

where the radius 7 will be chosen later. Notice that if @ < £, then [\ < % and |A| < [p|+n for

all A € B(Ao,n). Let Py be the projection onto the vector spanned by ‘—i‘| Then |A\2Py = A® A
and the Hessian matrix of ¥ is given by

_1 _3
Hess (\) =(A% + [p>) 2L — (A2 + ) 2 A @ A

_3
=(IA2+ o) 2 {|pl* Py + (N> + o) (I — P\ }
lp|* | 0

=(IN\? + 2\-3 ,
AP+ 0 a2 + o2ty

which is a positive definite symmetric matrix. Hence \g is a nondegenerate critical point. Since
Vi(Ag) = 0, we have

1
9 = 6(00) = (A= 20)"{ [ s (1= 9 Hess (30 + 50 = 20)) A=)

=M()\)

where M () belongs, for every A\ € B(\g,n), to a compact subset of the set of positive definite

symmetric matrices. We introduce a new variable p = M()\)% (A=), then |u|? = (X)) —(Xo)
and p = 0 if and only if A = X\g. Notice that for every k € N, there exists Cx > 0 such that

IVFM(A)2| < Cp VA€ B(Ao1). (3.6)

Denote by J(A) the Jacobian matrix such that du = det [J(\)] dA, then we can choose n > 0
small enough such that

det [J(\)] > %det (M3 vae B, (3.7)

Now let us divide the study of Iy(¢, ) into two parts, corresponding to the decomposition

Io(t,x) = / dX x; (Na(A) e™™ + / A x,F(ANa(A) e,
a

a

=1, (t.x) =17 (t,)
associated with the smooth cut-off functions

Xy (V) = ><o(L 5 AO’)

. \)\—)\0\).

and X%L()\) = Xoo( 2

Estimate of I (t,x). Notice that supp x, C B(Xo,n). There exist 0 < 71 < 7j2 such that
p € B(0,71) implies A € B(X\g,7n), and A € B(\g,n) implies p € B(0,72). By substituting
P(A) = |pl* + ¥ (Xo), we get

I (t.) = O [ dp )

where the amplitude

A1) = X (M) XEAG) T2 (M) |* + 57) ™2 det [J(A(u)] (3.8)

is smooth and compactly supported in B(0,72). We deduce, from (3.6) and (3.7) that a(A(p)) is
bounded, together with all its derivatives. Let ¥ € C°(a) be a bump function such that ¥ =1
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on B(0,72). Let M > % be an integer. Then
Iy (t,z) = eitw(Ao)/ dp el e=lnl? [6‘”‘250\(#))}%(#),
a

where the coefficients of the Taylor expansion of e/**@(A(u)) at the origin:

Faw) = D e + Ram(p),

|k|<2M
satisfy
d—¢
lexl S Im(0)? < (B, (3.9)
and the remainder
IV Ronr ()] < M=% vO<k <2M +1, (3.10)

according to (3.5), (3.8) and the fact that ‘f—' < 1. By substituting this expansion in the above
integral, I (¢, ) is equal to the sum of following three terms:

I = Z Ck/du eitlu|26*|u|2uk’

lkl<2m ¢
2= /dﬂ e Ronr (1) 5 (1),
a

and

Iy = /adu e“""g( > Ckuk)e_‘“‘2<>2(u) — 1)-

|k|<2M

In order to estimate I, we write the integral as a product

L
I — +Ood itps —p3 K
1= 2 all ) duyeeony,
o0

|k|l<aM =17~
where

+o00 . ]
/ dpg (=

—00

if k; is odd, while

+o0 4 _ kj+1 100 .
/ dp; e_(l_”)“ﬁz',u?] =2(1—it) "z /0 dzje_zfzzfj

—0o0
by a change of contour if k; is even. From (3.9), we obtain
d—t,_t _d d—t _ ,_d, _d=t
|Il‘§(|%‘) t 2=t 2(%) Stz|x|TE,

since @ < % Next, we perform M integrations by parts based on

iu> — i N B0 it|ul?
e = —5 D -1 2 95 € (3.11)

and obtain

L =0(t™M),
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according to (3.10). Finally, as y +— (ZlleM ck,uk)e_‘“‘2 ()Z(,u) — 1) is exponentially decreasing
and vanishes near the origin, we perform N > % integrations by parts based on (3.11) again
and obtain

I=0@1").
By summing up the estimates of I;, Is and I3, we deduce that

Iy ()| St (1 +]a]) 2 (3.12)

Estimate of IJ (t,z). Since the phase 9 has a unique critical point Ag, then for all A € supp X;,F,

ViH(A) # 0. In order to get a large time decay, we estimate the oscillatory integral I (¢, z) by
using several integrations by parts based on

4
gty _ L -1 )7 Ay, (3.13)
7j=1

where
BO) = IPIAE + 1) 72 + (4,4)
is a nonzero symbol of order zero for all A\ € supp X;- After performing N such integrations by
parts, Ig(t,m) becomes
I (t, ) = const.(it) ™

w0
/Qd)\e {;a Y

Aj

% A G a ),

<400
for every N € N. The last integral is finite since the amplitude a is supported in B(0,2|p|)
thanks to the cut-off x§. Hence
15 (8 2)| S, (3.14)
for every integer N > 0. According to (3.12) and (3.14), we conclude that

d —£
2

W7@)| < [o(t,2) r/ dk &= PAER) < = 810) "5 oo ().

O

Remark 3.2. In the proof of Theorem 3.1, we have replaced the spherical function @y(x) by
its general integral expression (2.3). Moreover, this proof also works without using the explicit
expression (2.8) of the density |c(\)|~2. Thus we can derive similar estimates for any symmetric

space G/K by the same approach.
Theorem 3.3. Let 0 € C with Reo = %. The following pointwise estimates hold for the

kernel wd,(t,x), for allt € R* and x € a:

’(:)U’OO(JU” < |t| 2 900( ) if |t| <1
' TN )Y o () if |t =1,
for every N € N.

1

Remark 3.4. Similar estimates hold in the easier case Reo > d+ By symmetry we assume

again that t > 0. We divide the proof into two parts, depending whether % > % or not.
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Proof for % > % Substituting the integral representation (2.6) of ¢, allows us to write the
kernel as

o2

@y (x) = const. T(d+1)/2—0) wo(z)

| AR AP+ ) BV it
p

=l (t,z)
We split up I (t, z) into two parts
I (t,x)
a(tiz) = [ XGNP + 77) SV TReiten
p
b [ AN NNE + ) SV i,
p
I;ro(t,x)

by using the smooth radial cut-off functions xf(tA) and x5 (tA\). The first integral I3 (¢, )
vanishes if ¢ > 2 and is easily estimated as follows, if 0 <t < 2 :

It 2)] < / AN XE(EN X (VA Re?
p

<% / A O AE <

p

for all 0 € C with Reo = %. In order to study the second integral If(¢,z), we introduce
polar coordinates and rewrite

—+o00
It (t,z) = /0 dr X2 (tr)x2 (r) (r? + p?)~ 2tV el do(N) e 1@, (3.15)

[A|=r

Here the inner integral is a modified Bessel function. Specifically
/ do () e~ = 1812125 s (), (3.16)
A=r 2

where J(4_2)/> denotes the classical Bessel function of the first kind. Since I} (t,2) vanishes if

tr < |p|, we may restrict ourselves to ¢r > |p|, hence r|z| > & > ‘p‘ Then from (2.9), there
exist constants C’+ and C} such that

Jas (rlz|) = OF (rz]) V2™l 4 €7 (r|2|) =V 2e 7" 4 R(r|2)), (3.17)
2

where the remainder R(r|z|) is O((r|x|)7%) Substituting (3.16) and (3.17) in (3.15) implies
It 2) =I5t x) + 152 (t o) + 155 (@)

—Cflal ™ [ dr Rt )0 4 ) VTl

0

a1 [0 9 1 -t\/ﬁ )
+ Oyl / dr XEL(tr)XE () (12 + 77)~ 515 et/ AP gilelr

0
_d=2 +oo 2 ~2\—2 d 242

+ o= dr X2 ()2 (1) (1 + p2)~ 53 etV H AP R,

0
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On the one hand, the last integral is estimated as follows:

+,3 _ap [H° -2

(@) S |2 dr X8 (tr)x&(r) 777,
0
for all 0 € C with Reo = %. Hence
+00
I Slal [ et g e
lp

for large time and

+o0 _
) S 5 [ e Sl S el
n

for small time.

11

(3.18)

(3.19)

On the other hand, in order to estimate I;Z;l(t, x) and I;Z;Q(t, x), it is sufficient to study the

integral

d—1

~ +oc0 . ' '
I3t x) = /0 dr X2 (r)XC (tr) (r? + p2) "2 T VTP pilelr

Notice that
Xho(T) it t>2
X5 (tr) if t<i.

X6 (r)XGo (tr) = {

We split up I L (t,z) into three parts, corresponding to the decomposition

I5(t2) = 15 (b o) + I5% (8, 2) + 1P (8 @)

where
~ +o0 o — . . .
Tty = [ dr (N ()7 + ) B 5 (VI e
0
~ Foo d—1 fod .
(o) = [ dr (Nt 5 {2 4 )7 el
0
and

Te) = [ dr () i

for all o € C with Reo = %

Estimates of I;g' and 1% The first two parts are easily estimated. By using
VTP _ itr — O(L) and (r24p%) "2 —r=7 = O(r~ Reo—2)
for all r € supp x5, we obtain
IDNtx)=0@) and  IL%(t,z)=O(1)
for all 0 € C with Reo = %.
Estimate of .ch>+03 We claim that

5% (¢ 2)] S [Tmol +

[Ima|

Co

(3.20)

(3.21)

(3.22)
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L

or
2pl

Denoting by & =t + |z|, we divide our estimate into two parts, depending whether |£| >
not.

1

o If || > we perform an integration by parts based on e*" = —5— . Then

2| K
~ i +oo . .
I;gi"(t,x):g/ dr " 7{Xoo (r)xb.(tr) r 1*”““’}. (3.23)
0

If the derivative hits either x% (r) or r~1=#Im¢ then the corresponding contributions to (3.23)
are bounded by
C(1+ |Imoal).

If the derivative hits x5 (tr), which matters only in the case t < 2, according to (3.20), then
the corresponding contribution to (3.23) is bounded by

2|plt~

C’t/ dr r~1 < 2(In2)C.
lplt=1

Hence I.°(t,2) = O(1+4 | Imo|) forall t > 0 and z € a satisfying Izl > 1 and ‘t:l: |m|‘ %

o If |£] < ﬁ, we split up

+3 ‘El oo —1—ilmo zEr
I ) dr x5 (r)xEo(tr) v

We estimate both terms by performmg different integration by parts. On the one hand,

T . .
[ e e
0
1

rTIm N ()X ()]

= 0(1)

i

:Ima

1

[ dr i L G g e}
0

=0@1) (¥

7

Imo

1
=0
(]Im ol
On the other hand,

o0 )
[, dr g ) e
[

1

).

= A (tr) I
— o(1)
+ i /+<>° dr ei&g{xp (r)xb, (tr) r_l_ilm”}
13 L or o0
— O(1+|Imo|) (%)
=0(1 + |Imal).

Let us explain the estimates (x) and (xx). In both cases, the derivative % produces 3 or 2
terms, depending whether ¢ € (1,2) or not. The contributions of %eig’" = i£e" to () and
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of %r‘l_“m” = —(1+iImo)r=27m7 to (xx) are easily dealt with. The contribution of
%Xgo(r), whose support is contained in the interval [|p|,2|p|], to (*) is obviously bounded,
while its contribution to (x%) vanishes, as % > 2|p|.

Consider finally the contributions of 2x5(tr) = t(x5%)/(tr) when ¢ is small. Regarding

-1
(%), it is easily estimated by ¢ flillf:‘tl dr = |p|. Regarding (*x), notice that it vanishes unless
|€] > 515r- In this case, it is estimated by

¢ 2[plt~* L

— drr— < 2|p|In2.

1€l Jipje—1

This concludes the estimate of (3.22).

We deduce from (3.21) and (3.22) that
It (t,x) =0t +Cy).
By combining this estimate with (3.18) and (3.]9) we get next
|I+|<C|:z:] <C’t_;
if ¢ is small and
5] S Coltlel ™7 +12]73) £ ot M (A4 1)V,

if ¢ is large, for any N € N. Together with the estimate of I, this allows us to conclude the
proof of Theorem 3.3 in the case ‘f—' > % O

Remark 3.5. This proof relies on the expression (2.6) of spherical functions, which is available
if G is complex but not in general.

Proof for % %. Substituting the expressions (2.3) of ¢, and (2.8) of |c(A)| =2 implies

2
e0'

dk e'PAk))
T((d+ 1)/2—0)/[( €

/ dA X () T2V (AP + 72)~F b,

a

Wy (x) = const.

where the phase 9 is defined as (3.4). Since |A(fk)| < @ < %, we know from (3.5) that the
critical point g of ¢ satisfies || < %. Hence 1 has no critical point in the support of x5,

and ﬁoo(t, x) makes sense after several integrations by parts based on (3.13).

Consider first the large time case where ¢ > 1. After performing N integrations by parts
based on (3.13), 11 (t, z) becomes

ﬁoo(t, z) = const.(it) ™V
)4
/ud)\ ] Zaa 3' }N{xﬁo(x) 720 (AP + 778 .

If some derivatives hit y5o(\), then the range of integration reduces to a spherical shell where
|A| < |p| and we obtain the bound O(t~%). Otherwise, since (in the support of x5) A; (w(/\))f1

Y
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72(\) and (|A\]> + %)% are inhomogeneous symbols of order 0, 2|X% and —Reo = —9L
respectively, we have

TTa(t, ) StV / A Yoo (N A2 [Reo =N < =N
a

|z
t

o) < N /K dk AR — N (),

provided that N > Reo = %. Hence, for all ¢ > 1 such that <

1
2

for all o € C with Reo = d% and for every integer N > d“

Notice that the same argument implies similar estlmates in small time with ¢t~ 2 | where the
negative power is too large. In order to reduce it to t~ 2 , we split up 11 Io(t, x) into two parts

IToo(t,x) = IT_(t,z) —i—IIOO(t,x)

- / A XN () 72(A) (A + 72) S etv

a

+ / AN X (ENYE (V) T2(N) (A2 + 72) S eitv )

a
where IT_(t,z) is easily estimated:

1

|ﬁ;o(t,a:)| 5 / d\ P\,Q\Eﬂ—Rea S t72\2+|+Re076 _ t,d%’ (3_24)
| <[AI<2]plt 1

for all 0 < ¢t < 1 and for all 0 € C with Reo = %. After M integrations by parts based on
(3.13), ﬁ;(t,x) becomes

ﬁ:o (t,x) = const.(it)™M

)4
itp (A
/ dX e z:: 7o

)}M{xzo(t»xzo(A) 72N (AP + 775

Hence
—~—4
1 (tz) St d\ A2 -Reo =M
[A=>]plt—1
<t M/ dr o[s*|-Reo—M+t
>|plt=t T

Therefore, for all 0 € C with Reo = d% we have

1

T (t,2)| S t~My—drReo+M _ =452 (3.25)

provided that M > %. From (3.24) and (3.25), we deduce that
@l 5 [ db A — ),

for all 0 < t < 1 such that @ < % and for all 0 € C with Reo = %. Thus we have proved the

last case, and the proof of Theorem 3.3 is complete. O

Remark 3.6. In the last proof, we have used the integral expression (2.3) of the spherical
function py(x), which holds in general, and the particular expression (2.8) of the Plancherel
density |c(\)|72 when G is complex. In general, |c(\)|2 is not a polynomial, nor even an
inhomogeneous symbol of order d — £, which is known to be a major difficulty in higher rank
analysis.
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4. DISPERSIVE ESTIMATES

In this section, we prove our main result about the LY — L7 estimates for the operator
W¢ = D=7¢"V=2_ We introduce the following criterion based on the Kunze-Stein phenomenon,
which is a straightforward generalization of [APV 11, Theorem 4.2] and which is crucial for our
dispersive estimates.

Lemma 4.1. Let k be a K-bi-invariant measurable function on G. Then

2

I sl s < { [ do co@ls(@)#}”

for any q € [2,400). In the limit case g = 0o,

| K | L1 (%) Loo (x) = SUPzeq |K()]-

Proof. For s € [2,400), we define Ay as the space of all K-bi-invariant functions on G such
that

/ dz @o(z)|k(x)|*/? < .
G

Given k in Ay, we set

Iilla, = ([ do otalin()?)™"

For s = 400, we denote by A the space of L*°(G,dx) K-bi-invariant functions on G and by
I|.]l.4., the L>®-norm. We show in the following that, for any ¢ € [2, +00], we have

LY(G) * A, C LYG),

which yields our lemma.
The case where ¢ = 2 follows by Herz’s criterion (see [Cow97]):

|- 8l (e 2y < /G dz o(@) k()] = x4

for every s in As. When ¢ = +oo, taking f in L'(G) and & in A, we have that for every z in
G,

|/ # r(z)| < /Gdy [F ey )] < 16l acllfllr -
By interpolation between the cases ¢ = 2 and ¢ = oo, we obtain that
[L*(G), LY(@)], * [A2, Ax], C [L*(G), L(G)]
with # = 2/q. On the one hand,
[L*(G),LY(G)], = L7(G) and [L*(G),L®(G)], = L(G).
On the other hand, since

[Ll(Ga @Oda")a Loo(Gu SOde)}g = Lq/2(G7 Soodx)y

we have [Ag, .Aoo] 0= Ag. This concludes the proof of Lemma 4.1. O
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4.1. Small time dispersive estimate.

Theorem 4.2. Assume that 0 < [t| <1, 2 < g < 400 and o = (d + 1)( ). Then

S

L_
2

n—o jity/— d-1)(3-1
D e A||Lq/(X)~>L‘I(X)§|t|( )z a.

Proof. We divide the proof into two parts, corresponding to the kernel decomposition wy =
a,0 0,00 : .. /
wy” +w; . According to Lemma 4.1, we have

a,0 1
|-y ||Lq/(X)—>Lq(X) > {/de po(x 2}

By using the Cartan decomposition, together with the fact that §(H) < e2PH) we obtain

q

e oo @l @t S [ amm ol ()Xo,
a

N

According to Theorem 3.1 and to the estimate (2.4) of the ground spherical function ¢g, we
obtain next

/+ dH @o(H)|w?° (H)|2e2PH) < /+ dH (1+ |H|)3 e~ G-D0eH < 4o
a a

for any g € (2,4+00). Hence

0
Il Lo (x)— pa(x) < Fo©-

For the second part w; ™, we use an n analytic interpolation between L? - L? and L' — L™®
estimates for the family of operators WJ ' defined by (3.2) in the vertical strip 0 < Reo < %L
When Reo = 0, the spectral theorem ylelds

S e 2 2

W™ L2 () L2(x) X)—r2(x) = 1.

for all t € R*. When Reo = %, Theorem 3.3 gives

~ - a1
W )= ree(x) SO0 peexy St

By applying Stein’s interpolation theorem for an analytic family of operators, we obtain

(1=6),00 < 45 (1-0)

17, N oy S

)

with 6 = %. In conclusion,

- —(d—1)(t=-1
IWE N Lo ()= pacxy < 1 (=063,

for0<]t|<1,2<q<+ooandg:(d+1)(%_%). 0

4.2. Large time dispersive estimate.

Theorem 4.3. Assume that |t| > 1,2 < g < +o0 and o = (d+ 1)(5 — 1). Then

Q=

< Je] 3.

D¢ _AHLq’( SLI(X) ~

Proof. We divide the proof into three parts, corresponding to the kernel decomposition

0 0
wy =1 wy” +1 wy + w]

B(0,'4) X\B(0,'4h
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By using Lemma 4.1 and Theorem 3.1, we have

| - *{]l B0, \tl }”Lq (X)—La(X)
2
=) o, AH o)) e
{Heat:0<|H|< It}
2
,St*% {/ dH (1+ \H\)% (d+1) *(%*1)<P,H>}q
|H|<| \
<+o0o
and
a,0
|- *{]IX\B(O,%)% }HLq/(X)HLq(X)

2

g{/ dH (1 -+ 300Gk e
L

which is O(|t| =), for any N € N. Instead of w}">°, we consider again the kernel @;"*. The
associated operators satisfy

W)y SN YN EN,
d+1

when Reo = %=, according to Theorem 3.3. By applying Stein’s interpolation theorem for an
analytic family of operators and by summing up these estimates, we obtain

_d
||WtU”Lq’(X)HLq(X) St e,

fOr’t!Z1,2<q<+ooanda=(d+1)(%—é), 0

Remark 4.4. The standard TT* method used to prove the Strichartz inequality breaks down in
the critical case. The dyadic decomposition method carried out in [KeTa98] takes care of the
endpoints, but it requires a stronger dispersive property than Theorem 4.2 in small time, namely
our main theorem.

Proof of Theorem 1.3. It follows from Theorem 4.2, Theorem 4.3 and the L? kernel estimate

d—1
- A if 0<|t| <1
e < wU,O _|_ 0,00 5 | ’ 5
e [[Lax) < llwy™ lpacx) + 107 lpacx) -4, .
for 2 < ¢ < +o0 and 0 = %(% — é) Indeed, by using standard interpolation arguments
between
_d-1
”WtUHLl( X)—La(X) N S [lwf ”Lq < 2

d—1

IWE Lo (x) ooy S Hle? ||L4(X) Stz
IWE L2 (x)—r2x) = 1,
for small time and
_d
IWE 1 (x)—rax) S wf llnax) St2
St

[l[SVg

IWEN Lo (x) = Lo (x) S Nf [l 2acx)
<l

HWtUHLq’(X)_)Lq(X)

for large time, we conclude. O



WAVE EQUATION ON CERTAIN NONCOMPACT RIEMANNIAN SYMMETRIC SPACES 18

5. STRICHARTZ INEQUALITY AND APPLICATIONS

Let 0 € Rand 1 < g < co. Recall that the Sobolev space H?4(X) is the image of L9(X)
under the operator (—A)_%, equipped with the norm

110 (x) = 1(=2)% Fllzacx)-
If o = N is a nonnegative integer, then H?%(X) coincides with the classical Sobolev space
WNI(X) = {f e LYX) | V/f € LYX), V1 < j < N},
defined by means of covariant derivatives. The following Sobolev embedding theorem is used in

next subsection.

Theorem 5.1. Let 1 < q1,q2 < o0 and 01,09 € R such that 01 — o9 > ;il — % > 0. Then

Hov (X)) € Ho?(X), (5.1)

We refer to [Tri92] for more details about function spaces on Riemannian manifolds. Let us
state next the Strichartz inequality and some applications. The proofs are adapted straightfor-
wardly from [AnPil4; APV12| and are therefore omitted.

5.1. Strichartz inequality. Recall the linear inhomogeneous Klein-Gordon equation on X:
Ou(t,z) — Au(t,z) = F(t,z),
U(O,JZ) = f(x)v 8t‘t:0u(t7m) = g(x)
whose solution is given by Duhamel’s formula:
sinty/—A (2) + /t sin(t — s)v—A
V—A 0
We consider first the case d > 4 and discuss the 3-dimensional case in the final remark. Recall
that a couple (p, q) is called admissible if (%, %) belongs to the triangle

{Ga) e @< (3) [325G-0)u{(e))

(5.2)

u(t,z) = (costv/—A) f(x) +

T
L

[

|

|" N =
1
1
1
1
1
|
1
©

=

FIGURE 1. Admissibility in dimension d > 4.

Theorem 5.2. Let (p,q) and (p,q) be two admissible couples, and let
1

d 1 1 ~ d+1 (1 1
UZT(i—a) and UZT(§_5>'

Then all solutions u to the Cauchy problem (5.2) satisfy the following Strichartz inequality:
||VRxX“HLp(1;Hw,q(X)) S HfHHl(X) + ”9”L2(X) + HF”Lﬁ’([;H?r,é’(X)) ‘ (5.3)

The admissible range in (5.3) can be widen by using the Sobolev embedding theorem.
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Corollary 5.3. Assume that (p,q) and (p,q) are two couples corresponding to the square
1 1 1
0.5 % (3) Uf (0:3)}:
see Fig.(A) in the following. Let 0,6 € R such that o > o(p,q), where

33D o101 )

and similarly 6 > o(p,q). Then the Strichartz inequality (5.3) holds for all solutions to the
Cauchy problem (5.2).

Q=
Q=

1
2
1

N

d—1

D=
D=

1
2
(A) Case d > 4. (B) Case d = 3.

Remark 5.4. Theorem 5.2 and Corollary 5.5 still hold true in lower dimension d = 3 with
stmilar proofs. But the endpoint (%,% — ﬁ) 1s excluded from the admissible triangle in this
case, see Fig.(B).

5.2. Global well-posedness in LP (R, LI(X)). We refer to [AnPil4; APV 12| for more detailed
proofs of the following well-posedness results. By using the classical fixed point scheme with the
previous Strichartz inequality, one obtains the global well-posedness for the semilinear equation

O?u(t,z) — Au(t,z) = F(u(t,x)),
{U(Uw) = f(@), Ole=ou(t,z) = g(z).
on X with power-like nonlinearities F' satisfying
F)| < Clul", |F(u) = F(0)] < C ([ + oY) [u—v], 7> 1.

and small initial data f and g. For every d > 3, consider the following powers

(5.4)

2 4
’71_1—’_ ’72_1+d—1 P) 770:1+ )
d 2 T d—1
d46 4 2 o [faqa(6=d 2 2
’7 B 2 +d71+ 4d+( 2 + 71) ZdeE),
g =
1+ 2+ if d>6,
=Y
1+ 745 if d <5,

4 d—1 3 d—3 3 A d—1 ; f 1 6
2 d+1 \/( 2 d+1 ) d+1 ? >— )
and the following curves

_d+1 (d+1)(d+5) 1

) == 8d 4 — L
d+1 1 d 2
oa(y) = 4 40U o3(y) = 2 41
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=

Denote by 07 any small positive constant. In dimension d > 3, the equation (5.4) is globally
well-posed for small initial data in H%?(X) x H°~12(X) provided that

o=0%, if 1<y<m,
o=01(y), if n<v<7,
o=03(7), if 2<7< 7
o=o03(7), ifv%e<y<nm,
Observe that one obtains the same global well-posedness results on noncompact symmetric

spaces of arbitrary rank with G complex as on real hyperbolic spaces, without further assump-
tions.

6. FURTHER RESULTS ON LOCALLY SYMMETRIC SPACES

Let I" be a discrete torsion-free subgroup of G. The locally symmetric space I'\ X, equipped
with the Riemannian structure inherited from X becomes a Riemannian manifold. Consider
the Poincaré series

P(s;z,y) = Z e M=) 5> 0, 2,y € X,
vyel
and denote by 0(I') = inf{s > 0 | P(s;z,y) < +oo} its critical exponent. In [Zha20], the
author has studied the wave equation and has obtained similar Strichartz inequality and global
well-posedness results as in Sect. 5, in the case where I'\ X is a rank one locally symmetric space
such that I" is convex cocompact and §(I') < |p|.

Recall that,in the rank one setting, I' is called convex cocompact if the quotient group
'\ CH(Ar) is compact, where CH(Ar) is the convex hull of the limit set Ap of I'. While
this notion yields many interesting examples in rank one, it is known to yield a rather limited
class in higher rank (see [KILe06] and [Qui05] for more details).

However, thanks to our wave kernel estimates Theorem 3.1 and Theorem 3.3, we can study
along the lines of [Zha20| the wave equation on higher rank noncompact locally symmetric
spaces, under slightly different assumptions:

(1) G is complex,

(2) 8(T) < |ol,

(3) there exists C' > 0 such that for all z,y € X, P(s;z,y) < CP(s;0,0), where 0 = eK

denotes the origin of X.

The first assumption ensures sharp wave kernel estimates on X, from which we can deduce
wave kernel estimates on I'\X. Notice that such information is still lacking for G real. The
second assumption plays the same role as in rank one. On the one hand, it ensures that the
wave kernel on I'\ X is well defined. On the other hand, there is a L? Kunze-Stein phenomenon
under this assumption. In order to get the desired dispersive estimates on I'\ X, a uniform
upper bound of the Poincaré series is required. Notice that we could deduce the last condition
(3) from the convex cocompactness of I' in rank one. We refer to [Zha20| and the references
therein for more details about wave type equations on locally symmetric spaces.
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